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has been argued to emerge as the strong coupling limit of theories having N = 8 super-
gravity as their low energy effective theory in five spacetime dimensions. It has maximal
supersymmetry and is superconformal. Very little is known about this intriguing theory.
While the spectrum of fields occurring in its description has been given and their equations
of motion in the absence of interactions have been written down, no action principle has
been formulated, even in the free case. We extend here previous analyses by writing ex-
plicitly the action of the free (4,0) theory from which the equations of motion derive. The
variables of the variational principle are prepotentials adapted to the self-duality prop-
erties of the fields. The “exotic gravitini”, described by chiral fermionic two-forms, are
given special attention. The supersymmetry transformations are written down and the
invariance of the action is explicitly proven. Even though the action is not manifestly co-
variant, the symmetry transformations are shown to close according to the (4, 0)-extended
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supersymmetries. Remarks on dimensional reduction close the paper.
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1 Introduction

There exist 3 maximal supersymmetry algebras in 6 spacetime dimensions [1]: the (4,0)
superalgebra, the (3, 1) superalgebra and the (2, 2) superalgebra — as well, of course, as the
chirality-reversed superalgebras (0,4) and (1,3). In (p,q), the number p (respectively q)
refers to the number of spinor charges transforming in the positive (respectively, negative)
chiral spinor representation of the Lorentz group in 6 dimensions (or rather its double cover



Spin(5, 1) ~ SL(2,H)). The three maximal superalgebras have 32 supersymmetries and all
reduce to the familiar N = 8 supersymmetry algebra in 4 spacetime dimensions.

The non-chiral (2,2) superalgebra is the one that occurs in the dimensional reduction
of eleven-dimensional supergravity to six dimensions. The R-symmetry is in that case
usp(4) @ usp(4) and the supersymmetry charges transform as Q% ~(2,1;4,1)®(1,2;1,4),
where the first two indices refer to the representation of the little algebra so(4) ~ su(2) ®
su(2) and the last two numbers refer to the representation of the R-symmetry. The graviton
supermultiplet is given in the bosonic sector by the representations (3,3;1,1)®(1,3;5,1)®
(3,1;1,5)®(1,1;5,5)B(2,2;4,4) (one symmetric tensor, five non-chiral two-forms, twenty-
five scalars and sixteen vectors), making a total of 128 physical degrees of freedom.

The (4,0) and (3, 1) superalgebras are less familiar. We concentrate here on the (4, 0)-
superalgebra. The (3, 1)-theory will be discussed in a separate publication [2].

The (4,0) theory has been argued by Hull [3-6] to be the strong coupling limit of
theories having N = 8 supergravity as their low energy effective theory in five spacetime
dimensions. The R-symmetry algebra in the (4, 0)-case is usp(8). The bosonic field content
of the (4,0) theory is given by

(5,1;1) @ (3,1;27) @ (1, 1;42) (1.1)

i.e., a chiral tensor of mixed Young symmetry Bﬂ (“exotic graviton”), 27 chiral two-
forms and 42 scalars, making 128 physical degrees of freedom as in the (2,2)-theory. The
fermionic field content is given by 8 fermionic chiral 2-forms (“exotic gravitini”) and 48
spin-1/2 fields,

(4,1;8) @& (2,1;48) (1.2)

which matches the number 128 of bosonic degrees of freedom. The fields fit into a unitary
supermultiplet of the six-dimensional superconformal group OSp(8*(8) [3, 7]. The theory
is expected to have Egg-symmetry (like maximal supergravity in 5 dimensions), the chiral
2-forms being in the 27 and the scalars parametrizing the coset Eg¢/USp(8), which has
dimension 78 — 36 = 42. It can be viewed as the square of the (2,0) theory [8].

Now, the discussion of [3-5] was performed at the level of the equations of motion.
Although one may develop quantization methods that bypass the Lagrangian, the inves-
tigation of the quantum properties lies definitely on more familiar grounds when a self-
contained action principle does exist. The central result of our paper is to provide such a
local variational principle for the free (4,0)-theory.

The construction of an action principle is somewhat intrincate because the theory
contains fields subject to self-duality conditions. A typical example of such fields is given
by chiral p-forms, the curvature of which is self-dual. While the equations of motion of these
fields are manifestly covariant, the action principle from which the equations derive [9] is
covariant, but not manifestly so.! The Lagrangian is linear in the time derivatives of the
fields. The situation is reminiscent of the Hamiltonian action principle for a relativistic
theory, which is also covariant but not manifestly so.

'One can preserve manifest covariance of the action by introducing auxiliary variables that enter non
polynomially in the action (even in the free case) [10-12], but we shall not follow this approach here.



The (4,0)-theory contains chiral 2-forms and so its action principle will not be man-
ifestly covariant. But it contains also more exotic chiral tensor fields with mixed Young
symmetry, as well as fermionic chiral 2-forms. These fields add further difficulties. In order
to implement the chirality condition in the action principle, one must introduce “prepoten-
tials” for the chiral tensor fields, as it was done initially for formulating four-dimensional
linearized gravity in a manifestly duality-symmetric way [13].

The exotic graviton ([--tensor) was treated in [14], where an action principle lead-
ing to the chirality equation was explicitly given. To keep supersymmetry manifest, one
must also introduce prepotentials for the exotic gravitini. The prepotential for the exotic
graviton transforms into these prepotentials under supersymmetry, as found in [15, 16]
in the manifestly duality-invariant descriptions of the four-dimensional (2,2) and (2, 5)
supermultiplets.

A crucial feature of the prepotential formulation is the appearance of the Weyl gauge
symmetry: the prepotentials are invariant not only under standard higher-spin diffeomor-
phisms, but also under higher-spin Weyl transformations. Furthermore, the number of
spatial dimensions is always “critical” in the sense that the Weyl tensor, i.e., the trace-
less part of the curvature tensor, identically vanishes, so that one must use analogs of the
Cotton tensor to control the Weyl symmetry of the prepotentials [14, 17-19]. While the
presence of the higher-spin Weyl gauge symmetry is still somewhat intriguing, it provides
a very powerful tool to constrain the form of the action.

Our paper is organized as follows. In the next section (section 2), we consider the
description of the exotic gravitino in six spacetime dimensions. We show that the equa-
tions of motion can be rewritten as self-duality conditions completed by a constraint on the
fermionic field, which can be solved through the introduction of prepotentials. In section 3,
we give explicitly the action of the (4, 0)-theory. The action has manifest USp(8)-symmetry
but is not manifestly covariant. We then discuss explicitly supersymmetry in section 4. We
give the transformation rules and verify that the action is invariant. We also compute the
algebra of the supersymmetry transformations and obtain the super-Poincaré algebra. In
section 5, we provide the actions for the exotic supergravity theories with lower supersym-
metry ((1,0), (2,0) and (3,0)). In section 6, we discuss the dimensional reduction to five
dimensions and show that the action of the (4, 0)-theory reduces to the action of linearized
maximal supergravity. Section 7 contains brief conclusions and comments. Three appen-
dices complete our paper: appendix A quickly recalls the central properties of I'-matrices
in six spacetime dimensions, appendix B gives our USp(8) conventions, while appendix C
develops the conformal geometry of a spinorial two-form in five dimensions — the number
of spatial dimensions in six spacetime dimensions.

