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Abstract

The question of an optimal age-depth relation for deep-sea sediment

cores has been raised frequently. The data from such cores (e.g., 6180

values) are used to test the astronomical theory of ice-ages as established

by Milankovitch in 1938. In this work, we use a direct mathematical ap-

proach to find simultaneously an optimal age-depth relation and a linear

model that optimally links solar insolation or other model input with

global ice-volume. Thus, a general tool for the calibration of deep-sea

cores to arbitrary tuning targets is presented. In this inverse modeling

type approach, an objective function is minimized that penalizes: 1) the

deviation of the data from the theoretical linear model (whose transfer
function can be computed analytically for a given age-depth relation) and

2) the violation of a set of plausible assumptions about the model, the

data and the obtained correction of a first guess age-depth function. We
formulate an unconstrained optimization problem that is solved numeri-

cally by conjugate gradient type methods. Using this direct approach, we

obtain high coherencies in the Milankovitch frequency bands (over 90%).

Not only the data time series, but also the the derived correction to a first

guess linear age-depth function (and therefore the sedimentation rate) it-

self contains significant energy in a broad frequency band around 100 ky.

The use of a sedimentation rate which varies continuously on ice-age time
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scales results in a shift of energy from 100 ky in the original data spectrum

to 41, 23 and 19 ky in the spectrum of the corrected data. However, a

large proportion of the data. variance remains unexplained, particularly in

the 100 ky frequency band, where there is no significant input by orbital

forcing. The presented method is applied to a real sediment core and to

the SPECMAP stack, and results are compared with those obtained in

earlier investigations.

1 Introduction

Proxy data from deep-sea cores have been used extensively to test the orbital

theory of ice-ages introduced by Milankovitch [1938]. A problem in the direct
comparison between time—dependent forcing (changes in solar insolation) and

space- (i.e. depth-) dependent data, however, is that there is no accurate experi-

mental age-dating procedure for the long time intervals considered. Shackleton
et al. [1990] suggested that even well—established ages (such as the Brunhes-
Matuyama boundary at 730 ky) might be underestimated by up to 7% (780 ky).
Recently, this hypothesis has received independent support by Hilgen [1991]

using a similar astronomical tuning approach, by Izett and Obradovich [1991]

for the case of the Brunhes—Matuyama boundary (new estimate at 790 ky) and
by Walter et al. [1991] for later isotopic events from a 40Ar/39Ar analysis using
a single—crystal laser—fusion technique.

Here, a universal tool for quick testing of orbital and other theories of ice-ages

is presented which produces optimal age-depth functions for arbitrary cores,

subjective only in terms of the relative importance of the different components

of the objective function.

This work pursues two simultaneous goals. First, we try to find an optimal

response function for a linear system of arbitrary high order that links solar

insolation with climate indices, for example global ice volume as represented by

the ratio of stable oxygen isotopes. The solar insolation varies with the geometry

of the earth’s orbit around the sun, and can be computed numerically for the

last million years [Berger, 1978]. In the frequency domain, this input contains



significant energy only in the Milankovitch frequency bands of 41, 23 and 19 ky.

In further experiments we use also the sum of the normalized orbital parameters

(the so—called ETP time series; cf. Imbrie et al. [1984]) as system input which

in addition contains energy in the 100 ky frequency band.

Second, we are looking for an age-depth function for the data such that the

difference between model output (as a function of time) and data (as a function

of depth in the core) is minimized in the least-squares sense.

In order to achieve these two goals, we formulate an objective function for an

unconstrained optimization problem, while making additional requirements for

numerical stability and physical plausibility. This idea originally goes back to

the work of Hasselmann and Herterich [1983], who suggested minimizing the

weighted sum of the following five components:

a the deviation between the model and the data,

0 the deviation of the optimal age-depth relation at well—dated points (e.g.,

the Brunhes—Matuyama boundary) from their ages determined by other

means,

0 the overall deviation of the optimal age-depth relation from a first guess

(which in a standard case is assumed to be a linear interpolation between

the present and the Brunhes—Matuyama boundary at 730 ky),

o the square of the second derivative of the new age-depth relation,

0 the overall deviation of the optimal linear model from a preferred linear

model (which in the following is assumed to be of first order).

Hasselmann and Herterich suggested that this optimization problem could be

solved by an iterative process of integrating Euler’s equations and computing

the transfer function of the optimal linear model analytically. In this paper

we begin with a similar weighted objective function that includes an additional

term to assure a monotonically increasing age-depth relation. However, this

objective function is subsequently minimized directly by a conjugate-gradient

type algorithm where derivatives are computed numerically.
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The procedure for determining an optimal age-depth relation of deep-sea cores is

tested by applying it to data of the Meteor core M 13519 [Sarnthein et al., 1984]

and to the SPECMAP stack [Imbrie et al., 1984]. The results are compared

with earlier studies by Herterich and Sarnthein [1984], Shackleton and Mat-

thews [1977], Imbrie et a1. [1984] and Herterich [1988].

A rather similar approach has recently been explored by Grieger [1991]. In his

work a function t(z) is introduced that maps points in the core to the corre—

sponding ages; this is the reverse of the 2(t) mapping adopted here. Grieger’s

objective function and the model restrictions are formulated in the time domain

rather than the frequency domain.

