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I. INTRODUCTION

The quantum entanglement or entanglement entropy is of great importance in characterizing the
correlations between non-local physical quantities in quantum many-body systems. For instance, it
can be used as an order parameter to probe the quantum phase transitions at critical points E]
For a system in pure state with density matrix p, one can divide it into two spatial regions A and B,
the entanglement entropy Sa of the subsystem A can be calculated by the von Neumann entropy as
Sa=—tra(palnpa), where py = trpp is the reduced density matrix of A obtained by tracing out
the degrees of freedom which belong to the Hilbert space of the subsystem B. The entanglement
entropy can also be described by a more general notion—the entanglement Rényi entropy, defined as
Sn = ﬁ Intr (p’;), where the positive number n is the order of the Rényi entropy, which returns
to the von Neumann entropy when taking n — 1. The important and amazing property of the

entanglement entropy is that it is proportional to the area of the boundary surface which divides



the systems into subsystems A and B, namely, the area law. ' The area law, together with the
fact that entanglement entropy describes the lack of information, say, measured by observer in a
subsystem A, inspired the studies of interpreting the black hole area entropy as the entanglement
entropy between quantum states inside and outside of the horizon ].

In the framework of the AdS/CFT correspondence or the gauge/gravity duality ], the
entanglement entropy also gained a novel holographic interpretation, called the holographic entan-
glement entropy (HEE) proposed by Ryu and Takayanagi ID, |. In this proposal, the entangle-
ment entropy of the subsystem A in the boundary d-dimensional CFT can be calculated from the

area A,, of a co-dimensional-2 static minimal surface v, in the bulk gravity side. More explicitly,

the HEE of A is

A
S = YA , 1
AT 4G M)

Soon after, Fursaev gave a proof to the above HEE formulae eq.(l) by applying the off-shell
Fuclidean path integral approach to manifolds with conical singularities in the context of the
AdS/CFT correspondence E] The proof has been improved and generalized from recent studies
by Lewkowycz and Maldacena B] by the replica trick. Besides, another derivation of the HEE
for spherical entangling surfaces has been provided by Casini, Huerta and Myers in [18]. So far
there are also many evidences to check the HEE proposal within the AdS3/CFTs correspondence
BQ] In addition to various applications of HEE, such as using HEE to probe the confine-
ment/deconfinement phase transition in the large N gauge theories ] and the phase structures
in condensed matter systems ], the utility of HEE has been extended to study the renormal-
ization group flows in quantum filed theories E |, please refer to |31] for a recent review and
references therein.

The original HEE conjecture eq.(Il) was made in the large N and large 't Hooft coupling limit,
which indicates that the dual gravitational theory is the classical Einstein theory. In the full
version of the AdS/CFT correspondence, due to the strong/weak duality property, there are two
kinds of corrections to the theory: one is the higher curvature effects from (super)gravity (which
is the o/ correction to the boundary CFT), the other is the large N corrections to the boundary
quantum field theory, associated with the perturbations from the bulk gravitational theory. For

higher curvature or higher derivative terms in the bulk, the corrections to the HEE area law eq.(T)

have been studied in the presence of the gravitational Chern-Simons term (with gravitational

! There are indeed some exceptions to violate the area law such as entanglement entropy from fermions ﬂa]
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anomalies) @, @], and also in quantum field theory which is dual to the general Lovelock gravity
in the asymptotically AdS spacetime 41].

The universal behavior of entanglement entropy in low-energy excited states is very important
in understanding the quantum entanglement nature of the system, which has been studied by many
authors, for example ] ] Usually it is difficult to investigate the properties of entanglement
entropy of systems with generic configurations either from the quantum field theory or from the
holographic approaches. However, one can consider two different limits of the subsystem to analyze
the properties of the entanglement entropy. The first limit is to study the entanglement entropy
with small size for the subsystem, which has been shown in ] that the entanglement entropy and
Rényi entropy of the 2-dimensional CFT in vacuum and the low-energy excited states are scaled
with the primary operators in the theory. Later, the HEE proposal has been applied to study the
related problem and the scaling relation for the first order quantum excited entanglement entropy.

A novel universal relation between the linearized order entanglement entropy S and the energy

EM of the subsystem with small size in the boundary CFT has been found ]
EW =1,80), (2)

where T; is called the entanglement temperature which is proportional to the reciprocal of the
size of the CFT. Apparently eq.(2]) is reminiscent of the familiar first law of thermodynamics. For
the other limit, one can also consider entanglement entropy of local excited states in which the
subsystem is of large size. There are various investigations in this direction from the quantum field
theory side ], in which the authors have proposed that entanglement entropy with large size
subsystem is proportional to the logarithm of quantum dimension of excitations of local operators.
The related problems from holographic point of view can also be found in the recent papers [48-68].

