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ABSTRACT: We describe the supersymmetric completion of several curvature-squared in-
variants for ' = (1,0) supergravity in six dimensions. The construction of the invariants
is based on a close interplay between superconformal tensor calculus and recently devel-
oped superspace techniques to study general off-shell supergravity-matter couplings. In
the case of minimal off-shell Poincaré supergravity based on the dilaton-Weyl multiplet
coupled to a linear multiplet as a conformal compensator, we describe off-shell supersym-
metric completions for all the three possible purely gravitational curvature-squared terms
in six dimensions: Riemann, Ricci, and scalar curvature squared. A linear combination
of these invariants describes the off-shell completion of the Gauss-Bonnet term, recently
presented in arXiv:1706.09330. We study properties of the Einstein-Gauss-Bonnet super-
gravity, which plays a central role in the effective low-energy description of «o'-corrected
string theory compactified to six dimensions, including a detailed analysis of the spectrum
about the AdS3 x S? solution. We also present a novel locally superconformal invariant
based on a higher-derivative action for the linear multiplet. This invariant, which includes
gravitational curvature-squared terms, can be defined both coupled to the standard-Weyl
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or dilaton-Weyl multiplet for conformal supergravity. In the first case, we show how the
addition of this invariant to the supersymmetric Einstein-Hilbert term leads to a dynam-
ically generated cosmological constant and non-supersymmetric (A)dSg solutions. In the
dilaton-Weyl multiplet, the new off-shell invariant includes Ricci and scalar curvature-
squared terms and possesses a nontrivial dependence on the dilaton field.
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1 Introduction

Over the years, six-dimensional (6D) N = (1,0) supergravity theories [1-7] have been a
fertile ground of studies in various contexts due to their relationship with string theories and
10D supergravities, and the role they have played in various phenomenological scenarios.
It was already realized in the 80s by Salam and Sezgin that a prototypical scenario in
six-dimensional ' = (1,0) gauged supergravity did not have Minkowskis (nor (A)dS)
backgrounds as solutions and the equations of motion led to a spontaneous compactification
to lower-dimensional spaces [8]. In the absence of a background three-form flux [9], smooth
symmetric solutions of the Salam-Sezgin model take the form of a half-BPS Minkowski, x S?
background [8, 10], which are phenomenologically relevant and can also be embedded in
a String/M-theory framework [11]. In the context of warped braneworld scenarios, 6D
supergravities have also been investigated in the past to propose possible scenarios to solve
the cosmological constant problem and build models possessing dS, vacua, see, e.g., [12—-14].

Being based on a 6D theory possessing chiral fermions, all the previously mentioned
models are generically anomalous. As part of the effort to embed these theories in a
consistent quantum theory of gravity, anomaly free 6D AN = (1,0) supergravities have
been constructed in the ungauged and gauged cases [15-27]. In the ungauged case vari-
ous anomaly-free models were originally constructed by means of compactification of the
heterotic string and Green-Schwarz anomaly cancellation. Recently, the classification of
6D N = (1,0) supergravity theories consistent with quantum gravity have also been sys-
tematically approached in the context of F-theory compactifications on elliptically fibered
Calabi-Yau threefolds. We refer the reader to [28-39] and references therein for some of
the literature on the subject.



The ungauged six-dimensional supergravity based on the dilaton-Weyl multiplet admits
a unique supersymmetric AdSs x S? solution. The solution is supported by a self-dual 3-
form flux and possesses vanishing Weyl tensor reminiscent of the AdSs x S° solution in 1IB
supergravity. Moreover, there have been arguments indicating that the supersymmetric
AdSs x S° is an exact solution in the full string theory based on its vanishing Weyl tensor.
By analogy, it is tempting to conjecture that the supersymmetric AdS3 x S solution is
an exact solution in the six-dimensional compactified string theory. We have verified this
up to the inclusion of the Gauss-Bonnet and Riemann squared super-invariants [40]." We
recall that the AdS3 x S? geometry is locally BTZ x S? and it is also the near horizon
geometry of a black string. Thus, the 6D supergravity models can also be a useful arena
for studying the black hole/string entropy correspondence. Although the supersymmetric
AdS3 x S? solution is not affected by the curvature-squared corrections, o’ corrections in the
action do modify the macroscopic entropy via Wald’s entropy formula and thus can be used
to compare with future microscopic computations at the same order. Curvature-squared
terms are particularly important for computing the entropy of small black holes as the
“would-be” leading Bekenstein-Hawking piece vanishes and therefore the curvature-squared
corrections serve as the first non-vanishing contribution. The inclusion of the curvature-
squared invariants also modifies the spectrum of fluctuations around the supersymmetric
AdS3xS? solution. On top of the short multiplets of SU(1, 1]2), there are also infinite towers
of long SU(1,1]2) multiplets with mass proportional to the inverse of the o/ parameter.
Expanding on the results presented in [40], in this paper we give a detailed analysis of the
spectrum around the supersymmetric AdSs x S3 solution. Note also that the spectrum
of fluctuations provides logarithmic corrections to the effective action, which has been
proposed as a new probe to the possible UV completion of a low-energy effective theory of
quantum gravity [41].

It is worth stressing that there is a sharp difference between the spectrum of the short
and long multiplets mentioned above. The spectrum of short multiplets is protected and
can in principle be inferred by using group theoretical considerations along the analysis
of [42]. Contrarily, the AdS energies of the long-multiplet states are not protected by
shortening conditions and depend on the detail of the supergravity theory (in a low-energy
approximation). Once the model is fixed, we can adopt the same method as [43] to compute
the spectrum of long multiplets by solving the linearized equations for the supegravity
fields about the supersymmetric AdS vacuum. In this regard, our results based on the new
off-shell Einstein-Gauss-Bonnet supergravity presented in [40] and, in more detail, in the
present paper are new and overcome the limitations of an algebraic approach.

Higher order curvature terms are of importance in string theory where the leading
supergravity actions are necessarily corrected by an infinite series of quantum corrections
parametrized by the string tension o’ and the string coupling gs. The purely gravitational
higher-curvature terms are also related by supersymmetry to contributions depending on
p-forms. These terms, that have not yet been systematically analyzed in the literature,

1One can also show that it is true with the inclusion of the Ricci scalar squared invariant given in this
paper.



play an important role in understanding the moduli in compactified string theory and the
low-energy description of string dualities, see, e.g., [44—46].

Since multiplets of extended supersymmetry can be decomposed into (1,0) multiplets,
in principle, all supergravity models in 6D can be formulated in the (1,0) framework.
Among all the supergravity models in 6D, the most interesting ones are those coming
from Calabi-Yau compactifications of string theory/F-theory which are anomaly free and
possess the duality properties inherited from the parent theories. For instance, the two (1, 1)
supergravities descending from the Heterotic string on T* and ITA-string on K3 are expected
to be related to each other by the six-dimensional Heterotic/IIA duality transformation to
all order in o/, see the discussion in [46]. So far the 6D duality has been verified rigorously
at the two-derivative level and connects the two (1, 1) supergravity theories introduced by
Romans in [47]. Beyond the leading order, examining the duality becomes a difficult task as
it requires the knowledge of the fully-fledged supersymmetric higher-derivative corrections
involving delicate couplings between gravity and matter fields. Some recent progress was
made to the first order in o' in [46]. Furthermore, 6D N = (1,0) supergravity admits
an off-shell formulation which significantly facilitates the construction of higher-derivative
super-invariants. Thus the off-shell (1,0) supergravity should provide a useful framework
for testing string duality at higher order. We also notice that under the proposed six-
dimensional duality transformation [46], fields belonging to the dilaton-Weyl multiplet,
which is one of the two variant multiplets of 6D (1,0) conformal supergravity [48], form
a closed structure. Consequently, testing the duality can be further simplified by focusing
on the subsector consisting of only the dilaton-Weyl multiplet, which will be a main player
in our paper.

In compactified string theory the leading corrections in the higher-derivative series
come from curvature-squared terms given by the Gauss-Bonnet (GB) combination which
has the form RW®UR 1o — ARCR, + R2 = 6R[ab“bRCd]Cd, where Rgpeq is the Riemann
tensor, R, is the Ricci tensor, and R is the Ricci scalar. This is the simplest example of
Lovelock gravity theory and as such it is singled out since it is ghost free, and its equations
of motion are second order in derivatives [49, 50]. In the case of string theory compactified
to D < 6, the construction of higher-derivative supergravity invariants can be simplified
thanks to the fact that off-shell supersymmetric techniques can be efficiently used. In
particular, the construction of the GB supergravity invariant by using off-shell techniques
was achieved in 4D in [51-58], in 5D in [59-61], while for the 6D case only partial results
were obtained more than thirty years ago [62-65]. Before continuing our discussion it is
worth underlining what was the state of the art in the description of curvature squared
invariants in off-shell 6D N = (1,0) supergravity and what is new in our paper. Note
that in 6D, up to total derivatives, the general non-supersymmetric curvature squared
Lagrangian has the form aR®IR p.q + BR®Rap + YR2.

A supersymmetric extension of the Riemann curvature squared term was constructed
more than 30 years ago [62-65]. This invariant has been studied in some detail in the
literature. For instance, it has been coupled to the gauged chiral supergravity in six
dimensions extending the Salam-Sezgin model with curvature squared corrections [66] and
the exact spectrum of this model around the half-BPS Minkowskis x S? background was



analyzed in [67]. A feature of this model that is worth underlining is that, compared to
the 6D N = (1,0) Einstein-Hilbert Poincaré supergravity, the addition of the Riemann
squared invariant modifies the spectrum of the theory. In fact, as we will also review in
section 4 of our paper, off-shell N = (1, 0) Poincaré supergravity (we focus for simplicity on
the ungauged case) can be constructed by coupling the dilaton-Weyl multiplet of conformal
supergravity [48] to a linear multiplet. The independent field content of the first off-shell
multiplet comprises the vielbein and chiral gravitini (e,,%, ¥m;), the dilatation (b,,) and
SU(2)r (Vin*!) gauge connections together with a real scalar field o, a chiral fermion %,
and a gauge two form by,,. The off-shell linear multiplet is described by an SU(2) g triplet
of scalar fields L together with a gauge 4-form by, and a chiral fermion ¢¢,. The off-shell
Einstein-Hilbert (EH) invariant that can be constructed with the previous field content [48]
is such that {em®,¥mi,bmn,L = \/LijL7/2,¢'} are the on-shell physical fields while
{0, by binnpg, V™, '} are either pure gauge degrees of freedom or auxiliary fields. Once
the Riemann tensor squared invariant is added to the supersymmetric EH term some of the
latter fields start to propagate and are not auxiliary any longer [66, 67]. In principle, their
elimination can be performed in a nontrivial expansion in o/, see [66] for the analysis at first
order. Moreover, the gravitational spectrum is also modified due to the higher-derivative
term that in this case generate ghost modes. A similar pattern emerges when one consider
a linear combination of the supersymmetric EH term and a supersymmetric completion of
the scalar curvature squared which was constructed in 2013 in [68].

Recently, in [40] we presented a new independent curvature squared invariant complet-
ing the classification of the supersymmetric extension of the three curvature squared terms
AR™AR ved + BRORap + vR?. By taking a linear combination of the Riemann squared
invariant and the new invariant, in [40] we described for the first time the full bosonic sector
of the off-shell N/ = (1,0) Gauss-Bonnet term. Besides being free of ghosts in the grav-
itational sector, the supersymmetric Gauss-Bonnet invariant stands apart being the only
off-shell curvature squared invariant that remarkably preserves the same structure of phys-
ical and auxiliary degrees of freedom of the EH term. It is exemplary to note that a general
combination of Riemann squared, Ricci squared and scalar curvature squared, contains a
dynamical terms Rqp* (V)R (V) for the SU(2)r connection V,,,* which exactly cancels
out only for the GB invariant. One of the main aims of this paper is to describe in detail
the construction of the three curvature squared invariant with the techniques of [48, 69, 70].
Though these invariants were already known in the literature, some of the detail of their
construction were missing. In particular, in [40] we presented the Gauss-Bonnet invariant
but this paper gives a comprehensive description of its construction and the analysis of the
spectrum for the Einstein-Gauss-Bonnet supergravity.

Another main purpose of this paper is to present two other new curvature-squared
invariants. They both arise from a four-derivative action for a compensating linear mul-
tiplet coupled to off-shell N' = (1,0) conformal supergravity. If the linear multiplet is
coupled to the dilaton-Weyl multiplet, as for all the curvature squared invariants discussed
above, one obtains a new invariant that contains a linear combination of Ricci tensor and
scalar curvature squared terms multiplied by a prefactor for the dilaton field L = e™"
which also appears in higher-derivative self-interactions. Alternatively, by coupling the



new higher-derivative action for the linear multiplet to the standard-Weyl multiplet of off-
shell conformal supergravity? one can obtain another supersymmetric extension of a linear
combination of Ricci tensor and scalar curvature squared terms. This latest invariant dif-
fers considerably from the previous four since it is constructed by using a variant off-shell
supergravity multiplet. Interestingly, as an application, we will show that the coupling
of this latest invariant to the supersymmetric Einstein-Hilbert term in a standard-Weyl
multiplet leads to a dynamically generated cosmological constant and non-supersymmetric
(A)dSg solutions.

Before turning to the main technical sections of our paper, it is worth emphasizing
some important features and recent developments of off-shell supergravity that might not
be familiar to all the readers and will play an important role in our paper. A main feature
of off-shell techniques is that the local supersymmetry transformations close without the
use of the equations of motion. This feature makes off-shell formalisms extremely powerful
to describe general supergravity-matter systems without having to worry about the depen-
dence of the supersymmetry transformations upon specific models. In particular, this is a
clear advantage if one is interested in constructing higher-derivatives interactions that on-
shell introduce highly nontrivial modifications to the supersymmetry transformations. As
such, a description of the supergravity effective action of superstrings where supersymmetry
closes off-shell would eliminate the complexity of an infinite series of o/ and g4 corrections
that in an on-shell setting not only appear in the action but also in the supersymmetry
transformations that are both corrected order by order. Furthermore, an off-shell descrip-
tion naturally solves the problem that higher-derivative terms in the on-shell string theory
effective action possess ambiguities arising from curvature dependent field redefinitions of
the metric, such as g/, = gmn + @gmnR + ORmn + ... with R, the Ricci tensor and R
the scalar curvature. This conceptual issue, which plagues the organization of the effective
action, simply disappears if supersymmetry is implemented off-shell since no such redefi-
nition leaves the supersymmetry algebra invariant. It is important to stress that such an
off-shell organization of the low-energy string effective action remains in general an open
problem. One of its very nontrivial issues is to understand how the off-shell supergravity
“auxiliary” fields get integrated out? and if and how they alter the low-energy spectrum.
Though still a longstanding open problem, in this paper we will show how it is possible
to deal with these issues in the restrictive truncation to six dimensional N' = (1,0) and at
first order in .

Formalisms to describe off-shell supergravity-matter systems make use of component
field techniques within the superconformal tensor calculus or superspace approaches. The
literature on these subjects is vast and we only refer to standard reviews for the 4D case,

2As we will review in detail later, the standard-Weyl multiplet of N' = (1,0) conformal supergravity
includes (em®, Ymi, bm, mGl) independent gauge fields, as for the dilaton-Weyl multiplet, but comprises
an anti-self-dual tensor T/, a real scalar field D, and a chiral fermion X’ as covariant matter fields [48].

3We refer the reader to [71] for some references on the subject and a very interesting example of how
non-trivial and counterintuitive the integration of auxiliary fields can be. In [71] it was shown how the
infinite series of higher derivative interactions of DBI theories coupled to supergravity can remarkably arise

by integrating out the auxiliary fields of 4D N = 2 conformal supergravity in an off-shell R* action.



respectively [72] and [73-75]. In the case of 6D N = (1,0) supergravity, the superconformal
tensor calculus was first applied in [48] and further developed in [66, 76] where the complete
off-shell action for minimal Poincaré supergravity was presented [76] as well as that of
the gauged minimal 6D supergravity [66]. For standard superspace techniques applied to
supergravity in six dimensions see [65, 77-82] and [83]. Note that these references employ
a “Wess-Zumino” superspace approach analogue to the one used to study 4D N =1 (see,
e.g., [73-75]) and N = 2 supergravity (see, e.g., [84-87]) where the structure group of
the superspace geometry is chosen to be the Lorentz group times (a subgroup of) the
R-symmetry group.

It turns out that the superconformal tensor calculus and the standard superspace
approach to off-shell supergravity are naturally related through the so-called conformal
superspace. In this formalism the entire superconformal algebra is manifestly gauged in
superspace combining the main advantages of both approaches and providing a streamlined
approach for component reduction of superspace results. As such, this approach is a
bridge between the superconformal tensor calculus, where the superconformal group is
gauged manifestly in standard space-time, and standard superspace approaches, where
typically part of the superconformal transformations are non-linearly realized as super-Weyl
transformations [73, 75, 88]. Conformal superspace was first introduced for 4D N = 1,2
supergravity in [89, 90] (see also the seminal work by Kugo and Uehara [91]) and it was
developed and extended to 3D N-extended supergravity [92], 5D N = 1 supergravity [61],
and recently to 6D N = (1,0) supergravity [69], see also [70]. In the last few years, this
approach has proven to be efficient to construct higher-derivative supergravity invariants.
These include the construction of: the three-dimensional 3 < N < 6 conformal supergravity
actions [93, 94]; the 4D N = 2 Gauss-Bonnet invariant [58]; curvature squared invariants
in 5D N = 1 supergravity [61]; the 6D N = (1,0) conformal supergravity actions related
to the Type-B conformal anomalies [69, 70]; and recently the 6D N = (1,0) Gauss-Bonnet
invariant [40]. This paper will then show how this formalism can be efficiently employed
to construct curvature-squared invariants for six-dimensional (1,0) supergravity.