Spacetime is flat Minkowski spacetime R'® throughout with a Lorentzian metric of
“mostly plus” signature.



2 The exotic gravitino

2.1 Fermionic two-form

The action for a fermionic two-form W, is given by a straightforward generalization of the
Rarita-Schwinger action,

S = / d% W, THP7T, W, (2.1)

(with ¥, = i\IJL,,FO), where we have taken the spacetime dimension to be six from the
outset although the action (2.1) makes sense in any number of spacetime dimensions. The

action is invariant under the gauge transformations
OV, = OuAy — O Ay = 20,0, (2.2)
The invariant field strength for this gauge transformation is
Hyvp =0,V + 0,V p + 0pV 0 = 30, Y, (2.3)
The equation of motion is the generalized Rarita-Schwinger equation
P H g, = 0. (2.4)

In six spacetime dimensions, one can impose a positive or negative chirality condition (Weyl

spinors) and we shall assume from now on that
L7y, =¥y, (2.5)

(our conventions on I'-matrices in six spacetime dimensions are collected in appendix A).
This implies that
I'7Hywp = Hyp (2.6)

and that the gauge parameter A\, must also be taken to have positive chirality,
e, = A (2.7)

The equations of motion (2.4) can be split into space and time as follows,
riebeH . =0, TY®¢H 4+ 30TY% ), = 0. (2.8)

The first equation is a constraint on ¥,,,, and its spatial gradients, and the second involves
the time derivatives of W,,, and is dynamical. They are of first order. In fact, the action
itself is already in Hamiltonian form and can be decomposed as

S = / dt d’ (niﬂ' Uy —H+ W C c“qfol-) (2.9)
where the conjugate momentum, the Hamiltonian density and the constraint are
i = W] Tk (2.10)
H = —U,;T9kme ¥, (2.11)
Cl = 2iTM 9, Ty, (2.12)

The momentum conjugate to Wy, identically vanishes, and W, only appears in the action
as a Lagrange multiplier for the constraint C* = 0, which is of course just I H,. = 0.



2.2 Symplectic Majorana condition

The spinorial two-form W), is subject to the chirality condition (2.5) but to no reality
condition since the Majorana condition on a single chiral spinor cannot be imposed in
six spacetime dimensions. This means, in particular, that ¥,, and ‘IJKM are independent
variables in the variational principle.

It is sometimes convenient to introduce a second chiral spinorial two-form \Iliu related
to the original spinorial two-form \I/i = V), through

2= (‘I’?\M)* = e BY}, = B}, (2.13)

where the matrix B realizes the equivalence between (I'*)* and I'* (see appendix A), and
where €g (a,b = 1,2) is the Levi-Civita symbol in the two-dimensional internal space of
the W§ ’s. It follows from (2.13) that

e = (5,)" = eanBY3, (2.14)

and that the action (2.1) can be rewritten as

1

=5

/ d% U, DHPOT 0, 08 (2.15)

oT)

(with Ug,, =i (\IIZV)T I'%), exhibiting a manifest USp(2) symmetry under which the spino-
rial two-forms transform in the 2. The internal index is moved down when taking complex
conjugates because the 2* is equivalent to the representation contragredient to the 2 (see
appendix B).

The condition (2.14) is called the “symplectic Majorana” condition and trades w3, for
\Iiiu. The discussion of the prepotentials can be made either in the original single spinor
formulation or in the doubled manifestly USp(2) invariant formulation. For simplicity of
notations, we shall carry the construction in the single spinor formulation. This leads to
a single prepotential, which must be doubled by the “symplectic Majorana rules” in order
to get the prepotentials of the manifestly USp(2) invariant formulation.

The gauge freedom of the theory enables one to impose the light cone gauge where
the fields are transverse and obey the necessary ~-trace conditions. The physical helicities
transform in the (4,1) of the little group algebra su(2) @ su(2), motivating the name of
“exotic gravitino” for the field Wy,. By contrast, one has the (3,2) for the “ordinary
gravitino” Wy. In both cases, the representation of the R-symmetry USp(2) is the 2.

2.3 Self-duality condition

The equations of motion for the chiral spinorial two-form are equivalent to the set formed
by the self-duality condition on its gauge-invariant curvature H and the constraint,

H=xH, T"°H,. =0. (2.16)

The goal of this subsection is to establish this fact.



The self-duality condition is consistent because (x)2 = 1, just as for ordinary two-forms
in six spacetime dimensions. If the spinorial two-form were not chiral, the self-duality
condition would involve I'y and would read

H=T7+H, (2.17)

involving both self-dual and anti-self-dual components, which are separated by diagonaliz-
il’lg F7.
In components, the self-duality condition reads

1 1 .
Hoqij = g%abcHabc © Hape = SeapeijHy"- (2.18)
The proof of the equivalence of (2.4) and (2.16) goes as follows.

e (2.4) = (2.16): contracting the dynamical equation with I';, the constraint implies
also
T Hoj =0, T Hyjp = 0. (2.19)
(The second equation follows from the first by contracting with I';.) Then, contracting
the standard identities on the D-matrices T[Ve = Tiab 4 35ilipabl and UL —
ridab 4 gslilaptlil — 95lilagblil with Hy,p, we get

Fz’jabHOab _ 25a[i1-\j]bH0ab’ FijabHOab _ 45a[irj]bH0ab + QHOU (2.20)
which together imply
T4 Hypy = —2H,". (2.21)
With this relation, the dynamical equation becomes
T, — 6T Hy” = 0. (2.22)

Now, using the identity T'¢ = —g#ecToT"; multiplying by 'y and using the chiral-
ity condition, we derive

U . — 6H,Y =0, (2.23)
which is exactly the self-duality condition in components.

e (2.16) = (2.4): contracting the abc component of the self-duality equation with I

and using the constraint, we get
T“Hyj =0, T%9Hy;=0. (2.24)

(The second one follows from the first upon contraction with T'7.) We now use the
identity T%er = T4ab 4 301590 along with T = Tiab 4 45lileptli] — 9glilagblil,
Contracting them with Hygp, we find again I'7* Hy,, = —2H0ij . Using this in the
self-duality equation, we obtain the dynamical equation of motion for Wy, (second of
equation (2.8)).

We thus conclude that the spinorial two-form in six dimensions possesses the remark-
able property that its field strength is self-dual, just as the field strengths of its H}— and
H»bosonic partners of the (4,0) theory. The self-duality condition does not provide a com-
plete description in the fermionic case, however, since it must be supplemented by the
condition T H ;. = 0.



