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Abstract

We derive a new variational principle and a new multisymplectic formulation for a family of
equations defined on the Virasoro-Bott group using the inverse map (also called ‘back-to-labels’
map). This family contains as special cases the well-known Korteweg-de Vries, Camassa-Holm,
and Hunter-Saxton equations.

1 Introduction

The family of equations

a(ug + 3utg) — B(Ugpt + 2Uglpy + Ulgyy ) + Alggy = 0, (1.1)

where a, «, [ are real nonnegative parameters, was introduced in [29] as equations of the geodesic
flow associated to different right-invariant metrics on the Virasoro-Bott group (see also [30], [38]).
Various hydrodynamical approximations are special cases of (1.1): for a =1 and 8 = 0 it becomes
the Korteweg-de Vries equation ([31], [16])

Uy + Uy + AUy = 0, (1.2)

whereas for & = 5 =1 we obtain the Camassa-Holm equation ([8], [9], [23])

U — Uggt + SUUL — 2UgpUpy — Ulgrs + QUpeg = 0, (1.3)

and for « =0 and 5 =1 we get the Hunter-Saxton equation ([26], [27])
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Uppt + 2UgUpy + Ulgpy — OUgpg = 0. (1.4)

The main goal of this paper is to derive a new canonical variational principle for the family of
equations (1.1), and further determine their new multisymplectic formulation. By doing so, we
obtain unified variational and multisymplectic characterizations of the well-known KdV, CH, and
HS equations.

Variational principles have proved extremely useful in the study of nonlinear evolution PDEs.
For instance, they often provide physical insights into the considered problem, facilitate finding
conserved quantities by relating them to symmetries via Noether’s theorem, allow one to determine
approximate solutions to PDEs by minimizing the action functional over a class of test functions
(see, e.g., [11]), and provide a way to construct a class of numerical methods called variational
integrators (see [35], [36]). A canonical variational principle for the KdV equation expressed in
terms of the velocity potential was first proposed by Whitham [47]; see also [11], [16], [28], [34].
In fact, there is an infinite family of such Lagrangians, as shown by Nutku [41]. Two canonical
variational principles for the dispersionless CH equation (a = 0) were introduced in [12] and [32].
Two variational structures are also known for the HS equation with a =0 (see [1], [26], [27]).

Multisymplectic structures of Hamiltonian PDEs were first considered by Bridges [5] as a nat-
ural generalization of the symplectic structure of Hamiltonian ODEs. Among other applications,
multisymplectic formalism is useful for, e.g., the stability analysis of water waves (see [5], [6]) or
construction of a class of numerical methods known as multisymplectic integrators (see |7], [35]). It
was observed in the literature that similar to symplectic integrators for Hamiltonian ODEs, multi-
symplectic integrators demonstrate superior performance in capturing long time dynamics of PDEs
(see [40]). To the best of our knowledge, only one multisymplectic formulation of the KdV equation
has been considered so far (see [6], [50]). Four different multisymplectic formulations are known
for the dispersionless CH equation (see [10], [12], [32]). Two multisymplectic structures for the HS
equation with a = 0 were described in [39].

Main content The main content of the remainder of this paper is, as follows.

In Section 2 we review the Fuler-Poincaré theory on the Virasoro-Bott group and then construct
a new canonical variational principle in terms of the inverse map. The main results of this
section are Theorem 2.2 and the variational principle (2.24).

In Section 3 we derive the multisymplectic form formula associated with our variational principle
and then deduce a new multisymplectic formulation of the family of equations (1.1). The
main result of this section is Theorem 3.1.

Section 4 contains the summary of our work and the discussion of the directions in which it can
be extended.

2 The inverse map and Clebsch representation

Equation (1.1) was first introduced in the Lie-Poisson context (see [29], [30], [38]). In this section
we take the Lagrangian point of view and formulate (1.1) as the Euler-Poincaré equation on the
Virasoro-Bott group. Further, we construct a canonical variational principle that will later allow us
to determine a multisymplectic formulation of (1.1).