The most widely applied method for dating cores for the last 900 ky is the

approach used by Imbrie et a1. [1984] to establish the SPECMAP age-depth re—

lation. Following the initial work by Hays et a1. [1976] the SPECMAP age-depth

relation was obtained by passing the orbital parameters (obliquity and preces-

sion index) rather than the solar insolation through an exponentially damped

system with a time constant of 17 ky. The output curve obtained (ETP) was

used as the target for the filtered data curves. The best fit was determined

iteratively for the different frequency bands by phase locking the data to the

orbital parameter curves and averaging over several cores.

Martinson et al. [1987] give a high—resolution chronostratigraphy for the last

300 ky by averaging the results of four different orbital tuning approaches. Each

of these approaches was based on different assumptions:

0 The “Phase Locked Approach” assumes constant phase between dominant

components of orbital forcing and the corresponding components in the

geological data.

0 The “Direct Response Approach,” where the response is assumed to mimic

the forcing, consistent with the original Milankovitch theory.

a The “Nonlinear Response Approach” uses the non-linear model of Imbrie

and Imbrie [1980] consisting of two simple linear models with different time

constants for warming and cooling.



o The “Pure Components Approach” is comparable to the original idea of

Hays et al. [1976], further developed by lmbrie et al. [1984] as mentioned

above. Here the tuning target is constructed from the linear combination

of “pure” (i.e. orbital rather than solar insolation) components and their

harmonics.

The final chronology was determined to have an average error of 5 ky. This

error analysis is based on averaging over different tuning approaches which are

all assumed to be equally plausible.

Shackleton and Matthews [1977] derived a depth-time relation by directly cor-

relating coral terraces in Barbados with the oxygen isotope stratigraphic record.

Herterich and Sarnthein [1984] tested three different approaches using data from

Meteor core M 13519. They obtained the initial age-depth function “LIN” by

linear interpolation between radiometrically dated points. The “CARPOR” age-

depth relation is also based on radiometric data and was developed under the

twin assumptions of constant accumulation rate of aeolian dust near the ther-

mal equator and the influence of differential porosity and calcium-carbonate

dissolution on the short-term sedimentation rates. Two further age—depth re-

lations were again obtained by orbital tuning (“TUNE” and “STUNE”). The

second approach differs from the first by keeping the isotopic stage boundary 5/6

(cf. Sarnthein et al. [1984] and Prell et a1. [1986]) and the Brunhes-Matuyama

magnetic reversal fixed at 127 ky and 730 ky, respectively. The goal of both

approaches was to maximize squared coherency, which reaches values of up to

75%.

Herterich [1988] considers an objective function similar to that originally develo-

ped by Hasselmann and Herterich [1983]. The optimal model (of arbitrary high

order) and the preferred model are assumed to be identical, and an age—depth re—

lation is found for the last 300 ky. The solution is again obtained by an iterative

process of integrating Euler’s equation for the age-depth function and optimizing

the objective function with respect to the remaining model parameters.

Recently, Shackleton et al. [1990] suggested that over the last 2000 ky a better

match with orbital models could be obtained with a timescale departing from



the established SPECMAP timescale below 620 ky (isotopic stage 16 as defined

by Shackleton and Opdyke [1973]. As a consequence the Brunhes-Matuyama

boundary was dated at 780 ky instead of 730 ky.

2 A Simple Model

In this work, two different models are used to relate the 6180 data (that are

assumed to represent global ice—volume) and the assumed solar forcing r(t) or

R(f) (In the following, time series are denoted by lower case letters in the time

domain and upper case letters in the frequency domain. All time series are fur-

thermore assumed to be normalized to zero mean and unit standard deviation.)

In the first case an arbitrary linear model is introduced that can be described by

its impulse or frequency response functions h and H, respectively. The output

of this system, the theoretical global ice volume, y or Y, is represented by the

convolution of the impulse response function and the input r

ya) = /_: h<t — u)r(u>du‚ <1)
or equivalently by the product of frequency response function and input repre-

sentation in the frequency domain

Y(f) = H(f) R(f)- (2)

In the second case we consider a preferred model with response functions ho or

Ho that is typically of low order and can be specified by a stochastic differential

equation. For the following we assume for simplicity and consistency with Has-

selmann and Herterich [1983] and Herterich [1988], that the output, yo or Y0, of

this preferred system is given by

d
äyoü) = —/\y0(t) + ar(t)‚ (3)

although linear systems of higher order are also permissible and can be easily

implemented in the numerical method used. Here a and A are parameters of

the preferred model that can also be used for improving the fit. The frequency

response function of the preferred system (3) is given by
a

= 27rif+X

6

Ho(f) (4)



The variance of the output time series of these two models, y and yo, will be

compared with the variance of the core data.

