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Abstract

The worldline approach to quantum field theory (QFT) allows to efficiently compute several
quantities, such as one-loop effective actions, scattering amplitudes and anomalies, which
are linked to particle path integrals on the circle. A helpful tool in the worldline formalism
on the circle, are string-inspired (SI) Feynman rules, which correspond to a specific way of
factoring out a zero mode. In flat space this is known to generate no difficulties. In curved
space, it was shown how to correctly achieve the zero mode factorization by applying BRST
techniques to fix a shift symmetry. Using special coordinate systems, such as Riemann
Normal Coordinates, implies the appearance of a non-linear map—originally introduced by
Friedan—which must be taken care of in order to obtain the correct results. In particular,
employing SI Feynman rules, the map introduces further interactions in the worldline path
integrals. In the present paper, we compute in closed form Friedan’s map for RNC coordi-
nates in maximally symmetric spaces, and test the path integral model by computing trace
anomalies. Our findings match known results.
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1 Introduction

In the worldline approach to Quantum Field Theory (QFT), particle path integrals are used as a versatile
computational tool. The method was introduced by Feynman who, already in the 1950, proposed a
particle model representation for the dressed scalar propagator in scalar Quantum Electrodynamics [L].
However, it was only in the late 80’s that the method started to be taken seriously as an alternative
approach to conventional second-quantized methods. Initially it was used as a tool to compute chiral
anomalies [2| 3 4] and trace anomalies [5, |6]], and later it was introduced by Bern and Kosower [7],
and Strassler [8], as a proper method to compute QFT effective actions and generic QFT Feynman
diagrams—see [9]] for a comprehensive review of the early stages of the method. Since then, several
applications and new implementations of the worldline formalism have been considered. In the realm of
perturbative QFT some examples are: the computation of multiloop effective actions [10], Bern-Kosower
rules for dressed propagators [11}12], the worldline formalism in curved spacetime [13} (14} [15]], higher-
spin field theory approaches [17, (18 (19} [20], the spinning particle approach to Yang Mills theories [21,
22|, as well as applications to noncommutative QFT [23| 24], to the Standard Model and Grand Unified
theories [25, 26], and to QFT on manifolds with boundary [27, 28]].

The extension of the worldline formalism to the computation of effective actions and Feynman dia-
grams for QFT in curved space time required to tackle some technical issues which, during several years
had resulted in numerous controversial statements and errors. The main issue boils down to the fact that,
when the metric is non-flat, the associated particle models are characterized by non-linear sigma models
which, in the perturbative path integral approach about the flat space metric, give rise to an infinite set
of vertices with double-derivative interactions. By a simple power counting analysis, these interactions
can be shown to lead to ultraviolet divergences, at the one- and two-loop level, which need to be suitably
regularized. [ By now all the ambiguities have been dispelled, various regularization schemes have been
devised and tested, and the method has been consistently used in several computations (see ref. [29,30]
for a detailed description of the method and for a complete list of references)—in the present work we
adopt Dimensional Regularization (DR) to take care of the ambiguous diagrams. However, due to the
aforementioned vertices, the computational difficulty becomes fastly harder as the order in the perturba-
tive expansion increases, and finding simplified methods to handle the perturbative expansion in curved
space would certainly be helpful, which is one of the objectives of the present manuscript.

In this paper we study bosonic particle path integrals in curved space through the computation of
trace anomalies for scalar fields in various dimensions. As reviewed in the Section[2] trace anomalies are
linked to particle path integrals in curved space with periodic boundary conditions, i.e. path integrals over
coordinate trajectories that have the topology of a circle. In the perturbative approach, as we will see,
this leaves the possibility of choosing different boundary conditions for the particle propagator, which
correspond to different ways of factoring out a zero mode of the free kinetic term. Here we use the so-
called “string-inspired” (SI) Feynman rules which correspond to the zero mode identified as the center of
mass of the paths. Along with this, we will make use of Riemann Normal Coordinates in the expansion,

'One-dimensional non-linear sigma models are super-renormalizable theories and diagrams with more than two loops are
finite.



and specialize ourselves to maximally symmetric (MS) spaces. In curved spaces, as it is reviewed in
Section 3 the use of special coordinates comes with a prize: the need of a map, which we refer to as the
“geodesic map”, that for boundary conditions different than Dirichlet’s gives non-trivial contributions to
the perturbative expansion; as explained by Friedan [35]], this is due to the fact that a certain linear shift
symmetry becomes non-linear when expressed in RNC’s. In Section 4] we thus compute the geodesic
map, in closed form (i.e. to any order in the curvature), for MS spaces. Finally, in Section [3| we obtain
the type-A trace anomalies for conformal scalar field theories in MS space-times of dimension six and
smaller, and test that our results reproduce known results. In Section [6l we draw some conclusions and
discuss possible extensions and applications of the model. A technical appendix is added at the end,
which includes the list of worldline integrals needed in the computation, along with a detailed example
where the rules of DR are reviewed.

