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Abstract

A non-equilibrium non-isothermal lumped kinetic model (LKM) is analytically
and numerically investigated to evaluate the effects of inherent temperature fluctua-
tions in an adiabatic chromatographic column. The model comprises of convection-
diffusion partial differential equations quantifying mass and energy balances in the
mobile phase coupled with differential and algebraic equations for mass and energy in
the stationary phase. Besides two mass transfer coefficients, two heat transfer coef-
ficients are involved in the model equations. The properties of the considered model
are investigated for linear concentration and temperature dependencies of the equilib-
rium loadings. The Laplace transformation and eigen-decomposition techniques are

utilized to solve the set of equations. These solutions are helpful for understanding,



analyzing and interpreting the propagation speeds and shapes of both concentration
and thermal fronts migrating in chromatographic columns. The moment generating
property of the Laplace domain solutions is employed to obtain explicit analytical
temporal moments of the concentration and energy profiles which provide instructive
tools to analyze the properties of the model considered and to estimate unknown
model parameters from measured transients. For illustration several case studies
are carried out assuming realistic model parameters. The applicability range of the
analytical solutions derived is assessed by comparing selected specific results with nu-
merical results of a non-equilibrium and non-isothermal model considering nonlinear

adsorption isotherms.

Introduction:

Liquid chromatography is one of the most effective and flexible separation techniques.
The concept is successfully applied to perform various complex separation processes with
analytical or preparative purpose.'® The separation of sample components is due to specific
distributions of the components to be separated between the two phases involved. The solid
phase remains fixed in the column, while the liquid phase is mobile and carries mixtures
of dissolved components through the column. Due to different migration speeds of the
solutes, the separated peaks can be withdrawn as different fractions at the end of the
column with the desired purity. Since binding of the solute by adsorption is an exothermic
and desorption is endothermic, there is a dynamic heat exchange between the two phases.
These thermal effects are usually neglected in describing liquid chromatography by a) con-
sidering heat capacities of the two phases large as compared to the adsorption enthalpies
and b) assuming a sufficiently large value of thermal conductivity in order to maintain
a uniform temperature in the column throughout the process. Thus, most process mod-

els of adsorption chromatography assume isothermal conditions in liquid chromatography.



Cerro and Smith® analyzed the larger thermal effects in the gas chromatography. Later
on Haynes” studied that how the shape of the distribution equilibria is connected to heat
effects. This work was based on evaluating temporal moments which inspired Zhong and
Meunier® to study interferences in non-isothermal and non-equilibrium perturbations chro-
matography. They determined analytical expressions for the first and second temporal
moments. Further comprehensive studies devoted to evaluate heat effects in gas chro-
matography using solid non-catalytic and catalytic packings are available.® 12 In the case
of using liquid mobile phase, there are more contributions in which thermal effects were
studied. 13724

Several mass transfer based models have been established and applied to quantify liquid
chromatography assuming constant flow rates. Among those chromatographic models,
which differ in the number of model parameters, the most frequently used models include
the ideal model, the linear driving force model, the equilibrium dispersive model (EDM),
the lumped kinetic model (LKM), and the general rate model (GRM).3® All these models
require an input information regarding the thermodynamic equilibrium for the distribu-
tion of components between the mobile and stationary phases. Each model has different
limitations and level of complexity for the process description. This work focusing on the
analytical and numerical approximation of a non-isothermal and non-equilibrium LKM.
The LKM incorporates the rate of variation of the local concentration of solute in solid
phase and local deviation from equilibrium concentrations and exploits two kinetic pa-
rameters. The simpler EDM assumes that the mass transfer between fluid and solid is of
infinite rate. It requires just one parameter. The more complex GRM accounts for axial
dispersion and several mass transfer resistances. The considered non-equilibrium LKM is
a good compromise: it is formed by convection-diffusion partial differential balance equa-
tions in the mobile phase coupled with differential equations for masses in the stationary

phase along with equilibrium equations for isotherms.