3 Data

Deep-sea cores contain information on the ratio of heavy 18O and normal 160

oxygen isotopes. This ratio is believed to be strongly correlated to the global ice

volume and is used as an indicator for ice-ages [Imbrie et al., 1984]. The data

obtained from deep—sea cores are given as a function of depth in the core by

6180(0) z: flö‚lü(f) — 1913,16. (5)

j 18.16

Here f18‚16(c) stands for the ratio between heavy 18O isotopes and normal 160

isotopes at depth c and the reference value f18,16 denotes the isotopic ratio of

sea water for 1950. Linear interpolation is used to complete the 6180 curve (5)

between actually sampled points in the core. In figure 1 the normalized 6180

values of the core M 13519 from the Sierra Leone Rise (5°39, 5’N, 19°51’W) are

plotted versus depth [Sarnthein et al., 1984].

To test theories of ice-ages, the isotopic data must be converted from depth to

time dependent data. Starting from an initial first guess age-depth relation c0

we introduce a correction m to obtain a new age-depth function

cm) = 00(t) + w(t)- (6)

The data curve then becomes a function of time and the age-depth correction x

yaw) = 6180<cm<t>> = 6180mm + w». (7)
In the following, the physical length of the core is denoted by l and this point is

assumed to be well-dated at time 7'. The value t = 0 corresponds to the present

condition. The first guess age-depth relation co and the correction term a: are

assumed to satisfy

and
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Figure 1: 6180 data curve of Meteor core M 13519 (from Sarnthein et al. [1984])

It should be noted here that ydat is subject to different types of error. These

include sampling errors within the core (i.e., errors associated with the selected

sampling interval), disturbances due to the process of coring and in situ distur-

bances at the ocean floor (e.g., bioturbulence and changes in currents). Thus

ydat is only one realization of the theoretically infinite ensemble of realizations

of the stochastic process underlying the data. The fitting of the data ydat to

the model output is done in the spectral domain. Averaging over neighboring

frequencies (or, equivalently, over chunks using corresponding time windows)

is used to obtain consistent estimators of the power and cross spectra. In the

following, averaging is performed using a rectangular window in the frequency

domain with moving averages always computed over 7 frequencies (14 degrees

of freedom). This averaging process is denoted by cornered parentheses < - >.

In the standard case the variation of the solar insolation at 65°N at July 15th is

used as system input, since the solar insolation during the summer at high nor-
thern latitudes is believed to be crucial for ice build up (cf. Milankovitch [1938]
or more recently Crowley and North [1991]). The numerical computation of the
solar insolation at a given time uses the method of Berger [1978].



4 Objective Function

In this section we establish the objective function for the global, unconstrained

minimization problem following the original idea by Hasselmann and Herte-

rich [1983]. The objective function F consists of the weighted sum

6
F = ZgiFi

i=1

of six terms F1 to F6. The numbers gl to ya serve two purposes: First, they

reflect the individual preference regarding the relative importance of the diffe-

rent components. Second, they are used to normalize the different components

for numerical stability of the optimization procedure. The sensitivity of the

optimization problem to changes in the weights is discussed later.

The first term represents the mean square difference between model output y

and data ydm,
0F1: / < (M — yams)? > dt (8)

or b Parseval’s theorem e uivalentl in the fre uency domain3’ q y ‘1
.x.

Z < |Y(fj) — Ydat($afj)l2 > (9)
J=-oo

i0: < |H(fj)R(fj) - Y?m(:v‚f‚-)l2 >.
j=—oo

F1

The averaging over neighboring frequencies or the equivalent local averaging pro-

cess in the time domain indicated by < - > (as an estimationn of a hypothetical

statistical ensemble average) is redundant here but is introduced as it will be

required later for cross spectrum estimation in computing the transfer function

H of an optimally-fitted linear system. It should be pointed out here that the

Fourier transform of the data time series Yd,” depends alsoion the correction as

of the first guess age-depth function.

Second, the corrected age-depth function should not deviate too strongly from

the first guess c0 (see equation (6)). This requirement is expressed by the next

component

F2 = jo :v(t)2dt. (10)
—T



Furthermore, the correction function should be as smooth as possible and should,

in particular, it should not contain sharp peaks which would permit the “swal—

lowing” of complete cycles of the data at times where there is little energy in

the data. Therefore the third penalty term is

0 (32:1:(5) 2F = / dt. 11
3 —1- < (“2 > ( )

As mentioned above, certain layers in the core may already be well-dated

by other (possibly radiometric) methods (e.g., Brunhes-Matuyama boundary).

Such well—dated points should not be changed substantially in the optimized

age-depth function. Thus, a fourth penalty component
K

F4 : 2(ck _ cnew(tlc))2 (12)
k=1

is introduced, where ck, tic (k = 1, . . . ,K) denote the depths and times, respec-

tively, of well dated points.

The optimal linear model should be consistent with and provide some infor-

mation about a plausible physical model. Thus, we require through the fifth
penalty term that the model should be close to the preferred model or model

class characterized by a finite number of parameters (see equation (3) with two
parameters a and A),

00

F5 = Z < |R(fj)|2 > |H(fj) - H0(fj)|2- (13)
J=—°0

The first five components of the objective function are essentially the same as

suggested by Hasselmann and Herterich [1983]. For practical purposes (espe-

cially if the weight g1 is chosen too large) it is necessary to include a sixth
condition that prevents the age-depth relation from reversing in time. Thus a

very large penalty is introduced for age—depth functions which do not increase

monotonically:
0 _ d 2F6: / (noäcmdw) dt, (14)

where
1 if i „w t < 0x<t> = ”-
0 otherwise.