This paper is organized as follows. In section 2 we describe the 6D N = (1,0) locally
superconformal multiplets that will be used in our paper. In particular, we will describe the
standard-Weyl multiplet, the non-abelian vector multiplet, the linear multiplet, the gauge
3-form multiplet, the tensor multiplet and the dilaton-Weyl multiplet. We will describe
the structure of each of the multiplets both in superspace and in components. In section 3,
by using the superform approach to the construction of supersymmetric invariants [95-99],
we describe how to construct various locally superconformal invariants that will play the
role of action principles. In section 4 we review the construction of the minimal off-shell
N = (1,0) two-derivative Poincaré supergravity theory of [48] within our approach. The off-
shell extension of the Einstein-Hilbert term arises by using a linear multiplet compensator
coupled to a dilaton-Weyl conformal supergravity multiplet. Section 5 contains some of
the main results of our paper: the locally N/ = (1,0) supersymmetric extension of all
the curvature squared terms for the minimal Poincaré supergravity of section 4 which is
based on a dilaton-Weyl multiplet of conformal supergravity. In particular, two of these
invariants, the Riemann squared and an invariant that was first constructed in [40], are



locally superconformal and do not need the coupling to a matter compensator in contrast to
a supersymmetric extension of the scalar curvature squared term. We also present in detail
the off-shell Gauss-Bonnet invariant which is relevant to describing o/ corrections in string
theory compactified to six dimensions. Section 6 is devoted to defining the 6D A = (1,0)
Einstein-Gauss-Bonnet supergravity theory which arises by adding the off-shell Gauss-
Bonnet to the Einstein-Hilbert invariant. By integrating out the auxiliary fields, whose on-
shell values can be set to zero as in the two-derivative Poincaré theory of section 4, we derive
the on-shell Einstein-Gauss-Bonnet supergravity which was first obtained in [46] by using
string theory arguments. In section 7 we present new curvature squared invariants based
on an higher-derivative action for the linear multiplet compensator which, depending on
the choice of the dilaton-Weyl or the standard-Weyl as conformal supergravity multiplets,
proves to describe two new curvature-squared terms compared to the ones of section 5. In
section 8 we turn to an application of the results of section 6 and describe in detail the
computation of the spectrum of the Einstein-Gauss-Bonnet supergravity theory around the
supersymmetric AdSz x S? vacuum. In section 9 we conclude by discussing our results and
possible future lines of research based on our findings. The paper includes four appendices.
Appendix A summarises useful results of [69, 70] regarding 6D N = (1,0) conformal
superspace that are necessary for our paper. In appendix B we collect relevant descendant
components for the composite gauge 3-form multiplet based on the primary (5.17), which
are necessary to derive the complete result for the invariant (5.19). Appendix C includes
the full bosonic part of the new locally superconformal invariant constructed in section 7.
In appendix D we describe how to map our notation and conventions, based on [69, 70], to
the ones of [48] and [76].

2 N = (1,0) superconformal multiplets

In this section, we describe several superconformal multiplets that will serve as building
blocks for the various curvature squared invariants presented in this paper. We will first
discuss the standard-Weyl multiplet of conformal supergravity before moving on to the
description of various matter multiplets, including the non-abelian vector, linear, and gauge
3-form multiplets, and concluding with the description of the tensor and dilaton-Weyl
multiplets. For each of the multiplets, we first elaborate on a superspace description and
then provide their structure in terms of component fields. The readers only interested in
the component results can direct their attention to the second half of each subsection. For
6D N = (1,0) superspace we make use of the formulation and results of [69, 70].

Before turning to the technical presentation of this section it is worth commenting
about the fact that the non-abelian vector multiplet is described by a closed super 2-form,
the tensor multiplet is described by a closed super 3-form, the gauge 3-form multiplet is
described by a closed super 4-form, and the linear multiplet is described by a closed super
5-form. As was shown in [100], these multiplets are in fact part of a tensor hierarchy of
superforms that also contains as top-form the closed super 6-form used in [69, 70]. Note
that, despite the natural organization of these multiplet in a tensor hierarchy, we will
organize this section by following a more traditional order, as for instance similar to the



one used in [48], and present these multiplets by increasing complexity of their structure
and the physical role they will play in the applications studied in our paper. For instance,
we leave the description of the tensor multiplet to the end of this section. Compared to
the other matter multiplets, the tensor multiplet stands apart since in the flat limit it
is on-shell and in the curved case it is directly linked to the description of the off-shell
dilaton-Weyl multiplet of conformal supergravity.

2.1 The standard-Weyl multiplet

The standard-Weyl (or type I) multiplet of N' = (1, 0) conformal supergravity is associated
with the local off-shell gauging of the superconformal group OSp(8*|1) [48]. The multiplet
contains 40 + 40 physical components described by a set of independent gauge fields: the
vielbein e,,* and a dilatation connection b,,; the gravitino v,,*, associated with the gauging
of @-supersymmetry; and SU(2) g gauge fields V,,,”/. The other gauge fields associated with
the remaining generators of OSp(8*|1) are composite fields. In addition to the independent
gauge connections, the standard-Weyl multiplet comprises a set of covariant matter fields:
an anti-self-dual tensor T, ; a real scalar field D; and a chiral fermion x'. We start by
reviewing how to embed this in conformal superspace [69] and then, following [70], we will
show how to derive the component structure of the multiplet.

2.1.1 The standard-Weyl multiplet in superspace

We begin with a curved six-dimensional N = (1, 0) superspace MS® parametrized by local
bosonic (™) and fermionic (6;) coordinates:

M= (2™ 0, (2.1)

where m =0,1,--- ,5, p=1,--- ;4 and i = 1,2. By gauging the full 6D N = (1,0) super-
conformal algebra we introduce covariant derivatives V4 = (V,, V’a) that have the form

1
Va=E,— §QA“bMab — My — BAD — FapK?E. (2.2)

Here E4 = E4M0); is the inverse super-vielbein, My, are the Lorentz generators, J%
are generators of the SU(2), R-symmetry group, DD is the dilatation generator and
KA = (K®,S&) are the special superconformal generators. The supervielbein one form
is B4 = Adz2MEyA with EyyAEAN = 08, EAMENP = 65. The Lorentz Q4% = —Q 4%
SU(2)r @ AF = ® 4% dilatation B4 and special conformal §4p connections are associ-
ated with their respective structure group generators (Mg, J¥, D, K ®,5%). The super
one-form connections are Q% = dzMQ% = EAQ %, F = MM = EA<I>AM,
B:=dzMBy; = EABy4, and §p := d2M%up = EAFaB.

To describe the standard 6D (1,0) Weyl multiplet in conformal superspace, one con-
strains the algebra of covariant derivatives

1
VA, VBl =-Tup"Ve - QR(M)ABCndd — R(J) A" T
— R(D)agD — R(S)aphS] — R(K)ap.K°, (2.3)



to be completely determined in terms of the super-Weyl tensor superfield W? [69, 83, 101]
satisfying
WP =whe KAW =0, DWW =W, (2.4)

and the Bianchi identities

VEVIW e =~V vIwer, (2.5a)
1
VAV WHY — Zagv,’;v&kwvé = 8V, W, (2.5b)

Due to the relation W = 1/6(3%¢)*?W ., the super-Weyl tensor is equivalent to an
anti-self-dual rank-3 tensor superfield Wyy.. In (2.3) Tup® is the torsion, and R(M)ap,
R(J)as™, R(D)ag, R(S)ABff and R(K)ap. are the curvatures corresponding to the
Lorentz, SU(2) , dilatation, S-supersymmetry and special conformal boosts, respectively.
Their expressions in terms of W% and its descendant superfields of dimension 3/2

X0 i= — VW xbel i o VE Wl Xk, (2.6)

and of dimension 2

y a1 . 5 .
Y0 _g (ngﬂﬁ _ 45(@ng7]>> = Suixn, (2.7)
Y= Lykxo (2.7b)
= {VAX], .
1 1
Yap?? 1= VE Xp)7° - gagv’;xak‘”ﬂ — GOIVEX (2.7¢)

are collected in appendix A. There we also collect the (anti-)commutators among the struc-
ture group generators and with the covariant derivatives. Note that, compared to [69], in
this paper we will make use of conformal superspace with a redefined vector covariant
derivative which corresponds to choosing the “traceless” frame conventional constraints
employed for the first time in [70].4 The superspace and component structures correspond-
ing to this choice are summarized below and in appendix A.

The superfields X7, X§“5 , Y, %Y and wa satisfy the nontrivial Bianchi identi-
ties (A.7) [69] that are consequences of (2.5). These imply that the previous five superfields
are the only independent descendants obtained by acting with spinor derivatives on W5,
At higher mass dimension all the descendants are vector derivatives of the previous five,
see (A.5). See also (A.6) for the action of the S-generators on X%, ijaﬁ, Y, Y and
Ya575 that prove to be all annihilated by K¢.

In conformal superspace, the gauge group of conformal supergravity, G, is generated
by covariant general coordinate transformations, dcgct, associated with a local superdiffeo-
morphism parameter £ and standard superconformal transformations, 8y, associated with

“In [70] we denoted the covariant derivatives of [69] as Va = (V,, V%) while derivatives in different
frames were denoted by Va = (V,, V5). Since in this paper we will always use the traceless frame of [70]
we will remove everywhere the hats but the reader should not confuse V4 = (Va, V) with the ones of [69].

Equation (A.8) explains the relation between the two vector derivatives.



the following local superfield parameters: the dilatation o, Lorentz A% = —A% SU(2) R
AY = AJ) and special conformal (bosonic and fermionic) transformations A4 = (A, A%).
The covariant derivatives transform as

6gVa=[K,Val, (2.8)
where I denotes the first-order differential operator
c L ab ij A
K=¢ Vc+§A Mab—f—A]Jij—f—JD—l—AAK . (2.9)
A covariant (or tensor) superfield U transforms as
ogU = (5cgct +dy)U =KU. (2.10)

The superfield U is said to be primary and of dimension A if KoU = 0 and DU = AU.
The super-Weyl tensor WP is a primary dimension 1 covariant superfield.
2.1.2 The standard-Weyl multiplet in components

Following the analysis of [70], let us now describe how to obtain the component description
of the Weyl multiplet from the previous superspace geometry.

The vielbein (e,,*) and gravitini (¢,,) appear as the § = 0 projections of the coeffi-
cients of dz™ in the supervielbein E4 one-form,

¢ = da™en® = B,  ¢® = da™pn® = 2E°], (2.11)

where the double bar denotes setting § = d = 0 [70, 102, 103]. The remaining fundamental
and composite one-forms correspond to double-bar projections of superspace one-forms,

V=M b:=B|, w=0Y, ¢f=25", fo:=35- (2.12)

The covariant matter fields are contained within the super-Weyl tensor Wy, and its
independent descendants as follows:

Ta_bc = _2Wabc| ) (213&)
at 15 at 3i 7 o
X = S X = =TV A, (2.13b)
15 3
D:=2Y|= —Tévf;vgkwaﬁy : (2.13¢)

where a single line next to a superfield denotes setting § = 0. The lowest components of
the other nontrivial descendants of W, specifically X’ %7|, Y,”*| and Ya57‘5|, prove to be
directly related to component curvatures and then they are composite fields.

By taking the double bar projection of V. = EAV 4, the component vector covariant
derivative V, is defined to coincide with the projection of the superspace derivative V|,

1 | 1,
em®Vy = O — §¢m§fvg| - §mendd — by — Vg — 5%;5{“ —fmaK®. (2.14)

5Depending on the context it should be clear to the reader whether V, denotes the superspace or the
component vector derivatives.
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In this framework, the projected spinor covariant derivative V| corresponds to the gener-
ator of Q-supersymmetry, and is defined so that if & = U|, then Q' U := Vi U := (VLU).
For the other generators, as e.g. M qU = (MqqU)|, there is no ambiguity in identifying the
bar projection and then the local diffeomorphisms, @)-supersymmetry transformations, and
so on descend naturally from their corresponding rule in superspace.

The component supercovariant curvature tensors, arising from the commutator of two
V. derivatives, are defined as R(P).°¢ = Typ¢| and R(Q)abz = abk| and with R(M).?,
R(J)ap™, R(D)yp, R(S)ab,]j and R(K)ge coinciding with the lowest components of the
corresponding superspace curvatures that are given in appendix A. Note that (A.4a), (A.4c)
and (A.4b) imply that X'57|, Y,57°| and Y, ”*| are identified with the R(Q)ap], B(M )ap™®
and R(J )abkl component curvatures, respectively.

The constraints on the superspace curvatures determine how to supercovariantize a
given component curvature by simply taking the double bar projection of the superspace
torsion and each of the superspace curvature two forms. Upon doing so one finds [70]

R(P)a® =0, (2.15a)

R(Q)abk = %\Ijabk + ¥ o)k + 214Tcde’YCde’Y[a¢b]k, (2.15b)

R(D)ap = 2€a™ €™ Opn by + Afjar) + Via’ dupi + %w[aj%]xj : (2.15¢)
R(M) o™ = Rap™ (w) + 85{;mdl + (a7 R(Q)“” + 2117 R(Q)y W

— Y7y — ﬁé[awbm X + w[a Vb T (2.15d)

R()ap® = Rap™ (V) + 49y, F ooy + EW P (2.15¢)

where we have introduced the derivatives
1 L
Dy = O — iwmbchc —bD — V" Jij, Dy =e."Di, (2.16)

together with the curvature and field strengths

\Ijabz = 2€am6an[m’¢n]Z s (2.17&)
Rade = Rab6d<w) = eameb” (28[mwn]Cd — 2w[mcewn}ed> N (2.17b)
Rkl = Ry (V) = ea™ey™ (2a[mvn] L 2v[mp(kvn]pl>> . (2.17¢)

On the other hand, due to the superspace curvature constraints 7,;¢ = 0, (A.4a) and (A.4b),
the “traceless” conventional constraints for the component curvatures follow [70]

R(P)y¢ =0, (2.18a)
YR(Q)apr =0, (2.18b)
R(M)a* =0. (2.18¢)

- 11 -



The conditions (2.18) allow one to solve for the composite connections as follows:

Wabe = W(e)abc 277a bb 71/117 7a¢ck wak’}/[lﬂ/}c]k s (219&)
k_ 4 pe 3 e (g 1 1 5 19h
Pm” = 15 (7 9m = g ImY be" + 15 e Vg (2.19D)
1 1 )
o’ = _gRab( w) + %5273(&’) + §¢[aﬂbc¢c - %53%3‘7&1%]
1 i ) )
+ E@ch'YaR(Q)bC] + éwcj')’[bR(Q)ac}] 77&(1]’7 XJ
i j —bed d,
+ E@Z)a]%:wdj T 160 a@ZJC ’}/CH/J@J T—¢° e (2,19(})
where w(e)ape = —%(Cabc + Ceap — Cpeq) 18 the usual torsion-free spin connection given in

terms of the anholonomy coefficient Cp,,,* := 2 9}, e,,) "
The supersymmetry transformations of the independent fields in the standard-Weyl
multiplet may also be read off from the superspace results

Sem® = —igmawmk, (2.20a)
0Ymi = 2Dm&; + 12T B e Ym& + 209mmi (2.20b)
SV = —4e® g0 gs%xw + e ) (2.20¢)
= E0m’ + X+ i~ ZemAa, (2:20d)
0T, = _égk'yde'YabcR(Q)dek - E€mabc><k : (2.20e)
S\ = 5 DE = [RUNITG + [VaT A e T, (2200
5D = 21§ V\ — iy (2.20g)
Here
Vil oy = Dalyy, + 15(%bc)aﬂ¢d?x5k + Q(Vabc)aﬁwd’kaaﬁ (2.21a)
Yl =Dy + Tbcd'yb“lv“% : (2.21b)

and we have restricted to the Q, S and K transformations, 6 = dg + dg + dx, whose
local component parameter are given by &, n’ and ), respectively defined as the § = 0
components of the corresponding superfield parameters, |, %, ;= A% | and A, := Ag|.

2.2 The non-abelian vector multiplet

By following the discussion and conventions of [69, 70], let us turn to the description of a
non-abelian vector multiplet.

2.2.1 The non-abelian vector multiplet in superspace

To describe the non-abelian vector multiplet in superspace, we introduce the gauge-
covariant derivatives

V=EAV,, Vi:=Vi-iVa, (2.22)

- 12 —



where the gauge connection one-form Vi = EAV 4 takes its values in the Lie algebra of the
(unitary) Yang-Mills gauge group, Gynm, with its (Hermitian) generators commuting with
all the generators of the superconformal algebra. The gauge-covariant derivatives satisfy
the algebra

1
(Va,Vp}=-Tap’Veo — §R(M)ABCndd — R(J) 4™ Jpy — R(D) 45D
— R(S)aB) Sk — R(K)ap°K. — iF aB, (2.23)

where the torsion and curvatures are those of conformal superspace while F 4p corresponds
to the gauge covariant field strength two-form Fo = VYV, = %EB A EAF 4p. The field
strength JFy satisfies the Bianchi identity

VFs=0 <= VuFpe + T[ABD.'F‘DW) =0. (2.24)

The Yang-Mills gauge transformation acts on the gauge-covariant derivatives V4 and a
matter superfield U (transforming in some representation of the gauge group) as

Vi = ¢TVae T, U = U =¢TU, =, (2.25)

where the Hermitian gauge parameter 7(z) takes its values in the Lie algebra of G'yy;. This
implies that the gauge one-form and the field strength transform as follows:

Vi = €TVie T +ielTde T, Fo — T Foe T, (2.26)

Some components of the field strength have to be constrained in order to describe an
irreducible multiplet. In conformal superspace the right constraints are [69, 83, 104]

fézjﬁ = 07 fa]ﬁ = (’Ya)aﬁABia (2'273‘)
where A% is a conformal primary of dimension 3/2, S,ZAM = 0 and DAY = %Ao‘i. The
Bianchi identity (2.24) together with the constraints (2.27a) fix the remaining component
of the two-form field strength to be

Fop = — ()50 VEAS 2.27h
ab = 8('Yab),3 atrk ( . )
and fix A% to obey the differential constraints [69, 83, 104]:

VEAL =0, VUAP) = iagvgimj) : (2.28)

It is useful to list some identities for spinor covariant derivatives acting on the primary
A% and the descendant superfields F,° = —i('yab)aﬁf ob and

ij L i ni
X = ng A (2.29)
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These are

VgAﬁj = —iégAij — 2 F P, (2.30a)
. . 1 A .

fo.'Fﬂ’y = —VagA’yZ — 53V,35A61 + 55ZVQ5A62 — gaﬂpTW’YpA” , (2.30b)

Vi Xk = 2:0w s APK) (2.30c)

It is also useful to note that the S-supersymmetry generator acts on the descendants of
the superfield A as follows:

STFP = —4i6IAL +160A7,  STXY = —4is" A . (2.31)

Note that the two-form field strength is invariant under special superconformal transfor-
mations and is hence a primary superform, K€F, = 0.

2.2.2 The non-abelian vector multiplet in components

The component structure of the vector multiplet can be readily extracted from the su-
perfield description above, see [70] for more details. The gaugino of the vector multiplet
is given by the projection A%|. The component one-form v, and its field strength f,,,
are given by V,,| and F,,,|, respectively. The supercovariant field strength F,, is simply
given by F | and is related to f,,, = 20),vy) as

F, = eamebnfmn + 'lp[ak’yb]Ak . (232)

The last physical field of the vector multiplet is simply the bar-projection of X% .

