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When coupling fermions to gravity, torsion is naturally induced. We consider the pos-
sibility that fermion bilinears can act as a source for torsion, altering the dynamics of the
early universe such that the big bang gets replaced with a classical non-singular bounce. We
extend previous studies in several ways: we allow more general fermion couplings, consider
both commuting and anti-commuting spinors, and demonstrate that with an appropriate
choice of potential one can easily obtain essentially arbitrary equations of state, including
violations of the null energy condition, as required for a bounce. As an example, we con-
struct a model of ekpyrotic contraction followed by a non-singular bounce into an expanding
phase. We analyze cosmological fluctuations in these models, and show that the perturba-
tions can be rewritten in real fluid form. We find indications that spinor bounces are stable,
and exhibit several solutions for the perturbations. Interestingly, spinor models do not ad-
mit a scalar-vector-tensor decomposition, and consequently some types of scalar fluctuations
can act as a source for gravitational waves already at linear order. We also find that the
first order dynamics are directionally dependent, an effect which might lead to distinguished

observational signatures.
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I. INTRODUCTION

Any successful model of cosmology is required to explain the large scale properties of our universe,
including its near homogeneity, isotropy and flatness, as well as the almost scale-invariant spectrum
of its primordial density perturbations. Our current understanding is that of an expanding universe
initiated at a big bang singularity, at which point our usual effective description given in terms of
general relativity breaks down. It is natural to wonder therefore how this initial singularity might
be resolved, especially in light of recent results showing that a replacement of the big bang by
regular semi-classical geometries [I], 2] does not work [3H6]. An attractive possibility, and the basis
for this paper, is to replace the big bang with a bounce in which the current expanding phase of

our universe emerges from a prior period of contraction.

While a cosmological bounce may be induced by quantum gravity effects when the scale factor
of the universe shrinks to near the Planck scale [7H9], in this paper we are interested in classical
non-singular bouncing scenarios. In such scenarios the contraction of the universe stops and reverses
into an expanding phase at a finite value of the scale factor ‘a’ when a classical description remains
valid. In this way it should be possible to follow the entire cosmological evolution through the

bounce using the well understood framework of general relativity and effective field theory [10-12].

According to the singularity theorems of Penrose and Hawking [13], under rather broad assump-
tions the null energy condition (NEC) must be violated in order to obtain a non-singular bounce.
This usually requires the introduction of some sort of NEC violating exotic matter, such as a scalar
field that undergoes ghost condensation (see e.g. [I4HI7]) or models involving Galileon fields (see
e.g. |[I8H25]; such models can also be embedded into supergravity [26, 27]). While a scalar conden-
sate phase is not difficult to achieve on its own, the situation becomes much more restrictive once
observational and stability requirements are taken into consideration [28-30]. The purpose of this
paper is to see if a more desirable outcome might be achieved by making use of fermionic rather
than scalar matter. Such an approach is sensible to consider for two reasons: the first being of
course the natural predominance of fermionic matter in the standard model of particle physics (as
well as the comparable dearth of fundamental scalar fields). The second, as we will discuss briefly
in the bulk of this work, is the relative ease with which any desirable equation of state is achievable
using spinor fields [31].

In this paper we explore models of gravity with torsion coupled to spinors [32]. Of particular
interest are models in which the torsion is non-dynamical and sourced by the spinor content. Such

models arise naturally when viewing general relativity as a gauge theory, more specifically as having



the gauge symmetries of reparameterisations and local Lorentz transformations (see e.g. [33]) — it
is then also known as the Cartan-Sciama-Kibble theory [34-36]. In order to be able to treat
the spinor bilinear sources classically, one must make some assumptions about the nature of the
spinors — here we will consider both commuting and anti-commuting spinors, and will discuss the
respective assumptions in some detail. In this framework the usual dynamics of Einstein gravity
is recovered under most circumstances of interest, and the effects of torsion only become relevant
in regions of extreme spinor density. The idea is that in a contracting universe, as the scale factor
drops the spinor density increases until eventually a bounce is precipitated [37HAI]. We will show
how one is readily able to construct backgrounds which not only undergo a bounce, but which also
accommodate other interesting dynamics outside the bouncing phase, such as inflation or ekpyrosis.

As usual, a study of cosmological perturbations is crucial both in order to assess the viability of
these models, and to see if one might be able to distinguish them using cosmological observations.
We investigate linear perturbation theory in some detail, showing for instance that the linearized
equations of motion may be cast in real fluid form. Our main results include a derivation of the
equations of motion for models that include more general spinor-torsion couplings than appear
elsewhere in the literature, the realization of the absence of a scalar-vector-tensor decomposition,
the derivation of several solutions for the perturbations, and the identification of directionally
dependent perturbations. These features are in direct contrast with the known results regarding
perturbations for non-singular bounces sourced by scalar field matter [28], and indicate that spinor
bounces may indeed have their own specific observational signatures.

We organize the paper as follows: we first introduce our model and present the equations of
motion in section [[Il Then, in section [[I] we discuss how the restriction to simple cosmological
metrics considerably simplifies the dynamical equations and allows for bouncing solutions. The
core of the paper is in section [[V] in which we analyze the cosmological perturbations of these
models by studying the linearised equations of motion. We discuss our results in section [V] In the
extensive appendix we present our conventions and provide details regarding both the derivation

of the equations of motion and the construction of perturbation theory.

II. THE MODEL

In our model the action .S will be split into two parts: the gravitational sector S, and the matter
sector Sy. Our goal is to explore the effect of torsion on gravitational dynamics, and so we begin by

first introducing the most general gravitational action. Anticipating the introduction of fermionic



matter we work within the first order formalism, written in terms of the frame field ! = eﬁdm”, and

the Lorentz connection w!”

=w! ‘Ldac“. Following the effective field theory approach [42], attention
is restricted to Lagrangians which are generally covariant, locally Lorentz invariant, and polynomial
in the basic fields and their derivatives. Under such restrictions there are only six possible terms that
can be written down to leading order, three of which are topological and will not be considered [43].

Of the three bulk terms, one is given by the cosmological constant, and will be included in the

matter action Sy. The remaining two possible terms we take for our gravitational action:

Se = H/(GIJKL + %UI[KnJ]L)'eIeJRKLa (1)

where k = 1/327G. Equation is known as the Cartan-Holst action, while the coupling constant
~ is known as the Immirzi parameter. Note that in a theory without torsion the second term in
Eq. is identically zero due to the symmetries of the Riemann tensor, in which case Eq.
reduces to the familiar Einstein-Hilbert action.
We next need to introduce a source for the torsion in our model. We consider Dirac spinors,
which we couple into our model by including the following matter action:
Sy = ;é!/EIJKLSIEJBK(\IJ’}/LD\I’ —WWL\I/) — L/EUKLeIe‘]eKeLU(\IJ\I/)
(2)
+}1/61JKL€J€K(D€I)@L + i/ﬁI[KUJ]LCJeK(DGI)QL,
where D is the covariant exterior derivative with torsion, and ¥ is a Dirac spinor. The potential
U is an arbitrary function of the spinor bilinear YW, and might include for example a cosmological
constant tern. For compactness of notation we have defined the spinor currents ©F = (aVE +BAL),
and QF = (1VE 4+ X\AL), where a, 7, 3, and ) are arbitrary coupling constants, and the vector and

axial spinor bilinears are given respectively by:
VE=0nlw, AP = Ty w. (3)

Our full action is given by S = Sg + Sgy. Note that we have implemented general couplings
between torsion and the vector and axial currents in order to encapsulate the various models present
elsewhere in the literature. By setting 7 = A = 0 we recover the matter action introduced in [39],
while setting 5 = 7 = A = 0 we recover the matter action given for example in [42] 44} [45]. Turning
off all torsion couplings @ = f = 7 = A = 0 recovers the matter action discussed for example in [46].

Having constructed the action provided in Egs. and , we can now determine the corre-
sponding equations of motion. In order to do so we take the vierbein e, spin connection w, and
spinor W, as our fundamental fields, and vary the action with respect to each in turn. As the cal-

culation itself is rather long and involved, we will simply outline our final results. In the appendix



we present the trickier parts of the calculation, and also provide the full calculation for the simpler
case in which the Holst term in the action is removed and the torsion couplings are all switched off,
ie.a=p=7=X1=0.

We begin by considering the variation of the action S = Sg + Sy with respect to the spin

M

connection w™?¥  which yields the following equation of motion:

2 Iy,J 1 I,J _K_DL 1 J K L
2k(ergmN + ;ﬁI[MTIN]J)(De el = —qerakLe e’ e EqpnAD — 1€MmIKLe e €N O

1 J K L @
— ze e eNnmrnIL”.

In its current form Eq. is rather opaque to interpretation. We can however make progress by
solving it to obtain an algebraic expression for the contortion C7X9, defined via C]IV[ NeN eM = Del.
Full details are provided in the appendix, and the resulting expression for the contortion is

2
y X
CTXS ) 5697 (L0q — (40 + Q) + sy + AP+ o)l ()

Our result generalises the work found for example in [39] 42] 44-46]. The reader should take care
when comparing between papers however, as there are a range of different sign conventions being
used. Notice that our expression for the contortion is algebraic, and depends only on the vector and
axial spinor densities. In particular, if we had not coupled spinors into our model the contortion
would have been identically zero.

