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Abstract

We rederive the conformal anomaly for spin-% fermions by a genuine Feynman
graph calculation, which has not been available so far. Although our calculation
merely confirms a result that has been known for a long time, the derivation
is new, and thus furnishes a method to investigate more complicated cases
(in particular concerning the significance of the quantum trace of the stress
tensor in non-conformal theories) where there remain several outstanding and
unresolved issues.

Keywords: gravitational anomaly, Weyl anomaly, conformal symmetry

1. Introduction

Conformal anomalies have been studied for a long time, see [1—12] for original references and
[13-18] for reviews and further references. In four dimensions the gravitational part of the
conformal anomaly takes the form

A= aE;+b0OR+cC*""7Cpypos (1)

where C,,,,, is the Weyl tensor and E4 the Euler invariant. Unlike the first and last term the
middle contribution can in principle be removed by a local counterterm (~R?), but we will
keep it here for later purposes. These three terms are the only local expressions which satisfy
the Wess—Zumino consistency condition, while an R? contribution would require a non-local
completion of the anomaly for the consistency condition to be obeyed (see e.g. [19] and references
therein).
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In this paper we give a new derivation of the coefficients a, b, ¢ for spin-% (Majorana)
fermions, by directly calculating

A=g"(Tw) @)

up to second order in the metric fluctuations, thus extending the O(h) calculation of Capper
and Duff [1]. We note that the b and ¢ coefficients were originally determined from the two-
point correlator of stress tensors in [1] because the two-point function is renormalised by the
same counterterm as the 3-point function [3], but this calculation does not yield the a coeffi-
cient. In this paper, by going to O (h?), we find all coefficients ‘in one go’; there is thus no need
to distinguish between type A and B anomalies [9], as both appear on an equal footing. Of
course, the coefficients of the spin-% conformal anomaly have been known for a long time and
have been determined by various different methods, via one-loop divergences and heat kernel
expansions [4, 5, 13—15, 17], conformal higher spins [12], path integral methods [20, 21], or
by QFT in curved spacetime methods [22, 23]. The trace anomaly appears in the TTT correla-
tor in CFT; the general structure of this correlator has been studied in [24—27]—moreover, in
[24] the 3-point function of stress tensors for free fields is calculated in x-space. Curiously,
however, to the best of our knowledge, this computation has never been done a la Capper—
Duff up to O(h?). In fact, a derivation closest in spirit to the present one is in recent work by
Bonora et al [28, 29], where, however, only the simpler parity odd contribution (related to
the Pontryagin invariant) was considered. Our rederivation is, in principle, a straightforward
calculation, very much like the standard textbook derivation of the axial anomaly via triangle
graphs, though far more cumbersome in practice. Notably, and in contrast to several other
derivations, it does not rely on kinematic choices, such as special gauges for the external
graviton A, nor special values for external momenta, nor on-shell conditions. It thus also
provides a toolkit for a similar ‘textbook calculation’ of the (again known) s = 0, 1 anomalies
that still remains to be done in this way.

To be sure, we basically regard the present derivation as just a ‘warm-up’ exercise for
investigating the conformal anomaly in non-conformal theories, in particular for s = % (that
is, Poincaré supergravity) where there remain several open issues. These concern for instance
the occurrence (or not) of R2 and/or non-local contributions to the anomaly; a full clarification
of non-local terms will probably require the full machinery of scalar n-point integrals that
we review and further develop in section 4 of this paper. The dependence of the a and ¢ coef-
ficients on the choice of gauge for the external gravity fluctuations that has been observed for
s> % [6, 8, 12, 30, 31] is a very strange feature, as it would seem to indicate a breakdown of
general covariance—whereas a proper definition of the conformal anomaly should result in a
gauge invariant answer also for non-conformal theories (this question is relevant for the pos-
sible cancellation of the ¢ coefficients for N > 5 Poincaré supergravities [32]). Another open
issue is to see precisely why the result for spin—% comes out to be negative (this is the only field
that contributes with a negative c¢ coefficient, and is thus indispensable for any cancellation), a
feature that is probably related to the absence of a gauge invariant stress tensor and a positive
definite Hilbert space of states for spin—%. Understanding these issues will hopefully lead to an
understanding of whether and what type of non-local terms have to be added to the effective
action, with potential cosmological implications as in, for example, [33].

The organisation of this paper is as follows: in section 2.1, we give the Weyl transformation
of the curvature, Ricci tensor and scalar and review the Weyl transformation properties of the
actions for scalar, Dirac, Maxwell and gravitino fields. In section 3, we consider the action
for a massless Majorana field and the expectation value of the stress tensor for such a theory.
We present the Feynman rules and calculate the expectation value at first order, section 3.1,
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and calculate the [JR anomaly. We then consider the expectation value of the stress tensor at
second order, section 3.2, and show that it is also conserved. We review and develop methods
for calculating scalar 3-point loop integrals in section 4, which are then used to find the trace
anomaly at second order in the metric perturbation in section 5. We provide a list of the expan-
sion of some relevant quantities under metric perturbations, appendix A; give the result of
scalar 2-point integrals, appendix B and list some useful gamma matrix and integral identites
in appendix C. We also relegate some technical calculations to appendices D and E.

A final word on our conventions. Lest our multiple use of Greek indices may raise confu-
sion let us state once and for all the convention that we will follow throughout this paper:
contractions with the full metric g,,,, are always fully covariant, whereas the flar metric 7, is
to be used for all contractions involving the metric fluctuations h,,,, or any quantities appearing
inside Feynman diagrams. For instance, when writing out a contraction like g*”T,,,, in terms
of the metric fluctuations %, the result will be an infinite series in terms of the latter where
now all contractions are w.r.t. the Minkowski metric 7,,,,. Where appropriate we will also use
flat (Lorentz) indices a, b, ... in the fully covariant context, whereas the distinction between flat
and curved indices becomes void in terms of the fluctuation expansion.

2. Preliminaries

In this section we summarize some general results concerning Weyl transformations so as to
make our presentation self-contained, and for reference in future work. We use mostly positive
metric signature and positive curvature conventions, namely the conventions of [34].

2.1. Weyl transformations

We collect a list of the transformations of some tensors under a Weyl transformation

Euv — 02 Spv = e* 8pvs 3
where all quantities depend on x. The curvature tensor in d-dimensions
2 2 2
RVO':CVG' - A Rou_il/Ra' Y Y UuRs
pvp pp ""d_zgu[p ] d—2g lp olp (d—l)(d—Z)g“[pg]
4)
and its contractions transform as follows:
R, e — RY 6 — 2(5[*:) V1 Vo + 28" 8u1p Vo Vao + 2(5{; 80]081,0
— 28" 8y 0510 Oa0 — 25[‘; 8olw g°P Do0 D0
©)
Ry — Ry —(d—2)V,V,04+(d—2)0,00,0 — gu 00 — (d —2) guu 8°° 0,0 050,
(6)
R— Q—Z[R—z(d—1)Da—(d—1)(d—2)gﬂ”auaaya}. 7

The covariant derivative also transforms under a Weyl transformation. In particular, the
Christoffel symbol transforms as

FZV el Fﬁl’ —+ 255# (9y)0 — gpgg#u 800', (8)
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while the spin connection transforms as

w,ﬂb — wuab + 2e, [“el,b]g”"(’“)pa. 9)

2.2. Weyl invariant actions for spins s < 1

Given the transformation property of the quadratic operator

V=g (—IZI + %R) i (_m + 4(‘;121),?) =

—(d—2) Q2 /=g g™ <¥aﬂgaﬂ + 3ugay>

(10)
this operator is Weyl covariant if it acts on a scalar ¢ of conformal weight — %,
¢ — QT g, (1D
Furthermore, it is then clear that
Ve (-0 272 R)g 12
§ 4d—1) (12)
is Weyl invariant.
For a spinor x of conformal weight —%,
X — o T Xs (13)
the Dirac Lagrangian
— _ 1
XV Dux = X" (Gu + 7% aw“”) X> (14)

is already Weyl-invariant by itself without any modification, and for any d. This can be seen
using the transformation of the spin connection, (9), and noting that

Yy = (d - 1)y". (15)

In four dimensions, the invariance of the Yang—Mills action is anyhow clear because of the
invariance of the factor \/—gg"”g"? multiplying Tr(F,,F,,) under Weyl transformations
(where the vector field A, is assigned Weyl weight zero). In arbitrary dimensions the Yang—
Mills action is not, however, Weyl-invariant.