In what follows, to avoid awkward notation, when the correct interpretation is clear
from the context, we will associate the same symbol for the covariant component fields and
the associated superfields. The superfields A%, X%, together with F,?, are all annihi-
lated by K% hence all their bar-projections are K-primary fields. Using this fact together
with (2.30) and (2.31) the § = dg+ 05+ 0k transformations of the component fields follow:

SN = —i& X7 + %’y“bfjf@b, (2.33a)
5X9 = —260WAD — 4inlAI) (2.33b)
6Fab = 28 VA" + T &7 A + 200 Fap A (2.33¢)

where
V.A' =D, + %X Yo — iibcwa’?—'bm (2.342)
D, :=e," <am — %mendd — bpD — VM — i'vm> . (2.34b)

The transformation rule of the component connection v,, can be computed by first noticing
that K4F, = 0 and then by taking the double bar projection of the supergravity gauge
transformation of Vi, égV1 = EAéBfBA, which leads to

SV = em & Fhal = —EymAF (2.35)
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2.3 The linear multiplet

Let us turn to describing the 6D off-shell linear multiplet coupled to conformal supergravity.

2.3.1 The linear multiplet in superspace

The linear multiplet, or O(2) multiplet, can be described using a 4-form gauge potential
B4y = %ED ANEC ANEB ANEABagen possessing the gauge transformation

5p3B4 = dp3 s (236)

where the gauge parameter ps3 is an arbitrary super 3-form. The corresponding 5-form field

strength is

1
Es =dBy = 5EE ANEP NECANEB AEAEapepE, (2.37)

where

Eapepe = 5VaBpepr) + 10T145" Biricpr) - (2.38)
The field strength satisfies the Bianchi identity
5
dE5; =0 <= VuEpcper) + §T[ABGE\G|CDEF) =0. (2.39)

In order to describe the linear multiplet we need to impose covariant constraints on
the field strength Ej5

Bapehy = H(Yape)apL? , L9 =L, SILV =0, DL7 =4LY, (2.40a)

and require all lower mass-dimension components of Expcpg to vanish. The remaining
components of F5 are constrained by the Bianchi identities (2.37) to be defined in terms
of the superfield L%, and its descendants as

. 1 iy
Eabcdzy = ggabcdef('yef)oszBjLU s (240b)
! -
Eabcde = Ee’fabcdef(")/f)aﬁ)v];v%[/kl = 5abcdefEf7 (2.40C)

where L¥ is constrained to satisfy the defining constraint for the linear multiplet®
ViR = 0. (2.41)

The highest dimension component of the superform satisfies the Bianchi identity V,E* =0
with E¢ = ét’;‘ab“lefE‘bcdef.7

The linear multiplet in six dimensions was introduced in [105, 106] for the Minkowski case extending
the 4D results of [104, 107-111]. See [48, 83, 112, 113] for other references about the coupling of the linear
multiplet to 6D supergravity.

"The reader should not confuse E* with the vector supervielbein.
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In order to elaborate on the component structure of the superfield L%, the following
identities prove useful:

Vi Lk = —260 k) (2.42a)
Veoh = —%Eiang — V5L (2.42b)
VEEag = —8V,apk) — 2Vaseh + 2205, W0k | (2.42¢)

where we have defined the descendant superfields

_ 1
3

)

g i
ol VoLV, Eo = —(3)*"VE0sr, Eap = (1) apEa- (2.43)

4
These prove to be annihilated by K% and to satisfy

Sl =865L1;,  S)Bap = —40i0] pap - (2.44)
These turn out to be equivalent to the condition that Ej is a primary superform K€ Es = 0.

2.3.2 The linear multiplet in components

The covariant component fields of the linear multiplet can be identified by the component
projections of L and ¢*,. The component gauge 4-form and its 5-form field strength can be

identified by the component projections bynpg = Bmnpg| and hpmppgr = 58[mb respec-

npqr]»
tively. In the paper we will also use the Hodge dual of the 4-form ™" = %am"pq’"sbpqrs.s
The supercovariant field strength is just the component projection of Ejpeqe, Or equivalently

E?, the top component of the superform Es5. At the component level it holds

i ) 1

E* = h* — %Wab@l - §¢bi7abc¢chZ] ) h® = ﬁgamnpqrhmnpqr . (245)
In the previous equation and in what follows we drop the component projection of the
descendant fields when it is clear from context what we mean. The supersymmetry trans-

formations of the covariant fields can be read off from (2.42) and (2.44) which give

SLY = 2¢lipl) | (2.46a)
0¢' = S€"Ba — iV L7 — 81, L7 | (2.46b)
0By = 2V + €T or — 101 Guipr 2.46
o = 267 V"¢" + 158797 Thgpi — 1007 Fapi (2.46¢)
where
VoLl7 =Dy LV — 1,7 (2.47a)
. A g g
Vo' = Dy’ — Zwa’%E — izpajymﬂ + 4¢ai L7 . (2.47Db)
8Tt is worth reminding that in our notation, see appendix A of [69], the Levi-Civita tensors with curved
indices include e or e~ ! factors since we use the following definitions e™"P4"* := E“bc‘iefeameb"ecpedqee%fs,
and Emnpgrs = €m en’ep’esterest avedes, With €apedes such that egiazes = —e012345 = 1.
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The transformation of the component gauge field by, can be obtained by project-
ing to components the supergravity gauge transformation of By, dgBs = %EA‘l AN
/\EAlfBEBAl...A4. This leads to

5bmnpq = e[qdepcenb <€m]af§jEéabcd| + 2T/Jm}za§fEéflabc|)
= —Emnpqgef gj’yef@j + 81w[m27npq]‘£JL” . (248)

The transformations of the components of the linear multiplet reproduce, up to the change
of notation described in appendix D, the results of [48].
2.4 The gauge 3-form multiplet

In this section we introduce another off-shell multiplet that will play a central role in the
construction of an invariant action principle in our paper. This was described in [100] and
also in [69, 70]. It contains a closed 4-form field strength amongst its component fields,
which can be solved in terms of a gauge 3-form. We will refer to it as the gauge 3-form
multiplet.

2.4.1 The gauge 3-form multiplet in superspace

The gauge 3-form multiplet can naturally be described in superspace using a super 3-form
1

Bs = QEC A EB N EAB4pc possessing the gauge transformation
0p, B3 = dpa, (2.49)
where po is a two-form gauge parameter. The corresponding field strength is
Hy=dBs = %ED NEC NEP NEYHapep, (2.50a)
Hapop =4V aBgep) + 6T1as" Biric) - (2.50b)
The 4-form field strength satisfies the Bianchi identity
dHy =0 = VuHpcpp) + 275" Hipicpr) = 0. (2.51a)

In order to describe an irreducible 3-form multiplet it is necessary to impose the fol-
lowing covariant constraints [100] on the field strength Hy:

Habs = i(Vabe)re B, S]B," =0, DB,” =3B,"7, (2.51b)

with all lower dimension components of the superform vanishing. The Bianchi iden-
tity (2.51a) fixes the remaining components as

1
Habcg = _EEabcdef(’)/de)épvpprlpv (2.51c¢)
i -
Hapea = @e?abcdef(’ye)a'gvakVﬁzBfkl, (2.51d)
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and requires B," to satisfy the constraints”

Vi pok) — _g(gkﬁvgi BoiR) (2.52a)
[V, Var B = —8i Vo B (2.52b)

The superfield B, has a large number of descendants, only some of which will appear
in the field strength Hy or in the action principle we will construct based upon it. The
relevant ones are

Acidk . év(ﬂiBﬁaﬂf) 7 (2.53a)
9 ,
Ao’ = glvajBa” : (2.53b)
]' g «
o= 2605 Tt 2530

where the reader is cautioned that Cg; is a generic rank-two tensor containing both a
symmetric and antisymmetric part. These descendants satisfy the following useful relations,
which are consequences of the constraints (2.52)

i

Vi B,J* = —i(ya)aﬁAﬁiﬂf —ieUALM, (2.54a)
ViAg = _%(’Yb)cwcﬂwj + é(’)’b)ﬁvo i +€”( “)asCab
—2(v")apVaBs? + 4 (1) ap Wera B* (2.54b)
ViCab = — ;nabpaﬂ - g('Yab)ﬁ par' + 8( W)ap(3a) 6™ + 1(Yac)a” VA g’

+ (21 Nab(Ve)ap — 21 Nac(Vo)ap — (Vabc)aB)XjBBCij — 4 (Va)aéBCij(Vbc)yﬁXﬁjw

%Wacd( NP Mgy’ + 20 W (yaa)a” Ase’ (2.54c)
and

SPAad’ = — @(YyBak - %(%b) "BY!, (2.55a)

9 - 1, . 1 . 1 .

Sy Cap = —5(%)V Aspr — 5(%)7 Asar + ?hb(%)wAack + 5(%1)@)76/\561@, (2.55b)
while each is annihilated by K®. These conditions are equivalent to the condition that
H, is primary, K¢ H, = 0. Note in the supersymmetry transformations (2.54), additional
component fields appear. These are defined by the descendants

Caﬁl] = ZvakAﬁzjk, paﬁw = 7§1V[aj05]w] y (256)

but we do not give their transformations here as they are unnecessary for what follows. A
more complete discussion of this multiplet can be found in [69, 70].

°Tt was shown in [69, 70] that a reducible multiplet described by a primary superfield B," satisfying
only (2.52a) but not (2.52b) can be used to construct a non-primary super 6-form. This plays an important
role in, e.g., providing a density formula for the full superspace integral and to describe one of the two
N = (1,0) conformal supergravity actions.
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2.4.2 The gauge 3-form multiplet in components

The component structure of the 3-form multiplet follows from the superspace con-
straints (2.52). Besides the lowest components of the descendant superfields A,,’ and
Cop, there are other component fields of B, that we do not summarise here, see [70] for
more details. In later sections, we will only make use of the component projections of B,
Aud®y and Cyp, whose § = 8¢ + 65 + 6k transformation, that follow from (2.54) and (2.55),
prove to be

6B = — €l +igUAD, (2:57a)
S 1 -~ . -
gy = §Cﬁw (m&i)y + gffCaW (1) 8y + (V*€7)3Cab + 2(7v*&i) gV aBp"
_ 44 4 .
+ 2 (7061)5 chaBM] + ?najBa” + g(%zb”j)a Bbl] 5 (257b)
i A | . ,
0Ca = —glab &ope’ + gfi'}’c"}/abpcz + 5&%%’ +1&YacVey'
4 4i % , i
+ | 1517ab §ivYeXj — 15 "ac §iMXj — Bgi'Yachj —4i &V, R(Q)pej | B
i P 9, 1,
+ ZTaCd &Ny — 1T, Eyaale’ — 577k7a/\b/c - 577k'7bAak
1 5 1 ..
+ 5 ab 1" 5eA + 3 1" Fabe A (2.57c)

2.5 The tensor multiplet and the dilaton-Weyl multiplet

So far we have described various off-shell multiplets coupled to the standard-Weyl (or type
I) multiplet of N' = (1,0) conformal supergravity [48]. In this subsection we introduce
a variant off-shell formulation in which the matter fields (T, ,x", D) of the standard-
Weyl multiplet are replaced by a scalar o, a gauge two-form tensor b,,,, and a chiral
; matter fields. These fields belong to a 6D (1,0) tensor multiplet [105, 114] which once
coupled to the standard-Weyl multiplet, can be used to define a new multiplet of conformal
supergravity: the dilaton-Weyl (or type II) multiplet [48]. This plays an important role in
six-dimensional supergravity since, to date, it has proven to be the simplest formulation
that can be consistently used to construct actions for general off-shell supergravity-matter
systems. In flat superspace, the tensor multiplet has been constructed as a super gauge
two-form [115]. Extending the curved superspace analysis of [83], we will first introduce
the dilaton-Weyl multiplet by consistently describing the tensor multiplet gauge two-form
in conformal superspace, see also [113]. Successively, we will reproduce the description in
components of [48].

2.5.1 The tensor multiplet and the dilaton-Weyl multiplet in superspace

Consider a super two-form gauge potential By = %EB A EABup possessing the gauge
transformation

(SplBg = d,O1 s (2.58)

where p; is a one-form gauge parameter. The corresponding field strength is

1
H3 =dB; = gEC ANEPANEAH pc, (2.59)
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where
Hapc =3V 4Bpcy + 3T 14" Bjric) - (2.60)

The field strength must satisfy the Bianchi identity
3
dH3 =0 = V[AHBCD) + §ﬂABEH|E|CD) =0. (261)

In order to describe the tensor multiplet we need to impose some covariant constraints
on the field strength H3 [83, 115]

=0, Habl =2 (va)ap®, SP®=0, DO=20. (2.62)

aﬁ:

By using the Bianchi identities (2.61), the remaining components of the superform Hs are
uniquely fixed in terms of ® and its descendants. The solution implies that ® satisfies the
differential constraint corresponding to the tensor multiplet

vivie =o, (2.63)
and also determines the higher dimension super-form components to be
Habgl = (’Yab)aﬂv%q)v (2643‘)

1

Habc = 3

(Fabe) " VEV 51 — AW 3, . (2.64b)

It is worth noting that the constraint (2.63) can be solved in terms of a constrained pre-
potential V' as follows [83, 115, 116]

a1 o
o =viv), vive) - Zagvgsz =0. (2.65)
It is in fact simple to prove that the following two-form
By = —8iE] N E*(74)p, VY — E" N E(74) sV, VY (2.66)

obeys dBy = Hj. The prepotential V' is defined up to a shift by a superfield describing an
abelian vector multiplet, V' — V% 4+ A% which leaves Hj of (2.62) and (2.64) invariant.
We introduce the following descendants of ®

. . 1 .
YL =Vi®,  Hyp= 8(7ab0)a5H;§m = —iV{L, ¥k (2.67)

where we used the decomposition of Hgp. into self-dual and anti-self-dual parts
Hype = H, + H_, . The superfields ¢!, and H,gs satisfy

Vil = —%sinaﬂ — eV 59, (2.68a)
k k
VEHops = —AV 0k | (2.68b)
and
SO = 480010 S Hap = —24i6], Uy (2.69)
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Both !, and H,g are annihilated by K% Note also that (2.69) turn out to be equivalent
to Hs being a primary superform K¢ Hsz = 0.

Assuming the tensor multiplet superfield ® is everywhere nonvanishing, ® # 0, which
is a standard requirement for a conformal compensator, it is straightforward to check that
the constraint (2.63) implies the following relations

1
= —7H_ 2.
Wabc AD abe ? ( 703)

i 1 e 7 a 7
X0 — _E<V By — W %5) , (2.70D)
1 , 2
Y = — [ VOV,® — 4X Yo — ~WHup | 2.
% <v v ai = W b) (2.70c)

This shows that the covariant superfield of the standard-Weyl multiplet, W, and its
descendants, are now composed of the tensor multiplet covariant superfields ®, H,,. and
their descendants. The result is a superspace description of the dilaton-Weyl (or type II)
multiplet of conformal supergravity [48, 83].

2.5.2 The tensor multiplet and the dilaton-Weyl multiplet in components

The covariant component fields of the tensor multiplet can be identified by the component
projections o := ®| and ¢},|. The supercovariant 3-form field strength is just the compo-
nent projection of the superfield H,,.. By taking the double bar projection of (2.59) one

can derive
3 3,
Hape = hape + 57!)[@ /Vbc]wi + 5111[@ wac]io' : (271)
Using (2.68) and (2.69), and suppressing the component projection on the superfields
Y and H;Z .» one can obtain the § = dg + ds + d transformations of the components:
do = &, (2.72a)
syt = égi%bcﬂabc +iE'Yo + 4o, (2.72b)
1 - ks
SHY = —5€md”yabcvdwk — 30 Yapetr » (2.72¢)
where
1 i
Voo =Dyo — 5@0,“1!1 , (2.73a)
. S . i .
Vat' = Dat' = 57" W0 Hpea = 59"V = 264" (2.73b)

The transformation of the component gauge two-form b, = B,y | can be obtained by using
the fact that By is a primary superform and by projecting to components the supergravity
gauge transformation of Ba, dg By = %EB A EA¢CHgyp, leading to

Obmn = e[nb(em]agleﬁaH + 1/%}?51:[{%17” = 5@7mn¢z + 21527[771'9[}71]10- : (274)
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The relations (2.70) that define the dilaton-Weyl multiplet in superspace translate to the
following at the component level

S
Tabc = %Habc, (2753)
5L B
=Dy 32O_Tab07“bc i (2.75b)
D = B9ay,0 — 2y + 01 pebe (2.75¢)
T g " Ved TAXWIT o tabett '

with
a a a 1 a. i 1 a, )i 1 a~bed, i
VoVao = (DaV? = 4" + 50y )0 = 5tai (V' + T3
i Lxa
b2, (276)

where V,0 and V9 are respectively given in (2.73a) and (2.73b), while

1 i i 1 i _
o = =g R— gV k7 R(Q)a" + o5 vary X" + 55 Yary o + o a" wtoer T (277)

In all the previous equations the reader should keep in mind that on the right hand side
T e x* and D are built from the tensor multiplet covariant fields o, 1* and Hgp.. Equa-
tions (2.75) in fact show how in the dilaton-Weyl multiplet the covariant fields of the
standard-Weyl multiplet are replaced with the fields of the tensor multiplet. The dilaton-
Weyl multiplet will play a central role in the construction of curvature squared terms in
later sections.

The supersymmetry transformations of the independent component connections of the
dilaton-Weyl multiplet (e,%, ¥mi, Vin*, bm) can be read straightforwardly from the trans-
formation rules of the same fields in the standard-Weyl multiplet (2.20a)—(2.20d) where
now (2.75) should be used everywhere. The transformation rules of the independent mat-
ter fields (o, 1%, by ) of the dilaton-Weyl multiplet are respectively given by (2.72a), (2.72b)
and (2.74).

In this section we have described in detail various off-shell matter multiplets coupled
to the standard-Weyl multiplet. For each of these multiplets, it is clear that the same
analysis holds straightforwardly in the case of the coupling to the dilaton-Weyl multiplet.
In fact, to switch from one off-shell conformal supergravity multiplet to the other, it is only
necessary to use equations (2.75) everywhere or their superfield equivalents.

3 Locally superconformal action principles

In this paper we will make use of three action principles to construct various locally su-
perconformal invariants. One of these involves the product of a linear multiplet with an
Abelian vector multiplet and describes the supersymmetric extension of a By A Fa term.
This action formula was the main building block for the supergravity invariants in [48]. In
superspace it may be described by a full superspace integral

/ A%z d®0 EU; LY (3.1)
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where U;; is the Mezincescu prepotential for the vector multiplet [117, 118], LY is a linear
multiplet and E = Ber(Ey4) is the Berezinian (or superdeterminant) of the supervielbein.

