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Abstract

We first perform bosonic T-duality transformation on one of the marginal TsT (T-duality,
shift, T-duality)-deformed AdSs x S5 spacetime, which corresponds to 4D N = 4 non-
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mation. The final dual geometry becomes the usual AdS5 x S5 but with the constant NS-NS
B-field depending on the non-commutative parameter. As applications, we study the gluon
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spacetime, which are dual to the null polygon Wilson loop and the folded string solution
respectively in the final dual geometry.
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1 Introduction

In the past decades, many perturbative and non-perturbative results have been achieved in
the planar limit of A/ = 4 super Yang-Mills theory. See [I] for reviews about the aspects of
spectrum, scattering amplitude and Wilson loop. One of the significant achievements about
scattering amplitude and Wilson loop is made in [2]. It has been shown that n-gluon scattering
amplitude at strong coupling in A/ = 4 SYM can be calculated from the minimal area of
the surface ending on a null n-polygonal Wilson loop at the boundary of AdS space. This
is based on the self-duality of IIB string theory under a certain combination of bosonic and
fermionic T-duality transformations in AdSs x S° spacetime [3/[4], which also explains that the

existence of the dual superconformal symmetry [4]. There are many ways to deform N = 4



SYM. Deformed field theories arising from a new definition of the product of fields in the
Lagrangian, provide an interesting generalization of the gauge/gravity correspondence [5HT].
This is also due to the fact that, on the string theory side, there is a systematic procedure called
the “TsT transformation” (T-duality, shift, T-duality) [8l0]. The most well-known examples are
non-commutative deformation [I0H12], S-deformation [13] and “dipole deformation” [14HI7] of
AdSs x S° spacetime. A good summary can be found in [I8], see also the reference therein.

We mainly focus on the holography dual of scattering amplitudes and Wilson loop opera-
tors in /' = 4 non-commutative super Yang-Mills theory (NCSYM). In [19], the author has
holographically studied the planar gluon scattering amplitudes in terms of scattering ampli-
tude/Wilson loop duality 1. However, the fermionic T-duality has not been consider, which
leads to non-constant dilaton and complex field strength.

On the other hand, many works about the fermionic T-duality transform and the scattering
amplitude/Wilson loop duality have been done in the past years [2TH35]4. One of the purposes
of the present work is to present the construction of fermionic T-duality transformation of
the NCAdS background to cancel the non-constant dilaton and the complex field strength, and
corresponding string solutions in the final dual background in more details which are expected to
dual to scattering amplitude. More precisely we first perform bosonic T-duality transformation
on the NCAdS background, and construct the solution to killing spinor equations of the resulting
background. We then perform the fermionic T-duality transformation, and find the final dual
background which is expected to be equivalent with the NCAdS background. In the final dual
background, we construct the solution with proper boundary conditions which is expected to
be holographic dual of gluon amplitude in NCSYM. Further, a motivation [36] to explore the
relation between closed and open strings in AdS leads us to construct the open string solution
(Wilson loop) ending at the boundary of NCAdS, which dual to closed string in the final dual
background. This would be important in the study of the closed and open strings relation and
the corresponding observables in NCSYM.

The layout of this paper is as follows. In sec2, we first review the TsT transformation of
AdSs x S5 spacetime (NCAdS spacetime) which corresponds to the non-commutative A = 4

Super Yang-Mills theory. We then perform certain bosonic and fermionic T-dual transformations

3See [20] for a special scattering amplitudes amplitude in the finite temperature regime of non-commutative
Tang-mills theory.
“These works [2TH29] are focus on the ABJM theory and the other works [30-35] study the A" = 4 SYM theory.



on the NCAdS background, and obtain a simplified gravity background. In secBl we study the
scattering amplitudes in NCSYM by using the solutions in the simplified gravity background.
In secH] we construct the open string solution in the NCAdS background, which is dual to the
folded string solution in the simplified gravity background. Finally, we devote to the conclusions
and discussions and also mention the future problems. In appendices, we would like to list some

techniques and Elliptic functions which are very useful in our analysis.

2 TsT deformed AdS; x S° spacetime and their T-duality trans-
formations

The gravity dual of non-commutative gauge theory in [I0/TT] can be generated from the AdSsx S°
spacetime by using TsT deformation (z?, x2)q/, which stands the T-dualizing ! — z}, shift 22
by 22 +~x}, then T-dualizing back z} — x! [§], where /' (1 = 0, 1,2, 3) is the coordinate T-dual
to z# and 7 is the constant deformation parameter.