For completeness and later applications let us also display the action of a Weyl transforma-
tion on the Rarita—Schwinger action, which is not invariant. It transforms as

7,15V o — QT 57V gt — 208" 0,001, ), 16)
where

Y — Q2. (17)

Hence we see that Weyl invariance is already broken at the classical level. Indeed, it is known
that for spin-% one needs an action cubic in derivatives for conformal invariance [7].
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3. Majorana fermions

In this paper we will consider only spin-% fermions as they appear to provide the simplest con-
text in which to perform the analysis up to O(h?). Accordingly, we start with the Dirac action
for a Majorana fermion:

S = %/eﬁw“DMX =85O 4 s 4 5@ 4 (18)

where D, is the covariant derivative with spin-connection w and S® is the action at order k in
the metric fluctuation A, from

8uv(X) = Npw + Ay (x). (19)

Using the expansions in appendix A, we find that, up to second order in 4,

i —

sO = 1 /Y J x
i b &

sW = —g/ (" X Oox — hX & x)

. o N
SO = 5 [ (3, 30 00— 200 3, B~ 20y X T

2—<_> o A MV

+ "X @ X+ h . 0uhoe XA "X), (20)

where h = n*"h,,, gg = 8_; — EL, and where the left action of the differential operator is
only on the fermion . Also, we use lower case Latin letters for tangent space indices, we use
Greek indices for tensors after perturbatively expanding the metric. In both cases the position
of indices is raised/lowered with the Minkowski metric. Moreover, the fermionic stress tensor

admits a similar expansion?,

2 oS 1 oS i A
T, =- vog—— = —— 7:f7<7 ﬁ,} — g X ):T(O) T RN
m egupg 5gpo— eeuaé-ea,/ 4 XYuv)X — 8u wa m + nv +
(2D
where to first order in A,
i/ =
) = ~2 (XWHE)}X — N X @ x) (22)
i _ o — _Z — o
T,l(l,lll) = _g (hp(u X’ypg/))X + Wuhp X’ngtjx - Zhuu X a X~ 8pha(u X’Yu)p X) . (23)

In the Majorana representation xYy*x = 0, hence terms containing such contractions do not
contribute. However, even for Dirac fermions for which yv*x # 0 terms with such contrac-
tions cancel in the final result, and the expansion is, up to an overall factor of 2, given by

2Up to an overall factor of % this action is the same for Dirac and Majorana fermions. The action for a massless
Majorana fermion is also classically the same as the action for a Weyl fermion up to a total derivative term. There
are recent claims that they are different at the quantum level and that there is, in particular, an odd parity anomaly
for Weyl fermions [28, 29]. We will not address this claim here, but we just note that there is no issue for Majorana
fermions as (18) is real.

3 The symmetrisation of the stress—energy tensor comes from the variation of the spin connection in a second-order
formalism.
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p j%
p
Ly q _%i [(p - Q)(M'Yz/) - mu(ﬁ - g)]

6%11 [(p - Q)(um)(p%) + (p - q)(pno)(p’yu)]
*3%1 [nuu(p - Q)(plya) + nPU(p - q)(uf}/’/)}

+3_12i [nuvnpa - 277u(p770 ] (]ﬁ ﬁ) ( - loe)’ya(u(p(ssg
p L
po —4 (0= D) (Vo)) + NP — (Vo)) — 2o (B — )]
0 q .

_Ei kK~ [lyau(pna)u + 'Vow(pna)p]

Figure 1. Feynman rules for graviton-fermion interactions; the crossed vertex comes
from the expansion of T}, to O(h).

the very same expression (20). Hence the anomaly for a Dirac fermion is twice the one for a
Majorana fermion. From the Lagrangian density above it is then straightforward to read off
the Feynman rules with up to two external graviton lines. The relevant expressions are given
in figure 1.

We are interested in the expectation value of the stress tensor at first and second order in
the metric perturbation,

_ i(s 5@ 4.y
(T (@) = (T (3)e )

<(T;(£/)(X)+T,Slu)(x)+...)(1+iS(1)+(S(Z) S<1>S<>> )>O

1
2
=i(1() (x)S<1>>O +i(T() (x)S<1>>O +i(TO ()s®)

0

1<T<°> )sWs (1>>O+....
(24)

where (- - )o denotes the free expectation value (to be evaluated in the spin-% Fock space).

Note that at zeroth order, (Tﬁol,) (x))0, we only have tadpole diagrams, which vanish in dimen-
sional regularisation. Furthermore, there is no (T,Sly) (x))o contribution at first order in A, since
these also contribute only tadpole diagrams.

4 Since we are working with Lorentzian signature it should be understood that we are using the usual ie prescription
for the propagator, although we do not write this out explicitly.

6
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3.1. Expectation value of the stress tensor at O(h)

In this section we briefly summarise the old O (k) result of [1]. At first order, from equation (24)
the expectation value of the stress tensor is

[ 7(0) (gD oy [ 4P ey po
(T low = (T3 = [ty [ e " o (PR 0), (25)

which defines the two-point function 7, ( p) in momentum space. Using the Feynman rules
we have

i d‘k 4 k- P
Tyvpo = — t 2k — ) (2k — - |, (26
nvp (p) 16/ (2’/T)d r<k2( p)(p«’y )(k_p)g( p)(pfy ) ( )
where we have neglected all terms proportional to 7,,,, and 7., since, using the identity

KE-pl-p)  k-p) &
Ch-pr kpR R 7

these terms reduce to tadpole integrals which vanish. Note also the simple identities

Tyvpo(P) = Tuwpo (—=P) s Tuwpo (P) = Tpopn (P)- (28)
As shown in appendix D, equation (D.1), the explicit symmetrisation of the ;v indices in the
integral (26) is not required, as the antisymmetric part vanishes, a fact that we will exploit to
simplify some of the subsequent calculations.

The conservation of the stress tensor

V" (Tyw) =0 (29)
and the tracelessness

(8" Tu) =0 (30)
at order h, translate to the following Ward identities

P! Twpe =0, (3D

1D T spo = 0, (32)

where it is important that the trace is taken in d dimensions (indicated in the notation by
putting the trace inside the brackets in (30) and superscript (d) on the 7). In order to verify the
conservation Ward identity, we note that

p'(2k —p) = kK — (k—p)*. (33)

Hence p"T,. o reduces to a tadpole integral which vanishes. Similarly, the d dimensional
trace reduces to a tadpole integral upon using identity (27). This is in accord with the fact that
the Dirac Lagrangian density is classically Weyl invariant in all dimensions with a d-dependent
scaling of the fermions.
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Evaluating the 2-point function integral, (26), using the integral identities (B.1)—-(B.4), we
obtain

d/2
S 21(p) (d = 2) pupvpoPo — 2(d — 1) P* Py (oPo) + P* (MuvPoPo + NpoPuPv)
(zﬁ)d 32(d2 _ 1) 2 2 K P. HVEPp. POL [

+(p2)2 ((d - l)nu(pna)u - nuunpa) .
(34)
where the extra factor of 1/(2,/7)¢ in front is due to our normalisation of the integral I( p) in
(B.5). It is now straightforward to verify that the contraction of the above expression with p*
vanishes, confirming that the Ward identity for general covariance is satisfied. Furthermore,
we can verify again that the contraction of the pv indices in d dimensions is also zero.
However, contracting the pv indices in four dimensions we obtain

2

@pop __P _ 2
7 b = GO (pupv = Np?) » (35)
from which we find the (R anomaly at O(h), to wit,
» 1
g" <Tl“’>}(9(h) = WDR‘O(M (36)

where we now put the g"” outside the bracket to indicate that the trace is to be taken in four
dimensions, after regularisation and renormalisation. We again stress that the [JR anomaly
is scheme-dependent in the sense that its coefficient can be changed by adding a local coun-
terterm. However, within dimensional regularisation, we choose to calculate this coefficient
without adding any counterterms to the action.