2.1 Euler-Poincaré equation on the Virasoro-Bott group

Let S' = R/27Z = {0 € [0,27)} denote the circle group, and let Diff(S') be the diffeomorphism group
of S'. The tangent bundles can be identified as T'S' = S x R and TDiff(S') = Diff(S1) x X(S1),
where X(S1) = {x : S — R} is the set of all smooth vector fields on S'. In particular, the Lie
algebra of S' is R, and the Lie algebra of Diff(S!) is X(S*). The Virasoro-Bott group is the central
extension Diff(S') = Diff(S') x S* with the group operation

(¥1,01) - (2, 02) = (1 0 Yo, B(¢h1,1b2) + 61 + 02), (2.1)
where the 2-cocycle B(v1,12) is given by
1 ()1 0 2) Oty
B(41,92) = 3 fsl log o dlog D (2.2)

The tangent bundle of the Virasoro-Bott group is TDiff(S') = Diff(S!) x X(S") x R. The Virasoro
algebra vit is the Lie algebra of the Virasoro-Bott group and can be identified as vit = X(S1) x R.
The Lie algebra bracket (or adjoint action) on vit is given by

ad (y,q) (v, 0) = [(u, a), (v, b)] = ( — UV + Uz, Ll Ug Vg dx) (2.3)

for (u,a), (v,b) € vir. Identify the dual of vit with vir by the L? inner product

((u,a), (v,b)) = ab+ /;1 uv dx. (2.4)

With respect to this inner product the coadjoint action adzu a) pit — vir can be represented as

adZu,a) (v,b) = (2vug + vy + bUgyy, 0). (2.5)

For more information on the Virasoro-Bott group and the Virasoro algebra we refer the reader to
[30] and [34].

Suppose a Lagrangian system is defined on T[ﬁ(sl) by specifying the right-invariant La-
grangian L : TDiff(S') — R. Rather then on the full tangent bundle, the dynamics of such a
system can be analyzed on the Lie algebra vir via the process called Euler-Poincaré reduction (see
[24], [34]). We consider the reduced Lagrangian ¢ : vit — R defined by ¢(u,a) = L(id,0,u,a) and
the reduced variational principle

f u(t),a(t))d (2.6)

using variations of the form §(u,a) = a(v,b) - [(u,a),(v,b)], where (v(t),b(t)) vanish at the
endpoints. This variational principle leads to the Euler-Poincaré equation

d &t . 50

———+ad ——F =0 2.7
dt 6(u,a) e WD) §(u,a) (27)

where the variational derivatives and the coadjoint action are computed with respect to the inner
product (2.4). Below we demonstrate that (1.1) can be written as the Euler-Poincaré equation.



Theorem 2.1. Let the reduced Lagrangian be defined as

1 1
U(u,a) = §a2 5 Ja (au® + Bui) dx, (2.8)

where o, B > 0. Then the corresponding Euler-Poincaré equations take the form

da
— =0,
dt

a(ug + 3utg) — B(Ugzt + 2Ugplpy + Ulgyy ) + Alggy = 0. (2.9)

Proof. The case a =1 and § = 0is shown in [34]. The case a, 8 > 0 is a straightforward generalization.
O

The first equation in (2.9) implies a = const, and therefore the second equation is equivalent to (1.1).

2.2 Reconstruction equations and the inverse map

A solution (u(t),a(t)) of (2.7) describes the evolution of the (right-invariant) Lagrangian system in
the Virasoro algebra vir. One can reconstruct the evolution on the whole Virasoro-Bott group by
finding a curve (¢(t),0(t)) € Diff(S') which right-translates its tangent vector back to (u(t),a(t)),
i.e., in short-hand notation (u(t),a(t)) = (¥(t),0(t)) - (¢¥(t),0(¢))"". More precisely,