2 Trace anomalies in the worldline representation

Trace anomalies are linked to the (lack of) Weyl invariance of the effective action of a classically Weyl-
invariant quantum field theory. In particular, as originally shown by Fujikawa [31]], in the field theory
path integral approach, the trace anomaly can be seen to arise as a non-trivial Jacobian of the measure
under Weyl transformations. As a paradigmatic example, let us consider a Weyl-invariant scalar field
theory ¢(x) in a D-dimensional curved space-time, whose Wick-rotated Euclidean action reads

1
S[¢aguu§£] = B} /de ﬁ(guya,uﬁbauﬁb - £R¢2> s (D

where ¢ = % sets the non-minimal conformal coupling. H The latter is invariant under the (in-

finitesimal) Weyl-transformation
1 D
ot () = o (D) () . Gs0(w) = 5 (1- T ) o()o(a) @

The one-loop gravitational effective action I'[g,,| associated to the classical action (L)) can be ob-
tained from the functional integral

¢ Tlouw] — /Dqﬁ e SPguiE] (3)

and, under the Weyl rescaling, it gives

—0,1' = /dea(x)g’W(;;% = /dDw\/géa(w)<T”u(w)> . 4)

Now, in order to compute the Weyl rescaling of the r.h.s. of expression (3) it is best to rewrite the fields
in terms of the so-called Fujikawa variables ¢(x) — ¢(x) = g% (x)¢(x), in order to have a dimensional-
independent field transformation ¢ b= %agz;. Such transformation provides a Jacobian which differs from

2Our conventions for the Riemann and Ricci tensors are [V,,, V,|V? = R,," V7 and R, = R,," ..



unity by the trace of an infinite dimensional operator (the scalar field action instead is Weyl invariant by

assumption) 3 3
0¢'(x) 9o¢(x) 1 D
det —= —1=tr—= =tr|=o(x)d”(z —y)| . 5)
9%(y) 99(y) [2 @5~
The trace must thus be regulated
1 . r
tr [ga(x)éD(w — y)} = gli% tr [50'6 BR} ) (6)

with the consistent regulator R being the kinetic operator of <;~5 which reads (see [29] for details)
1 1 1 _1 1
R=-59"10,929" 0971 — SER. @)

Thus, using the identification p,, = —id,,, the differential operator (Z) can be interpreted as the quantum
hamiltonian of a non-relativistic particle in curved space

1 1 1 11
H = 59 1p,929" Py % — §£R, (®)

and the regulated trace can be written as a particle path integral transition amplitude with periodic bound-
ary conditions. Hence, putting all together we have,

/dDaz ga(:n)<T“u(3:)> = %1—% _— Dz o(z) e 51! 9)
where 0 . )
Sl = 5 | at{Gom@ire + 2@ + vir@)]} . V= -5¢R (10)

is the particle action associated to the hamiltonian (8)), and Vpg () is the counterterm that arises from the
regularization that we choose to be Dimensional Regularization (DR), whose application to finite-time
one-dimensional non-linear sigma models was proposed in [32], after earlier applications to the infinite-
time counterparts had been obtained [33]]. In the expressions above the limit 8 — 0 is meant to convey
the information that only the 5-independent terms are retained—in fact, it can be shown that terms that
diverge in that limit can be removed by adding local counterterms to the field theory action. Finally, by
setting o to a constant, we recognize that

/ Py (T%,(x)) = lim Z(8) (11)

B—0

with

Z(B) = Dx e Sk (12)
PBC

i.e. the integrated trace anomaly coincides with the S-independent part of the particle partition function.

3Such identification is guaranteed by the fact that, in terms of the rescaled fields, the Hilbert space inner product is given by

(Wlp) = [ dPzd" (2)@(x).



