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Abstract

Recently, there has been observed an interesting correspondence between supersymmetric

quiver gauge theories with four supercharges and integrable lattice models of statistical me-

chanics such that the two-dimensional spin lattice is the quiver diagram, the partition func-

tion of the lattice model is the partition function of the gauge theory and the Yang-Baxter

equation expresses the identity of partition functions for dual pairs. This correspondence is

a powerful tool which enables us to generate new integrable models. The aim of the present

paper is to give a short account on a progress in integrable lattice models which has been

made due to the relationship with supersymmetric gauge theories.
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1 Introduction

Integrability is a beautiful phenomenon which plays an important role in theoretical and

mathematical physics. One of the key structural elements leading to quantum integrability

is the Yang-Baxter equation [1–6]

R12(u− v)R13(u)R23(v) = R23(v)R13(u)R12(u− v) , (1.1)

where the operators Rik(u) act in the tensor product of some three vector spaces V⊗V⊗V
and depend on the spectral parameter u. The importance of the Yang-Baxter equation

as a condition for integrability was noticed by Ludvig Faddeev who developed (with his

Leningrad group) a deep connection between integrability and other areas of mathematical

1



physics. Nowadays the Yang-Baxter equation has a relation to quantum field theory, knot

theory, string theory, statistical physics, conformal field theory etc.

In this work we consider quantum integrability of two-dimensional square lattice spin

models of statistical mechanics with the pair interaction between neighboring spins. The

most known example of such models is the two-dimensional Ising model [7] which was

solved by Onsager [8]. Onsager also observed that the Boltzmann weights of the Ising

model satisfies the star-triangle relation which is a special form [9] of the Yang-Baxter

equation for integrable statistical models with spin variables living on sites of the lattice:∑
σ0

S(σ0)Wη−α(σi, σ0)Wη−β(σj , σ0)Wη−γ(σk, σ0)

=R(α, β, γ)Wα(σj , σk)Wβ(σi, σk)Wγ(σj , σi) , (1.2)

where W and S stand for the Boltzmann weight functions of the model. The star-triangle

relation appears as a condition for commuting transfer matrices what makes the model

integrable [4, 10].

There have been many developments in the integrable lattice spin models since Onsager’s

solution. There are by now many solutions3 of the star-triangle equation, i.e. Ising-like

lattice models, most notable ones are the Fateev-Zamodchikov model [12] (the case N=2

gives the Ising model), Kashiwara-Miwa model [13–15], chiral Potts model [16–18], Faddeev-

Volkov model [19,20], Bazhanov-Sergeev model [21] etc.

One of the most surprising developments in the field has appeared recently [22] coming

from a different area of theoretical physics. It was observed a relationship between exact

results in supersymmetric quiver gauge theories and exactly solvable two-dimensional lattice

models in statistical mechanics [23–35]. In the gauge/YBE correspondence, as it is called4,

the integrability in statistical models is a direct consequence of supersymmetric duality.

Roughly speaking, gauge/YBE correspondence relates the Yang-Baxter equation with the

equality of partition functions for supersymmetric dual theories. This relationship has led

to the construction of new exactly solvable models of statistical mechanics and we believe

that much more are to be found.

In this work we try to present an elementary description of the gauge/YBE correspon-

dence and to list solutions of the star-triangle relation found (or related) by this corre-

spondence. Of course, it is impossible to give all details of this recent subject of research,

therefore in some places these notes have a sketchy character. We hope to convince the

reader, both with mainly integrability background and supersymmetry alike, that the sub-

ject has many interesting applications and new open problems.

3Classification of all solutions [6,11] to the quantum Yang-Baxter equation still remains an open problem.
4The name “gauge/YBE” was first used by Yamazaki in [23] probably in an analogue to the gauge/Bethe

correspondence [36,37].
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The rest of the paper is organized in the following way:

• In Section 2 we review integrable lattice models and formulate the star-triangle rela-

tion (Yang-Baxter equation) for Ising-like lattice models of statistical mechanics.

• In Section 3 we give a very brief review of supersymmetric duality, exact results for

partition functions and quiver notations.

• We present a survey of recent progress in integrable statistical models inspired by

supersymmetric gauge theory computations in Section 4 and list all recently found

solutions to the star-triangle relation.

• The paper concludes with comments on the recent status of the correspondence and

briefly discusses some open problems in Section 5.

2 A crash course on integrable lattice models

The main players in the notes are solvable5 lattice models and quiver gauge theories with

four supercharges in two, three and four dimensions. In this section, we set up basic

terminology about the exactly solvable lattice models of statistical mechanics. More details

on the subject can be found in the book by Baxter [4] and in the review papers [9, 38–42].

The section will mainly follow the exposition in [30,35,38].

2.1 Lattice models in statistical mechanics

An Ising-like model on a two-dimensional square lattice is defined as follows. At each site i

there is a “spin” variable σi which takes some set of continuous or discrete values (or both

as we will see later) in some range. Two adjacent spins i and j interact with an energy

ε(σi, σj). The quantities of interest in statistical physics are statistical sums, such as the

following partition function

Z =
∑
{σ}

e
−E(σ)
kBT (2.1)

where the summation runs over all values of spins; E(σ), kB and T are the energy of the

system, Boltzmann constant and temperature respectively. Let

W(σi, σj) = e
−
ε(σi,σj)

kBT (2.2)

5The terms “solvable” and “integrable” are the same in the context of this paper and will be used

interchangeably.
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be the Boltzmann weight of the edge (i, j), with an interaction energy ε(σi, σj) between

spins σi and σj . Then the partition function can be written in the following way

Z =
∑ ∏

<i,j>

W(σi, σj) (2.3)

The “integrable model” means that one can evaluate the partition function (2.3) in the

thermodinamic limit N →∞, where N is a number of sites of the lattice.

There exist two other types of models in two-dimensional statistical mechanics, the IRF

model and the vertex model6.

In the “interaction round a face model” (IRF) version of spin models four spins round

a face of the lattice interact with each other. This interaction can be determined by the

energy of face ε(σ1, σ2, σ3, σ4) depending on four spins. The notable examples of IRF models

are the hard hexagon model [47], the cyclic solid-on-solid model [48–52] and the restricted

solid-on-solid model [53].