We next vary the action with respect to the spinor ¥ to obtain the following curved space Dirac

equation:

n LJKM LD — _1 PQJK (I 50k 1 PQJK (I 5Qr
sierJkLe " Ty DY = — €K LE QP AI[KNI)E QP 5T (6)
6

5w
i IJKM Li.A B oU
+ g5i€IJKLE Capmy V", 771 + 5T
where we have used tildes to indicate when a term is taken to be torsion free (See Appendix. The

Dirac equation can be simplified considerably by making use of the expression for the contortion

derived in Eq. (5)). A long calculation leads to
~ ow
e LD \Ij = — 7
iefy" D, = T @

where the effective potential W is defined by

W =U(E) + Ean AT A + 26y AV AL + &y VIV, (8)



and where
3rGA2
Ean = —ﬁ(%ﬁ(l + )+ 82— (1+2)?%),
3rGA2
Ean = —ﬁ(%mm? -2, (9)
Eav =~ (B4 1L+ A) + (B — (14 )
BT " |

Finally, the Einstein equations are obtained by varying the action with respect to the vierbein,

0= Qﬁ(ESJKL + %HSKHJL)QJ(]A%KL + 5CKL -+ CI%CPL)
+ ﬁngKLeJeKXL — %ES]KLCJGICBLU + iGS]KLeJeKD@L (10)
+ 3 (s + narensin) (Del)QF + insknyre’ e DO,

where X = (UL DV — DU~LW) and where we are once again using the tildes to indicate when a
quantity is torsion free. The Einstein equations appear unfamiliar in this first order form, but can
be re-expressed in second order form. After another lengthy but rather straightforward calculation
requiring Eq. and repeated use of the identities given in Eq. , the following compact form

may be obtained:

4/<LC~}W = —% {ea(uiﬁ) — )?gﬂy} - guW

o — (11)
+ %eauebu |:\Ij[7aa 'yb]VCDc\IJ - chj'ych/a) ’Yb]\l’ )

where we have defined X2 = (U2 D, ¥ — D, U~yE¥). Notice that the last term on the RHS is not
symmetric in its indices, which appears to be in conflict with the symmetries of the torsion free

Einstein tensor. However, by making use of the Dirac equation this term is found to be identically

zero on shell.

III. BACKGROUND COSMOLOGY

In this section we find bouncing, cosmological background solutions for the equations of motion
which were derived above. In order to do so we make two simplifying assumptions: (i) we impose
a ‘classicality’ assumption on spinor bi-linears, in which we view spinor pairs ¥V as forming a
classical bosonic condensate, and (ii) we take a flat Friedman-Lemaitre-Robertson-Walker (FLRW)
ansatz for the background metric. With these two assumptions the equations of motion simplify

rather dramatically and even allow for analytic solutions as we will describe.



A. Classicality conditions

Having derived the equations of motion in Sec. [T, our next goal is to interpret them. The usual
approach in the literature has been to view the equations of motion as operator equations, and
assume that the classical gravitational field that we observe is sourced by the expectation value of
spinor bilinears such as (A?) and (V!). Taking this approach leads to an ambiguity however when
considering the four point spinor interaction terms present in Eq. . In particular, starting with
the first order formalism and solving for the classical contortion, one obtains interaction terms of
the form (A?)(A;). On the other hand, if one had instead started from the second-order formalism
with quartic interactions, then contributions of the form (A’ A;) would be obtained. The problem
is that (A?)(Af) and (AT Aj) are not in general equal [39, 47].

To avoid any ambiguity, previous authors have restricted their attention to so called ‘classical
spinors’ W, = (¥) [31],39)]. Classical spinors are defined as the expectation value of the operator ¥
in a state such that f((¥)) ~ (f(V¥)) for any function f. In practice the classical spinor assumption
is extremely stringent, and amounts to describing W as a four component object with complex
entries. While it is fine to presume the existence of classical spinors as an effective description of
nature, this assumption is not well motivated by known physics. The fermions of the standard
model of particle physics are quantum fields, and due to the Pauli exclusion principle it is not well
understood when they might be treated consistently as a classical spinor condensate. Thankfully
it is really not necessary to impose any classicality conditions directly on the spinors in our model.
It is only spinor bilinears which appear in the Einstein equations, and similarly the Dirac equation
may be re-expressed in projected form in terms of bilinears. A weaker classicality assumption which
one might then consider, is to ask instead that the variance of the various spinor bilinears is small,

(ATAr) =~ (A")(Ar), (12)

together with similar relations for the other bilinear terms present in the model.
Once this ‘variance’ assumption has been made the Fierz identity can be used to further simplify

the form of the potential given in (8). In four dimensions the generalized Fierz identity is given

by [33]:

SAMX)(¥N¢) = —3(AMN¢)(¥x) + 1 (AMA*N) (pyax) — §(AMysNx) (1hy50)

_ B - B (13)
+ LOMAPING) (yapx) — LAMA57" N ) (7570 X)



where A, x, 1, and ¢ are Dirac Spinors, and where the sign s depends on the spin statistics chosen.
For commuting spinors, s = —1 and we can immediately derive the following identities:
(AjADY = —(vivTy = E% 4 B?,
(14)
(AvThy =0,
where we have defined the following densities £ = (UW¥) and iB = (Uy5¥). For commuting spinors
the effective potential given in Eq. therefore simplifies considerably:

W =U(E) + £(E* + B?), (15)

where

3rG?

T

(B +X)+ 5= (1+N)?) - (Gar +a® = 77)]. (16)
This is the same form for the potential found by those authors who impose the so called ‘classical
spinor’ assumption [31], [39]. In practice, since we will ultimately only ever be dealing with spinor
bilinears, what we really mean by ‘commuting spinors’ is that the following two conditions hold:
(i) first we ask that all quartic spinor terms may be expressed as the square of bilinear terms,
i.e. of the form (V1)(V;). This requires either the primacy of the first order formalism, or that
the variance condition from Eq. hold. And (ii) that the conditions derived in Egs. for
commutative spinors, hold. As we will show, under these two assumptions the equations of motion
simplify dramatically, allowing us to find a number of very interesting analytic solutions even at
linear order in perturbations.

It is of course physically more interesting to consider the case of anti-commuting spinors for
which s = 1. In this case the Fierz identity together with our classicality assumption on bilinears

yields the following relation:
SV — (AT Ap)) = E* + B, (17)

where we note the sign change in front of square of the axial and vector currents. Since we will only
ever deal directly with spinor bilinears, what we mean by ‘non-commuting’ spinors is that we will be
using in place of the conditions given in Egs. for commuting spinors. For anti-commuting
spinors our analysis does not require us to impose any restriction at all on the variance of bilinears.
It is enough to presume the first order formalism as fundamental, in which case all quartic spinor

terms in the classical action are considered to be of the form (Aj)(A”).
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B. Flat FLRW and commuting spinors

Our next goal is to construct background solutions which undergo a cosmological bounce. As we
demonstrate, bouncing solutions may be readily obtained both for commuting, and anti-commuting
spinors. We begin in this section with commuting spinors, which are simpler to deal with com-
putationally. Our procedure is to assume the line element of FLRW spacetime, and then given
this assumption check for consistency of the Dirac and Einstein equations given in Egs. (7)) and
(11). Notice however that it is by no means a foregone conclusion that it will be possible to find
cosmological solutions. As can be seen from Eq. , under our classicality assumption the axial
current Ay is spacelike. It appears therefore that spinor fields pick out a preferred direction in
spacetime, violating Lorentz invariance and potentially conflicting with the isotropy assumption
of the background metric. As was shown by Isham and Nelson in [48] this fear is indeed realised
in most, but not all, cases. In most cases, once an FLRW background solution is selected for the
metric, the equations of motion force the axial spinor current, and therefore the spinor itself, to be
identically zero. For flat FLRW however, there is no such obstruction and consistent solutions can
be found in which the metric remains isotropic despite A; being anisotropic.

In this paper we work with the flat FLRW line element expressed in physical time as
ds? = —dt* + a(t)?6;;dx"da? (18)

and we will denote the Hubble rate by H = a/a. Given this choice of line element, it is natural to
take the classical spinor ¥ to have no spatial dependence. In this case, a short calculation shows

the Einstein and Dirac equations to be:

126H? = £(07°0 — U4°0) — [¢(E? + B) + U'E — U]

2
= [U +&(E* + B?)] (192)
—4k(2H + 3H?) = [€(E* + B>) + U'E - U], (19b)
Y000 + 34 HY = —i[(U' + 26E)¥ — 2i¢ Bys V], (19c¢)

where we have assumed that the potential U is a function of E only, and the ‘prime’ refers to

differentiation with respect to E. We have made use of the Dirac equation in order to obtain the

second line of ((19a)).

Notice that because of homogeneity and isotropy of the background, the stress energy tensor on

the RHS of the Einstein equations is necessarily of the perfect fluid form

TV = ulu, (P + p) + 0L P, (20)
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where because of homogeneity the pressure and density are functions of time only, i.e. p = p(7) and

P = P(7), and because of isotropy the fluid is at rest in the background universe: v, = {-1,0,0,0}.
From Egs. (19a)) and (19b)) we read off immediately that

P=¢F*+B)+UE-U, p=EE*+B)+U, (21)
while we can use the Dirac equation ((19¢]) to obtain the usual conservation equation
p=—-3H(P+p). (22)

Notice that the spinor field can accommodate any desired behavior for its energy density and
equation of state by a judicious choice of potential U [31].

