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1 Introduction

Scattering amplitudes in field and string theories are usually significantly simpler than
traditional methods of computation suggest. A classic example concerns the tremendous
cancellations between bosonic and fermionic loop corrections in supersymmetric ampli-
tudes. One-loop amplitudes of maximally supersymmetric gauge theory and gravity have
been firstly determined from the point-particle limit of superstrings in 1982 [1], and the ease
of that computation exemplifies the general virtue of string amplitudes to study field the-
ories from a new perspective. Since then, a variety of formalisms have been developed for
string amplitudes, including the manifestly supersymmetric pure-spinor description [2-4]
of the superstring and the more recent ambitwistor strings [5—8] which directly compute
D-dimensional field-theory amplitudes.

The traditional approach to superstring amplitudes through the Ramond-Neveu-
Schwarz formalism (RNS) is based on worldsheet spinors which allow for different boundary
conditions or spin structures on Riemann surfaces of genus g > 1 [9-11]. Spacetime super-
symmetry is hidden the RNS formalism since external fermions are described through spin
fields [12], and the supersymmetry cancellations within loop amplitudes originate from the
interplay of different spin structures.



At one loop, the summation over spin structures is well understood for RNS ampli-
tudes with any number of external bosons [13-15]: the supersymmetry cancellations stem
from generalizations of the Riemann identities among Jacobi theta functions and neatly
connect [15] with the mathematics of iterated integrals on an elliptic curve [16, 17]. In this
work, we extend the simplification of spin sums to one-loop amplitudes with two exter-
nal fermions and any number of external bosons, and the general strategy is expected to
apply to any number of fermions. The relevant genus-one correlation functions involving
spin fields will be determined in a systematic manner, and the combinations of Jacobi
theta functions in their spin sums are explicitly shown to conspire to the doubly-periodic
functions of [15-17].

The pure-spinor formalism [2, 18], on the other hand, automatically leads to superfield
representations of scattering amplitudes which simultaneously address external bosons and
fermions. This framework significantly extended the computational reach for superstring
amplitudes, see [19] for the n-point amplitude at tree level and [20-25] for multiloop results.
However, the composite nature of the b-ghost [18] currently poses difficulties in the direct
evaluation of loop amplitudes with six and more external legs. Still, indirect methods
have been successfully applied to pinpoint the complete one-loop six-point result [26],
and further developments towards higher multiplicity (and ultimately loop order) are in
progress [27, 28].

In this context, one major motivation for this work is to advance the RNS methods
for cases where the pure-spinor tools for explicit evaluation of amplitudes are still being
developed. Our results will make two-fermion-n-boson amplitudes at one loop completely
accessible and allow for comparison with the respective superspace components of the pure-
spinor expressions [26, 29]. It has the two-fold potential to either assist in the refinement of
pure-spinor methods or to check the equivalence between the RNS and pure-spinor formal-
ism in more advanced contexts. Such explicit tests of equivalence would complement recent

work [3, 4] on common origins on the pure-spinor, Green-Schwarz and RNS formalisms.

We will compute the spin-summed worldsheet integrands for n-point open- and closed-
string one-loop amplitudes with two fermions and manifest all the supersymmetry cancella-
tions. While our results apply to generic points in the moduli space of the genus-one world-
sheet of torus, cylinder or Moebius-strip topology, their degeneration limits for a pinched A-
cycle can be exported to the ambitwistor setup: Cachazo-He-Yuan (CHY) formulae [30-32]
for loop amplitudes boil down to correlators on a nodal Riemann sphere [33-35], and the
7 — 100 limit of the subsequent spin sums yields CHY formulae involving two fermions.
For external bosons, the analogous spin sums have been recently applied to convert super-
string correlators at genus one [36] into new representations of field-theory amplitudes which
obey the Bern-Carrasco-Johansson (BCJ) duality between color and kinematics [37, 38].
In other words, the spin sums of this work encode one-loop BCJ numerators for maxi-
mally supersymmetric field-theory amplitudes with two fermions and n bosons in D space-

time dimensions.!

The dimensional reduction of the ten-dimensional Weyl fermions in the expressions of this work yields
both lower-dimensional chiralities in different representations of the R symmetry.



This work is organized as follows: we start by reviewing aspects of the genus-one
amplitude prescription of the RNS superstring, known results on the contributing one-
loop correlators as well as a convenient system of elliptic functions in section 2. A novel
class of genus-one correlators involving excited spin fields — spin—% operators from the
fermionic vertices — is presented in section 3, the main result being the n-point function in
subsection 3.3. Section 4 is dedicated to summing the correlators of the earlier sections over
the spin structures of the worldsheet spinors. We identify universal theta-function building
blocks and describe their manipulations which allow for an algorithmic simplification of
spin-summed correlators, see subsection 4.4 and appendix F for a summary of the final
results. Various representations of higher-point correlators and detailed derivations of

certain theta-function identities can be found in several appendices.

2 Review

2.1 Massless vertex operators in the RNS formalism

In the RNS formulation of the open superstring, massless bosons and fermions with mo-
menta p enter the amplitude prescription through their vertex operators

Uy Y e.p,2) = ep e X (2) (2.1a)
U,(fm) (X, 0, 2) = X2 Sqe /2 ePX (2). (2.1b)

They are conformal primary fields of weight h = 1 on a worldsheet with complex coordinate
2. The on-shell degrees of freedom are encoded in transverse polarization vectors p, et = 0
and Majorana-Weyl spinors x“ subject to the gauge-equivalence e, = ¢, +p, as well as the
massless Dirac equation p“’ygbxb = 0, respectively. Vector and spinor indices of SO(1,9)
are taken from the Greek and Latin alphabet as u,v,A,... = 0,1,...,9 and a,b,... =
1,2,...,16, respectively, and 7/}, = ~}. denote the 16x16 Pauli matrices.? Subscript indices
as in S, refer to right-handed Weyl spinors while superscripts as in x® are used for left-
handed ones.

The matter sector of the RNS model is furnished by the worldsheet scalars X* and
worldsheet spinors * in (2.1). The fermionic vertex additionally involves the spin field

S, of weight h = % that interchanges periodic and antiperiodic boundary conditions of

¥H [12]. Moreover, the superscripts of Ub(qf) refer to the superghost charge ¢ of the bosonized

representative e?? of the 5-v system [39, 40]. For open strings, the vertex-operator insertion
is integrated over worldsheet boundaries, and the Chan-Paton generators for the color
degrees of freedom are suppressed for ease of notation.

2 Antisymmetrized products are normalized as y*1H2Hr = ﬁ ZoGSn sgn(o)yHeWte@ [ o) eg.
= (Y = yM).



Apart from the canonical superghost pictures in (2.1), gluon and gluino vertices exist
at higher superghost charge ¢ =0 and ¢ = %, respectively,?

U (e, p,2) = € [(p- )by + 10X, €PX (2) (2.2a)

1 1 j
U5 (eps) = | Xty St PG

setting 2o/ = 1. The second term of the fermion vertex involves excited spin fields* S¥,

conformal primaries of weight h = % in the spin—% representation of SO(1,9) which appear

at the subleading order of the OPE [44]

£ S0 2
0 (2) 8, (0) ~ 2O s [Séf(o) Lomaso)| +0 @3
z
and satisfy the irreducibility constraint
Skl =0. (2.4)

We are using the shorthand 0 = % in (2.2), (2.3) and later equations of this work.

2.2  One-loop superstring amplitudes with two fermions

One-loop amplitudes of the open RNS superstring are computed from correlation functions
with vanishing overall superghost charge, that is why most of the massless states enter in
the superghost pictures of (2.2). For n external bosons and two external fermions, we have

4
Aleor(1 9 n A B) = / > (=1t (2.5)
Ml;n+2 v=1

<(TTes.p. 20U P (o 20U P (X0 28))
j=1

where the moduli space My.,12 of the (n+2)-punctured genus-one surface has to be ad-
justed to the color-order® of A!1°°P(1,2, ... ,n, A, B). The four spin structures indexed by
v =1,2,3,4 refer to the four boundary conditions for the worldsheet spinors " which may
be independently chosen as periodic or antiperiodic under translations around the A- and
B-cycle. The correlation function in (2.5) factorizes into contributions from the decoupled

3 Another term ~ be®#/? of U ](c+%) with a different ghost structure [41] is suppressed since it cannot
contribute to tree-level and one-loop amplitudes by ghost-charge conservation.

“In [42, 43], excited spin fields are combined with the descendant fields 95, in the composite operators
St oc ey, S°.

SFor single-trace amplitudes ~ Tr{tth...tk}, the insertion points of the vertex operators are in-
tegrated over a single worldsheet boundary with 21 < 22 < ... < zx. Double-trace amplitudes
~ Te{t't?.. .} Te{t'*? ... t*} stem from punctures on both boundaries of a cylinder worldsheet such that
their cyclic ordering reflects the trace structure [45].



CFT sectors of the superghost fields e9?, the {4, S,, Sl’f } system as well as the bosons X*,

TT0 (es.05, 20U 2 (a2 a)US2 (0828))0 = XX e 2 (2)e * (28) )

7j=1
> {p’]‘3<HpNem¢Al¢”(Zl)sa(ZA)Sf(ZB»MH e;-i0X (z) [[ ™)) (26)
12...n leQ jep Ny
e 1,2,..., n
/J/ .
+L\/I)%<Hp/\l€pﬂ/1>\zwpl(Zl)Sa(ZA)SC(zB»,,(i@XH(zB)Hej.iaX(zj) I ezka(%}’
- Ier "

and only the former two depend on the spin structure v. The sum over 2" partitions
12...n = PUQ combines the two terms of the bosonic vertex (2.2a). For ease of notation,
the dependence of the correlators and their building blocks on the modular parameter 7 of
the genus-one surface is often suppressed in (2.6) and later equations.

In the RNS formalism, the two-fermion amplitudes (2.5) with n = 2 bosons has firstly
been computed in [46] (also see [47, 48] for work on n = 3). For higher numbers of bosons,
however, the challenges from the correlators in (2.6) and the sum over spin structures have
never been addressed so far.

The superghost pictures of the above vertex operators partially depart from the pre-
scription of [49, 50] on the distribution of superghost charges near a worldsheet degener-
ation. This can be balanced by relocating the superghost pictures which will generically
introduce boundary terms in moduli space (see appendix A of [26] for explicit examples
in the pure-spinor formalism). Such boundary terms are likely to vanish with the large
amount of supersymmetry in ten-dimensional flat spacetime, but they might play a role
in compactifications with reduced supersymmetry. It would be interesting to pinpoint the
onset of such boundary terms.

In the following subsections, we will briefly review the genus-one correlators of the
worldsheet bosons, the superghosts and the combination of Lorentz currents 1 ? with
unexcited spin fields S,(24)S%(z25). New results to be given in sections 3 and 4 include
the genus-one correlators involving excited spin fields as well as the spin sum over the
v-dependent correlators of (2.6).

2.3 Structure of the correlators

The genus-one correlation functions relevant to the integrand (2.6) of one-loop amplitudes
can be expressed in terms of Jacobi theta functions 6, (z, 7). According to the spin struc-
tures in (2.5), there is one odd instance at v =1

Oi(z,7) = —i Y (—1)ngz(nta)ePmilnty): (2.7)

n=—oo



and three even instances at v = 2, 3,4,

o
o) = D qrlrtaiemina):
n=-—00
s 1,2 ;
93(277_): Z qin e27rmz (28)
n=-—o0
s 1,2 .
balzr) = Y (~1)ghrien,
n=-—oo

where the dependence on the second argument via ¢ = >™7 will often be suppressed in the
subsequent. Bosonic correlators of the free fields X* can be straightforwardly computed

from the two-point function on the torus

2

91(2)
61(0)

(iXP(2)iX0)) = g [log

[%(zn?] — 0(2) (2.9)

via Wick-contractions, e.g.

3(7)

N N ~ N
(10XH(z1) H ePiX(z)) = pr (8 log 61(z1;) + 2mi \S(ZU)) H ePiPiG(zi5) (2.10)
j=1 1=2 i<j
with z;; = 2; — z; and additional Wick contractions i0X*(2)i0X*(0) ~ n**0>G(z) between
multiple insertions of dX*.
The CFT sectors which are sensitive to the spin structure involve the prime form

_ O0i(z—w)

E(z,w) = o0) (2.11)

raised to some fractional powers. By design of the GSO projection, the powers of the

prime form always conspire to integers when combining the individual correlators of the

superghost system [52]

01(0)E(za, 25)"/*
0, (3(25 — 24))

and the {¢*, S,, S{f } system, starting with the two-point function of the spin field [52]

(e792(20)e™?%(25)), =

(2.12)

_ 90 0u(5(28 — 24))°

(Sa(24)S%(2B))y = 0 0V E(oarog) (2.13)
We will often use the notation
(W (21) - Sal22))w = (€™ (24)e " (2B))s (¥*(21) - - - Sal22))w (2.14)

In order to obtain a double-copy representation of closed-string correlators, one can follow the pre-
scription of chiral factorization [51] and exclude the contributions from the joint zero modes of dX* and

OX" from the Wick contractions. This simplifies the contractions in (2.10) to the meromorphic expression
AXH (21)ePiX (=) pidlog 01 (21;)ePi X (3)



for the single-valued combinations relevant to (2.6), where the ellipsis refers to an arbitrary
combination of field insertions {¢*, S,, S}'}.
In slight abuse of notation, the combined partition function <Z’V§8§ )4 of ten worldsheet
1

bosons and fermions as well as the respective ghosts has been absorbed into the normaliza-
tion of the v-dependent correlators in (2.12), (2.13) and (2.14). This is useful for a unified
treatment of the odd spin structure v = 1 and the even ones v = 2, 3,4 such that their
contributions to the amplitude (2.5) can be efficiently combined. In particular, this choice
of normalization bypasses indeterminates of the form 8 from the formally vanishing 6,,(0)
in the partition function of the odd spin structure.