A second locally superconformal invariant is the so-called A action principle of [69, 70].
This is based on a primary dimension-9/2 superfield A,“* whose differential constraint will
be reviewed later in this section. This describes the bottom component of a covariant closed
super 6-form that was originally constructed in [100].

Another action formula involves the product of a tensor multiplet with a gauge 3-form
multiplet and it describes the supersymmetric extension of a Bs A Hy term. Its existence
was noted in [69] where it was described in terms of the A action principle with a superfield
ijk

Lagrangian A,%" chosen as

ApIF = 5,5 VPEBYOIR) (3.2)

where V% is a prepotential for the tensor multiplet (2.65) while B*%% = (34)*# B, is the
primary superfield describing a gauge 3-form supermultiplet as in section 2.4. The bosonic
component structure of this new locally superconformal invariant was given in [40] while
its complete structure is given for the first time here in our paper.

The A action principle was already studied in detail in [69, 70]. In this section we are
going to present a construction of both the By A F2 and By A Hy action principle by using
the superform approach to construct supersymmetric invariants [95-99]. The advantage
compared to using (3.1) and (3.2) is two-fold: firstly, we will see that no prepotential
superfields, either for the vector or tensor multiplets, appear explicitly; secondly, it is
straightforward to reduce the results to component fields making direct contact with the
superconformal tensor calculus. Our approach follows the one of, e.g., [93, 119-121].

3.1 Superform construction of locally superconformal invariants

For a 6D N = (1,0) superspace, we introduce a closed 6-form J

1

J6!

dzMe Ao AdZM Ty (2), AT =0. (3.3)

Such a closed superform leads to the supersymmetric action principle [95-99]

S = = /dﬁme*ﬂgo, e :=dete,®, (3.4a)
MG
1
R S—— (3.4b)

where i : M% — MO8 is the inclusion map and i* is its pullback which effectively acts as
the double bar projection, 6/ = df!" = 0. Due to the transformation rule of a closed 6-form

(5&] = ﬁgJ = Z'ng + d’L'gJ = di&J, (3.5)

up to boundary terms that we are going to neglect, the closure of J guarantees that the
action is invariant under general coordinate transformations of superspace generated by a
vector field € = E4AE 4 = €My,

The action principle (3.4) is manifestly invariant under superdiffeomorphisms. In ad-
dition, the action must be invariant under all other gauge transformations. Among other
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possible gauge transformations of matter multiplets in a specific model, for conformal su-
pergravity we need to include the other superconformal transformations describing the
structure group of conformal superspace, which form the subgroup H. To ensure the in-
variance of (3.4) then J is demanded to transform.

A special case is when the closed 6-form is itself invariant, dyyJ = 0. This implies that
if one instead decomposes J in the tangent frame,

1
J= aEAG Ao NEM T s (3.6)

the components Jy,...4, transform covariantly and obey the covariant constraints

ViaJ Ay A7) +3T[A1AQBJ\B\A3~.A7) =0. (3.7)
In particular, their S and K transformations are given by

Sf‘] e = 71”(/?[&1)57‘]7]&2 an]“ e Kb‘]Al"'AG =0. (3'8)

ai-Gnag Qa6—n aq ag—n ?

These are equivalent to demanding J to be a primary six-form K4J = 0.

Once constructed an appropriate invariant closed super 6-form J, it is straightforward
to describe a gauge invariant action principle in components. In fact, by expressing the
action (3.4) in terms of tangent frame indices one obtains

1
S = /dGmesml " B ‘-EmlAlJAl..AA6|9:0,

1

6 ai---ag [eD) aq 11 12
6' d’ree Jar"ae 377/}&1 az-- %‘a_ 1/}@112 ¢a2 Jas ‘a6 o1 g

+ 77ZJ6141fL 317Z}a2a2w(l3a1 Ja4a5a62041110422’§’3 717&0,1?11 : ¢a4a4 Ja5a6a1. 0214
- Elbalzl : ¢a5z aglall. 25 - 7#)(11 : Q;Z)agl be]éll |9 0> (39)

which is the standard expansion of supergravity actions as a supercovariant power series
in the gravitini. Let us now turn to the examples relevant for our paper.

3.2 The B4 A F2 action principle

Consider the gauge 4-form multiplet associated to a linear multiplet, as in section 2.3,
together with an Abelian vector multiplet, see section 2.2. By considering the gauge 4-form
By and the vector multiplet two-form field strength F> we can construct the primary super
6-form By A Fo. This is manifestly invariant under vector multiplet transformations, that
leave invariant F, while it transforms as an exact form under the gauge transformation of
the 4-form (2.36), 6,,(B4sA\F2) = d(p3AFz), so that its exterior derivative is gauge invariant

d(B4 VAN ./T"z) =FEs N\ Fy. (310)

It turns out that the covariant constraints on 5 and Es5 mean that Fs A Fo is Weil triv-
ial [122]. In other words, it turns out that there is a second super 6-form ¥ g Az, obeying
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dX¥g,ar = Es A Fa such that Y g, 7, is constructed entirely in terms of the covariant
superfields in 5 and E5. This implies that ¥g A7, is primary and gauge invariant. We
call this super 6-form the curvature induced form. This means that by construction the
primary super 6-form

IBIAFS =B4/\.7:2—2E5/\]:2 (3.11)

is closed, dJp a7, = 0, such that 6,, Jp,nx, = d(p3 AF2) and then, according to the discus-
sion in the previous section, it leads to a locally superconformal and gauge invariant action.
It is not difficult to solve explicitly for ¥ g A 7,. It obeys

dSpoam = Es AN Fo <= Vi, Saya0) + 3714, 4,7 DBl Ag A7) = 3F 4,45 Eaq A7) »
(3.12)

with F4p the components of the abelian vector multiplet super two-form Fo, eqs. (2.27),
and F4,...4, the components of the linear multiplet super 5-form Ej5, eq. (2.40). A covariant
superform solution ¥ g 7, is given by

EaLbcdeiy = 25abcdef (’Yf)a,BAfLij y (313&)
Eabcdef = —Eabcdef <XZ]L’L] - 2iAai@ai) ) (313b)
with all components at lower dimension vanishing.

If we now plug the resulting closed 6-form (3.11) into (3.9) we obtain the component
action principle

1 - y ‘ )
SBAF, = /dﬁw e <—2fmnbmn + XULZ‘J‘ — 21N p; — wai’)/aAjL”> , (3.14)
where we have suppressed spinor indices and we remind that we defined

~ 1

b = Ism"”qmbws. (3.15)
The action (3.14), which we will refer to as B4 A Fy action principle, was obtained for the
first time in [48].

3.3 The Bs A H, action principle

By starting from the gauge two-form multiplet associated to a tensor multiplet, as in
section 2.5, together with a gauge 3-form multiplet of section 2.4, we can construct another
gauge invariant action principle using the same logic as in the previous subsection.

Considering the gauge two-form Bs and the closed 4-form field strength Hy = dBsg
we construct the primary super 6-form By A Hy. This is invariant under the 3-form gauge
transformation, d,,B3 = dps, it transforms as an exact form under the two-form gauge
transformation (2.58), 6,, (B2 A Hs) = d(p1 A Hy), so that

d(B2 VAN H4) = H3 AN Hy, (316)
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is gauge invariant. The covariant constraints on Hs, eqs. (2.62) and (2.64), and on Hy,
eq. (2.51), are such that the super 7-form Hs A Hy is again Weil trivial and then it is
possible to construct a curvature induced super 6-form X g, so that

JBQ/\H4 = EH;),/\H4 - B2 A H4 (317)

is closed, dJp,am, = 0, and such that 0,, Jp,nm, = d(p1 A Hy) leading to a locally super-
conformal and gauge invariant action.
The superform equation defining ¥ g, 7 q, is

AS s, = Hs N Hy <= VaSpepere) + 3Tas” Simepere) = SHapcHpera)
(3.18)
with H3 corresponding to a tensor multiplet, see section 2.5, and H, corresponding to the
gauge 3-form multiplet, see section 2.3. A covariant solution of equation (3.18) is given by
a super 6-form ¥ g, A, possessing the following nontrivial components

i
Eabcdzg— = §5abcdef(’yefg)p‘rq)ngqv (319&)
1 . .
Eabcdelé = _Zeabcdef [2¢6kakl + l‘I)Agfl + (’}/fg)gp (21/kangl — I(I)Apgl)} s (319b)
1 - 1
2atbcclef = Zgabcdef(fyg)aﬁwakAﬁgk + zgabcdefq)ca (3.19C)

with all lower dimension components vanishing and the descendant superfield A,q* defined
in (2.53b) and C given by the trace of Cy, defined in eq. (2.53c),

1

i ~ A\ 1 (0% ~ A\
C = n"Cop = —(F)*PVar Vi B = Evakva BEL — g('y )PV akAga” . (3.20)

12

The antisymmetric part of Cg is related to the supercovariant four-form field strength
H,peq via (2.51d), leading to
1

3% g ;
C[ab] = _Eaabcdethdef - chij[abAc]J - ggabcdefwcjfydegwfk Bg]k7 (321)

where hynpg = 40;,b If we now plug the resulting closed 6-form (3.17) into (3.9) we

npq]-
obtain the component action principle

1 11
SBoAH, = /dﬁxe{ — ZO’C — zwj’ygAg] + Zb“bc b

+ gl [%Ba” oA 9 (2B — i AyT) + S byl AT

i 1 . g
+ | 1B — by (322
where spinor indices have been suppressed. Note that the couplings involving b, can be
rewritten as %€ hoge ¢ We will refer to the invariant (3.22) as the By A Hy action

principle. The bosonic part of the action (3.22) appeared for the first time in [40]. It is
important to mention that although one can formally work in the standard-Weyl multiplet
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in the construction of the above invariant, the tensor multiplet is on-shell. To have an
off-shell description, one must identify the tensor multiplet as the one of the dilaton-Weyl
multiplet. Note that by turning off the supergravity multiplet in (3.22) one obtains the
action principle that was first used in [105] to describe the action for the rigid supersym-
metric Yang-Mills multiplet. Let us see how (3.22) allows us to extend that result to the
curved case.

3.3.1 Non-Abelian vector multiplet action

It is worth presenting a first nontrivial application of the By A Hy action principle (3.22):
a direct construction of the non-Abelian vector multiplet action in a general dilaton-Weyl
multiplet background. Previously, this action had been constructed in [48] undertaking
the following steps: (i) restrict to an Abelian vector multiplet; (ii) in a dilaton-Weyl back-
ground, construct a composite linear multiplet in terms of an Abelian vector multiplet;!?
(iii) plug the composite linear multiplet in the By A F» action principle; (iv) realise that
the resulting action is invariant also in the case of a non-Abelian vector multiplet.

In the case of a general non-Abelian vector multiplet, described by the superfield
strength A%, as observed in [69] it is straightforward to construct a composite gauge

3-form multiplet in terms of the primary dimension three superfield
B — 4Ty (Aa(iMﬁ) , (3.23a)

which, due to (2.28), satisfies the constraints (2.52). The descendants of the composite
BAi are then

Aaa' = 5 (a)sr Tr [1(5£X IA) — 6iF A } : (3.23b)
C=2Tr [J—'ab}'ab ~ XUX,; - 21Aa’fvaﬁA£] : (3.23¢)

1 : C o
Clay = 5 T |Cabedes F*FS =19 ((ane)as A" A7) | (3.23d)

If we plug these results into the By A Hy action principle (3.22) we find the action for
a general non-Abelian vector multiplet

1 1 . 1
S g2 = / dSze Tr {—20 FOF o+ §UXWXZ~j + gs“b“lefbab fed fef}

+ fermions, (3.24)

where we neglected the fermionic terms. The action, up to a change of notations, coincides
with the result of [48].

10T superspace, with A% the superfield strength of an Abelian vector multiplet, the composite linear
multiplet is described by the superfield F¥ := (i(V,(;@)AO‘j). + iCDV((;AO‘j)) = (iwf;Aaj) + <I>Xij) which can
be easily proven to be a dimension-4 primary such that V(()f]:jk) =0 [83].
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3.4 The A action principle

Let us conclude this section by reviewing the salient results concerning the A action prin-
ciple. The reader should refer to [69, 70] for a complete analysis.
The A action principle is based on a primary dimension 9/2 superfield A,%9* = A, 19k)

obeying the reality condition A,%* = A, ;) and satisfying the differential constraint

VU A5 = 0. (3.25)

(x

As already mentioned, this superfield arises as the bottom component of a covariant closed
super 6-form [69, 100]. By using the superform approach for the construction of supersym-
metric invariants it is possible to obtain the invariant [70]

6 i j i de, ab ij i b ij
Sp = /d xe{F - ZLDMQ/‘” - mwdﬂ cy” CwejS;E,cm - Ed’ai’ﬁ cwbjEcZ]

+ %(wam“”cwm (wckA”’“)} , (3.26)

where the following descendant component fields of A,%* have been introduced:

TR ij G ._ Sz a ij
Sape” = 35 (Tabe) OV arAg*|, B, = 16 i) B o Ag*] (3.27a)
i § §
Qo' = 372('7a)6’y<vﬁjv'ykf4a IR 4 Vi Ve A7) (3.27b)
P
F = SYVTl P10 iV 5V i As | (3.27¢)

The superconformal transformations of the previous multiplet are rather involved, see [70]
for details. The main point is that (3.26) proves to be manifestly locally superconformal
invariant. For the scope of this paper we will only need to know that the purely bosonic
ijk

part of this action can be extracted from the F' component (3.27¢) of the A,“" multiplet.

4 Einstein-Hilbert Poincaré supergravity

In this section we describe how to construct in conformal superspace a supersymmetric
extension of the Einstein-Hilbert term and then describe the off-shell and on-shell two-
derivative Poincaré supergravity theory reproducing the results of [48].

4.1 Linear multiplet action

An action for the linear multiplet can be constructed using the B4y A F5 action princi-
ple (3.14) with the vector multiplet built out of the linear multiplet [48]. The appropriate
composite vector multiplet is described by the primary dimension-3/2 superfield strength

. ) 1 4 y 1 .
AY = —Eva%}g - E(W‘J‘ﬁdﬁ —2AX0L7) + ijk(VaﬁL”)cpg
1 .. i y
_ 35 LZJEaﬂ(pﬁj _ 3 80[67580@4,07]@805[[/”[/“ ’ (4'1)
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where L? := %LijLij is assumed to be nonvanishing, L # 0. The component fields of

the composite vector multiplet can be computed straightforwardly. They include the 6 =
0 projection of A% together with the descendant components of the composite vector
multiplet, X = 1VTA)| and Fu, = —1 () 2 VEAL| 1L

- 1 . 1 - 1 | ) )
XV =2 L'WVov, L1 — ﬁL*lL”D + 1TSL*?’E“EGL” - EL*SE“Lk(lDaLJ)k

1 . )
+ ZLfngl(D“Lk(’)DaL])l + fermions, (4.2a)
1 1 g 1 . .
Fop = ip[“ (L7 'Ey) + §L—1RabULZj — ZL_?’LZ-J- (Do L")Dy L), + fermions,  (4.2b)
where
VeV, LY = DV, LY — 8,2LY + fermions, (4.3)

the expression for V,L% is given in (2.47a), and f,* is given in (2.77). The fn, field
strength (2.32) in the case of the composite vector multiplet proves to be

Fon = 20Ty — {1 L0, L0 (4.42)

1 g 1
Fm c= §L71 <Vm”Lij + th> + fermions . (44b)

The previous composite vector multiplet coincides, up to change of notation, to the one
originally constructed in [48] where the reader can also find the completion with the
fermionic terms.

Using (3.14) and disregarding a total derivative, the action for the linear multiplet
takes the form

2 2 1 1 )
- 6 _ = _ = _ - map ay i .. _ Pa
St /d xe{ RL— =DL — BBy — 2BV, Ly — D'D,L

1 y 1 - A . '
+ E(DGL”)DQLU + @banij (amLk’)anL]k} + fermions . (4.5)

The previous action is by construction locally superconformal invariant independently
of the conformal supergravity background chosen, either the standard- or dilaton-Weyl
multiplets which we have not specified so far in this section. In the standard-Weyl multiplet
background the DL coupling in (4.5) implies L = 0 on-shell. This is inconsistent with the
requirement of L being a conformal compensator, L # 0, and makes the action (4.5) alone
inconsistent in a standard-Weyl multiplet background. A standard resolution of this issue
is to consider (4.5) in a dilaton-Weyl multiplet background where, thanks to (2.75¢)

15 5

3
D= -D'Dyo + R+ 4fT(;beﬁ“bc + fermions (4.6)
g g

"Here and in what follows, whenever we only explicitly give the bosonic sectors, any supercovariant field
(which involves fermionic terms) can be replaced with its purely bosonic analogue, e.g. E* with h®, Hapc
with hgpe and so on, since it will only change the suppressed fermionic terms.
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and the action (4.5) becomes

1 1 o1 o1 o
SEH = /dﬁx (& { — §LR+ E (8mLij)8mL” + vaik:ij (8mL” ) + va(lkL])kailLlj
L L . _ 1 1 . 1 - . A
— %D“Daa—@TabCH“bC— 57 B Ba— 5 BVa" Lij— g b™" L (8mL’“)8nij}
+fermions. (4.7)

Another option to solve the inconsistent dynamics of (4.5) in a standard-Weyl multiplet
background would be to add to (4.5) other invariants such that the resulting dynamical
system possesses equations of motions for D that are self consistent. We will show an
example of this option later in section 7 when we will introduce a new curvature squared
invariant in a standard-Weyl multiplet background that will contain a D? term in its action.

