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1 Introduction

From the pioneering work of Mack [1, 2], followed up on later by Penedones and several oth-

ers [3–7], we now understand that Mellin space provides us with a natural representation to

study conformal correlation functions. The Mellin representation of conformal correlation

functions is analogous to the momentum space representation of scattering amplitudes.

Information on operator dimensions and structure constants in a Conformal Field Theory

(CFT) is encoded in the poles and residues of Mellin amplitudes. The amplitude factorizes

on these poles onto lower point Mellin amplitudes. In the context of large N theories,

the Mellin amplitude gains special prominence as it is now a meromorphic function with

its poles encoding information on only the exchanged single trace operators. Through the

so-called “flat space limit”, Mellin amplitudes of d dimensional CFT are concretely related

to scattering amplitudes in d+ 1 dimensional Quantum Field Theory (QFT).

Complementary to the conceptual advances, there has also been significant progress

in the application of the Mellin representation on various fronts. It has been shown that

Witten diagrams, at least at tree level, are easy to calculate and take very simple forms

in Mellin space [8, 9]. There has also been some progress on Mellin amplitudes of loop

level Witten diagrams [10–13]. It may in fact be possible to bootstrap the full holographic

correlator as shown in [14, 15] for the four point function of one-half BPS single trace

operators in the context of IIB supergravity in AdS5 ×S5 (also see [16]). In the context of

higher-spin holography, there have been efforts to understand the non-locality in the bulk

interactions with Mellin amplitudes in the dual free CFT [17–19]. Through the flat space

limit, the conformal bootstrap has been related to the S-matrix bootstrap [20]. A new

approach to the conformal bootstrap has been developed in Mellin space [21, 22]. In this

method, conformal correlation functions are expanded in a manifestly crossing symmetric

basis of functions provided by exchange Witten diagrams (in three channels). Demand-

ing consistency with the Operator Product Expansion (OPE) one obtains constraints on

operator dimensions and OPE coefficients.

So far, the literature on Mellin amplitudes focusses almost exclusively on correlation

functions of scalar operators. It is natural to ask if one can define Mellin amplitudes for cor-

relation functions of operators with spin and make similar progress conceptually and with

applications as for scalar correlation functions. Mellin amplitudes for correlation functions

of scalars and one integer spin operator were defined in [23] with the purpose of studying

factorization of scalar Mellin amplitudes onto lower point Mellin amplitudes. However the

Mellin amplitudes of the spinning correlators themselves have not been studied in details

(see [24] for another recent investigation into Mellin amplitudes for spinning correlators).

This deficiency is especially significant in the context of fermionic conformal correlation

functions. Fermionic operators do not appear in the OPE of scalar operators. Therefore, if
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one desires to access the fermionic sector of a CFT, it is necessary to consider correlation

functions with at least spin-half operators. Moreover, spinning correlation functions in gen-

eral can potentially provide us with more information on CFT data than scalar correlation

functions.

In this paper, we make an attempt at studying Mellin amplitudes for correlation func-

tions with spin-half fermions. We define Mellin amplitudes for the four point function of two

fermions and two scalars and the four point function of four fermions. For simplicity, we re-

strict our analysis of the analyticity properties of the Mellin amplitude to three dimensions.

Defining the Mellin amplitude involves making choice of a basis of tensor structures and

the Mellin amplitude has one component corresponding to each basis element. Generically,

the separation of the tensorial part might introduce spurious singularities in the conformal

blocks, as noted in [25, 26]. Therefore not all bases are suitable for defining a Mellin ampli-

tude with the desired analyticity properties. After defining the Mellin amplitude suitably,

we proceed to examine the pole structure by looking at the behavior of the correlator in the

OPE limit. This also makes the factorization of the four point Mellin amplitude manifest.

The three point function of two fermions and a boson has multiple tensor structures.

Generically, this results in each component of the Mellin amplitude having more than one

distinct series (two in our case) of poles corresponding to each primary operator exchanged

in the OPE in a given channel. We always choose tensor structures of definite parity for both

the three point and four point functions as this choice leads to simplifications in the pole

structure when the three point functions are of definite parity. It must be noted that the

pole structure of the Mellin amplitude is related to the choice of basis and is tunable as such.

After this preliminary analysis of the properties of the Mellin amplitude, we compute

some Mellin amplitudes corresponding to tree level Witten diagrams and tree level con-

formal Feynman integrals. These examples illustrate the generic predictions on the pole

structure considering the parity of the three point functions in each case. It should be

straightforward to generalize our study to four dimensions. The definition also trivially

extends to n-point functions when supplemented by a concrete choice of tensor structures.

The article has three main sections. Section 2 starts with a basic review of Mellin

amplitudes for scalar correlators in section 2.1. We present the basis of tensor structures

we would be using in each case in section 2.2 and define the Mellin amplitude for fermionic

correlation functions in section 2.3. We present the pole structure of the fermion scalar

four point correlator and the four fermion correlator in sections 2.4 and 2.5 respectively. In

section 3, we present results for Mellin amplitudes for a few tree level Witten diagrams and

in section 4, we present results for Mellin amplitudes for some conformal Feynman integrals.

We end with a discussion of our results and future directions in section 5. Calculations,

methods and a short review of fermions in AdS are provided in the appendices.

2 Mellin amplitudes for fermionic correlators

2.1 Review: Mellin representation of scalar correlators

In this section, we shall briefly review the basics of Mellin amplitudes for scalar correlators.

The Mellin amplitude for the connected part of a scalar correlator was defined by Mack [1]
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in the following manner (Euclidean signature):

〈O1(x1)O2(x2) · · ·On(xn)〉c =
∫

[dsij ]
∏

i<j

Γ (sij)x
−2sij
ij M ({sij}) . (2.1)

The integral in (2.1) is a Mellin-Barnes integral and the contours run parallel to the imag-

inary axis. The Mellin variables sij are not all independent but satisfy the following

constraints,

∆i −
∑

j 6=i

sij = 0 ∀i. (2.2)

These conformality constraints (2.2) ensure that the right hand side of (2.1) transforms

properly under conformal transformations. The number of independent Mellin variables

sij is n(n−3)
2 which is the same as the number of independent cross-ratios. For n > d + 2,

the dimension of the conformal moduli space is less than this (see [26]) and the associated

Mellin amplitude is non-unique (see [27]).

The conformality constraints can be interpreted in terms of Mellin momenta ki with

ki·kj = sij and an on-shell condition k2i = −∆i as the overall conservation of Mellin momen-

tum
∑

i ki = 0. One can thus relate the Mellin variables to Mandelstam variables Si1···ia as

Si1···ia = − (ki1 + · · ·+ kia)
2 = −2

∑

l<k≤a

silik +
a

∑

j=1

∆ij . (2.3)

The location of the poles in a given Mandelstam variable Si1i2 is at the twists of the opera-

tors in the OPE of Oi1Oi2 that contribute to the correlator. The Mellin amplitude factorizes

at these poles and the residue is proportional to the product of the Mellin amplitudes of

the corresponding lower point correlators as dictated by the OPE.

As an example, let us look at the case of the four point function.

〈O1(x1)O2(x2)O3(x3)O4(x4)〉c =

(

x224
x214

)

∆1−∆2
2

(

x214
x213

)

∆3−∆4
2 A(u, v)

(

x212
)

∆1+∆2
2

(

x234
)

∆3+∆4
2

,

u =
x212x

2
34

x213x
2
24

, v =
x214x

2
23

x213x
2
24

, (2.4)

A(u,v) =

∫ cs+i∞

cs−i∞

ds

4πi

∫ ct+i∞

ct−i∞

dt

4πi
M(s,t)u

s
2 v−

s+t−∆1−∆4
2 Γ

(

∆1+∆2−s

2

)

Γ

(

∆3+∆4−s

2

)

×Γ

(

∆1+∆3−t

2

)

Γ

(

∆2+∆4−t

2

)

Γ

(

s+t−∆1−∆4

2

)

Γ

(

s+t−∆2+∆3

2

)

,

s = −(k1+k2)
2=∆1+∆2−2s12, t=−(k1+k3)

2=∆1+∆3−2s13. (2.5)

For every conformal primary with twist τ contributing to the conformal block expansion

of A(u, v) in the direct channel, M(s, t) has poles at s = τ + 2m, m = 0, 1, 2, · · · where

m = 0 corresponds to the primary and the leading twist descendants (and similarly for the

other channels).
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The factors of gamma functions in (2.5) also contribute poles, for example at s =

∆1+∆2+2m. These poles correspond to operators schematically of the form O1∂
l
(

∂2
)m

O2

that contribute to the conformal block expansion and have the said values of twist in a

regime where anomalous dimensions are suppressed. In large N conformal gauge theories,

these are the familiar double trace operators. The Mellin amplitude then accounts for the

contributions from only single trace operators and is a meromorphic function.

2.2 Tensor structures

In order to discuss a Mellin representation for fermionic conformal correlators, first we

have to discuss the tensor structures that appear in these correlators and select a basis for

each. We shall restrict the discussion to the case of 3d Minkowski spacetime for simplicity

and also assume that all operators of the same spin have different conformal dimensions.

Generalization to other signatures and spacetime is straightforward. We shall be using

the embedding formalism for spinors developed in [25, 28]. There does not seem to be

any canonical basis of tensor structures. We choose basis elements of definite parity. One

should also note that not every choice of basis is suitable for defining the Mellin amplitude

such that the poles of the amplitude can be associated with operators contributing to the

conformal block expansion of the correlator. This is because for certain choices of bases, as

explained in section 4.4 of [26], there maybe spurious singularities in the conformal blocks.

For example, in the context of the fermion four point function, the naive conformal blocks

associated with the basis in section 2.4 of [25] have singularities at z = z̄. A neat way to

count the number of independent tensor structures and to find relations between tensor

structures is to shift to a conformal frame [26]. We have reviewed the general principle

and the relevant results in appendix A.1. We mostly stick to the choice of bases made

in [25, 29] making an independent choice of basis only for the fermion four point function.

Quick review of embedding formalism. We are considering a theory, not of definite

parity, in three spacetime dimensions with Minkowski signature −++. The double cover of

SO(2, 1) is isomorphic to Sp(2,R) and the smallest fundamental representation is that of a

real two dimensional vector space which describes Majorana fermions and the fundamental

generators preserve a 2×2 symplectic tensor. We shall be following the conventions of [25].

We shall review the gist of it here. Conformal transformations which act non-linearly in

3d (signature − + +) act linearly as Lorentz transformations in 5d (signature − + + +

−). Therefore we embed the 3d spacetime xµ in 5d spacetime XA by identifying the 3d

spacetime with the projective null cone in 5d in the following manner,

X = X+
(

xµ, 1, x2
)

. (2.6)

5d spacetime coordinates are written in lightcone coordinates as X = (Xµ, X+, X−) with

X± = X4 ±X3. Gamma matrices (γµ in 3d and ΓI in 5d) are chosen to be real.

For every spinor ψα (transforming in the fundamental representation), an auxilliary

anti-fundamental spinor (primary of vanishing dimension) sα is introduced, so that we can

conveniently work with the scalar,

ψ(x, s) = sαψ
α(x). (2.7)
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The spinorial 5d conformal group is isomorphic to Sp(4,R) (double cover of SO(3, 2)) and

the fundamental generators now preserve a 4× 4 symplectic tensor. We embed ψα(x) into

a 5d spinor on the lightcone ΨI(X) (fundamental of Sp(4,R)), and again take an auxilliary

anti-fundamental spinor SI to define,

Ψ(X,S) = SIΨ
I (X) , SI =

√
X+

(

sα

−xαβs
β

)

, xαβ = xµ (γµ)
α
β . (2.8)

Transformation properties of ΨI(X) under rotations and boosts dictate the precise manner

in which 3d spinors are embedded into 5d spinors in general and then the transversality

condition SIX
I
J = 0 (where XI

J = XA (ΓA)
I
J) fixes how SI can be expressed in terms of sα.

Further, the requirement that Ψ(X,S) is a Lorentz scalar in 5d iff ψ(x, s) is a scalar primary

in 3d with dimension ∆ fixes Ψ(X,S) and ψ(x, s) to be related in the following manner,

Ψ(X,S) =
1

(X+)∆
ψ(x, s). (2.9)

Ψ(X,S) has the homogeneity property,

Ψ(aX, bS) = a−∆− 1
2 b Ψ(X,S). (2.10)

The form of the correlators (alongwith the tensor structures) is then fixed by the require-

ments of 5d Lorentz invariance, homogeneity (2.10) and transversality. For example the

two point function is fixed to be of the following form,

〈Ψ(X1, S1)Ψ (X2, S2)〉 = i
〈S1S2〉
X

∆+ 1
2

12

. (2.11)

Xij = −2Xi ·Xj and 〈S1X2X3 · · ·Xk−1Sk〉 = (S1)I(X2)
I
J (X3)

J
K · · · (Xk−1)

K
L (Sk)

L. In 3d,

the two point function looks like,

〈ψα(x1)ψβ(x2)〉 = i
(x12)

α
β

(

x212
)∆+ 1

2

. (2.12)

In general, any real operator of spin l can be represented as φα1α2···α2l where the αi are

fundamental indices of Spin(2, 1). Here φα1α2···α2l is symmetric1 in all indices. As before,

to work in an index free manner, we can introduce an auxilliary spinor sα to form,

φ(x, s) = sα1
· · · sα2l

φα1α2···α2l(x). (2.13)

An analogous construction gives the associated 5d operator Φ(X,S).

1This is possible only in 3d.
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Conventions for tensor structures. Before we move on to state the bases of tensor

structures that we choose to work with, let us first describe our conventions for defining

the tensor structures in embedding space. Tensor structures are fixed by the 5d Lorentz

invariance, transversality and homogeneity conditions on the embedding space operators

that we just discussed. Although the homogeneity condition on the entire correlator is

fixed by the conformal symmetry, the homogeneity on the tensor structures themselves

depends on the chosen normalization and thus is a matter of choice.

From the brief discussion on the embedding space formalism we know that the embed-

ding space operators (fermions and bosons with any value of spin l) satisfy the following

homogeneity property respectively,

O(aX, bS) = a−∆−lb2l O(X,S) (2.14)

Consequently, an n point function of operators with dimension ∆i and spin li satisfies the

following homogeneity property,

〈O1 (a1X1, b1S1) · · · On (anXn, bnSn)〉 =
n
∏

i=1

a−∆i

i

(

b2lii

alii

)

〈O1 (X1, S1) · · · On (Xn, Sn)〉 .

(2.15)

For example, an n point function of 2K spin half fermions and M scalars (2K +M = n),

which shall be relevant later on in section 2.3, should satisfy the following homogeneity

property,

〈Ψ1 (a1X1, b1S1) · · ·Ψ2K (a2KX2K , b2KS2K) Φ2K+1 (a2K+1X2K+1) · · ·Φn (anXn)〉 (2.16)

=
n
∏

i=1

a−∆i

i

2K
∏

j=1

bj√
aj

〈Ψ1 (X1, S1) · · ·Ψ2K (X2K , S2K) Φ2K+1 (X2K+1) · · ·Φn (Xn)〉 .

We define the tensor structures Tk for a generic spinning correlator such that they

entirely account for the factor
∏n

i=1
b
2li
i

a
li
i

in the homogeneity relation (2.15). In other words,

Tk are defined such that they satisfy

Tk (b1S1, · · · , bnSn; a1X1, · · · , anXn) =
n
∏

i=1

b2lii

alii
Tk (S1, · · · , Sn; X1, · · · , Xn) . (2.17)

To make it more concrete, let us now see explicitly how the three point functions

and four point functions of interest look like with the chosen conventions for the tensor

structures. The three point function of two fermions and one bosonic operator is of the

following form,

〈Ψ1 (X1, S1)Ψ2 (X2, S2) Φ(X3, S3)〉 =
∑

k

Tkλ123,k

X
∆1+∆2−∆3

2

12 X
∆1+∆3−∆2

2

13 X
∆2+∆3−∆1

2

23

, (2.18)

where λ123,k are the structure constants for this three point function. k runs over all the

independent tensor structures.
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Similarly, any four point function can be expressed in the following form,

〈O1 (X1, S1) · · · O4 (X4, S4)〉 =
(

X24

X14

)

∆1−∆2
2

(

X14

X13

)

∆3−∆4
2

∑

k TkAk(u, v)

(X12)
∆1+∆2

2 (X34)
∆3+∆4

2

,

(2.19)

where Ak(u, v) are functions of cross-ratios and contain dynamical information.