As might be expected the RHS of the Einstein equations is expressed entirely in terms of spinor
bilinears. It will be useful therefore to also re-express the Dirac equation in projected form, written
entirely in terms of spinor bilinears. In order to do this, first notice that in addition to the bilinears
E and B defined below Eq. , there are six other possible (non-independent) hermitian spinor
bilinears which can be constructed from a single background spinor W. The full list is given by:

iB = Uy, E =00, VO = 040w, A® = U500, ’3
iC" = WAy, V=040, Al = Tysn' 0, Q' = U y5~ 1. %)

To obtain dynamical equations for each of these bilinears we consider projections of the Dirac

equation of the following form:

.I.
it (‘W) MU, (24)
o o

where M = {I,v5,7%,757°, 7%, 574, Y298, 157997} is one of 8 possibilities taken from the four di-
mensional Clifford algebra. Through this procedure we obtain the following eight projected Dirac

equations,

E=—_3HFE + 4¢BA°, (25a
B=—-3HB —2(U" 4+ 2(E)A°, (25b

A% = —3HA® 4 2(U’ + 2¢E)B — 4¢BE,

)
)
(25¢)
V0= _3HV (25d)
C' = —3HC" +2(U' + 26E)V", (25¢)
Q' = -3HQ" +4£BV", (25f)

)

Vi= —3HV - 2U' + 2E)C! — 46BQ', (25¢
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A= —3HA". (25h)

C. Parity invariant bouncing solutions

Having chosen our flat FLRW background ansatz for the metric, we are now in a position to
obtain analytic solutions to the equations of motion. Given the form of the metric, it is reasonable
- as well as computationally advantagous - to consider solutions in which the background spinor is
also parity invariant (although for a more complete discussion of parity violations in these models
the reader should consult [42]). That is, we consider the ‘ambidextrous’ case of [39], in which the

background spinors satisfy:
A0 = . (26)

For parity invariant spinors, bilinears which sandwich an odd number of spatial gamma matrices
will always be zero. For example U~'y5+/ W = 0. This implies V! = C* = A° = B = 0, while
Q' = A%, and E = VY. The equations of motion therefore simplify further, and only four remain

which will be of relevance to us:

E+3HE =0, (27a)

A"+ 3HA =0, (27b)
126H? = [U + €E?), (27¢)

—4k(2H + 3H?) = (€E* + U'E - U), (27d)

It is possible to directly solve the projected Dirac equations given in Eq. (27a)) and (27bj), yielding
the results:

Al =

b= &

(28)

)

M ot
a3

where, following Eq. , M, o' are time independent constants satisfying M? = o’«;. Interestingly
this result is true for any time dependence of the background geometry (as noticed before [39]),
and so the spinor density and axial current monotonically increase in a contracting universe.

We would also like to solve Eq. to obtain a background solution for the scale factor.

However such a solution will necessarily depend on the choice of potential U. Fortunately, given
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our solution for the spinor density FE, it is very easy to select the potential U such that the {0,0}

component of the Einstein equations takes the following tractable form:

Q2= 4 2 (29)

Tog3n—2 qbn—2"

where ¢ and ¢y are time independent constants. Equation has the following solution:
9 2,2\1/3
a(t) = (=2 + §en??)1/3", (30)

which undergos a bounce rather generically so long as ¢ is positive and co is negative. As an
example consider the case in which the potential is simply given by a mass term for the spinor
U = mE. In this case the {0,0} component of the Einstein equation is precisely of the form given
in Eq. for n = 1. This is the so-called ‘borderline’ scenario found in [39], in which the matter
density scales in the same way as the anisotropies during a contracting phase. In this case the

solution for the scale factor is given by

1/3
U= mE, at) = [ & 4 3mE)T (31)

m 16k

with & < 0. While this solution is interesting we would like to see how easy it is to obtain not only
a bouncing solution, but also to control the dynamics away from the bounce. For example, is it
possible to obtain a phase of inflation following the bounce, or a period of ekpyrosis prior? Spinor
inflaton fields have already been discussed elsewhere in the literature (see eg. [31]), and so for the
sake of interest we will consider the example of an ekpyrotic model.

In some sense, having an ekpyrotic phase before the bounce is not really optional, but rather
necessary: in a contracting universe small anisotropies grow as a~% and, in the absence of a faster-
growing energy component, the anisotropies quickly come to dominate the dynamics, thus prevent-
ing a smooth non-singular bounce from occurring. Thus, if we want to explain the required isotropy
of the contracting universe just prior to the bounce in a dynamical fashion, we need an ekpyrotic
phase. The stiff equation of state P > p during ekpyrosis suppresses anisotropies and renders the
universe flat and smooth in the approach to the bounce [49, 50]. Moreover, some models of ekpyrosis
can generate the density perturbations seen as temperature fluctuations in the cosmic microwave
background (see e.g. [51], [52] and references therein). To implement an ekpyrotic phase, followed

by a bounce, consider the following potential:

U(E) = —€E% + b E" + by E*, (32)
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for integer n. Now the Einstein equation is once again of the desired form given in Eq. , while

the equation of state is given by

P UE-U-+¢FE? nby E2"
P U+ €E2 biE™ + b2E2n

(33)

Because E decreases monotonically with growing scale factor, the equation of state approaches
(n—1) far away from the bounce, while becoming negative (and of large magnitude) as the bounce
is approached. For an ekpyrotic phase we require w > 1, which means that we need to take n > 2.
For n = 3 we can solve the {0,0} component of the Einstein equations exactly to obtain the

following solution for the scale factor:

by  27bt2\1Y°
= |M3(-= .
al?) [ ( b, T 16k )]

As shown in Fig.[1] this solution neatly combines an ekpyrotic contracting phase with a cosmological

(34)

bounce leading into an expanding phase of the universe.

a
25

-40 -20 20 40
15} -1
= |
1.0 -3

-4

I I I I t g
-40 -20 0 20 40

FIG. 1. Evolution of the scale factor a (left panel) and the equation of state w (right panel) for choice of
potential U = —¢E? + by E3 + by ES, with by = 0.1, by = —0.1, M = 1, and x = 1/4. In this model an
ekpyrotic contraction phase is followed by a non-singular bounce into an expanding phase. The ekpyrotic
phase renders the universe flat and isotropic in the approach to the bounce, and justifies the assumption of

a flat FLRW metric in describing the bounce.

D. Flat FLRW and anti-commuting spinors

In the previous subsections we considered background solutions for commuting spinors satisfying
the identities given in Eq. . While commuting spinors are simpler to work with computationally,
they do not correspond to any of the fermions known in the standard model. In this section we work

with anti-commuting spinors. We once again ask that the quartic spinor terms in the equations
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of motion may be taken to be of the form (A7)(A’). This can be achieved either by assuming the
variance of spinor bilinears is low, or by assuming that the first order description is fundamental.
Given either of these assumptions the Einstein Equations for a flat FLRW background are given
by:

126H% =W (35a)

—4K(2H + 3H?) = (W + U'E — 2U) (35b)

where the potential W is given as in Eq. . The projected Dirac equations are given by:

E = -3HE 4 4(Ea0A° + Eav VOB 4 4(&yy V' + €4y A G, (35c¢)
B=-3HB — 4(£44A° + EavVO)E + 4(&v V' + Eav A) Qs (35d)
A= —3HA° +2U'B, (35¢)
V0= -3HV", (350)
C' = —3HC" + 2U'V' + 4(EaaAj + Eav' V)% Cy, (358)

— A[(€aado + EavV0)Q' + (Evv V' + Eav AN E],

Q' = —3HQ" +4(£44A0 + EavV0)C' + 4(Eyv Vi 4 €av A B — 498 Qi (€aaAp + Eav Vi) (35h)

Vi= —3HV' - 2U'C' 4 4[an A V, + &y VYR Ay ] (351)

Al = —3HA', (35j)

We are not able to solve the above equations analytically, even when restricting attention to parity
invariant anti-commuting spinors. This does not prevent us from making progress however, as we
can solve the above equations numerically. We consider the simple case in which the couplings
&4y and &yy are both set to zero, and for which the potential is given by a mass term for the
spinor: U = mFE. The projected Dirac equations then simplify considerably. We plot solutions for
these equations for a particular choice of initial conditions below in figures [2| and [3] Once again a
non-singular bouncing solution is obtained. In fact, in the solution shown in the figures the null
energy condition is violated twice, leading to a “double” bounce. Note that in the anti-commuting
case bounces arise for £44 > 0, i.e. for the opposite sign of the coupling than in the commuting
case. Also, the axial vector is timelike instead of spacelike for these solutions.

The numerical solutions we have obtained provide a ‘proof of principle’, that commuting spinnors
are not a necessary requirement in order to obtain bouncing solutions. It will certainly be interesting
to investigate the properties of anti-commuting spinor bounces in more detail, to see how general

they are. Here we simply note the evident similarity with the commuting case. For now we will
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return to the technically simpler case of commuting spinors, in order to assess the stability of such

non-singular bouncing solutions.