We stress that this O (k) calculation can not give the a and ¢ coefficients as these require at
least O(h?). However, with an extra assumption on the counterterm it is possible to derive the
c coefficient at least by indirect arguments [3]. This can be seen as follows: introducing the
counterterm e ' AW, where AW = f dd)c\/—;gC2 and C is the 4-dimensional Weyl tensor, and
functionally differentiating, we get

6 2
2e g ——AW = (d —4) (C2 + DR) (37)
08w 3
which shows that
2
b= §C , (38)

a relation which we shall later verify explicitly at O(h?). By contrast, there is no such indirect
and labor saving argument for the coefficient a.

3.2. Expectation value of the stress tensor at O(h?)

The evaluation of the expectation value of the stress tensor to second order in the metric
fluctuations is far more involved than at first order because there are many more contributions.
In particular we must now consider the 3-point functions which are given by Feynman dia-
grams labelled (@) and (b) in figure 2°. These diagrams, as well as a new diagram labelled (c)

5 The labelling in the Feynman diagrams should be seen as mnemonics for writing down the integrals that contribute
to the expectation value of the stress tensor. The object that is calculated is x-dependent and the momenta p and ¢
are integrated over.
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'\ po
q —QP

) (T ()
k—p af k—p
p p p
U AR, LU AR, % R po
AN
i g 7 k
(b) : (T ()S@))q () + (T ()W)

Figure 2. Feynman diagrams for 3-point function of stress tensor insertions. The

)

diagrams at the top labelled (a), contribute to T(V poa

diagram (b) and (c) contribute

respectively.

(2) 3)
toT poa s and T v poa s

j22%

in figure 2, contribute to the the expectation value of the stress tensor at second order in the
metric perturbation,

dd
(T (X)) 02y */ddydd / p

dd . .
W‘XW‘*@yvﬁw<y><7ﬁ9pga6<p,q>haﬁ<z>

2 a 3 a
+ﬂ4m¢pmhﬂ>+ﬂLmA>hﬂm>

(39)

(1) (2) (3)
Here Twpmﬂ, Tuupaaﬁ and Typmﬂ

(T (0)( VS S, (T T )( )S®))g and (T, (1)( 1S(M)g in equation (24), respectively. Using the
Feynman rules given in figure 1, the Feynman diagrams labelled (a) in figure 2 give

are the 3-point diagrams corresponding to

| i d%k -
T\ e (Prd) = 128/(2 a t{,ﬁ [(2k = P) 1) = 1w (2K = )] (,f_f)z

k+g
(k+q)*

x [(2k + q)(a78) — Nap (2K + 9?)]

kK—p—d
(k—p—q)?

X [(2k =P = @) (Vo) = Npo (2K — p — ,g)]) }

« <[(2k D+ Q) e) — oo (2K — P+ )]

+ [(2k = 2p = q) (av8) — Nap (2K — 2§ — ¢)]

(40)
Letting k — —k + p in the second term and using the gamma matrix identity (C.2), we can
show that the second term is identical to the first term, viz the contribution from the two

9
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diagrams labelled (a) is identical. Furthermore the terms involving 1, or 1,5, can be written
as two-point function integrals, defined in equation (26), using identities analogous to (27).
Terms with more than one 7 reduce to tadpole integrals, which vanish, or integrals of the form

d ¥ K- P
/ (2r)d (kz (2% — y+q)( PE S (2k — p)(p%)> i @1
which using identity (27) reduces to
d‘k
/(27r) (ég(k ﬁ) (Zk—P)(p%)> =0 (42)

by identity (C.5). Hence, we can rewrite 7V as

1 1 1
Typoap(P4) = g Tuwpoas(Pa) = 0w Tpras (P + @) + Toas(9)

1 1
= 3o [Tuvap(p) + Tuvas(@)] = 3 as [Tuvpo (P + @) + Tuwpo ()]
(43)
where we define
[ Ak (F k—p k+4
Tp,upaaﬁ = 1/ m {k2 (2k p)(;t'yu) W(Zk -p+ q)(p’YJ) W(Zk + q)(oz’YB)}
(44)
that is, the original expression but without the trace terms.
Moreover, the Feynman diagrams labelled (b) and (c), respectively, give
o [k f E-p
Mypo'aﬁ(p’ q) 128 (2 ) kz ( p)(ﬂfyy) (k _ p)2
x (3 (Mol (a(2k = P))V10) + Mal(p(2k = P)o)V5))
-2 (npa (Zk - p)(a’YB) + Nagp (2k - p)(p’)/a))
1
E(Zq +P) (Vﬂ—a(pno)ﬁ + fYTB(pna)oz)) }’ (45)

i d
1P = 25 [ oz E s =P s

x {(Zk = P)(uh)(aY8) F v (2K = P) (@ p) + %PT (Vra(uiinys + %mwu)a)} }

(40)
where, as in the two-point function evaluation, we have used the fact that some terms lead to
tadpole integrals which vanish. It is also straightforward to show that the terms proportional to
77 in both T7® and T® vanish. Therefore, we can express both contributions solely in terms
of the two-point function integral, (26),

2 3 1 1
T/Sy)paaﬁ(p) = _Zn(a\(pTU)m)m/(p) + anoTuuaﬂ(p) + ZnaﬂTNVpU(p)’

(47)

10
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3 1 1
TS s (P) = Ml T0)18)p0 (P) + 50 Tpoas(P). (48)

3.3. Conservation

The conservation of the expectation value of the stress tensor can be expressed as follows:
V“(T,W> = g'up (aP<THV> - FZM<T‘TV> o FZV<T/W>> =0. (49)

Using the expansion of the metric and Christoffel symbol components in appendix A, at sec-
ond order in the metric perturbation the above identity reduces to

(T logey =m0, (T ) om)
1 1
— 30RO BT oy — 50 (Tl =0, (50)

where (T, )lom and (Ty.)|oage) are defined in equations (25) and (39), respectively.
Equation (49) is fully covariant. However, in equation (50), and for the rest of the section, the
indices are raised and lowered with the flat metric.

We first consider

ddp ddq : i ,
L T d d —ip-(x—y)—ig-(z—y o
15} < HV>(X)|O(h2) — /d yd Z/( )d( )de ip-(x—y)—iq-(z ))hp (y)

. 1 2
x { (—ip") (Tﬁﬁpm@m Q) h (@) + T2 s (P-a) P (2)

+ T/(J,?;/)paaﬁ(p) haﬁ(x)> + Tp(j/)paaﬁ(p) auhaﬁ(x)}.

(5D
Using equation (43) and the conservation Ward identity at first order in 4, (31),
(1) _ 1. 1
p T#ypgaﬁ(p’ Q) = ap Tquo’aB - Zpu [Tpo'a,8<p + Q) + Tpgaﬁ(g)]
1
- ZP” [npUTuVocﬁ (‘1) + na,@Tqua(p + CI)] . (52)
Furthermore, using equations (47) and (48),
2
PT s(P) =0, (53)
w(3) 1 1
p T#Vpg'aﬁ(p) - Zp(a TB)u,oo(p) + Epu Tpaaﬁ(p)' (54)

We have expressed all the terms in terms of the two-point function integral except the first
term on the rhs of equation (52), which we would like to also rewrite in terms of two-point
function integral,

1
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p,u, Tuupaaﬁ

i [ ddk k—p k+q
= 2/(27r)dtr{ (k%‘f‘(Zk—P)u)(kp)z(zk—P‘i‘fI)(p%)W(2k+4)(a7ﬁ)}

i d
_ 5/ (;ﬂ’;d tr{lﬁ(%(k—ﬁ) + (Zk—p)u)(zk—erq)(p%)(fiqg)z(zkw)mﬁ)},
(55)

where we have used (33) and p = ¥— (F— y) to cancel a propagator factor. We redefine
k — —k + p in the first term and kK — —k in the second term, whereupon we obtain

1
PH T/,J,l/poa,B = E (Tllpoab’(ps 6]) - Tuaﬂp(r(_psp + 6])), (56)

where

d _
Topoap(p.q) = i/ % tr{ 57 (%(k +p) + (2k +p)u) 2k +p = q) (Vo) (57?2(2;( - q)(am}
(57)