The aim of this contribution is to analyze with the LKM the magnitude and consequences of
temperature fluctuations in a liquid chromatographic column. The joint occurrence of mass
and thermal fronts is demonstrated. Parameters that significantly affect the temperature
gradients are identified. The current research work extends and generalizes our previous
analysis for the simpler linearized non-isothermal EDM.?* In contrast to the non-isothermal
EDM, the more realistic and more flexible non-isothermal LKM incorporates both mass
and heat transfer resistances in each of the solid phase balance equations. Assuming a sim-
ple linearized equilibrium function, the Laplace transformation and eigen-decomposition
technique are utilized to derive analytical expressions for concentration and energy pro-
files in the Laplace domain.?* 2" A numerical Laplace inversion technique is applied for
back transformation of the solutions in the actual time domain.?® Moreover, analytical
expressions of temporal moments are derived from the Laplace domain solutions using the
moment generating property of the Laplace transformation. For efficient parameter estima-
tion, the usefulness and relevance of matching theoretically and experimentally determined
moments is well-known. Detailed studies of moment analysis are available. 427,291

In order to validate analytical results obtained for linearized isotherms, a high resolution
finite volume scheme (HR-FVS) is utilized to generate accurate numerical results of the
same model equations for nonlinear isotherm.?%4? A detailed analysis of the considered
non-equilibrium and non-isothermal LKM model is provided through several case studies.
In summary, this theoretical analysis discusses several aspects regarding non-isothermal
and non-equilibrium LKM that have not been yet taken into account in this detail. Con-
trary to the simpler non-isothermal EDM that assumes both mass and heat transfer rates
as infinite,?* the current model equations consider both mass and heat transfer resistances
exploiting four kinetic parameters. The analytical solutions of governing equations are de-
rived through the Laplace transformation and eigen-decomposition techniques. Different

influences of the four kinetic and thermodynamic parameters on the concentration and



temperature profiles are comprehensively analyzed and addressed. For further analysis of
the process, expressions for the first two moments for concentration and temperature are
derived. Eventually, the considered HR-FVS is applied to numerically approximate the
model equation also for nonlinear isotherms. This allows to compare and evaluate the
assumption of linear isotherm.2%:42

It should be mentioned here briefly that friction between the flowing eluent and the liquid
chromatographic column generates also viscous heat. As a result, the temperature along
the column can significantly rise.*® Furthermore, non-adiabatic conditions under radial
temperature gradients can be generated that may seriously reduce column efficiency. Thus,
precautions might be useful to minimize losses of heat through wall of the column. Further
details about these phenomena, not considered in this manuscript, can be found in** and
references therein.

The contents of this paper are arranged as follows. In Section 2, the studied non-isothermal
LKM is briefly introduced. Section 3 refers the reader to Appendices S1 and S2 for the

derivation of analytical solutions and moments. In Section 4, several case studies of prac-

tical importance are provided. Finally, conclusions are given in Section 5.

The non-isothermal lumped kinetic model

A chromatographic column packed with uniform spherical porous particles is considered,
through which a single-solute flows along with an inert carrier. A rectangular pulse of
concentration is then injected to the column which is initially at equilibrium state and
not necessarily clean. The following simplifying assumptions are considered:® (i) The mo-
bile phase is incompressible. (ii) No radial concentration gradients exist in the column.
(iii) No interaction takes place between the carrier and the solid phase. (iv) The equi-

librium relationships are linearized. Generally, adsorption equilibrium relationships are



nonlinear, however, the current linear assumptions are valid for small changes in the con-
centration and temperature. (v) A change in temperature does not effects the physical
properties like density, viscosity and heat capacity, and transport coefficients like axial-
dispersion and axial-heat-conductivity. (vi) The axial-dispersion coefficient and the axial-
heat-conductivity coefficient are not depending on the flow rate. (vii) The overall rate of
solute adsorption is represented by the linear driving force (LDF) model. (viii) The heat
transfer resistance in the particle is concentrated at the surface of the particle.

In the light of above assumptions, the one-dimensional mass balance of the single-component