Despite these interesting progresses, the studies on entanglement entropy with low-energy ex-
citations mostly focused on the linearized perturbations. In the present paper, we will extend
the study of the low-energy excitations of the entanglement entropy to second order, from the
perspective of the gauge/gravity duality. Specifically, we systematically study the first law-like
relation between the variations of entanglement entropy and the variations of energy for the strip
subsystem in the boundary CFT up to second order perturbations. We study the HEE and energy
in three examples, i.e., general d-dimensional (for d > 3) CFT dual to d + 1-dimensional Reissner-
Nordstrom-Anti de Sitter (RN-AdS) black brane, the 2-dimensional CFT dual to 3-dimensional
spinning BTZ black hole and the 2-dimensional CFT dual to 3-dimensional non-rotating charged

black hole in AdS3. We show that, in the first two examples, the first law-like relation becomes an



inequality when taking into account of the second order low-energy corrections (and keeping the

spatial size of the subsystem fixed), namely,
ﬂ«ﬂ”+5®>§ﬂ”+E®,am S@ <o, (3)

where S and E®), (i = 1,2) are the i-th order corrections to entanglement entropy and energy
of the subsystem in the CFT. In addition, the cosmic censorship conjecture (CCC) for the black
hole will naturally impose an upper bound to the boundary HEE at second order perturbations in
each of those three examples. However, in the third example, the inequality (Bl can be violated
due to the fact that E) = 0, while S is not always negative. This violation is caused by the
Weyl anomaly of the U(1) gauge theory in the 2-dimensional CFT. Besides, as was pointed out in

|, the quantum corrections or loop corrections to the HEE contain two parts, one is from the
entanglement between bulk regions separated by the minimal surface, the other one comes from
the variations of the minimal surface area. The low-energy corrections considered in this paper is
exactly of the second kind. Moreover, we also show that the second order HEE actually reflects the
structure of the two-point correlation functions of the boundary renormalized stress tensor. For
d = 2, we show that the corrected scaling relation is consistent with the estimation from the dual
CFTs. For other recent studies on second order quantum corrections to entanglement entropy,
readers can refer to [70].

The rest parts of the paper are organized as follows: in section [Il we describe the general
formula for the area functional of bulk co-dimensional-2 surface up to second order perturbations.
In sections [Tl and [[V] we study the first law-like relation between HEE and energy for a strip region
in the CFT which is dual to RN-AdS;, black brane. In section [V], we continue studying the HEE
with second order excitations for two interesting examples in the asymptotically AdSs spacetime,
one is the spinning BTZ black hole, the other is the charged AdS3 black hole. Conclusions and

discussions are drawn in Section [Vl

II. PERTURBATIONS OF THE BULK CO-DIMENSIONAL-2 SURFACE

The area of the bulk spacelike co-dimensional 2 surface in d + 1-dimensional spacetime is

A= [ e, (4)

where

oX4oxPB
Yij = 8—88—§ngB (5)



is the induced metric and &’ is the coordinate on the surface, while X# and g5 are the coordinate
and the metric of the bulk background spacetime, respectively. Then the variations of the area

functional are
1 . 1 . .
0A = —= / Nal <’Yij(5’y” + §’yik’yjl(5fy”5’ykl +0 ((57)3)> di e, (6)
0°A = /xf<< 72]7kl+7zk'7]l> oM + O ((07)° )> e, (7)

where §,/7 = 4 (’yij&y” 1 Zk’yjléfyk]&m) (up to the second order). Note that /¥ and 7;; in

eqs.([@{7) are their zeroth order on-shell values v/v(®) and %'(]('))- Besides, the variations of «;; and

~* are in the small dimensionless parameter € expansion

Fvij = 1+ + O, ®)
571 = A 4 ik, DT _ i 4 o3y, (9)

where the indices are lowered and raised by the zeroth order metric %'(]Q) and (9%, Consequently,

1 g 1
1 _ = 0) . (1)ij gd—1¢ _ * (1) gd—1
AT = /VV(O)%'J' PIYdTE = 2/\/7(0)7 d*e, (10)
1 2 1
2 _— 1/ ~(0) (1) 1 @)\ jd-1

where the induced metric is expanded as

o _ (0x49xE\ 12
ij agz agj 9aBs ( )
w _ (ox2axB\ ) raxdaxB\WY 1)
72] 88 agj 9aB agl agj 9IAB>

@ _ XA 9xB (0) @ ) XA 9xB 1 ) XA 9xB 2 ) 14
%] agz agj 9AB 85@ 8fj 9AB 88 8fj 9aB>

The following relation holds if only consider the first order perturbations,

axAaxB\"Y o 5 (OXAOXEN o
og o) Par =\ Tag o ) an T

(15)

provided that the zeroth order EoM of the bulk co-dimensional 2 minimal surface is satisfied (on-
shell). However, the above equality does not hold when performing the perturbations up to second

order,

8XA 8XB 1) 0
The asymptotically AdS;,1 spacetime in the Poincaré coordinates is

L2
ds® = = (d22 + G (2, x)da*da") (17)



in which Z is the radial coordinate of the AdS;y1 spacetime. The general form of the bulk co-
dimensional 2 static surface can be expressed by Z as a function of z* such as Z = #(z*), then the

area functional eq.(]) becomes

o [dT o 0z 0z
A= 141 / F\/det (gij(z,x) + %%> (18)