3 BRST-methods for the particle path integral

In the short-3 perturbative expansion of the partition function (12)), needed to compute (1)), it is conve-
nient to expand the background metric g, () that characterizes the action (L0), around a fixed point and
treat the potential and the terms with metric derivatives as perturbations. Thus, the leading term becomes
a free kinetic term whose corresponding operator has a zero mode on the circle, which is related to the
constant translational symmetry. This zero mode must be factored out, and an efficient way of doing that,
which we review here, was described in [34]. Firstly, it amounts to decompose the generic periodic path
x#(7) into a constant zero mode !, and a quantum fluctuation y*(7)

a'(1) =z +y" (1) . (13)

This splitting obviously introduces a constant shift symmetry

5y"(r) = e 4

which—treating both fields f and y*(7) as dynamical variables of the path integral—behaves as a gauge
symmetry. Hence, the path integral needs to be gauge-fixed in order not to overcount equivalent field
configurations. This can be achieved using BRST methods: the shift symmetry is thus turned into a
BRST symmetry

dxfy = A Syt (r) = —ntA

nt =0 0n, = imuA (15)

om, =0,
where A is an anticommuting parameter and 7", 7, and 7, are constant fields, the first two anticom-
muting and the third commuting. The gauge can thus be fixed by introducing a “gauge fixing fermion”

Wil =7 [ dr ol (o). a6

which is parameterized by a distribution p(7), normalized to ffl drp(T) = 1. The gauge-fixed action
reads

)
ng[ﬂfo,y,%ﬁ,ﬂ] = 5[33073/] + ﬁqj

0 (17
= Slxo, y] + im, /_1 dr p(T)y" (1) — 70"

and all the fields (that appear as arguments of S, ;) are path-integrated. In particular, the integral over the
anticommuting constant fields is equal to unity, whereas the integral over the auxiliary commuting field
m,, imposes the constraint

0 0
[ arpmpn=0 = [ ar o)) =ab. 18)
—1 -1
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which allows to invert the free kinetic operator of the fluctuations y*, to find the particle propagator.
Obviously, different gauge functions p’s give rise to different propagators, but the p-independence of
the partition function is guaranteed by BRST symmetry, whereas the partition function density may, in
general, be p-dependent. We can thus write the partition function as an integral over the zero mode

2(8) = [ dProy/g(wo) 29 (w0, 5) (19)

where Z () (x0, B) is the partition function density, whose S-independent part yields the trace anomaly.
Moreover, the dependence on p of the partition function density must arrange in the form of covariant
total derivatives, which are indeed trivial anomalies, that can be removed by adding local counterterms
to the field theory action.

In the present calculation we use the string-inspired (SI) Feynman rules, which correspond to the
choice p(7) = 1, where the zero mode plays the role of the “center of mass” of the loop and the quantum
fluctuations are periodic and have vanishing center of mass [9]. Another popular choice in this type of
computations is p(7) = §(7) which leads to Dirichlet boundary conditions (DBC) for the fluctuations
and the zero mode is the initial(=final) point of the loop. The advantage of the SI choice is that, unlike
with DBC, the worldline propagator is translationally invariant. However, as we shall shortly see, in a
special coordinate system, SI requires the inclusion of further vertices than DBC. We will make use of
(geodesic) Riemann Normal Coordinates (RNC) £# centered around the zero mode xg , Le.

=1
yﬂ = gu - Z mru(mm;ug...l/n)(g}O)ém s éun (20)
n=2 """

where I' (| ,,Q;ngl,n)(xo) is the symmetrized derivative of Christoffel’s symbol evaluated at z(, covari-
antized on the lower indices, which leads to RNC expansion of the metric

1
§ ftupovian (0)€7€7€% +
2D

1 2 O ¢ «
+ (55 Rusovienas (20) + 32 Ruupo™ Raia1000(20) JE7€76M16% +0(€7)

Thus, the coordinate transformation (20), induces the following non linear BRST transformation on the
RNC coordinates

1
guu(wm 5) = g/u/(xO) + gRupau(xO)gpfa +

68" (1) = = Q" (o, £(T))n" A, (22)
Q"(20,0) =6, . (23)

We refer to Q¥ as the “geodesic map” and a geometric interpretation thereof is given in the following
Section, along with a derivation in closed form, for the case of maximally symmetric backgrounds.
However, let us check here how the particle action changes if we use £ as dynamical variables. In this
case it is convenient—in strict analogy to what discussed above for a generic coordinate set—to consider
the gauge-fixing fermion

0
=i, [ drp(r)er(r) 24)
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which then yields the gauge-fixed action

]

Slx0. & .77, w| = Slao, ] + =¥

= S[zo,¢] +m/ dr p(T)E" (T m/ dr p(T)Q" (0, &(T))0” .