(2.18) and (2.19) lack a manifest dependence on the spin of the operators because

that spin dependence is entirely captured by the tensor structures Tk (which one has to

choose suitably in each case). This should be clear from (2.15) and (2.17) wherein we

have normalized the tensor structures to entirely account for the factor
∏n

i=1
b
2li
i

a
li
i

. The

non-tensorial part of the correlator only accounts for the factor
∏

i a
−∆i

i in (2.15) which is

independent of the spin of the operators.

Three point functions. First let us state the tensor structures for the relevant three

point functions which are those of two spin half fermions ψ1, ψ2 and a bosonic operator

O3,l and of one spin half fermion ψ1 one scalar O2 and one fermionic operator of any spin

ψ3,l. The structures for the three point function of two fermions and a scalar 〈ψ1ψ2O3〉
can be taken to be,

r+di =
〈S1S2〉√

X12
, r−di =

〈S1X3S2〉√
X13X32

. (2.20)

For the three point function of two fermions and a spin l bosonic operator 〈ψ1ψ2O3,l〉 (l >
0), we have two parity even structures and two parity odd ones2 which can be taken to be,

r+di,1 =
〈S1S2〉 〈S3X1X2S3〉l

X
l+1
2

12 X
l
2

13X
l
2

23

, r+di,2 =
〈S1S3〉 〈S2S3〉 〈S3X1X2S3〉l−1

X
l−1
2

12 X
l
2

13X
l
2

23

, (2.21)

r−di,3 =
〈S3X1X2S3〉l−1

X
l
2

12X
l+1
2

13 X
l+1
2

23

[X23 〈S1S3〉 〈S2X1S3〉+X13 〈S2S3〉 〈S1X2S3〉] ,

r−di,4 =
〈S3X1X2S3〉l−1

X
l
2

12X
l+1
2

13 X
l+1
2

23

[X23 〈S1S3〉 〈S2X1S3〉 −X13 〈S2S3〉 〈S1X2S3〉] .

The 3d expressions can be obtained as 〈S1X2X3 · · ·Xk−1Sk〉 −→
3d

/x12/x23 · · · /xk−1,k/xk−1,k.

We shall denote 3d expressions for products of the form 〈SiXa · · ·XbSm〉 〈SkXu · · ·XvSl〉
as

[

/xia · · · /xbm
] [

/xku · · · /xvl
]

.

For the three point function of one spin half fermion one scalar and one fermionic

operator of any spin 〈ψ1O2ψ3,l〉 (l > 1
2), we can take the following tensor structures,

r+cr =
〈S1S3〉 〈S3X1X2S3〉l−

1
2

X
l
2
− 1

4

12 X
l
2
+ 1

4

13 X
l
2
− 1

4

23

, (2.22)

r−cr =
〈S1X2S3〉 〈S3X1X2S3〉l−

1
2

X
l
2
+ 1

4

12 X
l
2
− 1

4

13 X
l
2
+ 1

4

23

.

2For l = 0, r+di,1 goes to r+di and r−di,3 goes to r−di.
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Note that we have chosen the same tensor structures for the three point functions as

in [25, 29] only with different normalization.

Four point function of two scalars and two fermions. Let us now consider correla-

tors with two fermions and two scalars. We choose the following tensor structures for the

four point function of two spin half fermions and two scalars 〈ψ1ψ2O3O4〉, as in [29],3

t+1 =
〈S1S2〉√

X12
, t+2 =

〈S1X3X4S2〉√
X13X34X42

, (2.23)

t−3 =
〈S1X3S2〉√
X13X32

, t−4 =
〈S1X4S2〉√
X14X42

.

Four point function of fermions. We present here the basis for the fermion four point

function that we shall use. We shall justify our choice with more details in 2.5. In this

case, the tensor structures are of the form 〈Si · · ·Sj〉 〈Sk · · ·Sl〉. In general such tensor

structures may be related by complicated identities. The idea of expressing the embedding

space tensor structures in a chosen conformal frame is particularly useful for relating (or

showing the mutual independence of) different tensor structures in this context.

For four fermions there are sixteen independent tensor structures and we pick a basis

with elements of definite parity. The parity even structures are taken to be,

p+1 =
〈S1S2〉 〈S3S4〉√

X12X34
, p+2 =

〈S1S2〉 〈S3X1X2S4〉
√

X2
12X13X24

, (2.24)

p+3 =

〈

S1X3Γ
AS2

〉

〈S3X1ΓAS4〉√
X13X32X31X14

, p+4 =

〈

S1Γ
AΓBS2

〉

〈S3ΓAΓBS4〉√
X12X34

,

p+5 =
〈S1X3S2〉 〈S3X1S4〉

√

X2
13X14X23

, p+6 =
〈S1X3S2〉 〈S3X2S4〉

√

X2
23X13X24

,

p+7 =
〈S1X4S2〉 〈S3X1S4〉

√

X13X2
14X24

, p+8 =
〈S1X4S2〉 〈S3X2S4〉

√

X14X23X2
24

.

The parity odd part of the basis can be taken to be composed of the following structures,

p−9 =
〈S1S2〉 〈S3X1S4〉√

X12X13X14
, p−10 =

〈S1S2〉 〈S3X2S4〉√
X12X23X24

, (2.25)

p−11 =
〈S1X3S2〉 〈S3S4〉√

X13X23X34
, p−12 =

〈S1X4S2〉 〈S3S4〉√
X14X24X34

,

p−13 =

〈

S1Γ
AS2

〉

〈S3ΓAX1S4〉√
X12X13X14

, p−14 =

〈

S1Γ
AS2

〉

〈S3ΓAX2S4〉√
X12X23X24

,

p−15 =

〈

S1Γ
AX3S2

〉

〈S3ΓAS4〉√
X13X23X34

, p−16 =

〈

S1Γ
AX4S2

〉

〈S3ΓAS4〉√
X14X42X34

.

Note that the basis presented above is different from the one that appears in the

literature [25]. We provided further details in appendix. A.2 including the change of basis

3Two different choices of normalization for any tensor structure can result in a difference to the corre-

sponding Mellin amplitude only if they are different by factors of invariants (otherwise the difference has

to be accounted for with a modification in the definition of the Mellin amplitude). When such an invariant

is a product of cross-ratios, it would cause a simple shift in the poles of the Mellin amplitude.

– 9 –



J
H
E
P
0
3
(
2
0
1
8
)
1
0
6

that relates our basis (even part) in (2.24) to the one in [25], and how crossing acts on our

chosen basis in (2.24) and (2.25).

Four dimensions. Our discussion in three dimensions can be easily generalized. The

nature of spinors changes with dimension and signature. The problem of counting tensor

structures in four dimensions is again handled in the best manner by choosing a confor-

mal frame [26]. 4d tensor structures in the embedding formalism and blocks have been

discussed in [30, 31]. The relevant setup is coherently presented in [32] and the setup is

implemented in the freely available Mathematica package “CFTs4d”. One can easily use

this Mathematica package to obtain independent tensor structures (with expressions in

both embedding space and the conformal frame) for upto four point functions for any kind

of correlator. In three dimensions, all operators exchanged in the OPEs can be taken to

be symmetric representations of the double cover of the Lorentz group. However, in higher

dimensions, one has to also consider mixed symmetry representations (see [33]).

2.3 Definition

After our discussion on tensor structures, we are equipped to define Mellin amplitudes for

correlators of fermions and scalars. In general for a correlator of 2K fermions andM scalars

(2K + M = n), we can define the Mellin amplitude (in the embedding space language)

with the following set of Mellin-Barnes integrals,

〈Ψ1 (X1, S1) · · ·Ψ2K (X2K , S2K) Φ2K+1 (X2K+1) · · ·Φn (Xn)〉

=
∑

k

T̃k

∫

[dsij ]
n
∏

1≤i<j

X
−sij−aij;k
ij Γ

(

sij + aij;k + nij;k +
1

2

K
∑

m=1

δi,2m−1δj,2m

)

×Mk ({sij})
K
∏

m=1

1
√

X2m−1,2m

, (2.26)

The set {Mk (sij)} is the Mellin amplitude. We demand the Mellin variables to satify the

following constraints:

τi −
∑

l 6=i

sli = 0 ∀i. (2.27)

In the equation above, the tensor structures T̃i do not have a denominator (i.e. they

are not normalized) unlike those in (2.24) for example. The set {T̃i} must form a basis of

tensor structures for the given correlator and apart from being a Lorentz invariant in d+2

dimensions and satisfying the transversality condition, each T̃i must satisfy the following

homogeneity condition in Si,

T̃k (b1S1, · · · , b2KS2K ;X1, · · · , Xn) =

(

2K
∏

i=1

bi

)

T̃k (S1, · · · , S2K ;X1, · · · , Xn) . (2.28)

aij;k are numbers which determine the normalization of the tensor structure. Let us define,

Tk = T̃k

n
∏

1≤i<j

X
−aij;k
ij . (2.29)
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Concretely, the numbers aij;k are fixed by the requirement that given λi =
√
σi, the fol-

lowing must hold,

Tk (λ1S1, · · · , λ2KS2K ;σ1X1, · · · , σnXn) = Tk (S1, · · · , S2K ;X1, · · · , Xn) . (2.30)

τi is the twist of the operator at Xi. So τi = ∆i − 1
2 for i ∈ {1, · · · , 2K} and τj =

∆j for j ∈ {2K + 1, . . . , n}. Note that (2.28) and (2.30) together give a definition that

is equivalent to (2.17) for the (normalization of the) tensor structures Tk. The tensor

structures in (2.23), (2.24) and (2.25) are normalized in this manner.

nij;k are integers that we keep undetermined for now. The gamma functions in (2.26)

have been extracted in analogy with the case of scalars to simplify the asymptotics of the

Mellin amplitude on the complex plane and the factorization formulae. In section 3 we shall

be computing Mellin amplitudes in the large N limit of a strongly coupled CFT (through

tree level Witten diagrams) and in section 4 we shall be computing Mellin amplitudes in a

weakly interacting CFT. We shall choose nij;k such that in either case the Mellin amplitude

for the contact interaction are polynomials in the Mellin variables (constant for the contact

Witten diagrams). This way, the Mellin amplitudes in the large N limit of the strongly

coupled CFT (dual to a quantum field theory in AdS) encodes only the bulk dynamics. In

the perturbative regime, the singularities of the Mellin amplitude do not carry information

on the trivial composite operators.

It can be checked that the correlator in (2.26) is consistent with the homogeneity

condition (2.10), given that (2.28) and (2.30) are satisfied. The conformality constraints

imposed by (2.27) in (2.26) can be interpreted in terms of fictitious Mellin momenta ki with

ki ·kj = sij and an on-shell condition k2i = −τi as the overall conservation of Mellin momen-

tum
∑

i ki = 0. This is a generalization of the corresponding scenario for scalar correlator as

discussed in 2.1. This time, one can relate the Mellin variables to Mandelstam variables as

Si1···ia = − (ki1 + · · ·+ kia)
2 = −2

∑

l<k≤a

silik +
a

∑

j=1

τij . (2.31)

Since we have chosen to work in Minkowski spacetime, we shall always understand that

Xij → −(xi−xj)
2+ iǫij . The relative values of all the ǫij is assumed to be consistent with

the time ordering in the correlator.

In this paper, we shall mainly be focussing on the four point function. We shall assume

for simplicity that all operators of the same spin have different conformal dimensions. Let

us describe concretely, the definition for the two kinds of four point functions. Here we

make a choice of nij;k. The Mellin amplitude for the four point function of two fermions

and two scalars is defined by the following,

〈Ψ1Ψ2Φ3Φ4〉 =
∫

[dsij ]
∏

i<j

(Xij)
−sij 1√

X12

[

4
∑

i=1

tiM̄i ({sab})
]

. (2.32)

The Mellin variables satisfy the conformality constraints as mentioned in (2.27).

The tensor structures ti for this correlator are chosen in (2.23). In (2.32), the super-

script from (2.23) indicating the parity of the tensor structures ti has been suppressed.
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Following Mack [1], we shall call M̄ ≡ {M̄i} the reduced Mellin amplitude. In this case, we

choose all the integers nij;k to be zero and the Mellin amplitude {Mi} is related to {M̄i}
in the following way.

M1 = M̄1 [Γ (s12 + 1)Γ (s13) Γ (s14) Γ (s23) Γ (s24) Γ (s34)]
−1 ,

M2 = M̄2

[

Γ

(

s12 +
1

2

)

Γ

(

s13 +
1

2

)

Γ (s14) Γ (s23) Γ

(

s24 +
1

2

)

Γ

(

s34 +
1

2

)]−1

,

M3 = M̄3

[

Γ

(

s12 +
1

2

)

Γ

(

s13 +
1

2

)

Γ (s14) Γ

(

s23 +
1

2

)

Γ (s24) Γ (s34)

]−1

,

M4 = M̄4

[

Γ

(

s12 +
1

2

)

Γ (s13) Γ

(

s14 +
1

2

)

Γ (s23) Γ

(

s24 +
1

2

)

Γ (s34)

]−1

. (2.33)

Similarly, define the four point function of fermions in the following way,

〈Ψ1Ψ2Ψ3Ψ4〉 =
∫

[dsij ]
∏

i<j

(Xij)
−sij 1√

X12X34

[

16
∑

i=1

piM̄i ({sab})
]

. (2.34)

The tensor structures pi are as in (2.24), (2.25). The choice of the integers nij;k dictates

the relation between the reduced Mellin amplitude {M̄i} and the Mellin amplitude {Mi}.
We choose all the integers to be zero apart from the following,

n12;2 = n13;3 = n13;5 = n23;6 = n14;7 = n24;8 = −1. (2.35)

We have presented the relations explicitly in appendix A.3.

2.4 Pole structure: fermion-scalar four point function

In this section, we will look at the pole structure of the mixed fermion scalar four point

function in the direct and the crossed channels.

2.4.1 Direct channel

The mixed fermion scalar four point function can be expressed in the following manner.

〈ψ1ψ2φ3φ4〉 =

(

X24

X14

)

∆1−∆2
2

(

X14

X13

)

∆3−∆4
2 A(u, v)

(X12)
∆1+∆2

2 (X34)
∆3+∆4

2

, (2.36)

A(u, v) =

∫ cs+i∞

cs−i∞

ds

4πi

∫ ct+i∞

ct−i∞

dt

4πi

[

4
∑

i=1

tiM̄i(s, t)

]

u
s
2 v−

s+t−τ1−τ4
2 , (2.37)

s = −(k1 + k2)
2 = τ1 + τ2 − 2s12, t = −(k1 + k3)

2 = τ1 + τ3 − 2s13.

We wish to compare (2.37) with the contribution to A(u, v) from a single operator ex-

changed in the direct channel. For this, one can do a “dimensional analysis” to check

the power law behavior of A(u, v) in u in the OPE limit (u, v) → (0, 1) (with 1−v√
u

held

fixed). We have explicitly checked the leading behavior of the conformal blocks using the

differential operators presented in [25] that enable one to obtain these direct channel blocks

from the corresponding blocks for scalar four point function. The contribution from one
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operator exchanged via the OPE has also been presented in general in [34] for external

operators with any value of spin. In this paper the Gelfand-Tsetlin basis for Spin(d) repre-

sentations has been used. Our basis is defined by our choice of gamma matrices (as in [25])

and we are using three point structures of definite parity unlike in [34]. The operators

contributing to the direct channel block expansion are those that appear in both the OPE

of two scalars and that of two spin-half fermions, and hence are integer spin operators in

symmetric traceless representations of the Lorentz group.

Let A(u, v) =
∑

i tiAi(u, v). The three point function of two fermions and an integer

spin operator has in general four independent tensor structures (2.21) and hence four

structure constants. Consequently each Ai(u, v) will in general receive contributions from

four different conformal partial waves ga∆,l (with covariant pre-factors stripped off). Let

gi,a∆,l be the contribution of ga∆,l to Ai. Here “a” lables the four tensor structures in the

three point function 〈ψ1ψ2Ol〉.
Let us recall from (2.23) that t1, t2 are parity even and t3, t4 are parity odd. Also

from (2.21), r1, r2 are parity even and r3, r4 are parity odd. Considering this and the

explicit form of the three point structures, we see that the only non-zero gi,a∆,l are g
1,1
∆,l, g

1,2
∆,l,

g2,2∆,l, g
3,3
∆,l, g

3,4
∆,l, g

4,3
∆,l and g4,4∆,l. For l = 0, the only non-zero ones are g1,1∆,0 ≡ g1,+∆,0, g

3,3
∆,0 ≡ g3,−∆,0

and g4,3∆,0 ≡ g4,−∆,0.