Let us focus on the situation that eq.([IT) is a slightly perturbed geometry obtained from the

pure AdS spacetime and study the small variation of eq.([I8]) which deviates from its pure AdS
counterpart. Generally speaking, in order to determine the shape of the bulk minimal surface,
one needs to expand g;; = 7;; + gg) + gi(f) as well as 7 = 20 4+ (U 4 53 and then solve the
Euler-Lagrange equation for the bulk static minimal surface up to second order to get (1) and (2.
However, when the explicit integration form of the area functional (for the bulk minimal surface)
in eq.(I8)) is known, we can expand it around the minimal surface in pure AdS spacetime in terms

of ¢ to arbitrary orders. Applying this method, we can study the low-energy excitation corrections

to the HEE in vacuum states.

III. HOLOGRAPHIC ENTANGLEMENT ENTROPY IN ADS,;;; BLACK BRANE

In the Einstein-Maxwell theory

1 did—1) L?
[=——i— [ d™Mley/= ——— — —=F,F" 1
167G / e (R T T > ’ (19)
the charged black brane in AdS;y1, i.e. the RN-AdS;.1 black brane is (d > 3)
L2 7,2

2 _ 2 2 2

ds* = r2f(7‘)dr + I3 (= f(r)dt* + dz7)
M Q?

f(?‘) = 1_ﬁ+7‘2d_27

and

rd—2 d—1 g¢:Q
A = 1——2—dt = L 2
u( rd—2> = Sd =) T (20)

where g, is the dimensionless coupling constant of the U(1) gauge field, 7, is the radius of the outer
horizon, L is the curvature radius of the AdS spacetime, M and @ are the mass and charge of the
black brane, respectively, and

Besides, the cosmic censorship conjecture (CCC) requires M > 2r,@Q. In the Poincaré coordinate

z = L?/r, the metric becomes

ds® = ’;—22 (;l(—f) — f(z)dt* + d:ﬁ), (21)



with f(z) =1 — ]\gfd + Qz4jd42 =1- Mi—j + ~2%, where M = M/L% and Q = Q/L% " are
dimensionless mass and charge of the RN-AdS,,, black brane.

In order to study the HEE in the background eq.(21]) perturbatively, M and Q can be taken as
the small parameters which act as the sources of the geometric perturbation away from the pure
AdSg41 spacetime (the perturbations can also be caused by adding external matter fields or the
fluctuations from the metric itself). Taking M and Q as the first order perturbation, both the

metric components g;; and g., undergo a second order variation as

[d-2 _ 2d-4 B I U
Ogn = rd——2M_ 2d— 7%= Td- 3 M — 7,2d— 1@Q" =9 + 9
Ld+2 [2d+2 124 _ Ld+2 L2d+2 2d

_ 2 _ 2 7 2 _ 2
0grr = rarz oM+ F2dv2 e M - 2dQ Ld+2M+ L2d+2M deQ =gt +9. (22)

We will focus on the case that the boundary CFT is divided into two intervals A + B and
taking the subsystem A to be a strip in the region x; € [—1/2,1/2] and x}, € [—Lo/2, Lo/2] with
(b =2,3,---24-1). The bulk static minimal surface 4 is a co-dimensional-2 surface, which is

described by x1 = x1(z), then the bulk static hypersurface becomes

L? 1 dx1\?
2 _ 1 2 2
ds® = yol [<—f(z) + <—82 ) > dz* + dxy

8:171
A, =207 L 2/zd 1\/ (24)

The bulk static minimal surface 4 is determined from the Euler—Lagrange equation, i.e. by

; (23)

and its area is

minimizing the area functional A,

0A,, 0Ay, _
53)1 az <5(az$1) - 07 (25)
which results in
0z 22d=2
p(z) = o f(z) (sz 7 — 1>’ (26)

where z, is the turning point of the bulk minimal surface at which p(z,) = 0. Besides, it also
reflects the embedding of the minimal surface into the bulk which will be affected by the bulk

geometric perturbations. Consequently, the area of the bulk static minimal surface becomes

_ opd—1 [T a2 dz 1 1
dua = 20 / o d\/ (f(2)+p(z)2>

—9 dz 1

= 2Ld_1/ dz? g )
6 16 (1-55)




where € is the geometric short distance cutoff which is related to the UV cutoff a of the dual CFT
via the UV/IR relation % ~ L{T*B, with L o4 p the total spatial length of the boundary CFT system
A+ B.