By applying the (2!, 22)., TsT-deformation to AdS5 x S° spacetime, one obtains the following

background:
ds* = R—2 (—dx2 + dx3 + drz) + R—27 (dw% + dx%) + R%ds?;
r2 0 3 r2q + 7215—: S
yRY 1 1 9 1 ( o, R
B = ———dz ANdx*, ¢o=—=log|1+~+v"— ], (2.1)
rt 1 _,_7213_: 92 v
R4
P =0, F3= —47—5dx0 A dz3 A dr,
r
1 1
Fs = —4R'| ——— —da® Ada' Ada® Nda® AN dr + wgs |
14428 r®

where ds? is the metric of the NCAdS background, B is the NS-NS B-field, ¢ is dilaton and F,
F3, F5 are the R-R field strengths.

The dual gauge theory of this background (1)) is defined on the noncommutative spacetime
with noncommutativity parameter [z!, 2%] = i#'2. The constant noncommutativity parameter

612 [37] is associated with the TsT-deformation parameter + as [10]

02 = 21/ (Byo| )t = 2maly. (2.2)

r—00

Then the so called Seiberg-Witten o/ — 0 limit has to be taken with o'~ fixed.



For large r, background (ZIJ) reduce to the original AdSs x S® spacetime. Since the large r
region corresponds to the IR regime of the gauge theory, one expects that the non-commutative
super Yang-Mills theory reduces to the original N = 4 super Yang-Mills theory at IR regime
(long distance). We will study the gluon scattering amplitude at IR regime in section Bl The
background (2ZI]) has boundary at r» = 0. Since G, G2z X 2—22 in the boundary of background
1)), the physical size of 21 and x5 directions shrink [11].

2.1 Bosonic T-duality transform along non-radial directions

The background (2] is invariant under the the shift isometry x# — x* + ¢, where = 0,1,2,3,
c is a constant. We then perform T-duality transform along z!, 22,23, 2% in turn by following

the Buscher rule in appendix [Al The resulting background becomes

2 2
ds'’? = % (—(da’®)? + (da'")? + (dz"®)* + (da'®)?) + f—zdrz + R*ds%s,
BI _ d /1 d /2 / 1 T4
= de Nda?, o =log (7 )
/ R* / /
Fl = —42Fd7"7 F3 = F5 = O, (23)

This background is same as the one obtained from the T-dual transformation of original AdSs

2 23,29 directions but with a constant B-field. We note that the factor i has appeared

along z!, x
in I due to T-dualizing along the time direction 2 [38]. To cancel the dilaton and the complex

field strength, we perform fermionic T-dual transformation on the background (2.3)).

2.2 Fermionic T-duality transform

In this subsection, we perform the fermionic T-duality on the background (Z3]) H Given Killing

spinors (e, €), the fermionic T-duality transform is generated as [39]

0 = GI’yMGJ + é]’yMéJ (2.4)
aMC[J = Qiej’yMGJ (2.5)
~ 1
¢ = ¢+ §Tr(log ) (2.6)
T T~ 3 7 ’ 3 B _
1—66¢Faﬁ = Eeqb F’aﬁ — 6?6?(0 1)]J, (2.7)

®We follow the notation summarized in [39] .



where the indices I, J are the labels of the different Killing spinors, and F' o8 are the R-R fields

in bispinor form

5 3 1 11 4
Fob — (yMyeB 4 g(WMNP)OéﬁFMNP +3 5'( AMNPRRYOS py pop, M =0,1,---,9. (2.8)

FoB and F'*B are also defined in a similar way. Note that the metric and the B-field do not
transform under the above fermionic T-duality. (2.4]) ensures that the fermionic isometry is
abelian and it does not generate further bosonic T-duality transform. The second equation de-
termines the matrix C. In order to do that, we have to find the unbroken supersymmetry in 10D
IIB supergravity, which is generated by the spinor parameters (%, é%) (a,& = 1,...,16). Then
the parameters must satisfy the following equations from the supersymmetry transformation of

two gravitini ¥, Y (M =0,...,9) and two dilatini A, A

o'

Yy = ey MVare— ngF’ Y€ =0, (2.9)
. e &

X M7 e + §7 Fyye =0, (2.10)
oA = eMM'yMaM(ﬁ/e + e 7M3M€ =0, (2.11)
D eMM'yMaM(é’é — ed’lfyMF]'\;Ie =0, (2.12)

where 0 is the supersymmetry variation, Vs is the covariant derivative and ’yM is the 10D
gamma matrices. M is the coordinate of the flat space, and e MN is the the vielbein. From the

dilatino equations ([ZI1]) and (2I2]), € and ¢ are related with
¢ = —ie. (2.13)