2.4 Prepotential

The Lagrangian formulations of the bosonic chiral two-form [9] and of the bosonic chiral
B}—tensor [14] have the following important properties: (i) they involve only spatial tensors,
and, in particular, the temporal components of the fields (which are pure gauge) are absent;
(ii) the variational equations of motion are not the self-duality conditions “on the nose”
but an equivalent differential version of them in which the temporal components have been
eliminated by taking the appropriate curls.?

A similar formulation for the chiral spinorial two-form exists and is in fact mandatory if
one wants to exhibit supersymmetry. It is obtained by solving the constraint "¢ H ;. = 0
in terms of a “prepotential”, getting rid thereby of its Lagrange multiplier Wg;. Once this
is done, the only relevant equation that is left is the self-duality condition on the curvature,
or rather its differential version

y 1 ij
grsmijg <H0ij . ?ﬂgijabcHabC) —0 o gremidy (ao\l’ij) — 29, H™ =0 (2.25)

that does not contain W,.
As shown in appendix C, the general solution of the constraint I'"**“H,. = 0 can be
written in terms of a chiral antisymmetric tensor-spinor x;; (I'7Xij = Xij, Xij = —Xji) as

Wb = §ob[y ], (2.26)

where S%[x] is the Schouten tensor of ;;, defined in subsection C.2 as

Sabbd _ (5[[;111 b] + 1Pijrab> Eijklmalem- (2.27)

Jl 6

We call x;; the prepotential of ¥;;. In other words, the chiral two-form is the Schouten
tensor of the prepotential, because of the “constraint property of the Schouten tensor”
established in C.2.

Furthermore, if ¥;; is determined up to a gauge transformation 6W;; = 20\, then

)
Xij is determined up to !
oxij = Omy) + Lipg)s (2.28)
where \; = I'gp;. This is because the Einstein tensor of W;; is equal to the Cotton tensor of
the prepotential, and follows then directly from the discussion in the appendix C, to which
we refer for the details. The first term in (2.28) is the standard gauge transformation
of a spinorial two-form, the second term is a generalized Weyl transformation. When
inserted into the Schouten tensor, the first term drops out, while the generalized Weyl
transformation induces precisely the gauge transformation of ¥;;.
We now put formula (2.26) in the action (2.9). Since the constraint is automatically
satisfied, C* = 0, the Lagrange multipliers W¢; disappear. The kinetic term becomes

— WL Ty = —iSE I Sx] = —2ix], DY [X] (2.29)

2If one integrates these equations, one gets the self-duality conditions, where the temporal components of
the fields re-appear as integration functions. A discussion of the subtleties that arise in the chiral two-form
case when the topology of the spatial sections is non-trivial may be found in [20].



where D¥[x] is the Cotton tensor of y, defined as
DY[x] = M0 S [X]. (2.30)
The Cotton tensor is invariant under the transformations (2.28). The Hamiltonian is
_ . .Tiklm _ st ~idkim
H = —\I/Z]F 8k\Dlm = Z\I/Z-js 6k\I/lm (2.31)
= iSL. XD [x] = —ix],e7F ™ ), Dy [X]. (2.32)

The action is therefore

Slx] = —2i /dt dr X;[j (D”[X] — ;gijklmalem[XD . (2.33)

The equations of motion obtained by varying the prepotential are

1 ..
DY[x] = 5eM" 0 Di[x] = 0 (2.34)

which is nothing but the self-duality condition in the form (2.25), as follows from defini-
tions (2.26) and (2.30).

3 The action of the (4,0) theory

3.1 Explicit form

The action is a sum of five terms, one for each set of fields in the supermultiplet,
S=5S1T+57 +57 +S51+So. 3.1
SRR S S oy

We describe each of these contributions in turn.

e The exotic graviton

This is a real tensor field of mixed Young symmetry (2, 2) with self-dual field strength.
It is a singlet under USp(8). The action for such a chiral tensor was derived in [14].
The variables of the variational principle are the components of the prepotential, de-
noted by Z;;ri. The prepotential is real, (Z;ji1)* = Zijr. The gauge symmetries of the
prepotential are generalized diffeomorphisms and generalized Weyl transformations,

0Zijrl = &ijik) + Ekifig) + OlipkAfn- (3.2)
The action reads
1 6, ymnrs 1 mnijk TS
SBE( = 5 d’x me«s D — 56 8kDZ-j . (3.3)
where D;ji; is the Cotton tensor of Z™""* [14],

1
Dijk;l = g&ijabcaasbckl. (3.4)



Here, Sijkl = Gijkl — 25[[11Gj]l] + % fkdl]}G is the “Schouten tensor” of Z"""" where
Gijkl = Rijkl — 25[[2Rj}l] + % fkélij is its “Einstein tensor”. The tensor Rijkl is the
“Ricci tensor”, i.e., the trace of the Riemann tensor Riyiyisjijajs = Ofiy Zigis)[jrja.ja)s
where the comma denotes a derivative (we use a similar notation for higher-order
traces). The Cotton tensor D;ji; is a (2,2)-tensor which is invariant under all
gauge symmetries (3.2), as well as identically transverse and traceless, 9;D¥"™ =
0= Dijrs5js. Furthermore, a necessary and sufficient condition for Z;;.s to be pure

gauge is that its Cotton tensor vanishes.

The Cotton tensor contains three derivatives of the prepotential and the action (3.3)
is therefore of fourth order in derivatives (but of first order in the time derivative).
The exotic gravitini

These have been discussed in the previous section. As shown there, the exotic gravi-
tini are described by fermionic 2-form prepotentials Xf} which are chiral,

T7xi = +x55- (3.5)

The R-symmetry is USp(8) and the exotic gravitini transform in the 8. So there are
8 gravitini, labelled by the USp(8) index A (A = 1,---,8). The reality conditions
are given by the symplectic Majorana conditions,

These reality conditions are consistent as discussed in appendix B.

The gauge symmetries are

Oxij = 205y + 20 ppi) (3.7)

and involve both a “generalized diffeomorphism” and a “generalized Weyl transfor-
mation”. The action reads

1.
S =2 / dr Xy (DA” - 2elﬂklmakD{3n> (3.8)
F

where the DA% = DW[y4] are the Cotton tensors. The action is of third order in
derivatives (but again of first order in the time derivative).

The chiral 2-forms

The action for a chiral two-form has been given in [9]. The chiral two-forms are in
the 27 of USp(8). There are thus 27 of them, labelled by the antisymmetric pair
[AB] with the constraint

AZPQup =0. (3.9)

The reality condition (A%B )= Af}B is not compatible with USp(8) covariance, as
discussed in appendix B. Instead, we impose

Apy = QaaQpp AP (3.10)



The consistency condition (AiAjB )= A;‘;B is satisfied because there is an even num-
ber of € matrices in equation (3.10).