We summarise the limiting behavior of gi,a∆,l in the OPE limit here. This is generically

given by some combination of Gegenbauer polynomials. For l ≥ 1,

A1 ⊃ λ1
ψ1ψ2Ol

λOlφ3φ4
g1,1s,∆,l + λ2

ψ1ψ2Ol
λOlφ3φ4

g1,2s,∆,l (2.38)

≈ u
∆
2

⌊

l−2
2

⌋

∑

k=0

(

λ1
ψ1ψ2Ol

λOlφ3φ4
K1,k

1 + λ2
ψ1ψ2Ol

λOlφ3φ4
K2,k

1

)

(

v − 1

2
√
u

)l−2k

+ · · · ,

A2 ⊃ λ2
ψ1ψ2Ol

λOlφ3φ4
g2,2s,∆,l ≈ λ2

ψ1ψ2Ol
λOlφ3φ4

u
∆
2

⌊

l−1
2

⌋

∑

k=0

K2,k
2

(

v − 1

2
√
u

)l−1−2k

+ · · · , (2.39)

A3 ⊃ λ3
ψ1ψ2Ol

λOlφ3φ4
g3,3s,∆,l + λ4

ψ1ψ2Ol
λOlφ3φ4

g3,4s,∆,l (2.40)

≈ u
∆
2

⌊

l−1
2

⌋

∑

k=0

λ3
ψ1ψ2Ol

λOlφ3φ4
K3,k

3

(

v − 1

2
√
u

)l−2k

+u
∆−1
2

⌊

l−1
2

⌋

∑

k=0

λ4
ψ1ψ2Ol

λOlφ3φ4
K4,k

3

(

v − 1

2
√
u

)l−1−2k

+ · · · ,

A4 ⊃ λ3
ψ1ψ2Ol

λOlφ3φ4
g4,3s,∆,l + λ4

ψ1ψ2Ol
λOlφ3φ4

g4,4s,∆,l (2.41)

≈ u
∆
2

⌊

l−1
2

⌋

∑

k=0

λ3
ψ1ψ2Ol

λOlφ3φ4
K3,k

4

(

v − 1

2
√
u

)l−2k

+u
∆−1
2

⌊

l−1
2

⌋

∑

k=0

λ4
ψ1ψ2Ol

λOlφ3φ4
K4,k

4

(

v − 1

2
√
u

)l−1−2k

+ · · · .
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Component of M.A. Location of Poles Residues ∼

M1 τ + 2k λ1
ψ1ψ2Ol

λOlφ3φ4
, λ2

ψ1ψ2Ol
λOlφ3φ4

M2 τ + 1 + 2k λ2
ψ1ψ2Ol

λOlφ3φ4

M3 τ + 2k λ3
ψ1ψ2Ol

λOlφ3φ4
, λ4

ψ1ψ2Ol
λOlφ3φ4

M4 τ + 2k λ3
ψ1ψ2Ol

λOlφ3φ4
, λ4

ψ1ψ2Ol
λOlφ3φ4

Table 1. Fermion-scalar four point function: direct channel poles.

λa
ψ1ψ2Ol

are the structure constants of the three point function 〈ψ1ψ2Ol〉 associated to the

tensor structure rd,i as in (2.21). Kj,k
i are constants.

For a scalar exchange, matters simplify as λ1
ψ1ψ2O0

≡ λ+
ψ1ψ2O, λ3

ψ1ψ2O0
≡ λ−

ψ1ψ2O,

λ2
ψ1ψ2O0

≡ 0 and λ4
ψ1ψ2O0

≡ 0. So we have,

A1 ⊃ λ+
ψ1ψ2OλOφ3φ4

K1,0
1 u

∆
2 + · · · , (2.42)

A3 ⊃ λ−
ψ1ψ2OλOφ3φ4

K3,0
3 u

∆
2 + · · · , (2.43)

A4 ⊃ λ−
ψ1ψ2OλOφ3φ4

K3,0
4 u

∆
2 + · · · . (2.44)

Comparing (2.38)–(2.41) and (2.42)–(2.44) with (2.37), we can deduce the pole structure

for M̄i. The Mellin amplitude {Mi} can be obtained from the reduced Mellin amplitude

{M̄i} as shown in (2.33) and thus we obtain the pole structure of the Mellin amplitude in

this channel as summarised in table 1. When the exchanged operator is a scalar l = 0, we

should take all structure constants apart from λ1
ψ1ψ2Ol

, λ3
ψ1ψ2Ol

, λOlφ3φ4
to be zero.

k = 0 corresponds to the exchange of the primary and the leading twist descendants

while k > 0 corresponds to the descendants with higher values of twist. Generically the

singular terms in each component of the Mellin amplitude are of the following form,

λa
ψ1ψ2Ol

λOlφ3φ4
Ql,k(t)

s− τ − 2k
. (2.45)

Ql,k(t) can be expected to be a polynomial in t whose degree is determined by spin l of the

exchanged operator. We leave a rigorous derivation of this polynomial to future work.

The Mellin amplitude of the three point function 〈ψ1ψ2Ol〉 has four components, and

each one is a constant proportional to the corresponding structure constant λa
ψ1ψ2Ol

. The

Mellin amplitude associated with 〈Olφ3φ4〉 is just a constant proportional to λOlφ3φ4
.

Therefore from (2.45), it is clear that each component of the Mellin amplitude associ-

ated with the four point function 〈ψ1ψ2φ3φ4〉 factorizes on the poles listed above onto

products of components of Mellin amplitudes of the corresponding three point functions.
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2.4.2 Crossed channel

Now we consider the exchange of operators in the crossed channel, in particular the OPE

channel 13− 24. The four point function can be expressed as follows,4

〈ψ1ψ2φ3φ4〉c =

(

X34

X14

)

∆13
2

(

X14

X12

)

∆24
2 ṽ

∆13
2

X
∆1+∆3

2

13 X
∆2+∆4

2

24

4
∑

i=1

tiÃi (ũ, ṽ) , (2.46)

ũ =
X13X24

X12X34
, ṽ =

X14X23

X12X34
, ∆ij = ∆i −∆j ,

Ãi (ũ, ṽ) =

∫

dt

4πi

∫

ds

4πi
M̄i (s, t) ũ

t+1
2

2 ṽ
s+t+1

2
−∆1−∆4
2 . (2.47)

The operators contributing to the block expansion in the crossed channel are fermionic

operators. Once again, we shall compare (2.47) with the leading behavior of the corre-

sponding blocks in the OPE limit x1 → x3. These blocks are also a type of “seed-blocks”

in three dimensions, and have been computed in [29, 35]. We have chosen the same tensor

structures as they have for the relevant three point functions (2.22) and also the same

tensor structures for the four point function.

Three point functions of one spin-half fermion, one scalar and one generic fermion

have one parity odd and one parity even tensor structure (2.22). Hence each Ãi will

receive contributions from four different blocks gi,±±. Let gi,jk∆,l be the contribution to Ãi

from the block associated with the fusion of tensor structures rjc and rkc (2.22) of the three

point functions. Therefore we can see from parity selection rules that the only non-zero

gi,jk∆,l are g1,++
∆,l , g1,−−

∆,l , g2,++
∆,l , g2,−−

∆,l , g3,+−
∆,l , g3,−+

∆,l , g4,+−
∆,l and g4,−+

∆,l .

We state the results on the pole structure here. Please refer to appendix A.4 for details.

Let λ±
ψφΨl

be the structure constant associated with the term with tensor structure r±c
(see (2.22)) in the three point function 〈ψφΨl〉. Comparing (A.18) and (A.19) with (2.47),

we can conclude that the reduced Mellin amplitude and consequently the Mellin amplitude

has the poles in t as summarised in table 2 for the exchange of fermionic operator Ψl with

twist τ .

We see a novelty in the pole structure here. Each component of the Mellin amplitude

has two series of poles for each primary exchanged. It is clear that each component of the

Mellin amplitude M̄i factorizes at the poles onto components of the Mellin amplitudes of

the corresponding three point functions as described above.

There are also poles in the Mellin amplitude in the u-channel. The u-channel is related

to the s- and t-channel by the relation u =
∑

i τi − s − t. These correspond to operators

exchanged in the OPE channel 14-23. The location of these poles can be worked out from

the preceeding discussion. We have stated the results in appendix A.5.

2.5 Pole structure: four fermion correlator

The Mellin amplitude (2.5) associated with the correlator 〈φ1φ2φ3φ4〉 has s-channel poles
at s = τ +2k for each operator with twist τ contributing to the s-channel conformal block

4(2.46) is identical to equation 2.12 of [29] with the following relabelling from “theirs”→“ours”: 1 →

1, 2 → 3, 3 → 4, 4 → 2 and renaming gI → Ai.
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Component of M.A. Location of Poles Residues ∼

M1

t = τ + 2k λ+
ψ1φ3Ψl

λ+
Ψlφ4ψ2

t = τ + 1 + 2k
λ−
ψ1φ3Ψl

λ−
Ψlφ4ψ2

M2

t = τ + 1 + 2k λ+
ψ1φ3Ψl

λ+
Ψlφ4ψ2

t = τ + 2k
λ−
ψ1φ3Ψl

λ−
Ψlφ4ψ2

M3

t = τ + 1 + 2k λ+
ψ1φ3Ψl

λ−
Ψlφ4ψ2

t = τ + 2k
λ−
ψ1φ3Ψl

λ+
Ψlφ4ψ2

M4

t = τ + 2k λ+
ψ1φ3Ψl

λ−
Ψlφ4ψ2

t = τ + 1 + 2k
λ−
ψ1φ3Ψl

λ+
Ψlφ4ψ2

Table 2. Fermion-scalar four point function: crossed channel poles.

expansion of the correlator. The residue at the pole is λφ1φ2Ol
λOlφ3φ4

Ql,k(t), l being the

spin of the exchanged operator. Ql,k are polynomials in t of degree l. One way to explain

this analyticity property is in terms of the expansion of the conformal block G∆,l around

the OPE limit [36],

G∆,l = u
∆−l
2

∞
∑

k=0

ukgk(v), (2.48)

where gk(v) has a power series expansion in 1− v.

For the correlator 〈ψ1ψ2ψ3ψ4〉, the nature of the conformal blocks depends on the basis

of tensor structures. As mentioned earlier in section 2.2, a generic basis of tensor structures

may lead to the conformal blocks having spurious singularities. We will choose a basis such

that each conformal block can be expanded around the OPE limit as follows,

I
∑

i=1

u
τ−ai

2

∞
∑

k=0

ukg̃k(v). (2.49)

Here I is some finite integer greater than zero, ai < τ are integers and g̃k has a power series

expansion in 1− v. These would ensure that each component of the Mellin amplitude has

finitely many series of poles corresponding to each exchanged primary and the residue at

each pole is a product of the relevant structure constants and a polynomial whose degree

is determined by the spin l. (2.24), (2.25) is one possible choice of such a basis {pi}. We

state the results for the pole structure here.

Corresponding to each integer spin l primary Ol of twist τ contributing to the direct

channel conformal block expansion of the correlator, the Mellin amplitude has poles and

residues as summarised in table 3.

When the exchanged operator is a scalar l = 0, we should take all structure constants

apart from λ1
ψ1ψ2Ol

, λ3
ψ1ψ2Ol

, λ1
Olψ3ψ4

and λ3
Olψ3ψ4

to be zero. The poles in the crossed

channels can also be worked out. We state the results in appendix A.6.
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Component of M.A. Location of Poles Residues ∼

s = τ + 2k

λ1
ψ1ψ2Ol

λ1
Olψ3ψ4

, λ1
ψ1ψ2Ol

λ2
Olψ3ψ4

λ2
ψ1ψ2Ol

λ1
Olψ3ψ4

, λ2
ψ1ψ2Ol

λ2
Olψ3ψ4

M1

s = τ + 1 + 2k

λ3
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ3
ψ1ψ2Ol

λ4
Olψ3ψ4

λ4
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ4
ψ1ψ2Ol

λ4
Olψ3ψ4

M2 s = τ + 1 + 2k

λ1
ψ1ψ2Ol

λ2
Olψ3ψ4

, λ2
ψ1ψ2Ol

λ1
Olψ3ψ4

λ2
ψ1ψ2Ol

λ2
Olψ3ψ4

M3 , M5 , M6 ,
s = τ − 1 + 2k λ2

ψ1ψ2Ol
λ1
Olψ3ψ4

, λ2
ψ1ψ2Ol

λ2
Olψ3ψ4

M7 , M8

s = τ + 2k

λ3
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ3
ψ1ψ2Ol

λ4
Olψ3ψ4

λ4
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ4
ψ1ψ2Ol

λ4
Olψ3ψ4

s = τ + 2k λ2
ψ1ψ2Ol

λ1
Olψ3ψ4

, λ2
ψ1ψ2Ol

λ2
Olψ3ψ4

M4

s = τ + 1 + 2k

λ3
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ3
ψ1ψ2Ol

λ4
Olψ3ψ4

λ4
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ4
ψ1ψ2Ol

λ4
Olψ3ψ4

M9 , M10
s = τ + 2k

λ1
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ1
ψ1ψ2Ol

λ4
Olψ3ψ4

λ2
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ2
ψ1ψ2Ol

λ4
Olψ3ψ4

s = τ + 1 + 2k λ3
ψ1ψ2Ol

λ2
Olψ3ψ4

, λ4
ψ1ψ2Ol

λ2
Olψ3ψ4

M11 , M12
s = τ + 2k

λ3
ψ1ψ2Ol

λ1
Olψ3ψ4

, λ4
ψ1ψ2Ol

λ1
Olψ3ψ4

λ3
ψ1ψ2Ol

λ2
Olψ3ψ4

, λ4
ψ1ψ2Ol

λ2
Olψ3ψ4

s = τ + 1 + 2k λ2
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ2
ψ1ψ2Ol

λ4
Olψ3ψ4

M13 , M14

s = τ + 1 + 2k λ3
ψ1ψ2Ol

λ2
Olψ3ψ4

, λ4
ψ1ψ2Ol

λ2
Olψ3ψ4

s = τ + 2 + 2k λ2
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ2
ψ1ψ2Ol

λ4
Olψ3ψ4

M15 , M16

s = τ + 1 + 2k λ2
ψ1ψ2Ol

λ3
Olψ3ψ4

, λ2
ψ1ψ2Ol

λ4
Olψ3ψ4

s = τ + 2 + 2k λ3
ψ1ψ2Ol

λ2
Olψ3ψ4

, λ4
ψ1ψ2Ol

λ2
Olψ3ψ4

Table 3. Fermion four point function: direct channel poles.
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Figure 1. Four point contact Witten diagram with two fermions and two scalars.

3 Witten diagrams

The AdS/CFT correspondence is a conjectured duality between String Theories in d + 1

dimensional AdS spacetime and CFTs living on its d dimensional boundary. When the bulk

spacetime is weakly curved and the bulk theory is well approximated by the supergravity

limit, we can use Witten diagrams to compute correlation functions in the dual strongly

interacting CFT. These computations are quite cumbersome in position space. In the

Mellin representation, they are simplified greatly [3, 8, 9, 37] and the corresponding Mellin

amplitudes can be concretely related to scattering amplitudes in QFT in d+1 dimensions

through the so-called “flat-space limit” [3, 7, 23]. Here we shall present a few results

for tree-level Witten diagrams with fermionic legs which serve to illustrate some of the

general feature discussed in the previous section 2. The calculations are simply reduced to

calculations of scalar Witten diagrams [38, 39], the results for which are available [3, 8].

Hence we do not need to set up these calculations in embedding space notation. We shall

however present results in embedding space notation in order to relate them to the tensor

structures in section 2.2. We have provided a short review of Fermions in the AdS/CFT

correspondence in appendix B.1. In the diagrams, solid lines with arrows denote fermion

propagators and solid lines without arrows denote scalar propagators.