Therefore, ([2.4]) is satisfied automatically. Substituting (2I3]) the gravitino equations are sim-
plified as

ex Ve + i%74F217M5 =0. (2.14)
We can find that the M = 2%123 part of ([ZI4) is trivial. To solve the remaining 6D part
(R x S%), it is convenient to rewrite the coordinate as y* (s = 1,2,---,6) with |y| = r. We
decompose SO(9,1) spinor index « into (a'j’,a’j’) as in [4], where o/, @’ = 1,2 are the SO(3,1)
spinor indices and j* = 1,...,4 is the SO(5) spinor index. (¢");x (r = 1,...,6) are the 6D
Pauli matrices. Then ([ZI4)) is solved as

v b ol by N U
€j =1\ 5aM (), €y =0, &; =—ieg; (2.15)



where M]l~/ (y) is the SU(4)/SO(5) matrix rotating the point (0,0,0,0,0,1) on S° to the point
(y1,Y2,Y3,Y4,Y5,Ys)/r. The unprimed indices a, j are regarded as the label of different Killing
spinors corresponding to the label I in (23]). The main difference between our Killing spinor
and the chosen one in [4] is (ZI3). We will show the details of the Killing spinors of original
AdSs x S° spacetime used in [4] in appendix [Bl Then one finds

_%Eab(ar)ﬂf@ (2.16)

. r —1\aj bk
Caj bk — 226ab0jkyr, (C ) J = 7“2 .

To determine the transformation of field strength strength, we use

151 - /1. 1 AN ANS ) 151 /1.1
e (7 MRl = e ()N = = (paa)™ Y. (217)

Writing it in the terms of projection operator %(('Yéiéé — i)’y;l)aﬁ , one finds

- -4 4 . 4 .
A. .
PP = —y i~ 7 issa — i) = g oi332) - (2.18)

R2

Furthermore, using (Z8) one finds the dilaton vanishes ¢ = 0. Introducing z = < and = 2'*,

we then obtain the dual background as

2
49 = T () 4 (A (@) 4 (dF) o+ d) + Rdshs,

= —ydi' NdF?, $=0

. 1
F, = F3=0, F;=—-4R* (—5di°0 AdEY A dE? A did A dz + w55> . (2.19)
z

This is the usual AdSs x S® background but with the constant B-field. One may suspect the
above fermionic T-duality transform because we have performed it in complex background. In
order to resolve this issue, we consider the whole duality transform in reversed order. First,
starting from the background (2.19)), we perform the fermionic T-duality transformation. Since
the background is real and the constant B-field does not contribute to the killing spinor equations,

we can use the same spinors (¢, €) as the ones in [4]
bl T by v i)/l/ - BV
Eaj = ‘/ §5a Mj (y), Eaj = O, Eaj = Zﬁaj . (220)

Then using transformation rules (23]), ([2.6) and (27), we find the field strength and dilaton

change to

/=~ 4 4 ) 4 ~ z
e F = —qoiz31 + E(W()i@ga — i) = iR ¢ = —410g(E)a (2:21)
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where we have rewritten the equations in [4] in our notations. The NS-NS metric and B-field do
not change under this transformation. Writing by using the coordinate r = R;, we can find that
the resulting background coincides with (2.3]). Then performing the bosonic T-duality tranform
along the non-radial directions, we can obtain the NCAdS background (Z1]).

We give comment on this result as following: Note that the final dual background depends
on the choice of killing spinor in (2.5]). However, no matter which set of killing spinors we choose,
the metric and B-field will not change under the fermionic T-duality transformation. This is the
main result of this work. Our transformation can be regarded as a simplification of the NCAdS
background (or NCSYM). If the detail map from the observables in the NCAdS background
28] to the observables in ([ZI9) background is known, one can calculate the observables in

[2I9) background easily. In the following sections, we show two examples of these observables

to show the powerfulness of our result.

3 The scattering amplitude in the NCAdS spacetime

We study the IR regime of the gluon scattering amplitude at strong coupling in Non-commutative
super Yang-Mills theory. We follow the procedure in the original AdSs x S° spacetime case [2],
and study the open string scattering amplitude on D3-brane near horizon in NCAdS background
1). We simplify this problem by studying the object in the final dual background (ZI9)).

3.1 Open string boundary condition before and after T-dual transformation

Just as in the study of gluon scattering amplitude in [2], we consider the Euclidean worldsheet.

The bosonic part of the worldsheet action on background (Z1J) is

4o

/d2a\/§(gabGW + i€’ By, ) 0qxt Oy . (3.1)
The open strings on the D3-brane near horizon satisfy the boundary condition
(GOsa” + iBy,0ra” ) |os; = 0, (3.2)

where 0% is the boundary of the worldsheet.
This is mixed Neumann-dirichlet boundary conditions in the non-radial directions and gluon

vertex insertions ordered along its boundary. In components this boundary condition can be



written as

0 = Go0s2"|ox
0 = G3,0,2"|sx
0 = G,0,2" +iB120,2%|ox
0 = Go,0,2" +iBo10, 7' |px.