3.5 w

L I I I I )t

=30 -20 -10 0 10 20 30

FIG. 2. Evolution of the scale factor a (left panel) and the equation of state w (right panel) for a particular
set of initial conditions, and the choice of potential U = mE, with m = 0.5, M = 1, k = 1/4, and choice of

couplings €44 = 0.15, {4 = &y = 0.
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FIG. 3. Evolution of the spinor densities £ and B (left panel) as well as the axial vector components A°
and A! (right panel) for a particular set of initial conditions, and the choice of potential U = mE, with

m =0.5, M =1, k =1/4, and choice of couplings £44 = 0.15, £y a4 = &yy = 0.

IV. PERTURBING AROUND FLAT FLRW

So far we have treated the universe as perfectly homogeneous and isotropic. We will now
introduce inhomogeneities by perturbing around our flat FLRW background solutions in order to
address the questions of stability and of observational consequences. In our preliminary foray we
return to the case of commuting spinors for the purpose of computational simplicity. In future work

we plan to make a more complete analysis which includes anti-commuting spinors.
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A. Linearised equations of motion in Newtonian gauge

In this section we analyse the linearised equations of motion using a standard Fourier decom-
position. We work in Newtonian gauge, and provide a complete description of our gauge fixing
procedure in the appendix for both the metric and vierbein perturbations. The perturbed FLRW

line element in Newtonian gauge is expressed as
ds® = —(1 4 2¢)d7?* + 2a(t) Bydrda' + a(t)*((1 — 2¢)6i; + hij)dx'da? | (36)

where 1), B; and h;; are perturbations which depend a priori on all spacetime coordinates, and where

0'B; = hf = 8ihij = 0. For the perturbed Dirac spinor ¥ we introduce the following notation:
U=V +¥Yq, (37)

where the subscripts (0) and (1) label background and first order quantities respectively. Although
our background spinor solutions W) are spatially independent, we allow for general spatial depen-
dence of the perturbation W (). Given this notation, the first order momentum space Dirac equation
is:

(1 =) + iy 5l = —340[H — ¢ — HY|U — i(U'(E)¥ + 2£(EV — iBys V) 58)

— Ity — 2i%6 + LB o) + (U’ + 26E) By g,

where for compactness we have included some background terms, and some terms higher than first
order. Any terms that are not of order 1 should be ignored by the reader. For example the left
hand side of Eq. is intended to be read as: —dy¥ gy + yoao\ll(l) + i’yik:illl(l). We adopt this
compact notation often throughout the remainder of the section.

In Section [[TI B}, we found it useful to express the background Dirac equation in projected form,
written entirely in terms of spinor bilinears. Following an analogous procedure, we similarly project
the linearized Dirac equation. Because we are interested in parity invariant background solutions
satisfying W ) = 70\11(0), there are only eight possible ‘kinds’ of first order hermitian bilinears which

may be constructed from the background spinor ¥ g) and its perturbation W ;). These are:

e\

Eqy =Y Pa) + T1)¥ ), = — ¥y ¥ ),

ve\

(¥
= (Toy1s T 1) + ¥ (1)15% (o))

B 1) 7(1) (0) (39)
= Ty Ty — 1’(1)71‘1’(0)),

= (¥

017 ¥y — Ty1s7' ¥ (o)),
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where our naming convention corresponds as closely as possible with that of the background bilinears
defined by Magueijo et al. [39]. We point out in particular that the axial scalar B(1) should not be
confused with the metric vector purturbation B?, which always apears with an index. In projected
form, the linearized Dirac equations are expressed in terms of these eight ‘kinds’ of spinor bi-linears

as:

By = —3HEq) + 36E(q) — iV, (40a)

Al = —3HA] +3pAl — ik A — i Ky, (40D)

By = —3H By + % ALy — 2(Ufy) + 26E (o)) Ay — (Ufy) + 26E o)) BiAly), (40c)

A% = —3HAY, +2U/y By — it ’@) [i%y — 2% ¢ + 3 Bi] Al (40d)

Clyy = —3HCY +2(Ufy) + 26 BV}, — & By +ie™", B A (40¢)
+ %0 [ikig — 23k 4 iBz‘]A(o) + (Ul Eo) + 2§E(20))BJ

Vi = —BHVE) — it By — i 8 Ay —2 |(Uf) +26E(0)Cy + 2By Ay | (406)
— (%0 — 2% 6 + §B)E ) + (Ufg) + 26 E() Bie™ Al

Eqy = —3HEq) —i%Cy, (40g)

—2(U(yy + 26E1)) E() — 2¢(Ujg) + 2€E(0)) E(0).
~ . 0ij kj .
Al = —3HAY) + i ]kiVu) +ilhB (40h)

2(U(1) + 26E (1)) Algy — 20(Ug) + 26 E()) Al

In component form, there are 16 spinor bilinears, and correspondingly 16 projected Dirac equations.
We remind the reader that the spinor bilinears do not all represent independent degrees of freedom
as they derive from the same spinor W. For example, we know that for commuting spinors, the
bilinears E, B,V', and Al are related by the identity given in Eq. . Further relationships can
be found between the various bilinears by use of the Fierz identity given in Eq. .

After some manipulation the first order Einstein equations can be written in the following

compact form, in which the stress energy tensor is expressed entirely in terms of spinor bilinears:

4rGoo = —8k (55 ¢ 1 3H)

, . , (41a)
= (14 20)(U + €E%) + { L[Bpike”™ Aj + 2k;C7],
4kGio = 4&[2i%(¢ + Hyp) — (2H +3H?)B; + %k];/;k B
— —i[%%ﬁ + ninigomnkAk% - i(STh‘nqS% + %him%)€0mnkAk]
(41b)

+ Bi(¢EE* +U'E - U),
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1K5Gy; = 44[—’“’“’% (¥ — @) + 26 + 2(2H + 3H?)(¢ + ) + 2Hep + 6H|6;; — X5 (¢ — 1)

a? a2
— iL(Bkj) + 2HB k) + Shij + Yk p g, 4 3 — (2 + 3H2)hij}
= i[%%o(ikj) — 51U = iB g, + (hit — iBi%)njk]EklomAm} o)
+ (1 = 2¢)ni; + hij) [EE* + U'E — UJ.

The standard approach when perturbing about FLRW is to separate the equations of motion at
linear order into their scalar, vector, and tensor components. This procedure is known as the SVT
decomposition and greatly simplifies the analysis. Unfortunately, we are not able to follow the
standard approach here, as can be seen for example by considering the B[iyk]EOikj Aj term present in
Eq. . This term is a scalar in the sense that all of its indices are fully contracted, however it is
clearly built from the vector perturbation B;. Similar couplings between scalar, vector, and tensor

modes can be seen in Eqgs. (41b)) and (41c)), as well as in the first order projected Dirac equations.

To understand this point, notice that the proof of the SVT decomposition theorem is highly
dependent on the symmetries of the background, and requires that no relevant background quantity
can be formed which violates this symmetry (see for example the appendix of [53]). As seen in
Eq. however, the models we consider all fail this requirement explicitly because the background
axial vector Al@ picks out a preferred spacelike direction. In practice this allows first order terms
to be constructed in which the index on a perturbation is contracted with the index on Aéo)’ rather
than always having to transform as a free index, or else contract with non-symmetry-breaking

projectors such as k;. This is precisely the kind of SVT mixing that we observe in the equations of

motion.

Despite the difficulty of not being able to completely decompose the equations of motions into
separate scalar, vector, and tensor parts, this does not prevent us from making considerable progress.
For example, we are able to make simplifications by considering contractions of the {0,7} Einstein
equation with k%, and also the {i, j} Einstein equation with ¥k’ and 1. After some manipulations

this procedure yields the following scalar equations:

E = —16xk(¢ + Hip), (42a)
S (64 (2 + 8H) + H(J +3)) = $20; + (€8 + 02 B~ V)], (42b)
k(¢ — ) = gz a(kiBre™"™ Ay, — 4k C7). (42c)

Substituting these scalar relations back into the first order Einstein equations, we can also obtain
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simplified equations for the vector and tensor modes:

k .
8KEEE By = i Ay Em — (3n;ptm 4 Lhyy, Bn)elmnk 4, (43a)

a2

—8KM5 (6 — ) = [i1C(ky) — F1iByoy + (gt — 1By ) mig + (i — B &)™ A, (43b)
+ 4K [l%(B(’ij) + QHB(ikj)) — %hw _ 1k hji - %th] .