Note that, as a consequence of condition (23)), the last term of the previous expression is £-independent
if p(7) = §(7) and thus, for DBC, it does not introduce addition interactions. On the other hand, for ST it
is £-dependent and does introduce a new interacting piece of action, which in the perturbative approach

(25)

leads to an infinite set of vertices, which must be taken into account in order to correctly compute the
short-5 expansion, and ultimately the trace anomalies. Specifically, we thus get

1)
Soslzo, &m,77, ) = Slao, ] + 5+ ¥

0 0
= S[xo, €] + im, /_ldT £ () — Tl /_ldT Q" (w0, E(T))” .

and the Einstein-invariant and BRST-invariant path integral measure reads

Dz =drodndydr ] +g(xo &(r)) dé(r) . 27)

—-1<7<0

(26)

The /g factor of (27) can now be conveniently exponentiated by introducing a set of ghost fields, a(7)
(bosonic) and b(7), ¢(7) (fermionic), with their own dynamics [3],

9(zo,&( /Da'Db'Dce Sgh

(28)

%Mm#d:_/‘h—%Wmﬁw%hw%ﬂ,
BJ-1 2

so that the final quantum action is given by

Sq[w07§7777777777a7 b7 C] = gf[woafanaﬁaﬂ] + Sgh[x07§7a7 b7 C] . (29)

Putting all together, the full transition amplitude reads
8) = [ do \/o(w0) 25D a0, 9
- / dzodiidndr / DEDaDVDe ¢St (30)

In order to compute the perturbative expansion of the latter, we consider the expansion of the metric and
of the geodesic map about the point zf), i.e. £ = 0. The terms quadratic in the various fields yield the

propagators
(&M(r)¢" (0)) = — Bg" (x0)B(T,0)
(a*(T)a" (o)) = Bg" (z0) Agn (T, 0)
(b(r)c" (o)) = — 259” (20)Agn(T,0) GD
(i) =



with

1 1
B = _jr—o|—z(tr—0)* - =
(r,0) = 57— ol = 5(r — 0 - = )

Agp(T,0) =0(T —0) .

The interacting part of the action, S[gmt), can be obtained by replacing g, (%0,&) — guw(%0,&)—guw (o)
inside the kinetic part of (IQ), and by replacing Q*, (z¢,&) — Q. (xo,&) — d# inside the BRST ghost
action (for notational simplicity, we will use reparametrization invariance in xg to set g, (xg) = )
For the partition function we thus get

dPz =S 33
/ 27_[./8 <6 ! >(SI) ( )

where the suffix S7 is meant to remind that we are using String-Inspired Feynman rules. Hence, com-
paring with (19), we get

(SD) _ 50
2B = ) (34)
and
(T* (o)) = lim 2050 (zo, ) (35)

gives the local (i.e. unintegrated) trace anomaly at point x.

Before proceeding further with the perturbative computation, we need to evaluate the expansion of
the geodesic map Q" to the necessary order: this was discussed by Friedan in [35]. However, instead
of considering a generically curved space, here we content ourselves with spaces of maximal symmetry,
where

R;u/pa = b(gupgua - guagup) ) (36)

and b := ﬁ, is negative on spheres. In this case we find that the above non-linear map can be
obtained in closed form. This is the subject of the following section.

4 The geodesic map in maximally symmetric spaces

As we have anticipated, in order to use RNC coordinates as quantum fluctuations in our path integral, we
need to take into account that the BRST symmetry induced by the linear shift of the zero mode x(, acts
non linearly on the RNC’s, namely

6&H(1) = = Q" (w0, £(T))n" A . (37)

This stems from the fact that, by definition, zf is the origin of the RNC coordinates which are vectors
on the tangent space T}, they are tangent vectors, in z to the geodesics that link /| to generic points

8



z# of the manifold. Therefore, a shift of x}) implies a shift of tangent space, and in turn this means that
g = EP4-6€H is a vector on the shifted tangent space. Thus, if the manifold is not flat, the transformation
of the RNC coordinates is a non-linear expression of the old RNC coordinates £#. On the other hand, if
the manifold is flat the different tangent spaces coincide and Q*, (zo,£(7)) = 6¥. Moreover, if 2/ = zf),
i.e. E" =0, then §¢# = dy# = —dxly, and QH, (o, 0) = K.

Friedan [35]] proposed a method, which we briefly review below, to systematically compute the map
Q" (x0,&) in an arbitrary geometry as a power series in £. Let us denote by

Q= Q"y(x0,¢) (38)

the matrix which represents the geodesic map. It was found it convenient to re-write the latter in terms

of another matrix V, as
Q=1+0dlogV. (39)

Above, the derivative operator is defined by

b= gu(a% -9 (40)

where V u 18 a covariant derivative that acts on tensor-valued functions of £ (for {-independent functions
it reduces to the standard covariant derivative) and satisfies the property