2.4 Multiparticle correlators involving spin fields

The spin-field correlators in the last line of (2.6) can be assembled from the results of [55]
for any number of ¢ ¢” insertions.

2.4.1 Lower-point example

In the notation of (2.14), the simplest generalization of the two-point function

850, (5(25 — 24))*
(24)8° , = 22 2.15
(Sale)S" e = S (2.15)
is given by
a0, (3248)0, (4 (zar+25)
AP b :’YGI/QAB v\3\#A1T<B1 921

(0 (2)50(20)S o)) O BEe T (219)

where we used the shorthands
Zijg = 2 T Zj, Eij = E(Zi, Zj) . (217)

In the subsequent cases with multiple insertions of 1, it is convenient to introduce
the notation

EiaEip0,(zij+3248) + EjaEip0,(2ji+3248) 0, (3(zai + 2B1))

T = N 2.18
! Ei;Eap0,(3248) 0,(3248) (2.18)
for the coeflicients of the tensor structures:
Eap0,(3248)*
M1, V1 W2, V2 S, b I 2 2.19
(0 )8 (2) Sz e = ot ea b (219)

% 7muwzvzab (t’ftg)Q + [uznuz}m (53 (sz)Q + (g2 [v1 ,yu1}vzab — [v1 ,ym}uzab) TVt

The relative signs in the second line depend on the conventions for the Clifford algebra,
and we follow [53-55] with a minus sign on the right-hand side of the anticommutator
{7y = =20

Given that vector indices are antisymmetrized with the normalization convention
prilbzprelim — pripepram _ privapuepn - each tensor in the [...] bracket of (2.19) and the



subsequent equation appears with a prefactor of 1. We note that the building blocks
in (2.18) are related via t! = T},;.
The correlator with one more pair of ¥* is given by

1,/,V1 2,2 3,.U3 b o E?LXBGV(%ZAB)4
(1P (z1) P22 (22) M40 (23) Sa(24) S (ZB)>>V—80,1(0)4 [T EnFin

(2.20)

« [,),mumszsmab (tlftgtg)Q + (g [uznm][usnw)}m _ nm[uznw][usnw}m)(gg TV TS TV,
+ {(77” lviyplvaaes b qualviqplianses By TH e ()2 4 pi el gpes b (T )2
+ (ppolrgpallvnypalvs b qpslvaprallayplis 0) TH T8 4 eye(1, 2, 3)}] ’

where the cyclic sum in the curly bracket does not extend to the totally symmetric terms
in the second line.

2.4.2 The n-point function

The above examples of spin-field correlators involving S,(z4), S®(z5) and n<3 currents
YHiqh¥i point to the generalization to n insertions of ¥*i4)"i(z;) (which can be derived from
the results of [55]). The structure of the results is captured by

T b (s b  EYE'0.(3zam) ] b,
<<j1211ww (0)Saa)S" ) = g 0TI ByuErm Zj%)u o). (2.21)

where the sum over ¢ gathers Lorentz tensors £;y with the index structure of the left-

hand side along with spin-structure dependent functions of the n+2 punctures cp,(j)(z) =
cp,(,i)(zl,ZQ, .-y Zn, 24, 2B). The prefactors are £1 once the £;y in (2.21) are organized in
terms of a single form (y#1°2-P2%) > and products of 1" with antisymmetrizations in j; <+ v;,
of. (2.20).

Most importantly, each Lorentz tensor £;) in (2.21) can be translated into its accompa-
nying function go,gi)(z) through the following dictionary (where D is understood as “contains
a factor of”)

liy D (v )Y or ()t = W (2) o ty (2.22a)
Ly Dttt or it or ptitk = 09 (z) o T (2.22b)

see (2.18) for the definitions of ¢¥ and Tj;. The summation range }_,

; in (2.21) involves

all Lorentz tensors that can be obtained from partitions of the antisymmetrized pairs of
indices [p121], [uava], - - -, [Unvn] into a form (y)," and products of 7.

For each Lorentz tensor £(;), the relative prefactor =1 can be read off by starting with
the 2n-form ~H1V1#2V2K3V3--Entn and moving the pairs of indices entering the given 7~ to
neighboring position. The rule is that the indices in n#i#i, n¥¥i nt¥i with ¢ < 7 must
be moved into the order -~y Hiti A Vitio o ~Pii and not the converse one (such as
~Hiti) - Then, the number of transpositions among the u; and v; required to attain the
pairs of neighbors determines the sign of the Lorentz tensor {(;y according to the total



antisymmetry of the «. The leftover indices of the form must be left in their order after
transferring the neighboring pairs to the 7.

For instance, the negative sign of n*1#2p2¥3~yH1#3 b in (2.20) can be seen by rearranging
YHIVIH2V2H3YS — _~MVIR2V2V303 and then removing the neighboring pairs vius — n*1#2 and
voug — 72Y8 | leaving —yH1IVIH2V2VBIS _y _ylaps

2.5 Doubly-periodic functions & bosonic one-loop amplitudes

At fixed spin structure v = 2, 3,4, the combined correlators of {¢*, S,, S, €9} involve the
even Jacobi theta functions (2.8) and look very different from bosonic correlators of X*.
After the spin sum in the one-loop amplitude (2.5), however, the v-dependent correlator
will collapse to a system of doubly-periodic functions that generalizes the singular function
in (2.10) from contractions of i{0X*,

C\4
FO(z) = dlog b (2) + 271'1(:;22 . (2.23)
A system of doubly-periodic functions {f((z),n € Ny} which is suitable to capture the
results of spin sums over the above ((...)), can be generated from a non-holomorphic
extension of the Kronecker-Eisenstein series [16, 56|
~01(0)01(2 + ) 3(2)

zZ,o) = ——~—— = 2 ) = TSk zazooa”_l ) (2) . .
Pl =S e =T R = a6, @)

The simplest expansion coefficients besides (2.23) read

_ _ 1 3(2)\ 01'(0)
fOR) =1, %)= 3 { <8log 01(z) + 27r2%(7_)> + 9% log b1 (2) — 3;,1(0)} . (2.25)

The functions f(™ in (2.24) can be used to generate homotopy invariant iterated integrals
over an elliptic curve [16] and therefore enter the definition of elliptic multiple zeta val-
ues [17]. The latter have been identified as a convenient language for the o’-expansion of
one-loop open-string amplitudes [15], including double-trace contributions [57].

2.5.1 Spin sums on bosonic one-loop amplitudes

In order to exemplify the relevance of the doubly-periodic f(™ in (2.24) for spin sums, let
us review their instances in the N-gluon amplitudes. From the N vertex operators (2.2a),
we are led to products of the Szego kernels

Py(2) = ;= (2.26)

which ultimately appear in the combinations

4 4
Gn (21,22, 20) = (=1 (Z,IESD Py(z1)Ps(z2) ... Pu(za), D> 2 =0 (227)

v=2



with n < N. All-multiplicity techniques for the simplification of (2.27) have been given
in [13], also see [14] for an alternative method. As pointed out in [15], the above f()
functions together with holomorphic Eisenstein series

1
= —_— >2 2.2
G Z (mT +n)k’ k2 (2:28)

m,ne’
(m,n)#(0,0)

allow to compactly represent the spin sums (2.27), starting with [13-15]

Go = Ga(21,22) = G3(21,22,23) =0, Gu(z1,22,23,24) = 1 (2.29)
5 6 6
Gs(21,...,25) = Zf(l)(zj) ) Go(21,. .., 26) = Zf@)(zj) + Z f(l)(zi)f(l)(zj) :
j=1 j=1 1=i<j
The patterns at higher multiplicity are conveniently captured by the elliptic functions
V21,22, .. 2n) = &"Q21,0)Q(22, ) ... Q(2n, )| 1 » sz =0, (2.30)
j=1

starting with

n

Vo(z1, 22, zn) =1, Vilz, 20, 20) = 3 f(2)) (2.31)
j=1
Va(zr, 22, zm) = > FP )+ D V(=)D (z). (2.32)
j=1 1=i<j

For instance the n < 9-point results of [13] translate into [15]
Gn(z1, 22,y 2n) = Vn_a(z1,22, .., 2n) 4<n<7
98(21,22,...,28) :‘/4(21,22,...,28)—|—3G4 (233)
Go(z1, 22, ..., 29) = V5(21, 22, ..., 29) + 3G4V1 (21, 22, ..., 29)

where further simplifications arise in the degeneration limit 7 — ico [36].

Hence, the worldsheet integrand for the N-gluon amplitude comprising spin sums (2.27)
and correlators of X* can be entirely expressed in terms of f(™ functions in (2.24). This
motivates to express the two-fermion amplitudes in (2.5) which are related to external
bosons by supersymmetry in the same language, also see [26] for the six-point one-loop
amplitude in pure-spinor superspace involving fi(jQ) & fi(jl) f,E(}).

Note that the same techniques can be used for spin sums in bosonic one-loop N-point
amplitudes in orbifold compactifications with reduced supersymmetry [58] (see [59, 60] for
earlier work on the four-point function).

3 Correlators involving excited spin fields

On top of the spin-field correlators reviewed in section 2.4, the integrand (2.6) for two-
fermion amplitudes requires correlators of the form (][, PP (27)Sq(24)SE (2B))y With
an excited spin field S{f . Following the techniques of [42, 52, 55, 61], we will determine the
structure of these genus-one correlators using bosonization techniques for any number of
Y MpP insertions.
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3.1 Bosonization

The interacting nature of spin fields as reflected in their OPE (2.3) with the worldsheet
spinors ¥* renders SO(1,9)-covariant correlation functions inaccessible to free-field meth-
ods. In other words, correlators cannot be obtained from a naive sum over Wick con-
tractions as in (2.10), and the computation of higher-point instances becomes a nontrivial
problem, see [53, 55]. However, a free-field description in even spacetime dimensions D = 2n
can be found by representing the {*, S, Sf }-system via n free bosons. These redefinitions
are known as bosonization [42] and break the SO(1,9) symmetry to an SU(5) subgroup.

Let H denote an SU(n) vector of free chiral bosons {H’, j = 1,2,...,n} subject to
normalization H7(z)H*(0) ~ —4/*In(z) + ..., then its exponentials e®H are conformal
primaries of weight %p2 with OPEs”

ePH () ela ()  ppagipraHigy 4 (3.1)
The OPE among the worldsheet spinors, ¥(2)1"(0) ~ n**z~1 4+ ... can be reproduced
from the dictionary
1
V2

where j € {1,2,...,n}. One can notice that ¢*7 form the Cartan-Weyl basis for the
fundamental representation of SO(1,2n—1).

wij(z) = (¢2j72(z) + iw%*l(z)) = o+l (2) , (3.2)

Spinor components of SO(1,2n—1) can be labelled by their eigenvalues i% under
the n simultaneously diagonalized Lorentz generators %’y‘“’ which are most conveniently
chosen as %V%_Q’%_l with ¢ = 1,2,...,n in the SU(n) setting. This suggests to identify
spinor indices with n-component lattice vectors (j:%, j:%, cel j:%) from the (anti-)spinor
conjugacy classes of SO(1,2n—1). The chiral irreducibles can be disentangled by counting
the number of negative entries:

§o=(+2:+%3) & left-handed spinor < a has an even number of ‘—’ signs (3.3)

Sa:(il +1) +» right-handed spinor <+ a has an odd number of ‘—’ signs. (3.4)

PRAE]

Given this dictionary between spinor indices and lattice vectors, we can make the bosoniza-
tion of spin fields more precise: the S,, S® are represented as an exponential of bosons H
contracted into a vector a in the weight lattice of (the Lie algebra of) SO(1,2n—1):

, . 1
Sa(2),5%z) = @B g ¢ {(al,aQ,...,a”) | o/ = ii’ j= 1,...,n} . (3.5)

Accordingly, vector indices p are identified with lattice vectors (0,...,0,4+1,0,...,0) of

SO(1,2n—1) from the vector conjugacy class with one nonzero entry +1 such that (3.2)

can be written as Y# = e H,

"To simplify the notation, we neglect Jordan-Wigner cocycle factors [62, 63] in our discussion. These are
additional algebraic objects accompanying the exponentials to ensure that e H’ and e associated
with different bosons anticommute. It suffices to remember that they are implicitly present and that the

bosonized representation of 1* still obeys fermi statistics.
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Bosonization of ¢* and S,, S* allows us to relate other conformal primaries to their
bosonized expressions, in particular the excited spin fields S5 at the subleading order of
the OPE ¢* and S, in (2.3):®

i(atp)H(z) _ ei%’Hli...igHﬂ‘fligmii%HHli-ui%H"(Z) ) (3.6)

Therefore, in the bosonization scheme, S4 can be taken as independent primaries involv-

: 3,17
ing a factor of e*2

operators ~ @buw,/ya”bSb.

which capture the gamma-traceless components of the composite

The Cartan-Weyl basis has the remarkable advantage that entries of gamma- and
charge conjugation matrices can be written as delta functions for the lattice vectors of
SO(1,2n—1) associated with the vector- and the spinor indices. Up to a complex phase
(which can in principle be determined by keeping track of all the cocycles [62, 63]), one has

0y~ dla+b), M ~d(utv), Ak~ V28(ptatb). (3.7)

The relations in (3.7) admit a derivation of the covariant OPE (2.3) in bosonized language,
see appendix A for details.