2 aZ

1. Real fluid description

Before attempting to solve the linearized equations of motion, we note that it is conceptually
useful to re-express the equations of motion in fluid form. Unlike for the highly symmetric back-
ground, the first order contribution to the stress energy tensor can not be expressed as a perfect

fluid, but instead take the more general form of a real fluid:
TV — b, (P + p) + 6P + 37, (44)
where Y, is the anisotropic stress satisfying:

S = Sops S’ =0, ot =0, (45)

with u, = {—(1 + ), av;}, u* = {(1 — ), 2 (v* — B)}, and where v; is the peculiar velocity of the

’a
fluid. Making use of the relations given in Eq. , together with equations , we determine the

first order contributions to the density p, pressure P and anisotropic stress ¥;; to be:

p= (U —+ fEQ) + ﬁ[B[ik‘k]EOiijj + 2kk0k], (46&)
P =[¢E? + U'E — U] + & [Bikie""™ Ay, + 2k, CF), (46b)

Yij = i 2%C(ikj) — %T]ijl%kck + %[(Zhﬂ + Bj%)nik + (Zhll + Bi%)ﬁjk — %’r]ijBk%}&‘kmmAm],
(46¢)

where we are once again using compact notation, in which we have included background terms, and

terms higher than first order. It is also useful to define the 3-momentum density:
4 = (p+ P)v; = = [2k:E — (1 — 30)0in + S Rin) kme"™™F Ay ). (46d)

The scalar components of the anisotropic stress tensor, and 3-momentum density are given respec-

tively by:

Y = g o(ki Bt Ay — 4k CY), (46¢)



21

q=1E. (46f)

N[ —

Here we see that anisotropic stress is induced both from the vector perturbations B;, as well as the
spinor bilinear Cél). Using the definitions given above for p, P, 3, and ¢, equations (41al) and

can be written in the standard real fluid form

Ak(p — ) =X, (47a)

8K[%5 6 + 3H¢ + 3H> Y] = —p, (47b)

8k(¢+ Hy) = —q, (47¢)

8kl + (2H + 3H)¢ + H(¢p +34)] = P — 253, (474d)

We may also use the projected Dirac equation to derive evolution equations, including the equation

of continuity:

p=—3(H—¢)(p+P)+ ¢, (47¢)
G=-3Hq—¢(P+p) — P+ 325k'k%, (47f)
P=—6[H—§|(P+U—UE+1U"E? + 15 4HY + g )

— 3 [FU + 4B kv 4 Hik O :

(26— ) = —H(20 — v) + L 1% [—QHiijj — 3ik;CI 4 2(U” + 2£E)iijj] , (47h)
S = —2HY + Lg+ i [—9Hikjcj — 3ik;CY + 2(U" + ng)ikjw} . (47i)

B. Solving the Equations of motion

Our goal in this section is to solve the Linearized Projected Dirac equations given in Eq. ,
together with the first order Einstein equations listed in Eq. . We consider the simple potential
U = mE, for which we found a bouncing background solution in section [[IIC] To make progress
we find it also useful to work in a convenient basis k = {k1,0,0}, for which the scalar and tensor

perturbations of the metric can be written:

Bi=1|By|, hij =10 hay haz |- (48)
Bs 0 hog —hao
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If we were dealing with a model in which only scalar matter were present, then selecting such a basis
would be completely without loss of generality. This is not the case for models with spinor content
however. As discussed in section , the background axial vector A{O) picks out a preferred
spacelike direction. As a result, the dynamics of the first order perturbations will depend heavily
on the orientation of the wave vector k relative to direction picked out by the background. We
therefore separate our this first analysis into two parts: (i) to start with, we analyze ‘longitudinal’
modes for which the wave vector k is aligned with the direction picked out by the axial current, and

(ii) we analyze the first order equations for orthogonal modes which lie in the plane perpendicular

to the direction picked out by the background axial vector.

1. Longitudinal modes

We begin by considering perturbative modes for which the wave vector k is aligned with the
background axial vector. Given the basis chosen in Eq. , this corresponds to a parity invariant
background solution in which A%o) = A?o) = 0, and for which A%o) = —E(g). From the definitions
of the spinor bilinears given in in Egs. and , it then follows that for parity invariant

backgrounds the following identifications hold:
1 1 0 i3 2 A2 43
Ay = ~Ea), Viy = —4ay Ay = —4q, Ay = Ay

11 - 1 3 2 2 3
Aqy = —Eq), By = Cy Viy = Cy; Viy = —Cy-

(49)

Making use of these relations allows us to remove much of the degeneracy occurring in the linearized
equations of motion. In particular, the 16 components of the projected Dirac equations given in

Eq. reduce to the following set of eight:

Eqy = —3HEq) + 3¢E () + ik AR, (50a)
Ey = —3HE(q) — 5.0l — 2(Ul, +26Eq1)) Eqg) — 20(Ulg) + 26E0)) Eqo), (50b)
AQyy = =3HAY +2U() Cly + % By + 1%y — 2% 9] B g), (50¢)
Cly = —3HCYy) —i% Eq) — 2(Ufg) + 2E () Ay, (50d)

Chy = —=3HCH) — 2(Uyy + 26E())Clyy — i ALy — $B3Eg) + (U E(o) + 26E)) B, (50€)
Cly = —3HCP) + 2(Uly) + 26 E0))Cly + i Ay + § B2 E () + (Ul Eqo) + 26E()) B, (50f)
ARy = —3H A} + 820, (50g)
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We note rather curiously that for longitudinal modes there is an absence of mixing terms between
scalar, vector, and tensor modes exhibited by the projected Dirac equations. To be clear, in the
above 8 equations the ‘scalar’ terms ¢, ¥, E(y), A(()l)’ E(l), and C(l) decouple completely from
what we will term the components of ‘vector’ modes B2, B3, C(1)7 C(31), A%l), and A:())1)' A
similar decoupling also occurs for the Einstein equations, and so for longitudinal modes the SVT

decomposition appears to hold, just as would be the case for scalar matter content. The scalar

Einstein equations given in Egs. (41a)) and Eq. , become:

0= 8k[EE'y + 3H¢ + 3H?P) + (U + €E?) + L1k O, (51a)
0=FE + 16x(¢ + H1), (51Db)
0= 8k (gb' +(2H + 3H) + H( + 3¢3)) PEoy—¢E?, (51c)

= 8r(¢ — ) + gpra(kiCY). (51d)

Similarly, Egs. yield the following relations for the vector components B*:

B? =ig%- A% B? = i A%
8"‘ikl ( ) S’ikl ( ) (52)
Chy = —4r(B* + 2HB?), CPy = —4k(B® + 2HB?),
together with two equations for the tensor modes h;;:
0=4k [hgz + 3Hh22 —|— khgz} — hggE( 0)s
(53)

0=14kx |:h23 + 3Hh23 :| + hng( 0)-

Because the scalars, vectors, and tensors decouple from one another we are able to solve each set of
equations independently. We begin by first considering the scalar dynamics, which at least naively
seem to be overconstrained. That is, the 6 ‘scalar’ terms ¢, ¢, E(y), A(l), E( 1), and C(1) appear
to be governed by eight equations of motion (four projected Dirac equations together with the four
‘scalar’ Einstein equations). It turns out however the not all 8 equations are independent. By

differentiating Eq. (51a), and then making use of Egs. (51a), (51Db)), (504), (51d), and (51d), we

can obtain the projected Dirac equation for C' given in Eq. (50d)). Similarly, by differentiating
Eq. (51b)) and then making use of Eqs. Eq. (51bf), (50b) we can obtain Eq. (51c). A complete

system of equations describing the scalar dynamics is therefore given by the following two Dirac

equations:

By = —3HE(q) + 3¢3E(0) +if AP, (54a)

Ay = —3HAY) + 8 [Eq) + 165U (6 — ©) + (¢ — 29) E(q)], (54Db)
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where we have used Eq. (51d)) to remove all instances of C(ll) from the above equations. The

remaining two scalar Einstein equations are similarly given by:

0= 8k[LEE (¢ 1 ¢) + 3H¢ + 3H?Y] + (U + EE?), (54c)
0=8k (g}S +(2H + 3H) + H(Y + 3@)) +4rBEL (6 — ) — €B?, (54d)

While these equations are difficult to solve analytically, they are straightforward to solve numeri-
cally. We plot the typical behavior of the scalar perturbations below in figures [ and [5] As can be
seen in the figures, the perturbations grow in amplitude towards the time of the bounce, and decay
again afterwards. Thus the bounce is stable to longitudinal perturbations. For long wavelength
modes, where the k-dependence in the equations may be neglected, the spectrum will be unchanged
by the bounce, though the amplitude will depend on the details of the background solution and
the initial conditions for the perturbations. Notice also that the metric perturbations ¢ and
are unequal (and in fact they are approximately opposite to each other over large regions of the
solution), and thus the solution involves increased anisotropic stress induced by the spinor bilinears

in the vicinity of the bounce.

20 40

FIG. 4. Evolution of the first order spinor bilinears E(;) and A%l) for k; = 2 (left panel) and k; = 10
(right panel), for a given choice of initial conditions. We have chosen the potential U = mE, with m = 0.1,
& =-0.1, M = 0.3, and kK = 1/4. We set the initial conditions at ¢t = —50, and choose them such that all

Fourier modes are either purely real or purely imaginary, with —z'A(()l) =Eqn=¢= gb =1 =0.1E.

We next consider the vector perturbations, which once again seem at least naively to be over

constrained. That is, the dynamics of the six modes 0(21), C’?l), A%l),A‘Z’l), B?, and B3, seem to be

governed by 8 equations of motion (four projected Dirac equations together with the four equations

given in (52))). Combining Egs. together with Eq. (50g) and (50hL)), it can be shown after a

little manipulation that C(Ql) = 0(31) = 0, and therefore also that the B scale as a=2. The first
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FIG. 5. Evolution of the scalar modes ¢ and ¢ for k; = 2 (left panel) and k; = 10 (right panel), with the

same parameter choices as in Fig. [4

order axial currents A2 and A? scale as a—3. We therefore find:

2 _ . 1 a8 3_ . 1 &a*
B _ZSKk1a2’ B __ZSNklaQ

2 ) ’ (55)
2 _ o« 3 _
Aty = & Al = &

where the &', are k-dependent, but time independent. We need to ensure that these solutions are

compatible with Eqs. (50€) and (50f), which after setting C® = C? = 0, become:

0= 8xkME G+ HE)a? + 8k H&, (56)

0=8kME G2 — HEa* + 8k HE. (57)

We see immediately that in order to satisfy these equations, the (k-dependent) constants &2 and &3
must be set identically to zero. The ‘vector’ dynamics for longitudinal modes is therefore completely
constrained and we have B? = B3 = C(Ql) = C’?l) = A%l) = Ai()’l) = (0. This situation is reminiscent
of the results of Isham and Nelson in [48], who found that solving the full set of Einstein equations
for FLRW metrics with spatial curvature required the background axial vector current to be set to
Zero.