In the vertex model, spin variables are located on the edges of the spin lattice. In

this case one associates the local Boltzmann weight with each vertex configuration, namely

statistical weights depend on four spins surrounding each site. The most known examples of

vertex models are the six-vertex model [54,55], the eight-vertex model [3] and the nineteen-

vertex model [56].

2.2 Integrability of models: star-triangle relation

The search for the Ising-like integrable models can be reduced to the problem of finding the

Boltzmann weights that satisfy the so-called star-triangle relation7

∑
σ

S(σ)Wqr(σ, σj)Wpr(σ, σk)Wpq(σi, σ)

= R(p, q, r)Wpq(σj , σk)Wpr(σi, σj)Wqr(σi, σk), (2.4)∑
σ

S(σ)Wpq(σ, σi)Wpr(σk, σ)Wqr(σj , σ)

= R(p, q, r)Wpq(σk, σj)Wpr(σj , σi)Wqr(σk, σi). (2.5)

where

• Summation is over all spin variables, Wpq(σi, σj) and Wpq(σi, σj) are two different

kinds of the Boltzmann weights describe the interaction between two spins;

6As was mentioned above we will not be interested in the solutions of IRF and vertex-type Yang-Baxter

equation and talk about them here only for completeness. We would like to point out that for some models

in our list discussed in the next sections the IRF and vertex-type solutions are known. We will not discuss
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Figure 1: Star-triangle relation

• S(σ) is the rapidity-independent single-spin Boltzmann weight assigned for each spin

σ on the lattice;

• R(p, q, r) is some factor depending on three rapidity variables and independent of the

spins.

The star-triangle relation is a sufficient condition for the existence of an infinite set of

commuting transfer matrices8 and thereby the model can be exactly solved using the transfer

matrix method [58]. Namely by defining the transfer matrices

(Tq)σ,σ̄ =

L∏
i=1

Wpq(σi, σ̄i)Wpq(σi+1, σ̄i) (2.6)

(T̄r)σ,σ̄ =

L∏
i=1

Wpr(σi, σ̄i)Wpr(σi, σ̄i+1) (2.7)

with periodic boundary conditions that σL+1 = σ1 and σ̄L+1 = σ̄1 one can prove that

TqT̄r = TrT̄q. If one has such a family of commuting transfer matrices then a partition

those solution and refer to the original papers [26, 27,43–46].
7Note that in the literature “the star-triangle relation” often is used also for the IRF-type models, see,

e.g. [57].
8Here we do not discuss a transfer matrix method and relation of the star-triangle equation to commu-

tativity of transfer matrices, the interested reader can be find details in many places, for instance, in [4,41].
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Figure 2: Two types of the Boltzmann weights

function (2.3) can be calculated exactly .

In all our examples here, the two types of Boltzmann weights Wpq, Wpq, depend on

rapidity variables only via their difference9 p− q. Consequently the Boltzmann weights will

be written in terms of the spectral variable α = p− q, as

Wα(σi, σj) :=Wpq(σi, σj) , and Wα(σi, σj) :=Wpq(σi, σj) . (2.8)

The two Boltzmann weights are also related by the crossing symmetry

Wα(σi, σj) =Wη−α(σi, σj) , (2.9)

where η > 0 is a real valued, model dependent “crossing parameter”. Thus all two-spin

interactions in the lattice model may be described in terms of the single Boltzmann weight

Wα(σi, σj).

The Boltzmann weights considered here are spin reflection symmetric, i.e. unchanged

by interchanging the spin variables σi and σj :

Wα(σi, σj) =Wα(σj , σi) . (2.10)

The simple consequence of the star-triangle relation and initial condition gives the uni-

tarity and inversion relations10

Wα(σi, σj)W−α(σi, σj) = 1 (2.11)

∑∫
σ0

S(σ0)Wη−α(σi, σ0)Wη+α(σ0, σj)

=
1

S(σi)
(δ(xi+xj) δmi,−mj + δ(xi−xj) δmi,mj ) . (2.12)

9The majority of lattice models of statistical mechanics satisfy this property, the most notable exception

being the Chiral Potts model [18].
10Note that the inversion relation for the partition function may exist even for a model which is not

integrable.
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Figure 3: Inversion relation (2.11)

Figure 4: Inversion relation (2.12)

3 A crash course on supersymmetric dualities and ex-

act results

Obviously, it is impossible to review supersymmetric dualities and exact results in super-

symmetric gauge theories in a few pages. Our intention is to give some a short description

of the important keywords on the subject.

3.1 Supersymmetric duality

In this section we very briefly remind some facts about supersymmetric duality. For more

details, see e.g. [59–62].

About two decades ago Seiberg [63] and many others found a non-trivial quantum

equivalence between different supersymmetric theories, called supersymmetric duality. To

be more precise it was shown that two or more different theories may describe the same

physics in the far infrared limit, i.e. an observer testing the low energy physics (or physics
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at long distances) cannot distinguish the dual theories11.

The supersymmetric duality was first constructed for four-dimensional N = 1 gauge

theory with a matter in the fundamental representation. Later many examples of dualities

have been found with complicated matter content, different gauge and flavor groups in

different dimensions. Today, supersymmetric duality has become a key tool for studying

strongly coupled effects.

The basic example of supersymmetric duality [63] is an SU(Nc) electric gauge theory

with NF flavors of quarks which possesses a dual description in terms of Nf magnetic flavors

of quarks charged under SU(NF − Nc) gauge group12 in the so-called conformal window
3
2Nc < NF < 3Nc. The field content of dual theories is summarized in the table below.

These two theories flow to the same infrared fixed point.

SU(Nc) SU(NF )L SU(NF )R

Q f f 1

Q’ f̄ 1 f̄

Matter content of the electric theory.

SU(NF −Nc) SU(NF )L SU(NF )R

q f f̄ 1

q′ f̄ 1 f

M 1 f f̄

Matter content of the magnetic theory.

The main point for us about the supersymmetric dualities is that the partition functions

of dual theories are expected to be equal. In the context of gauge/YBE correspondence

integrability on the statistical models’ side is equivalent to the equality of partition functions

of supersymmetric dual theories. It means that one may generate solutions to the Yang-

Baxter equation by considering partition functions of suitable duality.

3.2 Quiver gauge theories

Here we briefly outline quiver notation of gauge theories which is a very useful tool for

summarizing the group-theoretical data about a gauge theory in a compact way. Quiver

gauge theories have been studied in physics more than forty years, initially, they were used

in composite model building in the context of the Standard Model. For more details, see

e.g. [64–66].