The gauge transformations are
SALP = 20,¢4" (3.11)
and the action reads
L[ 6 i« 2ABij L _ijkima 12AB
B

where the magnetic fields BAB% are given by

1

BABij _ igijklmakAﬁf. (3.13)

The action is of second order in derivatives (and of first order in the time derivative).

It is remarkable that the actions for the exotic graviton, exotic gravitini and chiral
2-forms have the similar structure “prepotential x time derivative of the Cotton
tensor” minus “prepotential x curl of the Cotton tensor”, if one recalls that the
chiral 2-form is its own prepotential so that the magnetic fields can be viewed as the
Cotton tensors. This is the structure characteristic of the descriptions where duality
is put in the foreground [19, 39].

The spin-1/2 fields

These are Dirac fermions 12 subject to the chirality condition
I‘\7¢ABC _ _i_wABC’ (314)

and transforming in the 48 of USp(8). They are labelled by a completely antisym-
metric triplet of indices [ABC] with the constraint

P = 0. (3.15)
The reality conditions are
Vige = QaaQppQoc By P (3.16)
There are no gauge transformations and the action is just a sum of Dirac actions,

Sy = / 0% AT 9, AEC

_ / iy . (W‘BC — FOFiﬁiwABC) . (3.17)

N

It is of first order in derivatives.

,10,



e The scalar fields

They transform in the 42 of USp(8) and are labelled by a completely antisymmetric
quadruplet of indices [ABC D] with the constraint

dABEPQ L = 0. (3.18)
The reality conditions are

Srpep = Qaa Qe QocQpp e B (3.19)

ABCD

The momenta m satisfy the same conditions. There are no gauge transforma-

tions and the action in hamiltonian form reads

. . 1 1 )
So = / d% (WABCD¢ABCD - §7TEBCD7TABCD ) i¢*ABC’D81¢ABCD) . (3.20)

3.2 Equations of motion

The equations of motion following from the action are easily found to be

Dmnrs _ %gmnijkakDijrs (321)
(exotic graviton),
Yy 1 ..
DA’L] _ §Eljklmalef?n (3.22)
(exotic gravitini),
. . 1 ..
BABij _ igwklmaklglénB (3.23)
(chiral two-forms),
JABC — 10T g, ABC (3.24)
(spin-3 field) and
GABCD _ pABOD  LABOD _ g iy ABCD (3.25)

(scalars).

The equations of motion of the exotic graviton, exotic gravitini and chiral 2-forms take
a similar form and equate the time derivative of their respective Cotton tensors to their
spatial curl.

4 Supersymmetry

Although not manifestly so, the action of the (4,0)-theory is Poincaré invariant. This is
because each individual piece is Poincaré invariant. This was verified explicitly for the
exotic graviton in [14] and for the chiral bosonic two-form in [9]. The other fields (exotic
gravitini, spin—% fields, scalar fields) have a Lorentz-invariant action and Poincaré invariance
is not an issue for them.

The action is also invariant under (4,0) supersymmetry. We first give the supersym-
metry transformations and then check the algebra.

— 11 —



4.1 Supersymmetry transformations

The supersymmetry variations only mix fields that have one more or one less USp(8) index,
ie.

A AB AB ABCD ,ABCD
Ziji +— Xy «— AP «— pABC oy gABOD gABOD. (4.1)

In terms of representations of the little algebra so(4) ~ su(2) @ su(2), this corresponds
to fields of neighbouring “spin”: (5,1), (4,1), (3,1), (2,1) and (1,1). The canonical di-
mensions of the various objects (fields and supersymmetry parameter) appearing in the
supersymmetry variations are

Z'L’jkl XZA} A{;B wABC 7.‘.ABCD ¢ABCD 6A 8“
1 3/2 2 5/2 3 2 —1/2
where € are the supersymmetry parameters and where we have also listed for completeness

the canonical dimension of d,. We take the supersymmetry parameters to be symplectic
Majorana-Weyl spinors of negative chirality,

Dret = —e?, e = QupBeP, (4.2)

and so ['7lged = +Tged.
The variations containing fields with one index more are easy to guess: the USp(8)

index on the supersymmetry parameter e

must be contracted, and not many possibilities
remain with the correct dimension, spatial index structure, USp(8) covariance, chirality,
and reality conditions. From those variations, we get the others by requiring the invariance

of the kinetic terms and projecting on the appropriate USp(8) representation. The end

result is
0 Zijin = 1P (9.9) (€aTijxi) (4.3)
ar (0]
6} = =1 550 ZisMepara PO + AP QL0 (4.4)
1
S ALP = ay (45055‘9310 + 2QAB€055> + azécTiyAPC (4.5)
as i AB 1 ClD
Sep P = —73F r? <Bz[j el - gQ[ABBz’j] QDE6E> (4.6)
toay (WABCDQDEFO P 4 0,04 BCPQ ) T 6E)
5€¢ABCD -y <2EE¢[ABCQD}E + ZEEQ[ABwCD}E> (4.7)
(sETFABCD =y <2€E]_-\Oriaiw[ABCQD]E + ;EEFOFiQ[ABaiwCD]E> ’ (48)

where [P(5 5 is the projector on the (2,2)-Young symmetry, which takes the explicit form

_ 1/ _ _
Proy (€alijXn) = 3 (GATz‘jX?z +ealxis — 26AF[¢[kXﬁﬂ) (4.9)

in this case, and where S{;‘- is the Souten tensor of xf‘j. Here, the matrix Q47 (with indices

up) is defined through Q48Qcp = (% and is numerially equal to Q45 (see appendix A).

— 12 —



Having ¢ to be of negative chirality while the fields have positive chirality makes the
variations of the bosonic fields not identically zero and gives the correct chirality to those
of the fermionic fields.

These transformations leave not only the kinetic term invariant but one also verifies
that they leave the Hamiltonian invariant.

The real constants oy to ay are free at this stage since the action is invariant for any
values of them. They will be fixed in eq. (4.20) below (up to an overall factor) through
the requirement that the supersymmetry transformations close according to the standard
supersymmetry algebra.

For later purposes, it is convenient to compute the supersymmetry transformations of
the gauge-invariant tensors. These are

5:DijrlZ) = (;%P(Q,Q) (€AEpqri TP10" DY) (4.10)

5eDij[x*] = —%DW [Z]TkT0A (4.11)
+ 5 (cummd B 4 0T BAP ™ 4 20, D00t B ) Qo

8 B5E = ay <260D§§‘QBW + iQABecDg) + %@c%lmr’makw% : (4.12)

These variations involve only the gauge invariant objects, as they should.

4.2 Supersymmetry algebra

As we mentioned above, the action of the (4, 0)-theory is Poincaré invariant [9, 14] although
not manifestly so. The Poincaré generators P, and M, close therefore according to the
Poincaré algebra.