We then consider the bosonic T-duality transform along x!, 22, z3, 2° step by step. We will

use (A4) to study the transformation of the boundary conditions. We label the field f after the

T-duality transformation along direction z% as f(4), where a = 1,2,3,0, fo) = f is the field in
background 2.19]) .

We show the first step of T-duality transformation along direction x' for instance. We start

with the boundary condition:
Gw0sa” oy, = —i€”" B, 072" o5 (3.7)
Taking T-dual transformation along x! direction, (A4]) leads to get
(%x%l) = —ieqp (Guagxl + Glmagxm) — B Oax™ (3.8)
(9(13:%1) = 922, 6a:c‘z’1) = D>, 8(13:(()1) = 9,z
Resolving these equations, one obtains
Dpxt = z‘ebaGm(l)abx%l) +z’eba011(1)abx§1) (3.9)

Op1? = Bax%l), 5@4%3:3@%‘2’1)7 8ax0:8ax((]l)

Then the boundary condition becomes

6733%1)|8Z = 0, agﬂj?l)|az = 0, 60$?1)|62 — 0, (310)
Orwinlon = =5 (Gram ey + Cr)0ot(1)) oy (3.11)

In the same way, we study the boundary condition after the T-duality transformation along
22,2%,2% in turn and find the boundary condition in the final dual coordinates becomes the

simple Dirichlet condition

:3yy = 0, p=0,1,2,3. (3.12)

SIn this section, we only consider the field f which is invariant under ferimionic T-dual transformation. This
means the field in (23) and (ZI9) are same.



Since we started with the D3-brane near horizon (r — oo) in background (2.1I), the open strings
are then fixed at the AdS boundary (z = R72 — 0) in background (2.19).

Note that the boundary condition of open strings does not change under the fermionic T-
duality transformation. Therefore the scattering amplitude on the D-brane in NCAdS spacetime
is mapped to a T-dual open strings with Dirichlet boundary condition in the background ([2.19)).
Furthermore since the T-duality transform does not change the boundary condition of radial

direction, the open string has the Dirichlet condition along z direction.

3.2 Null Polygon Wilson loop

We then stud which object in background (2I9]) dual to the scattering amplitude in background
[ZT). We need to calculate the AzH = f027r dod,z". From (A4), we find that d,2# and O,z

are related with

0p#' = —i€g; G110, — B1odya? (3.13)
Oy’ = —i€prGo20rx® + B1a0,zt (3.14)
OpB® = —i€orGz(0)0ra’ (3.15)
0,3° = —ieg;Goo(a)0ra’. (3.16)
Then AZH = fo% dodyT* can be written as
A = k' — Bpa?PT, (3.17)
AF? = k* + Bpa'|PT, (3.18)
AF = &3 (3.19)
A = kY, (3.20)

where £ = kﬁmpf—; and kbrop are the momentum carried by vertex operator and the proper
momentum of string in (21]) respectively. We then use the boundary condition ([B.7)) to rewrite

Oyx" into kM

. B12By;

Azl = k! — kl 3.21
xl (3 G11G22 1 ( )
. B3B8y

A2 = k2 - k2 3.22
x’l (3 G11G22 (A ( )

AF = K} (3.23)

A = K, (3.24)



where 7 is the label of the open strings. Since momentum conservation (>, k! = 0) of the
scattering, the segments constructed by Az} should be always closed. Since we should take r

to oo (horizon), Bia(~ f—f) is negligible comparing to G11 ~ f—j We thus obtain
AF =K, (3.25)

which shows that the segments are lightlike (null), because all the gluons are massless. We thus
obtain a null polygon Wilson loop at the boundary in (Z19]).
We then consider the background (ZI9), which is an AdSs x S° spacetime with constant

B-field. The sigma action becomes

1 . i

S = Md/fa@%mﬂﬂw+mwwmwaﬁ) (3.26)

S / Ao <a“gzﬂa G >+i B, 95" ) . (3.27)
4/ “ m % m

where 8, is a derivative along the worldsheet boundary . Since the B-field is constant, it does
not contribute to the e.o.m. The second term of ([B27)) depends only on the boundary and just

gives the an overall dressing phase

i

4o

/ dovy(3'0,3% — #%0,1"), (3.28)
()

where the boundary condition (BI2]) is used. Since the worldsheet ends on the null polygon
Wilson loop with segments Az = k!' at boundary, we can parametrize the boundary as
B = "k0(o — o), (3.29)
m
where m is the label of the segments of Wilson loop, oy, is the location of the cusp. We thus
obtain
al

4ol
m<n

) (ki — ko k). (3.30)

This result matches with the argument in [19] H
One could study the o correction (or v/A) of 327 by considering the fluctuation around
the classical solution #* [40]. Since the boundary of ([B.27) should be fixed, the effect of the

"The author studied the gluon scattering amplitude in gravity side by using a slight different background and
has not considered the fermionic T-dual transformation to justify the complex background.
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constant B-field does not change. This means at any order of o' (or \/X), the B-field only
contributes a phase factor ®. This is consistent with our expectation that the non-commutative
super Yang-Mills theory reduce to the original N = 4 super Yang-Mills theory at IR regime
(long distance) [2].