Supersymmetric gauge theories considered in the work are specified with gauge group

G (in our examples we consider just SU(2) group) and the matter fields transforming as

11It is worth mentioning that supersymmetric dual theories are not identical, but they give rise to the

same physics at long distances.
12In this case the gauge singlets of the dual theory interact with the flavors via the superpotential term.
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chiral multiplets in a suitable representation. One can encode this information13 in quiver

diagrams using nodes for the gauge groups and edges for the matter multiplets.

Consider a theory with the gauge group G as a direct product of simple groups Gi

G = G1 ×G2 × . . .×Gn . (3.1)

In the quiver diagram

• each node gi corresponds to a vector multiplet in the adjoint representation of a gauge

group Gi;

• each edge corresponds to the matter multiplet in the bifundamental representation.

In general, one uses arrows between nodes. The arrow going from gi to gj corresponds

to a chiral multiplet in the fundamental representation of gi and the anti-fundamental

representation of gj .

The quiver diagram encoding the SU(Nc) Seiberg duality from the previous section is

described in Fig 5.

Figure 5: Quiver diagram for the Seiberg duality

In this work we deal with supersymmetric (with four supercharges) dualities of quiver

gauge theories built from bifundamental matter, namely the matter content of gauge theo-

ries are represented as bifundamentals between gauge groups.

3.3 Partition functions and corresponding solutions

In this section we collect the expressions for the matrix models associated to the lens

index, supersymmetric index and squashed sphere partition functions in four, three and

two dimensions. The localization technique enables us to calculate the partition function

13Note that the superpotential term of the theory is not encoded by the quiver diagram.
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of supersymmetric gauge theories with four supercharges on different manifolds exactly

Z =
1

|W |
∑∫ dzi

2πizi

rankG∏
i=1

Zgauge(zi;mi)
∏
Φ

ZΦ(zi, ta, ;mi). (3.2)

In the examples of the next sections we only discuss theories without the Chern-Simons

and Fayet-Iliopoulos terms are therefore the classical terms is absent in our expressions.

• The integral is performed over the Cartan subgroup of the gauge group. It is param-

eterized by the diagonal entries of the real scalar z in the gauge group.

• The factor of inverse |W | represents the order of the Weyl group of the gauge group.

Manifold Vector Multiplet Chiral Multiplet

S3/Zr × S1
∏
α (Γe(α(z)±;±ρj(m); p, q))

−1 ∏
j Γe((pq)

∆j
2 +ρj(m)+φj(n)ρj(z)φj(a); p, q)

S3 × S1
∏
α (Γ (α(z)±; p, q))

−1 ∏
j Γ((pq)

∆j
2 ρj(z)φj(a); p, q)

S2 × S1
∏
α q
− 1

2 |α(m)|(1− α(z)
±
q
|α(m)|

2 )
∏
j

(q1−
∆j
2

+
|ρj(m)+φj(n)|

2 ρj(z)
−1φj(a)−1;q)∞

(q
∆j
2

+
|ρj(m)+φj(n)|

2 ρj(z)φj(a);q)∞

S3
b /Zr

∏
α

(
ŝb,α(m)

(
iQ2 ± α(z)

))−1 ∏
j ŝb,−ρj(m)−φj(n)(i

Q
2 (1−∆j)− ρj(z)− φj(a))

S3
b

∏
α

(
γ(2) (α(z)±;ω1, ω2)

)−1 ∏
j γ

(2)
(

(ω1+ω2)
2 ∆j + ρj(z) + φj(a);ω1, ω2

)
S2 e2πiδ(m)

∏
α

(
α(m)2

4 + α(z)2
) ∏

j
Γ(

∆j
2 −iρj(z)−iφj(a)−

ρj(m)+φj(n)

2 )

Γ(1−
∆j
2 +iρj(z)+iφj(a)+

ρj(m)+φj(n)

2 )

S1 × S1
∏
α (∆ (α±(z); q, t))

−1 ∏
j ∆(t

∆j
2 ρj(z)φj(a); q, t)

Table 1: Contributions of vector and chiral supermultiplets to the supersymmetric partition

functions

• The contribution of the vector multiplet is parameterized by the positive roots of the

algebra. Actually, the Vandermonde determinant in the measure exactly cancels the

one loop determinant of the vector multiplet.

• The contribution of the matter multiplet corresponds to the contribution of the j-

th chiral multiplet with R charge ∆j . Each chiral multiplet is in the corresponding

representation of the gauge group G with weight ρj(z) and in the corresponding

representation of the flavor group F , with weight φj(a).
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The observation of the correspondence between supersymmetric theories and solvable

lattice models is based on the fact that in both fields appears same special functions of

hypergeometric type. For instance, the partition functions of supersymmetric theories on

different manifolds can be expressed in terms of the following hypergeometric functions (for

details see, e.g. [67–69])

• S3 × S1, S3/Zr × S1 : elliptic hypergeometric integral

• S2 × S1 : basic hypergeometric integral

• S3
b , S3

b /Zr : hyperbolic hypergeometric integral

• S2, S1 × S1: ordinary hypergeometric integral

4 Integrability from duality

In this section, we summarize the present status of the gauge/YBE correspondence and list

solutions to the star-triangle relation found (or related) via this correspondence.

A central phenomenon in the construction of integrable lattice models via the gauge/YBE

correspondence is the existence of the corresponding Seiberg duality. Here we consider

the special Seiberg duality for supersymmetric theories with four supercharges in different

dimensions. All known solutions to the star-triangle relation found via the gauge/YBE

correspondence results from the following duality [63]

• Theory A: SU(2) gauge group with Nf = 6 flavors, chiral multiplets in the funda-

mental representation of the flavor group SU(6) and in the fundamental representation

of the gauge group.

• Theory B: without gauge degrees of freedom and the chiral fields (gauge-invariant

“mesons”) in the 15-dimensional totally antisymmetric tensor representation of the

flavor group.

Note that we consider only the field content of the dual theories. Of course, this du-

ality has different features in different dimensions, but such details are not crucial for our

discussions. For instance, in order to get the right duality, one needs to specify the exact

form of the superpotential [70, 71].

