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The mode structure symmetry breaking of energetic particle driven Beta-induced Alfvén Eigenmode (BAE)
is studied based on global theory and simulation. The weak coupling formula gives reasonable estimate of
the local eigenvalue compared with global hybrid simulation using XHMGC. The non-perturbative effect of
energetic particles on global mode structure symmetry breaking in radial and parallel (along B) direction is
demonstrated. With the contribution from energetic particles, two dimensional (radial and poloidal) BAE
mode structures with symmetric/asymmetric tails are produced using an analytical model. It is demonstrated
that the symmetry breaking in radial and parallel direction is intimately connected. The effects of mode
structure symmetry breaking on nonlinear physics, energetic particle transport and the possible insight for

experimental studies are discussed.

I. INTRODUCTION AND MOTIVATION

In non-uniform tokamak plasmas, the 2D mode struc-
ture (in radial and poloidal directions) is related to the
wave-particle interaction and the consequent instability
excitation and energetic particle transport! *. Symme-
try breaking of the 2D mode structure can also be im-
portant for understanding momentum transport, specif-
ically, the intrinsic momentum transport®®. While nu-
merical simulations based on initial value approach or
eigenvalue approach have been used to study energetic
particle problems (see, e.g., Ref [7-9]), other theoretical
approaches have also been developed!'®''. The gener-
alized fishbone-like dispersion relation (GFLDR)'® us-
ing the Mode Structure Decomposition (MSD) method!!
provides a general framework for the study of Alfvén
wave and energetic particle physics. In this work, we
focus on the important role of global mode structure, in
particular, the radial and parallel symmetry breaking in
terms of &, and k| for weakly coupled poloidal harmonics.
For weak magnetic shear (§) and low toroidal mode num-
ber (n), the coupling between poloidal harmonics is weak
as shown in our work, in contrast to that for high n, mod-
erate to high § micro turbulence. The non-perturbative
effect of energetic particles on mode frequency and struc-
ture are studied and its connection to the nonlinear dy-
namics is discussed. The purpose of this work includes,
but is not limited to the following aspects.

1. While global theory has been developed for BAE to
demonstrate the “boomerang” shape structure due
to the anti-Hermitian contribution of energetic par-
ticles using GFLDR!2, this work provides a comple-
mentary approach in weak coupling limit, by using
the original gyrokinetic quasi-neutrality and vortic-
ity equations'? for few coupled poloidal harmonics.

a)Electronic mail: zhixin.lu@ipp.mpg.de

2. By focusing on the weak coupling case, this
work, with energetic particles and electromagnetic
physics taken into account, serves as a comple-
ment of our previous symmetry breaking study
for micro-turbulence!* (strong coupling case, where
many poloidal harmonics are coupled to form the
global mode structure). The weak coupling for-
mulae can also be useful for the study of beta-
induced Alfvén-acoustic eigenmode (BAAE) where
the observed mode structure from experiment and
gyrokinetic studies is dominant by a single ploidal
harmonic!® 17,

3. This work can shed light on the understanding of
the mode structure excited by energetic particles
(EPs)!® and the reasons of the different behaviors
of the co-passing and counter-passing EPs!?:20,

4. More generally, by identifying the basic ingredient
of symmetry breaking of mode structure, this work
can provide an input to other perturbative/non-
perturbative codes and suggest interpretation of
simulation results”2! 23,

This work is organized as follows. In Section II, the
physics model and the theoretical approach for the en-
ergetic particle driven BAE are introduced. In Section
ITI, the theoretical analyses and the simulation results
are given along with the symmetry breaking studies in
terms of k, and kj|. In Section IV, we give the discussion
and outlook.