3.2 Loop level correlators from bosonization

Correlation functions involving free bosons are well known on surfaces of arbitrary
genus [61], and their genus-one instances are given by [52]

N 1 il al al
<H eijH(zj)>zx = m(s qu 0, (Z kak> H E (Zh Zm)qmm . (3'8)
j=1 1 j=1 k=1

l<m

The Jacobi theta functions 6, and the prime form FE(z, z,,) are defined in (2.7), (2.8)
and (2.11), and we again normalize the correlator such as to absorb the partition function
of two worldsheet supermultiplets X*#,¢". A general account on bosonization at nonzero
genus including the role of spin structures can be found in [64-66], also see [67] for bosoniza-
tion of odd-spin structure amplitudes.

For a given choice of the weight vectors pu,a,b, one-loop correlators of the fields
{¢H,S,, 5"} can be straightforwardly reduced to products of the free-field correlator (3.8)
by virtue of their bosonization (3.2), (3.5) and (3.6). Once a sufficient number of such

2

“component” results is available, they can be combined into Lorentz covariant expressions.

The idea is to make an ansatz for the correlator with all admissible Lorentz tensors in-
volving products of n#*, 62, fygb whose index structure is compatible with the {¢*, S, Sl’f }
insertions. Each linearly independent Lorentz tensor in the ansatz is accompanied by a
spin-structure dependent function of the insertion points z; and the modular parameter 7

which remains to be determined.

8Obviously, the n2"™ bosonized fields of the form (3.6) do no exhaust the (2n — 1)2" independent com-
ponents of the excited spin field S in a spin-3/2 representation of SO(1,9). Still, the n2" components
in (3.6) are sufficient to infer the Lorentz-covariant correlators in the next subsections.

- 12 —



Then, for each component result computed via (3.8), one can use the delta-function
representations (3.7) of 7*¥, 6% and 4, to identify the tensor structures compatible with
the given choice of lattice vectors. Each choice yields an equation among the unknown
functions of z; and 7 along with the Lorentz tensors in the ansatz. In [46, 54, 55], this
procedure is applied to construct higher-point correlation functions involving ¥*, S,, some
of which are reviewed in section 2.4.

Given that the delta-function representation (3.7) of n**, 5% and ¥ is only fixed up
to complex phases, covariant OPEs such as (2.3) and

52 ’ijab Y (0
Sa(Z)Sb<O) ~ 2’5/4 + 421/4M( )
Yap Yo *(0)
3 25/ + ... (3.10)
e e (0) — plr iy (0)
22 z

¥ (3.9)

Sa(2)5,(0)

PrYY (2) 9 P (0) ~ T (3.11)

are required to determine the signs in correlators, where we remind of the antisymmetriza-

tion conventions nAFpHle = pAvpre — pAigre.

3.2.1 Three-point example

Since the two-point correlator (Sq(z4)S% (2p)), of primary fields with different conformal
weights vanishes, the simplest example involving an excited spin field reads

WP (21) Sa(za) S (2B))w = (1" Yoy — 0" V0 T (21, 24, 2B) (3.12)

with some function 7, of 21, 24,25 and 7. The tensor on the right-hand side is uniquely
determined by the antisymmetry of ¥} = —P1)* and the irreducibility condition (2.4) of
the excited spin field S{f which forbids a “gamma-trace” ~ 751; as well as the corresponding
three-form 7;\15) #. By choosing the weight vectors to be

A= (_110707070)1 p— (07+1707070)a M—>(+1,0,0,0,0)
1 1
CL—>§(—,—,—,—,—), b_>§(+7_7+7+7+)7 (313)

one can assemble the function in 7, in (3.12) via five copies of (3.8):

V21, (21, 20, 25) = (e H B aH! (24) T H' (28)y (oH (1) g5 HP(2a) g~ 5 H2(20))
5 . . . .
x [Jle 2 Fre2zn)y (3.14)

9,,(%23 — 2 — %zA)HV(zl — %(ZA + zB))G;rf(%(zB —z4))
01(0)° E(z1, 2p)2E(za, zB)°/*

The factor of v/2 on the left-hand side stems from the normalization (3.7) of the gamma-
matrices in the Cartan-Weyl basis. By adjoining the correlator (2.12) of the superghosts,
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the above results combine to

A (5 . ; o Al 0,(5(za1+281))00(218+3248)0%(5248)
(00 (20) Sal) S e = 0 =

04( ZAB)
V20, (0)4 EyaE15Eap

with shorthands z;; = 2; — z; and E;; = E (2, zj), where the sign can be fixed via Jordan-

x e N g (3.15)

Wigner cocycles or the covariant OPE (3.10). In passing to the second line of (3.15), we
have introduced an additional building block

40, (25 1
_ Eja (2jB + 324B) (3.16)

TY
E;p0, ( ZAB)

v
J

which extends the definitions of T7; and ¢ in (2.18) to account for the z-dependence from
an excited spin field.
3.2.2 Four-point example

As an example with several viable tensor structures, we consider

(9 (211267 (22) Sa(24) S (28) ) = Al 0 W2y R (2) (3.17)
+7[H2 vallp1 Vl])\RQ( )_‘_7 pive [p2 VQ})\RB( )_‘_7 pavepl Vﬂ)\R4( )

with R (z) = R)(z1, 22,24, 25), where R. «» R2 and R® < R* are related to each other
by exchange of z; and z3. In order to see that four tensor structures are sufficient to
express the correlator in question, one can verify that the tensor product of the Lorentz
representations of H1ep¥1 PH29pv2 S, SbA contains precisely four scalars.

Starting from A — (1,0,0,0,0), one can isolate R>(z) through the choice

1 — (0,0,—1,0,0), w1 — (0,0,0,—1,0), ps — (0,1,0,0,0) (3.18)
1 1
V2%(_170707070)7 a_>§(_7_7+7+7_)7 b_>§(+7_7+7+7+)

of lattice vectors, which specializes (3.17) to

o~

+ 2V RY(2) = (72 (2)e? (2 VH G a3 (o)),

% <ef’iH1(zg)e*%H1(zA) %H (ZB)>V<ezH2(z2)efé (ZA) **HQ(ZB)> < ;H5(ZA)G2H (ZB)>

_ 0u(3(za1 + 281))?0, (5 (242 + 2B2))00 (228 + 524B) (3.19)
- 01(0)* EvaErpESp, ‘ ‘

The three powers of /2 stem from the product of three gamma-matrices in (3.17) along
with R3.
Likewise, combinations of R. and R3 can be addressed via A — (1,0,0,0,0) and

i — (0,0,1,0,0), 1 — (0,%¥1,0,0,0), p2 — (0,£1,0,0,0) (3.20)
1 1
V2_>(_170707070)7 a_>§<_7_7_7_7_)7 b_>§(+7+7_7+7+)7
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which specializes (3.17) to

(62 (za)e?/2(2p))u e (D HH CAEH (o)) (FH(o0) R (2) g § ) 31200

5
x (1) g~ 3 H(24) o 2H3(ZB)>VH<e—%Hf<ZA)e%Hj(ZB>>,, (3.21)
j=4

1 1 1
_ 0u(524B)0y (228 +524B)0u(5(24112B1)) [ BiaBapbu(z12412a8) : 11=(0,—1,0,0,0)
B 01 (0)* E\oEapEraE15E3y E1pE2abu(221+1248) : 1=(0,41,0,0,0) ’

Both 7([1’2177”1”“2 nv2A and A4 ez 121X are non-zero for the lattice vectors in (3.20), but they
exhibit different symmetry properties under exchange of uo and v;: since 7([;2177”1””277”2]A is
symmetric under ps <> v1, its coefficient must be the sum of the two expressions in (3.21)
related by exchange of ps and v;. The difference of the two expressions in (3.21) in turn

H1V1 [M2 112])\

reproduces the coefficient (3.19) of the tensor 7., with manifest antisymmetry in

pa <> v1, as can be verified through the Fay trisecant identity [68]

1 1
FEi19FE B0, < (21+22—ZA—ZB)+20>9 <2 (21+22—ZA—ZB)—2:0>
1 1 1 1
= E14E>R0, *212+22AB+20 0, 5212+§ZAB—ZO (3.22)

1 1 1 1
— E1pE240, < 212—22AB+20>9 (2212—2ZAB—20>

at zg — 5212. After assembling the above results and fixing the signs through covariant
OPEs, the correlator of interest is given by

4
6, (%ZAB)
2v20) (0)! EyaE1pEraEap
[7511/1[/12 va]A Tg(tl/) 4 ,y[lll v1][p2 l/2]>\ TETE + (1 < 2)} . (3.23)

(9™ (z0) Y247 (22) Sa (24) Sy (28) ) =

The functions ¢, T}, and Ty are defined in (2.18) and (3.16), respectively, and the notation
+(1 > 2) instructs to add the image of the previous two terms under (zi,p1,v1) <

(22, 2, v2).
3.2.3 Five-point example

The same strategy gives rise to five permutation-inequivalent functions of the punctures in
the correlator with three currents i),

Eapby(3z4p)*

T 200 [ E

| {rrbon g g e+ b - 77“1[”277”2]”1)7([{2377”3” T (T})° t

(1™ (1) 272 (22) 934" (23) Sa(24) 57 (2) Do

+ (npeliqplvalispaIX el lilis iy oy g 4 cyel, 2,3)}

n {(’yff“‘mn”l["“77”“}A kv s UsIAy T T g (1)

#alpgp s DTS T o 4 pom(1,2.9)}]. (3:24)
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which can be determined by suitable choices of the lattice vectors A, u;, V4, a, b along the lines
of the previous examples. Note that the explicit correlators in (3.15), (3.23) and (3.24)
are sufficient to capture the contributions of the excited spin field to open-string inte-
grands (2.6) with two fermions and n < 3 bosons.

3.3 n-point spin-field correlators with an excited spin field

Similar to the discussion in section 2.4, the above examples of correlators involving
Sa(24)Sp(2p) strongly suggest their generalization to n insertions of 1*i1)"i: after stripping
off the overall prefactor of

n v . \/iEn72 eu(lZAB)4
<<H Mg (zj)Sa(ZA)Sg\(ZB)»u = on 9'1(0;;31_[?:12EME]‘B Z(L’

j=1

iAo 2y | (3.25)

%

the remaining contributions are Lorentz tensors L(;) with the index structure of the left-

hand side and spin-structure dependent functions <I>(Vi) (z) of 21,29, ..., 2n, 24, zp that obey
the following rules: first, the tensors L;) are antisymmetric in all pairs p; <> v; and cannot
involve the vector index of the excited spin field SbA on a gamma-matrix to account for
its irreducibility constraint. Second, L;) is a sum of products of a single odd-rank form
’ysgpQ“'ka“ accompanied by n—k factors of ", and each summand has a prefactor £+1 given
the choice of normalization in (3.25).

Most importantly, each Lorentz tensor Ly in (3.25) can be translated into its ac-
companying function <I>,(f )(z) through the following dictionary (where D is understood as
“contains a factor of”),

Liy D v o T = 3 (z2) > ty (3.26a)
L) D ntite or n"i¥% or ptitk = 3 (z2) > Tk (3.26b)
Ly D0t or it = @(z) D TY, (3.26¢)

see (2.18) and (3.16) for the building blocks 7, T} and T7,. While the first two rules (3.26a)
and (3.26b) tie in with those for two unexcited spin fields, see (2.22a) and (2.22b), the
additional vector index of the excited spin field is addressed by (3.26c¢).

The summation range ) _; in (3.25) involves all Lorentz tensors L; that can be ob-
tained from partitions of the antisymmetrized pairs of indices [p111], [p2ra], . . ., [pntyn] into
a form (y")qp, products of 7 and an additional 7 associated with the excited spin field.