LKM in the mobile phase is given as®®

oc Oc 0% dq

The corresponding heat balance, additionally considered in this paper, is expressed as®®
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In the above equations, ¢ represents the concentration of solute in the mobile phase, T’
stands for temperature of the mobile phase, Tg represents temperature in the solid phase,
q is the non-equilibrium mean loading of solute in the solid phase, u is the interstitial
velocity, AH 4 is the enthalpy of adsorption, Dy, denotes the axial dispersion coefficient, Af,
is the heat conductivity coefficient, z is the axial coordinate, and ¢ is the time coordinate.
Moreover, in Eq. (3), p° denotes the density per unit volume in the solid phase, € represents

the external porosity, c;? represents the heat capacity in the solid phase, p* denotes the



density per unit volume in the mobile phase, cﬁ represents the heat capacity in the mobile
phase, and the subscripts S and L stands for solid and liquid phase, respectively.
The well-known mass balance and the newly introduced heat balance for the solid phase

are given as®®
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In above equations k denotes a constant apparent mass transfer rate coefficient, A is the heat
transfer coefficient between liquid phase and adsorbent solid phase, ¢* is the equilibrium
concentration in the solid phase and R, represents radius of the particle. Sajonz et al.**
have extended the shock layer thickness theory to systems having concentration-dependent
mass transfer rate coefficients and compared their calculated values with experimental
data. While, Kaczmarski et al.*> made reevaluation of previous experimental data on the
mass transfer kinetics of bovine serum albumin (BSA) in anion-exchange chromatography
under nonlinear conditions using the general rate model and the pore diffusion model of
chromatography. In both articles, the authors observed that the apparent rate coefficient
increases with increasing concentration. This aspect is ignored below.

The current non-isothermal LKM in Eqgs. (1)-(5) reduces to the non-isothermal EDM of our
previous article?* for large mass and heat transfer coefficents, i.e. for & — oo and h — oo.
The temperature influences the amount of solute adsorbed which is expressed by following

phase equilibrium relation?*

q*(c, TS) = arof€<%<ﬁ_ﬂ1ef>>c_ (6)

In the above equation, a, denotes the Henry’s constant at reference Ty and R, stands



for the general gas constant.

Let us re-define the liquid and solid phase concentrations as
Ci=¢ q1=4¢q (7)
and introduce the following transformations for temperatures in the liquid and solid phases:
o =T —Tet;, ¢ ="Ts— Ter. (8)
Similarly

qr = q*(C, TS) (9)

In the above definitions, the subscript 1 is used for concentrations and the subscript 2 is
used for temperatures. Such new variables are very helpful to write the model equations
in a unified manner that facilitates the application of our proposed analytical solution
technique. After putting Eq. (5) in Eq. (2) and using Egs. (7) and (8) in Eqs. (1)-(4), we

get

der % D 0%cy F%

o T Yor T Pros T Vo (10)
M i~ ) (12)
% = 7(_25A) % + Rigs (02 — (J2) . (13)

In order to reduce the number of parameters involved in the model equations and to



simplify our notations, the following dimensionless quantities are considered:

z u
x—z, T—tz, (14)
/L u/L .k
Pec—DL/L2, PeT_)\L/(C'LIﬂ)’ BZ—U/L, (15)
3h 3h
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Here, L denotes the column length and Bi is the Biot number comparing convection
and mass transfer. Moreover, Pe. and Pep are the Peclet numbers for mass and heat,

respectively.

On introducing Eqs. (14)-(16) in Egs. (10)-(13), we get

801 i 801 1 8201 F@ql

o T or ~ o or "
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% = Bi(gi — q), (19)
% - %% + Hg(ca — qo). (20)

For small changes in the concentration and temperature profiles, the linear Taylor expan-

sion can be used to linearize the equilibrium relation between the solid and liquid phases

in Eq. (6). It is given as®!

oq;

dq;
Ts — Thof) + L
T (Ts 0+
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After this simplification, the above expression takes the following general form:24

di(en @) = Facr + Fag, (22)



where
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For an initially equilibrated column, the initial conditions are given as
c1(0,2) = crjmit, @1(0,2) = Cff,inim c2(0,) =0, ¢(0,7) =0. (24)

Here, c¢1jnic and ¢f ;5 represent the initial equilibrium concentrations in the liquid and
solid phases, respectively. Moreover, it is assumed that column is at reference temperature

initially. The following boundary conditions (BCs) are considered at both ends of the

column?*
(
Clini, 1f 0 <7 < Ty o
a(ro) =4 " L S =0, (252)
0, T > Tinj v
)
C2inj » ifOSTSTin' 8
a0 =¢ " L S(noo) =0, (25b)
0, T > Tinj v
\
where
tin'
C2inj = Tinj — Tret, Tinj = Hhing . (26)