In order to establish the (4,0)-supersymmetry algebra, one needs to verify that the
anticommutator of two supersymmetries gives a space-time translation, as well as the other
commutation relations involving the supercharges. This is the question on which we focus
in this section.

Before proceding with the computation, we stress that in the standard Hamiltonian
formalism, the variation e PyF of a dynamical variable F under a time translation is given
by its Poisson bracket [F, H] with the Hamiltonian times the parameter ¢ of the time trans-
lation. It is a function of the phase space variables only and not of their time derivatives.
When one uses the equations of motion, €? PyF becomes of course equal to e?9yF. The same
feature holds for the above “Hamiltonian-like” first-order action of the (4, 0)-theory. Simi-
larly, the supersymmetry transformations do not involve time derivatives of the variables.
For this reason, their algebra cannot contain time derivatives either. This is again a well
known feature of the Hamiltonian formalism, when transformations are written in terms
of phase space variables. It occurs in the Hamiltonian formulation of non-exotic supersym-
metric theories as well. To compare with the familiar form of the supersymmetry algebra
acting on the fields where time derivatives appear, one must use the equations of motion.

We first compute the anticommutator of two supersymmetry transformations. We
carry this task for the gauge-invariant curvatures, for which the computation is simpler. For
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non gauge-invariant fields, the commutator of supersymmetries may indeed give additional

gauge or Weyl transformations terms.
On the Cotton tensor of Z, we find
3 o2 3
[0c,,0e,) DV, 12) = ﬁaﬂﬂ wlZ] (€2aT"et)

- Q—%P Or Dippne 7P gy 4T 10t

(31)3 (2,2)Or Pkipn€ e2al ey

CM% pqrij — 0_A

+ WP(ZQ)E aqurklngF €1

— (1 +» 2) + (terms containing Af}B). (4.13)

The first term is a spatial translation. The second term vanishes: it follows from the sym-
plectic Majorana reality conditions that é; AF"qI‘OE‘f‘ is symmetric in 1, 2, see appendix A.
(The other terms are antisymmetric under the exchange of 1 and 2.) Using the equation of
motion for Z, the curl appearing in the third term becomes a time derivative. The extra
terms containing the bosonic two-forms A{}B can be shown to vanish. We therefore find
indeed a space-time translation,

203
(3)?

[0c, 8, DY 2] = 010, DY, [Z), oM = — L (14T es). (4.14)

We proceed in a similar fashion for the other fields. We collect here a few identities
useful for this computation:

1. For the commutator on fermionic fields, one needs the following Fierz rearrangement
identity, valid for two spinors €1, €s of negative chirality and a spinor 7 of positive
chirality:

1 _ 1 3
(5177)62 = 1 (51F062)F077 — (€1FZ62)FZ"I7 + 5(511—‘01']'62)1—‘0”77 . (4.15)

It follows from the completeness relations of gamma matrices, and from the duality
relations between rank r and rank 6 — r antisymmetric products of gamma matri-
ces [38]. It is independent from any Majorana condition on the spinors and is therefore
also valid when €1, €5 and n carry free symplectic indices.

2. The Cotton tensor of y;; satisfies the massless Dirac equation
TT*9yDy; = Dy;. (4.16)

It is a consequence of its equation of motion (3.22) and of the I'-tracelessness identity
I'"D;; = 0.

3. The scalar field satisfies

QQS[ABC‘ElQD]NQEM + 3Q[AB¢CD}NEQEM + 2¢[ABC|N|6]D\4] _ %(ZSABCD(S]]\\}. (417)
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This identity follows from
QUAQBB O DD NI — (4.18)

by contracting with gf)PQRSQPA/QQB/QRC/QSD/. Equation (4.18) holds because the
indices go from 1 to 8 and the antisymmetrization is performed on nine indices.

After this is done, we find

[0cy5 0ey|® = —K*(E1aT €5) D, @ (4.19)
on any (gauge-invariant) field ®, provided the following relations hold between the con-
stants «;:

2 2 2
207 _ 2205 0 (4.20)

CIE

Writing the generetor of supersymmetry transformations as é4Q%, we therefore get the

3 2

algebra
{Q4,QF} = K7 (PLTHC ™) ; Pa (4.21)

The remaining relations involving the supercharge are easy to derive. First, one notes
that the supersymmetry transformations commute with d, since they do not depend ex-
plicitly on the spacetime coordinates. So one has [QQ,PM] = 0. Second, one observes
that the established Poincaré invariance of the action [9, 14] forces the supercharges to
transform in a definite representation of the Lorentz group. Knowing the transformation
properties of the supercharges under spatial rotations — which we do since SO(5) covariace
is manifest — determines the commutators [Qé, M;;] of the supercharges with the spatial
rotation generators M;;. The ambiguity as to which representation of the Lorentz group
((2,1) or (1,2)) actually occurs is resolved by considering the manifestly Lorentz invariant
transformation rules of the scalars, which shows that the supercharges transform in the
(2,1). Taking into account the USp(8) transformation properties of the supercharges, one
thus gets Q% ~ (2,1;8).

5 Exotic theories with lower supersymmetry

There exist other supersymmetric multiplets containing the exotic graviton, with lower
supersymmetry. These are listed in [21]. The corresponding actions are easy to write down
by appropriate truncations of the (4,0)-theory.

5.1 The (1,0)-theory

Consider the USp(2) subgroup of USp(8) acting in the internal (1,2)-plane. Let a = 1,2
and a = 3,4,5,6,7,8, so that (A) = (a,a). We set A}f = A;j = A;;Q'2. The conditions

and 1
A =0, A =204, (5.2)

,15,



are evidently USp(2)-invariant and fulfill the USp(8)-constraint (3.9) on the fields. These
conditions are furthermore invariant under the above supersymmetry transformations when
the supersymmetry parameters are taken as (e4) = (e%, €* = 0) with € arbitrary, i.e., under
(1,0)-supersymmetry.

The conditions (5.1) and (5.2) define the (1,0)-theory, which contains thus one ex-
otic graviton, one bosonic chiral two-form and two exotic gravitini, which are respectively
singlets and doublet of USp(2), corresponding to

5, 5;1) @ (3,1;1) @ (4,1;2). (5.3)

The fields are Zjy, Xi; and A?;’, where a, b take two values, a,b = 1,2 and the two-form

A}jz is not subject to the condition QabA%b = 0 (which would eliminate it). The reality
Zbij =
real. The action is

condition A Qaalﬂbb/A%b' (with Q44 = €44/) implies that the singlet two-form A}f is

S = SE + SHF + QSHB. (5.4)

5.2 The (2,0) and (3,0)-theories
The analysis proceeds in the same way for the (2,0) and (3,0)-theories.
One finds:

e For the (2,0)-theory, with R-symmetry USp(4), one splits the USp(8)-indices as
(A) = (a,a), a = 1,2,3,4, « = 5,6,7,8. The truncation to the (2,0)-theory is
obtained by imposing

1

X% —0, ¢aba =0, waaﬁ — 1QCMBwCLbCQbC’ ¢aﬂ7 =0, (55)

1
A;qu — 07 A%B — ZQQBA?:;JQ@{“ (56)

1
¢abca =0, (baba,ﬁ _ EQaﬁQabQﬁ; ¢aa,8'y =0, (z)a,B’Y(S = Ea,@"fé(p (57)

and

qabea _ 0, qebal %QaﬁQabTr, qeaby — 0, 7BV — aBye (58)

The independent fields are Z;jx, X7, A?]b, ke pabed — peabed gpg gabed — peabed
and are not constrained by USp(4) conditions. Except for the chiral two-forms, which

transform in the 5 @ 1, they are all in irreducible representations of USp(4).