Similar to the rules of section 2.4.2 to determine the signs in the correlator with
unexcited spin fields, the idea is to start with a reference (2n+41)-form ~yH1V1K2V2HnVnA
Pairs of indices which enter the given product of 7" must be moved to neighboring positions
bt iy iV writh 4 < § (and mot d > §) or qyrHiAe qeeYide (with A on the right
of u;,v;) before transferring them to the metric tensors. For instance, the positive sign of
priH2 V2 Vsl in (3.24) can be seen by rearranging yMViH2vzHavaA — (_1)2yH1p2vivavsiaA

before transferring the pairs pi1t2, V1o, s\ to the 17" and converting y#1#2V1V2V3H3A _y V3.
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3.4 A standard form for spin sums

In view of the ultimate goal of this work to sum the above correlators (2.21) and (3.25)
over the spin structures v = 1,2, 3,4, we identify a prototype spin sum from the dictionar-
ies (2.22) and (3.26). First, the prefactors of (2.21) and (3.25) along with the v-dependent

minus sign in the amplitude prescription (2.5) suggest to introduce the shorthands
(=1)""16,(y)* 1
Z,(y) = —FFi = - , 3.27
(y> 9/1 (0)4 Y 2zAB ( )
where Z,(y) may be interpreted as a partition function of X# and ¥* with twisted boundary
conditions. All the v-dependence in the building blocks t7, T and T7, for 4,0,(,1)(2) and

o) () in (2.22) and (3.26) occurs via products of ratios 9”9%5/ ), with x representing some

zij with 4,5 € {1,2,...,n, A, B}. It is particularly convenient to gather such ratios of 6,
functions via

0100, (x+y)  b,(z+y)
Bew) = =4 00,0~ B@iy)’ (3.28)

which generalizes the Kronecker-Eisenstein series in (2.24) to even spin structures with

F,—i(z,y) = F(x,y) and exhibits the following symmetry property,
Fy(~z,—y) = —Fy(z,y). (3.29)
More precisely, the building blocks of the above spin-field correlators can be expressed in
terms of the function F,(z,y) by means of
EiaEypF,(2jk,y) + EipEraly, (2, —y)
Eap
t = EpiFy(2Bi,y) T, = EjaFu(zjB,y) - (3.30)

Then, the most general spin sum we will be concerned with in the next section can be

v __
Ty, =

brought into the standard form

4 M N
T1,X2y...3,TM
W =Y Zw][[F@y [[ -y
TM+1, TM+25--+-3 TN =1 i=1 j=M+1

M N
Z T; + Z x; =0, (3.31)
=1

j=M+1
which generalizes the prototype spin sum (2.27) for bosonic one-loop amplitudes. The
first arguments x;, ) of the above F,, will always add up to zero after suitable application
of (3.29), and one can easily show that

W [xlax27”'7xM :(_1)NW[ _xM"rl)"'?_xN ] ) (332)
TM+1y--+r TN X1, —X2y ... —TM

In many cases, the complexity of the spin sum (3.31) governed by M and N can be reduced
by expressing products t7¢} with j 7 k through a single factor of F,(zjB,y) instead of an
iteration of (3.30):

FE: 1 FE Fl, ik — E;pE FZ/ ks — .
FALKB (ij y)E jBLEA (ij y) ’ j 7& k. (333)
AB

Note that (3.33) is a consequence of the Fay trisecant identity (3.22).

£ty =
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3.4.1 Examples with unexcited spin fields

Let us give the simplest examples of spin-field correlators rewritten in terms of the standard
spin sum (3.31) with building blocks (3.27) and (3.28): in presence of unexcited spin fields,
the correlators (2.15), (2.16) and (2.19) translate into

4 4
0z 50 —
S (1 (Sa(z)S )y = 3 E2AT Gy (334
rt ~ EaB AB —

4 4 Ap bE
Z(—D”“<<ww<z1>sa<zA>sb<zB>>>y:Z%nywy(mhy)m(m,—y)
v=1 v=1

Ap bE
Y e £B1 ZB1
=— W 3.35
2F14 ZlB] (3:35)
as well as
4
D (D) (21) s Yoy (22) Sa(24) 5P (28) Do
v=1
SN v EapEipEap ZB1,ZB2
HRVRIE AR aFEoa Z1B, 22B
Esp ZB1, %12 Eip 2B1
_gam] b} 2B 4, ’ W
b0 4, . 22B * 4F 5 228, 212
1 212, 221 1 -
— o1 gt oh w T
[2"v2] a{4EAB . 4E B 212, 221
EiaFE FipE
4B 2| 1B )| 2
AEApFE1BE2A 291 AEspF1aFoB 212
1 212, 221 v b e cp1 b
"~ 2FE4pB - {(7 P )a” = 5[;251/2]5‘1}
ElAEQB 212 Hnivi b [l/l /Ll] b V1 M1 b
 4E\pEynEap [2'21] {(’Y pav2 ) —i—(S[mfy vala +5[M25V2]5“}
ElBEQA 221 nivi b [l/l /‘Ll] b v1 M1 b
" 1BiEmEan [] {0 ) = a3} (330)

The last expression follows from (3.32) and (3.33), and the generalization to three insertions
of 9,9, (2j) can be found in appendix B.1.

3.4.2 Examples with an excited spin field

In presence of excited spin fields, the expressions (3.15) and (3.23) for the simplest corre-
lators give rise to

4 A 4

_1\+1 A o _ 77M[p Vab
;:1( D" (@ P (21) Salza) Sy (2B))v = VE2Ean = Zy(y) Fu (218, y) Fu(2B1, )
ol Yol Z1B, ZB1
=g | (3.37)
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as well as

4
D (=1 (20) 20 (22) Sal24) S5 (28) Do
v=1
,y[mnul][mnuzp\ 1y |#B1 228, 212 n EipEaa ), |#B1 28
2v2 Eap - 2vV2 EapE1aFsp 212
ErB 2B1,%B2, 22B
4 yparilezgalh 1B BN EBL L (2, ) > (22, o, v
L W i (21, 1, v1) < (22, P2, v2)
1 ZB1, 22B; 212 { (11 ] (k2 2] A m[uz o)A
e — + 2 }
B EipE2x W |#B1: %28 {,y[mnyl][m mA ,Yung[Mznug})\}
2V2 EapE1aFsp 212
+ (21, 1, 1) < (22, 2, 12) - (3.38)

The last expression again follows from (3.29) and (3.32), and the generalization to three
insertions of ¢*i1)"i(z;) can be found in appendix B.2.
From the discussion in the next section, one can find that most of the spin sums

ZB1,%2B, %12

in (3.34) to (3.38) vanish, except for the case with W The latter leads

to the non-vanishing four-point amplitude among two bosons and two fermions which has
been first computed in [46].

4 Evaluating spin sums in two-fermion amplitudes

In this section, we present a method to evaluate the prototype spin sum (3.31) for two-
fermion amplitudes in terms of the doubly-periodic functions f(™ in (2.24). While the
simplest case in (3.34)

4 4 1/1

v=1

due to ((Sq(24)S%(2B)), can be dealt with via Riemann identities [69, 70],

4
D (1)1, (21)0,(22)0, (230, (24) = 01(21)01(2h) 01 (25)01 (24)
v=1
! 1 / 1
2] = 5(21+22—|—23+Z4), 2255(21—#22—23—24) (4.2)
L1 S
zgzi(zl—@—zg—i—zz;), 2455(21—,22—1-23—24),

additional factors of F),(x;, £y) in (3.28) require further techniques which will be developed
in this section for arbitrary multiplicities.
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In contrast to the worldsheet bosons X*, the {¢*, S,, Sl’f }-system does not exhibit any
zero modes shared between the left- and right-movers and therefore yields meromorphic
correlation functions. At the same time, the interplay of different spin structures guar-
antees doubly-periodic expressions for the spin-summed correlators [52]. Accordingly, all
the explicit final expressions for the latter are invariant under collective interchange of
the doubly-periodic f(™ and their meromorphic truncations ¢(™ defined along the lines
of (2.24),

9/1(0)61(Z—|—Oé) — — n—1_(n

F(z,a)= Thhe) nz:ooz g™ (z), (4.3)
e.g. 99(z) =1 and ¢V (2) = dloghy(z). The freedom to collectively interchange f(™
g™ is inherited from the elliptic functions Vi,(21, 22, . . ., 2, ) defined in (2.30) which capture
the spin-summed correlators of bosonic vertex operators and the subsequent results on their
fermionic counterparts. Since various intermediate steps only manifest meromorphicity and
obscure double periodicity, we will first derive expressions for fermionic spin sums in terms
of ¢ and leave the freedom to globally replace ¢ — f(™ for the last step.

4.1 General strategy

The evaluation of the prototype spin sum (3.31) can be organized into four steps:

4.1.1 Reducing the factors of F,,
As a first step, we start from the spin-structure dependent Fay identity
Fy(z1,91)Fy (22, y2) = F(21, y1+y2) Fy (a—21,92) + F (22, y1+y2) Fu(z1—22,91)  (4.4)

to successively convert factors of F, (z;, y) into Kronecker-Eisenstein series F'(z, «) in (4.3)
and to thereby simplify the dependence on v. This process requires the following corollary
of (4.4) with x; # —x9

F<01’€1>($1, y) F{Ok2) (29, y) (4.5)

ko
—E: e (z)[¢“H“Mm>—«4ﬁﬁ”m“ﬁ”ﬂmﬁwwwrﬂwﬁw%w

k’z k1+l kl -m
_ Z Z <k2> (kl_H) g(k1+l—m) (xg) F£O,m+k2—l+1)(xl+x2’ y)

— — (m+1)!

for derivatives

or o ok o

F(k’l) (‘Tv y) = W@F(‘T’ y) ) Flgk’l) (‘T? y) = w@Fy(aj’ y) . (46)

The right-hand side of (4.5) naturally introduces the functions ¢ () in (4.3), for instance

By (@1,y)E (w2,y) = (90 (01) 490 (22))Fy (w14w2,y) —F™ (w142, ).
In this way, one can always arrive at a simplified form of a generic spin sum

4

T1,To,. ..

w1 ) S R )3 2 O ) (4
M+1s - k1, k2 >0 v=1
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where z is a linear combination of z;;, and Ry, r, (92(72)) denote polynomials in ¢ functions
due to the right-hand side of (4.5) at arguments 2,4, p,q € {1,2,...,n, A, B}.

Given that the applicability of (4.5) is tied to z7 # —x2, we will need a separate
corollary of (4.4)

FPM) (@, ) FO*) (=, y) = (=1)* (ki +hp)!0g "1 7240 () (4.8)
ko k1+l
ko (kl—i-l)
- 1) (k1+1—m) (O m+ka— l+1)
S 3 (] (s st
=0 m=0
for the degenerate case, where subsets of the first-row arguments zi1,zs,...,z5 of
w TH&2y 0 TM (or subsets of the second-row entries xpr41,...2x) add up to zero.

TM+1y--- TN
As we will see, one can largely infer such degenerate spin sums from appropriate limits of

the generic case, where the x; obey no constraint other than Zf\il T + Zé-v:M_H xzj = 0.
In such generic situations, the only need for (4.8) arises from cases with M = N, i.e. spin

sums of the form W [xl’ T2 TM | Then the derivatives dgk1tk2+1) (1) in the first line

of (4.8) without a v-dependent factor of F,,(O’k)(O,y) do not contribute to the spin sums
because of (4.1).

The central identities (4.4), (4.5) and (4.8) are proven in appendix C.
4.1.2 Merging F,, at arguments y and —y

The second step is to combine the spin-structure dependent terms in (4.7) via

4
> Z,(y) O (@, y) FOF) (—a, —y) (4.9)
v=1
4 ko k
= 2| X ()" ( f) F{OD(0, ) FOM R0 (0, 29)
v=1 =1

k1
= (-1 (l? > FOD(0,y)F Ok tk=0 (g 2)
=1

which is proven in appendix C.3 and only holds under the spin sum. In particular, special-
ization to ki = kg = 0 gives rise to Zizl Zy(y)Fy(z,y)Fy(—z, —y) = 0.
Application of (4.9) leads to the simpler expression

4
W [3017"”2"' ] > Rilgh s 0" Bpa) 3 Zu () FP(0, ). (4.10)

TM+15- =0 By

with only a single factor of FV(O’ 7 on the right-hand side, where R ; (glgq) O™ E,,) are again

polynomials in ¢(™ functions but also involve rational functions of prime forms and their

E(z+zaB)
7E(5E)E(;ABB) as well

as the factors of F(O*1+%2=0 (g 94} on the right-hand side of (4.9). Note that the divergent

derivatives. The appearance of prime forms can be seen from F(z,2y) =
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case of F,,(O’j)(O, y) at j = 0 is absent since the sums over F,So’l)(O, +y) on the right-hand

side of (4.9) start at [ = 1.

T1,T2y...,TM

While degenerate spin sums W cannot be cast into the intermediate

form (4.7), the merging of v-dependent factors via (4.5) and (4.8) also leads to expressions
of the form (4.10): the additional merging identity (4.8) special to degenerate spin sums
involves no spin-structure dependence other than FIEO’] )(O, y) on its right-hand side.

4.1.3 Leftover spin sums

As detailed in appendix D, the leftover spin sums

4
My =" Z,(y)F*(0,) (4.11)

v=1

in (4.10) with j > 1 evaluate to a factor of E4p = E(2y) accompanied by combinations of
Weierstrass functions

6 (0)

p(z) = —0%logb1(2) + oot = (F1(2))” = 2P (2) (4.12)
3671(0)
and their derivatives such as
My =0, My=4FEsp, M3=0, My=48E4pp(2y) (4.13)
My = 240E 459’ (2y), Mg = 288E 45(20(2y)* + 3¢" (2y)) .

By (4.12), the Weierstrass functions can always be written in terms of Eisenstein series Gy,
and f, f@ at argument z45 = 2y. For M;>¢, additional simplifications arise from the
differential equations of the Weierstrass function, e.g.

Mg = 2880F 45(20(2y)? — 9Gy) . (4.14)

The general systematics of M; as well as additional explicit examples can be found in
appendix D. We emphasize that the prime form and the Weierstrass functions in the final
expressions for (4.11) were found to occur at argument 2y = z4 — zp.

4.1.4 Cleaning up the prime forms

In the simplest cases, the rational dependence of ﬁj in (4.10) on prime forms cancels the
factor of F4p from M, and additional ratios of prime forms accompanying a given spin sum

W [ ’ ] . Whenever this is not manifestly the case, one can apply the following identities
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(see appendix E for the proof) to compensate the prime forms in 7~€j,

am+n71
Ozmtn— 1], 16 n[z ('17,7 yk72)] o
m+n—1)\w=m! nol
( o )ZlFOl)< (Tp = Yp)s Tn — Yn (4.15)
=0 p=1
= I1%, By 20) Eye. v;
_ k k) E(yr, ;)
XHF< )xq_yq>g(m l)(xn_yn) s n ’ ’ ’
r=1 Hj;ék: E(zj, yx)

with z1,292,...,2, € C and y1,¥2,...,yn € C subject to z; # y V 5,k =1,2,...,n, and
n > 2. The determinant on the left-hand side refers to the n x n matrix defined by its
entries 2F(x; — yk,2) = Y 100 2'gW(x; — yr). The simplest choice m = 0, n = 2 with
(21, 22,y1,Y2) = (2i, 24, 2, 2B) specializes (4.15) to

EiAE;B

ZAALGB b ) s 4.16

9 (zi5) + 9 (zaB) — ¢ (zip) — g (245) =
which will be applied to a concrete spin sum in section 4.2.3.