-q)
and we have used the identity (C.2). In appendix E, we simplify this integral and derive equa-
tion (E.5). Using this result, we arrive at

pM T/J,Vpaaﬁ =38 |:3p(p Ta)uaﬁ (Q) +2 (p + Q)u Tpaaﬁ (Q) - PT Mv(p To)rcxﬁ (61)

+ 3p(a TB)upo(p + Q) - 2511/ Tpaaﬁ(p + 6]) _pT Mo (« Tﬁ)q—po(l’ + 61) .
(58)
Hence, from equation (52),

' 1
PTS) s as(pd) = 3 [3p<a Tyupo(P+q) = 2(P+ Qv Tpoap(p + 4) = 29" 10 Tyvpe (P + q)

- pT Nu(a TB)Tpo’(p + q) + 3p(p To)uaﬂ(q) + qu Tptfaﬁ (q)

- zpunpoTuvaﬁ(q) - pT nu(p Ta)ra[i (Q)] .
(59

Integrating the above equation over p and letting p — p — g,

dp 1 [ dp
—ip-(x—y) uT(l) _ ,/ P —i(p—q)-(x—y) _ T
/(27{')‘18 14 Hypaaﬁ(p’q) 8 (27l')de [3 (p q)(a ﬂ)upa(p)

=20 Tyoap(P) + 24" 08T wpo (P) + 4" Mu(a Tp)yrpo (P)
+3 (P - Q)(p Ta)ua,@ (CI) + qu Tpaaﬂ (q)

- 2[)“ npoTuuaB (61) _pT Mv(p TO’)TDtﬂ(q)} .
(60)
Therefore, using also equations (53) and (54) and (48) and reparametrising the integration
variables,

12
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ddp ddq —ip-(x—y)—ig-(z— o
3M<Tuy>(x)|o(h2) — /ddyddz/ (27T)d (27r)de p-(x—y)—ig-(z—x) p,p (y)

~ {_;haﬁ(z) [(Sp — 3q)a T/Bypg'(p) + 2]71/ Tpaaﬁ(p)

+ 2quna,3Tp,Vpo(p) + qT e Tﬁ‘rpﬂ(p) +3 (p - Q)p To’l/aﬁ(q)
+24u Tpoap(q) = 20" Npo Tuvap (@) — P up TamB(Q)}

1
+ 7 [Torsa (PO @)+ Tympanin ()0, ()

+ 2 Tprap(P)OA ()| -

(61)
The terms in the integrand that are proportional to two-point function integrals with arguments
¢ can be replaced by terms proportional to those with arguments p®. Whereupon,

1 d. 3d ddp ddq —ip-(x—y)—ig-(z—x o
6H<Tl“’>|0(h2) T4 /d vd Z/ (2m)? (27r)‘le rEw 0)
X (1 haﬂ(z) [(4[’ - Bq)a Tﬂl/pcr(p) + 2q“naﬁTqua(p) + qT ze Tﬁrpo(p)]
- Tpo'Va(p)thaﬂ (Z) - naBTpaua(p)auhﬂu (Z) -2 Tpaaﬂ(p)avhaﬁ (Z)] ) .

(62)
Integrating by parts over the y and z integrals,

m d. qd ddp ddq —ip-(x—y)—ig-(z—x) , po : aB
M(Tuw)logey = [ dydz () (zﬂ)de h*? (y)q =ipaTpupe (P)h*" (2)

1 1
+ 0ah®P (2)Tupe (P) — 3 (@) Typo (p) + Qa”haﬁ (Z)Tpoaa(p)},

= h*0a(Tau)|om + 0ah® (Tsu)lom — Eauh<Tuu>|O(h) + E&,h (@) (Tap)lom:
(63)

where in the last line we have integrated over g and z, which sets z = x, and used definition
(25). We have, therefore, verified equation (50) and hence

VAT w) =0 (64)

up to and including second order in the metric perturbation.

4. Scalar 3-point loop integrals

We have seen in the preceding chapters that the evaluation of the expectation value of the stress
tensor to second order in the metric fluctuations requires the computation of certain 3-point

More precisely, the relabelling of the integration variables implies that the integrand must be invariant under
p < —q and (po) + (af).

13
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Feynman loop integrals (and correspondingly the evaluation of (n + 1)-point loop integrals if
one expands to n-th order in the metric fluctuations). Such integrals have been much investi-
gated in the literature, see e.g. [35, 36] for recent reviews and references. Nevertheless, and
also with regard to possible future applications, we here collect some formulae needed for our
computation that to the best of our knowledge have not been given in fully explicit form in
the literature, although the general procedure for their derivation is of course known, see in
particular [37-39].
The relevant integrals are of the form

d% k# k#
Juson(d | P.q) = / T Bk~ pPlk + aF

or more generally

(65)

dk Ky - Ky
7Td/2 k2m1 (k _p)2mz (k + q)2m3

iz, ) = [ (66)
with (not necessarily integer) exponents m, my, ms’. For the computation of the conformal
anomaly we are in particular interested in the pole part of these integrals for d — 4. Note
that we normalise the loop integrals (65) and (66) with the factor 7~4/2, different from the
normalisation adopted in the rest of this paper. This we do only for convenience in order to
simplify the subsequent calculations: because

1 1 1
2m)d ~ (2ym)d w2
we then only need to multiply the final results by (21/7)~“ to revert to the normalisation con-
ventions used in the rest of this article.
To evaluate the integrals we will follow a method developed by Davydychev [37, 38],
whereby the above integrals can be reduced to the basic scalar 3-point loop integral

d’k 1
772 Rk = pPk+ q)
which is again a special case of the more general integral

_ [ 4% ! 69
p,CI) - 7rd/2 kzml (k_p)zmz(k+q)2m3 ( )

(67)

J(d;1,1,1 Ip,q)=/ (68)

J(d;my, my, m3

and so-called boundary integrals for which one of the exponents m; vanishes (see appendix B)

d’k 1
7Td/2 k2m1 (p _ k)2m2

I(dymy,my | p) = J(d;my,my,0|p) =/ (70)

up to explicit factors which are rational functions of the external momenta. The final result
will be completely explicit because for (70) we have the explicit formula

IE T _ i ppyira-nl0n = 3T —m)U(s = ma)
mi/2 kem (p — k> D(d — m)D(m)(ma)

(71)

where m = m; 4+ my and the factor of i comes from Wick rotating from Lorentzian space to
Euclidean signature. A further advantage of our choice is the simple normalisation

7In the remainder we will usually not write out all arguments displayed on the lhs of (66).
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) =1+ o). 72)

I(p) = I(d;1,1
€

As we said, our derivation relies largely on the general formalism developed in [37, 38] but
we will spell out the formulae given there in more detail for the cases of interest. The final
result will thus express (65) directly in terms of explicitly known functions, where all the
UV divergences (needed for the determination of the conformal anomaly) are contained in
the boundary integrals. The extension of our results to higher n-point scalar loop integrals is
straightforward, though increasingly tedious for higher values of n.