The dynamics for the tensor modes is described completely by Eqgs. . Solving this pair of
equations numerically, we obtain a typical solution, which we display in figure[6] Again the solutions

grow in amplitude in the approach of the bounce, and decay afterwards, such that the amplitude

is typically of comparable magnitude on either side of the bounce.

2. Orthogonal modes

In this subsection we explore the linearized equations of motion for modes which are perpendic-

ular to the direction picked out by the background axial vector. It is convenient to maintain the
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FIG. 6. A typical example of the behaviour of tensor modes around the time ¢ = 0 of the non-singular
bounce for k; = 2 (left panel) and k; = 10 (right panel). We set the initial conditions at ¢ = —50, with
h22 = hgz = h23 = hgg = 001E(0)

basis chosen in Eq. @ ) for the first order modes, and so we consider a parity invariant background
solution in which A(o) = A?o) = 0, and for which A(o) E(y). It follows from Egs. and ,
that for parity invariant backgrounds the following identifications hold:
Al = ~Eq), Vit = — Ay, Al = Apy, Ay =~ Ay, (58)
Aty = —Eq), Buy = Clay, Vit = ~Cyy, Vi = Cyy-
As occurred with longitudinal modes we find that the original 16 components of the projected Dirac

equations given in Eq. collapse down to the following set of 8:

Eqy = —3HEq) + 30E () — i C), (59a)
By = ~3HEq) —i%.Ch) — 2Uh, + 2B ) By — 26U + %E ) By, (59)
Cly = —3HCy + 2(Ufy) + 26E(0))Cfy) — i%lE(l) + 1B3E(), (59¢)
Cty = —3HC()) — BB — 2(Ug) + 26E0))Cfy) s00)
— [i% 0 — 282 6] E (o) + (Ufo) E(o) + 26 E{y)) B
Al = —BHAY) +2U,)Cl) — i Ay + 3 B2 Eo), (59%)
Alyy = —3HA}, - i%lA[()l), (59f)
A}y = —3HAY, — i), (59g)
Cly = —3HCY — i" A}y — 2(Ug) + 26E(q)) Ay + (Ujg) E(o) + 2 Efy)) B (59h)

We note that unlike was the case for longitudinal modes, no obvious decoupling seems to occur
between ‘scalar’ and ‘vector’ modes. Instead the set of modes {E(l), E(l), C(ll), Cé”l), é, ¥, B3}
seem to decouple from the set {A?l), A%l), A:(gl), 0(21), B?}, at least at the level of the Dirac
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equations. Let us see if this decomposition continues to hold: The scalar Einstein equations given

in Egs. (41a) and Eq. , become:

0=8k[EE ¢ + 3HY + 3H>Y] + (U + EE?) + LL[- B} E + 2k, CY), (60a)
0=F + 16x(¢ + H1), (60Db)
0= 8k (¢5+ (2H+3H2)1/1+H(1Z}+3q3)> T o (60c)
0 =8r(¢ — ¥) + g alki B°E + 4k 1), (60d)

while the equations of motion given in Eqgs. yield the following relations for the vector com-

ponents B*:

B? = igh-[A° + Jhoz E), B =g [E = 30F — 3hor B, (61)

along with two pairs of equations which relate the tensor modes h;; to the scalar and vector modes:

0= [is5C%hs — YhagB| + dwick (B + 2H Bk ),
_ . (62a)
0= {%C?’kl + ihng} + 4kis- (B*ky + 2HB%ky),
0= %ZBS%E - 4/‘41(%22 + 3Hh22 + kl;];k hQQ),
(62b)

0= JiB25 B + dr(hos + 3Hhos + £ 55 hys).
Indeed, just as was the case for the projected Dirac equations, no explicit mixing occurs in
the Einstein equations between the set {£j), E(l), C'(ll), C?l)’ é, ¥, B3, ha} and the set
{A(()l), A%l), A?l), C(Ql), B2, ho3}. We are free therefore to treat these two sets as behaving
completely independently from one another. Before making use of this decomposition however, we

note that a few of the above equations offer immediate analytic solutions. Differentiating Eqgs.

with respect to time, and making use of the projected Dirac equations for E(;) and A?l) given in

Egs. (59al) and (59g)), we obtain:

B® = 2HB? —igh-[i%Cl) — 3hasEl,  B® = —2HB® —igl—[i"%C}) + $hnE].  (63)

a ol
8kk1 " a

Substituting these equations into Eqs. (62a)) we then find the following relationship between the

vector components 0(21) and C?l), and the tensor modes h;;:

Making use of these relationships for 0(21) and C’?l), we see that Eqgs. (63)) simplifies further, and the
vector modes B’ scale as a~2. Equations also allow us to solve Eqgs. (b9al), and (59g)), which
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yield:

~3

as . a
Az()’l) = (—%ho3 — 2571)E ) B? = —Z4ﬁlkl (%],

Eqy = (3¢ + 3has — 257) E(0), B = —i g (23],

(65)

where the a2, and M are (k-dependent) constants with respect to time. These solutions very clearly
exhibit mixing between scalar, vector, and tensor modes.

To find the remaining solutions it will be useful to consider the mode decomposition which
occurs between the various perturbative modes for the full set of equations of motion. We begin in
particular, by searching for solutions for the set {E’(l), C(ll), (31), &, ¥, hae}, which are compatible
with the solutions for { £y, B3} already given in Eq. (65] (65). As was the case for longitudinal modes, it
appears at least naively, as though the remaining equations of motion are over constrained, because
there are more equations than degrees of freedom. Not every equation is independent however:
Differentiating Eq. (60al) with respect to time, and then making use of Eqs. , , and
(51d)) we can derive Eq. ( . for C (1)
and then making use of Eqgs. and we can derive Eq. . We therefore have only to

Similarly By differentiating Eq. (60b)) with respect to time,

consider the reduced set {¢, 1, C’?l), hao}, with dynamics specified by the following equations:

0 =8[58 (¢ + ) + 3H¢ + 3H?Y — H(3¢ + Lhay — %)] BIBE, (66a)
0:<}5+(2H+3H2)(¢+3¢+%h22—2%)+H(¢+3¢)+%—;(¢ ¥)+ -2 BB, (66b)

= .0} + hasE, (66¢)
0= 33 kl E— 4/4;(]122 + 3Hh22 + k h22) (66d)

CPy = —3HCH) —i% (¢ + ¢ + Shas — 2%)}3(0) + (Ul + 26E(0)) 3 E(0) B® — 16Ki%2 (¢ — 1)),

where we have made use of our solution for £;) given in Eq. to simplify these equations further.
We could similarly have used the solutions given in Egs. to remove B? from the equations.
Our ultimate goal is to whittle down Eqgs. to a set of four equations in four unknowns. We
are unfortunately not able to do so analytically however, and so we must turn to numerics. We
find that the above set of equations are indeed consistent, so long as the vector perturbation
B3 is set to zero. In particular, we have been able to solve equations , , , and
simultaneously, while making use of Eq. in order to set the initial conditions. We
then find that Eq. remains consistent with the solutions obtained throughout their evolution.
Example solutions for the modes {¢, ¥, C? ., ha} are displayed below in Figs. ﬂ I, |§|7 and l

All examples we have explored show the same characteristic behavior: the perturbations grow in
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amplitude towards the bounce, reach a finite maximum value and decay again in a more or less
time-symmetric manner after the bounce, though in some cases the amplitude is enhanced by the
bounce. Note that in all cases the evolution of scalar, vector and tensor modes is linked, and the
presence of scalar modes necessarily induces the presence of gravitational waves. This is one of
the main distinguishing features of spinor bounces. Also, just as for the longitudinal solutions,
the scalar metric perturbations ¢ and 1 are unequal, a feature that reveals how near the bounce
anisotropic stress plays an increasingly important role.

We next consider the dynamics of the four modes {A?l), A%l), C(Ql), hos}, which do not include

scalar metric perturbations and are completely described by the equations:

A(()l) - _3HA?1) + 2U(IO)C(QU - i%f‘%) — HByE(g), (67a
. .
0=iCP, — hasE,

0 = LiBy 5L B + dri(hog + 3Hhos + 8s hog),

a2

0(21) = —3HC} + " (Shos + 2%3)15(0) + (Ufp) + 26E(0)) (E0) B* — 247))), (67e

where we have simplified the above expressions by making use of the solution for A?l) given in
Eq. . We could similarly have used the solutions given in Eq. to remove B2. Once again
we are not able to continue analytically, however the above five equations are consistent, so long
as the vector perturbation B? is set to zero. In particular, we are able to first solve the equations
of motion and constraints , , , and , making use of Eq. in order to set
the initial conditions. We then find that Eq. remains consistent with the solutions obtained.
Example solutions for the modes {A?1)7 A%l), 0(21), hos} are displayed below in Figures ﬂ, , @
and These examples are remarkably similar to the solutions obtained for the independent set of
modes discussed above. Once again, the bounce is stable and combines scalars, vectors and tensors

together.