V. =0 . (41)

By formally expanding ) as a power series in £

& 1
nz::() (n+1)! @
where
V(O) =1, V(l) =0, V(n) o &7 (43)

one obtains that, in a generic torsion-free space, the matrices V(") satisfy the recursion relation
Yy —oypn-b _ g2y=2) 4 yn-2p (44)

with
R = Rupm,(ﬂj‘o)fpfa . (45)
The previous recursion relation uniquely fixes V order by order in £. However, by increasing the order,

the calculation becomes rapidly harder and, for a generic manifold, a closed form for the matrix is not
known. On the other hand, for MS spaces we obviously have that

VaR =0, (46)



which immediately implies

Y@t — (47)
yen) — gr (48)

and we thus get

= 1 sinh VR
v=y — —Rr=""2XF 49
2 Gn 1) VR )
with
RO=1, R":=R'asp B aspops B apon(@0) E11E7 - g0ng0 (50)

Moreover, note that for MS spaces the operator 0 defined above just acts as a number operator, i.e.
OR = 2R. Therefore, the geodesic map simply reads

oM5) — /R coth VR , (51)

which can be easily expanded to the desired order. Before doing that, let us first rearrange it in a more
convenient form. Note in fact that, using (36) and (43)), we get

R = b(6H 0, — 010,5)EPE7 =1 —bE*P (52)

in terms of the projector P = ¢/ — fzgv, which satisfies the condition 0P = 0. We thus get
R" = (—b&*)"P, (53)
and finally

4 __he2
YMS) — g 4 79<L v _bet 1) (54)

oMS) _ g 4 79(\/—552 coth /—be2 — 1) . (55)

Hence, one can easily expand the previous expression in power series of b. In components the expansion
reads,

2
b 2 5

p
5§p§ * 945

QIS — 5, + {g R (8°)% + . } (€"€y — 6",8,€") - (56)

Here we only keep the terms that will be needed in the following section to perform our trace anomaly
tests.
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5 Computation of the trace anomaly

In order to compute the local trace anomaly of a conformally coupled scalar field theory, we need to
obtain the perturbative expansion of the correlator of eq. (34)), which involves the interacting quantum
action, whose derivation was explained in Section 3, namely

' 0 -
500 = 5 [ {5 [0, = 8] (£ + a¥a” + b°e"] o 52V (0,€) + Vrlao, )]} +

—m/dﬂ@wmam—wmﬂ
(57)

Notice that, in the MS geometry, the potential term —/3(V + Vppg) is a constant and can thus be factored
out from the correlator, i.e.

—B(1-46) & <(int)
EACI ,B) = c e 5 , 58
(%0, ) (%m%< ) s (58)

where the new interacting quantum action is given by

q

glint) o glint) _ g1 — 4§)§ . (59)

In the present work we content ourselves we the computation of trace anomalies in dimension six or
smaller, for which the necessary RNC expansion of the metric (in MS spaces) is already known, and can
be found for instance in ref. [36]]

wA@z&w+ﬂ@@—uxg%}—l%%@@) —ﬁﬁg% -] (60)

whereas the expansion of the geodesic map is the one given above in eq. (36). Hence,

Sy = 5/ l ﬁg(ﬁ%) —wMA>@hW+

X [&u(f)ﬁu(ﬂ — Ou€p(T)EP(T) | [€4(T)E" (7) + a¥(T)a” (7)+

2
+ 0 ()" (T )] —Wu/ dr |5 + 2_55p(7')£p(7)+

B (e +

[gM(T)fy(T) - 5“V€p(7—)£p(7)‘| 77V . (61)

Using 3 as the perturbative parameter, the above action can be split up as

S = b + Sy + Sy + S + Sg + Sg +. (62)
—~ N~ =~
B B B2 B2 83 /33
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where, for each term, its perturbative weight is indicated. In particular, such terms are

0 . .
Si= g5 |47 [ (0) = Bt e )] [ (1) + (e )+

+ b (7)e" (7)) (63)
_ 2 0
So= g5 |, 47 &(ME DENED - 8.6, (ME ()]
x [€4(7)€¥ (1) + a(r)a” (1) + b (r)e" (7)] (64)
8h3 [0 . N )
Sk = 25 [ 4 &M (&) (1) 6476 (7) = Buu () ()]
x [€4(r)E¥ () + a¥ (r)a” (7) + b (r)e ()] (65)
b 0
Sy= —ig [ dr [£06(r) = 96, (66)
b2 0
Si= —igs [ dr &M@ D6 = 88, nE ] (67)

3 r0
Si= —Mags | 7 &OEMEMEN[ENEE) - ENED]F 69

and they can be used to reduce the contraction in (38)) to (to avoid cluttering we omit the suffix ST)