(u(t),a(t)) 2 (id, 0,u(t), a(t)) = Tepqy 00 R (t),-00ty) - (), (), (1), 6(1)), (2.10)

where R denotes right translation on the Virasoro-Bott group and T'R its tangent lift (see [24], [34]).
By using (2.1) and (2.2), we obtain the reconstruction equations

u(t) =d(t) o (t),
a(t) = 0(t) + % B(v(s), v (1)). (2.11)

s=t

In the context of incompressible fluid dynamics, a time-dependent diffeomorphism () € Diff(S*)
maps some reference configuration to the fluid domain at each instant of time, i.e., (¢, X) rep-
resents the position at time ¢ of the fluid particle labeled by X. On the other hand, the inverse
map [(t) = ¢! (t) maps from the current configuration of the fluid to the reference configuration,
i.e., l(x,t) is the label of the fluid particle occupying the position x at time ¢. The Eulerian veloc-
ity field u(x,t) gives the velocity of the fluid particle that occupies the position x at time ¢, i.e.,
¥(X,t) = u(y(X,t),t). This is precisely the meaning of the first of the reconstruction equations in
(2.11). It will be convenient for us to rewrite the reconstruction equations in terms of the inverse
map. One can check via a straightforward calculation that the first equation in (2.11) is equivalent
to

Iy +uly = 0. (2.12)



Using the definition of the 2-cocycle (2.2), we further calculate

L By(s), v (1) =

ds st

1 oWt oy (®) . oy l(t)
2 S1 ox dlog ox

1
- Efsl ug dlogly (2.13)
1 Uglyy
= — —_— "r’
2Js1

where in the second equality we used the first reconstruction equation in (2.11) and the definition
of the inverse map. Therefore, the reconstruction equations in terms of the inverse map take the
form

lt + le = 0,
1 Uglye

a(t) = 0(t) + 5 Jo o de (2.14)

Given a solution (u(t),a(t)) of (2.7), one can easily solve (2.14) for I(x,t) and 6(¢).

2.3 Clebsch variational principle
2.3.1 General reduced Lagrangian

As discussed in Section 2.1, Equation (1.1) has an underlying variational structure. However, the
Euler-Poincaré variational principle (2.6) imposes constraints on the variations of the functions u
and a, which may be inconvenient in some applications, for instance, when one is interested in
deriving variational integrators, or determining the underlying multisymplectic structure, as is our
goal in this work. Omne can circumvent this issue by considering an augmented action functional
which includes the reconstruction equations as constraints. This idea was formalized in the context
of variational Lie group integrators in [4]. The idea of using the inverse map [(z,t) (also called
‘back-to-labels’ map) and the advection condition (2.12) appeared in [20], and was later used in [12]
to construct multisymplectic formulations of a class of fluid dynamics equations. We extend these
ideas to systems defined on the Virasoro-Bott group.

The Clebsch variational principle (also known as the Hamilton-Pontryagin principle) enforces
stationarity of the action S = [ ¢(u,a)dt under the constraint that the reconstruction equations
(2.14) are satisfied. Define the augmented action functional

t t t ; 1 Uglyy
S[u,a,z,e,w,A]zft e(u,a)dmft fsl Tr(zt+uzx)d:cdt+ft A 0—a+§/51l—d:z dt, (2.15)

a

where 7 = 7(z,t) and A = A(t) are Lagrange multipliers, and consider the variational principle

55 =0 (2.16)



with respect to arbitrary variations du, da, dm, 0\, and vanishing endpoint variations dl and §6, i.e.,
Ol(x,tg) = dl(x,tp) = 96(ts) = 60(tp) = 0. The resulting Euler-Lagrange equations are

60: A=0, (2.17a)
sa: A= 2w (2.17b)
Oa

OA: =a-= dx, (2.17¢)

2Js1 1,

5(u,a) 1.0 lys
gu: D g i e 2.17d
S T W (2.17d)
om:  li+uly =0, (2.17¢)
0 1. ugy

: 9 [y = L\ Yz ) _ 92.17f
dl 7rt+ax(7ru 2)\ L ) 0, (2.17f)

60 _ (ot ot
where o(u,a) — ((5u’ Oa

equivalent to the dynamics generated by the Euler-Poincaré equation (2.7).

