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SMOOTHNESS OF THE FUTURE AND PAST TRAPPED SETS
IN KERR-NEWMAN-TAUB-NUT SPACETIMES

CLAUDIO F. PAGANINIt, AND MARIUS A. OANCEAT

t Albert Einstein Institute, Am Miihlenberg 1, D-14476 Potsdam, Germany

ABsTrRACT. We consider the sets of future/past trapped null geodesics in the
exterior region of a sub-extremal Kerr-Newman-Taub-NUT spacetime. We
show that from the point of view of any timelike observer outside of such a black
hole, trapping can be understood as two smooth sets of spacelike directions on
the celestial sphere of the observer.
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1. INTRODUCTION

The trapped sets on the celestial sphere are closely related to the notion of black
hole shadows. The shadow of the black hole is defined as the innermost trajectory
on which light from a background source passing a black hole can reach the ob-
server. The past trapped set of null geodesics through a point thus corresponds
to the boundary of the black hole shadow. The first discussion of the shadow in
Schwarzschild spacetimes can be found in [I9], and, for extremal Kerr at infinity, it
was later calculated in [I]. Analyzing the shadows of black holes is of direct physical
interest as there is hope for the Event Horizon Telescope to be able to resolve the
black hole in the center of the Milky Way well enough so that one can compare it to
the predictions from theoretical calculations, see for example [6]. This perspective
has led to a number of advancements in the theoretical treatment of black hole
shadows in recent years [4} [7, 8, @, 111 [13].

Our main contribution in the present paper is the proof of Theorem [0 which is the
first rigorous proof of the observations in [8]. The significance of Theorem |§| is that
we prove that for any subextremal Kerr-Newman-Taub-NUT spacetime, including

Schwarzschild, the past and the future trapped sets at any regular point in the
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exterior region are smooth closed curves on the celestial sphere of any observer. We
would like to stress that Theorem [J] therefore describes a property of trapping which
does not change when going from Schwarzschild to Kerr-Newman-Taub-NUT.

Beyond its relevance for the discussion of black hole shadows the result is also
of interest with respect to decay estimates for fields in the exterior region of Kerr
black holes. Trapping is one of the biggest obstacle to prove such decay results.
The area of trapping changes substantially when going from Schwarzschild, where
it is restricted to one fix radius, to Kerr where the area of trapping covers a finite
range of radii. This makes it a lot harder to prove decay in Kerr than it is for
Schwarzschild. This difficulty was only recently overcome in [5] for all subextremal
Kerr space times. To study the decay of fields in Kerr, it is thus important to
understand which properties of trapping survive when going from Schwarzschild to
Kerr.

The main result of the present work will be used in our upcoming work [I5]
where we discuss the maximum amount of information that can be extracted from
the shape of the shadows. This paper is an extraction of the novel material contained
in our lecture notes [I7] with an extension to the Kerr-Newman-Taub-NUT class of
spacetimes.

Overview of this paper. In section [2] we collect some background on the Kerr-
Newman-Taub-NUT spacetime. In section [3] we discuss the geodesic equations in
its separated form. In section ] we prove our main Theorem on the topological
structure of the past and future trapped sets.

2. THE KERR-NEWMAN-TAUB-NUT SPACETIME

The Kerr-Newman-Taub-NUT family of spacetimes describes axially symmetric
and stationary black hole solutions to the Einstein-Maxwell field equations. We
use Boyer-Lindquist (BL) coordinates (¢,, ¢, 8), which have the property that the
metric components are independent of ¢ and ¢. The metric has the form [I0]:

ds? =% (idrz + d92) + % (2 + ax)?sin®(0) — Ax?) d¢?

2.1
% (Ax — a(Z + ay) sin®(0)) dtde — % (A —a®sin®(0)) dt?, =
where
Y =7r>4 (I +acosh)?, (2.2)
x = asin?(0) — 2I(cos(d) + O), (2.3)
A(r)y =r* —2Mr +a® — 1> + Q*. (2.4)

Here, M is the mass, a is the angular momentum, Q? = Q? + @2, is the charge,
and [ is the NUT parameter. Also, there is another parameter, C, which was first
introduced by Manko and Ruiz [I4]. This parameter modifies the singularities on
the rotation axis, introduced by the Taub-NUT parameter [. For a discussion of
the physical nature of these parameters and the nature of the singularities in these
spacetimes see [8], and for a discussion of the rotation axis in the case [ # 0 see [16].
In our present work we will stay away from any irregular points in these spacetimes,
in particular those that arise for [ # 0 on the rotation axis.