It turns out that identity of partition functions of dual theories can be written14 in the

form of the star-triangle relation

14One needs to break the flavor symmetry down to SU(2) × SU(2) × SU(2).
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∑∫
σ0

S(σ0)Wη−α(σi, σ0)Wη−β(σj , σ0)Wη−γ(σk, σ0)

=R(α, β, γ)Wα(σj , σk)Wβ(σi, σk)Wγ(σj , σi) . (4.1)

In all models we discuss here the scalar factor R can be absorbed into the Boltzmann

weights. In Fig 7 we described the quiver diagram of the above duality which gives the

star-triangle relation. In Fig 7 SU(2) gauge group lives on each node presented by circles

and bifundamental matter on each edge, the boxes represents the flavor groups SU(2).

Figure 6: Supersymmetric duality

It is not clear in gauge/YBE correspondence why the above duality is special, but it is

the duality for which the correspondence takes place. We think that one can find solutions

to the star-triangle relation only via this duality, all other supersymmetric dualities may

give a solution to the star-star relation.

In the context of gauge/YBE correspondence the spin lattice models can be identified

with the quiver gauge theory with SU(2) gauge groups on the sites of the lattice. Then

the partition function of the corresponding integrable model is equivalent to the supersym-

metric partition function of the corresponding supersymmetric quiver gauge theory. The

contribution of chiral and vector multiplets to the supersymmetric partition function corre-

spond to the nearest-neighbor Boltzmann weights and the self-interaction, respectively. In

Fig 7 we describe the correspondence of partition functions pictorially.

We would like to mention that the inversion relation (2.12) has an interesting counterpart

on supersymmetry side of the gauge/YBE correspondence, namely, it is related to the chiral

symmetry breaking of the corresponding supersymmetric gauge theory. Such relation can

12



Figure 7: Equivalence of the partition functions in the context of gauge/YBE correspon-

dence: The left-hand side is the partition function of the supersymmetric quiver gauge

theory, and the right side is the partition function of the integrable lattice model.

be derived in many different ways, from supersymmetric gauge theory side one can obtain

inversion relation by an accurate limit of parameters in the partition functions of dual

theories [72].

The Seiberg duality can be realized in the context of the brane language [73–75], namely

one can obtain the duality by exchanging NS5-branes. Such construction gives an oppor-

tunity to obtain integrable lattice models directly using brane construction. We will not

discuss this direction in the paper and refer the interested reader to the papers [23,25,32].

We finish this section by remarking that one can also construct an IRF-type integrable

multispin model. For that one needs to take SU(N) gauge theory with SU(N) × SU(N)

flavor symmetry. Then the identity of partition functions for dual theories can be written

as the star-star relation for the IRF-type model. Unfortunately, it is quite complicated to

prove analytically such integral identities [26,34,76–78].

Below we list all solutions to the star-triangle relation found (or related) by gauge/YBE

correspondence, but we do not treat them in detail.

4.1 S3/Zr × S1 partition function and solution

The solution to the star-triangle relation was found15 by Kels in [28] on the bases of the

special case of the star-star relation found by Yamazaki16 in [24].

The idea is that the sum-integral identity for the four-dimensional lens supersymmetric

indices of supersymmetric dual theories can be written as the star-triangle relation

15Kels also gives an analytic proof of the integral identity in [28].
16Actually, Yamazaki constructed [26] the star-star relation for the dual theories with SU(N) gauge group

and SU(N) × SU(N) flavor group.
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(pr, pr)∞(qr, qr)∞
2

r−1∑
m0=0

∫ 1

0

dz

∏6
i=1 Γe

(
(ai ± z), (mi ±m0);σ, τ

)
Γe(±2z,±2m0);σ, τ

=
∏

1≤i<j≤6

Γe

(
(ai + aj), (mi +mj);σ, τ

)
, (4.2)

with the balancing conditions
∑6
i=1 ai = σ+ τ and

∑6
i=1mi = 0. The definition of the lens

gamma function is given in Appendix C.

The lattice model has two spin variables on each site, discrete and continuous spin

σj = (xj ,mj), where 0 ≤ xj < 2π, mj = 0, 1, 2, . . . , [r/2] . (4.3)

The Boltzmann weight and self-interaction term of the model are [28].

Wα(σi, σj) =
e−2α([mi−mj ]±+[mi+mj ]±)/r

k(α)

Φr,mi−mj (xi − xj + iα)

Φr,mi−mj (xi − xj − iα)

×
Φr,mi+mj (xi + xj + iα)

Φr,mi+mj (xi + xj − iα)
, (4.4)

S(σ0) =
ε0

π
(p2r; p2r)∞(q2r; q2r)∞e

2η[2m0]±/rΦr,−2m0
(−2x0 − iη)Φr,2m0

(2x0 − iη), (4.5)

where k(α) represents the partition function per edge and is defined as follows:

k(α) = exp
(∑
n 6=0

e4αn((pq)rn − (pq)−rn)

n((pq)2n − (pq)−2n)(prn − p−rn)(qrn − q−rn)

)
, (4.6)

and

ε0 =

 1
2 , if m0 = 0 or [r −m0]r

1, otherwise .
(4.7)

Here we use the notation of [28] for the lens elliptic gamma function which is defined in the

following way

Φr,m(z) =

∞∏
j,k=0

1− e2izp−2[m]r (pq)2j+1p2kr+2r

1− e−2izp2[m]r (pq)2j+1p2kr

1− e2izq−2[m]r (pq)2j+1q2kr

1− e−2izq−2[m]r (pq)2j+1q2kr+2r
, (4.8)

where [m]r ∈ {0, 1, 2 . . . , r − 1} and [m]± := [m]+[m]−.

We should mention that the solution in terms of lens gamma functions is the top level

known solution to the star-triangle relation at this time which gives almost all known other

models in the limiting case.
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4.2 S3 × S1 partition function and solution

The identity for the superconformal indices of the dual theories is the following elliptic beta

integral [79]

(q; q)∞(p; p)∞
2

∮
dz

2πiz

∏6
i=1 Γ(aiz

±; p, q)

Γ(z±2; p, q)
=
∏

1≤i<j≤6

Γ(aiaj ; p, q) , (4.9)

with the balancing condition
∏6
i=1 ai = pq. This identity was introduced and proven by

Spiridonov in [80]. Later Bazhanov and Sergeev interpreted this identity as the star-triangle

relation and introduced a new integrable spin lattice model [21].