The (2,0)-theory contains therefore one exotic graviton, four exotic gravitini, six
bosonic chiral two-forms, four spin—% fields and one scalar,

5, 1;1) @ (3,1;1) e (3,1;5) @ (1,1;1) ¢ (4, 1;4) & (2,1;4) . (5.9)

The action is obtained by mere substitution of the truncation conditions into the
(4,0)-action. It is invariant under the supersymmetry transformations that preserve
the truncation, i.e., the supersymmetry transformations with parameters taken as
() = (€%, €™ = 0) where €” is arbitrary. This is (2, 0)-supersymmetry.
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e For the (3,0)-theory, with R-symmetry USp(6), one splits the USp(8)-indices as
(A) = (a,a), a = 1,2,3,4,5,6, a = 7,8. The truncation to the (3,0)-theory is
obtained by imposing

X% —0, ¢aba =0, Qpaaﬁ _ %Qaﬁ¢achbw waﬁ’y =0, (5.10)

Ag = 0, A%ﬁ — %QaﬁA?Janb, (5.11)

gabeo —( gobol _ %Qaﬁ gabedqy (5.12)
and

rabea —,  gobef — %Q“ﬁnabcdgcd. (5.13)

The independent fields are Z;jz, Xij» A%’, pebe pabed and 79cd and are constrained
by the sole USp(6) conditions

A0 Qeq = 0, 740 Qg = 0 (5.14)

which are consequences of the USp(8) constraints. Except for the chiral two-forms,
which transform in the 14 ¢ 1, and the spin—% fields, which transform in the 14/ © 6,

they are all in irreducible representations of USp(6).?

The (3,0)-theory with R-symmetry USp(6) contains therefore one exotic graviton,
six exotic gravitini, fifteen bosonic chiral two-forms, twenty spin—% fields and fourteen
scalars,

(5,0 @ (3,1;1) @ (3,1;14) @ (1,1;14) @ (4,1;6) @ (2,1;6) & (2,1;14") . (5.15)

The action is obtained by mere substitution of the truncation conditions into the
(4,0)-action. It is invariant under the supersymmetry transformations that preserve
the truncation, i.e., supersymmetry transformations with parameters (e4) = (e, ¢* =
0) where €* is arbitrary. This is (3, 0)-supersymmetry.

6 Dimensional reduction

The dimensional reduction of the exotic (4, 0)-supergravity was already discussed in [3, 4]
at the level of the equations of motion.

The dimensional reduction to 5 spacetime dimensions of the action for a chiral tensor of
B}type has been performed in [14], where it was shown that the prepotential of the chiral
tensor correctly yields the prepotential for a single spin-2 field, and that the dimensionally
reduced action of the chiral tensor becomes the (prepotential version of the) Pauli-Fierz
action [22].

Similarly, the dimensional reduction to 5 spacetime dimensions of the action for a chiral
bosonic two-form leads to the action for a single U(1) vector field described by the Maxwell

3The 14 and 14’ of USp(6) are the antisymmetric symplectic traceless tensor representations of respective
ranks 2 and 3.
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action — or its dual description in terms of a single two-form, — while the dimensional
reduction of the scalar fields just yields an equal number of scalar fields.

The little algebra for a massless field in 5 dimensions is so(3), while it is so(4) ~
s0(3) @ so(3) in 6 dimensions. For the chiral (anti-chiral) fields only the first (second) so(3)
factor acts non trivially; the other factor is represented trivially. The representation of the
little algebra in 5 dimensions inherited from 6 dimensions by dimensional reduction is just
the representation of the chiral so(3) non-trivially represented.

The same situation of course prevails for the fermions. The dimensional reduction of
the spin—% fields presents no difficulty, so we focus here only on the remaining fields, the
exotic gravitini. We shall perform the discussion in terms of the spinorial two-form W,.
A complete discussion in terms of the prepotentials will be given elsewhere [23].

An explicit realization of the six-dimensional gamma matrices is given by the block

form
_ N U _
Ty =01 ® 7 = (1=0,...,9) (6.1)
Yu O
0 —if
F5:UQ®I: s (62)
il 0

each block being 4 x 4. The first five are given in terms of the five-dimensional gamma
matrices (in particular 4 = i7y9y1727y3 is what is usually called 75). In this representation,

Iw:<éf). (6.3)

Therefore, a left-handed 2-form ¥, = PV, takes the simple form

W, = (‘”g”) (6.4)

and its Dirac conjugate is ¥, = (0 qZW) . The six-dimensional field zﬁ,w (u,v=0,...5)

the I'; matrix is diagonal,

reduces to two fields v, = 1[1W and 1, = 1&,@ (,v =0,...4) in five dimensions.
Using I'#1#5 = —ght#5YT 'y and 'V, = ¥, the Lagrangian for the spinorial
2-form in six dimensions can be rewritten as

L=V, 00,V (6.5)
Using the above decomposition, it becomes
L= _i&uuelwpm—apwaT + 21/;;LV€HVPUT’Y/)80'¢T + QIZME“VPOT’YIjapd}UW (66)

Now, one can eliminate the five-dimensional spinorial two-form 1),,, using its own equation
of motion. Indeed, varying the action with respect to v, yields

MUPITY (ithr + 2951)r) = 0 (6.7)
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from which one derives
w,uu = 22‘7[/11/11/] + 8[,U,Al/} (68)

for some A,. Inserting this expression in the Lagrangian, one gets

L= —4ih, e P yyr ), = =8y, (6.9)

which is exactly the Rarita-Schwinger action for v, (after rescaling v, — ¢M/2\/§).4
We can conclude that the dimensional reduction of the chiral spinorial two-form in six
dimensions gives correctly a single Rarita-Schwinger field in five dimensions.

If one imposes symplectic Majorana conditions in six dimensions, these simply go
through to five dimensions.