From egs.(28) 7)) we have

(28)

/ 224-2 ’

f Z2d P >

where the spatial size [ of the subsystem A is fixed. Recall from eq.() that the variation of the area
functional contains the contributions from the bulk metric perturbations as well as the changes in
the embedding, both of which are controlled by the source fields, i.e. the conserved charges of the

AdS black brane. Therefore, the final expression of the area functional is the expansion in terms

of these conserved charges. Defining iij—:i = ¢, 2 then up to order O(M 3, Q3) we reach

3M222 4y (2,202 4 n
| = d—l d§<§2d2+2Ld§d1+ 8L2d £2d2 — 2L2d2§ (1_5‘) 2
d ~ d ~ d
A F(m) PRIES F(ﬁ) L3 2dr<2d 2) d(d - 1)Q2z§d—2r(m) (29
- d—1\p(2a=1)  2L9 p (341 8L2d p (4d-1 (2d = 1)L%=2 p(_1_
2d—2 2d—2 2d—2 2d—2
which in turn gives
o= + 240 + 22 + 01, @P), (30)
where
1
Z>,(<O) _ ay <2d 2)
27T ()
d+2
- d 1
Lo Mym P(ﬂ> v (m)
TP () e (o))

d
o _ e ( ()

2d—1
d©2 r (ﬁ)
2(2d — 1)L2d_2 2ﬁf '

2 Tt is clear that here & is different from &° in section I, which is the coordinates of the induced metric.
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Therefore, the corresponding area is

= dz 1
_ ord—17d—2
AA/A = 2L LO / z4-1 2d—2
‘ \/f(z) (1 - j2d—72>
d - 1
_ o2t <@>d‘2 NG AT I (—2d—2) oa M N A e (—d—1> P
d—2 d—2 1 * L 2(d—1 dr1\ 7"
( AN ( )T (m) ( )T (ﬁ)
~ A d—2T ( d+2 ) ~ d—2 T ( d >
Jr3M2 VTLALE 2§72) ivs QL \2d—2 A4 O, 5P, (32)
8L2  (d—1) (2d+1) L=t ¢ < 1 >
2d—2 2d—2

Substituting eq.(3) into eq.(BZ), we obtain 3

d—1
d
A(O) B 9[,d—1 <L0>d—2 Ld—ng—2 2\/EI‘ (—Zd 2)
5 - _

AT @d-2\e @22 | ﬁ; ’

A0 _ MLG*P F(ﬁ> F(ﬁ) 2

e 8ﬁ(d+1)LF<2%12> P(ﬁ) 7

o _ e (0 () )T (o Elen) (1) 2

YA T AL 2ﬁr(ﬁ_2) (d+1)2(d—1)r<ﬁ> p(%)
() e (k) )\ .

+2(2d+1)r(%) BT = %)
Therefore, the corresponding HEE is
S =1 Gldﬂ (AQ) + A0 + A)) + 0T, 3. (34)

Note that the first order value is always positive Sf(yi,) > (), while the second order is always negative

and it is bounded by the CCC as

52 < QL% ir <ﬁ> o <2r§ﬁ ir (ﬁ) 3( 3 T (%)
UG A (5) ) NI \avar (o) ) \PRTH D (3)
L ) (1)
_(d+1)2(d—1)r<%) F(;lj—}z) )—1>. (35)

3 Note that eq.([33) holds for d > 2. The special case is d = 2, in which the dominant term in the zeroth order in
the area is given by lime_0 2L fz* 4= — 9L In Z ~2LIn £7 i.e. the logarithmic divergence.

€ z
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IV. THE BOUNDARY STRESS TENSOR OF THE DUAL CFT,

The d + 1 dimensional bulk spacetime can be written into the ADM form as
ds* = N%dr? 4 g, (N*dr + dat) (NVdr + dz") = gapda’ da® (36)

and the boundary stress tensor can be calculated from the Brown-York formalism

1
™ = Kg™ — K™), 37
S7Gon (Kg ) (37)
in which
Ky = NI = A ( + - ) (38)
uy = wr 2 g uAyv T JAv,w — Guv,A)

The variation of the stress tensor with respect to the dimensionless parameter ¢ is

0T, = 0Kqg,, + Kbg,, — 0K,
It 87?Gd+1( Guv + 109y )
= T\ + T + O(e%), (39)
where
—1
7D — = [ g0),0) L (1), 0) _ (D) 4
p 87er+1< 9 + KV g — K ), (40)
-1
(2 — 0),(2) 1,1 2) _ ) (Dap) ,(0) _ 5 (2)
T/u/ 87TGd+1 (K g;u/ + 2K g;u/ + (K Kaﬁg )guu K;u/)? (41)
with
1) __ 0)puv 1 I8)2% 0
KO g( )z K;(w) —g( T K;(w)v
K@ — g(O)WKﬁ) _ g(l)””Kﬁ) + g(l)”’\gg\l)VK&?) _ 9(2)WK,SOV),
1) _ 1 0)r 0 r
Kfy) = NOTQr + NOTCr
2 2 0)r 1 r 0 2)r
K2 = NOTQr 4+ 2N + NOT@r, (42)