Il. PHYSICS MODEL

A. Gyrokinetic quasi-neutrality and vorticity equations
with kinetic thermal ion and energetic particle

In this work, we use the equations for the perturbed
scalar potential d¢, the perturbed field 41, which is re-
lated to the parallel vector potential fluctuation dA) by
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0A| = —i(c/w)b- Vv, and the non adiabatic perturbed
particle distribution function § K, which is related to the
perturbed particle distribution function ¢ f; by
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where wgs = vaskog, vis = f(vﬁ + vi/?)/(wc,sR),
g = cosO+(k,/kg)sinb, w.s = esB/(msc), QFys =
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tegral in velocity space. Here, Jy(as) accounts for finite
Larmor radius effects using the standard notation for the
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used where r, 8 and ¢ are radial-like, poloidal-like and
toroidal-like coordinates. The subscripts s = i,e, f in-
dicate thermal ions, electrons and fast (energetic) parti-
cles respectively. The toroidal current and toroidal mag-
netic field are both in ¢ > 0 direction. Then the elec-
tromagnetic system is described by the gyrokinetic equa-
tion (GKE), vorticity equation (VE) and quasi-neutrality
equation (QNE) as follows!?
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Bessel function and as = kjps. Furthermore, for sim-
plicity, we assume high aspect-ratio, low-pressure toka-
mak plasma equilibrium with concentric circular mag-
netic flux surfaces.

In order to obtain the eigenvalue equation, firstly,
0K = 6K (A¢, ) is obtained from GKE where A¢ =
d¢ — 01; secondly, 0K (A¢,d1) is substituted into the
QNE to obtain A¢ = A¢p(dv); and lastly, 6K (d¢) and
A¢(d1) are substituted into the VE to obtain the lin-
earized eigenvalue equation. With Fourier decomposition
dy = Oy, exp{—in¢} where dy = §1), ¢, IK and integra-
tion along un-perturbed particle orbit, Egs. 1 and 3 yield
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where Ry s = 0),s/Cns — 1, 0 = v)/Vts, Cmys = dominant kinetic particle compression (KPC) contribu-
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ks = —(v2,/2)(QFos/w)/Fos, repeated subscripts indi-
cate summation. For the sake of simplicity, in the follow-
ing, the subscript ‘s’ in (p, s, 2m,s etc is omitted when
no ambiguity is brought in. In deriving 6Ky ., only the

tion is kept for the parameters in Table I (k1 psp ~ 0.092
for EP birth energy, n = 2 and normalized EP den-
sity ny/n; < 1). Since we focus on the study of
low n mode, only Jy(A) is kept for finite orbit width
(FOW) effect. Note, however, that the present choice
of mode number does not correspond to the most un-
stable mode and that, unlike the typical conditions dis-
cussed in Ref. [3], the EP response is dominated by
the fine radial structure in the kinetic/singular layer!:?
With Egs. 4, and 5 substituted into 2, by defining
KPC, = (4mes / (k) Jo(as)wwas6 Ks), we have
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UH)/Rm z> H’rnb = H(C’m,s) - <Jt éK:éFOé(UJ_/2 +
) /Ry.s). The response functions Dy, s, Ny, s and

ﬁmys describe the response of dng (density perturbation)
and Jjs (current perturbation) to A¢ and di).

For thermal ion  with Maxwellian  distri-
bution  Fp; = exp{—9°}/(7%/*v}), we Thave
ki = 1 — wy/w [1+77i (172—3/2)] and H;,, =
(1 — wyi/w)F;m — wieriGim. By ignoring the finite

Larmor radius (FLR) and finite orbit width (FOW)
effects (J; = 1), which is valid for parameters in Table I
(kgpe; ~ 0.0226), Dy, Ny, Fry and G, can be calculated
analytically and are equivalent to D, N, F and G in

[13] and [25] with the connection N(C) ]([(C)/C,
F(Q) = F(Q)/¢ G(¢) = G(¢)/¢ and D(¢) = D(C)/¢
(D, N, F and G are variables defined in [13]), where
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<2(<4+<2+2)+<(c6+ + 2+ 4) 2(C) and
Z(C) = (1/\/7?)ffooodxe*z /(x — ) is the plasma

dispersion function. Based on the multiple spatial scales
of the fluctuation structure, the analyses in this work
is equivalent to the asymptotic matching approach' 3.
In the following, we focus on the BAE mode with
w/we; > 1. Then for weak coupling case, the dominating
poloidal harmonic, referred to as “central poloidal
harmonic” in the following, has much larger amplitude
than its neighboring ones (cf. Fig. 5 of [26]). By keeping
only the central poloidal harmonics, Eq. 6 yields
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where w% 4 = (7/4 + T)v% /R2.
For energetic particles, we assume a slowing down
distribution?”
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where Cy = /2(1 — AgB)BB;/(2°n*msep), 6(x) is the
Dirac delta function, the pitch angle is defined as A =
v? /(v2B), €, is the birth energy, the Heaviside function

H(z) =0for z < 0 and H(z) =1 for z > 0, the EP beta
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B = 47dev3Ffmv2/BQ. Then for weak coupling case,
Eq. 7 yields
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where (y f = ¢2 ;/12(1 = AgB)&), uniform EP tempera-
ture profile is assumed and only EP density is considered
to be non-uniform.