In the remainder we will assume the external momenta p and ¢ to assume generic values,
for which p?q* # (p - ¢)?, so as to avoid IR or kinematical singularities—the latter can then be
easily and explicitly extracted from our final expressions. First we note that, in the Feynman
parametrisation, the scalar integral (69) is given by

lr(m _ %) /1 mp—1 ;nz—l g;ng—l (5(1 _ 51 _ €2 _ 63)
m3) Jo

2 | d&id&dé ,
L ()T (o )T (3 B [G6p? + 61602 + &&(p + q)z]mfd/z(n)

J(d;my, my, m3) =

where m = my + my + ms. Differentiating the lhs of (69) with respect to p,, we find
2my (Ju(d;ml,mz +1,m3) — pJ(dimy,my + Lms)). (74)
On the other hand, differentiating the rhs of equation (73) gives

—2m2<m1pul(d +2imy + Lmp + 1,m3) +m3 (pu + qu)J(d + 25mi,my + 1,ms + 1))

(75)
Equating expressions (74) and (75), we obtain an equation for J,(d;my, ma,m3) in terms of
scalar integrals [37]. We can further simplify this expression by noting the identity

3
Jd {mi}) = mpd(d+ 25 {mi+6;}), (76)

j=1

which can be proved directly from (73). Using the above identity and equating expressions

(74) and (75), we obtain [37]

Ju(dymi,my,m3) = myp, J& (d+2;my,my+ 1,m3) —msq, J& (d+2;my,my,m3 + 1).
(717)

This method can be inductively implemented, by further differentiating with respect to p,,,

to find similar identities for J,,..,,, in terms of scalar integrals, see [38] for the general

formulae. We list the relevant identities for M up to M = 6, found using the method outlined
above

Tu(d; 1,1,1) = ppJ(d +2:1,2,1) — g J(d +2;1,1,2), (78)

1
T 1,1 1) = S0, J(d 4211, 1) + 2| pupy J(d +4:1,3,1)

Pl I+ 41,2.2) + g, J(d+41.13)], (79)
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Juwp(d;1,1,1) = %mw [pp) Jd+41,2,1) — g, J(d + 41, 1,2)}
+6 {pﬂpl,ppJ(d +6:1,4,1) — plupugy J(d +6:1,3,2)
+pm%%ﬂu+6ug3y—%%%1w+aLL®}
hW4¢LLw:%mw%@nd+mLLw+6%th@ﬂd+@Lan
—m%ﬂw+@Lzm+%%ﬂw+aLLﬂ
+ 24| pupupppo J(d +8;1,5,1) = pupuppqo) J(d + 8;1,4,2)

+ P(uPvdpdo) J(d+8;1,3,3) = PG990y J(d 4 8;1,2,4)

+9u9v9,9-J(d + 8;1,1,5)|,
(80)

Juwpoa(d;1,1,1) = %mwnpa [pa> J(d+6;1,2,1) — o) J(d +6; 1, 1,2)}
+ 30700 {I’pl’apa) J(d+8;1,4,1) = pppoqa)J(d+8;1,3,2)
+m%%ﬂw+&Lz$—%%%ﬂw+&LLﬂ
+120] pupupopopa J(d +10:1,6,1) = pupupopoto) J(d + 10;1,5,2)

+ P(uPvPrdoda)J(d +10;1,4,3) — pupudpdoda) J(d 4 10;1,3,4)

+mmmMﬁMﬂmH&Lz$—%%%%%ﬂd+mmL®}
(81)

Juvpoas(di1,1,1) = %n(,wnponam Jd+6:1,1,1) + %mwma [pap/;) J(d+8:1,3,1)
—Padp) J(d+8:1,2,2) + gagpy J(d + 8; 1, 1,3)}
+ 1807, [pppgpapﬁ) J(d+10:1,5,1) = pppopadqs) J(d + 10;1,4,2)
+ PpPoqadp) J(d +10:1,3,3) — pygsqaqpy J(d 4 10;1,2,4)

+ 4p40qaqs) J(d +10; 1, 1,5)] + 720[pup,,pppapapﬁ J(d+12;1,7,1)

— P(uPvPpPoPadp) J(d + 12;1,6,2) 4+ p(uPuPpPodaqs) J(d + 12:1,5,3)
— P(uPrPpdsqads) J(d +12;1,4,4) 4+ p(uPrdpdsqaqs) J(d + 12;1,3,5)

— P(udvPp9oqadp) J(d +12;1,2,6) + 4,49.9,959095 I (d + 1251, 1, 7)],
(82)
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where the integrals on the lhs are all in d dimensions, whereas the dimension varies on the rhs.
Here, as elsewhere in this paper, all symmetrisations are with strength one. The scalar integrals
on the rhs are now of type (69), but they still involve different dimensions D =d, d +2,...
and different exponents m;, my, m3. To further simplify the above expressions we exploit the
basic result [37, 38] that for integer m; all integrals of the form (69) can be expressed in terms
of J(d; 1,1, 1) and boundary integrals of the type (70) and (71).

The first part in this reduction procedure is to decrease the values m;, my, m3 in integer steps
while leaving the dimension unchanged; this is done by noting that

wd/2 ak# k2m1(k_p)2m2(k+q)2m3 - (83)

which gives a relation between J(D;my, my, m3) with > m; = m and J(D;my, my, m3) with
> m; = m — 1. Two more relations can be found by changing the numerator in the integrand
in (83) to k, — p,, and k;, + ¢g,,. These three equations can be solved [38] to obtain

1
J(mlst’mS + 1) = 2]113(1)4»q)2q2<((2m1 -+ my + m3 7d) (p+q)2

+ (my +2my + m3 — d) ¢* — (my +my + 2m;3 fd)p2)J(m1,mz,m3)
+my (p+ )2 (my — Lmy+ 1,m3) +m3 (p+q)°J(my — 1,my,m3 + 1)
+my @I (my 4+ 1,my — 1,m3) + m3 g*J (mi,my — 1,m3 + 1)

—my p*J(my + 1,my,mz — 1) — my p°J (my,my + 1,m3 — 1)>, (84)

Jmy +1,my,m3) = ———
(m ) 2mip*q?

(((rm +2my 4+ my — d) ¢* + (my + my + 2m3 — d) p*
—@2my +my+mz—d) (p+q)2)J(m1,m2,m3)

+m2p2J(m1,m2—|— I,m; — 1) —|—m|p2J(m1 + L,my,mz — 1)

+m3q2J(m1,m2 —1,ms+1)+m qu(ml + 1L,my — 1,m3)

—my (p+q)2.](m1 —1,my + 1,m3)

—m3 (p+q)2J(m1 —l,mz,m3—|—1)>, (85)
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1

Jm,m+1,m3) = ——m———
( 1 2 3) 2m2(p+q)2p2

(((2'711 +my+my—d)(p+q)?
+ (my +my + 2m3 fd)pz — (my 4 2my + mz — d) qz)J(ml,mz,m3)

+m3 (p+q)2T(my — Lmy,my + 1) +my (p+q)>J(my — 1,my + 1,m3)
+my PP (my + 1,ma,my — 1) + my p*J (my,my + 1,ms — 1)

—my @PI(my + 1,my — 1,m3) —my ¢*J(my,my — 1,my + 1) |.

(86)
We repeat that the dimension D is the same in all these integrals, whence

J(my, my, mz) = J(d; my, mp, mz)

with the same d in the three equations above.

Having reduced the integrals J,,...,,,, of the form given in equation (65) to a sum of sca-
lar integrals J(D;1,1,1) and boundary integrals, where D =d,d+2,---,d+2M we
next require a further identity which lowers the values of D by relating J(D +2;1,1,1) to
J(D; 1,1, 1) so that finally all integrals can be reduced to J(d; 1, 1, 1), where now d = 4 — 2e.
The relevant identity is found by contracting the indices in equation (79), whereupon the lhs
of (79) reduces to a boundary integral, and we get

d
J(d;0,1,1) = 5J(az+2;1,1,1)+2[p2j(d+4;1,3,1)
—(p-q)d(d+41,2,2) +q21(d+4;1,1,3)]
(87)

Then, using the reduction formulae (84)—(86), we express J(d + 4;1,3,1),J(d +4;1,2,2)
and J(d +4;1,1,3) in terms of J(d + 4; 1, 1, 1) and boundary integrals. Substituting, these
expression in the equation above, and replacing d — d — 2, we obtain

2d=2)((p-9)® —P’¢)Jd+2:1,1,1) = p*¢*(p+q)*J(d; 1, 1,1)

=(p-q)(p+9)°J(d:0,1.1) = p*((p- q) + ¢°)J(d: 1,1,0) — ¢*(p* + (p - q)) (d; 1,0, 1),

(88)
Jd+21,1,1]p.q) = 2(d1_2) (p_q)zl_pzqz PP (p+q)*(d: 1,11 p.q) +
+ (-a)p+9)’1d|p+q) —p((p-q)+a)d|p) — (P> + (p-q)I(d]|q) (89)

where we have now substituted the boundary integrals from the appendix B. This formula
seems to be a new result: it allows us to reduce any given integral of type (65) for even d
to sums involving the convergent integral J(4; 1, 1, 1) and various boundary integrals which
contain all the UV divergences as d — 4. Using the formula (B.5) from appendix B, the latter
can be exhibited explicitly:
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(SIS