10



In addition to these requirements one could specify a preferred value or range

for the parameters of the preferred model. For example, negative (:2 and A in the

model (3) are physically meaningless. Again, such constraints can be formulated

as least-squares terms and added to the objective function with appropriate

weights.

In summary, we construct an objective function

F(a:,H,d, A) = igiE(m,H,a-, A), . (15)
1:1

that depends on the age-depth correction as, the optimal transfer function H

and the parameters of the preferred system (which we will take in the following

to be a and A in accordance with the first—order preferred model given in (3) ).

For given values of the correction 513(t) and the parameters a and z\, the optimal

transfer function can be computed analytically at every frequency (since we

consider only a finite interval of data, the variables in the frequency domain are

discrete with Af = 1/7'). From the minimal condition
6F

3H(fj)
291 < R(fj)(H(fj)R(fj) — Y«1at($afj)) >

+ 295 < ll’fifjll2 > (HUD — Ho(fj))
2H(fj) (91 + 95) < |R(fj)|2 >

- 291 < R(fj))/dat(m‚fj) >
- 295 < |R(fj)|2 > Ho(fj)

0 =

we obtain

__m<RMW@@$M%mfldm<Ufimp>
mm— <WMW>mwml ’ am

where the overbar denotes complex conjugates.

For 95 = 0 one recovers the standard optimal linear model solution. In the case

that both parameters g1 and g5 are positive, the numerator in equation (16)

induces a shift from the estimator of the cross spectrum < WYdadw, fj) >

towards the transfer function of the preferred system Ho(fj). Substitution of

the optimal transfer function (16) into the objective function (15) yields then a
simpler cost function

6
HamM=ZwHamM an

i=1

11



that depends only on the correction 512(t) and the parameters a and Ä.

Discrete Objective Function

For numerical implementation the objective function F must be discretized. We

assume a uniform discretization ti = -T+iAt (i = 1, . . . ‚ M) in the time interval

I = [—T,0]. The continuous correction $(t) is then replaced by a vector :1: =

(x1, . . . ‚ :vM)T; xi = 33(ti). For the formal minimization algorithm, the parameters

of the preferred model are added to the independent vector w, forming the last

two components $M+1 and v+2. For a given vector :1: := ($1,.. . ,xM+2)T, the

frequency response HJ- z: H ( f3) of the optimally fit linear system is computed

from (16) at all M frequencies fj. Hj depends not only on frequency but also on

the correction and parameter vector :17, HJ- =2 Hj($). At all time nodes it is now

possible to compute the output of the optimally fitted linear system y(tj) as the

discrete inverse Fourier transform of Y = HR. Again, this output depends on

the independent vector x, yj(:c) 2: y(tj). The transfer function of the preferred

linear system depends also on a:

How”) == Ho(fj),

since the last two components of a; are the parameters a and A. The discretized

objective function is thus given by

M

FCC) = 91 2(3/1'06) - 31mm + 000529))2
i=1

M r

+ 92 Z I":
j=1
Ill—1 :-_ —‘2‘- .:- 2+ g3:(#——”" W) (18)
j=2 35:2

K

+ 94 2M - (Comm) + $j(k)))2
k=1

M/2

+ gs Z < |R(fj)|2 > IHN?) —Ho.j($)|2
j=—M/2+1

M—l

+ 96 Z X5(Cnew(tj+1) — cneW(t.i))2v
i=1

where

x- =
J 0 otherwise.

12



This defines a discrete, non-linear, least-squares optimization problem with an

objective function that maps the M + 2-dimensional Euclidean space to the real

line.

The non-linear dependence of the optimization problem should not be confused

with the most probably non-linear relation of solar insolation and global ice vo-

lume, although the dynamical models used to describe this relation are linear.

The optimization problem is non—linear, since the independent vector a: basically

consists of the individual components of the age-depth function and its input

to the objective function is given by the value of the interpolated data function

at that time. One particular problem is that the objective function is not dif-

ferentiable due to the linear interpolation used in between the points where the

data were sampled in the core originally. This problem can be overcome, howe—

ver, by cubic spline interpolation. A comprehensive discussion of optimization

algorithms such as Gauss—Newton or Quasi-Newton methods, as well as the tre-

atment of numerical problems such as stability, convergence of algorithms and

preconditioning can be found in Gill et al., [1981]. The numerical difficulties of

this particular problem are discussed in detail in Brüggemann [1990].

5 Numerical Results

The discrete objective function F in equation (18) is a non-linear least—squares

function with non-continuous first derivatives. In the following we shall consi-

der some typical applications with M + 2 = 130 variables, where the vector m

contains 128 (At = 6 ky) time node components (this allows a straight forward

application of standard FFT-algorithms) and two components representing the

parameters a and /\ of the preferred model. Least-squares problems with many

degrees of freedom are usually poorly conditioned. The discontinuities of the

first derivative further reduce the stability. We therefore applied a rather robust

and fast optimization algorithm called PLMA (Preconditioned Limited Memory

Quasi-Newton Algorithm, cf. Gill and Murray [1979]).