4.1.5 Comments

One can also mix the steps 4.1.1 and 4.1.2 to reduce the factors of F}, by means of

ko
FOR) (1, ) FOR) (g, —y) = 3 (1) (‘?) FOD (a1 4y, —y) FOR D, )
=0

k1
=S (-1 (’?) FOD (@ tag, y) FORHRD gy 99y (4.17)

with 21 + 22 # 0 which can be proven along the same lines as (4.5). This can yield
alternative representations of the rational functions Ry, k, in (4.7) and different situations
for step 4.1.4.

4.2 Worked out examples

While the procedure of the previous section can be applied to evaluate spin sums of ar-
bitrary multiplicity, we shall now present its simplest applications arising in three- to
five-point amplitudes. In order to compactly track intermediate steps of the subsequent
calculations, we slightly generalize the notation in (3.31) to

(k1) (k2) (kM)

N
T, T2,.. 0,k; . (0,k5) .
(kar+1) (kM+2) kN) ZZ HF’S )(x“y) H o (g, —y) . (418)
TMA41y TMA25+++5 TN =1 j=M+1

4.2.1 Three points

Given that the spin sum in the fermionic two-point amplitude vanishes by (4.1), the simplest
non-trivial examples of the procedure in section 4.1 arise from three-point amplitudes
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involving one boson and two fermions. The spin sums in the relevant correlators (3.35)
and (3.37) turn out to vanish: either by (4.9) at ky = ko = 0 or by the special case
Fy(ay)Fy(~x.y) = 99 (@) ~ BV (0.) of (48),

—x

W[ v ] =0 (4.19a)
W ["”__1‘] — _M; =0. (4.19b)

4.2.2 Four points

The four-point amplitude with two fermions is built from the correlators (3.36) and (3.38),
where the former vanishes by (4.19). The first nonvanishing spin sums arise from the
correlator (3.38) involving the following inequivalent topologies

—x1 — T2

W [xl)x2a_$1 _:CQI , W

1,12 ] . (4.20)

The specialization of (4.5) to (ki, k) = (0,0) with z + w # 0 yields

, (M
TRETW gy |Fnatw| (4.21)

—

T2

W [ﬁ,ﬁz,w] _ (g(l)(z) +g(1)(w)> w

T2

T

where we use the notation of (4.18), and %1, %2 denote arbitrary (and possibly empty)
collections of additional entries. The instances of the second term relevant to (4.20) follow
from (4.9) and the (k1, k2) = (0, 1) instance of (4.8),

(1)
w [_Z ] = —F(2,2y)M;(y) =0 (4.22a)
o 1
w [Z i Z] = —5Ms(y) = —2Eap. (4.22D)

By applying these identities to (4.20), one finds

w [961,902, T — 372] (4.21) (g(l)(xl) —|—g(1)(x2)> w1 + T2, —T1 — 272]

(1) i
_ W ] + X2, —T1 — T2 (4.22b£5(4.19) QEAB (4233)
T1,T2 (4.21) /(1) (1) T1 + X2
W 20 (90 @) + 9D (@) W
) (4.222)&(4.19)
—w | Tt s 0. (4.23D)
—T1 — I
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4.2.3 Five points

As will be shown in this section, the five-point correlator given in appendix B.2 yields
non-trivial dependence on the punctures ~ 91(31 ) after spin sums. We compute the following
spin sums

4
W [xl,xg,xg,m4] oW [m,l‘z,xs] Cow [xl,m] : ij =0 (4.24)
j=1

T4 €T3, T4

Ty, —T1

] as well as

—T1 —T1, —T2

r1,T9, —T T1,T
and later on infer W[l 2 2], W[ 12 ], w
T2, —I2

as degenerate cases for some x; — —x;. As a starting point, we

W [CUI, —X1, T2, —T2

generalize (4.21) by the following useful corollaries of (4.5) and (4.8) with z,w # 0,

NCY [
W [:m, z ,w] _ (9(2)(2) _ 9(2)(w)) w xl’i+w (4.25a)
To | T2
A I )
+ gD (W [Tz Tw) — Sy | 1,2 w
fg i 2 3_7)2
I > ISV
w [$1,i7 Z] = 9gW ()W [fll —w [T, 0| (4.25Db)

where 71, Zy denote arbitrary (and possibly empty) collections of additional entries. More-
over, (4.8) and (4.9) along with M; = M3 =0 and My = 4E4p imply that

1) M7 (;)
W [ Z,TR - W (1) == 0 (426&)
- —Z
) ]
W\ ? | = —4E4pF(z, 24B). (4.26D)
—Z

By repeatedly applying these identities to (4.24), one arrives at:

W [xlax27x37 —x1 — T2 — .’133]

20 (gM (@) + g0 (2) ) W

r1 +x2,23, —T1 — X2 — «’133]

1)
— W |T1t T2, %3, —%1 — T2 — T3

1 1
21)& (4.

- (g(l)(:zcg) + W (—z) —zy — :1:3)) w

1) ]
r1 + X2, —X1 — T3

4.22b)&(4.26a
HEREE 2B (90 (@1) + 9V (@) + gV (ws) + gD (—a1 w2 —33))  (427a)
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—T1 — Ty — X3

W [ €1,T2,T3 ]

4.21
2 (g 1) + gV a2) ) W
—T1 — Ty — X3

T+ T2,T3 ] VY

(1)
r1 + T2, 23
—T] — X2 — I3

(4.23)&(4.252)

x|+ X2 +
= (g(Q) (x1 4+ x2) — 9(2) ($3)> w ! 27

—I] — T2 — T3

(1) 1 (2)
—gW@)w | L1t r2+r3 | 4 | T1+ T2+ 3
—T1 = T2 — I3 2 —T] — T2 — I3
4.19a), (4.22a)&(4.26b
(4.19a), (4.222)&(4.26b) —2EABF(x1 + 22+ 3,24B) (4.27b)

W 1,22
T3, —T1 — T2 — I3

)
(4.21) (g(l)(an) +g(1)(a:2)> w [ 1+ X2 ] VY [ T1 + T ]
T3

(1)
—T1 — T2 — X3

(4.21)&(4.23)

(1)
o T (Jrl)@ (4.222)8(4.263) (4.27c)

—X1 — T2 — X3

Note that (4.27a) exemplifies the freedom to collectively redefine g™ — £ within spin

sums (3.31) since the non-meromorphic terms in f(z) = ¢ (2) + 2mi ggf_% drop out from

W [$1,$27903,964

4 4
=2Bap »_ fV(x;), Y z;=0. (4.28)
j=1

Jj=1

Moreover, the possibility to eliminate prime forms as discussed in section 4.1.4 applies
to (4.27b): by virtue of (4.16), one can simplify the following combination of prime forms
seen in the expression (B.4) for the correlator <<H§’:1 YHIpYi (27)Sa(24)Sh (2B) ) v,

iBLyjA ZBis ZkBs Zjk - _9 iB ]AF(Z]'Z', ZAB)
EABEiAEjB Zij EiAEjB
= 2 (4 + 90 (zan) — 0 (m) — o)) (429)

=2 (f(l)(zg'z‘) + P (zia) + fD(zap) + f(l)(sz)) ’

where we have exploited the cancellation of J(z;) in the last step.
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Finally, appropriate limits z; — —x; of (4.27) straightforwardly yield

W [xl’@’ _x2] — 2EapF(x1,248) (4.30)

—x1, —X2 Z2, —T2 -

W[ €1, T2 ] =W

xla_xll —W [xl,—xl,l'Q,—l’Q] -0
- — Y,

where the first line may be rewritten along the lines of (4.29).
Results for spin sums due to n > 4 insertions of ¢¥*"(z) will be given in the following
subsections as well as appendix F.

4.3 Higher-multiplicity spin sums

As reviewed in section 2.5, the elliptic functions in (2.30),

Vw(ila 12y .. 7in) = Vw(zilizv Rigigs -+ + 9 Rip_1in> Zinh) ’ (4'31)

are a convenient language to compactly describe the spin sums over bosonic one-loop
correlators. They manifest doubly-periodicity and meromorphicity through the freedom
to globally interchange the functions ¢(™ and f(™ in their generating series. Accordingly,
we will now rewrite the results of the previous section and state various generalizations to
higher multiplicity in terms of (4.31).

4.3.1 Spin sum with all entries in the first line

212,223 - -

For spin sums of the form W [ " Zm] , the results of (4.19b), (4.23a) and (4.27a)

are equivalent to

W [2127221_ —0
EZ%; W [21272237231 _9 (4.32)
EZ]{E?W [Z12,Z23,Z34,Z41 — 2V4(1,2,3,4),

and they generalize to

Epbw | T2 B _9yn(1,2, .. 5)—2V(A, B)

Ebw | T2 oy (1,2,...,6)—2Va(A, B)VA(L,2,...,6)+20., Va(A, B)
Elw R12,%235 .-+, 271 —9V,

" : =2Vi(1,2,...,7)—2Va(A, B)Va(1,2,...,7)

4
420, ,Va(A, B)V1(1,2,.. .,7)—§8§AV2(A,B)+4G4

—97 —



=2V5(1,2,...,8)—2V3(A, B)V5(1,2,...,8)

— 21252235 -+,281
E} W[
AB

4
+28ZAV2(A,B)V2(1,2,...,8)—§6§AV2(A,B)V1(1,2,...,8)

2
+§8§AV2(A,B)+4G4V1(1,2,...,8) (4.33)

E;LW [’212’223’ O oV(1,2,...,9)—2Va(A, B)Vi(1,2,...,9)

4
3

2 4
+502,Va(A, B)VA(1,2,...,9) = 02, Va(A, B)

+20.,Va(A, B)V5(1,2,...,9)— ~82 Va(A, B)Va(1,2,...,9)

+4G4V5(1,2,...,9)—6G4 Va(A, B)+18Gg,

with admixtures of the holomorphic Eisenstein series Gy, defined in (2.28).

4.3.2 Spin sum with entries in both lines

In more general situations with entries in both lines of the spin sum, the results of (4.23b),
(4.27b) and (4.27c¢) can be aligned into

212, 223
w ’ =0
231

EuE |
1AL4B W [2127223,234 _ 2‘/1(1,3714’4) (4'34)

EipEsaFE B 241

= —2Vi(1, B, A,5,4,3,2) + 2Va(1,5,4,3,2)

E14E5p 212, 223, 234, 245
—_— W
FE1gEsaFE B

251 |
+ 2V2(A, B) )
as well as
W [,2127 223] =0 (435)
234, %241
Fi.E
_ EiaBap | 212,223, 234 | 2V5(5,1, B, A, 4) — 2V5(A, B) .
E13E4AEAB 245, 251

212,223, -5 2nl

Note that the expressions for W [ in (4.32) and (4.33) exhibit stable pat-

terns in the coefficients of V,,_3(1,2,...,n) and 8§AV2(A, B)V,_k-5(1,2,...,n),

=2V 3(1,2,...,n) — 2Va(A, B)V,_5(1,2,....n)

— 212,223y -3 2nl
E} W[
AB

+20., Va(A, B)Vi_6(1,2,....,1) + ... (4.36)

with higher derivatives of V5(A, B) and Eisenstein series in the ellipsis. It would be inter-
esting to investigate generalizations of (4.34) in view of similar systematics.
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4.4 Examples of spin-summed correlators

In this section, we assemble the expressions for various spin-summed correlators in fermionic
one-loop amplitudes.