4.2 Off-shell Einstein-Hilbert Poincaré supergravity

The six dimensional A' = (1, 0) supersymmetric extension of the Einstein-Hilbert term and
consequently the off-shell Poincaré supergravity action can be given by coupling a linear
multiplet compensator to a dilaton-Weyl multiplet, eq. (4.7), followed by the gauge fixing
of the redundant superconformal symmetries. The gauge fixing conditions we impose in
superspace are

By =0, ®&=1, (4.8a)

At the component level these imply

bn=0, o=1, ¢¥'=0, (4.9a)
LU:(SUL

The gauge conditions (4.8a) and (4.9a) fix dilatations, conformal boosts and
S-supersymmetry transformations while (4.8b) and (4.9b) breaks the SU(2)r down to a
residual U(1)r gauge symmetry. After fixing the gauge, the remaining physical fields are

{em® ¥’ binn s Vin , Vi S Ly s} (4.10)
which form the minimal off-shell Poincaré supergravity multiplet. Note that we have

decomposed the gauge field V,,% of the SU(2)r symmetry into its trace and traceless
parts as

Vi =V + 507V, V998 =0. (4.11)

To preserve the gauge fixing conditions (4.9) under the residual Poincaré supergravity
transformations the following decomposition rules for the dependent compensating gauge
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parameters have to be used [66]

. U e
i _ _ _ .abe lHac: 4.12
0= =g € Hap (4.12a)
Ny = — iy — gin oy i (4.12b)
m = 756 Pmi T 30 TYmXi 277 mi .
I ~ 1
N = 2800k 5 = gl 4 Cauehy (4.12¢)

Note that, besides the Q-supersymmetry transformations parametrized by local &*| param-
eter, the trace A of the SU(2) parameter, A := A¥| = X' + 16U\, generates a residual
arbitrary U(1)r gauge transformation. The other residual gauge transformations are ar-
bitrary covariant general coordinate and Lorentz transformations parametrized by £%| and
b = Aab], respectively. As a consequence, an off-shell N = (1,0) Poincaré supergravity
background with the field content given in (4.10) has, up to cubic fermions, the following
supersymmetry transformation rules [66]

Sem® = —1&7 Wt (4.13a)
1 , 1

5¢mz =2 (8771 + 4wmab;5/ab> fl + ZVmijé-j - gHmbc’?bcgi ) (413b)

bmn = 21Vt (4.13¢c)

5! = 10970 L = 57°€ B — 21V, 48y L + L L8 G Hape, (4134)
SL =96,
Sbimnpg = —Emnpaes 707 + 8 Anpg &85 L (4.13¢)

5V = 160" Ronn? (Q) + 565" R (Q)01e0" + €Uy ) H*

— %kaabcl/}fnékZ(sinab07 (4.13f)
SVin = —3607" B (Q)0i5 + €03, Hate (4.13g)
where
Runn'(Q) = 2Dyytbny” + 2V}, by + i”abq/’[mHn}ab’ (4.14a)
D)l = (am + lewmcdacd) Ynt + %vmaiwnj . (4.14D)

By imposing the gauge fixing (4.9) in the action (4.7) it follows that the off-shell
two-derivative Poincaré supergravity Lagrangian takes the form [66]

1
8L
+ fermions . (4.15)

1 1 1 ’ 1
e Lpn = —5 LR+ 5L—lamLamL - ﬂLH“bcHabc + LV IV — o BB — BTV,

The off-shell Poincaré supergravity action is invariant under the transformation rules (4.13).
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4.3 On-shell Poincaré supergravity

When considering the Einstein-Hilbert supergravity (4.15), the equations of motion for the
V24 Vi and bynpg fields simply imply [66]

Vin = Vb7 = binpg = 0, (4.16)
leaving the following on-shell Einstein-Hilbert supergravity Lagrangian

1 1
e 1L = —56_21] <R — 40"V Opv + 12lT{mmg]iTm"p) + fermions (4.17)

where we have set L = e~2¥ with v being the dilaton field. The massless supermultiplet of
the two-derivative theory is therefore given by the following component fields

{emaawmi abmn aU,‘Pi} ) (418)

whose supersymmetry transformation rules, that follow from (4.13), up to cubic fermion

terms are
Sem® =iy " Yumi (4.19a)
i i 1 ab i 1 ~ab i

6¢m =2 87715 + Zwm Yab 5 - ZHmab7 5 ) (419b)

Sbmn = 20 mtn)’ (4.19¢)

St = —Qiefzvéij’ymfjamv + %672”5’77‘”’6@[{@0, (4.19d)

1 o
ov = —5621}{1(,0]52‘]‘ . (4.19¢)

Note that, since the fields V! V,, and bmnpg have been integrated out, the previous
supersymmetry transformations close only on the mass-shell.

5 Curvature squared invariants in a dilaton-Weyl background

Here we turn to constructing curvature squared supergravity invariants. All the locally su-
perconformal invariants described in this section are based on the By A Hy action principle;
hence they will all implicitly be in a dilaton-Weyl multiplet background. Within our frame-
work, we will describe the off-shell locally N'=(1,0) supersymmetric extensions of all the
possible purely gravitational curvature squared terms that can be described as linear com-
binations of Riemann squared, Ricci tensor squared, and scalar curvature squared terms.

5.1 The Riemann curvature squared invariant

A supersymmetric extension of the Riemann curvature squared term was constructed
in [62-66]. It has been coupled to the gauged chiral supergravity in six dimensions ex-
tending the Salam-Sezgin model with curvature squared corrections. The exact spectrum
of the Riemann squared extended Salam-Sezgin model around the half-BPS Minkowskiy x S?
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background was analyzed for the first time in [67]. The construction of the Riemann curva-
ture squared invariant of [62—66] was based on the action for a Yang-Mills multiplet coupled
to conformal supergravity [48] and the feature that in the gauge (4.9a) the dilaton-Weyl
multiplet can be mapped to a Yang-Mills vector multiplet taking values in the 6D Lorentz
algebra [62]. This observation is sometimes referred to as the “Yang-Mills trick”. The
superspace analogue of the “Yang-Mills trick” was elaborated in section 6 of [70]. Let us
here further elaborate on this analysis.

In a dilaton-Weyl multiplet background, with tensor superfield ® # 0, following [69]
one can introduce the spinor covariant derivative,

[0}

P — i (vg + (V5In®)M," — 2(V In@)J;" — é(vg In @)D) : (5.1)

This is chosen so that given a primary tensor superfield U of dimension A, the superfield
2U is also a primary superfield of dimension A. Moreover, ® is annihilated by Z¢,

2!® = 0. When acting on a primary superfield, the algebra of covariant derivatives

becomes!?

{20, D%} = =21 Doy — 2T W ™ (Vo) ap Mo — 1 N ™ (Ya) ag My —16iM5.0 7, (5.2)
where
i
-@aﬁ = _Z{‘@§7 -@,Bk} - QJVde(’Yb)aﬁMcd - QWde(’Yb)aﬁMcd (5'3)

and the primary dimensionless superfields . 4,5 and # B are defined as

1 1 .3 _ o _1liia
Nop 1= g(waﬁ)aﬂ(/Vabc = —I—G@av’;avﬁ)@ 2 o= W, (5.4)

By using the previous composite superfields, one can construct a primary dimension-
3/2 superfield valued in the Lorentz algebra A® := A% 5V M. # [70]

. . 2 . 1 .
A% = 3/ <9}37/‘” —~ geaﬁ@gwpﬁ — 3ég@gw5> M,P. (5.5)

This satisfies constraints that are formally the same as those of a non-Abelian vector
multiplet:

. o 1 o .
Aazﬁﬂ =0, @gAﬂj)'yé _ Zég@;ZAm)76 =0, @aiAaz,B’y —0. (56)
The primary A% g7 can be equivalently rewritten as
AY T = 4iXEeY ﬁéaX’Yi ig'YXai — o woryt — léaww i l(ngaé i
B = =Ag 3/3 +35 wﬁ 35 1/}54-35 Q;Z)(S

1

a - ) 1 ] 1 7 i i

12The resulting superspace geometry for the covariant derivatives 24 = (2%, %) is equivalent to the
SU(2) superspace formulation of conformal supergravity of [83] with the torsion superfield component C,*
set to zero, C,” = 0. This is also equivalent to the superspace geometry of [65]. Using in (5.1) instead a
generic real unconstrained dimension-2 primary superfield X instead of ®, as described in [69], one would
obtain the general SU(2) superspace geometry of [83] with C,% # 0.
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where we have used the tensor multiplet relations
Uh=Vh®,  Hapi=—iVigk, VaVh®=—cVHas —ieVs®,  (5.8)

and it should be kept in mind that in a dilaton-Weyl background W# = —%q)_lH B A
remarkable property of the composite superfield (5.7) is that, in the gauge where By, = 0
and ® = 1, equivalent to b,, = 0, 0 = 1 and ¥ = 0, the following relations for the
descendants of Aai[g'y hold:

i

Faptd = —1—6('yab)5a(76d)57V§A275\ = Rap°d(w,) + fermions, (5.9a)
Xiab.— %(fy“b)wﬁngo‘j)gﬂ = —2R%®YU 4 fermions. (5.9b)

Here R4} (w ) is the torsionful Riemann tensor which is defined through (2.17b) in terms
of the shifted Lorentz connection

1
wimCd = med 4+ iemaHaCd, (5.10)
such that

1
Rap(we) = Rap™(w) + Dy Hy ™ + §He[a[CHb}d}e : (5.11)

Considering the analogy of A‘”ﬁ” with a Yang-Mills multiplet and the known con-
struction of the Riemann squared action from a vector multiplet one, it is natural to argue
that a gauge 3-form multiplet is described by the following composite superfield

B = 161 Tr [ACAP)] = —161A°C 2 AP 57 = 8iAC AP (5.12)

Thanks to the fact that V,’j Tr [Aa(iAfBj)] = (I)i@fj Tr [Ao‘(iAfBj)], one can prove that the
composite (5.12) satisfies the constraints (2.52). Then, by plugging (5.12) in the By A
H, action principle, or equivalently by plugging (5.9) in (3.24), after imposing the gauge
condition (4.9a), one obtains the action

1
SRiem? = / d°z e{Rade(er) Rabed(w+) — Zfadeef bab Rea?" (w4) Repgn(ws)
- 4R“bij7?,abij} + fermions . (5.13)

Up to a change of notation, the previous result coincides with the known Riemann squared
invariant [62—66].

5.2 The scalar curvature squared invariant

In section 4 we have shown how to construct the locally supersymmetric extension of
the Einstein-Hilbert term by using the composite Abelian vector multiplet based on the
superfield A® defined by eq. (4.1). It is clear that the composite

BB . —4iA(O‘iA’B)j, (5.14)
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satisfies the constraints (2.52). Moreover, it is straightforward to check that by plug-
ging (5.14) in the By A Hy action principle, in the gauge (4.8), one can find the supersym-
metric extension of a scalar curvature squared that was first constructed in [68]. Let us
here review the salient results for this invariant in components.

In the gauge (4.9), by using the components of the composite vector multiplet (4.2),
it is straightforward to obtain the following useful expressions

1 __ .
Smn = O, (Vn} + 5L 1En]> + fermions, (5.15a)
g _Lya 1o .
Xij X"V = §T - §|z| + fermions, (5.15b)
where

1 1 1
T =R — o Hynp ™ — L7om,, L + EL—2(8mL)6mL

24
|

— 22" 7, + gL*QEmEm : (5.15¢)

==-2L7'D™(LZ,) +iL 'E™Z,,, (5.15d)

with the complex vector field Z,, defined as
T = V22 1iy 1L (5.15¢)

Using the action (3.24), we obtain (up to a numerical factor) the following Lagrangian for
the Ricci scalar curvature squared invariant [68]

1 1
e Lpe = 6 [R + 15 Hmnr H™" 4 2L710™0,, L — L™%(9,,L)0™L
_ 1 2
+472m7Z,, — 4L‘2EmEm]
1
4

1 1 1
+ 3 Emnpgrs™" O (Vq + 2L‘1Eq> o (vs + 2L_1E5>

[2L*1Dm(LZm) - iL*lEmZm} [2L*1D"(L2n) + iL*lE"Zn}

1 1 1
— 53[,” (Vn] + 2L_1En]> o™ (V” + 2L_IE"> + fermions . (5.16)

The resulting Ricci scalar curvature squared action is invariant under the off-shell super-
symmetry transformation rules (4.13).
5.3 The new curvature squared invariant

Recently, a particular composite gauge 3-form multiplet defined solely using the standard-
Weyl multiplet has been constructed in [69]. This was used to describe one of the N' = (1,0)
conformal supergravity actions [69, 70]. Such a composite gauge 3-form multiplet is defined
in terms of the following primary dimension 3 superfield [69]

BB = —qwley Alid 39 X, @00 x5A79) 4101 XU XA (5.17)
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satisfying the constraints (2.52). Its lowest component is

y T . 92 .
B, =T R(J)*Y +iR(Q)p 7 R(Q)"7 + 15X X - (5.18)
The structure of its descendants, including the A,,* and C,;, components appearing in the
Bsy A\ Hy action principle (3.22), were worked out in [70] and are collected for convenience of
the reader in appendix B. As we first described in [40], by plugging these results into (3.22)
and performing some integrations by parts, one obtains the new curvature squared invariant

1 ’ 4
Spew = — [ dSze {acabcdccd“b —30Rw " R™;; + —oD? + 40 (DT~ DT, ,

32 15

— 8o b (dec L ;RdCTC;)C> + doT e dT—el Tog = 2H ., C 4 T 6
_ % Hap T~ D + AH, T DT % HabCT—deaT—bchd—ef

_ %gab‘?defbab (C’cdghC'efgh — Rcdinefij) } + fermions, (5.19)

where the reader should keep in mind that, in a dilaton-Weyl background, T, . = %H&) . and
D satisfies (4.6). Note that in (5.19) we focused only on the bosonic part of the invariant.
In principle, by plugging into (3.22) the expressions for B,¥, eq. (5.17), together with its
descendants A,,' and Cy;, given in eq. (B.1), the reader can obtain the full result including
all the fermionic terms.

In the gauge (4.9a) the new invariant contains the following linear combination of
Riemann squared, Ricci squared and scalar curvature squared terms

1

671»cnevv = 39

1
<RabcdRade - RabRab + 4R2> + e (520)

This completes the construction of the three independent supersymmetric curvature
squared invariants. Let us now turn to describing some physical applications.

6 Einstein-Gauss-Bonnet supergravity

In section 4 we reviewed the off-shell supersymmetrization of the Einstein-Hilbert ac-
tion while in the previous section we have described three linearly independent curvature
squared invariants of the six dimensional ' = (1,0) supergravity. Due to the off-shell na-
ture of these models, we can combine them to form a general curvature squared extended

Poincaré supergravity Lagrangian
L= a‘CRiemQ + B£R2 + Vﬁnew N (61)

without having to modify the supersymmetry transformations. As described for the first
time in [40], the off-shell Gauss-Bonnet combination corresponds to a = —3, 5 = 0 and
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~v = 128. For this particular choice of parameters, in the gauge (4.9a), if one uses the
following identities

0= Hy H" D H,, , (6.2a)
0 = Capedes (Rgn™ HI* H" + R S HI® H*) | (6.2b)
0= Eabcdef (HabcHdegDhHgfh - 2HabcHdghDethf) s (6.2C)

and introduces the notation,
H? := H,*"Hyg H? := Hy, H™ . H* := Hype Hog° H*T HY ;| (6.3a)

up to fermionic terms the Lagrangian for the supersymmetric Gauss-Bonnet invariant (5.19)
takes the following very compact form

¢ LB = RapedR™*! — ARpR™ + R?

1 1 5 1 1
= aCHabeHcde abH2 = H2 7H4 7H22—*H2 2
y 1
+ 6adeefbabRcd”Refij - igadeefbabRcdgh(w—)Refgh(w—)
+ fermions . (6.4)
This can equivalently be written
— a C aoe Ci a 2
e Lo = 6Rpp™ (w-)Reg“/(w-) — 4Rapea(w— ) H" H . + AR (w_) Hz, — gR(w_)H?
2 1 . 1
— §H4 + §(H2)2 + 5ab6defbab RchRefij - ZRcdgh(w*)Refgh(w*)
+ fermions . (6.5)

In this form it becomes evident that the bs-field dependence of the supersymmetric Gauss-
Bonnet invariant cannot be captured solely in terms of a Riemann tensor with a torsionful
connection. This explains the unsuccessful attempts to construct the Gauss-Bonnet invari-
ant in previous works where this was assumed as a working condition [62, 63].

By using the action (6.4), we can now easily construct the 6D N = (1,0) off-shell
Einstein-Gauss-Bonnet (EGB) supergravity. In the gauge (4.9), this is given by the follow-
ing combination of the supersymmetric completion of the Einstein-Hilbert term (4.15) and
the Gauss-Bonnet term (6.4)

1
252£EGB = LgH + EO/ACGB . (66)

We have introduced the Newton constant k2. The Einstein-Gauss-Bonnet supergrav-
ity (6.6) is invariant under the off-shell supersymmetry transformation rules (4.13).

6.1 On-shell Einstein-Gauss-Bonnet supergravity

In section 4 we have shown how the on-shell Einstein-Hilbert supergravity (4.17) arises
from (4.15) by using the equations of motion V,,,% = Vi, = bpnpg = 0. A remarkable feature

— 37 —



of the supersymmetric Einstein-Gauss-Bonnet model is that the massless supermultiplet of
the two-derivative theory does not acquire mass due to the inclusion of higher-derivative
terms. Furthermore, the kinetic term R g% R“bij for the SU(2) , gauge field V¥ that exists
in both the Riemann-squared and the new invariants, cancels out in the Gauss-Bonnet
combination. Therefore, there are no new dynamical degrees of freedom induced by the
higher-derivative terms and the solution (4.16) remains consistent in the Einstein-Gauss-
Bonnet supergravity, leading to the on-shell theory associated to the following Lagrangian

1
k%L = —e7 (R — 40™ O + 12Hm,larmm’)
5

1 ! mn s 1 mnt ryrs mn ry2 1 2 4
160 {GR[W Ry = 5 Ronmes H" H' 4 R — CRIP +
1 212 1 2 \2 1 mnpqrs ab
+ M(H )" - g(Hmn) - 15 bmnRpg™ (W) Rysap(w-)
+ fermions. (6.7)

As a consequance, up to cubic fermions, the on-shell N' = (1,0) Einstein-Gauss-Bonnet
supergravity has the same supersymmetry transformations as the on-shell Einstein-Hilbert
supergravity given by (4.19).

Note that our on-shell Einstein-Gauss-Bonnet supergravity action precisely matches
the result derived in [46]. In fact, we have actually fixed the proportionality constant of
the o/ term in (6.6) by comparing the on-shell Lagrangian (6.7) with [46].

To conclude this section, let us comment further on the relevance of our result in
comparison with the analysis of Liu and Minasian in [46]. There, it was conjectured
that for the type II-string, the NSNS bo-field dependence in the R* corrections is nearly
completely captured in terms of the torsionful Riemann tensor (5.11) (except for the CP-
odd sector). The claim was further investigated in [46] by fixing the one-loop four-derivative
corrections by means of a K3 reduction to six dimensions of type ITA and requiring that
the dyonic string remains as a solution and that the model remain dual to the heterotic
string compactified on T%. In our work, we provided an alternative derivation of the four-
derivative corrections by exact supersymmetrization of the curvature squared invariants.
The fact that our results for the Einstein-Gauss-Bonnet supergravity match, and extend
off-shell, the results of [46] thereby provides strong evidence for their conjecture.