The zeros of A(r) are given by:

re =M+ /M2 —a2+12- Q2 (2.5)

and correspond to the location of the event horizon at r» = r; and of the Cauchy
horizon at » = r_. In the present work we are only interested in the exterior region
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of the black hole spacetime, hence r € (r4,00). For our considerations it is useful
to introduce an orthonormal tetrad. A convenient choice is:

(X4 ax)0 + ady

1
= =4/=0 2.6
SA(r) p’ “ VE ep’ (2.62)
—(0p + x0O1) Alr)
_ AN = — 0,
“ VE sin(6) » “ b )

This frame is a natural choice as the principal null directions can be written in the
simple form ey * €.

3. GEODESIC EQUATIONS

We now focus our attention on null geodesics. The constants of motion for
geodesics in Kerr-Newman-Taub-NUT spacetimes are the mass, which we set equal
to zero, the energy, the angular momentum with respect to the rotation axis of the
black hole and Carter’s constant [2]:

0= gu¥"Y", (3.1a)
E=—(9)" Vv, (3.1b)
L, =(04)"%v, (3.1¢)
K = 0,,4"4", (3.1d)

where 0, is a Killing tensor given by, cf. [12]:

T = B((er)uler)y + (e2)u(e2)) — (I + acos(9))* g, (32)

The constants of motion can be used to decouple the geodesic equation to a set of
four first order ODEs, e.g. [3], p. 242]:

XL —Ex) | B4 a)(E+ax)E —al.)

> sin?(0) + SA) , (3.3a)
. L.—FEx a((X+ax)E—al.)
N ¥ sin?(6) SA(r) ’ (3:3)
Y272 =R(r,E,L,,K) = (S +ax)E —aL,)* — A(")K, (3.3¢)
202 =00, E,L.,Q) = K — &E - L.)* (3.3d)

sin” ¢
where the dot denotes differentiation with respect to the affine parameter . [[] For

E # 0 the four equations are homogeneous in E. For the radial and the angular
equations we have:

R(r,E,L.,K) = E*R(r,1,Lg, Kg), (3.4)
O(,E,L,,K)=FE?0(r,1,Lg,Kg). (3.5)

where Ly = L,/E and K = K/E?. One of the most important features of ge-
odesic motion in black hole spacetimes is the possibility of trapping. A geodesic
is called trapped if its motion is bounded in a spatially compact region away from
the horizon. In Kerr-Newman-Taub-NUT this corresponds to the geodesics mo-
tion being bounded in the r direction. In [§] it was shown that one can obtain a

IThe radial and the angular equation can be entirely decoupled by introducing a new non-affine

parameter x for the geodesics. It is defined by g—’; = %
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parametrization of the conserved quantities for trapped null geodesics in terms of
their radial location:

167‘2A(r)
Ke = Woe .., (3.6
alp = (3 +ax) - 4£,A(()) o (3.6b)

where A’(r) = 2r — 2M is the partial derivative of A(r) with respect to r. Further
the following inequality for the area of trapping was derived in [8]:

(4rA(r) — BA'(r))? < 16a*r? A(r) sin® (). (3.7)

Further it was shown that all spherical null geodesics in the exterior region are
unstable and therefore no non-spherical trapped null geodesics can exist in this
region. Thus, the above set is complete, in the sense that it includes all trapped
null geodesics that exist.

4. TRAPPING AS A SET OF DIRECTIONS

In this section we will introduce a formal framework for our discussion. This
allows us to give a more technical discussion of the trapped sets in Kerr-Newman-
Taub-NUT spacetimes.