4.4.1 Two unexcited spin fields

The vanishing of the spin sums in (3.34) to (3.36) immediately propagates to

4
> (1) (Su(24)8"(2) )y = 0
v=1
4
N (1) (21)Sa(24) S (2) ) = O (4.37)
v=1
4
S (1) I (2 9272 (22) S (24) S (25) ) = 0.
v=1

The first non-vanishing spin sums occur in the five-point correlator (B.1) such that
4
D (D) (2 )y (22) 990 (23) Sa(24) S (28) o
v=1

— (7#11/1#2112#3!/3)(117 h((DO) + 77!'1#2 (,y,ull/z#sl/s)ab h[(f%]

1% 1% 1% 0 1% 1% 1% 0
"’77“1 2n 1u2(7u3 3)ab hEl)Q) +n 1/1277 2#3(,7M1 3)ab hg2)’23

+ nuluznvzﬂ?)n/lU/Bdg hg)%g] + permutations (4.38)
with
© _ 0 _ 50 _1 0 _ 0 _
or equivalently
4

D (1) (2 )22 (22) 140" (23) Sa(24) S (28) )

v=1

— %{(,YIHVIMQVQHSVS)QI? _ [(nM1V277V1M2 _ 77#1#2771/11/2)(7}131/3)&6 i CYC(I, 2’ 3)]

+ [reln (yralls) ogpalve — el (ypllis) Prpssliz 4 eye(1, 2, 3)}} : (4.40)

The spin sums in the corresponding six-point correlator evaluate to

4
A (=1 (20) PRt ()Pt (28) Y (24) Sa(24) 5" (28) Do
v=1
— (7H1V1#2V2#3V3u4l/4)ab h((Bl) +77V1#2(,y#1V2M3V3M4V4)ab h[(llg]

+ 771111/2771/1112 (7M3V3M4V4)ab h&%) +77V1M277V2M3 (7M1V3M4V4)ab h512)723

1 1
(I Bl gy P () R,

1 1
+ 771/1 7% ,,71/2;13 77,u1 V3 (,y,u41/4 )ab hfl%g} 4 nV1H277V2#3 ,,7113,u4 (’Y'ul 121 )ab h52)723734

+ nmwnvwznl/smnusm(gg hgi)g),(34) + ik nV2M377V3u417#1V452 hggiﬂ)

+ permutations (4.41)
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with doubly-periodic functions h(}) = h'(.l.)(zj, z4A,2B) given by

4
he (2, 24,28) = Y Vi(i, A, B) (4.42a)
i=1
Wy (2.2, 28) = Vi(1,2,4,B) —Vi(2,1,A, B) (4.42b)
2 4
hg)Q)(ZMA’ZB) = ) Vi(i,A,B) = > Vi(i, A, B) (4.42¢)
. =3
h§2)23(zj,z,4,23) = —Vi(2,4,4,B) (4.42d)
hEllg},[34](Zj7ZAﬂzB) =0 (4.42¢)
h82) [34](ZJ7ZA’ B) = _‘/1(3747147-8)_‘/1(3’473714) (4 42f)
h[llg?y](zj?ZA?ZB) = _2V1(1a2a3) (442g)
3
h§12)723734<2j,ZA,ZB) = Z [Vl(iai-i-l,A,B)+V1(i,i+1,B,A) (4.42h)
i=1
hﬁ%) ) (Zi> 24, 2B) = *ZVl(i,A,B) (4.42i)
1 .
h8%34)(zj7ZA7ZB) = 5[‘/1<1727A7B)_‘/1(17273714)+Cyc(1,273,4)] (442J)

The analogous seven-point correlator can be found in appendix F.1, and the sum over
permutations in (4.41) can be reconstructed from section 2.4.

4.4.2 One excited spin field

Again, the vanishing of the relevant spin sums leads to
4

D (D (21)Sa(24) 57 (2))w = 0, (4.43)

v=1
resulting in a vanishing three-point amplitude. The first non-vanishing spin-summed cor-
relator with an excited spin field requires two insertions of YHiy)"i(z;),

NP Z DY (g (219297 (22) Sa(24) 57 (28) ) (4.44)
— ('VMIVIM) V2>\H(0) + n”lMQ( Ml) an2>\H( ) + permutations,
with
HO =g = -1 (4.45)
2’ )
or equivalently
4
DD (1) 22 (22) Sa(24) 57 (28) Do
v=1
1
= ﬁ [(')/Mlyl[uz)ab??m])\ + (,7[u1)abnu1][lt2nu2}>\ (1o 2)] (4.46)
_ 1 Alvz (m2] 4 101
= O a + (1 2)].
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The corresponding five-point correlator

2{2 1)V (20) 9202 (22) 001" (23) Sa(24) S5 (2B) Do
— (7M1V1H2V2“3)ab77>\y3 HQ()I) +17V1H2(,Y,U»1V2u3) Avs H[(12)]

_1_77111,11277/111/2(,),/13)@77)\1/3 H(l) +(’Y“w2y2)ab77ng77/\y3 Hg)

(12)
+ pHm2 (,}/Vz)aanllLS ,7>\V3 Hl%?l?) + permutations (4-47)

involves the following doubly-periodic functions H) = H _(”1)(25, ZA, 2B):

(2, 24,28) = —Vi(1, 4, B) - Vi(2, A, B) (4.48a)
H[gg](z za,28) = —Vi(1,2, A, B) — Vi(1,2, B, A) (4.48b)
H(l (23,24, 28) = =Vi(1,2, A, B) + Vi(1,2, B, A) (4.48¢)

(2,24, 28) = —Vi(1,3,4,2,B) — Vi(1,3,B,2, A) — Vi(2, A, 3, B) (4.48d)
HY) lg(zj,zA,zB) —9Vi(1,2, A4, B,3) — Vi(1, 4,2, B). (4.48¢)

The analogous six-point correlator is presented in appendix F.2, and the sum over permu-
tations in (4.44) and (4.47) can be reconstructed from (3.23) and (3.24).

Note that (4.40) and (4.47) yield an expression for the worldsheet integrand of the five-
point amplitude (2.5) in terms of the fi(jl) functions with 4, j € {1,2,3, A, B}. It would be
interesting to relate its factorization properties to the general considerations of [49, 50] on
the distributions of superghost picture numbers at the boundary of (super-)moduli space.

5 Conclusion and outlook

In this work, we have studied the correlation functions of two fermionic and any number
of bosonic vertex operators on the torus, with particular emphasis on the cancellations
between different spin structures reflecting spacetime supersymmetry. These correlators
form the worldsheet integrands for the respective massless one-loop amplitudes of the open
RNS superstring, and their double copy yields closed-string amplitudes involving up to two
Ramond-Ramond forms, gravitinos or dilatinos.

Among other things, the resulting fermionic RNS amplitudes are useful to test the
equivalence with the pure-spinor formalism in more advanced situations. For example, the
explicit correlators in section 4.4 and appendix F.2 are suitable for comparison with the
five- [29] and six-point [26] results in pure-spinor superspace.

Moreover, the 7 — ioo limit of the present results extends the RNS ambitwistor-
string setup [33, 34] to CHY formulae for one-loop SYM amplitudes with external fermions
and the corresponding supergravity amplitudes. In particular, the tensor structure of our
correlators at 7 — 700 can be converted to explicit and local BCJ numerators using the
techniques of [36]. Finally, we hope that our results are useful to study the forward-limit
relations between ambitwistor-string correlators at different loop orders and the application
of the gluing operators in [71].
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While a detailed investigation of the resulting string and field-theory amplitudes is
relegated to the future, the major novelties of this work are

(i) the one-loop correlation functions involving one excited spin field from the fermion
vertex in the —i—% picture and any number of Lorentz currents

(ii) an algorithmic method to systematically perform and simplify the sum over spin
structures for the one-loop integrand of two-fermion amplitudes

The n-point correlator (i) can be found in section 3.3, and the mathematical techniques for
the spin sums (ii) are presented in section 4, see in particular subsection 4.4 and appendix F
for explicit n < 6-point expressions.

A mild generalization of the techniques which led to the main results (i) and (ii) can
be applied to one-loop correlators involving any number of fermion pairs. And we expect
that several of the mathematical tools developed in this work are helpful for higher-genus
amplitudes, for instance to extend the two-loop spin sums of [72, 73] for bosonic external
states to fermionic amplitudes.

On the one hand, the pure-spinor formalism bypasses the spin sums, gathers all com-
ponent amplitudes into supersymmetric expressions and held the key to the first explicit
three-loop calculation [24]. On the other hand, the form of the RNS spin sums at genus
one given in [13, 15] pinpointed the ubiquity of doubly-periodic functions f(z,7) (see
section 2.5) in multiparticle correlators which is crucial to construct the latter from an
ansatz in both RNS- and pure-spinor variables. Hence, we expect that explicit control over
RNS spin sums provides valuable inspiration for the design of multiparticle correlators at
higher genus and appropriate generalizations of the f(™(z,7) functions.

Another kind of follow-up question concerns the extension of the present results to
string compactifications with reduced supersymmetry, see e.g. [74] for a review. Higher-
genus correlators involving two spin fields and an arbitrary number of NS fermions were
found to be robust under dimensional reduction [55], and the same is expected for excited
spin fields, see [75] for tree-level evidence. It remains to incorporate the fingerprints of the
compactification geometry on the fermionic vertex operators where universal statements
for a given number of supersymmetries can be made from [40, 76-78].

For bosonic one-loop amplitudes, the spin sums in half-maximally and quar-
ter-maximally supersymmetric setups could be identified as specializations of maximally
supersymmetric spin sums with two additional legs [58]. Upon extrapolation to external
fermions, the spin-summed five- and six-point correlators in the maximally supersymmet-
ric setup of this work should admit a similar map to spin summed three- and four-point
correlators with reduced supersymmetry.

The resulting expressions for fermionic one-loop RNS amplitudes with reduced super-
symmetry will provide helpful cross-checks and guidance to supersymmetrize their bosonic
counterparts [58-60]: they are important in comparing RNS results with one-loop ampli-
tudes in the hybrid formalism with four or eight supercharges manifest [79-82]. While
one-loop hybrid amplitudes with maximally supersymmetric multiplets in the loop have
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been computed in [83], it remains to derive their generalizations to spectra with reduced
supersymmetry.

Acknowledgments

We are grateful to Arnab Rudra and Massimo Taronna for enlightening discussions as well
as Song He and Carlos Mafra for valuable comments on the draft. OS would like to thank
Johannes Brodel, Carlos Mafra and Nils Matthes for fruitful collaboration on related topics.
The research of OS was supported in part by Perimeter Institute for Theoretical Physics.
Research at Perimeter Institute is supported by the Government of Canada through the De-
partment of Innovation, Science and Economic Development Canada and by the Province
of Ontario through the Ministry of Research, Innovation and Science.

A OPEs and bosonization

The bosonization technique discussed in section 3.1 renders the OPEs among ¥* and spin
fields S,, S® of SO(D = 2n) accessible to free-field methods. For example, (3.2) and (3.5)
give rise to

PH(2) 8o (0) =eHH(2) giaHO) | ppeagi(pta)HO) (1 + zip - OH(0) + .. > . (A.1)

Since u = (0,...,0,£1,0,...,0) and a = (j:%, j:%, ce j:%), the exponent y-a of z is either
1

—% or +3. Therefore, one can split (A.1) into (up to the subleading order)

() 5.00) Zl%ei(/l-i-a).H(O) + Z1/2w . OHel(n+a)HO) ¢ pea= _% (4.2)
%) a »1/2i(p+a)-H(0) if p-a=+;. '

The subleading term iy - 9He (W) HO) can be further decomposed into a primary and a
descendant part with respect to the energy-momentum tensor 7'(z) = —%8H - OH of the
bosonized system,

i O+ HO) _ %i(u +a) - OHeiHa)HO) | <D—4 [ 4a> . OHei(+a)H(O)

D D
(A.3)

Thus, we have primary fields S5 (z) defined by

1 D—4 4 , 1\ .
SH(z) =14 (u-a+2> (DM - Da> iOHe i) 4 g <u-a—2> ey HEz) (A 4)

at the subleading order in the OPE (A.1). Although the first term of (A.4) could in principle
be used in section 3.2 to evaluate components of the correlators involving S%, we found the
second term e!(# ) H(2) ;more convenient to extract the small number of required examples.
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Moreover, if - a = —%, the resulting lattice vector j + a = b refers to a spin field S°
of opposite chirality. Therefore, the OPE (A.1) can be written as

d(pt+a—="b) [ pu 4 b
i ~ ib-H(0) * o ib-H(0) 1/2 qu
P (2)54(0) Z i {e + ZD(?e + 27/25%(0)
be(£1,..,+1)
_ Vab
T V2212

In passing to the last line, we have used the definition (3.7) of gamma-matrices in the

{sb(o) + zé@Sb(O)} + 21/251(0) . (A.5)

Cartan-Weyl basis, where the sign of b is flipped by the contraction through the charge-
conjugation matrix in 'yngb . The computation above exemplifies how Lorentz covariance
can be a posteriori restored in results obtained from bosonization. In [46, 54, 55|, this
procedure is applied to construct higher-point correlation functions involving ¥* and S,.

B Examples for the standard form of spin sums

This appendix complements the discussion in section 3.4 by identifying the standard
form (3.31) of spin sums in correlators with three insertions of 1*i4"i(z;). The evalu-
ation of the spin sums is addressed in section 4.