)T(5)*

d)

ST

—1 I'(1 -
Jd+2111) = —2i 4L I

i) T + finite terms. (90)

—

The factor (p?q* — (p - q)?)~" is cancelled, whence the UV divergence does not depend on
the external momenta, as expected. Furthermore, formula (89) makes the kinematical singu-
larities completely explicit. We note that the above formulae, (89) and (90) cannot be used for
d = 2 because of IR singularities and the factor (d — 2)-L

Using equations (84)—(86) and (89), the integrals J,,,...,,,, can thus be reduced to boundary
integrals and J(d,1,1,1). Since J(4, 1,1, 1) is finite, the 1 /€ poles in J,,,...,,, can easily be
found by expanding d = 4 — 2¢ and using the result for the poles of the boundary integral,
(B.5). The 1/¢ expansion of J,,...,,,, up to M = 6 is:

Ju(d|p,q) = O(1), (2]
Juw(d|p.q) = imw +0(1), (92)
Juvp(d|p.q) = 41677(”” (Pp) = 4p)) +O(1), (93)
Juvpo(d|p.q) = —i (PP +d+ (P +9)%) Nuwtpe) + 416 N (PoPoy = Ppdo) + dpdo)) + O(1),

(94)

Juvpoald

p.q) = —in(wnm (20 + ¢ +2(p+9)%) Pay — (P* +24* +2(P + 9)?) qu))

1
+ 3 Mo (PpPoPa)y = PpPoda) + Ppdoda) — 4pdoda)) + O(1),
(95)

2
Jywpoap(d|p.q) P+a+(p+a9)°) —(p+a (PP +d) - pqu] N TpoNas)

= 703 |

i

3 Moo (30 + @ +3(p +9)%) paps) =2(P* +4° +2(p+4)°) Pade)

i
+ (P2 + 3q2 + 3(17 + q)2) QquB)] + Iﬁ N(pv (ppptrputpﬁ) — PpPoPadp)

+PpPoquﬂ) _PpCqu(xqﬁ) + q;ﬂ]oﬂa%ﬂ)) + 0(1)
(96)

These coefficients and polynomials in the external momenta are what we need for the evalua-
tion of the conformal anomaly.

If one is just interested in the divergent parts, this result can also be arrived at without
invoking the full machinery of n-point loop integrals and in a much simpler way as follows:
first of all, one notes that the divergence must be polynomial in the external momenta p and q.
Secondly the resulting polynomial must be symmetric under interchange of p and —q. Thirdly,
by shifting the integration variable as k — —k 4 p one obtains a relation constraining the
polynomials by replacing the external momenta (p, q) by (p, —p — q). When applying this
trick to the above integrals, one first notes that the integrals J and J,, are convergent, whence
the first divergence arises in J,,; the latter divergence is proportional to 7, and can thus
be extracted by contracting with 7, thereby cancelling one propagator and reducing the
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determination of the pole term to that of a 2-point integral. Likewise the divergence in J,,,,
can only appear in the term linear in the external momenta, which by symmetry must appear
in the combination (p — ¢),; again the result can be read off from the corresponding 2-point
integral after contraction, and so on for the integrals with more momenta in the numerator.

It is easy to see that this procedure can also be applied inductively to n-point integrals for
n > 3 by successively reducing them to (n — 1)-loop integrals, etc In other words, the deter-
mination of the pole parts at any order in /,,,, does not require the actual evaluation of n-point
integrals. However, this shortcut may no longer be available for classically non-conformal
theories where there could arise extra non-local contributions.

5. The conformal anomaly at O (h?)

The anomaly is given by the trace of (7, (x)) after regularisation. If we calculate the trace
before finding the regularised expression, the trace vanishes by the Ward identities as the
Dirac action is scale-invariant in all dimensions. At second order in the external graviton, the
anomaly is given by

8’W<Tw(x)>‘@(hz> =" (Tu)ow)y — 1" N Tuwdlom

ddp ddq —ip-(x—y)—ig-(z—y .
:/ddyddz/(zﬂ)d (27r)de ip-(x—y)—ig-(z ))hp (y)

v 1 e 2 « 3 «
x {n“ (Tﬁjmﬂm Q) hP @) + T2 s (P) P (@) + TS o s(p)h ﬂ<x>)

- Tut/pa(l’)hw(x) } O7)

Using equations (43), (47) and (48), and rewriting

d d'p —ip-(=Y) BV (N RPT (V)T
y We ()h*7 (V)T po (P)

dy, qd dp dlq —ip-(x=y)—ig-(z=y) .00 (\\ 1
= d yd Z (27T)d (27[')‘16 h (y)h (Z)Tullpo(p + q)s

1 dip diq _, .

kYT v — M dd dd 71]7-(X7y)7lq~(27y)hpg haﬁ

(T (x) = 71 / y z/ i (2 ) (2)
1

x TG T#UPUQ’B T Ty Tpoaﬁ(l] + q) — N Tpaaﬁ(q) — Nlpo Tuuaﬂ(Q)

- naﬁTuvm(P +q) -3 Nap TWGB(P) = 2 Nap Tquo(P + ‘1)) .

By redefining the integration variables p and g, we can write the above expression in a more
symmetric way,
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d
g (T v ddy d?z d d —ip'(x—y)—iq‘(x—Z)hpa (y)h"‘ﬁ (2)

X <]6 A;wpo’a/i Nap Tpo’u[i(p) — Npu Tl/o’aﬂ (q)

= 2008Tpvpo(P) = 3Nap Tuwop(p + q)) ,

(98)
where we have exploited the symmetry under p <+ g and po <> af3, to simplify the integrand
and where T#,,pmg is the expression by letting p — p + g and ¢ — —q, viz

d
Tuvpoap =1 / % { ]ﬁ (2k + ) avp) (,f : g) (2k—p+9) () (,f ?) (2k — p)ma)}
99)
The trace of the expectation in d-dimensions should be zero as the Dirac action is Weyl-
invariant in all dimensions. The anomaly appears because the expectation value of the regu-
larised 4-dimensional stress tensor is evaluated in d = 4 — 2e dimensions, which gives rise to
a non-zero 4-dimensional trace. As a consistency check we show that the d-dimensional trace

of the expression of the rhs of equation (98) vanishes.
First consider,

d —
ﬂ(d) m lepcraﬁ =i /% { ]ﬁ(zk p)(PVU)M(Zk + Q)(a')/ﬁ)

¥

L (k- 9)

(2k + P)(p%) m (2k — Q)(oﬁﬁ) }

= 16(Tpoas(P) + Tpoas(q))s oo,

where we have used an identity similar to identity (27) and reparametrised the variable of inte-
gration k in the first equality, and equation (C.5) and the definition of the two-point function
integral, (26), in the second equality. Therefore, substituting into equation (98) and using the
Weyl-invariance of the 2-point function in d-dimensions, (32),

<gNVT.U‘V(x)>|d7dim =0. (101)

Therefore, from equation (98), the anomaly at second order in / is given by

d dq 71-x7'7i-7*
o = 7 [ e ) (3o ()
1 ) s
X (16 77(4)u Tyvpoap = Tpoap(P) — Tpoap(q)

= 217, ﬂn(4) ,uupo( ) = 3Mpa 77(4) HVT;woﬁ(pJFQ))’

(102)
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where 77(4) ‘“’TWQ Bpo 18 the 4-dimensional trace of the regularised 3-point function in momen-
tum space.

The 4-dimensional trace of the regularised 2-point function integral is already known and
given in equation (35). Therefore, it remains to consider the terms on the second line of the
rhs of equation (102). We write,

1 A (p.q)
ETMVW&B = Nap Tpovs(P) = Npp Tvoaps(q) = %

+ Buvpoas(P,q) + O(e).
(103)
The terms on the lhs are regularised integrals in d-dimensions and we denote the pole terms
in the expression by A, 0qs and the finite terms by B, ,0-q3. We are interested in the
4-dimensional trace of the expression on the lhs , which gives the terms on the second line of

the rhs of equation (102). Namely, we are interested in

1 Ua
prpoaf — R 77(4)# T;u/pooz,@ - Tpaaﬁ(p) - Tpoa,@(q)' (104)

77(4) wp
Note that the 4-dimensional trace of A,,,0qs necessarily vanishes, since the anomaly is
finite.