4 Open string solution in NCAdS background

The AdS/CFT correspondence enables us to study the strong coupling gauge theory by using
the classical solution in gravity side. In this section we study the classical open solution in
NCAdJS background (2.1]), which is dual to the folded string [41] solution in background (ZI9)).

If the string configuration does not depend on directions z! and 2, the corresponding clas-
sical solution should be described by the same onedy as in the original AdSs x S° spacetime.
We will study non-trivial classical solution which depends on z! and x? directions. However
due to the appearance of B-field and the complicated metric in (21I), it is not an easy work
to construct this kind classical solution. Indeed in [II], the authors studied the Wilson line in
1), and suggest that the open strings cannot be localized near the boundary in background
([21). This is one of the difficulties to study the non-commutative super Yang-Mills theory from
gravity side. In this section, we show one procedure to solve this problem.

We start with the classical solution in background (2.I9]), and use the Buscher rule to find
the dual classical solution in NCAdS spacetime (2.1]). More precisely, we start with the folded
string [41] in original AdS; x S° spacetime, which plays an important role in the study of
AdS/CFT correspondence. Our calculation in this section can be regarded as the NCAdS
spacetime version of the folded string studied in [36].

Following the usual notation for folded string in literature, we use the Lorentizian signature

worldsheet action

1 (7 v (e} 1%
S = ~ined d’TdO'(?] 580@“853: Gy — € BBW&I@““@BQJ ), (4.1)

where €™ = 1, and n*? is the metric of worldsheet in Lorentization signature. Note that
the background (ZJ9) does not change by varying the signature of worldsheet. However, the
transformation of coordinate becomes (AI0). For the Euclidean signature worldsheet, the T-

duality transformation will map the real solutions to the complex ones (see [42] for recent

8Some of these solutions have been given by [36].
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developments). Here we are considering the Lorentizian signature, such that the T-duality will

map the real solutions to the real ones.

4.1 Coordinates and folded string solutions in original AdS spacetime

We first consider the folded string solution in the global coordinate of original AdSs x S® space-
time. To fix the notation, we should describe the coordinates that was used from now. The

embedding coordinates of original AdSs x S° spacetime are defined by
ds’ . = dXadXM, XXM = X2+ X§ - X7 - XF - X3 - X} =1, (4.2)
where we have set R = 1 for simplicity. The global coordinates(t, p,23) is given by
ds® = —cosh? pdt? + dp? + sinh? p(d¢? + cos? pdf? + sin? ¢dh3). (4.3)
with

Xo+iX_1 =coshpe’, X;+iX,=sinhpcospe, X34 iX, = sinhpsinge®. (4.4)

The Poincare coordinates are defined by

z :ﬁ, mozﬁ, z :%, 1=1,2,3, (4.5)
whose metric is given by
ds® = W. (4.6)
The folded string is solved under the ansatz in global coordinate of AdSs space
t=rr, 01 =rwr, ¢=10=0.
In the conformal gauge, the e.o.m. and Virasoro constrains become
p" 4 k*(w? — 1)sinh pcosh p =0
p'? — Kk*(cosh? p — w? sinh? p) = 0.
This is solved byH
sinh(p) = ! % cosh(p) = ! (4.7)

;dn(/{wab—lg)’ dn(mwa|w—12)’

?0Our notation for is different with the one used in [36].
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where sn and dn are the Jacobi Elliptic functions. See Appendix [(] for the definition. Here we
have focused on the case w? > 1. The folded string rotates with the angular velocity % = w.
The radial coordinate p(c) varies in the range (0,arctanh(L)),which is fixed by the condition
j—§| p—po = 0. Since the constant B-field does not effect the e.o.m. and Virasoro constraints, the

classical folded string solution in original AdSs x S® spacetime is also a solution in background

(219). Writing the solution (£1) in the background (ZI9]), we obtain the classical folded string

solution
1
_ dn(rwolgz) o _ cos(er) (48)
sin(kT) sin(kT)
1 1 ! Lyt
= —sn(ﬁwal—)w, 7= —SD(’WU|_)M‘
w w?’ sin(kT) w w2’ sin(k7)