4.1. Framework. First we have to introduce the basic framework and notations.
Let M be a smooth manifold with Lorenzian metric g. At any point p in M it is pos-
sible to find an orthonormal basis (e, €1, €2, €3) for the tangent space, with eg being
the timelike direction. It is sufficient to treat only future directed null geodesics as
the past directed ones are identical up to a sign flip in the parametrization and we
are only interested in global properties of the null geodesics. The tangent vector to
any future pointing null geodesic can be written as:

Y(klp)lp = aleo + kie1 + kaea + kses) (4.1)

where a = —g(¥,e9) and k = (ki, ko, k3) satisfies |k|> = 1, hence k € S%. The
geodesic is independent of the scaling of the tangent vector as this corresponds to
an affine reparametrization for the null geodesic. We will therefore set o = 1 in the
following discussion.

Remark 1. We will refer to the S? as the celestial sphere of a timelike observer at
p, whose tangent vector is given by eq, along the lines of e.g. [18] p.8].

Given we fixed a starting point p and a tangent vector (4.1)) by choosing k and «,
there exists a unique solution to the geodesic equation with this initial data. Thus,
we make the following definition:

Definition 2. Let vy(k|,) denote a null geodesic through p whose tangent vector at
p is given by equation (4.1)).

Suppose now that M is the exterior region of a black hole spacetime with a complete
future and past null infinity Z+ and a boundary given by the future and past event
horizon H+ U#H~. We can then define the following sets on S? at every point p.

Definition 3. The future infalling set: Q.+ (p) := {k € S?|y(kl,) NHT # 0}.
The future escaping set: Qz+(p) :== {k € S?|y(kl,) NTT # 0} .

The future trapped set: ']I‘+( )= {k € S?|y(k|,) N (HT UZT) =0}.

The past infalling set: Qqy-(p) := {k € S?|y(k|,) N H~ # 0}.

The past escaping set: Qr—(p) := {k € S?|y(kl,) NZ~ # 0}.

The past trapped set: T_(p) :={k € S?|y(k|,) N(H-UZ~) =0}

We further define the trapped set to be:
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(b)

F1GURE 1. Conformal diagrams giving a schematic representation
of elements of the sets in Definition

Definition 4. The trapped set: T(p) := Ty (p) NT_(p).
The region of trapping in the manifold M is then given by:
Definition 5. Region of trapping: A := {p € M|T(p) # 0}.

Definition 6. We refer to the set Qg - (p) UT_(p) as the shadow of the black hole.

Suppose we place light sources close to infinity and thus certainly further out than
the observer itself. The observer in the exterior region can then only observe light
from such background sources along directions k& € Q7-(p) and hence the domain
on the observers celestial sphere that belongs to the shadow is always going to be
black. Therefore in any practical purposes an observer can only obtain information
about the boundary of the shadow. In the the next section we will proof that this
boundary is given exactly by T_(p).

4.2. The trapped sets. We will now discuss the properties of the sets Ty (p)
in Kerr-Newman-Taub-NUT. Note that the equations of motion for r and
0 have two solutions that differ only by a sign for a fixed combination of
E, L., K. Therefore we know that the trapped sets will have a reflection symmetry
across the k1 = 0 and the ko = 0 planes. A sign change in ko maps both sets T (p)
to themselves, while a sign flip in k; maps T (p) to T_(p) and vice versa. We start
by analyzing the sets for points of symmetry

Definition 7. A Point of symmetry is a point for which there exists a one parameter
family of diffeomorphism with closed orbits, which all leave the point itself invariant.

Lemma 8. The sets Ty (p) and T_(p) are circles on the celestial sphere of any
timelike observer at any regular point of symmetry in the exterior region of any
subextremal Kerr-Newman-Taub-NUT spacetime.

Proof. To determine the structure of T4 (p) we observe that when we pick a fu-
ture/past trapped direction and apply the diffeomorphism, the spacial directions
of TM|, are rotated around the vector pointing along the axis left invariant by
the diffeomorphism. Therefore the future/past trapped direction traces proper cir-
cles on the celestial sphere. Therefore the future and past trapped set at such a
point p always correspond to a collection of circles independent of the details of
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the manifold or the location of p therein. We are now going to show that in the
spacetimes under consideration here Ty (p) consist of exactly one circle. For the
spherically symmetric spacetimes this is a well known fact. For an observer located
at a regular point on the rotation axis of Kerr-Newmann-Taub-NUT black holes we
can apply the following argument. Note that for [ # 0 and a # 0 we have to choose
C = =1 for the procedure to apply to the regular part of the rotation axis in these
cases. For all other values of C' both parts of the rotation axis are singular. Hence
the discussion here does not apply to those cases.