Numerical approximations of the first derivatives were used. Initially, forward

differences were used until these approximations failed a simple test (computing

13
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Figure 2: The standard run optimal age-depth function for Meteor core M 13519.

directional derivatives either directly or as a scalar product of the gradient and

the chosen unit direction). This usually occurs in the vicinity of an optimum,

and we then switched to the more time consuming central differences for higher

accuracy.

Standard Case

As a standard case we consider the 6180 data from the Meteor core M 13519

(figure 1) [Sarnthein et al., 1984]. Starting from a linear interpolation between

the present and the Brunhes-Matuyama boundary at 730 ky as the first guess

age-depth function, the optimization procedure produces a correction that shifts

certain time nodes up to 24 ky (32 cm) in the core. In the following, the resulting

age—depth function shown in figure 2 is referred to as the standard run. The net

correction (figure 3) has large variations with typical cycle lengths in a broad

frequency band at approximately 100 ky (more precisely with peaks at 80 ky

and 250 ky).

14
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For this age—depth relation, coherency values between data and solar insolation

are obtained that exceed the 99% confidence limits in all three Milankovitch

frequency bands 19, 23 and 41 ky (cf. top panel in figure 4). It is important to

note that the coherencies obtained are dependent upon the averaging procedure

used. In this work we used a relatively wide, rectangular window (14 real degrees

of freedom) in the frequency domain. In general, the confidence levels at a given

frequency for stochastic estimators associated with a certain averaging technique

depend not only on the number of degrees of freedom used for averaging, but also

on the bandwidth of the spectra at that frequency. In this case the bandwidth of

solar insolation at, for example, 41 ky is not as wide as the window used in the

frequency domain. Thus the confidence limits for coherency depend in our case

on frequency. For simplicity and comparability with other investigations [e.g.,

Imbrie et al., 1984] the standard confidence limits in accordance with Jenkins

and Watts [1968] have been given in figure 4.

The phase shifts of the data relative to the solar insolation (top panel in figure 5)

are negative in the Milankovitch frequencies. This is a necessary condition for

our linear model to be causal (it implies that the physical quantity represented

by the data follows the solar insolation). On the other hand, the phase shifts

at 41 and 23 ky are larger than the shift at 19 ky, which implies instability

in the case of a first order model (for models of arbitrary high order, as for

example H, this does not violate any stability condition). However, the 95%

confidence limits for the phase shifts, which depend on the associated coherency

[Jenkins and Watts, 1968], extend to the phase shift curve of the preferred mo-

del, which is given by
1/)(f) = arctan( —2)‘7rf)' (19)

It should be pointed out that neither the coherency nor the phase agreement with

the preferred model was maximized here, in contrast to other investigations. For

this particular problem these two goals are almost contradictory. To maximize

the coherency between data and solar insolation, the weight 95 in (18) should be

small compared to g1. The transfer function (16) will then be dominated by the

cross spectrum of input and data and the coherency will approach the maximal

possible value for an arbitrary linear model. If, on the other hand, the weight

95 is chosen relatively large compared to the other weights, the optimal transfer

function will be dominated by the frequency response function of the preferred
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model, and the agreement in phase with the preferred model will be good, at

the expense of the coherency (cf. Herterich [1988]).

The amplitudes of the transfer functions are plotted in figure 6, while the data

spectra before and after optimization are shown in figure 7. By using a sedi—

mentation rate which varies on the same time scale as the ice-ages, a transfer of

energy can be observed from the 100 ky cycle band of the data spectrum before

optimization into the 41, 23 and 19 ky frequency bands of the spectrum after

the optimization process. The sedimentation rate varies between approximately

0 and 3 cm/ky. A comparison of the different data and model time series is

shown in figure 8.

For a physically plausible interpretation of the preferred model the parameters

a and A must be positive. Positive /\ is required for stability of the preferred

system, while positive a implies smaller ice sheets for larger insolation. Yet, the

mathematical problem of minimizing objective function F in (18) is well posed
even for arbitrary or and A. Higher coherencies between data and system input
are obviously obtained in a solution in which A is allowed to become less than

zero. The fifth component of the objective function (13) then no longer repre—

sents the distance between the frequency response function H and the transfer

function of a physical preferred system, but gives instead an approximation tar-

get for H in form of a complex function of frequency that depends in addition

on two parameters. The actual position in the complex plane of the optimal

transfer function in the Milankovitch frequencies does not depend strongly on
the sign of A (figure 9). Experiments (figure 4 and 5) show that the influence
of the sign (i.e., the shape of the complex approximation target) on the resul—
ting age—depth relation and the obtained coherencies and phase shifts is rather

small. However, if a is sign-constrained and 1/)\ is assumed to lie in the interval
between 10 ky and 100 ky, then the optimal time constant obtained is 41.7 ky,

while the optimal value for 1//\ without further constraints is -15.2 ky.