). We will now show that the dynamics generated by the system (2.17) are

Theorem 2.2. Suppose the functions u(x,t), a(t), l(x,t), 0(t), w(x,t), and A\(t) satisfy the Fuler-
Lagrange equations (2.17). Then the functions u(x,t) and a(t) satisfy the Euler-Poincaré equation
(2.7).
Proof. Let (w,c) be an arbitrary element of the Virasoro algebra vit. Let us calculate

d o 0 o o ol

L - L wde+ [ 2. 2.18

(dta(u,a)’(w’c)> [ql(atau) Y “(ataa) © (2.18)

where the inner product (-,-) was defined in (2.4). By using (2.17a), (2.17b), and (2.17¢), we further
have

d ol 0 (1,0 Iy
(E—(S(u’a)?(w’c))_‘[sl&(iAag_ﬂ-lw) wdzx

_ 1 0 ltmxla: - la:xlt:v
_[Sl(ﬁ)\%T—ml:ﬂ—ﬂ'lm)'wda@. (2.19)

We now use (2.17¢) and (2.17f) to eliminate the time derivatives in the integrand, which yields

d 6t 1.0 o (uly) +log 2 (uly) 1 uge) O
<E—5(u7a),(w,0)>—];1 I:i)\% l% +ll«£ Wu—é)\? +7T%(ulx) ‘wdx.

(2.20)

Note that the expression A contains the functions u, [, 7w, A, and their spatial derivatives. On the
other hand we have



Y.
ad(uya) m, (w, C))

f Q%U +u£%+%u -wdx
st ou " drdu  da "

0 lyw O (1, 0l

B

where in the first equality we used (2.5), and in the second equality we used (2.17b) and (2.17d).
Note that the expression B contains the functions u, I, w, A, and their spatial derivatives. After
rather tedious, albeit straightforward algebraic manipulations we find that A + B = 0. Therefore,
we have that for all (w, c) € vit

d ot Y4
R o7 =0 2.22
dt 6(u,a) ra ) §(u,a)’ (w;) ’ (222)

which completes the proof, since the inner product is nondegenerate.

2.3.2 Separable reduced Lagrangian

The variational principle (2.16) simplifies significantly when one considers separable Lagrangians of
the form

l(u,a) = %a2+l7(u). (2.23)

In that case Equations (2.17a) and (2.17b) imply A = a = const. Treating a as a constant, we can
eliminate the variables # and A from the action functional (2.15). Consider the action functional

o~ a Uglyy b
S[u,l,ﬂ]—[a (z(u)+§fslex)dt+fta [Slﬂ(lt+ulx)dxdt. (2.24)

The stationarity condition 4.5 = 0 with respect to arbitrary variations du, 7, and vanishing endpoint
variations 4/, yields the Euler-Lagrange equations

e Iy = ———, 2.2
“ ou i 20x (2.252)
St L +uly =0, (2.25b)
0 a Ugy
: — -——=1=0. 2.2
ol: m+ 5 (7ru >, ) 0 (2.25¢)

It is straightforward to see that the system (2.17) reduces to (2.25) for Lagrangians of the form
(2.23).



Remark. The action functional (2.24) provides a new variational formulation for Equation (1.1)
when the Lagrangian (2.8) is considered. For a = 0 this action functional reduces to the action
functional for the dispersionless CH equation (o = 8 = 1) introduced in [12] and one of the action
functionals for the HS equation (o =0 and 3 = 1) described in [27]. For o =1 and § =a =0 we also
get a variational principle for Burgers’ equation.

3 Inverse map multisymplectic formulation

The action functional and variational principle introduced in Section 2.3.2 allow the identification
and analysis of a new multisymplectic formulation of the family of equations (1.1). Multisymplectic
geometry provides a covariant formalism for the study of field theories in which time and space are
treated on equal footing. Multisymplectic formalism is useful for, e.g., the stability analysis of water
waves (see [5], [6]) or construction of structure-preserving numerical algorithms (see [7], [35]). The
multisymplectic form formula was first proved by Marsden & Patrick & Shkoller [35] and provides
an intrinsic and covariant description of the conservation of symplecticity law, first introduced by
Bridges [5] in the context of multisymplectic Hamiltonian PDEs. In Section 3.1 we review the
multisymplectic geometry formalism and derive the multisymplectic form formula associated with
(2.24). We further make a connection with Bridges’ approach to multisymplecticity in Section 3.2
and determine a multisymplectic Hamiltonian form of the Euler-Lagrange equations (2.25).