V. DISCUSSION

Circumventing the big bang is an ambitious goal. In classical general relativity it amounts to
finding a loophole in the Penrose-Hawking singularity theorems, which is no easy feat. In particular
it is proving notoriously difficult to violate the null energy condition in a convincing way. Spinor
cosmologies have the great advantage that they employ a rather minimal generalisation of general

relativity which includes adding torsion. This is well motivated from the framework of deriving
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15
FIG. 7. A typical example of the behaviour of the orthogonal scalar modes ¢ and 1 around the time ¢t =0
of the non-singular bounce for k; = 2 (left panel) and k; = 10 (right panel). We set initial conditions at
t = —50, and again choose initial conditions such that the Fourier modes of the perturbations are either
purely real or purely imaginary, with z'A?l) = A%l) = h23z = 0.3E(g) and ¢ = —v = hay = 0.1E(), while our

choice of parameters are given by m = 0.1, £ = —0.1, and x = 1/4.

FIG. 8. A typical example of the behaviour of the ‘scalar’ modes iA?l) and A%l) around the time ¢t = 0 of the
non-singular bounce for k; = 2 (left panel) and k; = 10 (right panel), with the same choice of parameters

and initial conditions as in Fig.

relativity as a gauge theory, and naturally allows for the coupling of fermions to gravity. It is
therefore doubly interesting that such models can also allow for solutions undergoing a cosmological
bounce in which the scale factor transitions from a contracting to an expanding phase of the universe.
More generally, such models easily allow for a wide range of possible cosmological evolutions, as we
have discussed. Nevertheless, let us repeat here that our classicality assumption on spinor bilinears
is a rather non-trivial one, which deserves further examination. The results of the present paper
motivate a more extensive study where the fermions are treated quantum mechanically, in the spirit

of the study of Damour and Spindel [54].

Despite the attractive features of spinor models, to date most treatments of cosmological solu-

tions involved only a discussion of the background. Just a few works looked at perturbations of the
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FIG. 9. A typical example of the behaviour of the ‘vector’ modes iC(21) and —iCé”l) around the time ¢ = 0 of
the non-singular bounce for k; = 2 (left panel) and k; = 10 (right panel), with the same choice of parameters

and initial conditions as in Fig. [7]
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=30 -100
FIG. 10. A typical example of the behaviour of the tensor modes hos and hsoz around the time ¢ = 0 of the
non-singular bounce for k1 = 2 (left panel) and k; = 10 (right panel), with the same choice of parameters

and initial conditions as in Fig.

spinor fields, but we are not aware of any work taking into account metric perturbations as well.
We have done so in this paper, and have discovered several interesting and perhaps unexpected fea-
tures. For instance, we have found that spinor bounces are stable to linear perturbations, despite
the fact that the null energy conditions is violated near the bounce, and this without any particular
tuning of the parameters of the models. The stability is ensured by the fact that the torsion terms,
which ultimately induce the null energy violating contributions to the stress tensor, only enter al-
gebraically — thus they do not alter the kinetic terms of the metric or matter perturbations, and do
not induce the ghosts that plague many other NEC-violating models.

Furthermore, in cosmological spinor models the standard decomposition into scalar, vector and
tensor modes does not in general lead to decoupled equations for these different sets of modes.
Rather, the gamma matrices needed to describe Dirac spinors also have the consequence of pro-

viding direction-dependent background quantities that spoil the scalar-vector-tensor decomposition
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usually present at linear order. Far from being a drawback, this feature may well lead to the most
interesting consequences for spinor driven bounces: already at linear order, scalar fluctuations gen-
erated during a contracting phase will generate gravitational waves. This leads to the interesting
prospect that spinor bounces may lead to more pronounced gravitational wave signatures, espe-
cially in cosmological models where there is no additional source of primordial gravitational waves
at linear order, such as in ekpyrotic models [50, [55].

Another remarkable consequence of these models is that their cosmological perturbations are
direction dependent, even when the background is given by an isotropic FLRW solution. This is
again due to the direction dependent gamma matrices required to define the Dirac spinors. A clear
goal for future studies will be to determine to what extent these distinguishing features may be

observable in cosmological experiments.
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VI. APPENDIX

Appendix A: Conventions and useful identities

In this section we outline the conventions and useful identities that we use in this paper. To
facilitate comparison of results we follow closely the conventions used by Magueijo et al. [39]. In
particular we work with the flat metric n;; = diag(—1,1,1,1), such that the spacetime metric
G = NI Jeﬁe;f is mostly positive. For spacetime indices we use Greek letters, while for internal
Lorentz indices we use upper case Roman letters. When summing over only spatial indices we use

lower case Roman letters. The co-tetrad is denoted e! = eﬁdw”, while for a general m—form A we

define A = %Aal._.amdx‘“ A ... Ndx®. The determinant of the co-tetrad is defined as:

1 véo I J K L
e = gerskLe e e €5 €, (A1)
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where following [39], the symbol €7k, is a local SO(1, 3) spacetime scalar antisymmetric in all of its
indices, and satisfying egia3 = 1. The symbol 79 is a spacetime density, which is antisymmetric
in all of its indices and satisfies €923 = 1. Equation (AT)), yields the following useful relation which

we make repeated use of throughout the paper:

EuudaeleJ66 ek GEIJKL —_ —BEIJKL. (A2)

We will use the Weyl representation for spinors in this paper, with the following convention for
gamma matrices y':
o I, 0
: Y5 = Heapear* Y'YV = (A3)
g 0 0 I
where o0 = {1,0'}, @ = {1, —¢'}, and where ¢* are the Pauli matrices. It is easy to check that these
gamma matrices satisfy {71 , ’y‘] } = —277[ 7 We can use the gamma matrices to construct generators

% of the Lorentz group, which are Krein anti-hermitian and take the form:
2% = -0 (A4)

The following identities will be used extensively, and will be indispensable for those wishing to

reproduce the results of this paper:

(v, 7°), 7] = 4(n°® — Py (A5a)
{2,778, 7%} = 4y199Py] = ide®edrgy, (A5b)
V0yq0 = ()T (A5c)

The covariant exterior derivative on spinors is given by:
DU = da"(8), + w,) ¥ = dat (9, + 2w, 2TV, (A6)

where w is the spin connection. The covariant exterior derivative acting on the co-tetrad defines

the torsion two form T:
T! = Del = de’ 4 w!)e’. (AT)

As we show in Eq. , the spacetime torsion T is sourced by the axial and vector currents A7 and

V7. Tt will be useful to decompose the spin connection as follows:

(J.)IJ:(:UIJ—FCIJ, (AS)
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where @ is the ‘torsion free’ spin connection obtained by setting A’ = V! = 0. The torsion free spin
connection satisfies the equation T = 0, and depends only on the vierbein e!. As a result the torsion
can be expressed in terms of the contortion one-form C!7 = C’I‘] det: TT = C’I e KeKe‘]
We use a ‘tilde’ to indicate when a quantity is ‘torsion’ free. For example the covariant exterior

may be denoted

D=D+C. (A9)
Finally we define the curvature two-form R/ by:
RV = dw! 4wl kY = B 4 pol’ + ol 0K, (A10)
The torsion free Ricci tensor ﬁ,w and Ricci scalar R are defined respectively by

JplK
RquelueyR JK

o (A11)
R - RIJIJ
while the torsion free Einstein tensor is defined by
G = Ry — 29 R. (A12)

Appendix B: Deriving the equations of motion: A simplified example

The derivation of the equations of motion is too lengthly to show in complete detail here.
Instead we provide the reader with a derivation in full detail for a simplified model in which
a = =71 =X=0, and for which we remove the Holst term in the gravitational part of the action.

We also choose U(WW) = 0. Given these simplifications the full action is written as:
S = n/eUKLe e/ REL 4 5o /GUKLeIeJeK(\II'yLD\II — DUAD). (B1)

We consider the vierbein e/, spin connection w™”, and spinor ¥ as our fundamental fields, and so

the variation of this action is given by:
0S8 = 2/4]/6]JKL(56 el REL 4 + 7 /eUKL((Se Ve e (UL DU — DU~ D)

+K,/6[JKL€ eJD(S( ))—161'_3!/61‘][([1616 e (5wMN)(‘IJ{’y [y M,'yN]}‘ll) (B2)

+ 5k / eryxrele’ X (0O DY + Uyl DsW — DUALT — DU D).
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The Euler-Lagrange equations are obtained directly from Eq. (B2)) by setting the variation to zero.
Considering first of all the variation of the action with respect to the spin connection we obtain the

following equation of motion

2ke; M CPQe QePel = Sersrrelel K MNE A, (B3)

where we have made use of the identity given in Eq. (A5bf). Direct comparison can be made between
this result and that which we provided for our full model in Eq. . The above equation can be
solved to obtain an expression for the contortion. The approach is to first multiply through on both

sides of the above equation by eX. After some manipulation we then obtain:

(nX[NCQUg} + OXNM) léHEXNMPA (B4)

Contracting this equation with nxas yields CMJ]\&[ = 0, and so we immediately find the following
algebraic expression for the contortion,

XMN 1 XMNP
CXMN — L XMNP 4, (B5)

Direct comparison can be made between this expression for the contortion, and that provided for
our full model in Eq. .
We next consider variation of the action with respect to the spinor W. After some manipulation,

we obtain the following curved space Dirac equation:
iersre*M (29 Do — LCsrar{y", 7%, AT 1¥) = 0 (B6)

We can write the above equation in completely ‘torsion free’ form, by making use of the expression

for the contortion given in Eq. (B5)). We then find:
i€}y "D, = LCyniy M AN
= 3rGA 510, (B7)
where we have again made use of the identity given in Eq. (A5b)). If we define W = %AD Ap,

then we can re-express the Dirac equation as

~ 1)
e D = S (BS)

where direct comparison can be made with Eq. .
Finally we consider the variation of the action with respect to the vierbein, which yields the

following Einstein equation:

reryrre’ e REL = —*EIJKLCJGKCM(\I”YLDM\IJ — Dy Oy w). (B9)
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We use the expression for the contortion given in Eq (B5]) to re-write this equation in torsion free
form:
kersrne’ eM NRKLMN = —*EIJKLGJEKGM(‘II’}/LDM\I’ — DM\IWL‘I/)
+ T 16K€[JKL€J€ e (5MAPAP — ALAM)

(B10)

- %EIJKLeJeMeNEKLNPDMAP

J M _N KQ PL S
SIGHGIJKLe e’ e (epyr A’ "nsA?).