3.1 Contact Witten diagram

First we shall consider the contact Witten diagram involving two fermions and two scalars

as shown in figure 1. As described in appendix B.1, bulk-to-boundary spinor propagators

are related to bulk-to-boundary scalar propagators in the following manner,

Σ∆ (z, ~x) =
Γµ (z

µ − xµ)√
z0

K∆+ 1
2
(z, ~x)P−,

Σ̄∆ (z, ~x) = P+Γµ (z
µ − xµ)√
z0

K∆+ 1
2
(z, ~x) . (3.1)

P± = (1 ± Γ0)/2, Γµ being gamma matrices of the bulk. Using (3.1) we see that the

two bulk-to-boundary propagators for fermions Σ̄∆1
and Σ∆2

can be reduced to a product

of two scalar bulk-to-boundary propagators K∆1+
1
2
and K∆2+

1
2
with an additional tensor
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structure:

Σ̄∆1
(z, ~x1)Σ∆2

(z, ~x2) =
(

~xµ12ΓµP−)K∆1+
1
2
(z, ~x1)K∆2+

1
2
(z, ~x2). (3.2)

When contracted with polarization spinors localized on the boundary, ~xµ12ΓµP− is equiv-

alent to ~xa12γa ≡ /x12 (contracted with polarization spinors of the boundary) where γa
are gamma matrices in the boundary theory. Thus the position space expression for this

diagram can be simplified to the evaluation of a scalar Witten diagram as,

Bψ̄1ψ2

φ3φ4
= 〈S1S2〉

∫

AdS
dZ

2
∏

i=1

K∆i+
1
2
(Z,Xi)

4
∏

i=3

K∆i
(Z,Xi). (3.3)

In the embedding space notation used in (3.3), Z is a bulk point and Xi are points on

the boundary. The integral in (3.3) is the expression of a contact Witten diagram of four

scalars.5 This can be expressed in Mellin space [3] to obtain6

Bψ̄1ψ2

φ3φ4
= 〈S1S2〉

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil
il Γ(sil)M2,2

4
∏

i=1

δ̂



∆i+
1

2
(δi1+δi2)−

∑

j 6=i

sij





=
〈S1S2〉√

X12

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δ1iδ2l

il Γ(sil+δ1iδ2l)M2,2

4
∏

i=1

δ̂



τi−
∑

j 6=i

sij



, (3.4)

The only non-zero component of the Mellin amplitude of the contact interaction is M1 =

M2,2. In general, the corresponding result for 2n fermions and m scalars is given by,

M1 = M2n,m =
πh

2
Γ

(

1

2

2n+m
∑

i=1

∆i +
n

2
− h

)

2n
∏

i=1

[

C∆i+
1
2

Γ(∆i +
1
2)

]

2n+m
∏

i=2n+1

[

C∆i

Γ(∆i)

]

, (3.5)

C∆ =
Γ(∆)

2πhΓ(∆− h+ 1)
, h ≡ d

2
.

This is a constant independent of the Mellin variables as in the case of scalar contact

interaction. From (3.5), we also know that the three point function of two fermions and a

scalar is parity even.

3.2 Scalar exchange Witten diagram with two external fermions

Next we consider the four point scalar exchange Witten diagram with two external fermions

as shown in figure 2. This expression in position space is

∫

dd+1z1
√

g(z1)

∫

dd+1z2
√

g(z2) Σ̄∆1
(z1, ~x1)Σ∆2

(z1, ~x2)G∆(z1, z2)
4
∏

i=3

K∆i
(z2, ~xi).

Using (3.2) and switching to embedding space notation, we get,

Aψ̄1ψ2

φ3φ4
= 〈S1S2〉

∫

AdS
dZ1

∫

AdS
dZ2

2
∏

i=1

K∆i+
1
2
(Z1, Xi)G∆(Z1, Z2)

4
∏

i=3

K∆i
(Z2, Xi).

5For the scalar Green’s functions in AdS, we will stick to the conventions in [3, 8].
6The normalization for the delta function reads δ̂ (x) = 2πi δ(x) and the measure is given by (dsil) =

dsil
2πi

.
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Figure 2. Scalar exchange Witten diagrams with two and four external fermions.

The integral in the above expression was studied in [3]. Using this result,7 we obtain

Aψ̄1ψ2

φ3φ4
=

〈S1S2〉√
X12

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δ1iδ2l

il Γ (sil + δ1iδ2l)

×N
ψ̄1ψ2

φ3φ4
(sil)

4
∏

i=1

δ̂



τi −
∑

j 6=i

sij



 , (3.6)

where in terms of the Mandelstam variable s = τ1 + τ2 − 2s12, we have

M1 = N
ψ̄1ψ2

φ3φ4
(sil) =

M2,2

Γ
(∑

i ∆i

2 + 1
2 − h

)

Γ
(

∆1+∆2+1−s
2

)

Γ
(

∆3+∆4−s
2

)

×
∫ i∞

−i∞

dc

2πi

l(c)l(−c)

(∆− h)2 − c2
, (3.7)

l(c) =
Γ
(

h+c−s
2

)

Γ
(

∆1+∆2−h+c
2 + 1

2

)

Γ
(

∆3+∆4−h+c
2

)

2Γ(c)
,

where ∆ is the conformal dimension of the exchanged operator.

The poles in (3.7) occur when the contour of the integral is pinched between two

colliding poles of the integrand. These poles are at8 s = ∆ + 2m which is exactly as

predicted for M1 in section 2.4.1. As shown in [3, 8], the Mellin amplitude can be in

fact written as a series over these poles and the residues follow from a simple shift in the

corresponding residue there.

3.3 Scalar exchange Witten diagram with four external fermions

The diagram in which four external fermions interact via an exchange of a scalar operator

is shown in figure 2. It can also be manipulated in a similar way as the previous examples.

7Please note that in [3], Mellin variables are denoted by δij and Mandelstam variables as si1···ik .
8There are other such poles from the integral but these are cancelled by zeroes in the pre-factor.
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Figure 3. Spinor exchange Witten diagram.

The expression for this is then given by

Aψ̄1ψ2

ψ̄3ψ4
= 〈S1S2〉 〈S3S4〉

∫

AdS
dZ1

∫

AdS
dZ2

2
∏

i=1

K∆i+
1
2
(Z1, Xi)G∆(Z1, Z2)

4
∏

i=3

K∆i+
1
2
(Z2, Xi).

(3.8)

The Mellin amplitude can be calculated just like in the previous example and the only

non-zero component is M1.

M1 = N
ψ̄1ψ2

ψ̄3ψ4
(sil) =

M4,0

Γ
(∑

i ∆i

2 + 1− h
)

Γ
(

∆1+∆2−s
2 + 1

2

)

Γ
(

∆3+∆4−s
2 + 1

2

)

×
∫ i∞

−i∞

dc

2πi

l(c)l(−c)

(∆− h)2 − c2
, (3.9)

l(c) =
Γ
(

h+c−s
2

)

Γ
(

∆1+∆2−h+c
2 + 1

2

)

Γ
(

∆3+∆4−h+c
2 + 1

2

)

2Γ(c)
.

The poles of M1 are at s = ∆+ 2m. In section 2.5, another series of poles is predicted at

s = ∆ + 1 + 2m. One can explain the absence of this second series simply by looking at

the relevant three point functions. From (3.5), we know that the three point function here

is of positive definite parity and hence the second series of poles is absent.

3.4 Spinor exchange Witten diagrams

Next, we present the Mellin amplitude for the spinor exchange diagram 3.9 [38] has shown

that the calculation of the spinor exchange diagram can effectively be reduced to the

calculation of a scalar exchange diagram [3]. This calculation is presented in detail in

9Note the non-standard labeling of the external legs.
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appendix B.2. Here we quote the final result,

Aψ̄1φ3

ψ2φ4
=

〈S1S2〉√
X12

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δ1iδ2l

il Γ (sil + δ1iδ2l)

× (∆1 +∆3 +∆+ 1− d− 2s13)N
ψ̄1φ3

ψ2φ4
(sil)

4
∏

i=1

δ̂



τi −
∑

j 6=i

sij





+2
〈S1X3X4S2〉√
X13X34X42

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δ1iδ2l

il N̄
ψ̄1φ3

ψ2φ4
(sil)

×Γ

(

sil +
1

2
(δi1δl2 + δi1δl3 + δi3δl4 + δi2δl4)

) 4
∏

i=1

δ̂



τi −
∑

j 6=i

sij



 , (3.10)

The Mellin amplitude has two non-zero components M1 and M2. In terms of the Man-

delstam variable t = τ1 + τ3 − 2s13, M1 is given by,

M1 = (t+ τ + 2− d)Nψ̄1φ3

ψ2φ4
(sil)

=
(t+ τ + 2− d)M2,2

Γ
(∑

i ∆i

2 + 1
2 − h

)

Γ
(

τ1+τ3−t
2

)

Γ
(

τ2+τ4−t
2

)

∫ i∞

−i∞

dc

2πi

l(c)l(−c)

(τ + 1− h)2 − c2
, (3.11)

l(c) =
Γ
(

h+c−t−1
2

)

Γ
(

τ1+τ3−h+c+1
2

)

Γ
(

τ2+τ4−h+c+1
2

)

2Γ(c)
.

Thus M1 has poles at t = τ + 2m, τ being the twist of the exchanged spinor. Considering

that the relevant three point function is parity even, these poles match with our predictions

in section 2.4.2. M2 is given by,

M2 = 2 N̄
ψ̄1φ3

ψ2φ4
(sil)

=
2 M2,2

Γ
(∑

i ∆i

2 + 1
2 − h

)

Γ
(

τ1+τ3−t+1
2

)

Γ
(

τ2+τ4−t+1
2

)

∫ i∞

−i∞

dc

2πi

l(c)l(−c)

(τ + 1− h)2 − c2
, (3.12)

l(c) =
Γ
(

h+c−t
2

)

Γ
(

τ1+τ3−h+c+1
2

)

Γ
(

τ2+τ4−h+c+1
2

)

2Γ(c)
.

M2 has poles at t = τ +1+ 2m which is the series predicted in section 2.4.2 for M2 when

the corresponding three point functions are parity even.

4 Conformal Feynman integrals

Like Witten diagrams, conformal Feynman integrals take very simple forms in Mellin

space [40–42]. In [42] Mellin space Feynman rules for tree level interactions in the weak

coupling regime were derived for scalar operators. The diagrammatic rules in Mellin space

showed that assuming an interaction without derivatives, the Mellin amplitude associated
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Figure 4. Contact diagrams with two and four fermions.

with a tree level diagram is given by a product of beta functions, each of which is associ-

ated with an internal propagator. Each vertex yields the trivial contribution 1. The beta

function propagator is a function of the Mandelstam variables composed of the fictitious

Mellin momenta and have the right kind of poles as expected from the Mellin amplitude.

In this section we will extend these calculations to Mellin amplitudes associated with

tree level interactions with two or four external fermions. We shall assume a Yukawa-like

interaction without derivatives. These calculations can be simply done in physical space

without the need for embedding space notation. However, we shall present the final result

in embedding space notation in order that the comparison with the tensor structures in

section 2.2 becomes more transparent. We can also assume that our tree level calculations

are done in Euclidean signature so that we do not have to worry about the iǫ for the

convergence of our integrals, and the final result can be Wick rotated with the correct iǫ

prescription (implicitly) to Minkowski signature.

The Mellin amplitudes for the conformal Feynman integrals with one or more internal

propagators are computed using a recursive method10 that we describe in detail in ap-

pendix C.1. We shall stick to four point calculations in this section to keep the notation

simple even though these calculations can easily be extended to include diagrams with any

number of scalar legs with more than one scalar or fermion propagator.

In our Feynman diagrams, solid lines with arrows will denote fermion propagators and

solid lines without arrows will denote scalar propagators.

4.1 Fermion-scalar four point function: contact diagram

To apply the recursive method for diagrams with fermionic legs, the results for the Mellin

amplitude associated to the corresponding contact interaction diagrams have to be known.

In this section, we shall consider the contact interaction with two fermions represented by

diagram 4. This calculation was presented by Symanzik [43] and we shall state the result

here.

10This method was developed by Arnab Rudra for scalar conformal integrals while working on [42].
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The conformal integral for the contact interaction of two fermions and two scalars is

given by11

Cψ̄1ψ2

φ3φ4
=

∫

Du
/x1−/u

|x1−u|2∆1+1
Γ

(

∆1+
1

2

)

/u−/x2
|u−x2|2∆2+1

Γ

(

∆2+
1

2

)

Γ(∆3)

|x1−u|2∆3

Γ(∆4)

|x4−u|2∆4
.

The sum of all the scaling dimensions should equal to the spacetime dimension d. In embed-

ding space notation, and in conformity with the definition (2.32), the Mellin representation

of this conformal integral is given by,

4
∑

j=3

〈S1XjS2〉
√

X1jXj2

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δi1δl2

il

×Γ

(

sil +
1

2
(δi1 + δi2) δjl +

1

2
δi1δl2

)

∏

i

δ̂



τi −
∑

j 6=i

sij



 . (4.1)

Result. The Mellin amplitude has two non-zero components, M3 and M4 both of which

are proportional to 1.

It is easy to generalize this result by adding more (or less) scalar legs. In particular,

this reflects the fact that the three point function of two spin one-half fermions and one

scalar is parity odd in this case.

4.2 Fermion four point function: contact interaction

The Mellin amplitude associated to the contact diagram 4 with four fermionic legs is

necessary for computing Mellin amplitudes associated with conformal integrals with four

fermionic legs. The corresponding conformal integral is12

Cψ̄1ψ2

ψ̄3ψ4
=

∫

Du
4
∏

i=1

Γ

(

∆i+
1

2

)[

/x1−/u

|x1−u|2∆1+1

/u−/x2
|u−x2|2∆2+1

][

/x3−/u

|x3−u|2∆3+1

/u−/x4
|u−x4|2∆4+1

]

.

(4.2)

This calculation was also presented in [43]. The Mellin representation of this integral,

in conformity with the definition (2.34) is given in embedding space notation13 by the

following,

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δi1δl2− 1

2
δi3δl4

il

[

1

2

〈

S1Γ
AS2

〉

〈S3ΓAS4〉√
X12X34

Γ (sil + δi1δl2 + δi3δl4)

+
4

∑

j=3

2
∑

k=1

〈S1XjS2〉 〈S3XkS4〉
√

X1jXj2X3kXk4

(4.3)

×Γ
(

sil +
1

2
(δi1 + δi2) δlj +

1

2
(δ3l + δ4l) δik +

1

2
δi1δl2 +

1

2
δi3δl4

)]

∏

i

δ̂



τi −
∑

j 6=i

sij



.

11The measure reads Du = 1
2

ddu

πd/2 and the delta functions are appropriately normalized δ̂ (x) = 2πi δ(x).

Further the integration measure of the Mellin variables is given by (dsil) =
dsil
2πi

.
12Spinor indices are always suppressed. Square brackets have been used to denote the tensor product

in (4.2). For example, [/x1/x2
][/y

1
/y
2
] denotes (/x1/x2

)α1
α2

(/y
1
/y
2
)β1

β2
.

13
〈

S1Γ
AS2

〉

〈S3ΓAS4〉 −−−−−−−−−→
physical space

[

/x1
γµ + γµ/x2

] [

/x3
γµ + γµ/x4

]

− 2
[

/x1/x2

]

[I]− 2[I]
[

/x3/x4

]

.
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Figure 5. Fermion scalar four point diagrams with scalar and fermionic exchange.

Result. In our chosen basis of tensor structures (2.24), the non-zero components of the

Mellin amplitude are the following,

M1 =
1

4
, M3 = 1, M4 =

1

4
, M5 = s13 − 1,

M6 = s23, M7 = s14, M8 = s24. (4.4)

We expanded the first tensor structure in (4.3) in our basis (2.24) as follows,
〈

S1Γ
AS2

〉

〈S3ΓAS4〉√
X12X34

=
1

2
p1 + 2

√

v

u
p3 +

1

2
p4 − 2

√

v

u
p5. (4.5)

4.3 Fermion-scalar four point function: scalar exchange

Now we wish to calculate the Mellin amplitude corresponding to the scalar propagator in

diagram 5 with two external fermions and two scalars. The conformal integral represented

by the diagram 5 is given by,

I ψ̄1ψ2

φ3φ4
=

∫

Du1

∫

Du2
/x1 − /u1

|x1 − u1|2∆1+1
Γ

(

∆1 +
1

2

)

/u1 − /x2
|u1 − x2|2∆2+1

Γ

(

∆2 +
1

2

)

×
4
∏

i=3

Γ (∆i)

|xi − u2|2∆i

1

|u1 − u2|2γ
. (4.6)

Conformality of the integral requires ∆1 + ∆2 = ∆3 + ∆4 = d − γ. The computation of

the associated Mellin amplitude using the recursive method follows exactly as described

for the scalar case in C.1. We state the result here,

4
∑

j=3

〈S1XjS2〉
√

X1jXj2

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δi1δl2

il Γ

(

sil +
1

2
(δ1i + δ2i) δlj +

1

2
δi1δl2

)

× 1

2Γ (γ)
B

(

γ − s

2
,
d

2
− γ

)

∏

i

δ̂



τi −
∑

j 6=i

sij



 . (4.7)

Result. The non-zero components of the Mellin amplitude are,

M3 = M4 =
1

2Γ (γ)
B

(

γ − s

2
,
d

2
− γ

)

. (4.8)
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The poles are located at −(p1 + p2)
2 = s = γ + 2m which matches our predictions in

section 2.4.1. This result can be easily generalized to one where we have more scalars at

either of the two interaction vertices.