3.1 Multisymplectic form formula and conservation of symplecticity

The multisymplectic form formula is the multisymplectic counterpart of the fact that in finite-
dimensional mechanics, the flow of a mechanical system consists of symplectic maps. It was first
proved for first-order field theories in [35], and later generalized to second-order field theories in
[32]. Since the field theory described by the action functional (2.24) with the Lagrangian (2.8) is
second-order, we follow the theory developed in [32]. For the convenience of the reader, below we
briefly review multisymplectic geometry and jet bundle formalism necessary for our discussion.

Let X = S x R represent spacetime and denote the local coordinates by (z#) = (2!,2°), where
! = z is the spatial coordinate and 20 = t is time. Define the configuration fiber bundle 7xy :
Y — X as Y = X x S x R x R. Denote the fiber coordinates by (y?) = (y', 4%, v%) with y' =,
y? = u, and y® = 7. Physical fields are sections of the configuration bundle, that is, continuous
maps ¢ : X — Y such that 7xy o ¢ =idx. In the coordinates (a;“,yA) a field ¢ is represented as
o(z,t) = (x“,gi)A(x”)) = (z,t,l(z,t),u(x,t), 7(x,1)).

For a k-th order field theory, the evolution of the field takes place on the k-th jet bundle J*Y.
The first jet bundle J'Y is the affine bundle over Y with the fibers JyIY defined as

JY ={0: T X > T,Y | Trxy od =idr, , x | (3.1)

for y € Y(, 1), where the linear maps ¢ represent the tangent mappings 7\, ;)¢ for local sections ¢
such that ¢(z,t) = y. The local coordinates (z*,y?) on Y induce the coordinates (x“,yA,vAu) on
JYY . Intuitively, the first jet bundle consists of the configuration bundle Y, and of the first partial
derivatives of the field variables with respect to the independent variables. We can think of J'Y as
a fiber bundle over X. Given a section ¢: X — Y, we can define its first jet prolongation



il X 5 (z,t) — Tppnd e J'Y, (3.2)

in coordinates given by

J o) - (x“ oA (a), (33

6¢A( ))
which is a section of the fiber bundle J'Y over X. For higher-order field theories we consider higher-
order jet bundles, defined iteratively by J**'Y = J1(J*Y"). We denote the local coordinates on J2Y
by (z*,y4, UAH, W) The second jet prolongation j2¢ : X — J?Y is given in coordinates by
2o(ah) = (x*, ¢, 097 [0z, 0% |02 DY), Let (at,y?, AW, WU) denote the coordinates
on J3Y. The third jet prolongation j3¢ is defined snmlar to jlgb and j2¢. For more information
about the geometry of jet bundles see [43] and [19].

In the jet bundle formalism introduced above, the action functional (2.24) with the reduced
Lagrangian (2.8) can be written as

- fuﬁ(fqb) &z, (3.4)

where U = St x [tq,tp], d*x = dx A dt, and the Lagrangian density £: J?Y — R is

2 .1
§(021)2+ aviw

1

A A A Q942
E(xuvy 7v;uw;u/):§(y ) +
Hamilton’s variational principle seeks fields ¢(x,t) that extremize S, that is,

d

A —
5 )\_OS[UY °¢]=0 (3.6)

for all 77)/\/ that keep the boundary conditions on OU fixed, where 77{\/ Y — Y is the flow of a
vertical vector field V' on Y. This leads to the FEuler-Lagrange equations

82
LR e A E) B et P e ) R 37)

pv

where Einstein’s summation convention is used. With the Lagrangian density (3.5), these Euler-
Lagrange equations take the form (2.25). For more information on multisymplectic geometry and
jet bundle setting of field theories see [18], [19], [32], and [35].