The data spectrum before optimization contains significant energy only in the
100 ky frequency band (figure 7, top panel). After the age-depth function has
been optimally adjusted, the data spectrum also contains energy in the Milan-

kovitch frequencies (cf. figure 7, bottom panel). However, a large part of the

19



AM
PL

ITU
DE

S CO O _I

‚N O: l OPTIMAL MODEL
PREFERED MODEL “

.N‘ N I

0.2 -- —
O | I I I I I I I I I l l 1 I 1

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.03
FREQUENCY [l/kY]

l l 1 I I I I J l I l l J l l l l I

100.0 50.0 33.3 25.0 20.0 16.6 14.3 12.5
PERIOD [kY]071WBRg

Figure 6: Optimal transfer function (bold line) plotted only where the system

input contains significant energy and the transfer function of the preferred model

given by equation (4) (thin line).

20



CD Ch

PO
WE

RS
PE

C‘I
HU

B
00 O

N U! I

15-

10-

0 = : ' : ' : ' : ' : : ' . ‚ I0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.0aFREQUENCY [l/kY]

PO
WE

RS
PEC

TRU
M

8
82

H U! I

10

I r l l J
0 I i l : I I I l I0 0.01 0.02 0.0 0.04 0.05 0.06 0.07 0.08

FREQUENCY [l/kY]
I I I I I i I I I l I I I I I I I I

l I

100.0 50.0 33.3 25.0 20.0 16.6 1413 1215
071WBRj PERIOD [kY]

Figure 7: Power spectra estimates for the 6180 time series before (top) and
after (bottom) optimization. It should be noted that for clarity the spectral
estimates are plotted here on a linear scale in contrast to the power spectra
shown in figure 10 till figure 15, which were plotted on a logarithmic scale as
suggested by Jenkins and Watts [1968].

21



NO
RM

AL
IZE

D
UN

ITS

DATA BEFORE
DATA AFTER

l M l _W ‘.
I _

NO
RM

AL
IZE

D
UN

ITS
C) I")

' l
l I I r l I I I I 1 I l I I

M, f M Ü

I I I I I I

300 400 500 600 700 800

NO
RM

AI
IZE

D
UN

ITS
N

1

I I I I I I I I I I I I I I

MODEL OUTPUT
SOLAR ISOLATION _

"III iii) ill I Ill ”Iii "W
I I I l I I I I I I I 1 I

0

Figure 8: The top panel shows the data curves before and after optimization,

while in the middle the data time series is plotted versus model output, which

100
I I l l I 1 I

200 300 400 500 600 700 800 TIME [kY]

can be seen at the bottom again compared to solar insolation.

22



IM
AG

IN
AR

Y
AX

IS

-0.8 -

_1_0..

—1.2—

-1.4-‘
X ._

I I I I I I I I I I I I I I I 1 I I I I I I I I

O7 1 WBRm

1 II I I I I

—1.0 -0.8 -0.6 —O4 —O.2 0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Figure 9: Optimal transfer function (indicated by the crosses for the Milanko-
vitch frequencies) and preferred transfer function (full lines). The full line on
the right hand side is the transfer function of the preferred model for A = 0.024
and a = 0.07. The full line on the left hand side shows the graph of formula
(4) for A = —0.06. The distance between the optimal and the preferred transfer
function does not depend strongly on the sign of A.

23



data variance cannot be explained by a linear model with input solar insolation.

This result is not surprising considering the large climate response and negligible

solar forcing in the 100 ky band. Imbrie and Imbrie [1980] and Martinson et

al. [1987] have suggested for this reason the use of a non-linear model consisting

of two different linear models for cooling and warming periods, an approach

which is motivated by the typical asymmetric shape of the data curves. Since

the main data variance cannot be satisfactorily explained by a linear model, the

least-squares function (18) leads to a minimization problem with large residuals.

The value of the objective function at the optimal solution is approximately 65%

of the value at the starting point.

The results obtained by this approach for the age—depth function are consistent

with earlier investigations. The ages of isotopic events determined in core Meteor

M 13519 [Sarnthein et al., 1984] are compared with those obtained by Herterich

and Sarnthein [1984], Herterich [1988], lmbrie et al. [1984] and Shackleton and

Matthews [1977] in table 1 (fine temporal resolution for the last ice—age cycle)

and table 2 (coarse temporal resolution).

The deviations between the different approaches tend to be larger in the cen-

ter of the time interval considered, away from the well-dated end points. The

highest amplitudes in the correction a: (see figure 3) lie in the time interval bet-

ween 200 ky and 500 ky, in which the greatest deviations between the three

different age-depth relations obtained by Herterich and Sarnthein [1984] are fo-

und. Grieger [1991] achieves an age-depth function very similar to our optimal

result in the standard run, despite the fact that he neglected the low-frequency

component in his model. Martinson et al. [1987] arrive at age—depth relations

for another core that show departures from linearity which are similar to those

obtained here in the standard run.

The amplitudes and phase shifts of the data spectrum against system input

are comparable to the values given by Hasselmann and Herterich [1983] for the

age—depth relations CARPOR, TUNE and STUNE.