4.4 Fermion-scalar four point function: fermion exchange

We wish to calculate the Mellin amplitude associated to the diagram 5 with a propagating

spin-half fermion. The relevant conformal integral is,

I ψ̄1φ3

ψ2φ4
=

∫

Du1

∫

Du2
/x1 − /u1

|x1 − u1|2∆1+1
Γ

(

∆1 +
1

2

)

/u1 − /u2
|u1 − u2|2γ+1

× /u2 − /x2
|u2 − x2|2∆2+1

Γ

(

∆2 +
1

2

)

Γ (∆3)

|x3 − u1|2∆3

Γ (∆4)

|x4 − u2|2∆4
. (4.9)

We state the result for the associated Mellin amplitude:

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δ1iδ2l

il

∏

i

δ̂



τi −
∑

j 6=i

sij





[

〈S1X3X4S2〉√
X13X34X42

1

2Γ(τ + 1)

×B

(

τ − t

2
,
d

2
− τ

)

∏

1≤i<l

Γ

(

sil +
1

2
(δi1δ2l + δi1δl3 + δi3δl4 + δi2δl4)

)

−〈S1S2〉√
X12

s13
2Γ(τ + 1)

B

(

τ + 1− t

2
,
d

2
− τ

)

∏

1≤i<l

Γ (sil + δi1δl2)

]

. (4.10)

Result. The two non-zero components of the Mellin amplitude are,

M1 = −τ1 + τ3 − t

4Γ(τ + 1)
B

(

τ + 1− t

2
,
d

2
− τ

)

, (4.11)

M2 =
1

2Γ(τ + 1)
B

(

τ − t

2
,
d

2
− τ

)

. (4.12)

M1 has poles at − (p1 + p3)
2 = t = τ + 1 + 2m while M2 has poles at t = τ + 2m, where

τ = γ − 1
2 is the twist of the propagating operator. From section 2.4.2, we see that these

are the “parity odd” series of poles for M1 and M2 respectively. And indeed this is what

we expect when the three point function of two spinors and a scalar is parity odd.

4.5 Fermion four point function: scalar propagator

We wish to calculate the Mellin amplitude for a scalar exchange Feynman diagram (s-

channel) with four external fermions. The position space integral is,

∫

Du1

∫

Du2

[

/x1 − /u1
|x1 − u1|2∆1+1

/u1 − /x2
|u1 − x2|2∆2+1

]

1

|u1 − u2|2γ

×
[

/x3 − /u2
|x3 − u2|2∆3+1

/u2 − /x4
|u2 − x4|2∆4+1

] 4
∏

i=1

Γ

(

∆i +
1

2

)

. (4.13)
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The Mellin representation of this integral is given by,

I ψ̄1ψ2

ψ̄3ψ4
=

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)X

−sil− 1
2
δi1δj2− 1

2
δi3δj4

il

∏

i

δ̂



τi −
∑

j 6=i

sij





×
[

1

2

〈

S1Γ
AS2

〉

〈S3ΓAS4〉√
X12X34

1

2Γ(γ)
B

(

γ − s+ 1

2
,
d

2
− γ

)

∏

i<l

Γ (sil + δ1iδ2j + δ3iδ4j)

+
4

∑

j=3

2
∑

k=1

〈S1XjS2〉 〈S3XkS4〉
√

X1jXj2X3kXk4

1

2Γ(γ)
B

(

γ − s

2
,
d

2
− γ

)

×
∏

i<l

Γ

(

sil +
1

2
(δ1i + δ2i) δjl +

1

2
δik (δ3l + δ4l) +

1

2
(δ1iδ2j + δ3iδ4j)

)

]

. (4.14)

As in section 4.2, we have to expand the integral above in our chosen basis of tensor

structures (2.24) using (4.5).

Result. The Mellin amplitude has the following non-zero components:

M1 = M4 =
1

8Γ(γ)
B

(

γ + 1− s

2
,
d

2
− γ

)

,

M3 =
1

2Γ(γ)
B

(

γ − s

2
,
d

2
− γ

)

,

M5 =
s13 − 1

2Γ(γ)
B

(

γ − s

2
,
d

2
− γ

)

,

M6 =
s23

2Γ(γ)
B

(

γ − s

2
,
d

2
− γ

)

,

M7 =
s14

2Γ(γ)
B

(

γ − s

2
,
d

2
− γ

)

,

M8 =
s24

2Γ(γ)
B

(

γ − s

2
,
d

2
− γ

)

. (4.15)

The poles of all the non-zero Mi above are exactly as predicted in section 2.5. Since the

three point functions here are of odd parity, we only see the “parity odd” series of poles.

5 Discussion

In this paper, we have introduced Mellin amplitudes associated with correlators of spin half

fermions and scalars. Such Mellin amplitudes have multiple components, each component

being associated with an element of a chosen basis of tensor structures. We have explained

that not all choices of bases are suitable for defining a Mellin amplitude with the desired

analyticity properties because in certain bases, the associated conformal blocks have spuri-

ous singularities. We have examined the pole structure of the Mellin amplitudes defined in

suitable bases which also makes clear how the components of the Mellin amplitude factorize

onto products of the components of the three point Mellin amplitudes (which are just the

structure constants).
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Given a scalar Mellin amplitude, one can read off the twist of the primary exchanged

from the leading pole of a given series. One can then check the degree of the polynomial in

the residue at this pole which gives the spin of the operator. Thus one knows the dimension

of the primary. With knowledge about the explicit form of the residue polynomials one can

also read off the OPE coefficients from the residues. For the fermionic Mellin amplitude

there is an additional feature as generically there are two distinct poles for each primary.

If the theory at hand has three point functions of definite parity, then one of the series of

poles will be absent. If the three point functions are not of definite parity, then the leading

and sub-leading poles in a series give information on two different OPE coefficients. We

must also emphasize that the pole structure of the Mellin amplitude is intimately connected

to the chosen basis of tensor structures. One can see multiple series of poles in a given

component of the Mellin amplitude because the corresponding component of the correlator

receives contributions from multiple conformal partial waves. In particular, it may be

possible to choose bases for the four point function and the three point functions such that

at least in one given channel, the tensor structures and the conformal blocks align perfectly

such that each component of the Mellin amplitude has a single series of poles in this given

channel. We leave a careful examination of this possibility to future work.

After these general considerations, we have computed a few tree-level Witten dia-

grams with fermionic legs in Mellin space. These computations are easily reduced to the

computation of tree-level Witten diagrams with all scalar legs. The corresponding Mellin

amplitudes obtained nicely illustrate the general principles described, in particular one of

the two series of poles. Finally we have considered position space conformal integrals corre-

sponding to tree level Feynman diagrams and computed the associated Mellin amplitudes.

These Mellin amplitudes demonstrate the existence of the other of the two series of poles

as compared to the Witten diagrams.

Let us now discuss future directions. In this project, we have not, for example, under-

taken a detailed study of the residues at the poles, in particular the polynomials appearing

there. It is necessary to do a more comprehensive analysis of the factorization properties of

these Mellin amplitudes. Thereafter it would be natural to employ the Mellin bootstrap [22]

on fermionic CFTs for example the Gross-Neveu model in three dimensions or the Gross-

Neveu-Yukawa theory in 4− ǫ dimensions. We hope to report on this in the future. It will

be interesting to undertake an independent study of these Witten diagrams and write down

the associated Feynman rules [8] and also see if one can study the pole structure of loop

level Witten diagrams. An interesting topic to be addressed is the “flat-space limit” [7, 23].

Last but not the least, we must emphasize that our definition of the Mellin amplitude

associated with correlators of fermionic operators cannot be claimed to be a canonical

choice. We would be interested to know if there exists such a canonical definition and if it

can be generalized in a natural way to incorporate operators with any value of spin and in

general dimensions.
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A Mellin amplitudes for fermionic correlators

A.1 Counting tensor structures

Correlators expressed in embedding space variables are manifestly covariant with conformal

transformations and are easy to work with. However the downside is that there is a great

deal of redundancy in all the possible tensor structures one can write. Sometimes it is easy

to see relations between different tensor structures through gamma matrix commutation re-

lations or simple Fierz identities, but in general this is a tedious matter. A neat way to count

independent tensor structures and figure out the web of relations relating the different ten-

sor structures in embedding space is to go to a suitable conformal frame by Lorentz trans-

formations as depicted elegantly in [26]. In this paper, they prove that independent tensor

structures in a n-point function are in one-to-one correspondence with the singlets (scalars

for parity even tensor structures and pseudo-scalars for parity odd tensor structures) of the

little group that leaves the configuration of points (at which operators in the correlator are

inserted) in this conformal frame invariant. These singlets can be represented by

Res
O(d)
O(d+2−m)

n
⊗

i=1

ρi, m = Min{n, d+ 2}. (A.1)

ResGH denotes the restriction of a representation of G to a representation of H ⊆ G. ρi
is the representation of the Lorentz group in which the operator at the ith position in the

correlator transforms. If parity is not a symmetry of the theory, then we should replace

O(·) with SO(·). To consider half integer spin representations one has to use the double

cover of SO(·) which is Spin(·) and for parity symmetric theory one has to make a choice

of the Pin(·) group. If n ≥ d + 2, one can form a parity odd invariant and consequently

restrict to using only parity even tensor structures. The following is a parity odd tensor

structure suggested in [26],

w =
ǫµ1···µd+2

Xµ1

1 · · ·Xµd+2

d+2
√

X12X23 · · ·Xd+1,d+2Xd+2,1

. (A.2)
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If there are identical operators in the correlator, permutation symmetries result in further

reductions in the number of independent tensor structures as explained concretely in [26],

but we shall stick to assuming operators with different dimensions.

A conformal frame for n points is any fixed configuration of points to which one can

always map any n points using conformal transformations. The most familiar example of

this is probably the conformal frame where four points are mapped to 0, 1 (along any axis

x), ∞ and (z, z̄) (on a chosen plane containing the axis x). In general, relations between

embedding space tensor structures can be obtained by choosing a conformal frame and

expressing them in terms of the conformal frame tensor structures which are free of re-

dundancies, and then simple linear algebra gives relations between the different embedding

space tensor structures.

The counting of tensor structures for 3d fermions has already been done in section 4.2

of [26]. We quote the relevant results here. The number of independent tensor structures (of

definite parity, indicated by the signs in the superscript) for the 3-pt function of operators

with spins li is given by,

N±
3d =

N3d (l1, l2, l3)± κ

2
, (A.3)

N3d = (2l1 + 1)(2l2 + 1)− p(p+ 1), p = Max (l1 + l2 − l3, 0) , l1 ≤ l2 ≤ l3.

The number of independent n-point tensor structures for n ≥ 4 [26] is given by,

N3d (l1, l2, l3, l4) =
n
∏

i=1

(2li + 1). (A.4)

If there is at least one half-integer spin operator, we can take an equal number of parity

odd structures and parity even structures.

A.2 Tensor structures: fermion four point function

In section 2.2, we presented the basis of tensor structures that we use for the four point

function of fermions in (2.24) and (2.25). Now, we shall present some more details regarding

this basis of tensor structures. First, let us see how this basis relates to the basis (only

parity even basis elements) presented in [25]. The basis there is presented below in (A.5)

and (A.6). The elements that are symmetric in crossing 1 ↔ 3 are given by:

T1 =
〈S1S3〉 〈S2 [X1, X3]S4〉

2X1 ·X3
+

〈S2S4〉 〈S1 [X2, X4]S3〉
2X2 ·X4

, (A.5)

T2 =
〈S1X2S3〉 〈S2X1S4〉

X1 ·X2
− 〈S1X4S3〉 〈S2X1S4〉

X1 ·X4
− 〈S1X2S3〉 〈S2X3S4〉

X2 ·X3
+

〈S1X4S3〉 〈S2X3S4〉
X3 ·X4

,

T2 =
〈S1X2S3〉 〈S2X1S4〉

X1 ·X2
+

〈S1X4S3〉 〈S2X1S4〉
X1 ·X4

− 〈S1X2S3〉 〈S2X3S4〉
X2 ·X3

− 〈S1X4S3〉 〈S2X3S4〉
X3 ·X4

,

T4 =
〈S1S3〉 〈S2 [X1, X3]S4〉

2X1 ·X3
− 〈S2S4〉 〈S1 [X2, X4]S3〉

2X2 ·X4
.
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The elements that are anti-symmetric in crossing 1 ↔ 3 are given by:

T5 = 〈S1S3〉 〈S2S4〉 , (A.6)

T6 =
〈S1 [X2, X4]S3〉 〈S2 [X1, X3]S4〉

4 (X1 ·X3) (X2 ·X4)
,

T7 =
〈S1X2S3〉 〈S2X1S4〉

X1 ·X2
+

〈S1X4S3〉 〈S2X1S4〉
X1 ·X4

+
〈S1X2S3〉 〈S2X3S4〉

X2 ·X3
+

〈S1X4S3〉 〈S2X3S4〉
X3 ·X4

,

T8 =
〈S1X2S3〉 〈S2X1S4〉

X1 ·X2
− 〈S1X4S3〉 〈S2X1S4〉

X1 ·X4
+

〈S1X2S3〉 〈S2X3S4〉
X2 ·X3

− 〈S1X4S3〉 〈S2X3S4〉
X3 ·X4

.

With these tensor structures in (A.5) and (A.6), the four point function is given as,

〈Ψ1 (X1, S1) · · ·Ψ4 (X4, S4)〉 =
(

X14

X13

)

∆3−∆4
2

(

X24

X14

)

∆1−∆2
2 ∑

i

TiÃi(u, v)

X
∆1+∆2+1

2

12 X
∆3+∆4+1

2

34

.

(A.7)

Notice from (A.5), (A.6) and (A.7) that the tensor structures from [25] are defined

with a different normalization as compared to ours as defined in (2.17). To make the

normalization in (A.5) and (A.6) consistent with ours, we shall absorb the factor of 1√
X12X34

in the tensor structures in (A.5) and (A.6) to obtain T̃i. p+j (2.24) can then be expressed

as linear combinations of T̃i with the coefficients being given by conformal invariants.