In the corresponding integrable lattice model spin variables get continuous values

0 ≤ σi < 2π, (4.10)

and the Boltzmann weights are expressed in terms of elliptic gamma functions

Wα(σi, σj) =
1

k(α)
Γ(eα−η±iσi±iσj ; p, q), (4.11)

S(σ0) =
(p; p)∞(q; q)∞

4π
θ(e±2iσ0 ; q), (4.12)

where

k(α) =
Γ(e2α(pq)2; p, q, (pq)2)

Γ(e2αpq; p, q, (pq)2)
and Γ(z; p, q, t) :=

∞∏
i,j,k=0

1− z−1pi+1qj+1tk+1

1− zpiqjtk
. (4.13)

Here we use the notations of [22]. In order to keep track of notations of the paper [21]

by Bazhanov one has to use the following form of the elliptic gamma function:

Φ(x) = Γ(e−i(x−iη); p2, q2);

where p = eiπτ , q = eiπσ, η = −iπ(τ + σ), Im τ > 0 and Imσ > 0.Then the Boltzmann

weights for the Bazhanov-Sergeev model get the following form:

Wα(σi, σj) = k(α)−1 Φ(σi − σj + iα)

Φ(σi − σj − iα)

Φ(σi + σj + iα)

Φ(σi + σj − iα)
, (4.14)

S(σ0) =
eη/4

4π
ϑ1(σ0|τ)ϑ1(σ0|σ), (4.15)

where

k(α) = exp
(∑
n6=0

e2αn

n(pn − p−n)(qn − q−n)((pq)n + (pq)−n)

)
. (4.16)

Here ϑ1(x|τ) is the Jacobi theta function defined in the Appendix B.

This solution of the star-triangle relation can be obtained from the lens supersymmetric

index by taking r = 1. Note that in [76] the authors found a multi-spin generalization17 of

this model and constructed the star-star relation for it.
17 In terms of supersymmetric gauge theories one needs to consider the dual theories with SU(N) gauge

group and SU(N) × SU(N) flavor group.
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4.3 S2 × S1 partition function and solution

The identity for S2 × S1 partition functions (three-dimensional supersymmetric indices) of

daul theories18 is the following q-beta hypergeometric sum-integral [85]

∞∑
m=−∞

∮ 6∏
i=1

(q1+(m+ni)/2/aiz; q)∞(q1+(ni−m)/2z/ai; q)∞
(q(m+ni)/2aiz; q)∞(q(ni−m)/2ai/z; q)∞

(1− qmz±2)

qmz6m

dz

2πiz

=
2∏6

i=1 a
ni
i

∏
1≤i<j≤6

(q1+(ni+nj)/2/aiaj ; q)∞
(q(ni+nj)/2aiaj ; q)∞

, (4.17)

with the balancing conditions
∏6
i=1 ai = q and

∑6
i=1 ni = 0. This identity was studied in

the context of supersymmetric dualities in [85], integrability in [27, 28], and from point of

view of orthogonal polynomials in [86].

In the corresponding integrable model we again have discrete and continuous spin vari-

ables

σj = (xj ,mj) where 0 ≤ xj < 1 and mj ∈ Z. (4.18)

The Boltzmann weights for the model are

Wα(σi, σj) =
q−2i(ximi+xjmj)

k(α)

(q1+(mi+mj)/2qη−α−i(xi+xj); q)∞
(q(mi+mj)/2qα−η+i(xi+xj); q)∞

(q1+(mj−mi)/2qη−α+i(xi−xj); q)∞
(q(mj−mi)/2qα−η−i(xi−xj); q)∞

× (q1−(mi+mj)/2qη−α+i(xi+xj); q)∞
(q−(mi+mj)/2qα−η−i(xi+xj); q)∞

(q1+(mi−mj)/2qη−α+i(xj−xi); q)∞
(q(mi−mj)/2qα−η−i(xj−xi); q)∞

, (4.19)

S(σ0) =
1

2πqm
(q±2x0+m; q)∞

(q±2x0+m+1; q)∞
, (4.20)

where

k(α) =
(q2e4πiα, qe−4πiα; q, q2)∞
(qe4πiα, q2e−4πiα; q, q2)∞

; (z, w; p, q)∞ :=

∞∏
i,j=0

(1− zpiqj)(1− wpiqj). (4.21)

The multi-spin generalization of this solution was constructed by authors in [78].

In [28] Kels uses slightly different notations. In his case the Boltzmann weight and self

interaction terms are expressed as

Wα(σi.σj) =
e−2α|mi−mj |−2α|mi+mj |

k(α)

Q(xi − xj + iα,mi −mj)

Q(xi − xj − iα,mi −mj)

× Q(xi + xj + iα,mi +mj)

Q(xi + xj − iα,mi +mj)
, (4.22)

18Note that here we presented the so-called generalized supersymmetric index [81]. The ordinary super-

symmetric index with enhanced symmetry for the Nf = 4 case was considered in [82] (see also the cases

with broken gauge group in [83,84]).
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S(σ0) =
1

2π
Q(2x0 − iη, 2m0)Q(−2x0 − iη,−2m0), (4.23)

with

k(α) = exp
{
−
∑
n 6=0

e4αn

n((q)n − (q)−n)

}
; Q(z;n) =

(e2iz(p/q)−n(pq)1+|n|; (pq)2)∞
(e−2iz(p/q)n(pq)1+|n|; (pq)2)∞

. (4.24)

4.4 S3
b /Zr partition function and solution

The sum-integral identity for the three dimensional lens partition function of supersymmet-

ric dual theories reads as
r−1∑
m0=0

∫
R

dx0

r
√
ω1ω2

2 sinh
2π

rω1
(x0 − iω1m0) sinh

2π

rω2
(x0 + iω2m0)

×
6∏
i=1

ŝb,−m0−mk(x0 + xk + iQ/2)

ŝb,−m0+mk(x0 − xk − iQ/2)
=

∏
1≤i<j≤6

ŝb,−mj−mk(xj + xk + iQ/2), (4.25)

with the balancing conditions i
∑6
i=1 xi = Q and

∑6
i=1mi = 0, where Q = b+ 1

b . Here we

used the improved double sine function defined as

ŝb,−m(x) = e
iπ
2r ([m](r−[m])−(r−1)m2)ϕr,m(x) . (4.26)

The function ϕr,m(z) is generalization of the Faddeev’s quantum dilogarithm

ϕr,m(z) = exp
{∫ ∞

0

dx
( iz

ω1ω2rx2
− sinh(2izx− ω1(r − 2[m]x))

2x sinh(ω1rx) sinh((ω1 + ω2)x)

− sinh(2izx+ ω2(r − 2[m]x))

2x sinh(ω2rx) sinh((ω1 + ω2)x)

)}
. (4.27)

The hyperbolic limit of the lens index solution was presented in [30] where the authors also

give an interpretation of this solution in terms of supersymmetric gauge theory.