L

Here, c1inj and Ti,; denote the concentration and temperature of the rectangular pulse
which is injected to the column up to the time ¢;,;. The Peclet numbers of concentration
and temperature are generally high in liquid chromatography and, thus, justifying the use

of Dirichlet boundary conditions.
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Analytical solutions and moments

Analytical solutions and temporal moments of the above model equations for the considered
initial and boundary conditions (c.f. Eqs. (17)-(26)) are presented in Appendices S1 and
S2, respectively. The Laplace transformation, eigen-decomposition technique and moment
generating property of the Laplace domain solutions are used as basic tools to generate
the analytical solutions and moments.?*?% The numerical Laplace inversion technique of

Durbin?® is applied to back transform Laplace domain solutions in the actual time domain.

Numerical case studies

In this section, we provide various case studies to analyze the outlet profiles of liquid phase
concentration (c;) and temperature (cz) obtained from the semi-analytical solutions (c.f.
Egs. (S1-30), (S1-31) and (S1-34)) of the linearized non-isothermal LKM based on the
isotherm given by Eq. (22). A second order accurate finite volume scheme (FVS) is in
addition also used to numerically solve the differential forms of nonlinear model equations
(c.f. Egs. (17)-(17)) based on the nonlinear isotherm given by Eq. (6). A comparison
of analytical and numerical results is provided to evaluate the applicability range of our
analytical solutions. In all figures, just the liquid phase concentration and temperature
profiles at the column outlet (at x = 1) are plotted. The reference parameters used in the
test problems are listed in Table 1. These model parameters are chosen in accordance with

ranges typically encountered in liquid chromatography applications.
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A comparison of isothermal (AH 4 = 0) and non-isothermal (AH 4 #

0) cases.

Figure 1 compares the results of both EDM and LKM for isothermal (AH4 = 0) and
non-isothermal (AH 4 # 0) cases. The initial and inlet temperatures were set equal to the
reference temperature (Tiny = Tinj = Trer). Figure 1(a) shows that in the non-isothermal
case temperature fluctuations have no noticeable effect on the concentration profile ¢;.
The profiles of LKM coincide with that of EDM for relatively large mass and heat transfer
coefficients, i.e. for k = 200min~"' and h = 10 J/min cm?K. On the other hand, they con-
siderably deviate from each other for smaller mass and heat transfer coefficients, such as
for k = 1min~! and h = 0.1J/min cm?K. Figure 1(b) emphasizes that for zero enthalpy
of adsorption, i.e. for isothermal case, the temperature profile ¢, remains constant. On
the other hand, a moderate value of the enthalpy of adsorption (i.e. AH4 = —2kJ/mol)
already affects ¢y visibly. It can be noticed that for this case adsorption rises the temper-
ature at the peak front to about 2.5 K, while desorption clearly reduces the temperature
at the peak tail below the reference value. After elution, the temperature attains again its
reference value. Profiles predicted by LKM are wider due to larger mass and heat transfer
resistance. It can be further noticed that both concentration and temperature fronts are
traveling at different different speeds. For the case considered their mean retention times

(c.f. Eq. (S2-5)) are given as py; = 14.2min and pge = 12.92min, respectively.

Effects of mass and heat transfer coefficients.

Figures 2(a)&(b) show in more detail the influence of the mass transfer coefficient k
on the concentration and temperature profiles for a fixed heat transfer coefficient h =
10 J/minem?K. In contrast, Figures 2(c)&(d) display the effect of i on the profiles for

k = 200min~"'. Here, we have taken AH, = —2 kJ/mol and again Tipy = Tinj = Trer. It

12



can be observed that the heights of both concentration and temperature profiles increase
and the peaks become narrower on increasing the value of k from 1min=! to 200 min~!.
On the other hand, h has in the range considered negligible influence on the concentra-

tion profile but significantly effects the width of the temperature profile. Once again, the

profiles of EDM and LKM coincide for large mass and heat transfer coefficients.

Influence of model parameters on the temperature fluctuations.