The tensor A, poap is local in the momenta p and g and can be found using equations (91)—
(96). Meanwhile, the tensor B, sap is given by the terms labelled O(1) in equations (91)—
(96) and is in general non-local in the momenta. The 4-dimensional trace of B, ,cas can
nevertheless be found from A, ,so8 by taking a trace in D dimensions, where D is arbitrary
(but remember that the 2-point and 3-point functions above are computed in d-dimensions, so
D is just an auxiliary variable here).

From equation (100), we know that

(14 Coroa
U(D)“ (ETquUaﬁ — TNap Tpouﬁ(l’) — Mou TVMB(Q)) = (D - d) (’3276[3 +Dpoap + O(€)> >
(105)

where Cj5g and D ;g are tensorial functions of the momenta. Substituting equation (103)
on the lhs of equation (105) and expanding the rhs in €, we find

77(D) HVAquo’aB = (D - 4)Cpaaﬁ7 (106)
1" Bypoas = Cpoap + (D = 4)Dyoas, (107)

at order 1/€ and order 1. Letting D = 4 in equation (107), and using (104), we find that

1 Vi
Cpoan = 151" Tuspoas = Tpoas(P) = Tyoas @) (108)

However, C,sqp can also be found by taking the D-dimensional trace of A, 608, (106).

After a lengthy calculation (that involves collecting several hundred terms!) we determine
A,vpoap, defined in equation (103), and identify Cpsq g by taking an arbitrary D-dimensional
trace, (106). This gives, (108), an expression for the terms on the second line of the rhs of
equation (102) and, as we have already mentioned, the other terms on the rhs of equation (102)
are given by equation (35). The final result is
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_ 1 4. 14 d4p d4q —ip-(x—y)—ig:(x—2) ppo aB
Aloue) = 720 (47)? / d'yd’z / (2m)* (2m)*© W70 (2)

x {(4 (p-a) +P*(12p - g+ 5¢%)) NpoNap

—(12(P)*+25(p-9)* + 14p* 3P - 4+ ¢) Na(po)s
~8Bp*+3p-q+2¢) Npopars —2 B3P q+5¢) NapPpPo
—4Bp +4p-q+64°) Napp(pdo) + 8B +6p - q+44) P10y (als)

+4(6p> +5p-q) PNy (adp) + 2 (60 + 13D q) 4oy aPp)

+ 12pppoPals + 12PpPoP(0d8) + SPpPodads — 4P(p90)P(0d8) — T 4pdoPaPs ¢ -

(109)
The expression is, in particular, polynomial in p and g—the dependence on inverse powers
or logarithms of the external momenta, which are in higher order terms in €, has dropped out,
hence the anomaly is local in x-space, as expected.

Note that when comparing with the anomalies the terms quadratic in curvature must all
have the structure 00hdOh, which in Fourier space is equivalent to having two p and two ¢ in
each term, whereas all other terms with a different distribution of derivatives must originate
from UIR. Therefore, we can use the term proportional to p,p,paps (see equation (A.14)), for
example, to fix the coefficient of LIR ,

1
A’ow) = WDR‘O(M) RAEERE (110)
Furthermore, from equation (A.11)-(A.13), we note that §,qsPaPgs P(pq95)P(a98)> PpPoqads
only appear in Riemann-squared, Ricci-squared and scalar-squared, respectively. Hence terms
containing these expressions can be used to fix the coefficient of all the terms in the anomaly.
Altogether we have thus shown that

7 ., 1 . 1 2 1
=|— R ——Ric” — UR
Alow) [720(47r)2 T G0 T 144G T 60y ]o<h2>
1 11 1
= |——  cmwroc oo — E OR
[40(47r)2 wer = 7200me T 60(an)? L(hZ)

(111)
Note that the coefficient of [IR at second order in & matches the coefficient at first order, (36),
as it must do for consistency. Furthermore, this explicit calculation confirms the relation (38),
and agrees with the values for q, b, ¢ in the literature.

6. Outlook
In this paper we have given a new and direct derivation of the spin-% anomaly, along the lines

of the textbook derivation of the axial anomaly. Although at this point the calculation merely
confirms a known result, our derivation based on standard Feynman diagram techniques has
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brought out several subtleties, and we expect similar subtleties for a rederivation of the (again
known) results for s = 0, 1.

However, as we already said in the introduction, the present work should be regarded as
only preparatory for what we are really after, namely a proper computation of and a better
understanding of the conformal anomaly in non-conformal theories, where the anomaly can
be defined by

A= g"(Tw) — (" Tu) (112)
and where the second term subtracts the terms due to the classical violation of Weyl invari-
ance. Most significantly we will be interested in the cases s = % and s = 2, where there remain
several issues (dependence of a and c coefficients on gauge choices for external gravitons,

appearance of R? contributions for non-conformal theories, etc) that remain open even after
many years. Future directions are thus:

e A computation of conformal anomaly for s = % along the lines of this paper.

e Understanding the appearance of R? and possible non-local contributions that may be
required to satisfy WZ consistency condition.

e Understanding the dependence of a and ¢ coefficients on the choice of gauge for metric
fluctuation 4. Such a gauge dependence should not exist, as the anomaly coefficients
should be gauge invariant with the (natural) assumption of unbroken general covariance.

e Understanding the appearance of negative anomaly coefficients for s = %, which is in
apparent conflict with positivity theorems. However, the latter rely on unitarity (positive
definite) Hilbert space, and the existence of a gauge invariant stress tensor, whereas both

3

these assumptions are violated for s > 3.
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Appendix A. Expansions

In this appendix we collect all necessary formulae for the expansion of curvature-squared
quantities to second order in /:

8uv = M + Ay, g =" — W + W PR,
(A.1)
a a 1 a 1 va " " 1 y7s 3 nv
en’ = 8, + Shy = ghyuh™, e'a =0 = Sh'a+ Sh" hue, (A.2)
11 1 11 1
=14 -h—~h"h,, + -h*, N =1—Zh+ -h"h,, + K, A.
e +2 1 “+8 e 2+4 “+8 (A.3)
1 v 1 v
Wuar = Ophau + 71" 11Ouhiay = S oy (Ohian = Daphyar) (A4)
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1 v v
Lo = 5 " = 1) (20(phoyy — Ovhpo) . (A.5)
Riem® = 9"0"h" (8,0,hp5 — 20,0,hy0 + 0,05 u) (A.6)

s 1 log 17 1%
Ric? = 2 0u0" " (0"0phyo — 20%hpy — 20,00 + 0" Ohy)

O (Phyo +20,0,0) + 1 hD,00h, (A7)

R? = 00 hyy 0M0" hyyy — 20,05 hpe O*h + O*H O*h, (A.8)

OR = 0*0°0° hyy — 0*0%h

+ 17 (2070,00h — 20°0" Ophyue + 0*0*hpy — 0,0,0" 0" hy))

7
+ OHhP (2 0,,0,05h — 40,0,0" hyy + 3 ?0puhpe — azaphw>
8, hH* laph 20%0"h 20,0°h+ 9,0"9%h
- Iz - 5 ( pv p +0p fo)
1
+ 5a#ayhﬂﬂ (30,0uhpe —20,0phy) — 200,10 (0,0 hye — 0,050 + Fhyer )

+ 017 (0,051 + Ohpe) — % 9P9°h 9,05,
(A9)

T,u.l/ = XV(MDV)X
~ 1 =, 1 =, o 1 — T PO
= X)X+ 5ho(uXV O X + 3 0o hpw X0 V"X A+ Ghr(ul Oy X7V x:

(A.10)
where on the rhs all indices are lowered and raised with the Minkowski metric and «,, is the
the flat gamma-matrix.