In this model there are continuous and discrete spin variables living on each site of the

lattice

σj = (xj ,mj) where 0 ≤ xj <∞ and mj = 0, 1, 2, . . . , br/2c , (4.28)

and the Boltzmann weights are

Wα(σi, σj) =
1

k(α)

ϕmi+mj (xi + xj + iα)ϕmi−mj (xi − xj + iα)

ϕmi+mj (xi + xj − iα)ϕmi−mj (xi − xj − iα)
, (4.29)

S(σ0) =
4ε0

r
√
ω1ω2

sinh
( 2π

ω1r
(x0 − iω1m0)

)
sinh

( 2π

ω2r
(x0 + iω2m0)

)
, (4.30)

where the normalization constant gets the following form

k(α) = exp
{∫ ∞

0

dx
(
− α

ω1ω2rx2
+

sinh(4αx) sinh(2rηx)

2x sinh(ω1rx) sinh(ω2rx) sinh(4ηx)

)}
. (4.31)

For r = 1 the this solution reduces to the Spiridonov’s generalization [22] of the Faddeev-

Volkov model which we will consider in the next section.
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4.5 S3
b partition function and solution

The hyperbolic hypergeometric integral identity for the three-dimensional squashed sphere

partition function19 of supersymmetric dual theories reads as∫ ∞
−∞

∏6
j=1 γ

(2)(gk ± iz;ω)

γ(2)(±2iz;ω)
dz = 2

√
ω1ω2

∏
1≤j<k≤6

γ(2)(gj + gk;ω) , (4.32)

with the balancing condition
∑6
j=1 gj = ω1 + ω2 := 2η. The definition of the hyperbolic

gamma function is given in Appendix D.

This integral identity for supersymmetric dual theories was computed in [92] by applying

the reduction procedure of [93] to the elliptic beta integral. As a star-triangle relation this

identity was considered by Spiridonov in [22]. It is a generalization of the Faddeev-Volkov

model20 [19,94,95]. In this integrable model spins get continuous values and the Boltzmann

weights are

Wα(σi, σj) =
1

k(α)
γ(2)(α− η ± iσi ± iσj ;ω), (4.33)

S(σ0) =
2

√
ω1ω2

sinh
2πσ0

ω1
sinh

2πσ0

ω2
, (4.34)

where

k(α) = exp
{
− πiα2 − πi

24
(1− 2(b+ b−1)2)

} (q̃ e2πiu/b; q̃2)∞
(q e2πiub; q2)∞

×
∞∏

j,k=0

1 + eπiu/(b+b
−1)p̃j+1q̃2k

1− eπiu/(b+b−1)p̃j+1q̃2k
, (4.35)

with b = ω1 and b−1 = ω2, q = e2πib2 , q̃ = e−2πi/b2 , and p̃ = e−πi/(1+b2).

This solution can also be expressed in a different way [38]

Wα(σi, σj) =
1

k(α)

Φ(σi − σj + iα)

Φ(σi − σj − iα)

Φ(σi + σj + iα)

Φ(σi + σj − iα)
, (4.36)

S(σ0) = 2 sinh(2πησ0) sinh(2πη−1σ0), (4.37)

19Note that depending on different squashings of three-sphere and on choice of the preserved charges in

the supersymmetric localization one can get different partition functions depending on values of squashing

parameter b (see [87–89] for details). For the specific choice of the preserved supercharge the partition

function on squashed three-sphere with SUl(2) × Ur(1) isometry gives the b = 1 case [90] (the case b = 1

also corresponds to the round sphere partition function). The integral identity with general values of b is

written for the partition functions of dual theories on three-sphere with U(1) × U(1) isometry (also with

SUl(2) × Ur(1) [91]).
20Actually from the supersymmetric viewpoint the Faddeev-Volkov model corresponds to above duality

with broken gauge group.
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with

k(α) = exp
{1

8

∫
PV

e4αw

sinh(ηw) sinh(η−1w) cosh((η + η−1)w)

dw

w

}
, (4.38)

where the other version of the hyperbolic gamma function is used

Φ(z) = exp
{1

4

∫
PV

e−2izw

sinh(wb) sinh(wb−1)

dw

w

}
. (4.39)

One can find the proof of the star-triangle relation in terms of Boltzmann weights

(4.33)-(4.34) in many places, e.g. see [96]. The quasi-classical limit b→ 0 of the model was

considered in [38].

4.6 S2 partition function and solution

The solution to the star-triangle relation was obtained by Kels in [97] (see also [28]). The in-

terpretation in terms of supersymmetric sphere partition function and the star-star relation

is given in

The integral identity for sphere partition functions of dual theories reads as

∑
m∈Z

∫ +∞

−∞

dz

2πiz

Γ(m± 2iz + 1)

Γ(m± 2iz)

6∏
i=1

Γ(m+ni
2 + ai + iz)

Γ(1 + m+ni
2 − ai − iz)

Γ(m−ni2 + ai − iz)
Γ(1 + m−ni

2 − ai + iz)

=
∏

1≤i<j≤6

Γ(ai + aj +
ni+nj

2 )

Γ(1− ai − aj − ni+nj
2 )

, (4.40)

with the balancing conditions
∑6
i=1 ai = 1 and

∑6
i=1 ni = 0.