7 New curvature squared invariants with a linear multiplet compensator

In a conformal supergravity background described by the dilaton-Weyl multiplet, we con-
structed three independent curvature squared supergravity invariants in section 5. These
were all based on the By A Hy action principle of subsection 3.3. One of these invariants
was a locally superconformal extension of a four-derivative invariant for a linear multiplet.
A natural question one could ask is whether this is the only four-derivative superconformal
invariant for a linear multiplet. It turns out that this is not the case as one can simply
write down another local four-derivative superconformal invariant using a full superspace
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integral as follows

/d%dSHELl/2, E := Ber[Ey™], (7.1)

where L'/2 = 1/%[/@' Li; and E is the Berezinian (or superdeterminant) of the superviel-

bein.'® Moreover, (7.1) does not coincide with the four-derivative linear multiplet invariant
of the previous sections since it is well-defined in the standard-Weyl multiplet (as it does
not involve the tensor multiplet).

As of yet, we do not have a manifestly superconformal component (or superform) rep-
resentation of the full superspace integral based on a primary density formula (or super-
form).'* For this reason, we will endeavour to make use of the manifestly superconformal
A action principle for the construction of a new local four-derivative invariant based on
the linear multiplet.'® In this section, we will then show that this new invariant leads
to curvature squared terms such that: (i) once added to the Einstein-Hilbert term in a
standard-Weyl multiplet background, the new invariant leads to a dynamical system with
consistent equations of motion for the D field which dynamically generates a cosmological
constant term that leads to (non-supersymmetric) (A)dS, solutions; (ii) in a dilaton-Weyl
multiplet background the new invariant proves to have a nontrivial coupling to the dilaton
and is distinct from the curvature squared invariants constructed in section 5.

7.1 A new locally superconformal higher-derivative action for the linear
multiplet
In [112] it was recently proven that, given a so-called real O*(4) multiplet, which is a real

dimension —4 primary superfield T satisfying

T=T, VVauT=0 = V[ V,T=0, (7.2)

)

and a real O(4) multiplet which is a primary superfield T%* of dimension 8 satisfying

Tkl — kD) (TR = Tijn Vet =0, (7.3)

it is possible to construct a manifestly locally superconformal action with the A action
principle. In fact, for any pair of O(4) and O(4)* multiplets, the following superfield

A F = ATV T — ST, T, (7.4)

proves to be a primary of dimension 9/2 satisfying the symmetry and reality conditions

ATk = A i1 and ALk = A,055) together with the differential constraint VEZAB)W) =
0, (3.25). Then, given any pair of real O(4) and O*(4) multiplets one can construct a
manifestly locally superconformal action.

13The reader can look at [69, 83] for discussions about general properties of the full superspace integral
under local superconformal transformations.

See [69] for a non-primary superform description of the full superspace integral based on the so-called
B action principle.

15This invariant presumably coincides with the one defined by the full superspace integral above.
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Using a linear (real O(2)) multiplet as in subsection 2.3 that is nowhere vanishing,
L? = ILYL;; # 0, it is possible to construct a pair of composite real O(4) and O*(4)
multiplets. The real O(4) multiplet superfield is

g 1 p
L = — POV OVEVAI LY, (7.5)

and the real O*(4) multiplet is L', which due to (2.41) obeys v’gavﬁ)krl = 0. This
implies that we can straightforwardly construct a new higher-derivative action for the linear

multiplet using the A action principle with
A T* = LT o LM — BiLIMY LT (7.6)

To show that, it suffices to focus on the bosonic part of this invariant. With the assistance
of the computer algebra program Cadabra [123, 124], we computed the bosonic part of the
action. The full result of this calculation is presented appendix C. For the scope of this
section, we can simplify the result (C.1) by going to a conformal and SU(2)r — U(1)r
gauge where

b =0, LV =69[, (7.7)

and neglect, besides the fermion fields, also the SU(2) g connection and curvature together
with the E, and T, fields. This leads to

1 1 1 1
e L owlinear = -5 L30D — 2T)L%D? — EDL—%DL + ﬂL_%D(D“L)DaL

5 15 15
- gL—%DQL + §L—%(D@L)vmm + EL—%(DL)DL

5 8, 295

+ 5 LT (VIVIL) VLV L - oo
85 1355

— @L*g(D“L)(DbL)VaVbL + @L’%(D“L)(DGL)(D”L)D,L

4o (7.8)

L™3(D"L)(D,L)0L

Here we note that given a field ¢ constrained to be a Lorentz scalar conformal primary
(K%¢ = 0) of dimension A (D¢ = A¢), as for instance the fields L and D, one finds

vavb(b - Dan¢ - 2Afab¢a (7'93)
O¢ = D¢ — 2A§,"¢, (7.9b)
Vo0¢ = DyD?¢ — 2A1,"Da¢p + 4(2 — A)fo"Dpgp — 2A(Dafi) 6, (7.9¢)

0% = D' +8(2 — A)j*"DaDpd — 4(A + 1)fa" D¢
+4((2 - 2)(D*") — AD'") ) Dy
=20 (D) = 28 +2)(1a")? = 4(A = 2)f"w ) 6, (7.94)
with

0:=V%,, D?:=DD,, D':=(D??, (7.10)
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and

1 1 1
. wR, = ——TR. 11
b = —gRas + gy, | 3R (7.11)

The action Shew—linear based on (C.1) is locally superconformal invariant both in the
standard and dilaton-Weyl backgrounds for conformal supergravity. In the second case,
the reader should keep in mind that the D and T, fields are composite fields that should
be expressed in terms of o and Hg,. by using (2.75). By looking at the relations (7.9)
it is clear that the new invariant Spew—_linear includes R®R,, and R? curvature squared
terms. The exact contributions depend on the conformal supergravity background used.
We leave a detailed analysis and application of the new invariant for future work but we
now describe some simple properties of Spew—_linear i1 & standard-Weyl and dilaton-Weyl
background, respectively.

7.2 The invariant in a standard-Weyl multiplet background, dynamically
generated cosmological constant, dSg and AdSg solutions

Given two real constant parameters A and B, let us consider a linear combination
S = ASEH + BSnewflinear ) (712)

of the Einstein-Hilbert term described by the action Sgn (4.5) for a linear multiplet, and
the new invariant Spew—_linear constructed in the previous subsection. In this subsection
we are going to analyse properties of the action (7.12) in a standard-Weyl multiplet back-
ground of conformal supergravity coupled only to a linear multiplet. We fix dilatations,
special conformal transformations and SU(2)r — U(1)g by imposing the following gauge
conditions

By =0, LV=4Y L=1, (7.13a)
which in components imply
bn=0, LY=69  L=1, ¢ =0. (7.13b)

In this section, besides the fermions, we neglect the SU(2)p fields together with the E,
and T, fields. Then, once imposed these restrictions and the gauge fixing (7.13) in (4.5)
and (7.8), up to total derivatives the action (7.12) becomes

S= —/dﬁxe {2;4 <R+éD) +%(R+D)D+135—2B(R“b7€ab—l2—5107€2> }+ . (T14)
It is then clear that, thanks to the D? term in the new invariant (7.8), the previous action
possesses a remarkable feature compared to the two-derivative linear multiplet action (4.5):
provided the constant B # 0, the dynamics for the D field is completely consistent without
the need of a second compensating multiplet. Note that this feature was noticed also
in [125] for models of 4D N = 2 supergravity including an off-shell scalar curvature squared
invariant constructed from a linear multiplet. What is also interesting about (7.14) is that
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a cosmological constant is generated dynamically by integrating out the D field. This is
especially remarkable since, to the best of our knowledge, no supersymmetric N’ = (1,0)
cosmological constant is known.

Let us integrate out the auxiliary field D from (7.14). Its equation of motion implies
D=—"2 - R4, (7.15)

where the ellipses refer to terms including SU(2) g gauge fields, E,, and T, _ fields, together
with fermions, that we have neglected in this section. Inserting this result into (7.14)

we obtain
2A 6 1 458 _ 158 _o
/d {153 2R qaa Y Rt g™ } ‘ (7.16)
After defining the cosmological constant as
2A
A= 5B’ (7.17)

and choosing for convenience A = 3/2,

1 3 1
=— [ dSzed A+ = RPR, — —R2 1
S /d xe{ +5R - 5x Rap— GR*) 1+ (7.18)

Note that the dynamically generated cosmological constant A can take both positive and
negative values. It is straightforward to prove that the previous action possesses both
dSg and AdSg solutions. In fact, the relevant part of the metric equations of motion
of (7.18) reads

3 1 1 1
mn — mnA 2 " nr — qYmn " TS T o mn Todmn 2 =Y, 1
G g 16A<R R 5 mn R Rys = 3RRomn + 159 R> 0, (7.19)

12

with Gy, the Einstein tensor. The trace of (7.19) reads

3 1
A—— (R"™Rm — =R*| =0. 2
R+3 32A<R R 6R) 0 (7.20)
Let us consider an ansatz for an (A)dS, metric
Rmnrs = k (gmrgns - gmsgnr) = R=30k ) (721)

for a given real constant parameter k. Then we find that the trace equation (7.20) implies

1
— _ A .22

which solves (7.19). Given that A # 0, we can have both dSg or AdSg solutions depending
on the sign of A.
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It is also straightforward to show that these solutions cannot be supersymmetric. Note
that the gauge fixing conditions (7.13) leave the x! chiral matter fermion of the standard-
Weyl multiplet in the spectrum. Neglecting contributions from the SU(2) g and T, _ fields,
the residual gauge preserving supersymmetry transformation of x* follow from (2.20f)

1
Ox' = 5 DE + - (7.23)

A necessary condition for the dSg or AdSg backgrounds to possess unbroken supersymmetry
is then 0 = dx* = D. The D equation of motion (7.15) for these solutions reads

D=-—=—--R=10A-15k 24
25— gR=10A—15k, (7.24)

which implies that in order for us to be able to set D = 0 we must have
k==-A. (7.25)

This result clearly conflicts with (7.22) given that A # 0. Thus the (A)dSy solution (7.22)
cannot preserve supersymmetry. This is expected since it is known that the supersymmet-
ric extensions of the dS¢ and AdSg symmetry groups SO(1,6) and SO(2,5) describe two
real forms of the exceptional supergroup F(4), respectively F!(4) and F2(4), that possess
16 fermionic generators, see [126-130]. Hence it is necessary to consider extended 6D su-
pergravities if one is interested in supersymmetric (A)dS, backgrounds. Nevertheless, we
find intriguing the existence of the non-supersymmetric (A)dSg solutions triggered by the
non-trivial higher-derivative term described in this section.

7.3 The invariant in a dilaton-Weyl background

A natural question to be asked is whether the new invariant constructed in this section is
independent of the ones described in section 5. It is simple to see that the answer is yes.
To prove this, it is first necessary to remember that all the invariants in section 5 were
defined in a dilaton-Weyl background for conformal supergravity. Hence, to compare the
results, in the new invariant described by (7.8) we need to express the D and T, fields
in terms of the fields o and Hgp. of the tensor multiplet by using (2.75). It then suffices
to compare the results in the conformal and SU(2)r gauge given by (4.9). Besides the
gauge conditions mentioned before, for simplicity we neglect all fields in the supergravity
multiplet except the vielbein and the dilaton L = e~2*. In the equations in this subsection
the ellipses will indicate all the terms neglected as described above. It turns out that by
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using the following relations that are consequences of (7.9)

3
Dig=1=-R+---, (7.26a)
4
3 9
OD|ye1 = “D*R+ ——R*+ - - 7.26b
o1 = DR+ 55 R + -+, (7.26b)
1
VoVl = DDy L + Rap L — TonabRL +eey (7.26¢)
2
OL = DL + SRL+ -, (7.26d)
2
V.OL = D,D?L + Ry DL + %RDQL + gLDaR + e (7.26¢)
4
O2L = DL 4 2R®D,D, L + gRDQL + g(D“R)DaL
2.2 ab 19 o
+L|=DR-—RRap+ =R* | +---, (7.26f)
5 50
one can obtain from (7.8) the following Lagrangian for the new invariant in a dilaton-Weyl
background
25 1 5 15 5
-1 —v ab 2 2 ab 2
i = — —-R*— =D —R¥D Dyv — —RD
€ Enew linear € |:32R Rab 5R 16 R+ 3 R bV 16R v
2
— 1%Rab(Dav)va — %R(D%)Dav + ZD% + g(Dav)DaD%
— 5(D)D*Dyv — %(D“D%)DQDW + Z(D%)Q
1 2
- g(D“v)(va)Danv - TZ(D%)(DGU)D%
35 . b
+ 674(D ’U)(Da’l})(D 'U)Db'l}
+ e (7.27)

It is evident that it not possible to express the previous invariant as a linear combination
of the three invariants constructed in section 5. The new invariant appears multiplied by
a different factor of the dilaton and it includes higher-derivative terms for v. We leave
the analysis of possible dynamical features of the new invariant studied in this section for
future work and now come back to analysing in detail physical properties of the Einstein-
Gauss-Bonnet supergravity of section 6.

8 Spectrum of Einstein-Gauss-Bonnet supergravity about AdS; x S3

In this section, we elaborate on the derivation of the spectrum of the Einstein-Gauss-
Bonnet supergravity about the supersymmetric AdS3 x S? vacuum whose main results
were originally presented in [40]. Although the spectrum of the short multiplets can be
inferred from [42, 43], the spectrum of the long multiplets computed here comprises new
results. As the AdS energies of the long-multiplet states are not protected by shortening
conditions and depend on the detail of the theory, they cannot be obtained by the group
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theory based approach of [42]. We therefore adopted the same method as [43] by solving
the linearized equations for supegravity fields about the supersymmetric AdS vacuum.

Before turning to the main technical discussion, it is important to underline that, in
order to precisely adhere to the results presented in [40], in this section we decided to use
the same conventions as [40]. These differ compared to the conventions we use elsewhere
in this paper. To avoid possible confusion, the reader should consider results presented in
this section as self-contained.

In particular, as in [40], in this section we adopt the conventions of [66, 76] with the ex-
ception of a sign difference in the parity transformation and, consequently, the Levi-Civita
tensor (which agrees with the one in our paper).!6 Other differences of conventions used in
this section are: the six-dimensional vector indices here are labeled by wu, v, - - -; the Lorentz
and SU(2) g connections and curvatures, which here will be denoted as (w,%, R,,,%°) instead
of (W™, Rymn®) and (Vuij, Fuyij) instead of (V;,”/, Rimn), all have a sign flip compared
to the same tensors in the rest of the paper; the vielbein e,* (up to the nomenclature for
the curved 6D indices) and the field o are identical to the ones in the rest of the paper; the
gauge 2-form and its field strength 3-form here will be denoted by B,,, and H,,, but they
are otherwise identical to by, and hyp, of the rest of the paper; the scalar field LY of the
linear multiplet is identical to the one of the rest of the paper with the difference that in this
section we use the definition L? := L% L;;; the derivatives V,, used in this section (which
should not be confused with the locally superconformally covariant derivatives of the rest of
the paper) are solely defined in terms of the metric and are the standard general coordinate
covariant derivatives possessing no other connections other than the Levi-Civita connection.

Before continuing our analysis, it is also worth giving the Einstein-Hilbert and Gauss-
Bonnet supergravity invariants in these conventions. After assuming the gauge fixing

conditions

1 )
O'Zl, LZ]:—(LL, 1[)220, b :0, (81)
\/§ J H

and applying the decomposition of the original SU(2)r gauge field V,fj under the residual
U(1)r symmetry

g 1
Vil = Vi 4 56V, (8.2)

up to fermionic terms, the Lagrangian of Einstein-Hilbert supergravity takes the form

1 .1
e 'Lpnw=LR+ L 19,Lo"L — o LHuwp H"? = ALZ, 2" — §L_1E“EH + V2BV,

+ fermions, (8.3)

where we have defined

Z, =V iV, (8.4)

163ee appendix D to compare the conventions of [76] with the ones of the rest of our paper.
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The off-shell Gauss-Bonnet invariant (6.4) and in the conformal and SU(2)r — U(1)g
gauge takes the form

1 1
€71 LB = Ryupo B = ARy R + R + 5 Rype H' HP7y — R H], + <RH?
1 1 5 1
+ —(H?*? - g(wa)2 + ﬂH‘1 + Ze“”p‘”\TBWRpUO‘B(w+)R>\Tﬁa(w+)
_ 1
— 26PN By, Foo(Z) Far (2) + 56””'”"”BWFW(V)FAT(V)

+ fermions, (8.5)

where

Fu(Z) = 20y,2,) — 2iVi,Z,),  Fu (V) =20V, +4iZ,2,). (8.6)

Note that R,,*s(w+), which later will also be simply denoted by R*,, %3, is the Riemann
tensor defined with a torsionfull connection w4+ ,fd = w,fd + %eu“lr{ac‘i.17

The total Lagrangian of the Einstein-Gauss-Bonnet supergravity is parametrized as
(for convenience we set k% = 1)

/

8]
Liot = LEn + T6£GB - (8.7)

Accordingly, the equation of motion for the dilaton field L is given by
1 - 1
—9 -1 2 -2
R+ L™ °0,Lo"L — 2L 0L — —12H — 47, 7" + §L E*E, =0, (8.8)

where we underline that the GB invariant is independent of the dilaton field L. Using the
equation above, the Einstein equation with Gauss-Bonnet correction can be written as

1 |
LR, =V,V,L—L'9,L0,L + ZLHMPAHI,‘”\ +4LZ,Z,) + iL_lE#EZ,
1 _ o
— V2BV, + 5g,w(\/iE,JVP — L7'E,EP) — TS (8.9)

where £, is the contribution from supersymmetric Gauss-Bonnet action and takes the form

Euw =2RR,, —4AR\R , — 4R,y \RP 2R,V Ry o0

(o 1 (6% loa 3 (6% (o
_VUVP(H(M ’\Hp,,))\)+§R BpoHaﬁ(uHP ,,)+§R Bo(utv)x H,™

1 1

2 A 2 2pA 2

2Ry B = 2R Hy) Hyon = 50H}, = 0,V NV AH? 49,V ( H
1 2 1 2 1 2 1 2 1 27172

+6R#VH +§RHMV+69'U‘V|:|H _EVHVVH +ﬂH HNV

1 1 5 5
- ZH/%)\H”\V —3 2 Hyoo H + EHHMHVB”Hiﬁ,Aﬁ gHﬁx,,@aHﬁﬁ’A”

1
*2Vﬁ (R+>\Tﬂ(u*Hv))\T) 7R+)\’7'B(/J,Hll),80' « HOAT — §guV£GBPfeven term - (810)

"The fact that in (8.5) Ras°%(wy) appears instead of R, (w_), as in (6.4), is simply due to the sign
difference in the definition of the Lorentz connection and curvature in this section.
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In the expression above, LGBP_cven term indicates the parity-even part of the GB La-
grangian (8.5) (meaning every term in (8.5) except the last three) and we have defined

H2 uAvo — H,u)\pHpuo’ H2,uz/ — QAUHQ U, vo ) (811)
The two-form equation of motion takes the form
a/
0= Vp(LHp“” + gSp“”)

/

leY 1
e (Fpo<V>FM<v> — 4F,0(2)Fr(2) + 4R,,g%<w+>RMﬁa<w+>) , (8.12)

where SP* is given by
gPrv — g pAoler v o + GR/\[ﬂH)\W] — RHPH _ %HQHPNV + 2H2 A[pH/\W]
_ gH[p/\UH2“|>‘|’”]U + 3R+>\U[#V « PP (8.13)

The equations of motion for the auxiliary fields V),, Z,, and its complex conjugate, and the
gauge 4-form b,,,x, whose field strength is associated to E,, are given as follows:

O[/

LZM — ﬁeT'D"””AHTpJF,,A(Z) =0, (8.14a)
V2V, - L7'E, =0, (8.14b)

/
V2EF — %eTP”“”’\HTWFy,\(V) =0. (8.14c)

It is well known that the off-shell 6D N = (1, 0) Einstein-Hilbert action admits a maximally
supersymmetric AdS3 x S? vacuum with a metric, 3-form flux, and dilaton field of the form

ds% = 92 (ds%ds3 + dsgg) y H(g) = QQ(QAng, — Qsa) y L = 1, (8.15)

where dsidS3 and ds%3 are the metrics on the unit radius AdSs and S2, and Q Ads; and Qgs
denote their volume forms. This metric has vanishing Weyl tensor and Ricci scalar

Cuvpr =0, R=0, (8.16)

similarly to the maximally supersymmetric AdSs x S® solution in 10D IIB superstring
theory. By substituting the ansatz (8.15) into the o/-corrected equations of motion given
above, we have explicitly checked that (8.15) remains a solution. Moreover, the super-
symmetry of the solution is also unaffected by the inclusion of the Gauss-Bonnet super-
gravity action, because the off-shell supersymmetry transformations are independent of the
equations of motion.