B.1 Unexcited spin fields

With two unexcited spin fields, the five-point correlator

4

8 S (1) L (21 ) () (23) Sal24) S (25) )

v=1

= (" (12 ppollps sl nul[mnm][uanl/a]m)gab 5(1)(21, 29,23, 24, 2B)

+ [(apeler sy b sl (qpabizian) 0y €3) 2y, 25, 20,24, 25) (B.1)
+ (nm[l/znuz][w (,yuﬂ%)ab — pralvzppeln (Vul]us)ab) 5(3)(Z17 %9, 23,24, 2B)
(bl — gl galin (o) 0 €D (g 2y, 2y, 2, 2) + eye(1,2,3)]

+ (yrrvipavansvs) be®) (2 29, 23, 24, 23)

involves spin sums

_ EiaEp W | i Zik
EApEipEia 2ki

E;ipEa W[Zij,zki EiaE;p W[ Zij ]

Zijs Rk ki

1
5(1)(21')2]')2%7214,23) =—— W
Eap

- EapEjaEgp Zjk B EapEipEja Zjk» 2ki
_ EipEja W | 2k ki | EjaExB L
EspEiaE;p Zij EspE;pEga iy Zki
E;pE : 1 -
_ 1BLYEA W Zki . (B2a)
EspEiaEyB Zij, 2k | Eab Zijy 2k Zki
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EiaExB
EspEiEka

Zijs Zjky Zki |

1
D (21,25, 2, 24,2B) = =W
Eup

Zki

Zij,zjk]

EipEka W [zija 2ki

EiaE;p W[ Zij ]

- EapEjaEgp 2k EapEipEja Zjks Zki
n EipEja W | Ziks 2 | EjsExp IR
EapEiaE;p 2ij EapEjpEka Zijs Zki
E,pE ; 1
. iBLYkA w Zki (BQb)
EapEiaExp | zij:zjk | Eap | zij, 2k, 2k
1 Zii 2t 2L E' E S 2
G (21,25, 28, 24,28) = ———W | 7D ghoski| y  TEATRB )| =i Sk
&0z, 2,24, 25) Eap - EspEipEia Zki
 EipEra W | %> 2k EiaE;p wl i
EapEjaEyp 2k EapEipEja Zjk, 2ki
_ EipEja W | Ziks 2k E;sExp L
EapEiaE;B Zij EapEjpEia Zijs 2ki
E,pE ; 1 —
. iBLYkA w Zki (BQC)
EapEinEyp | zijy2jk | Eap | 2ij, 2k, 2ki
FE 2By Ziis 2ii E.gE;AFE; 2By Zii
(4) Zii 2 2 ZA, 2B) = kBW Bk <135 <51 kB A ]BW Bk <t
£ (07 ) Exa 2kB EipEjaERa 2kB, Zji
kBLYiB jAW ZBk>%ji + kBW ZBk (B2d)
EiaE;pEga 2kB>2ij | Eka 2kB> Zij, Zji
1 Ziis Zilks 2ki EAF Ziiy Zi
(5) Z',Z‘,Zk ZA,ZB :7)/\/ v Jk’ ki _MW (VR Jk
&0z ) Eap - EABEipExa 2ki
__ EjpEga W | Zid> 2k EiaE;p wl i
EapE;jaFEyp Zjk EapEipEja 2k, Zki
~ EipEja W | Zits 2 EjaEyp wl Zik
EapEiaE;B Zij EApEjpEia 2ijy 2ki
E,pE ; 1 —
+ iBLYkA w Zki . ) (BQG)
EapEiaEyp zij, 2k | Eap Zijs Zjks Zki

The notation +cyc(1,2,3) in (B.1) refers to cyclic permutations of both the Lorentz
indices and the punctures including for instance {(z1,p1,11), (22, p2,v2), (23, 3, v3)} —
{(22, 2, v2), (23, p3, v3), (21, 1, v1) )
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B.2 Excited spin field

In case of an excited spin field, the five-point correlator

4
V2D (=1 (20) 2 (29) 89 (23) Sa(24) S5 (28)
v=1

A =(1
= |:(,y,LL1l/1/.L21/2 [/.Lg)ab,r]llg,} :‘( )(Zl) 22,235, %A, ZB)

+(n uz[m( u1]l/2[u3) b — nlfz[w (7“1]“2[“3)@)77"3}’\ =(2) (21,22, 23, 24, 2B)

+( w21 u1

[ ypavluzy prellnsprsid =@ () o0 2a 24, 28)

+ ( [Ml )abnyl}[MQnVQ} [“3,’7y3])\ 5(5) (Zl, 227 237 ZA? ZB) + perm(]" 27 3)i|

involves spin sums

E(l) (Zi,Zj,Zk;,ZA,ZB) =

5(2) (Zi,Zj,Zk;,ZA,ZB) =

5(3)(»21;,2]'»%,2/&,23) =

N FapEiaE;B

Eap

EigEja

EapEiaE;B

Eap

EigEja

Eap

EM)(Z@%%JA,ZB) =—

—_

+

)(thjvzkyzAaZB) =

" EapEisEjp

EigEja

EiaE;jpFEaB

Eap

EigEja

EapEiaE;B

Eap

EigEja

1 w ZijsZjis #Bks kB

1 w ZBis”kB>%ijs <k

1 W ZBi)ZkB;?ijyZjk

1 w ZBiyRkB>?ijy Zjk

ZBiy”kB>%jk

Zij

1 W ZBiyRkB;?ijy Zjk

ZBis”kBy%jk

Zz‘j

Zjiy Bk, *kB

Zz‘j

ZBi;s”kBy%jk
Zz'j

ZBi;s2kByZjk

E;pEka

EapEjaErp

EipEra

 EapEiaEwp

E;pExa

EapEjaFErB

EipEra

EapEiaErB

ZBis2kB>%ij
ij

ZBiyZkB
Zijs Zjk
ZBi;s”kB>%ij
ij

ZBisZkB
Zijy Zjk

EiaFE;B W ZijsZBks*kB

EipEijaFEaB Zji
1 ZBky*kB
+E7W ’
AB Zij, Zji
__E;jpEka ZBi»ZkB>%ij
EapEjaFEyB Zjk
EipEra ZBi» kB
EapEiaErB Zij, Zjk
__EijpEka ZBi»*kB>%ij
EapEjsEyB Zjk;
. EpFEia ZBiyRkB
EABEiAEkB 21]72]145

Zij
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C Simplifying the spin-structure dependence

C.1 The spin-structure dependent Fay identity

This subsection is dedicated to a proof of the spin-structure dependent Fay identity (4.4)
which generalizes the property [16, 69, 70]

F(xy,y1)F (22,y2) = F(x1,y1+y2)F(ra—21,y2) + F(22, y1+y2) F(21—22, 1) (C.1)

of the Kronecker-Eisenstein series (2.24). While (C.1) immediately yields the v = 1 version
of (4.4) by F(z,y) = Fy=1(z,y), its extension to even spin structures requires (quasi-
)periodicity properties of the Jacobi theta functions 6,(x), v = 1,2,3,4 defined by (2.7)
and (2.8). The latter are quasi-periodic

01(z) = —01(z 4+ 1) = —¢"/%e¥™0, (2 + 1) (C.2a)
05(2) = —0a(z + 1) = ¢*/2e2™0y (2 + ) (C.2b)
03(z) = O3(z + 1) = ¢"/2e*™03(z + 1) (C.2¢)
04(2) = O4(2 4+ 1) = —¢"/2e¥™0,(z + 1) (C.2d)
with ¢ = €™ and related to each other by the half-periodicity:
1 ; ; 1
01(z) = —62(z + 5) = —ig"/8e™ 04 (2 + %) = —ig"/8e™05(z + 5t %) . (C.3)

Then, the Kronecker-Eisenstein series F),(z,y) with spin structures v = 1,2, 3,4 as defined
in (3.28) is related to F(z,y) via

Fu(x7 y) = eiﬂ(bny(l,’ Y+ SV) ) (04)
where the shift in the second argument and the complex phase is determined by

1 77 0, forv=1,2
3 t3a) ¢’V—{ (C.5)

31/:(07
1, forv=3,4.

N

Finally, the proof of (4.4) follows from the Fay trisecant identity (C.1) and the quasi-
periodicity of F(x,y)
Fy(21,51) Fy (w2, y2) = ™ T2 B (2 4y +5,) F (w2, 52+ 51) (C.6)
= F(z1,y14+y2)e ™" F (0 — a1, y2+5,)
+F (2, y1+12)e ™ P F () — 29, y1 +5,)
=F(z1,y1+y2) o (w2 —21,y2) + F (22,91 +y2) Fu (21— 22,51) .-

C.2 Merging products of F,, at the same second argument y

In order to prove (4.5), we note that the derivatives F,So’kl)(:zrl, y)F,,(O’kQ)(a:Q,y) in the no-
tation of (4.6) can be rewritten as

o ok
F{O) (21, y) FOk2) (25, ) = [Fy(z1,y)Fy (2, y)]

= 5o (C.7)

Y=y’
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Then, (4.5) follows by inserting the corollary

F(21,y)F,(22,y") = —F,(21,y) F,(—x2,—Y)
=F(x1,y—y ) F (x1+x2,y ) —F(—x2,y—y ) Fy(x1422,y),  (C.8)

of the Fay identity (4.4) into (C.7).

In order to prove (4.8), we first note that derivatives P (z,y) with & > 1 are non-
singular at = 0 since the residue of the simple pole of F,(x,y) at = 0 does not depend
on y. A similar argument implies that lim,_,o 2F,(z,y) = 1. Then, (4.8) can be obtained
by taking x1 — —x2 in (4.5).

C.3 Merging products of F,, at second argument y and —y

In order to prove (4.9), we separate (4.17) into the following two contributions according
to the number of derivatives w.r.t. the second argument of F,:

4
S Z(g) FOR) (21, y) FLO2) (g, —y)

— (1) Y Z,(y) [F,,m T g, —y) FORTE) (g 2y

- Fy(l'l + 2, y)F(07kl+k2)(_$27 2y) (Cg)

ko
> (kQ ) (—1)F2 7 FOD (g + @, —y) FOFER =0 (3 2y

k1
-y (’“1 ) (~1)2FPD (1 + @y, y) FOR 270 (—a, 23/)]

Since F,SO’Z) (z,y) is non-singular at x = 0 for [ > 1, one can set x; + x2 — 0 or x93 — —x1
in the last two lines of (C.9), casting them into the form

ko
Z ( ]{ZZQ > (_1)k271FlEO,l) (07 _y)F(O,k1+k271) (CCla 2y)

=1

k1

=1

The first two lines on the right-hand side of (C.9) in turn vanish as x; + x2 — 0, as one
can check by combining

lim | F, (2, —y) — Fy(z,y) 0,(—y) v (y)

z—0

] 1 {Gy(x—y) Hu(xﬂ/)]:_?a'v(y) (C.11)

= Ew 0, ()
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with the Riemann identity (4.2):

4

§jz¢@>P&@n+x%yﬂﬂ@h+wah2y>P;@a+x%yﬂﬂ@“+bkx%2w

v=1 x1+x2=0
4

= —2F Ok th2) (1 24) N "0, (y)%0,,(y) = 0. (C.12)
v=1

Hence, the claim (4.9) follows from identifying (C.10) as the right-hand side of (C.9) in
the limit x9 — —x1.
D Evaluating the leftover spin sums

The general method of section 4.1 reduces all the spin sums (3.31) in two-fermion ampli-
tudes to a family of functions M; = M;(z4 — zp) with j € N defined in (4.11). In this
appendix, we will present a recursive method to express M; with arbitrary j > 1 in terms of
the prime form EF4p and combinations of Weierstrass functions at argument 2y = z4 — z5.

D.1 Properties of the Weierstrass function

Given the Weierstrass p-function in (4.12), we define

el Ep(é) , 625p<—;—72—) , 635@(%) (D.1)
subject to
e1+e+e3=0. (D.2)
The Weierstrass function obeys the addition theorem

(s +w) = 1[@’(2) —¢'(w

) 2
=2 o) - o) (0.3)

which provides two useful corollaries,

p@azi(ﬂzﬁ2—%@> (D.4)

as well as

@<Z+1> — e + (el;iz))(el—eg)

S

p<z+%)=es+ 3;&” 2 e)

(D.5)
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For v = 2,3, 4, the representation (p(z) — e,)'/? = %

tion (2.26) implies

of the fermion Green func-

F,(2,0) = (p(x) — ey_1)"/2, v=23,4, (D.6)
which yields the following representation of the first derivative

= —2/(p(x) — e1)(p(z) — e2)(p(z) — €3)
= —2F(x, 0)F3($,0)F4(:U, 0). (D.7)

D.2 M; and Weierstrass functions

In this subsection, we demonstrate that the above properties of the Weierstrass func-
tion (4.12) can be used cast the spin sums M;>q in (4.11) into the form

oy E2y) Dy : —e)? &t 1 ,
M;(y) = FIORE { b= Zl er) 95T o) —ex +26 ,1@(1;)} . (D)

We first note that F(19 (2, 0) = —p(x) — Go (with Gy, defined in (2.28)) such that

. . j—1
FOD(0,y) = FU(y,0) = — 55 [p(y) + Gal (D.9a)
o) —68;]:11 [(61;??)(6;_63) +er + Gz} v=2
Fy;ﬁl 0,y) = _(98;;'—1 [(62 @?;c))(eig ea) + e + GQ] v=3 , (D.9b)
i—1 r(e3—e1)(ez3—e
_(’)Byjj—l [( 2 p(;c))(—is 2) +e3 + GQ], v=4

_ iyt E(2y) __E(2y)
P = 0y T 2R 0B, 0F,0) o) (D-102)
_1\v+1 4
Zop) = S = 2.0 40 F.0)*
E(2y)(p(y) — e1)? B
Y e
B y)(p(y) — es _
— o) (2 — 1) (er 63), v=3 . (D.10b)
E(2y)(p(y) — es)? b4
@ (y)(es —e1)(es — e2)
Hence, combining (D.9) and (D.10) gives rise to
4 3
0,9 _ E(2y) j— 1) 2 &1 1
; ZWEM 0y = 500 {@ ; T o) ek}
. EQy [ (py) —e)’er (p(y) — e2)?es (p(y) — e3)?es
]JMM{@r%Mﬁ—%)(@—ﬁWr%ﬁ @rwm@—@ﬁ'(D”)

Finally, the claim (D.8) follows by simplifying the coefficient of ;; via (D.2).
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D.3 Initial conditions

By (D.2), the instances of (D.8) at j = 1,2 imply

- 3

Mi(y) = g,(éj/)) _@(y) - ;(p(y) —ex) + 2@(1/)} =0 (D.12a)
_ECY[ o Ny a2

V) = G 910~ St ey =] (D.12b)
_ EQ2y) [ , . 2 G e
= T [P0~ g (S ) + )] <1tz

D.4 Recursive construction of M;

Given that the initial conditions for M; at j = 1,2 have been settled in (D.12), we now
proceed to demonstrating that (D.8) with j > 2 is equivalent to the recursion

7j—3
M) = By (M5 - Qua(0) + 45 > Q) 013

with the following building blocks:

ok 1 (m) _om
O () Qy (y) = ; Qr(y) - (D.14)

As a first step towards proving (D.13), we note that, by (D.2) and (D.7),

Qr(y) = ¢'(v)

3
g 1
= D.15
kzlp ) = ek Oy ¢'(y) (D-15)
which implies
3 , l*l 1
= -2 . D.16
> W) e = —2Q) (D.16)

k=1

It then follows from (D.16) that, for [ > 1,

3 al 1
> (o

—1 8y py) — ex
63[ o1 1}3,6’1 1
= — —e — D.17
-1
=257 Q"™ (),
m=0
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see (D.14) for Ql(Tr)n(y) Now, as a consequence of (D.17), we have

@/(ZJ) ) _ (-1 ’ 2 o1 1
Blay) W =9 ; o T o) — e
3

_ Gy - 9 1

Y J (y) ay kzl(@(y) k) 8y1*2 p(y) — e

23 LR D.18

+ kzﬂp(y)(@(y)—ek)ayj_2 O (D.18)
_ 0 o 1 o S o)

D W R e R L) D)
_aay{g(g;))MJ 1(y>}+4@( )ZQEI)Q l( )

=0

for 5 > 2. Upon multiplication by (( )) and exploiting that Q1(y) = g,,((g)) , this lands us

on the claim (D.13).