Figure 3 shows the effects of mass transfer coefficient k, the heat transfer coefficient h,
the enthalpy of adsorption AH4 and ratio of specific heats Cs/Cy, on the temperature
differences between liquid and solid phases, i.e. on (¢ — go =T — Ts). It can be observed
that how difference between the liquid and solid phases temperatures increases on reducing
the values of mass and heat transfer coefficients. The amplitude of temperature fluctuations
of course also cleanly increases on increasing the |AH,4|. Moreover, the amplitude of
temperature fluctuations is larger for the ratio C's/Cp = 1. For this value of the heat
capacity ratio, the concentration and temperature profiles are traveling at closer speeds
inside the column. Because of the considered relative low enthalpy of adsorption, the
resulting temperature fluctuations have in the cases considered no visible effect on the

concentration profiles and are, therefore, not displayed here.

Effect of adsorption enthalpy AH, for Ti,; = Tiy; and Cg/Cp = 1.

Figure 4 displays elution profiles at different values of the enthalpy of adsorption AH 4.
One can easily notice that analytical results for the linearized isotherm (c.f. Eq. (22))
and numerical results of the suggested HR-FVS for the nonlinear isotherm (c.f. Eq. (6))
start moving away from each other when the enthalpy of adsorption, |AH 4], is raised from

2kJ/mol to 10 kJ/mol. The large value of enthalpy of adsorption is a major source for
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large temperature fluctuations. These predictions clearly support but also restrict the as-
sumptions regarding the linearization of the isotherm for moderate values of the enthalpies
of adsorption. For AH4 = —10kJ/mol the predicted temperature deviations already
exceed 1 K (Figure 4(b)). Thereby, our analytical solution over predicts the temperature
furcations from isothermal condition in comparison to the more realistic numerical solution

and predicts sharper peaks.

Influence of “non-matching” temperature of injection (7j,; # Tiit)

Figure 5 shows the behaviors liquid temperature ¢, and solid temperature ¢, on varying the
injection temperature. In Figure 5(a), it can be clearly observed that height of fast moving
adsorption peak of the temperature increases in the case of a hot injection (7i,; > Tini¢). The
later occurring temperature drops caused by endothermic desorption gradually shrink when
the temperatures of injection are increased (300K vs. 310K). Contrary to the previous case,
as can be seen in Figure 5(b), the temperature desorption peak enlarges in the negative
downward direction for the cold injection case (Ti,j < Tinit). In such a case the exothermal
adsorption peak diminishes. However, in both case considered, because of the considered
low enthalpy of adsorption, the depicted small temperature fluctuations have no visible

effect on the concentration profiles and are, thus, not displayed here.

Effect of adsorption equilibrium constant a,.

Figures 6 displays the influence of reference Henry’s constant a,.s on the concentration and
temperature profiles. Again the reference parameters and AH, = —2k.J/mol are used.
The well-known effect can be noticed, that is on increasing a,., profiles shift towards larger
retention times and their band broadening increases. At a,.f = 1.2 both concentration and

temperature peaks are propagating at almost same speed. For the parameters considered,
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in the case of larger a,.f > 1.2, the concentration profiles and the slow desorption peaks of
the temperature profile are coupled, while the positive temperature perturbation caused

by adsorption is decoupled and travels ahead in all cases.

Effect of the ratio Cs/Cy and Ty # Tiy;

Figure 7 demonstrates the effects of varying the ratio C's/C'y, which is assumed equal to one
in the above calculations, and the injection temperature 7j,; on the concentration and tem-
perature profiles. This heat capacity ratio influences the retention times of concentration
and temperature fronts. Therefore, it is elaborated in more detail.

In Figures 7(a)&(b), we have considered Cs = 40 J/em*K, C;, = 4 J/em? K and different
injection temperatures. For this Cs/C = 10 ratio, the concentration profile is moving
faster than the thermal wave. Therefore, the fast moving adsorption, related to positive
peak of thermal wave, is coupled with the speedy concentration profile. On the other hand,
the slow decoupled negative desorption peak of the temperature exits the column later on.
For the considered test case, the values of mean retention times are p1; = 14.17min and
foo = 69.17min . Herby, uq; illustrates the mean retention time of the coupled mass
and energy adsorption peaks. Whereas, pgy represents the mean retention time of the
decoupled temperature peak related to the desorption (see Figure 7(a)). Furthermore,
o1 = 4.04min® describes the variance of the coupled concentration and temperature
adsorption peaks, while, g9 = 13.49min? denotes the variance of the decoupled energy
desorption peak. It can be further observed that injection temperature effects the slow
moving desorption peak, while the fast moving adsorption peak stays unaffected.