_glint) / ! 1 L
<e 8 > :exp(_@_@—@—@Jri <S42>C+§<SQ2>C+

B B B2 B2 B2 82
1 1
* <S/2S4>C — (98) = (S6) + (S4S6)¢ 3 <S43>c BEY] <S§3>c *
N——— N ~—~— ——— 3' 3'
7 > g A B3 B3
1 1
+ (ShS6)c + (S5Sh)e + (SiSu)e =5 (55°54) = (SS4%) o + - ) )
—_——— ———— N———
ﬁS BS 63 53 53

In the following, we report the results for the various contractions of (69)), expressed both in terms of
their string-inspired worldline integrals (we indicate them with M) and then explicitly computed—we
already write them in terms of the curvature scalar R. The M integrals are reported in Appendix [Al

1) = M1 = 0)
(83) = %R/\@ = —%53 o
= %w M= g R 72)
(8 = _$(D T2My = @%5%‘? (73)
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(55 = % [~ (D = 1D)(M2)* + (2D — 5)M;] = —Tlﬁoﬁﬁ R? (74)
(S4%) . = % (D = 1)(2M + M7 + Ms) + 3(My — 2M10 + M)

= —ﬁ%ﬁ%ﬂ (75)

($254)c = 2D2 Mz Mus) = =135 DB2 i (76)

5 = %(D TADFHMu =7 §728 (DDj;(z)EDDJ)F e a7

(5= 555 %(D 2D+ sy = — e O s g

945-1728 D2(1 — D)?
_ 1633 R?
~ 6-6!D2(1 — D)?

(S456) ¢ 2(D + 2) [(D +1)(=2Myg — My7 — 2Mg — Moy )+

16 (9D — 74)(D +2)

3 p3
7
6-6-2160 D(1-D) D1 )

+ 5(=Mig + 2Myo — M22)} = -

BgR?’
<S43>C = —m [ - 24(D — 1)2(M23 + M24 - 2M25 + M26 + M28 + M29+
1 1
+ g./\/lgo + Mszg — M3zs + g./\/lgg — Muyy) — 72(D — 1)(Ma7 + M3y + M3z — Msg+
— 2M37 + Myg — Myg + 2Myz — Mys — 2Myg + 2My7 — Myg) — 24(2D — 5)(May+

1
— M3zg — Myg — 2M5g + 2Mp51 + 2 M50 + §M55) + 8(D — 16)(Myg + 3M54)+

1 _ 1 289D2 — 2464D — 4068 5
24D + 1) (Mss + §M56)} T 637560 D2(1— D)2 r #0
/3 BgR?’
- 1 D?+23D+6 4 4
—2(D —2)(4D — 19)/\459} = 3300 pa-pyp O F 81)
, _ 16p°R? 16 D+2 . 4
(%86)0 = 3 61D2(1 — D) 2AD +2)@Meo + Me1) = 35775 D2(1 — )ﬁ i ®2)
,83R3

(281 = 5 pr —pyp (P + 24D = 9Mez + (D = Mes| =
B 1 (D+2)(D+4)
~ 3.45-8640 D2(1— D)2

B3R3 112 D+2
/ _ _
S1S1)c =~ ampra = pyt (P +2) Mes+ Mes) = = 6 P — Dy

BR? (83)

53 R3
(84)
53 R3

<S§254>c ~ 6. 32D2(1— D)3

[ = 4(D = 122D — 5)(Mgs + Mes) — 2(2D* — 10D + 17D+
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— ) Mer +4(D — 1)(2D* — 6D + 7) Mgy — 2(2D> — 6D* + 9D — 7)Mo+
4 4D?+21D — 46

—1)3 - _ 3 p3
+4(D — 1P (M1 + Ma2)| = — s ooy PR (85)
,83R3
(8251%) o = 3 prr =y (8P — DM + Mea = 2Mas — 2Mas + Mz + 2Msa +

+ Mgz + Mgg + Mgs) + 24(Mzg — Mzg — 2 Mgy + 2Mga + Mgg + Mg?)] =

1 37D + 158

= SR3 . 86
3-62-75601)2(1—13)/3 R (86)

In the above calculations, all terms containing equal time propagators with one derivative have been
excluded, as they vanish—see Appendix [Al This fact contributes significantly to simply the expansion in
Wick’s contractions.