4.2 Classical solution in NCAdS spacetime dual to folded string

Our task is to find the corresponding T-dual(back) solution in background (Z1I), which is the

background before the T-dual transformation. By definition, r can be obtained by

sin(k7)

1
"= 3T dn(/ﬁwalw—g)' (19)
The Buscher rule for coordinates (A.10Q) leads to
Ot = %3%1% - aﬁgﬂ%
65332 = 6504(90‘:62%2 + €gan™’ <6,\/58§$1% — 873:2 J\;l(f)
Opi® = %3%3%2 (4.10)
859%0 = —eﬁaa%(%.

where z# means the coordinate in background (ZI]). Resolving d,2* by using 0gz*, we find

Oy = 120.7°, 0,20 = r20,7",
0o (2! +i2?) = —iv0, (2 +i3°) — r?0- (3 +i3?), (4.11)

Or (z! +ia?) = —in0. (&' +i3?) — r°0, (2" +i7?).
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Substituting ([L8]) to [@I1]), we obtain

Cn(una’%)sn(una’%)
w w

— B (am (wro [Z7) [7)

__sinler) g (o) Cum
dn(/@wa|ﬁ) (F — 1) o
W 1 eWTen (wko | L) (cos(kT) — dwsin(kT
at +ix? = —y 6 sn(/q;wo-‘_z) — ( ‘wQ ) ( ( ) i ( ))
sin(kT) w (w? — 1)dn (wna |F)

Using Mathematica, one can check that the solution (£I2) satisfy the e.o.m. in the back-

ground (Z1))

r(a)" — ri® 4 2040 — 20" (a%) = 0 (4.13)
((22)" = 32) (Y2 +7°) + (2%) (2% = 2rY') + 32 (2r%F — 29%7)) + 4y’ it — dyr?i(a!) =0
(@) = &) (Vr+1°) + (@) (292 = 20") + &' (2r'F — 29%7) + dyr?i(2?) — dyr'r?i® = 0
(r" = 7) (v + 297 + 1 ) + (7“2 - (7“/)2) (27" + 7%+ %) + ()7 = (@°))?) (297" + 7% + %)

+((( )/)2 ( ) ) (7‘8 _ 727,4) —{—4’)/7‘6((561)/j32 _ x-l(xQ)/) + ((x-2)2 _ ((562)I)2) (,72,,04 _ 7“8) =0.

and the Virasoro constraints

—_

Trr = Too == (i"d, + (") (z,)) =0 (4.14)

\V)

Ty = Tpr =it (2,) =0, (4.15)

where "and ’ mean the derivative about 7 and o respectivel. Therefore, ([£12)) is a classical so-
lution in NCAdS background (Z1]). One could also follow the procedure in [36], and interchange

7 and o to have an open string interpretation for this classical solution

cn(wm"ﬁ)“(“’”‘w%) —E (am (wliT ‘%) |%)

i w2dn (wkT| 2L
- le)l’ 2’ =~ ( = 1 ) (4.17)
dn(kwT|=7) (L-1w
irwa 1 e en (wrt | ) (cos(ko) — iw sin(ko
1’1 + ’i.%'z = —Z’y _e SH(HWT’—Q) _ ( |w2 ) ( ( ) - ( ))
sin(ro) w (w? = 1)dn (wkT | Z5)

'9Tn background (@I9), the e.o.m. are
_(r1)2 + ’f‘2 _ (370/)2 + (x-0)2 + (x1/)2 _ (i’l)Q + (372/)2 _ (i’2)2

"

r 4+ = T,
r
owr  2rgY — 20" 0
@) e g,
Ui 1 2 v
[ = A S (4.16)
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At the boundary of NCAdS background, i.e. » =0, 0 = 0,%. The worldsheet (£I2]) ends on

two curves corresponding to o = 0, - respectively

en(wrr| 2y Yon (wnr| &) E (am (o | 1Y
w2dn(wm"w_12> E (am (wr |5 122)

0
C E-Dw
ol ix? = —i ;sn(nw ]i) — n (wnt |g) (4.18)
B fysin(/ﬁa =0) e (w? — 1)dn (w7 |5 ) '
and
cn|wKRT L sSn|\wKT L
( 2"”2 ) (L ‘“’2 )fE(am(wnT’;*glez)
o aeCol)
(S=1)w |
. imwen L
ot 4ia? = —i’y%sn(ﬁwﬂﬁ) b <wm‘“2> (4.19)

(w2—1)dn (wm—‘ 712 > '

The two curves [EI8) and ([@EI9) at the boundary are related by the spatial rotation —e?*| o=
One may wonder weather it makes sense or not as ! + iz? — co. It is easy to x! + iz? gives a
finite value as it couple to the metric in ([ZJ]). Note that (£I2]) can be regarded as a periodic
open string 7 € (0,27) and o € (0, T).