B. Global and local analysis of BAE eigenvalue and mode
structure

With Egs. 8 and 10 substituted into Eq. 2, the global
equation for uniform thermal ion is obtained

2
= #vﬂw + k2K PCy

Bo {
A

Via||51/1:| V. [uﬂ
=0, (11)

where K PCy includes the non-Hermitian part due to
EPs. In large aspect ratio and weak coupling limit, Eq.
11 reduces to
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where Yy = —kﬁ + (W —whap +wWEKPCy ) /v,
Y1 = —2k||aku/87‘ Y, = [Yo( )k2 + k||82/€“/87‘2]7 and
KPCfm = KPCypwi/(kivi)k? 6]~ In deriv-
ing Eq. 12, we ignored O(r/R) terms from (Vva)/va
and Vn;/n; terms due to the large aspect ratio assump-
tion and the uniform thermal ion assumption; we ig-
nored the variation of the metric tensor along B, i.e.,
V3 =0, (but V39 = iVik) # 0); we used V3 ~
(1/r)0/0r(ro/or) + (1/r*)0?/062.

The local dispersion relation for BAE is obtained in
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where the frequency is normalized with ws; = vi/(qR),
Ohap = (1/4+7)¢ Cp = —ny7pikepia’/(2epeny),
ef = 6f/€i, T = Tf/Ti7 1/8nf = R/Lnf. Note that
while the local solution corresponds to a small radial scale
(|krLeg| > 1, where L, is the equilibrium characteristic
length), EPs are still dominated by the geodesic curva-
ture response to provide the instability drive. Namely,
krpy (n = 2) is assumed to be small so that the devia-
tion of Jy(Ay) away from 1 is small. This is valid as long
as the radial mode width (~ 1/k,.) is in the mediate spa-
tial scale between py and L.q. As shown in Section III,
this gives a reasonable estimate of growth rate for our
considered low n mode. At the mode rational surface
(ng —m =0), (¢ = +0Q/ =w/wy, and
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I1l. NUMERICAL RESULTS AND THE COMPARISON
WITH XHMGC

A. Methods and parameters

Equation 13 is solved numerically for local dispersion
relation. Equation 12 is solved for the symmetry break-
ing study of the central poloidal harmonics and compared
with simulation results using XHMGC code??%2%. For
bell shape radial mode structures, the global solution
is calculated using Galerkin method based on parabolic
cylinder functions h;(r) as basis functions, which satisfy
0?hy(r)/Or? +(2l+1—7r?)hy(r) = 0. The method adopted
in this work is similar to that in [14] and is not explained
in detail here.

Similar parameters as those in [19] are adopted. The
safety factor profile is

q(r) = qo + (qa — q0)(r/a)? , (15)

where gqg = 1.9, q, = 2.3. The energetic particle density
profile is
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FIG. 1. Profiles of normalized energetic particle density ny =
ng(r)/ng(r = 0) and its radial derivative (left); profiles of
safety factor ¢ and magnetic shear § (right).

where Chpo = {1+ Cpnypi [tanh (re/rws) — 137" In
simulation we use Cpy1 = 0.5, 7oy = 0.5, ryp = 0.1
and profiles are shown in Fig. 1. For the base case, other
parameters at the reference radius are shown in Table I.

