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Introduction

One of the challenges in fusion research is the optimisation of the operation regime of current

and future tokamaks. An important figure of merit for plasma stability and performance is the

safety factor (q). It is inversely proportional to the current density and defined as the ratio of the

number of m poloidal turns a field line has to complete to do n toroidal turns in the tokamak.

However, no direct measurement of the full q-profile is available. It can be calculated by equi-

librium reconstruction codes which solve the Grad-Shafranov equation (≡ force balance in the

plasma), constrained by polarisation angle measurements obtained by the Motional Stark Effect

diagnostic (MSE). The MSE diagnostic measures the polarisation direction of light emitted by

neutral particles injected into the plasma from which the local direction of the magnetic field

can be derived. A challenge for the MSE diagnostic is the high accuracy required for equilib-

rium reconstruction, typically a few tenths of degrees. To enable MSE-constraint equilibrium

reconstruction even in situations where high accuracy measurements are unavailable, such as the

high-density discharges on the ASDEX-U tokamak (AUG) [2], we propose an observer-based

approach to filter the measurements. An observer is based on a model of the system taking the

underlying physics into account from which predictions about the expected measurement can

be made. Combining the predicted and real measurement can generally lead to better results

than would be obtainable by using only one of the two. As a model of our system, we use RAP-

TOR [3], a faster than real-time transport simulator which solves the coupled 1D poloidal flux

diffusion and electron heat diffusion equations. From the poloidal flux ψ and electron temper-

ature profile many otherwise unavailable parameters of the system can be reconstructed. We

propose to use RAPTOR to filter the measured polarisation angles with an Extended Kalman

Filter (EKF). The EKF has the advantage that it not only takes the measurement and model into

account, but it is also recursive, fast and can handle asynchronous measurements.
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Implementation of Extended Kalman Filter

In this paragraph we will give a brief description of the EKF schema, shown in figure 1, after

which the calculation of the predicted measurement is outlined in a more detail. For a complete

description of the EKF algorithm, the interested reader is pointed towards [4]. The basis of the

observer design is the predictive model, which simulates the state of the system. At time k,

we thus not only have access to a measurement zk, but also to the measurement prediction of

the model, zk,pred = h(x̂k|k−1). The subscript k|k− 1 denotes that the state x is taken at time k

with information up to time k− 1. An estimate of the state x at time k is made by updating

the state prediction with the predicted and real measurement, like: x̂k|k = x̂k|k−1 + Lk · (zk −

zk,pred)), where, Lk(Qk,Rk) is the Kalman Gain. Lk can in the simplest way be described as a

weighting function, depending on the uncertainty of the state Qk and the measurement Rk. The

implementation of the EKF for the presented analysis follows [5] closely.
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Figure 1: Overview of the Extended Kalman Filter: The predictive model (RAPTOR) simulates the state
of the system from which the measurement (polarisation angle) can be predicted. In combination with
the real measurement the state can be updated to obtain an improved estimate. Image after [6].

For the implementation of the EKF, the measurement (= the polarisation angle) must be

calculated from the state of the model. The polarisation angle γ is calculated by:

γ = tan−1
(

a0Bz +a1Br +a2Bt

a3Bz +a4Br +a5Bt

)
. (1)

Here, the ai are known geometric coefficients, Bz and Br are the vertical and radial com-

ponents of the poloidal magnetic field Bp and Bt is the toroidal magnetic field. The poloidal

magnetic field can be expressed as

Bp = et×∇ψ = et×
(

R−1
∇Φ

∂ψ
∂Φ

)
= et× (2πR)−1

∇Φq−1, (2)

where et is the unit vector in the toroidal direction, R is the major radius, ψ is the poloidal
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flux and Φ is the toroidal flux. Combining the RHS of equation 2 and equation 1 we find:

γ = tan−1
(
−a0 R ·∂RΦ ·q−1 +a1 R ·∂zΦ ·q−1 +a2 Bt

−a3 R ·∂RΦ ·q−1 +a4 R ·∂zΦ ·q−1 +a5 Bt

)
, (3)

where ∂ j = ∂/∂ j. Clearly the polarisation angle cannot be calculated from RAPTOR alone as

2d information about the fields is required and RAPTOR solves the transport equation in 1d.

For this reason we have rewritten the equation of the poloidal magnetic field as a function of the

toroidal flux. The toroidal flux (and Bt) can be obtained from an equilibrium solver. In our case

we have coupled RAPTOR to CHEASE [7], a fixed-boundary equilibrium solver which recon-

structs the plasma equilibrium with predefined profiles (here the q-profile and pressure profile

from RAPTOR), by which a matching between ∇Φ and the q-profile is guaranteed. In a later

implementation RAPTOR needs to be coupled to a free-boundary equilibrium reconstruction

code such as JANET, where the matching of the q-profile between both codes can be implicitly

guaranteed by passing the filtered polarisation angles as a constraint to the equilibrium solver.

Simulation and Results

To evaluate the performance of the EKF we run a feedforward simulation with RAPTOR, ini-

tialised with equilibrium, heating and density profiles matching an AUG shot. The MSE di-

agnostic is simulated by calculating the expected polarisation angle measurement and adding
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Figure 2: q-profiles of the feedforward (FF) and
perturbed (PB) simulation as well as the fil-
tered q-profile (OBS) at the end of the simu-
lation (∆tend = 500).

a uniform random noise of ∆γ = 0.5◦. Secondly,

the simulation is perturbed by the introduction of

an artificial offset in the central q-profile and a

reduction in electron temperature transport coef-

ficient by a factor of χe,red = 0.7 · χe. The feed-

forward (FF) and perturbed (PB) q-profiles at the

beginning and end of the simulation are shown in

figure 2. The perturbed q-profile, reduced transport

coefficient and noised polarisation angles from the

feedforward simulation are used to test the perfor-

mance of the observer. The results are shown in

figure 3. The model mismatch due to the reduced

transport coefficient can be seen in figure 3 (d), where the electron temperature evolution at

different radii is plotted from the unperturbed (solid) and perturbed (dashed) simulation. De-

spite the model mismatch and difference in initial conditions, the q-profile (fig. 3 (b)) converges

within a few tens of time steps to the state of the unperturbed simulation. The convergence time
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depends strongly on the choice of the covariance matrix, which can be used to tune the EKF. The

innovation sequence I= zk−h(x̂k|k−1 (fig. 3(e)) converges to a zero mean once the initial offset

in q has been corrected. Lastly we want to address the jumps in figure 3(b,c) (solid line), which

result from the equilibrium update. Here a more careful implementation is required to avoid

sudden changes in ∇Φ, for example by careful interpolation between equilibrium updates.
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Figure 3: Profile comparison: Top to bot-
tom: Plasma current and heating, q-profile
at various rho, (disturbed) polarisation an-
gle (shaded), electron temperature and in-
novation sequence with mean in black.

Conclusion and Outlook

In this initial report it is shown how a simulated,

high-noise polarisation angle measurement can be used

to obtain an accurate q-profile reconstruction when a

model mismatch is introduced. Using the EKF, a con-

vergence with ∆q< 0.1 (avg. over radius) was achieved

in 50 time steps. For the future, a more careful im-

plementation of the equilibrium update is required to

achieve a smooth polarisation angle reconstruction in

time. For future work a careful comparison between

the RAPTOR simulations and reconstructed equilibria

at AUG is required. This would allow to replace the

plasma simulator CHEASE with an equilibrium solver

and use real MSE measurements. If the EKF has been

proven to work in an offline environment it could lastly

be implemented in a real-time control system for active

q-profile control.
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