From equation it is clear that null geodesics that can reach the rotation axis
have to have L, = 0. For the case L, = 0 it is clear that there exists only one
value of Ki®P(L, = 0) and r¢papp(L. = 0). To treat an observer on the rota-
tion axis we need to introduce a new coordinate system which covers the axis. We
will use Cartesian coordinates (t,x,y, z), which are related to the Boyer-Lindquist
coordinates (¢, 7,0, ¢) by the following relations:

t=t

x = rsin(f) cos(¢)
y = rsin(0) sin(¢)
z =rcos(f)

Then the following set is an orthonormal thetrad on the rotation axis (z =y = 0):

_ 224+ (a+1)? ~ z

- _ AR R — N 4.3
0 \/z2—2mz—|—a2+Q2—12 tp “ 22+ (a+1)? (43)
5, — z P e = 22—2mz+a2+Q2—128
2T /2 (ar ) )| 8= 21 (a+1)2 :

As é3 points along the rotation axis and is thus left invariant under a rotation of
the manifold, we know that along the trapped set k2 + k; = const. will be satisfied.
Calculating Carter’s constant from the tangent vector on the rotation axis we see
that it is given by:

K =0, = (1= k) ((a+1) +2?) (4.4)

In the above expression, 0, is the Killing tensor expressed in Cartesian coordinates,
on the rotation axis (z = y = 0).We see immediately that on the celestial sphere
there exists at most two values of k. such that:

_ K(k)
P E2(é)

Kp(k,)]| = K “"(L, = 0) (4.5)

P
These correspond to the future and the past trapped set. If the two solutions
coincide we are at z = 7irqpp(L, = 0) and the directions are both future and past
trapped. It remains to show that there will always be at least one value of k,,
such that the condition for future/past trapping is satisfied. We know that k, = —1
always hits the horizon, while k, = 1 always escapes to infinity and the infalling and
outgoing sets are open due to the continuous dependence on initial data for solutions
to the geodesic equation. Therefore, the trapped sets have to be non-empty. O

In the following we will use the parametrization of [8]. We introduce the coordi-
nates p € [0,7] and ¢ € [0,27) on the celestial sphere. Thus (4.1)) can be written
as:

i, )l = aleo + cos(p)er +sin(p) cos(w)es + sin(p)sin()es)  (4.6)

The principal null direction towards the black hole is given by p = 7. Following [§]
one finds the following parametrization of the celestial sphere in terms of constants
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of motion:
3 2
sin(1) = Lg+ acols( (9) —1—921 cos(6) (4.7)
VKp sin(0) -
sin(p) = __VaKe (4.7b)
r2+12 —alg (p)
where

By plugging the relations in the above equations we obtain a parametrization
of the future and past trapped set in terms of the radius to which a particular
future trapped direction is converging to. We use x to parametrize the trapped
sets with & = 74qpp. We will show in the following proof that the parameter x is
restricted to the interval [0 (0), Tmaz(0)]. Here 7, (0) and 7,4, (0) are given as
the intersection of a cone of constant 6 with the boundary of the area of trapping.
The parametrization is given by:

A (x){z? + (I + acos[0(p)])?} — 4z A(x)
dax+/A(x)sin(6(p))

h(z) := sin(p) Az A(r(p)A) (4.9b)

- Al(z)(r(p)? — 22) + dzA(x)

J(@) = sin(¥) =

(4.9a)

We are now ready to prove our main Theorem.

Theorem 9. The sets T, (p) and T_(p) are smooth curves on the celestial sphere
of any timelike observer at any point in the exterior region of any subextremal Kerr-
Newman-Taub-NUT spacetime.