Let p+i =
∑8

j=1Aij T̃j . The matrix A is given as follows,

A =





































− f3
4f1

zz̄(f3−2f4)
4f1

0 0 4zz̄f4−f3
4f1

z+z̄
4f1

zz̄(f4−1)
4f1

0
√
zz̄f4
2f1

√
zz̄f5
8f1

√
zz̄
8 0 −

√
zz̄(2f1+f8)

2f1
−

√
zz̄

2f1
−

√
zz̄(f2

4
−1)

8f1

√
zz̄
8√

zz̄f4(f4+3)

4f1
√
f2

√
zz̄f6

4f1
√
f2

0
√
zz̄

4
√
f2

−
√
zz̄f9

4f1
√
f2

−
√
zz̄(f4+3)

4f1
√
f2

−
√
zz̄f11

4f1
√
f2

0

− f3+8f4
4f1

f7
4f1

0 0 f10
4f1

f4+9
4f1

f12
4f1

0
√
zz̄f4(f4−1)

4f1
√
f2

−
√
f2

√
zz̄f3

4f1
0

√
zz̄

4
√
f2

−
√
zz̄(f4−1)f8
4f1

√
f2

−
√
zz̄(f4−1)

4f1
√
f2

−
√
f2

√
zz̄(z+z̄)
4f1

0

−
√
zz̄f4
2f1

√
zz̄(f4−1)f3

8f1

√
zz̄
8 0

√
zz̄f8
2f1

√
zz̄

2f1

√
zz̄(f2

4
−1)

8f1
−

√
zz̄
8

−
√
zz̄f4
2f1

√
zz̄(f4−1)f3

8f1
−

√
zz̄
8 0

√
zz̄f8
2f1

√
zz̄

2f1

√
zz̄(f2

4
−1)

8f1

√
zz̄
8√

zz̄f4(f4−1)

4f1
√
f2

−
√
f2

√
zz̄f3

4f1
0 −

√
zz̄

4
√
f2

−
√
zz̄(f4−1)f8
4f1

√
f2

−
√
zz̄(f4−1)

4f1
√
f2

−
√
f2

√
zz̄(z+z̄)
4f1

0





































,

(A.8)

with

f1 = (z − z̄)2 , f2 = (z − 1)(z̄ − 1) ,

f3 = 4zz̄ − z − z̄ , f4 = z + z̄ − 1 ,

f5 = 3f1 − 4zz̄f4 + 2f3 , f6 = f1 − f3(zz̄ − 1) , (A.9)

f7 = (zz̄ − 4)f3 + 6zz̄f4 − 4f1 , f8 = (2z − 1)(2z̄ − 1) ,

f9 = (4zz̄ − 1)f4 + 6f1 + f8 , f10 = (4zz̄ − 1)f4 + 32f1 + 7f8 ,

f11 = zz̄f4 + f1 + f2 − 1 , f12 = zz̄ (f4 − 1) + 4f1 + 2f8 − 2 ,

where z and z̄ are the familiar Dolan-Osborn coordinates [36].

From the matrix in (A.8), we automatically get the change of basis from Ai (compo-

nents of the correlator in our basis) to Ãi (components of the correlator in [25]):

Ãi(u, v) = At
ijAj(u, v) , (A.10)
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where At is the transpose of the matrix A. Note that the factor of 1
f1

in many of the elements

in the matrix in (A.8) gives the spurious singularity that makes Ti (or T̃i) unsuitable as a

basis for defining the Mellin amplitude.

Let us now see how crossing acts on the basis we have chosen in (2.24) and (2.25). The

change of basis is given by a 16× 16 matrix (say R) but since parity even and parity odd

structures do not transform into each other, this matrix has a block diagonal form with two

8×8 blocks (say Re and Ro for the even and odd parts respectively). Let us first look at the

block dealing with the parity even structures. Let p+i |1↔3 =
∑8

j=1Rijp
+
j , i ∈ {1, · · · , 8}.

The corresponding block of the matrix R is as follows:

Re =





































√
zz̄√
f2

0 1
2 0 −1

2 0 0 0

−
√
zz̄
4 0 1

2

√
f2

√
zz̄
4 −1

2

√
f2 1 0 0

−1
4 0 0 1

4

√
f2√
zz̄

0 0 0

2
√
zz̄√
f2

0 1
2 −

√
zz̄√
f2

−1
2 0 0 0

−1
4 0

√
f2√
zz̄

1
4 0 0 0 0

−
√
zz̄
4 1 1

2

√
f2

√
zz̄
4 −1

2

√
f2 0 0 0

f2−1
4
√
zz̄

−1 − (f2−f4−2)
√
f2

2zz̄
−f2+1
4
√
zz̄

(f2−f4)
√
f2

2zz̄ − f2
zz̄

− f2
zz̄

√
f2
zz̄

−1
4 0

√
f2√
zz̄

1
4 −

√
f2√
zz̄

0 0
√
f2√
zz̄





































, (A.11)

with fi as given in (A.9).

We can already perform a small consistency check of our results (A.8) and (A.11). As

mentioned before, the basis elements in (A.5) and (A.6) are symmetric and anti-symmetric

respectively under crossing 1 ↔ 3. From this we can obtain,

T̃i

∣

∣

1↔3
=

√

u

v

8
∑

j=1

Ĩij T̃j =

√

u

v

8
∑

j=1

Ĩij

8
∑

k=1

A−1
jk p

+
k , (A.12)

where the matrix I is diagonal with elements {1, 1, 1, 1,−1,−1,−1,−1}.
But we can also write, for i ∈ {1, · · · , 8}

T̃i

∣

∣

1↔3
=

8
∑

j=1

(

A−1
ij p+j

)

∣

∣

∣

∣

1↔3

=
8

∑

j=1

(

A−1
ij

∣

∣

1↔3

)

8
∑

k=1

Rjkp
+
j . (A.13)

From (A.12) and (A.13), we see that the following must be satisfied ∀i, k ∈ {1, · · · , 8}:

√

u

v

8
∑

j=1

ĨijA
−1
jk =

8
∑

j=1

(

A−1
ij

∣

∣

1↔3

)

Rjk . (A.14)

Using (A.8) and (A.11), we can indeed check that (A.14) is true.

Finally let us see how crossing acts on the parity odd elements (2.25) of our basis.

Let p−i |1↔3 =
∑16

j=9Rijp
−
j , i ∈ {9, · · · , 16}. The corresponding block of the matrix R is as
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follows:

Ro =





































0 0 1
2 0 0 0 −1

2 0

0 1
2 0 0 0 1

2 0 0
1
2 0 0 0 −1

2 0 0 0

0 0 0 1
2 0 0 0 1

2

0 0 −3
2 0 0 0 −1

2 0

0 3
2 0 0 0 −1

2 0 0

−3
2 0 0 0 −1

2 0 0 0

0 0 0 3
2 0 0 0 −1

2





































. (A.15)

A.3 Reduced Mellin amplitude and Mellin amplitude for the four fermion

correlator

In (2.35), we made a choice of nij;k as in (2.26) for the four point function of fermions.

This choice decides how the reduced Mellin amplitude is related to the Mellin amplitude

in (2.34). We present the relations explicitly here.

M1 = M̄1 [Γ (s12 + 1)Γ (s13) Γ (s14) Γ (s23) Γ (s24) Γ (s34 + 1)]−1 ,

M2 = M̄2

[

Γ

(

s12 +
1

2

)

Γ

(

s13 +
1

2

)

Γ (s14) Γ (s23) Γ

(

s24 +
1

2

)

Γ

(

s34 +
1

2

)]−1

,

M3 = M̄3

[

Γ

(

s12 +
1

2

)

Γ (s13) Γ

(

s14 +
1

2

)

Γ

(

s23 +
1

2

)

Γ (s24) Γ

(

s34 +
1

2

)]−1

,

M4 = M̄4 [Γ (s12 + 1)Γ (s13) Γ (s14) Γ (s23) Γ (s24) Γ (s34 + 1)]−1 ,

M5 = M̄5

[

Γ

(

s12 +
1

2

)

Γ (s13) Γ

(

s14 +
1

2

)

Γ

(

s23 +
1

2

)

Γ (s24) Γ

(

s34 +
1

2

)]−1

,

M6 = M̄6

[

Γ

(

s12 +
1

2

)

Γ

(

s13 +
1

2

)

Γ (s14) Γ (s23) Γ

(

s24 +
1

2

)

Γ

(

s34 +
1

2

)]−1

,

M7 = M̄7

[

Γ

(

s12 +
1

2

)

Γ

(

s13 +
1

2

)

Γ (s14) Γ (s23) Γ

(

s24 +
1

2

)

Γ

(

s34 +
1

2

)]−1

,

M8 = M̄8

[

Γ

(

s12 +
1

2

)

Γ (s13) Γ

(

s14 +
1

2

)

Γ

(

s23 +
1

2

)

Γ (s24) Γ

(

s34 +
1

2

)]−1

,

M9 = M̄9

[

Γ (s12 + 1)Γ

(

s13 +
1

2

)

Γ

(

s14 +
1

2

)

Γ (s23) Γ (s24) Γ

(

s34 +
1

2

)]−1

,

M10 = M̄10

[

Γ (s12 + 1)Γ (s13) Γ (s14) Γ

(

s23 +
1

2

)

Γ

(

s24 +
1

2

)

Γ

(

s34 +
1

2

)]−1

,

M11 = M̄11

[

Γ

(

s12 +
1

2

)

Γ

(

s13 +
1

2

)

Γ (s14) Γ

(

s23 +
1

2

)

Γ (s24) Γ (s34 + 1)

]−1

,

M12 = M̄12

[

Γ

(

s12 +
1

2

)

Γ (s13) Γ

(

s14 +
1

2

)

Γ (s23) Γ

(

s24 +
1

2

)

Γ (s34 + 1)

]−1

,

M13 = M̄13

[

Γ (s12 + 1)Γ

(

s13 +
1

2

)

Γ

(

s14 +
1

2

)

Γ (s23) Γ (s24) Γ

(

s34 +
1

2

)]−1

,
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M14 = M̄14

[

Γ (s12 + 1)Γ (s13) Γ (s14) Γ

(

s23 +
1

2

)

Γ

(

s24 +
1

2

)

Γ

(

s34 +
1

2

)]−1

,

M15 = M̄15

[

Γ

(

s12 +
1

2

)

Γ

(

s13 +
1

2

)

Γ (s14) Γ

(

s23 +
1

2

)

Γ (s24) Γ (s34 + 1)

]−1

,

M16 = M̄16

[

Γ

(

s12 +
1

2

)

Γ (s13) Γ

(

s14 +
1

2

)

Γ (s23) Γ

(

s24 +
1

2

)

Γ (s34 + 1)

]−1

.

A.4 Mixed fermion scalar conformal blocks

The leading behavior of the mixed fermion scalar conformal blocks can be found in [29].

These blocks are expressed in invariants r, η introduced in [44]:

ũ =
16r2

(1 + r2 − 2rη)2
, ṽ =

(1 + r2 + 2rη)2

(1 + r2 − 2rη)2
. (A.16)

The OPE limit in these coordinates is now given by r → 0 with η held constant. One can

check that for small r, ũ ≈ r2 and η ≈ − 1−ṽ

2
√
ũ
.

gi,jk∆,l is the contribution to Ãi from the block associated with the fusion of tensor

structures rjc and rkc (2.22) of the three point functions. Only non-zero ones are gi,jk∆,l are

g1,++
∆,l , g1,−−

∆,l , g2,++
∆,l , g2,−−

∆,l , g3,+−
∆,l , g3,−+

∆,l , g4,+−
∆,l and g4,−+

∆,l . The leading behavior of these

blocks as r → 0 is given by (from [29]),

g
(1,++)
∆,l (r, η) = −r∆

(

P
(0,1)

l− 1
2

(η) + P
(1,0)

l− 1
2

(η)

)

+O
(

r∆+1
)

,

g
(1,−−)
∆,l (r, η) = −r∆

(

P
(0,1)

l− 1
2

(η)− P
(1,0)

l− 1
2

(η)

)

+O
(

r∆+1
)

,

g
(2,++)
∆,l (r, η) = r∆

(

P
(0,1)

l− 1
2

(η)− P
(1,0)

l− 1
2

(η)

)

+O
(

r∆+1
)

,

g
(2,−−)
∆,l (r, η) = r∆

(

P
(0,1)

l− 1
2

(η) + P
(1,0)

l− 1
2

(η)

)

+O
(

r∆+1
)

,

g
(3,+−)
∆,l (r, η) = r∆

(

P
(0,1)

l− 1
2

(η)− P
(1,0)

l− 1
2

(η)

)

+O
(

r∆+1
)

,

g
(3,−+)
∆,l (r, η) = r∆

(

P
(0,1)

l− 1
2

(η) + P
(1,0)

l− 1
2

(η)

)

+O
(

r∆+1
)

,

g
(4,+−)
∆,l (r, η) = r∆

(

P
(0,1)

l− 1
2

(η) + P
(1,0)

l− 1
2

(η)

)

+O
(

r∆+1
)

,

g
(4,−+)
∆,l (r, η) = r∆

(

P
(0,1)

l− 1
2

(η)− P
(1,0)

l− 1
2

(η)

)

+O
(

r∆+1
)

.

P
(α,β)
n (z) are Jacobi polynomials. We note the symmetry property of Jacobi polynomials,

P (α,β)
n (−z) = (−1)nP (β,α)

n (z). (A.17)

(A.17) implies that P
(α,β)
n (z) + P

(β,α)
n (z) has only even powers of z for even n and only

odd powers of z for odd n; and P
(α,β)
n (z) − P

(β,α)
n (z) has only odd powers of z for even n

and even powers of z for odd n. Considering this, and the series expansion of the Jacobi

– 34 –



J
H
E
P
0
3
(
2
0
1
8
)
1
0
6

polynomials, we can express the leading behavior of the blocks (for l > 1
2 and with l = l− 1

2)

in the following manner,

g
(1,++)
∆,l (ũ, ṽ) ≈ −ũ

∆
2

⌊

l
2

⌋

∑

k=0

H
+(0,1)
l,k

(

1− ṽ

2
√
ũ

)l−2k

+ · · · , (A.18)

g
(1,−−)
∆,l (ũ, ṽ) ≈ −ũ

∆
2

⌈

l
2

⌉

−1
∑

k=0

H
−(0,1)
l,k

(

1− ṽ

2
√
ũ

)l−2k−1

+ · · · ,

g
(2,++)
∆,l (ũ, ṽ) ≈ ũ

∆
2

⌈

l
2

⌉

−1
∑

k=0

H
−(0,1)
l,k

(

1− ṽ

2
√
ũ

)l−2k−1

+ · · · ,

g
(2,−−)
∆,l (ũ, ṽ) ≈ ũ

∆
2

⌊

l
2

⌋

∑

k=0

H
+(0,1)
l,k

(

1− ṽ

2
√
ũ

)l−2k

+ · · · ,

g
(3,+−)
∆,l (ũ, ṽ) ≈ ũ

∆
2

⌈

l
2

⌉

−1
∑

k=0

H
−(0,1)
l,k

(

1− ṽ

2
√
ũ

)l−2k−1

+ · · · ,

g
(3,−+)
∆,l (ũ, ṽ) ≈ ũ

∆
2

⌊

l
2

⌋

∑

k=0

H
+(0,1)
l,k

(

1− ṽ

2
√
ũ

)l−2k

+ · · · ,

g
(4,+−)
∆,l (ũ, ṽ) ≈ ũ

∆
2

⌊

l
2

⌋

∑

k=0

H
+(0,1)
l,k

(

1− ṽ

2
√
ũ

)l−2k

+ · · · ,

g
(4,−+)
∆,l (ũ, ṽ) ≈ ũ

∆
2

⌈

l
2

⌉

−1
∑

k=0

H
−(0,1)
l,k

(

1− ṽ

2
√
ũ

)l−2k−1

+ · · · .

H
±(α,β)
n,k are coefficients in the series expansions of P

(α,β)
n (z) ± P

(β,α)
n (z). For l = 1

2 , we

have,

g
(1,++)

∆, 1
2

(ũ, ṽ) ≈ −2ũ
∆
2 + · · · , g

(1,−−)

∆, 1
2

(ũ, ṽ) ≈ −2ũ
∆+1
2 + · · · , (A.19)

g
(2,++)

∆, 1
2

(ũ, ṽ) ≈ 2ũ
∆+1
2 + · · · , g

(2,−−)

∆, 1
2

(ũ, ṽ) ≈ 2ũ
∆
2 + · · · ,

g
(3,+−)

∆, 1
2

(ũ, ṽ) ≈ 2ũ
∆+1
2 + · · · , g

(3,−+)

∆, 1
2

(ũ, ṽ) ≈ 2ũ
∆
2 + · · · ,

g
(4,+−)

∆, 1
2

(ũ, ṽ) ≈ 2ũ
∆
2 + · · · , g

(4,−+)

∆, 1
2

(ũ, ṽ) ≈ 2ũ
∆+1
2 + · · · .

A.5 u-channel poles in the fermion-scalar four point Mellin amplitude

The u-channel poles in this correlator are summarised in table 4.