When the boundary is spatially flat, such as the RN-AdS;,1 black brane, the boundary counterterm
added to cancel the UV divergence is

) [
I =—7—= d -9, 43

iy GarL Jons Iv—9g (43)
which contributes to the boundary stress tensor as

2 0la —(d-1)
we =g dg 87TGd+1LgW'
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Then the first order renormalized stress tensor on the fixed r hypersurface is

(1), pet(1) —1 gw  (d=1 0 A g ) @,
T 4w = g \ 7 T\ T o T e e ) 9 ¥ g [49)

The expectation value of the renormalized stress tensor of the boundary CFT; can be calculated
from variation of the full action with respect to the metric g,, on the conformal boundary (the

asymptotic boundary is located at z = ¢ — 0) |71, [72].
1
O (I + Ipay + Iet) = bulk  terms + 3 / V=gd®x(T,,)55" (46)

where g, = f—jg“,, = 2—22 9uvs Inay is the boundary action required by a well-defined variational

principle and (7),,) = (%)d_2 (T + Tﬁ,t,) = (L)d_2 (T + Tﬁ,t/) For the RN-AdS;;1 black brane

z

eq.(20), the nonvanishing components of (T,S,l)> are

(1) (d—1)M
T, = ——2t
< tt > 167TGd+1L,
M
THYy = —— A7
Subsequently, the trace of the first order stress tensor is
(T0%) = g () + g O (Tl ) = o, (48)

which indicates that the boundary dual CFT is conformal anomaly free up to first order quantum
corrections.

The second order renormalized stress tensor is

(2) 2 (1)A
—1 red 2 r

(2) | et(2) _ _ 9w a9 T (0as (1) 1)
T + Ty 87er+1< L <L3 G+ Y gaﬁﬂ") Gyuw

(1
+<(d —Ur o, (@d-Dr (g<1>)2 _@=19"g) a2

913  Jrr Ve rr I 279" g
_L_z DA % W8y 9(1)0‘5985) n gi )A> a9 + %g}f)ﬂn) (49)
Thus the nonvanishing components of (Tﬁ)> are
1) = sw;m <(3d8£d1+11)2d i+ U ;le)—zld_z @2> ’
(TD) = 8775;1 <(118;d?_’fzd iz 4 ;le)_zf - Q2> : (50)

It is straightforward to check that

2\ _ v — v
(TN = g (T @) — g0 )

1 <(3d2 —15d+4)z¢ -5 (d—2)(d - 1)zd—2©2>
87TGd+1 :

8Ld+1 2Ld—1
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When taking the UV cutoff to the CFT, i.e., z = ¢ — 0 to the asymptotic boundary, <T>(\2)A> — 0.

With the explicit expressions of (Ty), we can calculate the energy associated to the subsystem A

in the boundary CFT, which is

l
2
EW + E® L o3, Q%), (52)
where
167Gy L
E® = . (53)

Therefore, we can check that the first law-like relation for the boundary CFT,; holds at the first

order perturbation, namely,
7,50 = g0, (54)

with the entanglement temperature given by

2~ I (55%) (T (5)
A \(es)

When including the contribution from the second order excitations, we have

T, = =L (55)

T, (S + 8%)) < BW + B@, (56)

Eq.([B6]) gives a consistent entropy bound for the subsystem A resembling the Bekenstein bound
@] Similar related arguments can be found in the study of the excitation of relative entropy for

spherical entangling surface [56].

V. ASYMPTOTICALLY ADS; SPACETIME

In this section, we will study the holographic entanglement entropy of CFTs with second order
excitations in asymptotically AdSs spacetime, following the spirit that they are formed by small
spatially homogeneous metric perturbations from the pure AdSs3 spacetime. The first example is
the spinning BTZ black hole and the second one is the non-rotating charged black hole in AdSs

spacetime.
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A. Spinning BTZ black hole

The metric of the spinning BTZ black hole M, @] is

(r2—r3)(r*—r2) , L?r? TLT_ o
dt dt 57
L2r2 + (r2 — ri)(rQ —72) ) (57)

2 _
ds® = — 7.2

dr® +r*(d¢ —

where the black hole is of mass M = (r% + r2)/(8G3L?), angular momentum J = ryr_/(4G3L)
and temperature T = (r2 —r2)/(2mrL?) = 871, The CCC requires ML > J, and if we take
ML = « to be the small parameter, the magnitude of J cannot be determined generally. In the
following we will require that ML and J are of the same order, the special case of which is the

near extreme BTZ black hole, namely ML — .J, hence

4G3J
Sgu = 9\ = 8G3M, bgi = giv) = g} = — 5 ;

tx
L*M  16G2L*
ary = o+ = SBEM OO hprr ) g, =0 (58)

rd 76

So the components of the first and second order renormalized boundary stress tensor are