Collecting the individual pieces, one can now compare the action and supersymmetry
transformations of the theory obtained by dimensional reduction of the exotic (4, 0)-theory
with five-dimensional maximal (linearized) supergravity [24]. It is straightforward to check
that they coincide. Similarly, the exotic (1,0), (2,0) and (3, 0)-theories yield the (linearized)
versions of the N = 2, N = 4 and N = 6 theories in 5 dimensions with USp(N) R-
symmetry [25-28].

It is interesting to point out that if instead of the standard description of gravity
based on a symmetric tensor, one uses the description involving the dual graviton given by
a Bj—tensor in five dimensions, and keeps the two-form v, instead of the Rarita-Schwinger
field 1, one gets the dual description of five-dimensional linearized supergravity alluded
to in [29]. [The prepotential formulation of linearized gravity enables one to easily trade
11 for Bj and vice-versa [22].]

7 Conclusions

The (4,0) exotic supergravity theory (and its (1,0), (2,0) and (3,0) truncations), which
is intrinsically chiral, possesses an action principle which we have explicitly constructed in
the free case. This action principle has unconventional features. The basic variables of the
variational principle are “prepotentials” adapted to the self-duality properties of the fields.
Although Poincaré invariant, the action is not manifestly so. We have shown that it has
(4,0) supersymmetry and verified the supersymmetry algebra.

The same tension between manifest Poincaré invariance and manifest duality symmetry
observed in all duality-symmetric formulations (without auxiliary fields) [9, 30-32] appears
again here. Perhaps this is a signal that duality symmetry might be more fundamental [33].

The lack of manifest Poincaré invariance makes the coupling to gravity more difficult
to handle and one must resort to other techniques for that purpose [9]. The fields do
not transform with the usual tensorial properties, as also discussed recently in [34] from a
different perspective in a similar context. How serious this is a drawback in the present
case is not clear, however, since exotic supergravities are supposed to contain gravity and

“Note that the sign of the Rarita-Schwinger action is “correct”, in the sense that the physical spin—%
components and the spin—% field have the same sign for the kinetic term.
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for that reason do not need to be coupled to a metric tensor. Finding the appropriate
“exotic geometry” remains a challenge.

To become a true physical model, the (4, 0)-theory should in any case admit consistent
interactions. The introduction of interactions is notoriously complicated for a collection of
chiral two-forms and is expected to be even more so here since there are exotic chiral fields
of more intricate types. An intriguing feature of the prepotentials that enter the description
of these exotic fields is that they enjoy a generalized form of Weyl gauge symmetry, which
is controlled by appropriate Cotton tensors. Perhaps the non linear extensions of these
Cotton tensors (see [35] for nonlinear Cotton tensors in three dimensions) might play an
important role in the construction of consistent interactions.
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A Spinors and gamma matrices in six spacetime dimensions

(For more information, see e.g. [36-38]).
Gamma matrices in six spacetime dimensions are denoted by a Greek capital I' letter.
They satisfy
ETY 4+ TVITH = 2nH" (A.1)

where the metric has “mostly plus” signature, n = diag(— + + 4+ ++). The spatial T-
matrices are hermitian while I'? is anti-hermitian, so that

(T = 1OrHTo (A.2)
The matrix I'; is defined as the product of all I'-matrices
[y =Tl T3y T 5. (A.3)

It anticommutes with the other I'-matrices, {I'7,T'#} = 0, it is hermitian, Iﬂ =TI'7, and it
squares to the identity, F% = I. Therefore, the chiral projectors

1 1
PL=§(I+F7), PRZQ(I—D) (A.4)

commute with the Lorentz generators. One can thus impose the chirality conditions ¢ =
Py (& T'ip = @) or v = Pryp (& I'iip = —b) on the spinors, which are then called
(positive chirality or negative chirality) Weyl spinors.

The charge conjugation matrix C' is defined by the property

— (T =crrct (A.5)
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It is symmetric and unitary. The matrices CT#1#+ are symmetric for & = 0,3 (mod 4)
and antisymmetric for £ = 1,2 (mod 4).
Defining also
B = —icr? (A.6)

we have for the complex conjugate I'-matrices
(T*y* = BB, (A7)
The matrix B is unitary. It is antisymmetric and fulfills
B*B=-I. (A.8)

One has also
(T7)* = Br7B~ L. (A.9)

The complex conjugate spinor * transforms in the same way as B, or what is the
same, B~11* transforms in the same way as 1. Using (A.9), one furthermore sees that if
1 is a Weyl spinor of definite (positive or negative) chirality, then B~1¢* is a Weyl spinor
of same chirality. The positive (respectively, negative) helicity representation is equivalent
to its complex conjugate. It would be tempting to impose the reality condition * = B,
but this is not possible: the consistency condition ¢¥** = ¢ would impose B*B = I, but
this contradicts (A.8).

If we have several spinors ¢* (A=1,---,2n), however, we can impose the condition

(¥")" = v = QupBy” (A.10)
where the antisymmetric matrix €2 is the 2n x 2n symplectic matrix

0100
Q=[0001 . (A.11)
00-10

[For why the internal index is lowered as one takes the complex conjugate, see appendix B.]
Because the real matrix €2 squares to —I, Q? = —1I, the equation (A.10) consistently implies
YA4** = 4. Spinors fulfilling (A.10) are called “symplectic Majorana spinors”. One
can furthermore assume that the ©?’s are of definite chirality. The Weyl and symplectic
Majorana conditions define together “symplectic Majorana-Weyl spinors” (of positive or
negative chirality). For later purposes, we define Q45 (with indices up) through Q48Qcp =
(5@. The matrix Q48 is numerically equal to Q5.
The Dirac conjugate is defined as

¢ =T, (A.12)
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For symplectic Majorana spinors, it can be written as
- T
Ya=Qup (VP) C. (A.13)

If 4 and x* are two symplectic (anticommuting) Majorana spinors, then the product
Yax? is a real Lorentz scalar, which is symmetric for the exchange of ©* with x4,

Pax™ = xay?. (A.14)

More generally, the products ¢ 4I#1#ty4 are real Lorentz tensors, which are symmetric
under the exchange of ¥4 with x4 for £ = 0,3 (mod 4) and antisymmetric for k = 1,2
(mod 4). Moreover, if the spinors have definite chirality, some of these products vanish: if
x and 1 have the same chirality, 1) T#1# x4 vanishes for even k, while if y and v have
opposite chiralities, it vanishes for odd k.
When the symplectic indices are not contracted, the rule for flipping the spinors is the
following;:
&Arﬂl"'NkXB = 0B%0.p chuk“‘MwD (A.15)

(notice the index reversal). This is useful for the computation of the supersymmetry
commutators in section 4.