The maximum coherencies obtained (greater than 90%) are higher than those

given by Herterich and Sarnthein [1984] (maximum in single peaks of 75% squa—

red coherency which corresponds to approximately 85% coherency), even though
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Table 1: Ages of Isotopic Events

Isotopic Events Depth Age [ky]
cf. Prell et al. [1986] [cm] Herterich Imbrie Brüggemann

0.0 0.0 0.0 0.0 0.0

1.1 14.0 9.0 6.0 5.9

2.0 26.0 16.4 12.0 12.5

2.2 32.0 20.3 19.0 18.0

3.0 36.4 22.9 24.0 22.8

3.1 42.8 27.0 28.0 31.0

3.3 80.0 52.2 53.0 58.1

4.0 90.7 60.2 59.0 63.2

5.0 96.3 64.5 71.0 65.9

5.1 115.0 79.5 80.0 78.0

5.2 128.4 90.4 87.0 95.3

5.3 138.0 98.0 99.0 102.2

5.4 145.3 103.5 107.0 105.6

5.5 168.6 120.0 122.0 119.7

6.0 184.0 129.7 128.0 127.6

Tablel: Ages of the isotopic events in core Meteor M 13519 during the last

130 ky. The core data and the third column are taken from Herterich [1988],

while the fourth column shows the SPECMAP results given by Imbrie et

al. [1984].
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Table 2: Ages of Isotopic Events

Isotopic Depth Age [ky]
Event [cm] CAR. TUNE STUNE SHACK SPEC. Brü.

1/ 2 24.0 13 17 10 13 12 11

2/ 3 38.0 27 31 18 32 24 25

3/ 4 83.0 56 73 49 64 59 60

4/ 5 98.0 70 86 63 75 71 67

5/ 6 184.0 127 139 127 128 128 128

6/ 7 277.0 209 195 184 203 186 203

7/ 8 370.0 277 260 244 262 245 289

8/ 9 416.0 312 290 269 310 303 306

9/10 506.0 374 348 332 362 339 375

10/11 558.0 410 381 369 383 362 395

11/12 622.0 444 420 409 459 423 458

12/13 685.0 510 478 475 492 478 519

13/14 744.0 540 526 527 524 524 549

14/15 758.0 551 537 539 565 565 560

15/16 829.0 608 591 598 617 620 622

16/17 884.0 657 635 644 654 659 649

17/18 916.0 678 658 668 675 689 677

18/19 968.0 712 701 712 712 726 719

19/20 996.0 733 720 730 736 736 739

Table2: Ages of the stage boundaries (defined by Shackleton and Opdyke [1973])
in core Meteor M 13519 for the full length of the core. The depths are taken from

Sarnthein et al. [1984]. The three tuning approaches CARPOR (CAR), TUNE
and STUNE are given by Herterich and Sarnthein [1984] which also lists the

SHACK data from Shackleton and Matthews [1977]. The SPECMAP (SPEC)
age-depth function is given by Imbrie et al. [1984].
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coherency is not explicitly contained in our objective function F in (18). The

coherencies are slightly lower than those given by Imbrie et al. [1984] for the

SPECMAP time scale, although it should be pointed out that the SPECMAP

coherencies are calculated between an artificial stack and the sum of the norma-

lized orbital parameters (ETP). By using the ETP curve as system input, the

SPECMAP approach is also able to explain data energy contained in the 100 ky

cycle, where there is no significant energy in solar insolation.

Application to different cases

In order to test the method with different combinations of input data series,

tuning targets and first guess age-depth functions, we performed the following

sensitivity studies:

0 SPECMAP stack with the standard first guess age-depth function and

tuning target solar insolation (case 1)

0 core M 13519 with first guess age-depth function given by a linear in-

terpolation between isotopic stage boundaries dated by the SPECMAP

calibration (case 2)

0 core M 13519 with a first guess age-depth function given by a linear interpo-

lation between the present and the re-dated Brunhes-Matuyama boundary

at 780 ky with At increased from 6 ky to 7 ky (case 3)

c SPECMAP stack with a first guess age-depth function given by a linear

interpolation between isotopic stage boundaries optimally dated by the

standard run (case 4)

o SPECMAP stack with a first guess age—depth function given by a linear

interpolation between the present and the re-dated Brunhes—Matuyama

boundary at 780 ky with At increased from 6 ky to 7 ky (case 5)

c SPECMAP stack with the standard first guess age-depth function but the

tuning target ETP (case 6)

The results (spectra of the data before and after optimization, corresponding

coherencies and optimized time series compared to the SPECMAP stack) are
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shown in figures 10 — 15.

Note that in the case of ETP-forcing (case 6) it is possible to improve the SPEC-

MAP calibration in terms of the coherencies, although this was the SPECMAP
optimization criterion. The optimal time constant of the preferred system in

this case is 12.8 ky.

The coherencies obtained for the SPECMAP case with a first guess age—depth

relation taken from the optimal standard run (case 4) are quite high, although
only forcing by solar insolation is considered, but do not reach the values ob-

tained in case 6. This observation and the fact that the optimal solutions for

the standard case and case 2 are quite different suggests that the optimization

problem has (a probably large number of ) local minima. Reasonable coherency

values were also obtained for the two cases (case 3 and case 5) that were started
with a first guess age-depth function that attributes an age of 780 ky to the

Brunhes Matuyama boundary instead of 730 ky. This gives further support to

the redating of the Brunhes—Matuyama boundary as suggested by Shackleton

et al. [1990].