Proof. We start by analyzing the right-hand side of (4.9a)):

() {2+ (o acosl8) HM — 2 — MO —a® — @* + 1)
dx 2ax2A3/2 sin(0)

(4.10)

which is strictly negative for x € (ry,00). Further the limit of the right hand
side of is oo for  — r; and —oco for z — oco. Therefore, the function
f is strictly monotone in the interval € (ry,00) and, hence invertible. Then,
x(p) = f~1(sin(z))) is a smooth function of ¢ with extrema at the extremal points
of sin(¢)). As was observed in [8] the minimum z = r,,;,,(8(p)) at ¥ = /2 and the
maximum of & = ru,q,(0(p)) at ©» = 37/2 correspond exactly to the intersections of
a cone with constant # with the boundary of the region of trapping. This can be
seen by setting the left hand side of equal to £1, and comparing to . So
we have that (1) € [Tmin(0(P)), Tmae(6(p))] for all values of 8(p).
Now we take a look at the right hand side of equation :

dhiz) _ 207 —a)A@) (0 = M + M2 —a® = Q@+ P) 1)

dx A(@)A(r)((r2 — 22) 242 4 2pA(2))?

This is positive when = < r(p) and negative when = > r(p). The denominator never
vanishes for © € (4, 00) because:

(4eA(@) + (r(p)* — &) A (@) {r(p)=ry s2=rs} = 0 (4.12)
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i(4xA(x) + (r(p)? — ¥ A (x)) = 2(32% — 6Mx + 2(a® — 1> + Q%) + r(p)?) > 0,

dx
(4.13)
d 2 2 / _ /
() (dzA(z) + (r(p)” — z9)A'(z)) = 2r(p)A’(z) > 0, (4.14)

where we used r(p) >ry > M > /a2 — 124+ @Q? in (4.13).
If we set = r(p) in (4.9b) then the right-hand side is equal to 1. Furthermore in
any of the limits r(p) — r4, r(p) — o0, x — r4, and as x — oo it goes to zero.

Case 1. If p ¢ A hence if r(p) ¢ [Tmin(0(P)), Tmaz(0(p))] then the two functions
pi(¥) = axesin(h(z(¥)) : [0,27) = [pr,,0 P10 € (0.5)  (415)

pa() = 7 — arcsin(A(@())) : [0,27) = [p2,002,,,] € (5o7)  (416)

are both smooth with p1(0) = p1(27) and p2(0) = p2(27). If p is between the
region of trapping and the asymptotically flat end, the function ps(1)) corresponds
to T4 (p) and p1(y)) corresponds to T_(p). Because (7/2, 7] corresponds to the
geodesic with 7 < 0. If p is between the region of trapping and the horizon then
the role of p1(¢) and pa(v) are switched.

Case 2. If p € A we need to do some extra work. For simplicity we only consider
the interval ¢ € [r/2, 37/2] as the rest follows by symmetry of sin(¢) in [0, 7] across
/2 and in [m, 27] across 3w /2. We define:

(NP + (L acosh)?) -~ r()ACE)
i) ( () VAGCD)asin®(0)) )

(4.17)
The two functions

D (1) = {arcsin( (z(¥))

(¥
m — arcsin(h(z
(

) if ¢ € [7/2,90(r(p))]
(¥))) if ¢ e (Po(r(p)), 37/2]
(

)

_ Jm—aresin(h(z(y)))  if ¢ € [7/2,40(r(p))]
pa(¥) = {arcsm( h(z(¢)) if ¥ € (Yo(r(p)),37/2 (4.19)

are then smooth on [7/2,37/2]. For a proof see Appendix [A] and note that at o,
h(x(t)) satisfies the conditions required in the appendix. Since p € A we have that
Tmin(0(D)) < 7(P) < Tmaz(0(p)). Therefore the geodesic on the celestial sphere
parametrized by Zmq.(0(p)) has to have 7 > 0 and thus has to be in [0,7/2). On
the other hand the geodesic on the celestial sphere parametrized by %, (0(p)) has
to have 7 < 0 and thus has to be in (7/2, 7]. In fact by the monotonicity of the right
hand side of and the fact that z(¢g) = r(p) we know that for ¢ € [7/2,0)
we have z(¢) < r(p) and for ¢ € (1o,37/2] we have z(y)) > r(p). Thus we can
conclude that for p € A, ps corresponds to T4 (p) and ps corresponds to T_(p) and
thus both sets are smooth.