Wy, _ _@ @y _ _Gs 272, 912
<Ttt > - 27TL27 <Ttt >_7TLT’2 (5M L +3J )7

1 1 J 2 2
(1)) = (1) = —57. (T =) =0,

(0% Gg
(T = 77 (T2 = s (5M*L* +3J%). (59)
(1A (2)A 14Gsa® _ 6G3J? : :
Then (T}'") = 0, and (T\"") = —=—F25 — =35, which tends to zero at the asymptotic AdS

boundary.
The covariant HEE method is required to calculate the HEE for the spinning BTZ black hole,
since the background is no longer static. The bulk minimal curve can be easily obtained by

converting eq.(57) into the pure Poincaré coordinate

L2
ds® = = (d2* + dwydw_) (60)

via the coordinate transformations

wL =

re—r-
2 2 .
r4d — ¢7“+ tr_
z = t eI TIT (61)
2 2 ’
ré —prs

where AL = r, +r_. Note that the HEE of the boundary subsystem A with spatial interval

x € [-1/2,1/2] is simply S, = 5In é, which can be explicitly expressed as [76]

. Ly . l
Sya = gln (57:262 sinh (;—+> sinh <;—_>> , (62)
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2w L2
rotr_

in which ¢ = % is the central charge and B4 = are the inverse left and right hand

temperatures of the boundary CFT5. Thus, the HEE of the subsystem A can be expanded as

Sya = S04+ 80+ 8P+ 0(a?, I3, 6?)

A YA YA
c. 1 2o 14
L PSS S 2 3 73 2
shno+ o0 60CL4( +J%) + O0(a®, J?,a®)
c l 2o 142
< -ln-+4 — — ——— +0(a?,J> ad° 63
< gyt o~ 3p0p O (63)

where we have used a > J in the third line and the relation € ~ a. Eq.(63]) shows that the HEE
is naturally bounded at second order perturbations if the CCC still holds for the dual BTZ black
hole.

The energy of the subsystem A in the boundary CFTs is

1
E = /zl dx(Ty,)

2

= EO + EM + E® 4 0(a?, J3,a?), (64)

where

al

0 — M =
E 0, FE 512

and E® =0. (65)

From eqs. (G3) ([65) we see that the first order result gives the first law-like relation M] as
1 1
1.8{) = EW, (66)

with the entanglement temperature 7, = % Again, including the second order excitations, we

have the inequality
T. (1) +52) < BV + B®, (67)

If T, is not modified, eq.(67) shows that the subsystem has reached a maximal entropy under small
fluctuations.

Furthermore, recall that the conformal dimension of the boundary stress tensor of the CFTy
dual to the bulk massless graviton is A = d = 2, so
l2A

14
2 _ 272 2y _ _
S (M*L? + J?) S0oLi

AT 60cLA

(M?L* + J?), (68)

which is consistent with the estimation from the dual CFT5 side ]
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B. Charged black holes in AdSs

The charged black hole in Ad83 can be obtained from the Einstein-Maxwell theory

167TG / Pav=g <R+ %F" "FW> ’ ()
It has the following metric [77]
a5t =~ f(r)at® + L + r2dg? (70)
L2 r2f(r) ’
with
flr)=1- % @ _In <£22> and A= gL% ln%dt, (71)

where g4 is the coupling constant, () is the charge, and ry, is the black hole outer horizon. When

M Q2<

7z — 1z (1 —In —> >0, i.e. the CCC is held, the above metric describes a regular non-rotating

412

charged black hole with radius L. In the Poincaré coordinate eq.(70) is

L? M2? Q222 22 dz?

2 2 4 2
ds“=—|—1———+ —+1n dt + dx 2
° 22 ( L4 414 <L2 > > (1 Mz2 Q2 ( 22 >> (1)

As before, let us treat the mass and charge of the black hole as small perturbations in the pure
AdSs3 spacetime. When both M and ) are small, the absence of a naked singularity requires %

and % are of the same order of the magnitudes. For convenience, we define % = (5 and % = 1.

Hence,
(1) S
ogit = gy + gtt =0 + - 111 72 0gzz = 0,
L B L4’72 ,r.2 L652
— o 2 _ZF m
OGrr I+ Gpr ! + ( = In— + ) (73)
Beside, the variation of the boundary holographic stress tensor is
(1) B (2) 5L3* 72 r?
Ty — 2 = In -
Ti) = Tl ) = GanGgr®  GanGaL 17
(Ty)) = (Th)) =0, (1) = (1) =0,
2 2 2 2
@) = Ly M ! (7)

T 167GL 327GsL  647Gar? | 6ArGsL | L2
Note that both (1}9) and <T£92£)> are divergent as r approaches to the boundary. In order to cancel

the divergence, the boundary counterterm from the gauge field is required 4, which is

I8¢ = ¢ / dx?\/=gF,, F™"In = (75)