B. Result benchmark for the base case

The real frequency and growth rate calculated theoret-
ically using the local approximation are shown in Fig. 2
and compared with XHMGC results. The agreement be-
tween the XHMGC results and theoretical results agree
with each other reasonably. It should be noticed that
the theoretical model in this work has the following ap-
proximations. The drive from 0Fyy/0e is ignored due to
the dominance of the 0Fy;/0r term in QFps (the ra-
tio of the latter to the former is kgprquwis/(2wey,) >
1); XHMGC uses slowing down EP distribution Fy =
Cod(A — Ao)/(63/2+ei’/2)H (ep — €) (self consistently cou-
pled to the field equation®?), while the analytical model
adopts the e,/e. > 1 approximation (Eq. 9) with j;
matched to that in HMGC; the local eigenvalue is esti-
mated at the mode rational surface; and the well passing
particle assumption is adopted in the theoretical model
while in XHMGC, particle motion is calculated according
to equation of motion?®. By using the analytical K PCy,
the technical complication is minimized but the key fea-
tures due to EPs, e.g., the Hermitian and anti-Hermitian
contribution from EPs, are kept.
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TABLE I. Parametes for BAE (similar to those in [19]). The subscript ‘c’ denotes the value at the reference radius r = re.
The /2 is due to the definition of v; = v/2T/m in this work rather than the XHMGC convention (thHMGC = /T/m).
ny.c/ni,c = 0.003 corresponds to the on-axis value n ¢, qqis/ni,c = 0.006.
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FIG. 2. Comparison of local solution and global solution from
XHMGC. Note that ng(r = r.) = npo/2. XHMGC includes
dissipation and the result exhibits a critical nso for growth
rate v while the theoretical model ignores dissipation.

C. The local and global solution with EP contribution

The global eigenvalue and its connection to the local
solution is shown in Fig. 3, where the local and global so-
lutions are calculated using Eqs. 13 and 12 respectively.
The local real frequency is mainly contributed by the ki-
netic particle compression term of thermal ions and the
parallel field bending term Q% ,5, + (ng — m)?/B;. The
global growth rate is slightly lower than the largest local
one (at 7 ~ 0.5). The global solution is a suitable super-
position of local solutions with proper complex phases.
The additional global correction due to the radial mode
structure variation in the 0/9r terms of Eq. 12 leads to
the change of the local eigenvalue and leads to the global
eigenvalue formation.

D. The parallel and radial symmetry breaking

The parallel and radial symmetry breaking are two as-
pects of the global mode structure. The radial mode
structure of the central poloidal harmonic and the con-
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FIG. 3. Local and global eigenvalue of BAE in large aspect
ratio limit. Compared with the local eigenvalue at r/a = 0.5
(wioe = —2.7062 4 0.1873i), the global eigenvalue (wgiop =
—2.8065 + 0.16607) has a growth rate around 12% lower than
the local one and real frequency around 4% higher than the
local one.

struction of the global 2D mode structure are shown in
Fig. 4 for EP drive (dny/dr) with different 7.y values.
For EP drive with 7.y near r/a = 0.5, the radial mode
structure is relatively symmetric with respect to r = 7.y
(the central column). As r.;/a shifts away from 0.5,
the radial mode structure symmetry breaking appears
and the 2D “boomerang” structure is characterized with
asymmetric tails (the left and right columns). The 2D
mode structures obtained from XHMGC simulation sup-
port this point while the difference compared with the
theoretical results can be from the simplifications in the
theoretical model as mentioned in Section ITI B.

The radial symmetry breaking is analyzed as shown in
Fig. 5. In these cases, the radial mode structure has a
bell shape amplitude. The radial wave number k,, de-
fined according to 6¢,, (1) = exp{i [ k.dr}, describes the
amplitude and phase variation along r. The maximum
amplitude radial location is characterized by Im{k,} =0
(denoted by point Pr) and it overlaps with Re{k,} =0
(denoted by point Pg) for symmetric radial mode struc-
ture. The asymmetric radial mode structure is charac-
terized by the mismatching between Pr and P;, which
indicates a preferential propagation direction of the wave
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FIG. 4. Radial mode structure (first row) and 2D mode structure (second row) of BAE calculated theoretically for 7.y /a = 0.42
(left), rey/a = 0.50 (middle) and r./a = 0.55 (right) with EP drive in large aspect ratio limit (Eq. 12 with the geometry
effect term 1/r001/0r ignored) Third row: 2D mode structure for r.¢/a = 0.42 (left), rcf/a = 0.50 (middle) and r./a = 0.55

calculated using XHMGC.

packet.

The parallel symmetry breaking in terms of the in-
tensity weighted parallel (ng — m)|6¥|? wave number is
shown in Fig. 6, where §v¢ is the normalized perturba-
tion with the maximum amplitude |63)| = 1 at r ~ 0.5.
Corresponding to the symmetric radial mode structure,
the volume averaged (ng —m)|0|?, i.e., (k|)v, tends to
vanish due to its opposite sign and similar magnitude
inside and outside rcf. As r.y shift away from the crit-
ical value for symmetric radial structure, the symmetry
breaking of (ng — m)|dw|?> appears and the volume av-
eraged (ng —m)|0¢|? can be generated. The generation
of (kj|)v can be relevant to the wave-particle resonance
and parallel residual stress/Maxwell stress and will be
studied in the future.