Figures 7(c)&(d) provide the corresponding plots of the profiles for Cs = 4 .J/cm*K and
Cr = 40 J/em?K. In this hypothetical case, the velocity of the concentration profile is
slower than the thermal wave. Thus, the negative desorption peak of the temperature is

coupled with the concentration profile. In this case, p1; = 14.17 mun represents the reten-
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tion time of the slowly moving coupled concentration and temperature desorption peaks.
While, p9o = 7.29 min represents the retention time of fast temperature adsorption peak
(see Figures 7(c)&(d)). Moreover, the variance of the coupled slow peaks of concentration
and temperature is o1, = 3.59min?, while the variance of the faster energy adsorption
peak is just o9 = 3.23min% It can be further seen that injection temperature effects
the fast moving adsorption peak, while the slow moving desorption peak stays unaffected.
Thus, the decoupled thermal waves have been influenced by the injection temperatures in

both cases.

Effects of Peclet numbers Pe. and Per.

Figure 8 illustrates the particular effects of two dimensionless Peclet numbers Pe, (illustrat-
ing axial dispersion of concentration) and Per (describing axial thermal heat conductivity)
(c.f. Eq. (15)) on the mass and temperature profiles for the ratio C's/C = 1 and keeping
Tinit = Tinj = Lref-

Figure 8(a) displays the effect of Pe. for a fixed value of Per = 1200. A change in
Pe, significantly influence the concentration and temperature peaks. The broadness of
concentration and temperature profiles increases on decreasing the value of Pe, (i.e. with
increasing Dp).

In addition, Figure 8(b) describes the influence of Per (which contains the axial thermal
heat conductivity coefficient Ap, see Eq. (15)) on the concentration and temperature
profiles for a fixed Pe. = 600. It can be seen that for the parameters considered Per effects
only the peaks of temperature, while it does not influence the peak of concentration.
Figures 9 and 10 demonstrate the effects of Pe. and Per on the first two moments (Eqs.
(S2-5) and (S2-8)-(S2-11)) representing retention time and variance of the profiles. In the
calculations performed, we have chosen the orders of magnitude as Cs = 4.J/cm3K and

Cp = 4J/emPK. Tt is evident that Peclect numbers Pe. and Per do not influence the

16



mean retention times (17 and p92). On the other hand, the variances (o1 and 095) can

decrease, stay constant or increase as functions of the values of Pe. and Per.

Influence of v on HETP curves

Second moments are particularly interesting for separation in chromatography, typically
regarded as tools for assessing efficiency of the column. These moments are often expressed
as “heights equivalent to theoretical plates (HETP)”.5

Figure 11 shows for illustration plots of HE'TP curves as functions of the linear velocity for
the reference parameters and different values of the mass and heat transfer coefficients k
and h. The two types of HETP values were calculated according to the following classical

equations: %46

Loy, ~ Log
(111)?

HETP, = (27)

The HETP, value corresponds to the coupled concentration and temperature peaks, while
the HETP7 value corresponds to the decoupled temperature peak.

In the calculated results of Figure 11, we took the reference values of parameters listed in
Table 1. It can be observed in Figure 11 that, depending on k£ and h, either the coupled
peaks of concentration and temperature or the decoupled peak of temperature can be more

dispersed.

Conclusion

The governing equations of a linearized adiabatic non-equilibrium lumped kinetic model
(LKM) were solved analytically in order to evaluate the influence of inherent temperature

fluctuations on the liquid chromatographic processes. The model incorporated both mass
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and heat transfer resistances in the solid phase. The Laplace transformation and linear
transformation techniques were used as basic tools to decouple the governing set of coupled
differential equations. The solutions obtained could be very helpful to understand, ana-
lyze and interpret the concentration and temperature profiles in chromatographic columns
when variations from isothermal condition are relatively small. For further detailed anal-
ysis, instructive analytical expressions of the first two temporal moments were derived.
In order to identify the model parameters from experimentally obtained elution profiles
condensed into the moments and to understand the traveling phenomenon completely, the
derived moment expressions are of great significance. Their exploitation requires accurate
measurements of the profiles allowing to determine reliably higher order moments. This
might be experimentally difficult and requires precise detection. Several case studies were
provided involving the application of estimated reasonable model parameters. To verify
the obtained analytical solutions and to determine their ranges of applicability, the ana-
lytical results for linearized isotherms were compared with the numerical results of a high
resolution finite volume scheme incorporating nonlinear isotherms. The derived solutions
of this paper can be utilized in further systematic studies to find a general criteria that
could allow predicting maximum variations from the isothermal condition and offering a

rational basis for deciding under which conditions a non-isothermal model should be used.