(4.18)

Case 3. In the special case when r(p) = Zmaz(0(p)) or 7(p) = Tmin(0(p)) the
functions p; and pg, which describe Ty (p), do reach p = 7/2 at ¢ = 37/2 (for
7(p) = Tmaz(0(p))) or Y = w/2 (for 7(p) = Tmin(6(p))) respectively. However since
in these cases we have that )

d

gz (M@)) =0 (4.20)
the two sets meet at this point tangentially and do not cross over into the other
hemisphere.
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Together with Lemma [§ this concludes the proof. O

Remark 10. In [8] it was observed that pmax of T+ (p) always corresponds to
the trapped geodesic with Tin(0(p)) and pmin of T+ (p) always corresponds to
the trapped geodesic with Tyma.(0(p)) . When p is outside the region of trapping
h(2)|z,,.. s a local mazimum of h(x(v)) (as a function of ¢¥) and h(z)|s,,, is a
local minimum of h(x(v)). When p is between the region of trapping and the hori-
zon h(x)|z,... 15 a local minimum of h(xz(v)) and h(z)|s,,,, is a local mazimum
of h(z(v)). Since outside T (p) is always described by pa(v¥) and inside by p1 (),
Pmin then always corresponds to Tpin and pPmaz olways corresponds to Tymar- This
also holds for p € A. For T_(p) the correspondence is switched.

Remark 11. We have only proved Theorem [ for one standard observer at any
particular point. However since any other observer at this point is related to the
standard observer by a Lorentz transformation and the Lorentz transformations act
as conformal transformations on the celestial sphere [18, p.14], the Theorem indeed
holds for any observer. In [1] the quantitative effect on the shape of the shadow of
boosts in different directions are discussed.

Remark 12. The parametrization for the trapped set on the celestial sphere of any
standard observer in [8,19] was derived for a much more general class of spacetimes.
Therefore Theorem [ might actually hold for these cases as well. However this is
beyond the scope of this paper.

From Theorem [J] we immediately get the following Corollary:

Corollary 13. For any observer at any regular point p in the exterior region of
a subextremal Kerr-Newman-Taub-NUT spacetime away from the azis of symmetry
we have that for any k € T4 (p) and any € > 0

o Be(k) N Qi (p) # 0
e B.(k)NQz+ (p) # 0.

So if we interpret the celestial sphere as initial data space for null geodesics starting
at p, the Corollary is a coordinate independent formulation of the fact that trap-
ping in the exterior region of subextremal Kerr-Newman-Taub-NUT black holes is
unstable.

5. CONCLUSION

Despite the fact that trapping in a Kerr-Newman-Taub-NUT spacetime is much

more complicated than in Schwarzschild, we showed in the present work that the
topological structure of the future and past trapped set at any point in the exterior
region in Kerr-Newman-Taub-NUT is in fact simple and identical to the situation in
Schwarzschild. Even though the qualitative features of T4 (p) do not change under
a change of parameters, the quantitative features do.
In [II), 13] it is discussed what information can be read of from the shadow at
infinity. For points inside the manifold as considered in this work, this question
will be answered in our upcoming paper [I5]. The here presented result will be the
foundation for our upcoming work [15].

Acknowledgements. We are grateful to Marc Mars, Jérémie Joudioux, Lars An-
dersson, Volker Perlick and Siyuan Ma for helpful discussions and their comments
on the manuscript. Special thanks goes to Blazej Ruba for his help with an earlier
draft of this paper.
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APPENDIX A.

Let f(z) be a smooth function on [—1,1] vanishing at the boundary points with
a unique maximum with value 1 at zero. Furthermore, we consider that f(0) = 1,
f/(0) =0 and f”(0) < 0. Then, we define:

g1a(x) = arcsin(f(x)) [—1,0) —[0,7/2) (A1)

92q(x) = ™ — arcsin(f(x)) : [—1,0) —=(7/2,7] (A.2)

g1p(x) = arcsin(f(z)) : (0,1] —=[0,7/2) (A.3)

gop(x) = m — arcsin(f(x)) : (0,1] =(m/2, 7] (A.4)
Note that gla/b(m) gQa/b( x). By standart analytic arguments one gets that
d/dx(arcsin(f(x)))|x

0o =+/—f"(0). Note that on [—1,0) the derivative of g1 (z) is
]

positive while on (0, 1] it is negatlve. Together, this gives us that the function

g1a(x) if z € [-1,0)
g(x) =< /2 ifz=0 (A.5)
g(z) if z € (0,1]

is smooth at = 0 and therefore on [—1, 1], with d/dz(g(x))|z=0 = /—f"(0).
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