The symmetry breaking in radial and parallel direc-
tion are intimately connected. Figure 7 shows the effect
of the EP drive location on the symmetry breaking. As
rcy shifts away from the critical value r.ro ~ 0.5a, the

volume averaged k, and k|| are generated and both in-
crease in magnitude.

IV. DISCUSSION AND OUTLOOK

The symmetry breaking of Beta-induced Alfvén Eigen-
mode (BAE) driven by energetic particles is studied
based on theoretical model and simulation using XH-
MGC. The theoretical formulae capture the important
aspects of the radial and parallel symmetry breaking of
the global mode structure and the non-perturbative ef-
fect of the energetic particles compared with the XH-
MGC simulation results. It is also shown that the ra-
dial and parallel symmetry breaking are intimately con-
nected. The different types of distorted 2D mode struc-
tures can be produced depending on the radial location
of the EP drive. It is also shown that the radial location
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of the energetic particle drive is closely connected to the
radial/parallel symmetry breaking and volume averaged
radial /parallel wave number generation.

While this work focuses on the global analysis of the
symmetry breaking, by using the analytical EP contribu-
tion and simplified geometry in theoretical model, more
detailed analyses for parametric scaling and effects of dif-
ferent terms in the gyrokinetic quasi-neutrality and vor-
ticity equations merit more efforts, by including more
comprehensive physics and optimized numerical method.
Several aspects as further steps are listed below.

1. While the present work ignored the FLR and FOW
effects (kgpi; = 0.0226 for base case), the FLR and
FOW effects is important for high n, high temper-
ature plasma, in particular, when energetic parti-
cles are present. While previous work on micro-
turbulence symmetry breaking observed that the
competition between the FLR term and magnetic
drift term can lead to the kj reversal®**?, the FLR
and FOW effects of thermal ions and EPs for BAE
symmetry breaking are not clear. The considera-
tion of FLR and FOW effects, either in theoretical
analyses, XHMGC simulation or the more compre-
hensive eigenvalue code LIGKA7, can be important
for general cases in both local and global analyses.

2. While the BAE with bell shape radial structure
is observed from XHMGC simulation a priori for
the present chosen parameters, the critical condi-
tion for the BAE excitation such as critical EP and
thermal ion parameters needs to be analyzed in
detail, by comparing effect of thermal ion kinetic
and EP’s Hermitian and anti-Hermitian contribu-
tions. The finite element method™33 or finite dif-
ference method* will be useful to identify the tran-
sition from the singular radial structure solution to
smooth one and the corresponding critical excita-
tion condition.

3. The connection between the present BAE prob-
lem with monotonous ¢ profile to the Alfvén eigen-
mode or energetic particle mode (EPM) for hol-
low ¢ profiles®33536 and toroidal induced Alfvén
mode'® can be analyzed considering the similarity
in the equation structure with kinetic effects. The
consideration of the non-perturbative EP Hermi-
tian and anti-Hermitian contribution can be im-
portant in the study of mode width and symmetry
features.

The global linear study in this work can shed light on
the understanding of nonlinear simulation. During non-
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poloidal harmonic is kept. It is indicated that volume aver-
aged k)||6¢|” is generated as EP drive center r.s shifts away
from BEA accumulation point.
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linear stage, the EP density profile is flattened and the
drive center shifts inward or/and outward. As observed
in this work, the mode structure is modified due to the
EP drive center shift. Then the symmetry breaking in
terms of k|| can enter the wave-particle resonance condi-
tion and in turn can change the EP driven instabilities.
Developing the diagnosis tool in nonlinear simulation to
track the mode structure can be helpful for identifying
the interplay of EP transport and instability excitation.

The study of the non-pertubative EP effect and sym-
metry breaking can be important for the future burn-
ing plasma considering the higher EP portion and en-
ergy compared with the present ones. Besides the mode
structure symmetry breaking study, its relevance to other
problems can be analyzed in the future, such as the effects
of the symmetry breaking on the wave-particle interac-
tion between EPs/thermal ions and Alfvén eigenmode
and the consequent thermal ion momentum transport®-
and EP transport?.
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