At second-order in the metric perturbation, the curvature-squared quantities can also be

written in momentum space as:

dp dq :
Riem? = [[d'ya'z [ g e e

X {(P @) Na(pNoys — 2P - 44(pMo) (aP) + qpqopap/a}, (A.11)
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d* d* : .
Ric? = /d4yd4z/ (27:;4 (2;;4e—lp'(x—y)—lq(x—z)hprf(y)haﬁ(z)

1 2 1 2 2 1 2
X Z (P ! Q) NpoTlap + Zp q Na(p"lo)s =+ E q NpoPaPB — P 4 MapBP(p90)

1 1
2
= 4" P(pNo)(aPB) T 5P 4P(p"o)(adp) + 2P(pqa)P(aqﬁ)}, (A.12)

d4p d4q —ip-(x—y)—ig-(x— o @
RZ:/ ay d4z/ (2r) 2n)** PO CTD ()1 ()

X {p2 @ NpoNas — 24 NapPpPo + PoPodads } (A.13)

d4 d4 . N

1
+52 (P +3(p-9*+7P P a+20" %) Na(oNo)s

((P-q)* +2P°P Q) NpoTap

N[ =

1
+ 2p*+2p g9+ @) NpoPaPs + 3P 4TasPoPo
+ (PP +2P -4+ 20) Napp(pd0) — 2 (P + 2P 4+ @) P(po)(aPp)
—2(P*+P Q) PNoyads) — (P°+ P Q) ApNo)(aPB)

— PpPoPaPp ~ PpPoP(adB) } : (A.14)

Appendix B. Boundary integrals

We here present some well-known results for scalar 2-point integrals, see for example [40]
which are also referred to as boundary integrals,

/ddk s = 5Pl (9) B.1
7d/2 K2(p— k)2 2PritP), (B.1)
Ak ki 1 )
= v v) 1 B .
/7_‘_,1/2 Clp 12~ 2@ 1) @upe =) 1(p) (B.2)
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&k kukk, 1 5
= d 2 v, - 3 V. I 0 .
/,rd/z Blp k2 = s@—1) @+ 2 puppp =30 Gurn) 1(p) (B.3)
Al Kk k ko 1
= d+4)(d+2 wPoDo
/ﬂ-d/z kz(p—k)z 16(d2 — 1) ((d+4)(d+ )PuP PpP
_6(d + z)pz’r](;wpppa) + 3(172)277(#1177;;0)) I(P)»
(B.4)
where I(p) =1(d|p) = J(d; 1, 1,0), or more explicitly
. _/ dk 1
p)= /2 |2 (p — k)2
L(1-9T(9)* i P’
— i(d—1)(p)ir2 T 22 Coe ,
i(d—1)(p7) T(d) izt -los +O(e)
(B.5)

where y is the Euler—Mascheroni constant and  is the renormalisation scale. Note the overall
factor of i which is a result of Wick rotating from Lorentzian signature. The normalisation in
the definition of I( p) (and in (65) and (69)) has thus been chosen in order to eliminate all fac-
tors of 7%/2 in the final expression.

Appendix C. Useful formulae and identities

tr (’Y;L’YV'Vp’YJ) =1t ('Y,u'ch’Yp’Yu) . (C.1)
tr (VYo YpYo Ya¥8) =t (VoY YuVBYa Vo) - (C.2)
tr (Vu Yo Yp (VoYa Vs + V87aYo)) = 2t (VYo Yp (Moa¥s — NopVa + NapVo)) - (C.3)
tr (a7 (Y%7 = P9%97)) = —128795 tr 1. (C.4)

Making use of the redefinition of the integration variable, letting k — —k + p, and the gamma
matrix identity (C.1), it can be shown that

d’k ¥ —p)
/Wtr{lﬁ%(k—p)z@k _p)(”‘”} =0 (C.5)
Using identity (C.1),

d
/ % kz(kl_mztr{@k = P2k = )y (2K = p)(2k = p)(,70) }

d
= —64iT0(p) + / % kz(kl_p)ztr{ﬁ (2k = p) v P(2k — P) (7o) }
(C.6)
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Using identities (C.2) and (C.3),
d’k 1
/ 2n? WH (2K — p)(2k = P)(av8) (2K — P)(2k = P) VoW (5
= — 641 [anTaﬁ'rl/(p) - npyTQBTU(p) + nauTaﬁrp(p)]

d% 1
— 2k — 2k — D) Yo Yo Yu ¢
+ / 2 Bk =) r{y( P)(78)P(2k — P)+7p Yoy }
(C.7)
where we have also used equation (C.6).
Furthermore, using identities (C.2) and (C.3) and

tr (2K — p)y (2K — p)p] = tr [propp] + 20 — (k — p)*)tr [, (2K — p)] — 2(K° + (k — p)*)tr [up] .

(C.8)
we also have the following identity:
dk 1
/ (2m)d kz(k—wztr{(zk — )1 (2K = P) 2k = p) e p(2k p)(p%)}’
= —64i[p(aT8)0p0 (P) +P(pToyvas(P)]
o S (2k—p) (2k—p) (C.9)
i / @n) Bk —pp PP~ PP 2k = P)0a) - .

Appendix D. Symmetrisation of the two-point function

We show that in the integral expression for the two-point function, equation (26), the antisym-
metrised part of the integral in indices pv vanishes,

dk [k =) (k= p) 2k —p) (Vo) |
/ (2m)d tr{ k*(k —p)? } -0

(D.1)

Expanding out the trace and rewriting

1 1 1
k-(k—p)= §k2+ E(k—P)z - §P27

the integral on the lhs of equation (D.1) becomes

d’k 1
d/2—1
2 / 2y Rk —pp (ite = 2Puik(o) (2k = p),). (D.2)

Using equations (B.1)—(B.3), equation (D.1) is established.
Appendix E. Evaluation of T

In this appendix we evaluate Tl,pmg( D, q), defined in equation (57),

d —
i/(;rk)d‘f{,fé (v (K +p) + (2k+p),) (2k+pQ)(pVU)M(ZkQ)(aVﬁ)}~ .
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We first note that each factor can be written as a sum of a term proportional to (2k — g) and
another k-independent term. For example,

1
Eq’” (E.2)

Now, again using the trick in appendix D that under a reparametrisation of the integration
variable k — —k + g we have

1 1
Rk—qr  Rk—q?

we rewrite integral (E.1) in terms of an even number of (2k — ¢) factors,

1
ky = E(Zk_CI)u +

(2k —q) — —(2k — q), (E.3)

i d
: / (;T")d kz(kl_q)ztr{(Z]é — @) v (2K — 4) 2k — q)(a7p) (2K — 4) P( Vo)

—(2k — ) v (2K — ¢) 2k — @) (avp) 4 (2k — @) (p Vo)
+2K = ) v ¢ (2k — 9) (o 78) (2K — ¢) 2k — @) (70
+2p + ) v 2K — ¢) 2k — @) Vp) (2K — ¢) (2k — @) (7o)
— (2K — 4) v 4 (2k — @) (aVp) 4P Vo)

—2p+ ) v 2Kk —¢) (2k — @) (a78) 4P (Vo)
+2p + 4) v 4 2k — q)(av8) (2K — 4) P(p Vo)

—(2p + ) 7 4 (2k — q)(a7v5) 4 (2k — @) (Vo)
+2(2k — q)u (2K — ¢) (2k — @) (av8) 2K — 4) P(p70)

+2(p+q) 2k — ¢) 2k — @) V8) (2K — ¢) (2k — @) (7o)
=22k — q)ug (2k — @) (aVB) 4P (oo

—2(p+q)v g 2k —q)(a78) 4 (2k — ) (,70) } (E.4)

cancelling some terms using the gamma matrix identity (C.1). Using identity (C.4), we can
show that the terms on the sixth and seventh line in the expression above cancel. Furthermore,
we can use identities (C.6), (C.7) and (C.9) to simplify the expressions on the ninth and
tenth lines; first, third and fourth lines and the second line of above expression, respectively.
Collecting all the terms we find that

Tupcraﬁ(p, LI) =16 [3p(p To)va,@’(‘]) +2 (p + q)u Tpaozﬁ(Q) - PT 77u(p Ta)‘raﬂ(q)] . (E 5)
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