Now, putting all together, the local trace anomaly can be extracted from

(T u(x0)) = Ly Z(p) = Ly @2n5)3 exp l%(lk —2)R+ ©
B (D=3) ., ﬁ_316(D+2)(D—3)R3+
6! D(D —1) 8! 9D%(D —1)? T

At fixed dimension D, the 3-limit selects the S-independent part in the expansion of the exponent in (87)

after the simplification with the Feynman measure 1/(273)" /2, whereas 3-divergent terms are ignored
as they may be removed by a QFT renormalization procedure. Recalling that £ = %, the result of

our trace anomaly reads

R
— o - _
D=2 = (I"u(x0))=—5=
RZ
— o - _
D=1 = (T"0) = s (88)
R3
— o —
D=6 = <T H($0)> - 60 - 9173 3

which is in perfect agreement with the results obtained using the standard DBC procedure [36]]. Note
that trivial anomalies are absent in MS spaces, as they would appear as covariant derivatives of curvature
combinations.

6 Conclusions

We have discussed the application of the string-inspired method within the worldline formalism in curved
space which, on the circle, allows to compute one-loop effective actions and associated scattering am-
plitudes, and anomalies. The implementation of SI Feynman rules corresponds to a convenient way of
factoring out a zero mode present on the circle. A BRST technique, studied in [34], has been used for
that purpose, along with RNC coordinates.
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The main advantage of using the SI Feynman rules, in place of those associated to different ways of
factoring out the zero mode (such as DBC), resides in the simplicity of the worldline propagator which
results translationally invariant, unlike the DBC propagator. Therefore, all the diagrams that involve
equal time propagators with one derivative, are vanishing. The price to pay for such advantage is the
introduction of further vertices in the theory, which arise from a non-linear “geodesic map”. Above we
have computed such map in closed form, for MS spaces, and successfully tested the associated non-
linear sigma model via the computation of type-A trace anomalies of conformally-coupled scalar fields
in dimension not larger than six.

The string-inspired formalism in curved space can be exploited in a wider class of calculations, and
can be considered as a powerful tool to reduce the complexity of standard Feynman diagrams compu-
tations. One important example is the systematic computation of graviton scattering amplitudes and
gravitational effective actions. It is an outstanding problem, and the development of new methods, both
analytic and numeric, may be of considerable help. To such extent, an interesting scenario, that was
conjectured years ago in [37]] and recently improved in [38) |39} |40]], consists in the possibility of map-
ping the particle non-linear sigma model to a linear sigma model where the gravitational properties are
described in terms of an effective potential, with a substantial gain of effectiveness in the perturbative
computation. So far, such mapping has been studied only with DBC Feynman rules and seems to be
guaranteed only for MS spaces. However, it would be interesting to investigate the possibility of using
the SI method there since, because of flatness, the geodesic map should not add complications. Another
relevant extension involves supersymmetric sigma models, which are linked to the worldline approach
for Dirac particles in curved space [14], where it is certainly possible to consider SI Feynman rules.

A Worldline integrals

The worldline integrals, that enter in the perturbative calculation described in the main text, involve the
coordinate Green’s function B and the ghost Green’s function Agy, which read
1 1 9 1

B(T,O’):B(O',T)25’7'—0"—5(7'—0') -5 (89)

Agh(Tv U) = 5(7_ - J) ’ (90)

and derivatives of the former, which at the unregulated level read

*B(r,0) = %sgn(T —0)—T+4+0=-B%r0) 91)
*B(r,0)=0(tr —0)—1=DB*(r,0) . (92)

Due to the translational invariance of the string inspired propagator (89), the derivative with respect to
the second variable (right bullet) is the opposite of the derivative with respect to the first variable (left
bullet). However, for future convenience, in the formulas below we prefer to keep explicit the distinction.

15



Propagators satisfy the properties

/01 dr B(r,0) = (*B(1,0)) ‘0':7' =0
- (93)

{.B.(T, o)+ Agh(T,a)} =1,

which will be largely exploited in the actual computation. The last property of (93) shows an example of
divergence cancellation: a 6(0) term gets canceled in the sum. This is the simplest example of how the
ghost fields contribute to cancel worldline divergences.

In the following, we report the list of the SI worldline integrals which have been used for the calcu-
lation of the trace anomalies. They are computed using Dimensional Regularization, when needed. For
completeness, at the end of the section we provide an example of how DR works in this worldline context.
To simplify the notation, we define [ := f_ol, B|; = B(r,7) and B := B(11, 12) (or Bia := B(11, 12) for
triple integrals).