B USp(8) and reality conditions

The group USp(8) is defined as the group of 8 x 8 complex matrices that are both unitary
and symplectic,

USp(8) = U(8) N Sp(8,C). (B.1)

Indices A, B ... range from 1 to 8. Quantities with indices upstairs transform in the
fundamental,

v = S0P, S € USp(8). (B.2)

Quantities with indices downstairs transform in the contragredient representation (i.e. with
the inverse transpose (S~1)7),

wy — (S7HB Jwp, S € USp(8). (B.3)

Therefore, the contraction wav? is USp(8) invariant. Because USp(8) matrices are uni-
tary, (S~H)T = S*, the contragredient representation is actually the complex conjugate
representation w — S*w. This motivates the notation

(v = v} (B.4)

for the complex conjugates. The matrices of USp(8) are also symplectic, STQS = Q (and
also SQST = Q). Together with unitarity, this implies the property

QS = S*Q. (B.5)

Therefore, the quantity
wa = Qupv? (B.6)
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transforms indeed as its indices suggest, i.e. w — S*w when v — Sv. Because both v% and
Qapv? transform as quantities with indices down, the contractions UEUA and v3Q 4508
are invariant.

Quantities with multiple indices transform in the corresponding tensor product of

representations.

C Conformal geometry for a spinorial 2-form in five spatial dimensions

The prepotential for a spinorial two-form in six spacetime dimensions is a spatial object,
“living” therefore in five spatial dimensions. It is an antisymmetric tensor-spinor x;;, with
gauge symmetries

0xij = Oy + Lapy)- (C.1)
The goal of this section is to construct its “geometry”, i.e., the invariants that can be built
out of x;; and its derivatives. We also derive the main properties of these invariants. We
shall develop the formalism without imposing the chirality condition I'7x;; = x;j. It can
of course be imposed. In that case, I'7 should be replaced in the formulas below by the
identity when acting on spinors.

In line with the terminology used in the general study of higher spin conformal ge-
ometry, for which the construction follows exactly the same pattern,® we call the 7 trans-
formations “generalized diffeomorphisms” and the p transformations “generalized Weyl
transformations”. We shall also deliberately use the names “Einstein tensor”, “Schouten
tensor” and “Cotton tensor” for the relevant invariant tensors, since this is the appropriate

terminology in the higher spin case.

C.1 Einstein tensor

First, we construct tensors that are invariant under generalized diffeomorphisms. Of course,
it is just enough to take the exterior derivative of x;;. By dualizing, one gets the “Einstein
tensor”

GiiIX] = €ijrmO™X'™, Gijlx] = Gl lxl (C.2)
(antisymmetric tensor as the field x;;) which is not only invariant under the 7 transforma-
tions, but which is also divergenceless,

%G [x] =0 (C.3)
(“contracted Bianchi identity”). We have furthermore the properties
e 7 triviality criterion:

Gi]’ [X] =0 < Xij = 8[1'773'] for some 7. (04)

e Divergence:
8iTij =0 <& T =Gj[x] for some ;. (C.5)

5This pattern will be precisely detailed for general half-integer spins in three dimensions in [39]. The
pattern itself does not depend on the dimension - although the actual details do.
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These are just two applications of the Poincaré lemma, in form degrees 2 and 3. The first
property implies that the most general invariant under the 7 transformation is a function
of the Einstein tensor and its derivatives.

Under generalized Weyl transformations, we have

0Gij = EijhimT" 0" p™ = =T ijrm 700" p" (C.6)
which gives for the traces

S(T9Gyj) = 6Ty D700 p™ = §(Ty;TH Gy) = 6T g 7T 00" p™. (C.8)

C.2 Schouten tensor

We define the Schouten tensor as
Sy = Gij + TuT G — ~T3,THG C.9
1y — Mg [P jlk 6 4 kl ( . )

It is again an antisymmetric tensor, which transforms as

8815 = (=T 4 2T — D™ ) Dy (C.10)
under generalized Weyl transformations. Using the identites I'f, I, )™ = I';,," + 25[[:nl“s]n]

and I'y,, I =1, + 40

km

KnFS]n} — 20,5, it can be seen that the combination in brackets

reduces to 2 so that the Schouten simply transforms as

(SSij = 6[,~uﬂ, Vj = 2F7F0,0j. (Cll)
It is this simple transformation law of the Schouten tensor that motivates its definition.
Using T, = 5f + Fik, the Schouten tensor can be rewritten as

1
Sij = — <5E€FJ]” + 6Fij1“kl> G (C.12)

and then, using the identity d;,°, = % <5 pp oy %anl“pq) I',,"?; we can write the Einstein

[m™ n]
tensor in terms of the Schouten tensor as

1
Gij = —5Tijus™. (C.13)
Therefore, the Schouten satisfies
Ty S™M =0 (C.14)

as a consequence of 9 Gij = 0. We have also the following direct properties:

e Pure gauge property:

1
Sijlx] = 0uvy < xij = 9imy) + Lpy) for some n; (pi = —2F0F7ui) . (C.15)
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e Constraint property:
Fijklakal =0 <~ T’ij = Sij [X] for some Xij- (016)

This is the property that underlies the introduction of the prepotential for the chiral

spinorial two-form W;;.

Using the identities Ty, I"* = I, + 497 I — 2075 and TUM = —0MmT, 117, we
can also rewrite the Schouten tensor as
1 1 1
Sij = §G” + gl“[lkG]]k + éeijklkaF0F7Glm. (C.l?)

C.3 Cotton tensor

The Cotton tensor is defined by taking the curl of the Schouten tensor
Dij[x] = Gi;[SIX]] = €ijrimd" S [X]. (C.18)

It is invariant by construction under both generalized diffeomorphisms and Weyl trans-
formations (C.1). It is divergenceless, 9;D% = 0, and also gamma-traceless (I'"D;; = 0)
because of FijklajSkl = 0. Its key properties are:

e Pure gauge condition: the prepotential x;; is pure gauge if and only if its Cotton

tensor vanishes,
Dij[x] =0 & xij = m; + Lps for some n; and p;. (C.19)

This also means that any invariant under (C.1) is a function of the Cotton tensor

and its derivatives.

e Tracelessness and divergencelessness conditions: if a spinorial antisymmetric tensor
is both divergenceless and I'-traceless, then it is equal to the Cotton tensor of some

antisymmetric spinorial prepotential,
;T =0, FiTij =0 <& T = Djx] for some xyj. (C.20)
Both results directly follow from the Poincaré lemma and the above definitions.

Using formula (C.17) for the Schouten tensor, we can express the Cotton tensor in
terms of the Einstein tensor as

1
Dij = § <5ijklm8kGlm + 5ijklm8kFlmep + 28kI‘kF0F7GU> . (C21)
The second term can also be written as érp%qul[iakGlﬂ using the identity
1 . , 4
Eapeail’” = B <5£€bcdkl — 0} €acdkl — O2Eabdkl — 5fl€abckl> T, (C.22)

Note also that the identities

Fal...akiDij — 7k11[a1...ak,1 Dak}] (023)
[ Dy = —fo(k — 1)Dler-ak-2 pak-1a4] (C.24)

follow from the gamma-tracelessness of the Cotton tensor.
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