For a second-order field theory, the multisymplectic structure is defined on J3Y (see [32]). Given
the Lagrangian density £ one can define the Cartan 2-form ©, on J3Y, in local coordinates given
by

oL oL A oL A
Gﬁz(ﬂ_Dy(aT%))dy /\d.’E'u-i-aw—Aylud’U V/\d.%'”
oL A oL A oL A 2
’ (E_ o, " D”(awf‘,w)v T ”“)d o )



where dx,, = 0, 1 d*z, i.e., drvg = —dx and dx; = dt, and the formal partial derivative in the direction
z¥ of a function f:J?Y — R is defined in coordinates as

f af A 8f A 8f SA ) (39)

Vf_ 3y av +8v 8w i

For the Lagrangian density (3.5), the Cartan form is

2 1
O =—y3dy' ndz + ysyz—gg dy' Adt + Bv21+g@ dy? A dt
2 vy 2 vy

av? a B
+§;d’0 1/\dt+(§(y2)2_§(v21)2_ 9 'Ull + 2’LU 1)d$/\dt (310)

The multisymplectic 3-form {2, is then defined as the exterior derivative of the Cartan form:

2
Qp=dO,= dyt ndy® ndz — Pdyt Ady? Adt — yPdyt Ady® Adt - g(wl )Qdy Advty Adt
a
+ 21) 1dy Adw? Adt — Bdy® Adv*) Adt + 5( T )2dy Advty Adt
_ a 1 2 252
dy? Adw' | Adt - —dvy Advty AdE + ay dy® Ade Adi
21)1 2vY
~ (2 “wl dv? Ad:r:/\dt+—v21 Ldvl, A da A dt
i 20 1 ! 2 (v 1)2 !
CLU2
- §U—dw uAdeadt + —dw 11 Adx Adt. (3.11)
1

Let P be the set of solutions of the Euler-Lagrange equations, that is, the set of sections ¢ satisfying
(3.6) or (3.7). For a given ¢ € P, let F be the set of first variations, that is, the set of vector fields V'
on Y such that (x,t) - 1§, o¢(x,t) is also a solution, where 7§ is the flow of V. The multisymplectic
form formula for second-order field theories (see [32]) states that if ¢ € P then for all V and W in
f?

) (VW aac) =0, (3.12)

where (j3¢)* denotes the pull-back by the mapping j3¢, and j3V is the third jet prolongation of
V, that is, the vector field on J®Y whose flow is the third jet prolongation of the flow ny for V', ie.,

70 (3.13)

Consider two arbitrary first variation vector fields V, W, in the local coordinates (z*,y4) repre-
sented by (VF(z*,y?), VA(z",y1)) and (WH(zH,y2), WA (z",y?)), respectively. Let us work out
the form of the formula (3.11) for 7xy-vertical first variations, i.e., V4 (zH,y4) = WH(z*,y?) = 0.

10



Denote the components of j3V as (0,V4, V‘:‘b, V‘?W, V’;‘WU), and similarly for j3W. The multisym-
plectic form formula then becomes

fau _F(x,t)dz + Gz, ) dt = 0, (3.14)

with

F(xz,t) =-WW3+ w3y,
Gz, t) =—n(WWV2 W2V —u(WV3 - w3Vl -

a Ugy

5 l_Q(lell _ W11V1)

a alps
o WV =WV = BOVIVE = WAV + 2= (WHV - WHV)
-5 WPV =W V) - o (WY - WA V), (3.15)

where the vector components are evaluated at j3¢(x,t). By applying Stokes’ theorem and using
the fact that U is arbitrary, the multisymplectic form formula (3.14) can be rewritten equivalently
as the conservation law

0 0
—F(z,t) + — t)=0. d

This kind of a conservation law was first considered by Bridges [5]. In Section 3.2 we make a
further connection with Bridges’ theory and find a multisymplectic PDE form of the Euler-Lagrange
equations (2.25).

3.2 Multisymplectic Hamiltonian PDE formulation

Bridges [5] introduced the notion of multisymplecticity by generalizing the notion of Hamiltonian
systems to Partial Differential Equations (PDEs). A multisymplectic structure (M,w, k) consists
of the phase space M =R", and pre-symplectic 2-forms w and k, where pre-symplectic means that
the 2-forms are closed, but not necessarily nondegenerate. A multisymplectic Hamiltonian system
is a PDE of the form

M(2)z + K(2)z, = VH(2), (3.17)

where z: X 5 (z,t) — z(x,t) € M is a function of the spacetime variables z and ¢, H : M — R is
the Hamiltonian, and M (z), K(z) are n x n antisymmetric matrices defined by

w(W, V)= (M)W, V), KW, V) = (K(:)W,V) ., (3.18)

where V', W are arbitrary vector fields on M, and (-,-) o is the standard Euclidean inner product
on M =R"