A.6 Crossed channel poles in the four fermion Mellin amplitude

Corresponding to each integer spin l primary Ol of twist τ contributing to the ψ1ψ3 and

ψ2ψ4 OPE, the Mellin amplitude has poles and residues as summarised in 5. The u-channel

poles are summarised in table 6.
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Component of M.A. Location of Poles Residues ∼

M1

s+ t =
∑

i τi − τ − 2k λ+
ψ1φ4Ψl

λ+
Ψlφ3ψ2

s+ t =
∑

i τi − τ + 1− 2k
λ−
ψ1φ4Ψl

λ−
Ψlφ3ψ2

M2

s+ t =
∑

i τi − τ − 2k λ+
ψ1φ4Ψl

λ+
Ψlφ3ψ2

s+ t =
∑

i τi − τ + 1− 2k
λ−
ψ1φ4Ψl

λ−
Ψlφ3ψ2

M3

s+ t =
∑

i τi − τ − 2k λ+
ψ1φ4Ψl

λ−
Ψlφ3ψ2

s+ t =
∑

i τi − τ − 1− 2k
λ−
ψ1φ4Ψl

λ+
Ψlφ3ψ2

M4

s+ t =
∑

i τi − τ − 1− 2k λ+
ψ1φ4Ψl

λ−
Ψlφ3ψ2

s+ t =
∑

i τi − τ − 2k
λ−
ψ1φ4Ψl

λ+
Ψlφ3ψ2

Table 4. Fermion-scalar four point function: u-channel poles.

When the exchanged operator is a scalar l = 0, we should take all structure constants

apart from λ1, λ3 to be zero.
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Component of M.A. Location of Poles Residues ∼

t = τ − 1 + 2k

λ1
ψ1ψ3Ol

λ1
Olψ2ψ4

, λ1
ψ1ψ3Ol

λ2
Olψ2ψ4

λ2
ψ1ψ3Ol

λ1
Olψ2ψ4

, λ2
ψ1ψ3Ol

λ2
Olψ2ψ4

M1 , M3 , M4 , M5

t = τ + 2k

λ3
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ3
ψ1ψ3Ol

λ4
Olψ2ψ4

λ4
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ4
ψ1ψ3Ol

λ4
Olψ2ψ4

t = τ + 2k λ2
ψ1ψ3Ol

λ1
Olψ2ψ4

, λ2
ψ1ψ3Ol

λ2
Olψ2ψ4

M2 , M6 , M7

t = τ + 1 + 2k

λ3
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ3
ψ1ψ3Ol

λ4
Olψ2ψ4

λ4
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ4
ψ1ψ3Ol

λ4
Olψ2ψ4

t = τ + 1 + 2k λ2
ψ1ψ3Ol

λ1
Olψ2ψ4

, λ2
ψ1ψ3Ol

λ2
Olψ2ψ4

M8

t = τ + 2 + 2k

λ3
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ3
ψ1ψ3Ol

λ4
Olψ2ψ4

λ4
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ4
ψ1ψ3Ol

λ4
Olψ2ψ4

M9 , M11 , M13 , M15
t = τ + 2k

λ1
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ1
ψ1ψ3Ol

λ4
Olψ2ψ4

λ2
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ2
ψ1ψ3Ol

λ4
Olψ2ψ4

t = τ + 1 + 2k λ3
ψ1ψ3Ol

λ2
Olψ2ψ4

, λ4
ψ1ψ3Ol

λ2
Olψ2ψ4

M10 , M12 , M14 , M16
t = τ + 2k

λ3
ψ1ψ3Ol

λ1
Olψ2ψ4

, λ4
ψ1ψ3Ol

λ1
Olψ2ψ4

λ3
ψ1ψ3Ol

λ2
Olψ2ψ4

, λ4
ψ1ψ3Ol

λ2
Olψ2ψ4

t = τ + 1 + 2k λ2
ψ1ψ3Ol

λ3
Olψ2ψ4

, λ2
ψ1ψ3Ol

λ4
Olψ2ψ4

Table 5. Fermion four point function: t-channel poles.
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Component of M.A. Location of Poles Residues ∼

s+t=
∑

iτi−τ+1−2k

λ1
ψ1ψ4Ol

λ1
Olψ3ψ2

, λ1
ψ1ψ4Ol

λ2
Olψ3ψ2

λ2
ψ1ψ4Ol

λ1
Olψ3ψ2

, λ2
ψ1ψ4Ol

λ2
Olψ3ψ2

M1

s+t=
∑

iτi−τ−2k

λ3
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ3
ψ1ψ3Ol

λ4
Olψ3ψ2

λ4
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ4
ψ1ψ4Ol

λ4
Olψ3ψ2

s+t=
∑

iτi−τ+1−2k λ2
ψ1ψ4Ol

λ1
Olψ3ψ2

, λ2
ψ1ψ4Ol

λ2
Olψ3ψ2

M2 , M4

s+t=
∑

iτi−τ−2k

λ3
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ3
ψ1ψ3Ol

λ4
Olψ3ψ2

λ4
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ4
ψ1ψ4Ol

λ4
Olψ3ψ2

s+t=
∑

iτi−τ−2k

λ1
ψ1ψ4Ol

λ1
Olψ3ψ2

, λ1
ψ1ψ4Ol

λ2
Olψ3ψ2

λ2
ψ1ψ4Ol

λ1
Olψ3ψ2

, λ2
ψ1ψ4Ol

λ2
Olψ3ψ2

M3 , M5

s+t=
∑

iτi−τ−1−2k

λ3
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ3
ψ1ψ3Ol

λ4
Olψ3ψ2

λ4
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ4
ψ1ψ4Ol

λ4
Olψ3ψ2

s+t=
∑

iτi−τ−1−2k λ2
ψ1ψ4Ol

λ1
Olψ3ψ2

, λ2
ψ1ψ4Ol

λ2
Olψ3ψ2

M6 , M7

s+t=
∑

iτi−τ−2−2k

λ3
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ3
ψ1ψ3Ol

λ4
Olψ3ψ2

λ4
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ4
ψ1ψ4Ol

λ4
Olψ3ψ2

s+t=
∑

iτi−τ−2k λ2
ψ1ψ4Ol

λ1
Olψ3ψ2

, λ2
ψ1ψ4Ol

λ2
Olψ3ψ2

M8

s+t=
∑

iτi−τ−1−2k

λ3
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ3
ψ1ψ3Ol

λ4
Olψ3ψ2

λ4
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ4
ψ1ψ4Ol

λ4
Olψ3ψ2

M9 ,M12 ,M13 ,M16
s+t=

∑

iτi−τ−2k

λ1
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ1
ψ1ψ4Ol

λ4
Olψ3ψ2

λ2
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ2
ψ1ψ4Ol

λ4
Olψ3ψ2

s+t=
∑

iτi−τ−1−2k λ3
ψ1ψ4Ol

λ2
Olψ3ψ2

, λ4
ψ1ψ4Ol

λ2
Olψ3ψ2

M10 ,M11 ,M14 ,M15
s+t=

∑

iτi−τ−2k

λ3
ψ1ψ4Ol

λ1
Olψ3ψ2

, λ4
ψ1ψ4Ol

λ1
Olψ3ψ2

λ3
ψ1ψ4Ol

λ2
Olψ3ψ2

, λ4
ψ1ψ4Ol

λ2
Olψ3ψ2

s+t=
∑

iτi−τ−1−2k λ2
ψ1ψ4Ol

λ3
Olψ3ψ2

, λ2
ψ1ψ4Ol

λ4
Olψ3ψ2

Table 6. Fermion four point function: u-channel poles.
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B Witten diagrams

B.1 Fermions in AdS

In the AdS/CFT correspondence, an operator O of the CFT is sourced by an appropriately

defined boundary value φ0 of the dual field φ in the QFT in AdS. In the planar limit of

the strongly interacting CFT, the AdS partition function can be approximated by the

saddle point method, as the action evaluated at the classical bulk field φcl that obeys the

equation of motion (e.o.m.), and the CFT correlation functions are just given by tree level

Witten diagrams. To evaluate S[φcl], the bulk field φcl can be written as a perturbative

expansion in terms of the boundary fields. The n-point planar level correlation function

can be obtained by taking n-times functional derivatives of the boundary field [39]

〈O(x1) . . .O(xn)〉 ≈ eS[φcl]
δ

δφ0(x1)
. . .

δ

δφ0(xn)
e−S[φcl]

∣

∣

∣

∣

φ0=0

. (B.1)

In the following discussion, we work in the Poincaré patch, which is given by

ds2 =
1

z20

(

dz20 + d~z2
)

=
1

z20
dzµdzµ.

However, as noted in [45–47] to analyze the AdS/CFT correspondence around the classical

solutions for spinor fields requires a careful analysis of the boundary terms of the Dirac

action SD. To obtain consistent classical solutions for the spinor fields ψ or ψ̄14 from

the Dirac action a surface term SF has to be added, which obeys the symmetries of AdS

geometry amongst other things. The requirement of adding a boundary term is necessary

such that the action is stationary on the classical path. This procedure is common for

theories defined on spaces with boundaries.

To be concrete, let us assume that the mass m ≥ 0 of the spinor is non-negative.

Studying the classical solutions of ψ(z) = ψ+(z) + ψ−(z) close at the boundary gives

solutions of the form ψ−(z) = z
d
2
−m

0 ψ−
0 (~z) + O(z

d
2
−m+1

0 ) and ψ+(z) = z
d
2
+m

0 ψ+
0 (~z) +

O(z
d
2
+m+1

0 ), where ψ+(z) and ψ−(z) are eigenfunctions of Γ0: Γ0ψ±(z) = ±ψ±(z). This

shows that for positive mass, ψ−
0 is the leading contribution if one approaches the boundary.

Furthermore, demanding regularity of the solutions in the bulk upto z0 → ∞ we obtain

relations between ψ−
0 and ψ+

0 and similarly between ψ̄+
0 and ψ̄−

0 . This establishes that the

boundary data is given only in terms of ψ−
0 and ψ̄+

0 . This means that when the boundary

is odd dimensional, the boundary value of a bulk spinor is exactly a Dirac spinor of the

boundary CFT, and when the boundary is even dimensional, the boundary value is a Weyl

spinor of the boundary theory.

For concreteness, let us consider Yukawa theory in AdS described by the action

S[ψ, ψ̄, φ] = SD + SGK + Sint + SF (B.2)

=

∫

M

dd+1z
√
g

[

ψ̄
(

/D −m
)

ψ +
1

2

(

(∇µφ)
2 +M2φ2

)

+ λφψ̄ψ

]

+

∫

∂Mǫ

dd~x
√

hǫψ̄ψ,

14Now we have dropped the subscript cl for the classical fields.
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hǫ;ij is the induced metric on the surface ∂Mǫ. ∂Mǫ is the regularized boundary of the

AdS space M , which approches the boundary for z0 = ǫ → 0 [38, 45–47]. Solving the bulk

fields in terms of the boundary fields now leads to a recursion relation for the fields

φ(z) = φ(0)
ǫ (z)− λ

∫

dd+1w
√

g(w)Gǫ(z, w)ψ̄(w)ψ(w),

ψ(z) = ψ(0)
ǫ (z)− λ

∫

dd+1w
√

g(w)Sǫ(z, w)φ(w)ψ(w),

ψ̄(z) = ψ̄(0)
ǫ (z)− λ

∫

dd+1w
√

g(w)ψ̄(w)φ(w)Sǫ(z, w). (B.3)

Here φ
(0)
ǫ , ψ

(0)
ǫ and ψ̄

(0)
ǫ denote the regularized solutions to the e.o.m in free theory. Further,

Gǫ(z, w) and Sǫ(z, w) are the regularized scalar and spinorial bulk-to-bulk operators [46,

48]. Eventually one takes the limit ǫ → 0 and now the regularized free theory solutions

can be expressed in terms of the boundary values:15

φ(0) = lim
ǫ→0

φ(0)
ǫ (z)=

∫

dd~xK∆s(z,~x)φ0(~x), (B.4)

ψ(0) = lim
ǫ→0

ψ0
ǫ (z)=−

∫

dd~xΣ∆(z,~x)ψ−
0 (~x) withΣ∆(z,~x)=

Γµ(z
µ−xµ)√
z0

K∆+ 1
2
(z,~x)P− ,

ψ̄(0) = lim
ǫ→0

ψ̄0
ǫ (z)=

∫

dd~xψ̄+
0 (~x)Σ̄∆(z,~x) withΣ̄∆(z,~x)=P+Γµ(z

µ−xµ)√
z0

K∆+ 1
2
(z,~x) .

Here K∆(z, ~x) and Σ∆ (z, ~x) are the scalar and fermionic bulk-to-boundary propagator,

respectively (see [38]). Γµ are gamma matrices of the bulk.

Using the recursion relation (B.3) (and taking ǫ → 0 at the end), the action can

be written in a perturbation series in terms of the boundary fields φ0, ψ
−
0 and ψ̄+

0 . Now,

taking the functional derivative with respect to the corresponding boundary fields according

to (B.1) shall give the corresponding correlator (in the planar limit) in the boundary CFT.

B.2 Spinor exchange in AdS

In this section we calculate the spinor exchange diagram. Note that in this calculation the

two scalars are switched, i.e. we calculate Aψ̄1φ4

ψ2φ3
.

Plugging the perturbative solution (B.3) into a generalized action (B.2) where all fields

might have a different mass we obtain

Sψ̄φψφ = −2λ2G
4
∏

i=1

∫ ∞

−∞
dd~xi ψ̄

+
0 (~x1)φ0 (~x4)A (~x1, ~x2, ~x3, ~x4)ψ

−
0 (~x2)φ0 (~x3) .

The actual diagram A (~x1, ~x2, ~x3, ~x4) = Aψ̄1φ4

ψ2φ3
we have to calculate is given by

Aψ̄1φ4

ψ2φ3
= −

∫

dd+1z
√

g(z)dd+1w
√

g(w)K∆4
(z, ~x4)Σ̄∆1

(z, ~x1)S(z, w)Σ∆2
(w, ~x2)K∆3

(w, ~x3).

15The conformal dimension of the scalar field satisfies ∆s (∆s −D) = M2 [49] and for the spinor fields

∆ = m+ d
2
[45, 46].
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Following the discussion [38] we can effectively reduce the calculation of this diagram to the

evaluation of a four scalar diagram with scalar exchange. The first step is to use the confor-

mal symmetry on the boundary to translate all coordinates by ~x2 such that the new coordi-

nates on the boundary are given by ~yi = ~xi−~x2 for i 6= 2. Afterwards these coordinates are

inverted ~y′i = ~yi/|~yi|2. Since the bulk measure is invariant under inversion and due to the

definite transformation behaviour of the propagators, the amplitude can be rewritten as

Aψ̄1φ4

ψ2φ3
=

/~y1
|~y1|2∆1+1|~y3|2∆3 |~y4|2∆4

[

−/~y′14/∂
′
4 +

(

∆1 +
1

2
+∆4 +∆+ − d

)]

I
(

~y′1, ~y
′
3, ~y

′
4

)

(B.5)

with ∆+ = d/2+m+1/2 and m is the mass of the exchanged fermion. In [38] the explicit

expression for I is given by

I
(

~y1
′, ~y′3, ~y

′
4

)

=

∫

dd+1z
√

g(z) dd+1w
√

g(w)K∆4
(z, ~y′4)K∆1+

1
2
(z, ~y′1)G∆+

(z, w)

×K∆2+
1
2

(

w′, 0
)

K∆3
(w, ~y′3). (B.6)

Now we note that the AdS measure is invariant under inversion and that scalar bulk-to-

boundary propagator transform covariantly under inversion: K∆(z
′, ~x′) = |~x|2∆K∆ (z, ~x).

Furthermore, the scalar bulk-to-bulk propagator only depends on the chordial distance

u = (z−w)2

z20w
2
0

and is therefore invariant under inversion G∆(z
′, w′) = G∆(z, w). These prop-

erties allow us to rewrite I as a scalar exchange diagram with four external scalars:

I = |~y1|2∆1+1|~y3|2∆3 |~y4|2∆4

∫

dd+1z
√

g(z)dd+1w
√

g(w)K∆4
(z, ~y4)K∆1+

1
2
(z, ~y1)

×G∆+
(z, w)K∆2+

1
2
(w, 0)K∆3

(w, ~y3)

= |~y1|2∆1+1|~y3|2∆3 |~y4|2∆4

∫

dd+1z
√

g(z)dd+1w
√

g(w)K∆4
(z, ~x4)K∆1+

1
2
(z, ~x1)

×G∆+
(z, w)K∆2+

1
2
(w, ~x2)K∆3

(w, ~x3).