In the following, we shall study the spectrum of fluctuations around the vacuum solu-
tion (8.15). We split the six-dimensional indices into to 3 external indices on AdSs labeled
by i, 7, p,--- and 3 internal indices on S3 labeled by m, n, p, - - -. The metric fluctuations
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around the supersymmetric AdS3 x S* vacuum are parametrized as (here we adopt the
strategy used in [43])

hio = Hpp + gpoM §MH,m =0, (8.17a)
b = K (8.17b)
hiis = Liwiy + GnnN o 7" Ly = 0, (8.17¢)

where g;; and gsp, are the metric of unit radius on AdS3 and S3, respectively. The zero-
and two-form fields fluctuations are parametrized as

L=1+4+¢, buw=¢wpX", bai=eannsU’, bun =W, (8.18)

and for fluctuations associated with the one-forms V), and Z,,, we retain the same symbols.
Since E,, is fully determined by V), via (8.14b), which should be used in (8.14c) to obtain a
closed equation similar to (8.14a), we do not give a separate discussion on E,. We impose
the following gauge fixing conditions

Vs =0, V7hup=0, V74, =0, V™V;=0, (8.19)

where {---} denotes the complete traceless symmetrization of a set of indices. As a con-
sequence of the previous gauge conditions, the fluctuations can be expanded in terms of
harmonic functions on S as

Hip(z,y) = Y Hw " (@)Y O (y), (8.20a)
M(z,y) = ZM(“’ z) Y(“”( ), (8.20b)
Kin(z,y) = > KL @)y =0 () (8.20¢)
Ly (z,y) = > LEE( Zig)(y), (8.20d)
N(z,y) = ZN“] (2)Y O, (8.20¢)
s(x,y) = o)y, (8.20f)
Xa(a,y) = > x5 D@y ( ), (8.20g)
Un(z,y) = Y U (@)a,Y O y), (8.20h)
Wi = > WD @)y =D (), (8.20i)
Zi(z,y) = > 20 O @)y O (y), (8.20j)
Zale.y) = 3 [20 ) @y ) + 200 @),y O )] (5.200
Vi(z,y) = Y Vi Oy E0(y), (8.201)
Vialz,y) = Y VD @)y 5D (), (8.20m)

where, in the parametrization we are using, we have denoted with x the coordinates of AdSs
and with y the coordinates of S3, respectively. Here we omitted several mathematical de-
tails with regard to harmonic expansion of the fluctuations which can be found in [43] (for
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instance, all longitudinal gauge modes can be removed by a field dependent gauge trans-
formation generated by the harmonic non-zero modes). The harmonic functions y (61,£2)

with various spins satisfy

VYD = —g2 + )y "0 (8.21a)
€0,V ) = x(0+ 1)y (8.21b)
e IVY et = £(0+ )Y (8.21¢)

Since the isometry group of S? is SU(2) x SU(2), the harmonic functions can also be labelled
using the two SU(2) quantum numbers denoted by (5, 7). The relation between (5, ) and
(01,49) is given by

j= %(61 —la). (8.22)

The AdSs part of the fluctuations can also be expanded in terms of harmonics on AdSs.
We denote the AdS3 harmonics by Z(P+*)(z) where (E,s) are related to the SL(2,R) x
SL(2,R

1
= 5(51 +02),

) quantum numbers (h, h) by

1 - 1
h=3(E+s), h=g(E—s). (8.23)
Then we have
g’ E :t = E’:t
ng,) 0) (x) — Z |:H(E,:t2) (E 0) l(“/ 2)( ) + H(E 7:|:1)®(€ 70)V{[L‘:‘,()} 1) (l')
L HE ,0)®(£,0)v{ﬂvl}}5(&0) ()|, (8.24a)
M(f ,0) (I') — Z M(E,O)@(f 70)E(E 70) (m) , (824b)
0,+1 , 41 =(F,£1 , , =(F,
K;S ) _ Z [K(E +1)®(¢ :I:I)H!(l ) + K(E0( il)aﬂ_(E 0, (8.24c)
(0, £2) (E.0)®(¢,£2)=(E 0)
L) (@) =31 (@), (8.24d)
(x) ZN (E,0)®(€,0)=(E )( ), (8.246)
¢(1z 0)(z) = Z PF0SE0=(E0) (1) (8.24f)
2,0 3 = ’
Xé ) _ Z [ (B £D)o(,0)= L Dy x (B0, =(E 0)} 7 (8.24g)
U0 () = Z U(E 0&(E0=Z(E0) (4 (8.24h)
041 = , , i
W[S ) _ Z -W(E DR, :i:l):L 1) + (B0 :I:l)au_(E 0)} (8.24i)
2,0 [ = =\, 1
780 = Z ZEANEEOZEED | 7 (B0 0)y, =B 0)} , (8.24j)
(021 _ Z Z(E08(¢E)=(E0) (8.24k)
7(0) _ Z Z(E08(.0=(E.0) (8.241)
(€,0) E 4+1)®(¢,0)=(E,£1) E.,000(£,0) 5. =(E,0
Vo — [V< ROZE A | (B 000, =( )} 7 (8.24m)
VEED) = Sy B 0R(EE)Z(E0) (8.24n)
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where the harmonic functions Z(F+*) on AdSs satisfy

V2EE0) = _p(E —2)2F0) (8.25a)
ei"0,=F ) = (B - )= (8.25b)
P VEL D = (B - 1)EL*? (8.25¢)

The harmonic functions on S3 and AdS3 are known explicitly, and we have implemented
them in a Mathematica code. After substituting the harmonic expansion of the fluctua-
tions to the equations of motion and noticing that modes with different quantum numbers
decouple from each other, we can derive a set of algebraic equations relating F to ¢, from
which we can solve F in terms of £. The results are schematically listed below where we
have also introduced the dimensionless parameter

a:=da/o*. (8.26)

Without any ambiguity and for succinctness, in the following we suppress the (E,¢) in the
labelling of various expansion coefficients.

e (|s],€2) = (2,0) sector

We obtain
(E—2—10) <1+d—;Ed) HZO =0, (E-2-0) (;E@H) H29 =0, (8.27)

from which we find 4 towers of propagating degrees of freedom labelled by their
quantum numbers

((E:2+£,2)@(E:2+2,2)@(E:2+€,—2)EB<E:—Z,—2))@(6,0). (8.28)

e (|s],|l2]) = (1,1) sector

In this sector, from the gz, and By, equations, we obtain
A:I::I: Bi. K(:tl ,+1)
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where the elements of the 2 x 2 mixing matrices are given by
1 3 1 2\ ~
Ay = (E—2-0) <E+€+ <1—;(E—€)—i(E+€)2> d) ,
A = (E—2-0) <E+€+ (l—é(E—€)+le(E+€)2> a) ,
B 3 1 1 2\ -
A__=2—-FE+I(— <1— 2E+2£+4(E—€) > a,
1
Bys= (EB*—(2+0)%) a—2,
B, =(E-2-1) <2+i(€2—E2)d> ;
By ——(E—2—0) (2+(E+£) (1—31(E—£)) a) ,
B__ :24& (*—(E-2)%)a.

1,1)

The existence of nontrivial solutions for K1) and W requires

(E—4—()(E—10) <—1—;&+;Ed> =0,

which leads to 3 infinite towers of propagating degrees of freedom

((E:4+€,1)69(E:€,1)@(E:1+Z,1>>®(€,1).

The existence of nontrivial solutions for K (=1 and W= requires

1.1
(B —2—1)* (—1—2*+2Ed> =0,

which leads to 3 infinite towers of propagating degrees of freedom
2
<2>< (E=2+(,1)® (E:1+~,1>) ®(¢,-1).
a
The existence of nontrivial solutions for K(-1-1) and W11 requires
1 1
E-2-0%(1--a+<-Fa) =
( ) < 50 + 5 a> 0,
which leads to 3 infinite towers of propagating degrees of freedom

<2><(E_2+€,—1)69<E—1—;,—1>>®(£,1).

The existence of nontrivial solutions for K(—1>=1 and W (1= requires

(E—4—0)(E—0) (1—;d+;Ed) o,
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(8.30D)
(8.30c)
(8.30d)

(8.30e)

(8.30f)
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(8.30h)

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)
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which leads to 3 infinite towers of propagating degrees of freedom
2
((E:4+E,—1)€B(E:€,—1)@ (E: 1— d’_1>> ®(,-1). (8.38)

(|s|,|€2]) = (1,0) sector

In this sector we obtain the following conditions

a)(l[) (4 3)HIO =0, (8.39a)
a(E—3)(E+1)H (4 a(E )XWW:O, (8.39D)
(4+a(E+ D)HENY —ax 10 = (8.39¢)
a(E-3)(E+1)HMY) — (44 a(B - 3))X<—1 0 =0, (8.39d)
Nontrivial solutions for H&!:0) and X(&E10) exist if
2
E=1+=. (8.40)
«

From the equations of motion of Z,, and V), it can readily be deduced that nonvan-
ishing Z(&F1-9) and V&EL0) requires

2
E=14+Z%. (8.41)
(0%

In total, this sector contains 8 infinite towers of propagating degrees of freedom
2
4x (E=1+—-,41) | ®(£,0). (8.42)
a

(s, |€2]) = (0,2) sector

We obtain the conditions
L. (0,2) v Loa ) L0-2)
(E—2-10) §€a+1 L% =0, (E-2-Y) l—a—iéa LY =0. (8.43)
For L(OF2) o be nonvanishing, it is necessary to impose
E=2+/. (8.44)
Thus this sector contains 2 infinite towers of propagating degrees of freedom

(E=2+410,0)® (¢,£2). (8.45)

(s,|€2]) = (0,1) sector

Explicit computation shows that this sector does not contain any dynamical degrees
of freedom.
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e (s,£2) = (0,0) sector
In this sector we obtain the following conditions
0= (1+§) (E(E—2)+3€(€+2)>H(070) —3(1+2a)M©:0) _gN(0.0)
—64(0:0) ~|—g(E—|—€)(E—€—2)dX(O’0) , (8.46a)
0= (24465 3B 80+ 4>+ (24-+6E—3E%+140+7¢%) & ) N O

- (12£(£+2)+d£(£+2)(12+2E—E2+2€+£2)>U(0’0)

+3(0+2)eM 00 1-20(04+2)p00) (8.46D)
0=3M©0 4 (1-2a) N0 42500 _ %(E+£)(E—£—2)U(O’O) : (8.46¢)
0=(E-3)(E+1)H®0 —3(M©0 4 N 4 300 300 _7©0) = (8.46d)
0= %(E—i—é)(E—é—2)(E+1)(E—3)H(0’0)—9N(0’0)—6q§(0’0)

3 ((E+€)(E—£—2)—§(5E2—10E—2£—£2)> y0.0)

+ (9325‘(122E+E22£e2)) MO0, (8.46¢)

0=—3M©0) _2¢00) 1 (3+§(12+2E—E2+2£+€2)> N©0)

- <(E+€)(E—£—2)+g(E2—2E—5£2—10£)> 0, (8.46f)
After diagnonalizing the equations above, we obtain the following condition

(E—0—4)2(E—0)*(E+L—2)*(E+0+2)? (‘;‘E—1> (1—&+§E><§€—1>(1+&+§€> =0.
47)

Therefore, this sector contains 6 infinite towers of propagating degrees of freedom

2 2
(2>< (E=4+0,0)®2x (E=1(,0)a <E:~,0> ® (E:2—~,0)> ® (£,0).
a Qa
(8.48)
We now proceed to arrange the states above into multiplets of SU(1,1]2). The spectrum
of the 2-derivative theory (8.3) has been studied before in various works [42, 43]. It contains

only the short multiplets of SU(1,1|2) dressed by irreducible representations of the extra
SL(2,R) x SU(2). A short multiplet of SU(1, 1]2) has the structure

1 1
(h,7), 2x(h+2,j—2>, (h+1,5-1), h=7j, (8.49)
where h and j label the representations of the SL(2,R) x SU(2) bosonic subgroup inside

SU(1,1|2). Since the total isometry group associated with the maximally supersymmetric
AdS3 x S? vacuum is SU(1,1]2) x SL(2,R) x SU(2), we also introduce (h, j) to label the
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irreducible representations of the extra SL(2,R) x SU(2) group. Eventually, we denote
the short multiplet (8.49) by DS"7)(h, j)s. The spectrum of the 2-derivative theory (8.3)
consists of the following multiplets labeled by an integer n > 0

DS (2,1 Dg(’ym(m,“?’) , Ds<’z*3,*@3><n+1,"+1) ,
272/ 2 7 2 )q4 2 72 )
2 72 ) 272 )¢ 2 7 2 )

(8.50)

We see from the spectrum of the Einstein-Gauss-Bonnet supergravity that the
a-independent spectrum fits nicely into the multiplets structure above. In fact the short
multiplets are still present in the EGB theory and are unaffected by o/-corrections, which
has to be the case since BPS conditions render these multiplets protected. Note that we
have not studied the fermionic spectrum here. However, there seems to be a unique way
to arrange the bosonic spectrum into the supermultiplets which strongly indicates that the
fermions should just naturally arrange to complete the supermultiplets we have obtained.
We leave the explicit calculation of the fermionic spectrum to future work.

On the top of the infinite tower of short multiplets described above, the inclusion of
the supersymmetric Gauss-Bonnet invariant gives rise to 4 new long multiplets possessing
the following structure

1 1
(h7j)7 2 X <h+27j_2> ) <h+17]_1>7
1 1 3 1
— 7+ = 2 1,9 - 7—=1. .01
<h+2,3+2>, x (h+1,7), <h+2,J 2) (8.51)

The 4 long multiplets whose AdSs energies are independent of the KK level are denoted by

Ds(5:3) 1 + 1, ntl ’ Dg1-%.2) 1 1, n
a2 2 L Q 2).
psi-+p (L L mt1y g Ly Sy 552
a2 2 L &’ 2 .

For a SU(1,1|2) long multiplet, h is not equal to j and unitarity requires h > j.

In summary, (8.50) and (8.52) comprise the full spectrum of the Einstein-Gauss-Bonnet
supergravity about the supersymmetric AdS3xSs vacuum, where it is understood that
states with negative SU(2) label should be removed. The massless states are the usual
graviton and a massless scalar residing in the two multiplets

DS*°(0,0)s,  DSM(1,1)s, (8.53)

consistent with the results of [43]. Although gauge fields in AdSs do not have local de-
grees of freedom, we prefer to keep the massless graviton in the spectrum as it carries
information about the non-trivial boundary dynamics. The fact that the o’ dependent
states can be nicely arranged into SU(1, 1|2) long multiplets provides a further check of the
supersymmetry of the GB invariant.
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9 Conclusion

In this paper we have described the supersymmetric completion of several curvature-
squared invariants for N' = (1, 0) supergravity in six dimensions. By employing the dilaton-
Weyl multiplet of conformal supergravity we have described supersymmetric completions
for the three possible purely gravitational curvature-squared terms, Riemann, Ricci, and
scalar curvature-squared, where in the last case a coupling to a conformal compensator,
which we have chosen to be a linear multiplet, was necessary.

We also constructed a novel locally superconformal invariant based on a higher-
derivative action for the linear multiplet which can be defined both in the standard-Weyl
or dilaton-Weyl multiplet for conformal supergravity leading to new classes of curvature-
squared terms in both cases. In the case of the dilaton-Weyl multiplet, the new invariant
leads to the Lagrangian (7.27), which includes Ricci and scalar curvature-squared terms
together with a nontrivial dependence on the dilaton field, as for instance an overall mul-

tiplicative factor of e™

, which clearly distinguishes this invariant from the other three
invariants described in section 5.

To our knowledge, our analysis of curvature-squared invariants for N' = (1,0) su-
pergravity in six dimensions is the most complete to date and it has already allowed us
to study some interesting applications of these results. For instance, by extending the
results presented in [40], we described the Gauss-Bonnet invariant in detail and added
to it the off-shell supersymmetric extension of the Einstein-Hilbert term to obtain the
Einstein-Gauss-Bonnet supergravity, which plays a central role in the effective low-energy
description of o/-corrected string theory compactified to six dimensions. We gave the su-
persymmetry transformations for the on-shell Einstein-Gauss-Bonnet supergravity for the
first time, showing that up to cubic fermion terms there is no o’ correction. Moreover, we
provided a detailed analysis of the spectrum about the AdS3 x S3 solution which is relevant
to holographic studies.