It is interesting to calculate the on-shell action which is equal to the minimal area of the

surface ending on the Wilson loop. Substituting (£I7) to (£II), we find
1
2

2 /K
—4ma’S :/ d’T/ do2k? <7 csc?(ko)en (KWT %) dn (muT %) sn (/ﬁm—
0 0 w w
1\2
=) )

1 1
—2> yﬁ> + S (4.20)

w

— csc?(ko) +sn <mu7'

=471%kw? — 21wE <am <27Tw/<;

where Sy, is the divergent pieces given by

o=n/kK

v cot(ko) (cn (2mwk ‘w—g )2 — 1)

w

Sdiv = | 4k cot (ko) + (4.21)
=0
The source of the divergence in the integration comes from the singular behavior of the integrand

near the boundary. We perform the regularization by shifting the boundary from r =0 to r =€

arcsin <5dn (wfvr‘ w_12 > > m—arcsin (edn (wm’ ‘ w% ) ) )

K ? K

with a small . For a given 7, the range of o change from (0, Z) to (
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We first integrate over ¢ with a fixed 7 and find

s /27r o 2yen (kwt ‘ﬁ) sn (kwT |w—12) \/1 — €2dn (kwT ‘é )2 (1.22)
0

€

1\2
—2> <7T —2sin! <edn </iw7'
w

Expanding the integrand by using €, one finds

=) 1= |)°

om (KWT edn (KZWT |§)

e e (e o ()~
—4770/5:/ dr B ot 2mksn (an
0

1 1 1
— 2¢ | kdn | KwT 2 ven | KwT | =5 dn | KwT 7 ) sn| rwT

+0 (63) .
Then integrating over 7, one obtains

%)2 (4.23)

1 ‘ 1)?
2 + 2sn mm'ﬁ -1

cn (27mw’ “)1—2 ) )

dyw [1 —dn (27mw !w—lg )] — \/% arccos <dn<2mw’12>

—4rd S =

€

1 1
+ 41 kw? — 2mwE <am (271'/%} ‘—2> —2>
w w

2cn (2mrw | L ) sn (2mhw | & ’
—i—e( en (2mw | g7 ) sm (2w | 7 ) —i—;’)’wdn (277/%1‘%) - QfY—w) (4.24)

w 3
Note that the parameter v appears in the divergence term, but does not appear in the € term.
The divergence in (4.24]) has the form of %, which is the same form as the one of quark-antiquark
Wilson loop case but different from the divergent behavior (log %) in cusp Wilson loop case [43].
The divergence in ([@24]) can be interpreted as a self energy of heavy quark pairs in NCSYM.

The subtracted on-shell action is

0 1 1
(—47a/S)eg = (1 + ea)(—élﬂo/S) = 412 kw? — 27wE <am <27mw ‘E) ‘E) ,
where we have dropped the € term. Here we just make use of minimal substraction to regular

the action. We notice that the subtracted on-shell action does not depend on the parameter ~.

5 Conclusions and Discussions

In this paper, we have performed certain bosonic T-duality and fermionic T-duality transforma-

tion on the NCAdS background, and found the final dual background is the usual AdS5 x S°
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background but with a constant NS-NS B-field depending on the non-commutative parameter.
Our transformation can be regarded as the simplification of the NCAdS background, which is
very useful to study the physics in non-commutative super Yang-Mills theory. As application,
we have studied the gluon scattering amplitudes and Wilson loop in the NCSYM holographi-
cally by using the simplified final dual background. In the final dual background, we found the
worldsheet ending on the null polygon Wilson loop dual to the gluon scattering amplitudes in
the NCSYM theory, which extends the scattering amplitude/Wilson loop duality for the NC-
SYM. We found that the non-commutative deformation will contribute to the gluon scattering
amplitude as overall dressing phase phase factor shown in section [Bl which is valid even for
the finite A\. Furthermore, motivated by the relation between closed and open strings [36], we
started with the folded string in the final dual background, and constructed the periodic open
string (Wilson loop) solution in the NCAdS background. We have also calculated the on-shell
action of the open string solution, which describes the minimal area of the ending on the Wil-
son loop. The divergence of the on-shell action appears in the form of %, where € is the small
regularization parameter. We also noticed that the subtracted on-shell action does not depend
on the non-commutative parameter.