Supporting Information

The Supporting Information is available free of charge on the ACS Publications website.
Appendix S1: Analytical solutions.

Appendix S2: Analytical moments.
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Table 1: Reference parameters used in case studies.

‘ Parameters ‘ Values
Length of column L =10cm
Porosity e=04
Radius of particle R, =0.004 cm
Interstitial velocity u = 2.4cm/min
Henry’s constant Qpef = 1.2

Coefficient of dispersion

Coefficient of heat conduction

Enthalpy of adsorption

Mass transfer coefficient

Heat transfer coefficient

Density times heat capacity of mobile phase
Density times heat capacity of solid phase
Initial concentration

Initial temperature

Injected concentration

Injected temperature

Reference temperature

Time of injection

Dy, = 0.04 cm?/min
A = 0.08 J/cm min
AH, = -2 kJ/mol

k=1 min™!

h = 0.1J/mincm*K
Cp=4J/ecm*K
Cs=4J/cm*K

Cinit = 0mol /1

Tiniy = 300 K

Cinj = 1m0l/l

Ths = 300 K

Tiof = 300 K

tinj =5nin
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Figure 1: Comparison of LKM and EDM solutions for isothermal (AH4 = 0) and non-
isothermal (AH4 = —2kJ/mol) cases considering the reference parameters given in Table
1. Here, ¢; = c and ¢y =T — Tyt denote the liquid phase concentration and temperature,

respectively.
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Figure 2: Effects of mass transfer rate coefficient k& (plots (a) and (b)) and heat transfer
coefficient h (plots (c¢) and (d)) on concentration (¢;) and temperature (co; = T — Tref)
profiles for the reference parameters given in Table 1. Here, AH4 = —2 kJ/mol and k and
h as indicated.
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Figure 3: Effects of several parameters on the differences between liquid and solid tem-

peratures (i.e. (c2 — q2) or (T'— Tg)) for the reference parameters except the parameters
indicated.
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Figure 4: A comparison of concentration profiles obtained through analytical solutions
(for linearized model based on Eq. (22)) and through numerical solutions (for nonlinear
model based on Eq. (6)) assuming different values of the enthalpy of adsorption AH 4. The
parameters correspond to Table 1, except k = 10min~1.
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Figure 5: Effect of Ti,; # T on concentration and temperature profiles for AH, =
—2kJ/mol. The parameters correspond to Table 1, except k = 10min~!.
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Figure 7: Effects of the ratio Cs/C, and Ti,; on the concentration and temperature profiles
for AH4 = —2kJ/mol. For plots (a) & (b): Cs =40 J/cm*K and Cf, = 4 J/em? K, while
for plot (c) & (d): Cs =4 J/em*K and Cp, = 40 J/em?K.
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Figure 8: Effects of Peclet numbers Pe. and Per on the concentration and temperature
profiles. Here, Cs = 40 .J/em3K and Cf = 4 .J/em3K for plots (a) and (b), while Cy =
4 J/em?K and Cp, = 40 J/ecm?K for plots (c) and (d). Moreover, the reference parameters
in Table 1 hold together with AH4, = —10k.J/mol and k = and h as indicated.

15 . . . . T T T 6 T T T T T T
O
5 “ 955
10 A — 0y
L — .
11 s %
L
—H — 3l
= 121 < 3
E st ) £
=5 o ol
1k
O o -
0 o
_5 . . . . . . . 1 . . . . . . \
200 400 600 800 1000 1200 1400 1600 200 400 600 800 1000 1200 1400 1600
Pe Pe
[ [

Figure 9: Effect of Pe. on concentration and temperature moments for a fixed Per =
1200. Here, k = 10min~', h = 0.1.J/mincm*K, AH, = —2kJ/mol and the reference

parameters.
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Figure 11: Plot (a): Plots of two types of HETP curves (c.f. Eq. (27)) as functions of u for

different values of k£ and h. Here, AH4 = —2k.J/mol together with reference parameters
given in Table 1 and values of k and h as indicated.
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