As an application of the new invariant described in section 7, we have shown how
a linear combination of such an invariant and the supersymmetric Einstein-Hilbert term
leads to a dynamically generated cosmological constant and non-supersymmetric (A)dSg
solutions. This result was based on the fact that in a standard-Weyl multiplet there
exist D? terms in the action for the auxiliary field D. Such a term is remarkable since,
unlike the pure Einstein-Hilbert supergravity, the equation of motion for D is consistent
even in a standard-Weyl multiplet background and remains the case when coupled to the
supersymmetric Einstein-Hilbert term. Moreover, D remains an auxiliary field even in the
higher-derivative theory and can be algebraically integrated out leading to a cosmological
constant term on-shell. To underline the importance of this mechanism in regards to the
cosmological constant, we should stress that, to our knowledge, no supersymmetric pure
cosmological constant term has ever been constructed in the literature for 6D N = (1,0)
minimal supergravity.

We believe that our studies open the avenue for various generalizations and, as already
pointed out in the introduction, we expect the results in our paper might find several
applications. Let us now briefly comment on some of these possibilities.

— 55 —



The fact that all the invariants presented in this paper possess manifest off-shell su-
persymmetry makes it trivial to add them to other known off-shell models and matter
couplings. For instance, it is straightforward to consider vector multiplets coupled to the
higher-derivative supergravity invariants in our paper. Since in our paper we have focused
on Poincaré supergravity models based on the use of a compensating linear multiplet, which
preserves a U(1)g symmetry off-shell, it is clear that in general the addition of a coupling
between the vector multiplets and the linear multiplet [48] on-shell will generate a potential
for the dilaton field together with a gauged R-symmetry exactly as in [66]. It was noted
in [66] that the simple case of the gauged minimal 6D supergravity, where only one vector
multiplet is coupled to the minimal ungauged supergravity (reviewed in section 4), leads to
a version of the Salam-Sezgin model. It is straightforward to show that the supersymmetric
Minkowskiy x S? solution is preserved also when any of the three curvature-squared invari-
ants of section 5, including the Gauss-Bonnet one, is added to the two-derivative gauged
model but it would be interesting to study the stability properties of this background in
the presence of the higher-derivative terms. For instance, the perturbative stability of the
Salam-Sezgin model extended by the Riemann squared invariant was studied in [67], where
it was found that the inclusion of the supersymmetric Riemann squared term introduces
tachyonic modes around the supersymmetric Minkowskis x S? solution. We expect that
this will not be the case if the Gauss-Bonnet invariant instead of the Riemann squared
invariant is added to the original Salam-Sezgin model.

More generally, it would be of interest to extend the analysis of our paper by considering
the higher-derivative dynamics of general systems of vector multiplets, hypermultiplets,
and tensor multiplets coupled to conformal supergravity. For instance, a fully o/-corrected
description of the gauged supergravity of the Salam-Sezgin model might include many
others curvature-squared terms including F** interactions. It is then natural to seek off-shell
(1,0) supersymmetric extensions of four-derivative terms for vector multiplets by using our
techniques and extending the 5D analysis of [131]. To study general couplings, including
higher-derivative ones, of off-shell hypermultiplets to conformal supergravity one could use
the projective superspace approach of [83], based on the formalism developed in the last
decade for supergravity theories with eight superchargesin 2 < D < 5, see, e.g., [61, 87, 132—
141] for relevant papers on the subject. On the other hand, the off-shell description of a
general system of (1,0) tensor multiplets is less developed and would be a very interesting
avenue of research. There have been proposals for an off-shell extension of the tensor
multiplets which, similarly to the off-shell 6D charged hypermultiplets of [83], includes an
infinite number of auxiliary fields, see [116] and more recently [83], which could be used to
construct general higher-derivative interactions for the tensor multiplets in a standard-Weyl
multiplet background for conformal supergravity. It is natural to then wonder if and how
one could use these multiplets to describe general higher-derivative interactions, including
the curvature-squared ones, based solely on a standard-Weyl multiplet and not the dilaton-
Weyl used for the invariants in section 5. In this framework it would be intriguing to verify
whether the mechanisms of consistency of the dynamics of D and for dynamical generation
of a cosmological constant described in section 7 remain general features of curvature-
squared models in the standard-Weyl multiplet.
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Compactifications of the 6D GB invariant to 5 and 4 dimensions are also potentially
interesting for various purposes. First of the all, the dimensional reduction leads to lower
dimensional GB invariants coupled to matter multiplets, which can be viewed as super-
symmetrizaton of a particular class of the Horndeski scalar-tensor model widely studied
in cosmology. The matter multiplets can be consistently truncated out preserving off-shell
supersymmetry and the resulting invariants based solely on the off-shell supergravity mul-
tiplet can be compared to the existing supersymmetrization of GB invariants in 5D [60]
and 4D [58]. In the 4D STU model, [142] proposed a string-string-string duality based on
the properties of the 2-derivative Lagrangian. In the context of string theory, this duality
should persist to all order in the o expansion. A first nontrivial check can be performed
using the 2-torus reduction of the 6D Einstein-Gauss-Bonnet invariant.

Finally, we recall that the 6D two-derivative supergravity admits supersymmetric black
strings and black rings with AdSs near horizon geometry. Using the results presented in
this paper, one can extend those results to include the leading higher-derivative corrections.
Upon circle reductions, the 6D solutions give rise to black holes, black strings and black
rings in 5D supergravities. The recent work [143] has made an attempt to systematically
analyze the geometry of black hole solutions in the presence of supersymmetric curvature
squared terms. Their work utilized off-shell curvature squared invariants based on the
standard-Weyl multiplet which are different from the curvature squared invariants coming
from the reduction of the 6D invariants. However, on physical grounds, the different
formulations of the curvature squared invariants should yield the same physical quantities
for the same solution. Therefore, it might be worthwhile to carry out this comparison
in more detail. Due to the close relation between 6D and 5D, one can also look for the
6D analog of the non-renormalisation theorem for 6D black string entropy. For 5D black
string with AdSs near horizon geometry, the non-renormalisation theorem ensures that the
entropy of such objects does not receive corrections from terms with more than 4-derivatives
(see [144] for a review and references therein). Eventually, for a better understanding of the
microstates underlying the black strings, it is indispensable to embed the 6D solution into
10D string theory. In fact, such an embedding is not unique and may lead to interesting
physics regarding the apparent different 10D descriptions of the same 6D solutions. We
leave these interesting problems for future investigation.
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A Conformal superspace identities

In this appendix we collect results about conformal superspace in the traceless frame of [70]
that are of importance for this paper.
The Lorentz generators act on the superspace covariant derivatives V4 = (Vg, Vg) as

[Mab7 Mcd] = 2770[(1]\4b]d - 277d[aMb]c ) (Ala)
[Maba VC] = 277c[avb] ’ (Alb)
1

(Mo, VE] = —68VE + Z(sgv,’;, (A.1lc)

where My? = —3(y%)o" Mgy, The SU(2)p, and dilatation generators obey
[J9, T = PGt 4 Uik 11 W] = M) (A.1d)

, 1_.
D, Ve] = Vg, D,V,] = §Vla. (A.le)
The Lorentz and SU(2) 5 generators act on the special conformal generators K4 = (K¢, S%)
as
1 ’ .

(Mo, K = 200,56y, (M., S]] = 675 — 30857 179,871 =657, (A1)

while the dilatation generator acts on K4 as
1
D, K =-K*, [D,S= —551‘»’. (A.lg)
Among themselves, the generators K 4 obey the only nontrivial anti-commutation relation
{82,807} = —2iei;(3e)P K. (A.1h)

The algebra of K4 with V4 is given by

[Ka, V] = 205D + 2Myy,, (A.1i)
(K, Vi) = —i(7")apS™ (A.1))
{S¢, V4 } = 2056]D — 46] Mp® + 85577, (A-1k)
2z (03 1 ~ C [0 1 [0
[S&, V] = —i(3) PV g + TOWbcd('Y e S — ZXz' Ky
1. 1 o] e
+ |2 (Fbe) 8 XY + 5 (1e) g7 X7 | K©. (A.11)
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The anticommutator of two spinor derivatives, {V?, V‘é}, has the following non-zero
torsion and curvatures

T3e = 2i6 (1) 45, (A.2a)
R(M)%, g = 4ie” (7a) s W, (A.2b)
3
R(S)za]ﬁlﬂy - _igzjgaﬁ'yéX k’ (A.QC)
o g 1
R(K),(LXJBC = iEl] (PYa)OLB <4n(lCY - vbVVabc + Waechef> . (A2d)

The non-zero torsion and curvatures in the commutator [V, Vé] are:

j 1
Topi = 3O (A.3a)
i .
R(D)afy = =5 () X (A.3b)
R(M) Jed 156[06(’Yd )IBW’XW _ 1( ) 6XJ’Y§ + 21( ) (’YCd)(SngM; : (A3C)
R(J>a;“ = 2i(70) 3, X e, (A3d)
] i 3i i )
R(S)afy = Z(%’)ﬁ‘; Y00 4 + 355 o= (Ya)ysY5* = g(va)ﬁavaW5p€]k
i .
T 470(%)75V5,0W6p5]k - g(’)’a)ae Eppry WOPWTelk (A.3e)

R(K)a%e = 4(%)5N X7 — 4(7acd)75VdX”‘5 3(7a)5a(7cd) JAA €A

1591
12 = (Va) Bp(Ve)r WO XJP¢

(Ya)yp(Ve) g WO X3P — fwa)w(%)agwﬁxg“ . (A.3f)
2

('Ya)ﬁ'y (76)5 W’Y(SXM

_|_

W | '—“OO\

The commutator of two vector derivatives, [V, V3], has the following non-vanishing torsion

and curvatures:

Tun) = (Vab) 3" Xak"7 (A.4a)
1
R(M)ap™ =Y = £ (Yab)y* (") Yas™ . (A.4b)
1
R(J) o™ = 5(7{11})67}/76“ =Y, (A.4c)
i «a i c [} i « €
R(S)abr’)g/ = _g('Yab)ci v”/BXsﬂﬁ - 6('7abc)aﬁv Xﬁ p_ gsvﬂep(’yab)cspw ﬁsz& ) (A4d)

1 1 . €
R(K)abc = Zdeabcd + ngﬁ'yXﬂkms(’Yabc)'yé + 1(7ab)ea(’Yc)y§X§B’yXﬁk5

1
+ ZXakXﬁk'yg(’Yab)vﬁ(’Yc)aé . (A-4e)

Remember that the descendant superfields X, X ;57 Y, Y,k (and equivalently Yabkl),
Vo537 (and equivalently Y,;°?), were defined in (2.6) and (2.7).
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By using (2.5) and the previous definitions, one can derive the following relations for
the descendant superfields of the super-Weyl tensor:

, A 2 9 1 ..
Vi XA = —EYQB” - gs”VMW"’B - 55”551/, (A.5a)
—— 1 - 1 1 1 ..
Jvé _ Lstyy 8)ig _ 1 s(yys 8)ig _ 1 i ¥6 _ T ij v9
V;Xﬁ = 2511 Yg K 105,3 Ya K 2€JYa5 451 VGQW
3 . 1 ..
+ %ewangwm — €900V (A.5b)
ViY = —2iV,5 X", (A.5¢)

VIV = 2ett ( — 81V XD — 4i Vs XD + 31V, X9 + 3165 V05X
3i : . .
- fag V5 X% = 3ieans WP XD + dicane, W5€Xg>ﬂﬂ> . (A5d)
4i 8i
! S 4 L ~6 (v 16 (v 16 - 16
VeYop™’ = —4i Voo Xp) ™ + 200V, X + 200 Ve Xy 7 + 8100V o Xy 7
4 - o
g W 585/3)MTX},5> — 8i €W XL D7 (A.5e)

These relations define the QQ-supersymmetry transformations of the descendant superfields
of the super-Weyl tensor. Their S-supersymmetry transformations are instead given by
the following relations [69]:

el j 8i « oy o] sa 2 @

SeXP = Zolwes . SEX0 = —iolsgwne + g5gag”w5> : (A.6a)
STV, Pl = gl (16X3W — 268 x9) + 853)(@’)) , (A.6b)
SPV, 0 = 24 (67 Xy 0 — 150 x, 2 SOY — —4x° (A.6c)

jtas (a*B)j 3% 8)] ’ i i - .

The descendant superfields also satisfy the following indentities

vole xim) — pyola xifn) (A.7a)
VoaYs) " =0, vy Pii = gixtix)es (A.7b)
VsaYay ™ =0, VOOys A = 24ix O X5, PV — gixEsE Xy VP (ATe)

We conclude by underlining that, compared to the frame chosen in [69], the superspace
geometry in the traceless frame described in this appendix is simply given by the following
redefinition of the vector derivative

3i

va — va_Wabchc+ g(f)/a)aﬂXaij -

1

1 1
Y Kot 5 VI Wa K= S Wa T WepeK°. (A8)

Here on the left hand side V,, is the vector derivative of [69] while the operator on the right
hand side is the vector covariant derivatives in the traceless frame of [70], which we used
everywhere in the paper, defined in terms of the vector derivative of [69].
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B Useful descendant components of the composite gauge 3-form (5.17)

For the composite gauge 3-form (5.17), in this appendix we collect the descendant compo-
nents relevant for the derivation of the invariant (5.19). They are

4

Aoa' = 3o Y520 = X517 ) 4 4(3u)on (X470 = (2% )

2 . ‘
+ 25 uns D+ 800, X3P Yo+ 200)5, (VoW - GG X

) 2 .
+ 2(7a)aﬁ (v’yJWE’YXéﬁé - 15W67V7§X51>

1 4 A .
+ 4(%)m<15va5(Wﬂ‘5X”) - gWEﬁVOCgXZ'Y‘S — Va(sWeﬁXéWS)

+

ol

. 1 )
(Va) prEasep (2W05W5€X37P + gww W%Xf”> , (B.1a)
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1 2
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1, g
- Z(’Ya)w(’Yb)aﬂyva”Ydﬁij . (B.1b)

Inserting the expression for B,%, eq. (5.17), and its corresponding descendants A, and Cyy,
presented in this appendix into the action principle (3.22), one can obtain the action (5.19)
together with all the fermionic terms that complete the new supersymmetric invariant
described in subsection 5.3.

C Full bosonic terms of the invariant (7.8)

In this appendix we present the full bosonic contribution to the new higher-derivative locally
superconformal invariant constructed in section 7. In a general gauge and conformal super-
gravity background, up to fermionic terms, the completion of the Lagrangian (7.8) reads
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1
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D Different 6D A = (1,0) notation and conventions

In this appendix we describe the differences between our notation and conventions, based
n [69, 70|, and the ones used in [48] and [76]. By using the map between notations
described here the reader can rewrite the results of our paper in the notation of [48] and [76].

Throughout our paper we have used chiral four-component spinor notation while
in [48, 76] eight-component spinor notation is used. To translate our results, the reader
should first reinterpret our formulae using eight component spinors. According to appendix
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Our notation Bergshoeff et al. [48] Coomans & Van Proeyen [76]
§b, gabedef T par-an §ob, jeabedef o (_jynyaran §ob, —eabedef _jna (_jynyaran
P,, K%, Qi S; P,, K% —2Qi, 25; P, K%, —2Q', 25;
My, Jij, D —2M_yp, 2Us5, D —Myy, —Uyj, D
em®, Y, V™, b en®s Y, QVM 7, by, en®s Yty =V, by,
W, Py 7w“ab7 %i + %%Xi 7w‘uab’ %i + %,mxi
fma Jua — eua(ﬁ(;abD T Tcdb) fua —en” (ﬁnabD T Tcdb)
v, Do+ 53708 + (30D = $T0 T30 ) K Dat dhxivaSi + (kgD = $T5 4T, ) K
T X5 D T X4 D T X4 D
R(P)ap® = R(D)ap =0 R(P)qy® = R(D)ap =0 R(P)y® = R(D)ap =0
R(J)ap", R(Q)ab’ SR, SR(Q)avk + g5YabXk —R(U) U, 2R(Q)abk + g VabXk
R(M)p? ~R(M)* — 5 Doo) — Ty T Fe ~R(M)* — &5 Doo) — Ty 15
R(S)abi SR(S)ak — 857 Zux" + g Tup X" SR(S)a® — 57 Pux" + o Tupe X"
R(K)abe [R(K)abc + 1257ea Dy D + 20 EQ[abedQ [R(K)abc + 1397efa Dy D + 2T Dy Ty,
+ X (V[aR(Q)b]ci - 77EE(Q)abi) + X (V[aR(Q)b]ci - 7'Yué(Q)abi)
+ﬁxjvabcxz'] +ﬁx"’%bc><i]
b, 05 iy Hape By, 0, =24, (Fih +20T ) Buw, 0, =20, F(B)ape
Oy AL, X Foy 1w, —iQf, “1yU, —LE(W), 1w, —iQf, “1y¥, —LE(W),
bnpg LY, ¢, Hoy L Bupr L9, @, By, %L Bupr L9, @, B, %L

Table 1. Different notation and conventions.

A of [69], our 8 x 8 Dirac spinors ¥ and matrices I' are

«@ ~a\af a
v ("), e 0 0Y T (D.1)

Xa ('Ya)aﬁ 0 7 " \o —5§ ’
where 'y obeys F[anF JLgl'el’ 7= EabedefL's. Similarly, there is a direct relation between

g
wardly lifted to a product of Dirac I's. For example, the eight component spinor generators

aran  Fo1an gnd Poren .= Plaapes . 7anl gince a product of chiral s are straightfor-

(o7

of the 6D A/ = (1, 0) superconformal algebra are Q% = C;)Z and S; = SO’ . Similarly,

all the (anti)chiral spinor fields are straightforwardly lifted to eight components, such that,
e.g. Yl QL — YmiQY, dm’ S — dm'Si. To map our results to the notation of [48] and [76],
the reader should then use the table 1. This table shows how our gamma matrices, genera-
tors of the superconformal group, connections, curvatures, fields of matter multiplets, etc,
described in the first column, should be replaced with the terms in the second and third
columns to match the notation and conventions of [48] and [76], respectively. This table
can be obtained by using results of appendix A of [70] which describes in general how to
change frames for the local gauging of the superconformal algebra.

Note also that our definitions of local superconformal transformations are different
from the ones of [48] and [76]. If we restrict only to dg + g + dk transformations, it can
be then shown that the differences between our notation and the ones of [48] and [76] only
amount to a simple rescaling of the local parameters &, n° and A% as described in table 2.
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Traceless frame Bergshoeff et al. [48] Coomans & Van Proeyen [76]

] 1 1,4 1 1,4
§i7 7717 A? 51, 577@, A%{ 5€i, 57717 /\%(

Table 2. Transformation parameters for g + ds + k.
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