L

* To make the variation of the action in eq.([d) be well-defined, the Gibbons-Hawking boundary term and another
boundary term for the bulk gauge field which satisfies the Neumann boundary condition should be added, which

is INn = %? f vV —gd:c2n"FwA“7 with n” = 2110 f(r to be the unit normal vector of the timelike boundary.
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where ¢; is the constant which will be fixed by canceling the UV divergence. Eq.(3) will only

contributes to the boundary stress tensor of the CFTy at the second order,

2 oIg™ 9sQ\" g r2f(r) r
Teauge _ ct — S TRV 2 E.,F., In —
”” V=g ogm <<2L2> ;2 e e L (76)
Therefore, the total second order boundary stress tensor is
(2) (2) gauge(2) 5LB2 /72 r’ 957
T, = (T, T = In In —
i deorat = (L) + Ty 6nGar? | 6anGsL L2 Uart VI
’ 5LB° 0a 7’2 g T
Ty, oy = (TR yeauee — __V In s 1y (77
e ota = (L) + T TnChl  6anGar? | 6anGaL 12 T apr M 7
which give the finite results to the total stress tensor when choosing ¢; = —ﬁzgg. Finally,
(2) 5L3%
T, otal = ~ T~ o>
T ot = G
2 5L52
T )iotal = — o — .
T Diota 32nGsl  64nGar? (78)
Therefore, <T>(\1)A> = 0, while (T)@)‘) — _ l4Lp? 3 VQSL when 7 — oo, which is the

GinGsr? — 327GHL
Weyl anomaly of the U(1) vector field in the 2-dimensional CFT E The anomaly will contribute
an anomalous (a positive) term to the second order entanglement entropy.
In the Poincaré coordinates, the bulk codimensional-2 surface is x = z(z) and the boundary

CFT is divided into two subsystems A and B, in which A is located in z1 € [—1/2,1/2], then

i_/ dz
2 Mz2 Q2z2 22 22
[ )
BZ 2 2 ,82 4
= 2 < 72 36L2 5— 6ln2+ln— 37 (79)

in which z, is obtained as

l 13 o, B(B+6lnL) , 5 o
= 5 oz’ Tapri? T T omiz 08" B77). (80)
The area of the bulk minimal curve now is
Zx 1
A, = 2L/ &
© ol () (-
7 ALA 22
= L (2 2Z*+£2+72 —m2+mE) - +ﬁ—2z +0(a?, 872, a%)
a 2T o2 P LA Y

2 4 22 2 2
=L<21—+15 L5 (l /

L 2 3 2 2
22~ 1aaort T \ieiz T ware 1“7) g > +0(a’,89%,a%).  (81)
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Therefore, the holographic entanglement entropy of the subsystem A is

c cl? cl* cd? (1 Ik
S = 3o+ mEh- 8640L4ﬂ2 T2 (5 + Tl 7'+ 0(e%, 7", a%), (82)
in which
n cl?
S’(YA) - 791277
4 2 InL
(2) _ cl 2 cl 1 h 2
534 sewors” taz\zt 1|7 (83)

which shows that the second order excitation of HEE from the mass is negative. While the contri-
bution from the charge is positive, in contrast to the d > 3 charged black brane case considered in
Section [T °. Again, the regular condition (CCC) for the charged AdS3 black hole gives a constraint

on its charge and mass, i.e. %45 — 4%25 <1 —1In 4%25) > 0, which results in the entropy bound for the

2 2 4 2\ 2 Int
@ & [ 7y wm 1 _Inz) »
54 S 3512 ( sz \L ) Yl ) (84)

It is worth noticing that, unlike the RN-AdS black brane and the spinning BTZ black hole cases,

subsystem A

the function on the right hand side of eq.(84]) is not always negative, although bounded by the
CCC. However, it tends to zero for small /L and ~, and there exists some region that the right
hand side of eq.(84]) becomes negative, namely, Sf(yi) <0.

In addition, the energy of dual boundary CFTs is

l
3
FE = . dﬂf(nt>t0tal
3
= EO + EW L E® £ 0(a, 042, d?), (85)
where
O —g, g0 4 g®_ (86)
’ 167wG3 L

Therefore, it is straightforward to check that the first law-like relation also holds at first order, i.e.

1 1
1.8{) = W, (87)

5 The positive term in S,(yi) in eq.(83) can be estimated in the off-shell Euclidean path integral approach, see details
in Appendix [A]
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with T, = 3/(wl) the same as in the spinning BTZ black hole. However, when the contributions

from the second order excitations are taken into account, we have

[ l2’y4 ’y2 2 1 Ini
7,82 < & [ _ 1—In S L2 88
Y4 = TorL2 | 384012 ) s )7 ) (88)

with T, GS%) — 0 in the small [/L and ~y limits, which is different from previous examples. Although

the CCC gives an upper bound, it cannot always make S«(,i) < 0 in the present case. This specific

phenomenon is caused by the Weyl anomaly of the background U(1) gauge field in the charged
black hole in AdSs spacetime, which results in the violation of the entropy bound relation S < 0
at the second order low energy perturbations. A possible explanation is that, since the CCC is
given by the relation between the conserved charges of the bulk black hole which is associated with
classical symmetries of the theory, it is expected that it will not adequate to constrain the second

order entanglement entropy to be negative with gravitational anomaly.