In the last step we have translated the bulk coordinates ~z → ~z−~x2 and ~w → ~w−~x2. For this

expression the Mellin amplitude is known [3]. Further, we see that I depends explicitly only

on the unprimed coordinates. Thus we define a new quantity Ĩ (~y1, ~y2, ~y4) := I
(

~y1
′, ~y′2, ~y

′
4

)

such that we obtain

Ĩ = |~y1|2∆1+1|~y3|2∆3 |~y4|2∆4

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil) Γ (sil)M(sil)

1

|~y13|2s13 |~y14|2s14 |~y34|2s34

× 1

|~y1|2s12 |~y3|2s23 |~y|2s244

4
∏

i=1

δ̂



∆i +
1

2
(δ1i + δ2i)−

4
∑

k=1,k 6=i

sik



 . (B.7)

To evaluate (B.5) we note that the tensor structure is generated by the derivative and /~y14.

After inverting these

/~y′14 =
/~y1
|~y1|2

− /~y4
|~y4|2

and

/∂~y′4
= γµ

∂

∂~y′4,µ

~y′ ν4
|~y′4|2

∂

∂~yν4
= ~y′4µ

∂

∂~yν4
= |~y4|2/∂~y4 − 2/~y4~y4 ·

∂

∂~y4
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we obtain the following three types of terms

/~y1

(

/~y1
|~y1|2

− /~y4
|~y4|2

)

(

|~y4|2γµ − 2/~y4~y
µ
4

) ~y4µ
|~y4|2

= /~y14 with coefficient 2∆4 − 2s24,

/~y1

(

/~y1
|~y1|2

− /~y4
|~y4|2

)

(

|~y4|2γµ − 2/~y4~y
µ
4

) −~y14µ
|~y14|2

= /~y4 with coefficient − 2s14,

/~y1

(

/~y1
|~y1|2

− /~y4
|~y4|2

)

(

|~y4|2γµ − 2/~y4~y
µ
4

) ~y43µ
|~y34|2

=
/~y14/~y43/~y4
|~y34|2

with coefficient − 2s34.

This gives

Aψ̄1φ4

ψ2φ3
=

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)

Γ(sil)

|~xil|2sil
M(sil)

4
∏

i=1

δ̂



∆i+
1

2
(δ1i+δ2i)−

4
∑

k=1,k 6=i

sik





×
(

/~x12

(

∆1+
1

2
+∆4+∆+−d

)

+2/~x14(s24−∆4)+2/~x42s14+2
/~x14/~x43/~x42
|~x43|2

s34

)

=
4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)

Γ(sil)

|~xil|2sil
M(sil)

4
∏

i=1

δ̂



∆i+
1

2
(δ1i+δ2i)−

4
∑

k=1,k 6=i

sik





×
(

/~x12

(

∆1+
1

2
+∆4+∆+−d−2s14

)

+2
/~x14/~x43/~x32
|~x43|2

s34

)

(B.8)

after using s14 + s24 + s34 = ∆4. Rearranging the delta constraints in canonical form and

using ∆1 +∆4 − 2s14 +∆+ − d+ 1
2 = t+ τ − d+ 216 yields finally

Aψ̄1φ4

ψ2φ3
=

[

/~x12
|~x12|

(t+τ−d+2)

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)

Γ(sil+δi1δ2l)

|~xil|2sil+δi1δ2l
M(sil+δi1δ2l)

+2
/~x14/~x43/~x32

|~x14||~x43||~x32|

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)Γ

(

sil+
1

2
(δi1δ2l+δi1δ4l+δ2iδ3l+δi3δ4l)

)

× 1

|~xil|2sil+δi1δi2
M

(

sil+
1

2
(δi1δ2l+δi1δ4l+δ2iδ3l+δi3δ4l)

)

]

4
∏

i=1

δ̂



τi−
4

∑

k=1,k 6=i

sik



.

For the definition of M(sil) see 3.11 and 3.12.

C Feynman diagrams

C.1 A recursive method

The calculation of Mellin amplitudes associated to conformal integrals presented in [42]

involved the following steps: each propagator (internal and external) in a given diagram

was expressed in a Schwinger parametrized manner, and then the position space integrals

16Note that here the ‘t-channel’ is given by (14)-(23).
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1

2 3

4

u1 u2γ

Figure 6. Four external scalars: scalar exchange.

1

2 3

4

u1 u2γ

∆4

∆3

Figure 7. Recursive method: first step.

over the interaction vertices were evaluated successively. Following this, we would be

left with a Schwinger parameter integral that could be simplified drastically using the

conformality of the overall integral, and the resulting integral could be evaluated exactly

to give the Mellin amplitude as a product of beta functions.

In the present case, when the position space conformal integral has fermionic legs, the

simplifications in the Schwinger parameter integral using the conformality condition are

not as good, consequently the final Schwinger parameter integrals are complicated. Hence

we shall apply a recursive method which allows us to reduce the calculation of any Feynman

diagram to the calculation of a series of contact interaction diagrams.17

To illustrate the procedure, we apply the recursive method to a simple example: a four

point diagram of scalars with a scalar propagator as in figure 6. The conformal integral

corresponding to this diagram is given by,

Iφ1φ2

φ3φ4
=

∫

Du1

∫

Du2

2
∏

i=1

Γ (∆i)

|xi − u1|2∆i

4
∏

i=3

Γ (∆i)

|xi − u2|2∆i

1

|u1 − u2|2γ
. (C.1)

The conformality condition is ∆1 +∆2 = ∆3 +∆4 = d− γ. Now we shall treat the second

interaction vertex u2 like it existed indepedently as a contact interaction diagram with the

“external” legs at x1, x2 and u1. This is depicted pictorially in figure 7.

17This technique was developed by Arnab Rudra for scalar conformal integrals while working on [42].
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1
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u1

s4u

s3u

∆1

∆2

Figure 8. Recursive method: second step.

We know the Mellin-Barnes representation of the contact interaction conformal integral

with scalar legs [40, 42, 43].

∫

Du2

4
∏

i=3

Γ (∆i)

|xi − u2|2∆i

1

|u1 − u2|2γ
=

(

4
∏

i=3

∫ ciu+i∞

ciu−i∞
(dsiu)

)

1

Γ (γ)

∫ c̄34+i∞

c̄34−i∞
(ds̄34)

× Γ (siu)

|xi − u1|2siu
Γ (s̄34)

|x34|2s̄34
4
∏

i=3

δ̂ (∆i − s̄34 − siu) δ̂ (γ − s3u − s4u) . (C.2)

The contours of the Mellin-Barnes integrals are such that the series poles of the gamma

functions are not separated and that the integrals converge (see [42]). Now we can plug the

result (C.2) back in (C.1) to obtain the second contact interaction conformal integral that

we need to evaluate. The legs are now given by (x1, u1) with dimension ∆1, (x2, u1) with

dimension ∆2, (x3, u1) with “dimension” s3u and (x4, u4) with “dimension” s4u. This is

represented pictorially in figure 8. Using the 2πi δ(γ−s3u−s4u) = δ̂ (γ − s3u − s4u) in (C.2),

we also get the required conformality condition for this integral ∆1 +∆2 + s3u + s4u = d.

Once again, we use the known result for the contact interaction of scalars, and plug it

back into (C.2), to obtain,

Iφ1φ2

φ3φ4
=

4
∏

1≤i<l

∫ c̃il+i∞

c̃il−i∞
(ds̃il)

Γ (s̃il)

|xil|2s̃il

∫ c̄34+i∞

c̄34−i∞
(ds̄34)

Γ (s̄34)

|x34|2s̄34
1

Γ (γ)

×
(

4
∏

i=3

∫ ciu+i∞

ciu−i∞
(dsiu)

)

δ̂ (s3u − s̃13 − s̃23 − s̃34) δ̂ (s4u − s̃14 − s̃24 − s̃34)

×δ̂ (∆1 − s̃12 − s̃13 − s̃14) δ̂ (∆2 − s̃12 − s̃23 − s̃24)

×
4
∏

i=3

δ̂ (∆i − s̄34 − siu) δ̂ (γ − s3u − s4u) .

The Mellin variables introduced in the second step are indicated with the tilde. Next, we

integrate out the siu using the delta functions, rename s̃ij = sij for (i, j) 6= (3, 4) and take
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s̄34 = s34 − s̃34, such that we obtain,

Iφ1φ2

φ3φ4
=

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)

Γ (sil)

|xil|2sil
4
∏

i=1

δ̂



∆i −
4

∑

k=1,k 6=i

sik





× 1

Γ (γ)

∫ c̃34+i∞

c̃34−i∞
(ds̃34)

Γ (s̃34) Γ (s34 − s̃34)

Γ (s34)
δ̂ (γ −K12,34 − 2s̃34) . (C.3)

We have introduced the notation Kij,kl = sik + sil + sjk + sjl. Now we can integrate over

s̃34 and simplify the result to obtain,

Iφ1φ2

φ3φ4
=

4
∏

1≤i<l

∫ cil+i∞

cil−i∞
(dsil)

Γ (sil)

|xil|2sil
4
∏

i=1

δ̂



∆i −
4

∑

k=1,k 6=i

sik





× 1

2Γ (γ)
B

(

γ −K12,34

2
,
d− 2γ

2

)

. (C.4)

We simplified the second argument of the beta function using the conformality condition

and the constraints imposed by the delta functions:

d = γ +∆3 +∆4 and ∆i =
4

∑

k=i,i 6=k

sik.

(C.4) is the familiar result obtained for the scalar propagator in Mellin space as obtained

in [40, 42].

In general for more complicated Feynman diagrams, one can carry on this procedure

and use the result for the contact interaction at each step. This would typically give a

nested Mellin-Barnes integral over beta functions. All of the technicalities in the method

presented in [42], for example making a suitable choice for the order of integration over the

vertices, still continue to hold. To summarize the differences between the two methods:

we are trading some nested Schwinger parameter integrals for some nested Mellin-Barnes

integrals. Thus, in the case of scalars, this technique does not offer any simplifications over

the method presented in [42]. However for conformal integrals with legs with spin, the

Schwinger parameter integrals are particularly difficult and therefore this method is very

helpful. One has to do a set of Schwinger parameter integrals while calculating the Mellin

amplitude associated with the contact interaction diagram, but for all other Feynman

diagrams there are no further Schwinger parameter integrals to be evaluated.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] G. Mack, D-independent representation of conformal field theories in D dimensions via

transformation to auxiliary dual resonance models. Scalar amplitudes, arXiv:0907.2407

[INSPIRE].

– 45 –

https://creativecommons.org/licenses/by/4.0/
https://arxiv.org/abs/0907.2407
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.2407


J
H
E
P
0
3
(
2
0
1
8
)
1
0
6

[2] G. Mack, D-dimensional conformal field theories with anomalous dimensions as dual

resonance models, Bulg. J. Phys. 36 (2009) 214 [arXiv:0909.1024] [INSPIRE].

[3] J. Penedones, Writing CFT correlation functions as AdS scattering amplitudes,

JHEP 03 (2011) 025 [arXiv:1011.1485] [INSPIRE].

[4] M.S. Costa, V. Goncalves and J. Penedones, Conformal Regge theory, JHEP 12 (2012) 091

[arXiv:1209.4355] [INSPIRE].

[5] A.L. Fitzpatrick, J. Kaplan, J. Penedones, S. Raju and B.C. van Rees, A natural language

for AdS/CFT correlators, JHEP 11 (2011) 095 [arXiv:1107.1499] [INSPIRE].

[6] L. Rastelli and X. Zhou, The Mellin formalism for boundary CFTd, JHEP 10 (2017) 146

[arXiv:1705.05362] [INSPIRE].

[7] A.L. Fitzpatrick and J. Kaplan, Analyticity and the holographic S-matrix,

JHEP 10 (2012) 127 [arXiv:1111.6972] [INSPIRE].

[8] M.F. Paulos, Towards Feynman rules for Mellin amplitudes, JHEP 10 (2011) 074

[arXiv:1107.1504] [INSPIRE].

[9] D. Nandan, A. Volovich and C. Wen, On Feynman rules for Mellin amplitudes in AdS/CFT,

JHEP 05 (2012) 129 [arXiv:1112.0305] [INSPIRE].

[10] O. Aharony, L.F. Alday, A. Bissi and E. Perlmutter, Loops in AdS from conformal field

theory, JHEP 07 (2017) 036 [arXiv:1612.03891] [INSPIRE].

[11] E.Y. Yuan, Loops in the bulk, arXiv:1710.01361 [INSPIRE].

[12] C. Cardona, Mellin-(Schwinger) representation of one-loop Witten diagrams in AdS,

arXiv:1708.06339 [INSPIRE].

[13] E.Y. Yuan, Simplicity in AdS perturbative dynamics, arXiv:1801.07283 [INSPIRE].

[14] L. Rastelli and X. Zhou, Mellin amplitudes for AdS5 × S5,

Phys. Rev. Lett. 118 (2017) 091602 [arXiv:1608.06624] [INSPIRE].

[15] L. Rastelli and X. Zhou, How to succeed at holographic correlators without really trying,

arXiv:1710.05923 [INSPIRE].

[16] X. Zhou, On superconformal four-point Mellin amplitudes in dimension d > 2,

arXiv:1712.02800 [INSPIRE].

[17] D. Ponomarev, A note on (non)-locality in holographic higher spin theories,

Universe 4 (2018) 2 [arXiv:1710.00403] [INSPIRE].

[18] X. Bekaert, J. Erdmenger, D. Ponomarev and C. Sleight, Bulk quartic vertices from boundary

four-point correlators, in Proceedings, International Workshop on Higher Spin Gauge

Theories, World Scientific, Singapore, (2017), pg. 291 [arXiv:1602.08570] [INSPIRE].

[19] M. Taronna, Pseudo-local theories: a functional class proposal, in Proceedings, International

Workshop on Higher Spin Gauge Theories, World Scientific, Singapore, (2017), pg. 59

[arXiv:1602.08566] [INSPIRE].

[20] M.F. Paulos, J. Penedones, J. Toledo, B.C. van Rees and P. Vieira, The S-matrix bootstrap.

Part I: QFT in AdS, JHEP 11 (2017) 133 [arXiv:1607.06109] [INSPIRE].

[21] R. Gopakumar, A. Kaviraj, K. Sen and A. Sinha, Conformal bootstrap in Mellin space,

Phys. Rev. Lett. 118 (2017) 081601 [arXiv:1609.00572] [INSPIRE].

– 46 –

https://arxiv.org/abs/0909.1024
https://inspirehep.net/search?p=find+EPRINT+arXiv:0909.1024
https://doi.org/10.1007/JHEP03(2011)025
https://arxiv.org/abs/1011.1485
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.1485
https://doi.org/10.1007/JHEP12(2012)091
https://arxiv.org/abs/1209.4355
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.4355
https://doi.org/10.1007/JHEP11(2011)095
https://arxiv.org/abs/1107.1499
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.1499
https://doi.org/10.1007/JHEP10(2017)146
https://arxiv.org/abs/1705.05362
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.05362
https://doi.org/10.1007/JHEP10(2012)127
https://arxiv.org/abs/1111.6972
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.6972
https://doi.org/10.1007/JHEP10(2011)074
https://arxiv.org/abs/1107.1504
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.1504
https://doi.org/10.1007/JHEP05(2012)129
https://arxiv.org/abs/1112.0305
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.0305
https://doi.org/10.1007/JHEP07(2017)036
https://arxiv.org/abs/1612.03891
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.03891
https://arxiv.org/abs/1710.01361
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.01361
https://arxiv.org/abs/1708.06339
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.06339
https://arxiv.org/abs/1801.07283
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.07283
https://doi.org/10.1103/PhysRevLett.118.091602
https://arxiv.org/abs/1608.06624
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.06624
https://arxiv.org/abs/1710.05923
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.05923
https://arxiv.org/abs/1712.02800
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.02800
https://doi.org/10.3390/universe4010002
https://arxiv.org/abs/1710.00403
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.00403
https://doi.org/10.1142/9789813144101_0015
https://arxiv.org/abs/1602.08570
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.08570
https://doi.org/10.1142/9789813144101_0006
https://arxiv.org/abs/1602.08566
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.08566
https://doi.org/10.1007/JHEP11(2017)133
https://arxiv.org/abs/1607.06109
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.06109
https://doi.org/10.1103/PhysRevLett.118.081601
https://arxiv.org/abs/1609.00572
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.00572


J
H
E
P
0
3
(
2
0
1
8
)
1
0
6

[22] R. Gopakumar, A. Kaviraj, K. Sen and A. Sinha, A Mellin space approach to the conformal

bootstrap, JHEP 05 (2017) 027 [arXiv:1611.08407] [INSPIRE].
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