In the corresponding models spin variables get discrete and continuous values

σj = (xj ,mj) where 0 ≤ xj < 2π and mj ∈ Z . (4.41)

The Boltzmann weight and self-interaction term for the model are

Wα(σi, σj) =
Γ( 1+α

2 )

Γ( 1−α
2 )

Γ( 1−α
2 ± i(xi+xj)−(mi+mj)

2 ) Γ( 1−α
2 ± i(xi−xj)−(mi−mj)

2 )

Γ( 1+α
2 ± i(xi+xj)+(mi+mj)

2 ) Γ( 1+α
2 ± i(xi−xj)+(mi−mj)

2 )
, (4.42)

S(σ0) =
1

2π

Γ(m0 ± 2ix0 + 1)

Γ(m0 ± 2ix0)
. (4.43)

4.7 S1 × S1 partition function and solution

Integral identity for the two dimensional supersymmetric indices of dual theory is defined

1

2

( (q; q)2
∞

θ(y; q)

)∮ dz

2πiz

∏6
i=1 ∆(aiz

±1; q, y)

∆(z±2; q, y)
=

∏
1≤i<j≤6

∆(aiaj ; q, y), (4.44)
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with the balancing condition
∏6
i=1 ai = q

y . Here we used the following ratios of the theta

functions

∆(z; q, y) :=
θ(zy, q)

θ(z, q)
(4.45)

This integral identity was written as the star-triangle relation in [43]. In this model spin

variables get the cantionuos values 0 ≤ σi < 2π. The Boltzmann weights and self-interaction

term are

Wα(σi, σj) =
1

k(α)

θ(e−α−η∓i(σi±σj); q)

θ(eα−η±i(σi±σj); q)
, (4.46)

S(σ0) =
1

4π

( (q; q)2
∞

θ(y; q)

) θ(e±2iσ0 ; q)

θ(e−2η±2iσ0 ; q)
, (4.47)

where

k(α) =
(q2e2α, qe−2α; q, q2)∞
(qe2α, q2e−2α; q, q2)∞

(q−1e−2α, e2α; q, q2)∞
(e−2α, q−1e2α; q, q2)∞

. (4.48)

and the infinite products in the formula are defined in the second expression of (4.21).

Actually one can use the standard Jacobi theta function notions for this solution. In

that case the integral identity (4.44) will be the indices of dual theories defined for RR

sector21. Then the Boltzmann weights have the following form

Wα(σi, σj) =
θ1(e−α−η∓i(σi±σj); q)

θ1(eα−η±i(σi±σj); q)
, (4.49)

S(σ0) =
1

4π

( η(q)3

iθ1(e−2η; q)

) θ1(e±2iσ0 ; q)

θ1(e−2η±2iσ0 ; q)
. (4.50)

We would like to mention that the multi-spin case of the model was constructed in [26].

In [43] the authors considered the high temperature limit of this model and obtained a new

solvable model with the following Boltzmann weights

Wα(σi, σj) =
sinhπ((−η + α)± i(σi ± σj) + t)

sinhπ((−η + α)± i(σi ± σj))
, (4.51)

S(σ0) =
1

2

−π
sinhπt

sinhπ(±2iσ0)

sinhπ(±2iσ0 + t)
, (4.52)

R(α, β, γ) =
sinhπ(−2α+ t)

sinhπ(−2α)

sinhπ(−2β + t)

sinhπ(−2β)

sinhπ(−2γ + t)

sinhπ(−2γ)
(4.53)

which is the solution of (4.1) with continuous spin variables.

21Because of spectral duality the index defined for RR sector [98, 99] is identical with the index defined

for the NS-NS sector [100]

20



5 Summary and discussion

In this paper, we review integrable Ising-like square lattice models obtained (or related)

from supersymmetric gauge theory computations.

In all models which we consider in the paper the Boltzmann weights depend only on the

differences of the spin variables at the neighbor sites and rapidity variables at the ends of

the edge. In principle, it should possible to obtain a model without such symmetries from

supersymmetric computations [101].

However, many key questions have not been answered. For example, given a supersym-

metric duality with a gauge and matter multiplets in some representation of the gauge and

flavor groups, what is the corresponding integrable lattice model? In our opinion, this is

one of the most important questions posed by consideration of the subject. Actually, it is

absolutely unclear whether gauge/YBE is generic or a feature of a few special duality.

The reader might wonder whether the gauge/YBE could be used for three-dimensional

lattice models. Actually, there are a lot of attempts to extend the idea of integrability

to three- [102–104] and higher-dimensional generalization [105, 106] of lattice models. The

condition of commutativity for the transfer matrices in the three-dimensional case takes

the form of the so-called tetrahedron equation by Zamolodchikov [107]. It would be inter-

esting to extend the relationship between supersymmetric gauge theory computations and

integrable models to higher dimensions and find a solution to the tetrahedron equation.

We remark that the reader might have expected that one can use integrability methods

to study dualities and supersymmetric gauge theories via the correspondence. The closed

form expressions for the partition function of the models discussed above may provide

insight towards an understanding of supersymmetric quiver gauge theories and dualities for

them. This is an important point and much work remains to be done in this direction.

Linear quiver gauge theories can be formulated using brane constructions, hence one

can obtain solutions of the Yang-Baxter equation directly from the latter via corresponding

topological quantum field theories. We refer to the work by [25] for a discussion on this

formulation.

The Seiberg duality [63] for quiver gauge theories corresponds to the cluster muta-

tion [108] for cluster algebras. To be more precise, a cluster algebra defined by a quiver

and different quivers are related by the so-called cluster mutation (it is also called cluster

transformation) and it happens that the mutation action on quivers is exactly the same as

Seiberg duality. It would be interesting to find a relation of integrable models to cluster

algebras [31].
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Apppendix

A Notations

For z ∈ C, |q| < 1, we define the infinite q-product (also called q-Pochhammer symbol)

(z; q)∞ :=

∞∏
k=0

(1− zqk). (A.1)

Denote that we will use the following definition for theta and gamma functions (Euler,

elliptic and hyperbolic) through the paper

(a, b; q)∞ := (a; q)∞(b; q)∞ ; (az±1; q)∞ := (az; q)∞(az−1; q)∞. (A.2)

B Theta function

The θ(z, q) is the theta function defined by

θ(z; p) =

∞∏
i=0

(1− z−1pi+1)(1− zpi) (B.1)

It is related to the Jacobi theta functions. The first Jacobi theta function which is used in

present paper can be expressed in terms of theta function

θ1(τ |z) = −iq1/8y1/2(q, q)∞θ(y
−1; q) with y = e2πiz, q = e2πiτ . (B.2)

As a product form

θ1(τ |z) = −iq1/8y1/2
∞∏
k=1

(1− qk)(1− yqk)(1− y−1qk−1). (B.3)