VI. CONCLUSIONS AND DISCUSSIONS

We studied the HEE of the boundary CFT with low-energy excited states up to second order
of the gravitational perturbations (or geometric perturbations) when the spatial region of the
boundary subsystem is a strip and examined the first law-like relation at the second order. Our
strategy is to start from an exact bulk black brane solution in asymptotically AdS spacetime, and
then regard the black brane as the perturbed geometry deviating from its ground state-the pure
AdS spacetime, through small fluctuations caused by interactions from external fields or operators,
such as the mass and gauge fields. From the viewpoint of the dual boundary CFT, it is equivalent
to treat a thermodynamically stable finite temperature CFT (or grand canonical ensemble) with
thermal and quantum excitations as the perturbed system deviates from its vacuum state CFT.
Following this idea, we solved the bulk co-dimensional-2 minimal surface up to second order in terms
of the conserved charges of the AdS black brane, specifically, we obtained the second order low
energy excitation corrections to the entanglement entropy of vacuum states from the expansion
of the HEE. When the spatial size of the subsystem is fixed, the effective temperature gets no
correction and then the first law-like relation of the dual CFT becomes an inequality due to the fact
that the second order correction to the energy always vanishes while the corresponding correction to
the second order HEE is usually negative. In addition, the HEE is shown to be naturally bounded
(an upper bound) at the second order perturbations by the requirement that the CCC holds for
the bulk black hole and S < 0 for the first two examples. An exception appeared in the charged
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non-rotating black hole in AAdSs spacetime showed that the second order HEE is not always
negative due the Weyl anomaly of the background U(1) gauge field. The anomalous contribution
to the HEE can also be seem from the Euclidean form of the renormalized effective action of the
theory. The phenomenon observed in the charged AdSs black hole case indicates that the CCC
which is associated with classical symmetries of the bulk theory, is not adequate to constrain the
second order HEE S < 0 in the presence of the gravitational anomaly. Nevertheless, the deep
connection between the CCC of the bulk black hole and the entropy bound for the dual CFT
requires further study.

We need to emphasize that since all of the perturbations (metric and world-sheet) are known
from the starting point, so there is actually “no” dynamics for those perturbations in our calcula-
tions (for “no” dynamics we mean that we don’t need to solve the EoMs to obtain the solutions in
the present cases). In order to study the second order dynamics of the HEE, we need to consider
the fluctuations from the bulk black brane, and then solve the EoMs for the bulk minimal surface
and the perturbed Einstein equation at second order. From the field/operator duality and the
structure of the area functional eq.(II]), one can see that it includes the contributions from the
two-point correlation function of some quasi-local stress tensor, e.g., (T(l)T(1)> on the minimal sur-
face. Therefore, it would be interesting to take the bulk minimal surface as an additional boundary
for the bulk spacetime and calculate the quasi-local stress tensor on it, we will study this issue in
another paper. Moreover, the expansion in terms of the conserved charges is actually related to
the Fefferman-Graham expansion, using this property, our method can also be utilized to study

the dynamics of HEE with excited states in the asymptotically AdS spacetime.
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Appendix A: Estimation of the positive term in second order HEE

Recall that the total renormalized effective action Iy can be expanded as
0 1 _ _ 1 _ - e
liotal = It(ot)al + 5/ \% _gd2x<TMV>total(Sg'uy + _/\/ —gd2x/v _g/dzx/<TuV>tOtal<Taﬁ>total(sg‘uyégaﬁ

/\/ d x( >tota15A /\/ d2 /\/ d2 total J >total§A(0)M§A(0)V + -
(A1)

(0) 9sQ

where 1 )1 is the zeroth order contribution of Iliota, Ay’ = 7% (5t is the source term of the

tota
boundary U(1) gauge field and 5AELO) is proportional to the expectation value of the boundary
current (J),)¢otal, in which
1 5Itotal

N 5A

. . Q (0)t t Q 2
Wthh gives <Jt>tota1 m and then Jt>tota15A <Jt>tota1 <J >t0tal = — (m) .

To calculate the entanglement entropy of the boundary CFT, we can apply the off-shell Eu-
clidean path integral approach @ l g

induces a Weyl transformation g,, — n g/w = (1+¢)? G on the AdS boundary, where € is an

(Ju>total (AQ)

the replica trick, i.e., the n-copy of the boundary CFT

infinitesimal real parameter. Then the entanglement entropy of the subsystem A is computed by

. 0
Sy = lim <1 - na—n> ( Itotal) (A3)

e—0

where the Euclidean version of IZ —iliota1 in which ¢ — —i7. It turns out that the term

total

<T>(\2)’\> in eq.([8)) will contribute a term =3 % =5 to If: Consequently, it contribute a positive

otal*

term to the HEE at second order low-energy perturbations.
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