D.5 The recursion for Mj in terms of Weierstrass derivatives

Finally, we shall express the building blocks Q,(Cm) seen in the recursion (D.13) for M; in
terms of the Weierstrass function and its derivatives at argument 2y = z4p. As a first
step, we eliminate any Q;m) with k& > 2 by repeated application of

Qr(y) = Q1 (y) + Q1 (y)Qr-1(y) , (D.19)

which can be proven as follows (with Qr = Qr(y) and p = p(y)):

o1 o o1 1 k-1 1
QL = p/aiyka — % <p/8yk—1@/> p//ayk - =Qh_ 1+ Q1Qk 1. (D.20)
Then, (D.13) reduces to a polynomial in Q1(y) = — g,/((g)) and its derivatives. Such polyno-

mials connect with the desired p(*)(2y) by means of

0(29) = == {201(0) + Q) (D.21)

and its derivatives, e.g. ¢'(2y) = 15 {Q](y) + Q1(y)Q(y)}. One can derive (D.21) from
the differential equation

0" (2) = 6p(2)? — 30Gy (D.22)
of the Weierstrass function which implies

o (2) = 120/ (2)p(2) (D.23)
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for the third derivative. Then, (D.21) follows from (D.4) along with the above expressions
for p"(z) and p®(2):

= 5 (2010 + @)} -

In summary, the recursion (D.13) along with (D.19) imply that any M; is given by E(2y)
_¢'W)

o' (y)
order j = 8 that these polynomials can be expressed in terms of p(2y) as given on the right-

hand side of (D.21) and its derivatives. It is reasonable to expect this to hold for all M;

since the properties of Z,(y) and F(©9)(0,y) under shifts of y imply that M; W)

E(2y)
under y — y + % and y — y + 5. Hence, ]g(]ég)) be expressed through doubly-periodic

multiplied by polynomials in Q1(y) = and its derivatives. We have checked up to

is periodic

functions at argument 2y.

D.6 Additional examples
The above recursive method with (D.21) and (D.19) gives rise to the expressions for Mjy<g
in (4.13) and
My = 2688 Eap(3p(2y)¢ (2y) + o' (2y)) (D.25)
Ms =192 45 (400" (2y) + 204p/(29)9" (2y) + 165¢/(29)” + 36p(2y)*)

This can be simplified to

M7 = 40320EAB@(ZAB)8@(ZAB) (D.26)
Mg = 80640 Eap [16p(245)* — 141Gap(245) — 215G¢]

with p(za8) = (fM(248))? — 2 (24p), see (4.14) for similar representations of Mj<g.

E Cleaning up prime forms

In this appendix, we prove the central identity (4.15) of section 4.1.4. Let 6,(z) # 0
and consider complex variables {z1,z2,...,2,} and {y1,%2,...,yn}, where x; and y;, are
pairwise different for j, k = 1,2,...,n. Then, the following Fay trisecant identities hold for
v=1,2,3,4[68],

3 " E(zi,zr)Eyk, v
O | D (w5 =) +2 ey(z)”‘lnm“ (5 2) E(r, yy)

Jj=1

= det
[} k=1 E(zj, uk) ik

[eu(fﬁj — Y + 2)
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O (zj—yr+2)

where the determinant refers to the n x n matrix with entries Bl Multiplication
7
with (ﬁ(z))n and setting v = 1 gives rise to
2”91<Z"_ (xp — vy )—l—z) n
p=13TP TP i<k B (25, or ) E(Yk, v
Ujn By, 7) By, yj) = det [2F(xj — yk, 2)] . (E.2)

01(2) 1} 51 E(zj, y5) gok

52! 010 (@r—yr))
T1;=1 0127y (zr—yr)
of F(z,y) yields the following lemma: let n > 1, then

Then, inserting 1 = on the left-hand side and using the definition (2.24)

n—1 q—1
detlzF ey — o2 = | TTF( X tor =0 = (.3)
7,k

- T, E(xs, 20) E(yr, y;)
F - - F(zp — ot =
x (Z(;pp Yp), T, — Yn + z)z (Tn — Yn, 2) H;L;ék E(xj,yk)

p=1

Finally, the identity (4.15) in the main text follows by applying % to (E.3) and taking
z— 0.

F Examples for spin-summed correlators
This appendix adds further examples of spin-summed correlators to section 4.4.

F.1 TUnexcited spin-fields
The seven-point generalization of the correlators in section 4.4.1 is given by

4
8 > (=) M (20) g2 () (23) g 4ap (2 )oY (25) Sa(24) S” (2) Do
v=1

— (7“1”1“21’2"‘“5”5),11711(%2) PR (BB HAANGYS ) bhflg]

o gHz v (,Yugusmvws%)abhg)z) PR RS (Vs AV bh(22)23

+ nulugnyg;u; (,yylugugnU4y5V5) bh[(f%] 34] 4 nl/1u2nu1l/2n1/3,u4 (,.)//L3V4,u5115) bhg )) 34

VR g 2 VS (o HAVALS VS ) bp,(2) Uikt i (7”1”4“5”5)(1%52)723734 (F.1)

[123]

with the following doubly-periodic functions h(?) = h?)(2;, 24, 2):

5 5
W (2. 20028) = =Y S Vali, A, j, B) — 16Va(A, B) (F.2)
i=1 j=i+1
5
h[(fg](Z],ZA,ZB) ZVQ(1727B7Z7A)+4V'2(1727A7B)_(AHB) (FQb)
=3
) 5 5 2 5
hEl)Q)(zJVZA’ZB Z Va(i, B, j, A) —Z Z (i,B,3,A) —4V5(1,2) (F.2¢)
=3 j=i+1 i=1 j=1
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5
W3z, 2a,28) = Y Va(2,A,i, B) — Va(1, A, 3, B) — Va(4, A, 5, B)

i=1,i£2

—2{Va(2,A,1,3) + Va(2,A,3,1) + (A > B)} (F.2d)
Wiy (%524, 28) = Va(1,2,A,3,4,B) = (13 2) = (3 4) + (12,3 4)  (F.2e)
By sy (2 240 28) = (Vi(1, 4, B) + VA(2, A, B) = Vi(5, 4, B)

« (Vi(3,4, A, B) + Vi(3,4, B, A))
—V2(3,4, A, B) + V»(3,4, B, A) (F.2f)
W) (2. 2a.25) = Va(1,A,2,3, B) + fjvz(l,Q,A,i,B) +eye(1,2,3)
=4
_ (A B) (F.2¢)
hg22),23,34(zj7 RA, ZB) - _V2(2a A, 37473) - V2(3a AL, 273) - 23: VQ(ia 1+ 1,A,5, B)

=1

— (A B) (F.2h)
13 v 45(2j 24, 28) = —Va(2, A,4,5, B) + Va(2, B, 4,5, A) (F.2i)
Wity (2324, 28) = Va(1, A,2, B) + Va(3, A, 4, B) +4V5(1,2) + 4V5(3,4)

4 2 4
+3 Va(i,A,5,B) = > "Va(i, A, j, B) (F.2j)
i=1 i=1 j=3

Wi s (230 24, 28) = —2Vi(1,2,3) (Vi(4,5, 4, B) + Vi(4,5, B, A)) (F.2K)

Wb (23, 24, 28) = Va(1, 4,3, B) + Va(2, 4,4, B) - 24: Va(i, A, 5, B)
i=1

— 4V5(1,2,3,4) (F.21)
(2, 24, 28) = Va(1, B, 4, A) + Va(2, B, 4, A) — Va(1, B, 2, A) — 4Vy(1,2)

—V2(3,B,4,A) — V5(4,B,5,A) + V»(3,B,5, A)

—2V5(3,A,5,4) — 2V,(3, B, 5,4) (F.2m)
Poas.sa5(25: 24, 28) = Va(1, A,2, B) = Va(2, A, 4, B) + Va(4, 4,5, B)

— Va(1,A,5,B) + 2Va(1,2,3,4,5, A) 4+ 2V5(1,2,3,4,5,B) (F.2n)

(2
h(12),34,45

5
Wit ) (23 240 28) = (Va(1,2, A, B) + eye(1,2,3)) = VA(1,2,3) > Vi (i, A, B)
=1
—(A+ B) (F.20)
hg)2345)(2j7214723) - (%(17A72737B) + ‘/2(17*‘473747-8) + ‘/2(17*‘4747573)
+4V5(1,2, A, B) 4 cyc(1,2,3,4,5)) — (A< B). (F.2p)
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F.2 One excited spin-fields

The six-point generalization of the correlators in section 4.4.2 reads

ING) Z )Y (it (21 )H202 (29) o 9 (2) 9406 (24) Sa(24) 57 (2B) )

— (7M1V1M2V2M3V3,u4)abnm)\Héz) + 771/1#2 (7#1V2H3V3u4) V4>\H[(12)]

+ 771/1,112 nul Vo (’7”31}3“4) V4>\H((2)) + ,'7V1 2 771/2,u3 (’7’“ V3M4) V4>‘H1(§)23

T 2 Vs (i) V4>\H(

e 2
[12)3} T+ (yrsevapsvs )abnmmnmkH&)

+ 7]1/2#3 (,Yuwws)abnl/lM V4)‘H[(2?3] ” 4 nV2H3nN21/3 (7141) bnlll,u4 V4>\H((2)) u
+ (,YV2#31/3) bn#1#2nl/1#4 V4>\H( ) + nl/zua‘ (’7 ) bn#1#2771/1#4 V4)\H(§)23 u

+ permutations (F.3)

with doubly-periodic functions H?) = H®)(z;, 24, 2p) given by

H{P (2,24, 25) = [Va(1,A,2, B) + cyc(1,2,3)] — 2Va(4, B) + 8Va(A, B) (F.4a)
H(fg](z 24, 28) = Va(1,2, A,3,B) — 2V5(1,2, A, B) — (A & B) (F.4b)

H) (25,20, 2) = [Va(1, B, 2, A) + cye(1,2,3)] + 4Va(1,2) + 2Va(4, B) (F.4c)
12 23(zj,zA,zB) =—-V(1,B,2,A) — V»(2,B,3,A) + V»(1,B,3, A)

—2V5(1,A,3,2) — 2Vh(1, B, 3,2) — 2V4(4, B) (F.4d)
H[<122)3](zj, 24, 28) = —2Va(2,3, A, B) — 2Va(1,2, A, B, 3) — Va(1, A, 2,3, B)
— (A« B) (F.4e)
3
H (25,24, 28) = | = 2Va(1,4, 4, B) = > Va(i, A, 1,4, B) — (A B)]
=2
3
= Va(i, B,4,A) + V5(2, B, 3, A) + 2V5(4, B) (F.4f)
=2
3
H) 425,24, 28) = 3 (Va(1, A, B) + Va(4, A,i, B)) — 2Va(1, 4,4, B)
=2
—2V5(2, A, 3, B) — 2V(1,4, A,2,3, B) — 2V5(1,4, B, 2,3, B)
+Va(4,4,2,3,B) — Va(4, B, 2,3, A) (F.4g)
3
H) (zi2a028) = | = D (Va(is A,1,4, B)) = 2Va(1,4,4, B) = (A 4 B)
1=2
3

— Y Vh(4,A,i, B) + 4V5(2,3) + Va(2, B, 3, A) — 2V3(4,B) (F.4h)

=2

Hl(g?lzl(zjv ZA, ZB) = _2‘/2(2>A7 1747 B) + 2V2(3a Aa 17473) + 2V2(17 37 27 A)

—Va(3,A,1,2, B) + Va(3,B, 1,2, A) + 4V,(4, B, 2, 1) (F.4i)
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Hps 14(2j 20, 25) = — (2Va(1,2, A, B) + 2Va(1,4, B, A) + 2V5(2,3, A, B)

+V2(1,4,2,3,B) — (A & B)) —2V5(2,B,4, A)
—2Va(1,4, A, 3,2) — 2V5(1,4, B, 3,2) +2V2(2, A, 1,4, B)
+ 2‘/2<47A7 27 17 B) + 2V2(47A7 37 27 B) + 2V2(4? B) : (F4.])
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