Dedekind eta function is

η(q) = q1/24
∞∏
k=1

(1− qk). (B.4)
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C Elliptic gamma function

The elliptic gamma function is a meromorphic function of three complex variables with

double infinite product [109]

Γ(u; τ, σ) =

∞∏
i,j=0

1− e2πi((1+j)τ+(1+i)σ−u)

1− e2πi(jτ+iσ+u)
, (C.1)

here u, σ, τ ∈ C and Imτ, Imσ > 0. It is convenient to do the following reparametrization

p = e2πiτ , q = e2πiσ, z = e2πiu, (C.2)

and get the following form

Γ(z; p, q) :=

∞∏
i,j=0

1− z−1pi+1qj+1

1− zpiqj
, (C.3)

for |p|, |q| < 1 and z ∈ C∗.
The elliptic gamma function satisfies many interesting properties such as symmetry

under exchange of parameters p and q

Γ(z; p, q) = Γ(z; q, p) , (C.4)

the functional relations

Γ(qz; p, q) = θ(z; p)Γ(z; p, q), (C.5)

Γ(pz; p, q) = θ(z; q)Γ(z; p, q) , (C.6)

and the reflection property

Γ(z; p, q) Γ(
pq

z
; p, q) = 1 . (C.7)

The elliptic gamma function has zeros at

z ∈ (pi+1qj+1); (i, j) ∈ Z≥0 (C.8)

poles at

z ∈ (p−iq−j); (i, j) ∈ Z≥0 (C.9)

and the residue

Resz=1Γ(z; p, q) = − 1

(p, p)∞(q, q)∞
. (C.10)

Th elliptic Gamma function is an automorphic form of degree 1 associated to a 2-cocycle

and it has an SL(3, Z) modular property [110] based on the following relations

Γ(u+ τ, τ, τ + σ)Γ(u, τ + σ, σ) = Γ(u, τ, σ) , (C.11)
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Γ(
z

σ
;
τ

σ
,

1

σ
) = eiπQ(z,τ,σ)Γ(

z − σ
τ

;
1

τ
,
σ

τ
) Γ(z; τ, σ) (C.12)

Note that the elliptic gamma function is related to the Barnes multiple gamma function of

order three [111]. Probably this relationship has connection to its modular property.

Lens elliptic gamma function is defined as

Γe(z,m;σ, τ) = eφe(z,m;σ,τ)
∞∏

i,j=0

1− z−1p−m(pq)i+1pr(j+1)

1− zpm(pq)iprj

× 1− z−1q−r+m(pq)i+1qr(j+1)

1− zqr−m(pq)iprj
, (C.13)

φe(z,m;σ, τ) = 2πi
(
R2(z, 0;σ, τ) +R2(0,m;

1

2
,−1

2
)−R2(z,m;σ, τ)

)
(C.14)

R2(z,m;σ, τ) = R(z +mσ; rσ, σ + τ) +R(z +mσ; rσ, σ + τ) (C.15)

where z ∈ C, m ∈ Z and r ∈ {0, 1, 2, . . . }.
Here

R(z;σ, τ) =
B3,3(z, σ, τ,−1) +B3,3(z − 1, σ, τ,−1)

12
(C.16)

and the third order Bernoulli polynomial is

B3,3(z, ω1, ω2, ω3) =
z3

ω1ω2ω3
−3(ω1 + ω2 + ω3)z2

2ω1ω2ω3
+

(ω2
1 + ω2

2 + ω2
3) + 3(ω1ω2 + ω1ω3 + ω2ω3)z

2ω1ω2ω3

− (ω1 + ω2 + ω3)(ω1ω2 + ω1ω3 + ω2ω3)

4ω1ω2ω3
(C.17)

where z ∈ C and ω1, ω2, ω3 ∈ C \ {0}.

D Hyperbolic gamma function and its extensions

The hyperbolic gamma function is defined as

γ(2)(u;ω1, ω2) = e−πiB2,2(u;ω)/2 (e2πiu/ω1 q̃; q̃)

(e2πiu/ω1 ; q)
with q = e2πiω1/ω2 , q̃ = e−2πiω2/ω1 ,

(D.1)

where B2,2(u;ω) is the second order Bernoulli polynomial,

B2,2(u;ω) =
u2

ω1ω2
− u

ω1
− u

ω2
+

ω1

6ω2
+

ω2

6ω1
+

1

2
. (D.2)
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There is a version of the hyperbolic gamma function, called the double sine function

which is defined as follows.

sb(z) = e−
iπz2

2

∏∞
k=0(1 + e2πbze2πib2(k+ 1

2 ))∏∞
k=0(1 + e2πz/be−2πi/b2(k+ 1

2 ))
(D.3)

The relation between hyperbolic gamma function and double sine functions reads as

γ(2)(u;ω1, ω2) = e
−πi2

(
B2,2(u;ω1,ω2)−u2− 1

4 (ω1+ω2)2)+u(ω1+ω2))

)
s−1
b (iu− i

2
(ω1 + ω2)), (D.4)

for ω1 = b, ω2 = b−1 and u = 1
2 (b+ b−1)− iz.

The reflection identity for a hyperbolic gamma-function is as follows

γ(2)(z;ω1, ω2)γ(2)(ω1 + ω2 − z;ω1, ω2) = 1, (D.5)

and the asymptotic formulas are

lim
u→∞

e
πi
2 B2,2(u;ω1,ω2)γ(2)(u;ω1, ω2) = 1, for arg ω1 < arg u < arg ω2 + π, (D.6)

lim
u→∞

e−
πi
2 B2,2(u;ω1,ω2)γ(2)(u;ω1, ω2) = 1, for arg ω1 − π < arg u < arg ω2. (D.7)

It has the following useful properties

γ(2)(z + ω2;ω1, ω2) = 2 sin
(πz
ω1

)
γ(2)(z;ω1, ω2), (D.8)

γ(2)(z + ω1;ω1, ω2) = 2 sin
(πz
ω2

)
γ(2)(z;ω1, ω2).

The hyperbolic gamma function has zeros at

z = ω1Z≥1 + ω2Z≥1, (D.9)

poles at

z = −ω1Z≤0 − ω2Z≤0. (D.10)

There are different notations and modifications of hyperbolic gamma function, relations

between some of them can be found in [22].
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