We will use the multisymplectic form formula (3.14) to deduce the multisymplectic Hamilto-
nian PDE form (3.17) of the Euler-Lagrange equations (2.25). We note that for a > 0 the vector

components that appear in (3.15) only correspond to the 7 coordinate directions y', y2, 3, vll,

11



v?, why, w?, on J?Y. We will therefore consider M = R” and denote the coordinates on M as
(l,u,m, A, ©,=,1T). Define the projection map

A A A A
FL:J*Y 5 (zt,y*, v W s 8 we) — ('t 92,02, vl 0% wly w?y) e M. (3.19)

The suitable entries for the matrices M (z) and K(z) can be read off from (3.15) as

0010000 0 T ou §x5 00 5%

0 00O0O0O0O0 -m 0 0 -%5 B % 0

-1 0 0000 0 - 0 0 0 0 0 0
M=[0 0000 0 0], K()=|-4% 45 0 0 5% 0 0 (3.20)

0000000 0 -8B 0 -5% 0 0 0

0 00O0O0O0O0 0 5% 0 0 0 0 0

0 00O0O0O0O0 & 0 0 0 0 0 0

With that choice, we have F(z,t) = w(W,V) and G(x,t) = (W, V), where W = TFL - j3W and
V =TFL-j3V. The Hamiltonian H can be read off from the dzx A dt term in (3.10) as

a B a®Z a
H(z)=—u?-520%-——— +_IL 3.21
(=30 "39"33 *3 (3:21)
Below we show that the Euler-Lagrange equations (2.25) indeed can be given the multisymplectic

structure (3.17).

Theorem 3.1. Suppose a > 0. Then the Euler-Lagrange equations (2.25) with the Lagrangian (2.8)
are equivalent to the multisymplectic Hamiltonian system (3.17) with the matrices (3.20) and the
Hamiltonian (3.21). That is, if ¢(x,t) = (z,t,l(x,t),u(z,t),7(x,t)) is a solution of (2.25), then
2(z,t) =FLoj3¢(x,t) is a solution of (3.17), and conversely, if z(x,t) is a solution of (3.17), then
o(x,t) = (z,t, 21(x,t), 22(x, t), 23(x, t)) = (x,t,1(z,t),u(z,t),7(x,t)) is a solution of (2.25).

Proof. Substituting (3.20) and (3.21) in (3.17) yields the system of equations

II a

T+ TUL + U, + gFA;E - ﬁﬂx = 0, (322&)
-2 E AL 150, + -1 5, — au (3.22b)
T A2TT TUoATE T '

Iy —uly =0, (3.22¢)
a II a = a a O=
eyt —— Uyt — Oy = ——— 22d
VN YRR TN WY (3.22d)
a a=
—Buy - —N, =-BO - =, 3.22
Bu oA B 5 A (3.22e)
a a®
8 =22 22f
AT oA (3.226)
a a
— = —. 3.22
A T 9 (3.22g)

Equation (3.22g) implies A =1, and Equation (3.22f) implies © = u,. Then, Equations (3.22e) and
(3.22d) imply = = I, and II = wuy,, respectively. By substituting these identities in the remaining

12



equations (3.22a)-(3.22¢), we obtain a system equivalent to (2.25), which completes the proof.
O

Bridges [5] showed that the conservation of symplecticity law

0 - - J - -
il —_ = 2
6tw(VV,V) + BxH(W’V) 0 (3.23)

is satisfied for solutions z(x,t) of (3.17), where W, V are arbitrary first variations of z(x,t). Thisis
an equivalent statement of (3.16), since if W and V' are first variations for (3.7), then W = TFL- 7w
and V = TFL - j3V are first variations for (3.17).