Random Time Series and Sensitivity Analysis for Weights

It has been shown that high coherencies in all three Milankovitch frequencies

can be obtained for real ocean core data by optimizing the age-depth function.

There is naturally a lingering suspicion that this may just be an artifact of the

analysis method, and that high coherencies could have been generated artificially

for any random time series. To rule out this possibility, a filtered white noise

test was performed, in which the input time series was generated randomly

with a spectrum similar to that of a typical 6180 data series (i.e., most energy

contained in the 100 ky frequency band). Again, corrections of a similar shape

were produced and a similar energy shift from the 100 ky to the 41 ky band

could be observed, but significant coherencies could be generated in only one

frequency band at a time. It was impossible to obtain simultaneously reasonable

coherencies in all three Milankovitch bands, as found for real ocean core data.

The weights 9,- served two purposes. First, they were used to normalize the

different components of the objective function, which is necessary for numerical
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stability. Second, they reflect the subjective judgement of the user as to the

respective importance of the different components. For physically meaningful

age-depth functions we always selected large values for the weight g6. Since the

corresponding objective function component is zero for a linear age—depth fun-

ction, this does not contribute to the initial iterations of the objective function

and acts only to prevent solutions from becoming non-monotonic. To test the

sensitivity of the minimization problem with respect to the remaining weights

gl, . . . , 95 we computed standard case solutions for weights which were individu-

ally multiplied by factors

1 1
— _- d1100, 10, 10 an 00

while all other weights were kept at their standard run values. The highest co-

herencies were obtained in the standard run. The basic low-frequency structure

(cycle length of 250 ky and more) of the optimal age-depth function remains

constant throughout the sensitivity analysis, although the high-frequency de-

tails (in this context: cycle lengths at 100 ky and less) varied considerably. This

preliminary sensitivity analysis yields age-depth functions with differently sha-

ped corrections. As expected, a much smoother correction was obtained, when

the parameter for the second derivative was increased.

Another question is the influence of the first guess age-depth function and the

starting values of the parameters a and Ä. Since the objective function is neit-

her quadratic nor convex, we may expect several local minima. In general, there

is no guarantee that numerical optimization routines will locate the global mi—

nimum, although there are algorithms that cope with this problem (e.g. the

Simulated Annealing approach developed by Kirkpatrick et al. [1983] origina-

ting from equation of state calculations in thermodynamics by Metropolis et

a1. [1953]). Additional minima can be obtained by changing the first guess, as

indicated in the above discussed case studies. We performed a further numerical

test where the first guess age-depth relation was altered from a linear function by

adding randomly-selected corrections drawn from the interval [—3cm, 3cm]. The

result from this experiment did not differ significantly from the standard run. In

general, the optimization problem is more sensitive to the weights than to small

changes of the first guess age-depth function, although substantial changes of

this function will alter the results considerably (e.g., SPECMAP calibration ver-
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sus linear interpolation). Thus, if a priori information about the data indicate

that a linear age-depth function is incorrect, this information should be used

to determine a better reference first guess age-depth function. For example, if

the linear age-depth function incorrectly maps a peak of the data curve to an

input peak, the algorithm is not likely to change this incorrect matching, since

this would usually imply a temporary increase of the objective function, which

is usually not allowed in deterministic optimization algorithms.

6 Summary and Conclusions

The mathematical approach suggested by Hasselmann and Herterich [1983] re-

presented an attempt to optimize simultaneously the age-depth function and a

linear response model. In this investigation, we have implemented and impro-

ved this approach, using a completely different numerical solution strategy. The

method presented here provides a universal tool for core calibration and testing

of linear relationships between different forcing mechanisms and the response of

the climate system on ice-age time scales. It was possible to improve the SPEC-

MAP calibration in terms of the obtained coherencies. The optimal results for

the age-depth function of an ocean sediment core are comparable to those gi-

ven by Herterich and Sarnthein [1984], Imbrie et al. [1984] and Shackleton and

Matthews [1977] with energy contained in the spectrum of the correction fun-

ction itself in a broad band around 100 ky. The coherencies are higher than

in Herterich and Sarnthein [1984] and comparable to those obtained by Imbrie

et al. [1984]. It was possible to transfer energy in the data spectrum from the

100 ky band to the Milankovitch frequency bands, especially at 41 ky, Where

significant energy was not contained previously.

However, a large fraction of the energy contained in the data spectrum, particu-

larly in the 100 ky frequency band, cannot be explained by a linear model using

solar insolation as input. The saw—tooth shape of the data curve suggests that

a non-linear model, such as that proposed by Imbrie and Imbrie [1980], may

be required. The tuning of age-depth functions to a non—linear model is more

complicated than the case considered here, but is in principle amenable to the
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same techniques.

The main goal of this investigation, however, was to develop an automatic time

calibration and dynamical model fitting technique which can be applied to many

cores. In order to develop a global picture of the structure of the late Pleistocene

climate cycles, it will be necessary to optimize simultaneously the age-depth

functions for a. number of different cores within the context of a global dynamical

model, a task which can be addressed only with the aid of. a general inversion

method.
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