On the other hand, an open-closed string map for the TsT deformation has been argued
in a series of papers [44H47]. Using the open-closed string map on the TsT deformation back-
ground, one finds the open string metric and coupling go back to the original background. The
information about TsT deformation only appear in the non-commutative parameter. The series
T-duality transformation in our present work also map the TsT deformation background to
the original background but with a inverse radial coordinate in the metric. It is an interesting
problem to explore the relations between our works and the open-closed string map.

It would be interesting to study the bosonic and fermionic T-duality transformations on other
type of TsT deformation of the AdSs x S° background, which may lead to a simplification in the
same way. We also would like to construct the fermionic T duality of deformed ABJM theory
[18]. Unlike AdS5 x S5, the holographic background of ABJM is not self-dual background by
fermionic T-dual, it will be very interesting and highly non-trivial to holographically investigate
the corresponding string solutions which correspond to gluon scattering amplitude, Wilson Loop
operator and integrability structures [48] of anomalous dimension of local operators in various

deformed ABJM theories in the future.
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A  Bosonic T-dual transformation

We summarize the Buscher rule that is used in this paper. One can also see [I8,49] for review.

We start with the Euclidean worldsheet action as following

S

/ B2 (VR G + 1€ by ) Da 2 Oy (A1)

" 4ol
and assume that the background field g, and b,,, are invariant under the shift isometry:
't +e, 2™ — 2™, (A.2)

where ¢ is a constant and 7 # 1. We denote the field f (f = gmn, bmn, ¢, ™) after the T-dual
transformation as f’. We do the T dual operation along ' and then the Buscher rule can be

summarized as

g o= g b 910y~ biiby
M 911’ 1 911’ K Y gi1
/ gt , g1ib1; — b13915
o= =L Y=t - Lt A3
1 g’ " “ g1 ( )
1
¢ = ¢o— 5 log |g11]-
The coordinates transform as
(%x/l = —ieab[gn@bxl + glmabmm] — b1pOaz™, ™ = g™, (A.4)

We then summarize the transformation of RR fields. Given a p—form wj,, we decompose it as
wp = Wp + Wy A dy, (A.5)
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where @, = éwal...apdxo‘l A+ Adz® does not contain dy component. wy, is a (p — 1) form as
(Wply]) o1 +-ap_1y- For convention, we define the two one-form fields j and b as:

. Gay , o
j = G—ydx , b= DBy +dy. (A.6)
yy

The T-duality rules for the R-R potential are then given by

c = C

P piily] T Cp1 Ab+ Cp_1py) ADAJ. (A.7)

In the modified field strength F, = F), + H A C),_3, they change as

f/

) Fotripy] + Fp—1 AN+ Fp 1) ANDAJ (A.8)

where we used db = H,).
Sometimes, it is conventional to use Lorentizian worldsheet action, e.g. the study of GKP
string:

1

4ol

In this case, (A4]) becomes

S:

/dea[naﬁaaxmagx"gmn — eaﬁbmnaaxmagx"]. (A.9)

ePoga’t = P9 G — P05 By, (A.10)
B Killing spinor equations in original AdS; x S° spacetime

We consider the killing spinor equations in the original spacetime

2 R 2 2,0 R, -
ds® = 3 [dx® 4+ drf] + R*ds; = 3 [dx® + E dy;dy;], (B.1)
i=1
1
Fy = —4R* <—5dt/\dx1 A dxsy /\dxg/\dr—i—st) , (B.2)
r

where |y| = r. Then the Killing spinor equations become

11 gisai

Moy = e Ve + §E7012347Mé =0, (B.3)
. 11 gisy

Sy = eMMVMe _ §E7012347M6 —0. (B.4)

We are mainly interested on the Killing spinor in [4], where é = ie and € is independent of the

the coordinates M = %423, This leads to the relation

1% = e (B.5)



Then the killing spinor equations become

; 1
e;'Vje— ggpiae = 0, (B.6)

where j the coordinate of the remaining 6D part (R x S°). Since the remaining 6D part does
not transform under our deformation. This leads to the Killing spinors (220) used in [4]. It is
easy to find (B.G]) has the same form as with (ZI4]). This is the reason why we choose the same
e as [4] to perform fermionic T-dual transformation in sec.2. The difference between our Killing

spinor and the chosen one in [4] is the signature of €.

C Elliptic functions

In this appendix, we summarize the Elliptic Integrals and Jacobi Elliptic functions that were
used in sec[l We main follow the notations in [50]. The elliptic integrals E and F' are defined
by:

4 ¢ do
E(¢p|lm) = / V1 —msin?0df, F(p|m)= / ——_— (C.1)
0 0 V1—msin?6
Using ¢ in u = F(¢|m), we define the Jacobi Elliptic functions by
sn(ulm) =sin¢g, cn(ulm) =cos¢, dn(ulm)=1/1—-msin®¢, ¢=am(um). (C.2)
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