Remark. Equations (3.17), (3.20), and (3.21) provide a new multisymplectic formulation for the
family of equations (1.1) with a > 0. For a = 0 several special cases can be obtained. If § > 0, then
Equations (3.22d), (3.22f), and (3.22g) become trivial, and it is enough to consider the variables
z = (l,u,m,0). The matrices M and K then take the form

0 01 0 0 7 u 0
o o000 |-= 0 0 8

M=1_4 ¢ 0 ol E)=_, o o of (3.24)
0 00 0 0 -8 0 0

and the Hamiltonian becomes H(z) = %u2 - g@Q. For a = 8 =1 this reproduces the multisyplectic
structure for the dispersionless CH equation found in [12], and for a = 0, § = 1 we obtain a new mul-
tisymplectic formulation of the HS equation with a = 0. If in addition 8 =0, then Equation (3.22e)
also becomes trivial, and a further simplification is possible: we consider the variables z = (I, u, )
with the matrices

0 0 1 0 7 u
M=]10 0 0], K(z)=|l-= 0 0], (3.25)
-1 0 0 -4 0 O

and the Hamiltonian H(z) = %uQ. This provides a multisymplectic formulation for Burgers’ equa-
tion.

4 Summary and future work

In this paper we have introduced a new type of Clebsch representation that extends the previous
general formulation for fluid dynamics in Cotter, Holm & Hydon [12] to the case when the group
actions governing Lagrangian fluid paths include 2-cocycles. Physically, this means that linear
dispersion with third order spatial derivatives can be included, as required for investigating the
multisymplectic structures of the Korteweg-de Vries, Camassa-Holm, and Hunter-Saxton equations.
Moreover, the multisymplectic form formula was shown to persist and derived explicitly for this
important class of equations, by using our new type of Clebsch representation, derived as the
momentum map associated with particle relabeling with group actions which include 2-cocycles.
In addition, symplecticity was found to be conserved in this new class of flows. Consequently,
new types of structure-preserving numerics for soliton equations with linear dispersion can now
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be developed. Multisymplectic integrators are methods that preserve a discrete version of the
symplectic conservation law (3.23). There is numerical evidence that these schemes locally conserve
energy and momentum remarkably well (see, e.g., [2], [3], [7], [10], [39], [46], [48], [49], [50]), which is
a much stronger property than merely global conservation over the whole spatial domain (see [37]).
Variational integrators are based on discrete variational principles and provide a natural framework
for the discretization of Lagrangian systems (see, e.g., 33|, [35], [36], [42], [44], [45]). A discrete
action functional can be obtained by discretizing the functional (2.24) on a spacetime mesh. A
variational numerical scheme is then derived by extremizing the discrete action with respect to the
discrete set of the values of the fields [, u, and 7. Variational integrators satisfy a discrete version
of the multisymplectic form formula (3.12), and are therefore multisymplectic. Moreover, in the
presence of a symmetry, they satisfy a discrete version of Noether’s theorem, as a consequence of
which they retain exactly some of the conservation laws of the continuous system.

Furthermore, the new type of Clebsch momentum map admits a new type of interplay among
nonlinearity, dispersion and noise. This opens a new class of problems based on dynamics of
‘wobbling’ solitons governed by SPDEs with stochastic mass/label transport. Consider a stochastic
deformation of the action functional (2.24) such that the velocity field u in the reconstruction
equation (2.12) is replaced with u + &(z) o W (t), where W (t) denotes the white noise and the
prescribed function &(z) represents the spatial correlations of the noise. The action functional
(2.24) then takes the form

Lal= oy + & [ %l g0) g " olodl+ul,d lod d
S[u, ’”]‘[ta z(u)+§fslT . t+[51[tu w( o di+uly dt +€(x)lp 0 dW (1)) dx, (4.1)

where W (t) is the standard Wiener process, and o denotes Stratonovich integration. This kind of
stochastic deformations has been proposed for the Camassa-Holm equation, electromagnetic field
equations, and fluid dynamics equations (see [13], [14], [15], [17], [21], [22], [25]), and appears
to retain a number of the properties of the unperturbed equations, such as soliton solutions of
the Camassa-Holm equation or the Kelvin circulation theorem for fluid dynamics. In particular, for
certain functional forms of £(x), the introduction of this type of noise can preserve the deterministic
isospectral problem and thereby produce stochastic inverse scattering methods for determining the
soliton solutions of SPDEs. It would therefore be of interest to investigate the effects of the stochastic
term in (4.1) on the dynamics of the KdV, CH, and HS equations, and construct related stochastic
variational and multisymplectic integrators.
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