The Einstein equations appear very unfamiliar when written in this ‘first-order’ form. To re-
express them in second order form we first multiply though on both sides by eX. After some some

manipulation we obtain:
4I€Guy = %gqu I 16ngNVAIA eLMXL %eLueMl,eLMNPDNAP. (Bll)

where XL (U~ED, ¥ — D, U~E W), and where we have used the vierbein to switch to spacetime
indices. Notice that the above equation appears a little strange in that the last two terms on
the right hand side do not appear to be symmetric in their indices. Let us however consider the

anti-symmetric part of the second term on its own:

—der Xk = —tepueny (WY E N — A MyEN) Dy — Dy (BTN — Myt
= —feppenn (UM, A",V Dy ¥ — DM, 44,4 w)
= Leruern(T{YM 71, /Ny Dy + Dy U {[y™, 77,7V 1)
— teruern (U™, A H N Dy + Dy N[y M 7))
= ieLueMVELMNPﬁNAp— feruern (O™, ~"y NDN\IJ—FDN\I/’)/ VM 4HW),

(B12)

where for the second equality we have made use of the identity given in Eq. (Aba). We therefore
express the torsion free Einstein equation in its final form as:
~ i Y i v L 3G 1
4:‘£G'uy = %gHVX — %ei( X v) ~ Juv = 7r A[A (B13)

— depuean (M A1y N Dy + Dy yN [y M A E)w).
Direct comparison can be made between this equation and Eq. . Once again the second line
on the right hand side does not appear symmetric in its indices. Notice however that this term is

identically zero on shell, which can be seen by making use of the Dirac equation given in Eq. (BS)).
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Appendix C: Deriving the form of the Contortion tensor C!/¥

In section [B]we derived the equations of motion for a simplified model with no Holst term, and for
which a = § =7 = A = 0. While deriving the equations of motion for the full model is significantly
more computationally intensive, it is for the most part no more technically difficult. Perhaps the
one exception is in deriving Eq. from Eq. . In this section we therefore fill in the details of
that calculation. We begin by first contracting both sides of Eq. with (e5TMN —QWnS[MnN]T)eX,

which after some manipulation yields:

1442 —A
—8m( 727 ) [CX[TS} +,,7X[TCQ\SM X557 (@A + (A2 + Q)

(1)
+39(Qq — 7(Aq + Qg))-

The first term on the left hand side of this equation has anti-symmetrised brackets around two of

its indices that we wish to remove. In order to do so we sum together instances of Eq. with

various permutations of its indices. From this procedure we obtain:

1+~2 —A
8ry < 727 > (675 42X O | = X6 (304 + (4% + Q) (C2)

+5e9(Qq — (A + Qq))-
Next, in order to remove the second term on the left hand side of this equation, notice that we can
obtain an expression for C7*%. on its own by contracting Eq. @ with ngr:
Oy = ot QY+ (¥ Q). (C3)
Substituting this expression for CT%, back into Eq. @ finally yields an algebraic equation for the
contortion which we provide in Eq. .

Appendix D: Selecting a gauge

In order to simplify the linearly perturbed equations of motion we choose to work in a fixed
gauge. As vierbein gauge fixing is not often discussed in the literature we will provide details
here. We begin by determining how our metric and vierbein perturbations transform under the

symmetries of our model. The line element in conformal time is given by
ds? = a(1)?[~(1 + 2¢)d7? + 2B;drda’ + (8;; + hyj)da'da’] (D1)

where v, ¢, B;, and h;; are perturbations which depend a priori on all spacetime coordinates. We

can use the invariance of the line element under coordinate transformations to determine how each
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of these perturbations transforms under a coordinate transformation:

ds* = gdatda” = §,edz’dz’

__ ~ dzP dz° v
= po qoi gov Ao’ d

— Guv = gpa%(éuﬁj (D2)

If we consider a coordinate transformation of the form z# — z+ = z* 4+ £H, where £* is small so that

it can be treated as a perturbation, Eq (D2) tells us that the metric perturbations must transform

as:
- h=p — HE — £ (D3a)
B; — B; = B; + ;¢° — 6;,6 (D3b)
hij = hij = hij — 28%H0;; — 00,6 — 01,05€F (D3c)

Following a similar procedure we can also work out how the perturbed vierbein must transform

under coordinate transformations. We express the components of the perturbed vierbein e, n
conformal time as:
ed = a(r)(1 + ), e = a(r)C;, eh = a(r)E’, 63- = CL(T)((;;- + k;) (D4)

Note that the C; and E° that are used in this section denote spacetime fluctuations, and that they
are unrelated to the spinor bilinears used in the rest of the paper. We then use the invariance of

the tetrad e® under coordinate transformations to determine how the vierbein must transform:

a__ _a W ~a v
e’ = e dzt = e dx

_ sadz? o
= e, gndr

— €

o =enar (D5)

Once again looking at coordinate transformations of the form z# — zV = z# + &* where & is

small so that we can treat it like a perturbation, Eq. (D5|) tells us that the vierbein perturbations

transform as

== —HE — €0, (D6a
E' s E'=FE ¢, (
CZ' — 61 :Ci—alfo, (DGC

ki — ki = ki — 0,6 — 6iHE0 (D6d
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Notice that the vierbein and metric perturbations are not independent, but are linked via the

a

definition g, = e e®ngy. We therefore find:

12
B = —C; +ni E (D7a)
hij = Y _(6FKF + 6FkF) . (D7b)

k

It is easy to check that the gauge transformations given in Eq. can be reproduced by making
use of Egs. together with Eqgs. (D7)).

As well as a coordinate index, the vierbeine also have a Lorentz index. Under an infinitesimal
Lorentz transformation, the vierbeine transform as ef, — € = (05 + Afb)ez. As short calculation

shows that vierbein perturbations therefore transform as

)= =1, (D8a)
E' - E'= E'+ A\, (D8b)
Ci — Ci = C; + A%, (D8c)
ki — &=k + AL (D8d)

From Egs. @ it follows that the metric perturbations B; and h;; remain invariant under local
infinitesimal Lorentz transformations, as expected.

Let us now eliminate the redundant components that arise because we are analyzing a gauge
theory. We start by fixing a local Lorentz gauge. The vierbein perturbations account for 16 degrees
of freedom, which is 6 more than for the metric. The Lorentz group is 6 dimensional, and so the
choice we take is to fix the extra degrees of freedom in the vierbein (i.e. we leave the spinor degrees

of freedom completely un-fixed). We set:

Ci = —ni B, (D9)

kij = ka', (DlO)

which from Eq. implies B; = —2C; = 2F;. Having used up all of our Lorentz freedom to gauge
fix the vierbein, we next want to use coordinate freedom to do the same for the metric. Before doing
so however it will be useful to first perform a so called scalar, vector, tensor (SVT) decomposition
of the metric. This means that we decompose the vector perturbation B; into its scalar and vector
components [56]:

Bi= 8;B + B (D11)

~— =

scalar  vector
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where 8’@1' = 0. We similarly decompose h;; into its constituent parts:

hij = 2050 + 20,05 x + 28(1-1?’]-) + 27L¢j , (D12)
N—— S~~~
scalar vector tensor

where 0(;0;yx = (0;0; — %(ch?kak)x, and hatted quantities are divergence-less 8"ﬁi = 6i/};ij =0 and
traceless ﬁ; = 0. Likewise & = E@ + & We therefore see that the metric perturbations decompose
into four scalar degrees of freedom ¢, 1, B, x, four vector degrees of freedom B\i, Z?'Z-, and two tensor
degrees of freedom Bw Under this decomposition the gauge transformations given in Eq. are

re-expressed as:

P —p — HE® — €0, X = x—&,
¢ — ¢ — H — Lo,0F¢, B— B+ ¢, (D13)
giééi—aogi, ﬁi%ﬁi—g@

while /f;ij is gauge invariant. It is immediately clear that by choosing &, €% and @ appropriately we
have the freedom to set two scalar and two vector degrees of freedom to zero. We choose Newtonian
gauge: B = x = ﬁl = 0. The final line element is given in Eq. , where in an effort to reduce

clutter we have dropped the ‘hats’ on the vector and tensor perturbations.
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