1

My = [ ar Bl (B" + Ag)le = 15
1
Mo = [ ar Bl = -

1

N
1
— 2_ -
M= [ar Bl =

1
= [dn [dr B = —
Ms /Tl/ B =55

1
My = /dﬁ /dT2 By B2 (B* + Ag) 2 = —— -

1
M? - /dTl /dTQ 8’18’2 (B.Z — Agh2) = —m

1
My = /dﬁ /dT2 B2 (B + A1 (B° + Al = -

Mo= [an [ar B (872 - ag?) = o
Mm:/dn/dTQBB“B'B'z—%m
My = /dTl/dT2 B*? B2 = %

Mg = /drl /dT2 B? (B* + Ag)|2 = %
Mys = /dﬁ /dTQ B*2B|, — —ﬁ
Mus= [ dr B2 (B + Ag)l- = g
Mis= [ar BlP = ——
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1
Mig = /dTl /dTQ 3’18’2'32 (.B. + Agh)’2

T 1728
My = /dTl /dT2 BJ1B|»* <.B.2 - Agh2> - %
Mg = /dn /de BBz (B - Ag’) = _ﬁ
Mig= [ dr, [ dr BBl (B + Ap) 1 (B + Ao = —
Mzo:/dTl/dTZBbBB.B.B.:%
Mar = [ dn, [ ar, 581 (8 )l = g
Mo = [dry [ dr 5 8281 = — o
Moz = /dn /dTQ/dTg B|1B12? Boz? (B®*+ Ag)|3 = —%
Moy = /d7'1 /d7'2/d7'3 BJ,* B1o? (.8532 - Agh’232> - _%28

Mos = /dTl /dTg/dTg Bl1 Bz Bas Baz By =0

1
Mog = /dTl /dT2/dT3 Bl Biz Bis Baz (B* + Ag)|2 (B* + Agn) s = 8640
1
Myr = /dTl /dTg/dTg Bl Biz Bus Bas (B3 — Agh,232> =~ 1440
1
Mog = /dn /dT2/dT3 BJ1? Biz B3 B3 (B + Agn)|2 = 1728
2 ° 2 2 ° —1
Mag = /dTl/dT2/dT3 Bli Bos® (Bl — Agn12”) (B + D)3 = 8640
1
Mo = /dTl /dﬂ/dTS Bl (BT, B3; Bls + Agh12 Agn2s Agh13) = 1728
1
M3y = /dn /dT2/dT3 Bl1 Baz® (Bl B3z Bz + Agni2 Agh2z Agniz) = 1440

1
Mg = /dn /dT2/dT3 Bio® Bas® (B* + Agn) |1 (B + Ag) |3 = 8640
11
Msz = /dﬂ /d72/d73 Bio® Bis Bas By (B + Agn)ls = 20160
1
M3y = / dr / dr / drs Bio® Bry® (B* — Agnos®) = 4032

Mss = /dn /dT2/dT3 B2 By Basz Bz (B* + Agn) 1 (B + Agn)[s =0

11
Mse = /dTl /dT2/d7'3 Biz Biy Biz Bz Bz (B* + Ban)ls = 60480
1
Ms7 = /dn /d7'2/d7'3 Bz By Bis Bas By (B* + Ban)ls = — 500
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61

Mg = /dn /drz/dT?» Bia By By Bas (Bl” = Aens®) = 155950

Msg = /dﬁ /dTg/dTg Biy Bas Biz (B® + Agn)|1 (B* + Agn)l2 (B + Agn)ls = _ﬁ
Mg = / dry / dr / drs Bio Bas Biy (B + Agn) 1 (B5” = Agn2s”) = ﬁ

My = /dTl /d7'2/d7'3 Biy Bi3 B33 Bas Bz (B* + Agn)|1 = 12;360

Mg = / dn / dry / drs Bis Bas Bis (Bl B3 Bl + Agn1z Agnos Agnis) = 121049360
Mys = /dTl /d7'2/d7'3 Bi BY; B3y Bas® (B* + Agn) 1 = _ﬁ

M44 = /dTl/dTQ/dT3 B‘l 8’3 .812 853 IZ .653 =0

Mys = /d7'1 /d7'2/d7'3 Bl1 Bz Bus Bis Bas Bis = _%
My = /dTl /dTQ/dTS Bl1 Biz Bas Bas By Bis = _%
Mir = [ am [y [ s Bl B B3y s? By = o
Mg = /dTl /dTQ/dTg Bl Bas Bis Bas Bia Biz = _%
Myo = /dT1 /dT2/d7—3 Bi2? Biz Bas Bis Bz = ﬁ

79
Msy = /dn /dT2/dT3 Bia BYy Bis Bas Bis Bog = 120960
Msy = /dTl /dT2/dT3 Bia BYy Bz Bas B By = _ﬁ
Ms3 = /d7'1 /d7'2/d7'3 Bia Biz Bas By Bia Bis = _%
Mas = /dn /dTg/dTS Bia B3 By Bis Bz Boz = %
Mss = /dﬁ /dTQ/dTg B3,% Bis? Bs% = %
Mg = /d7'1 /d7'2/d7'3 Bia Bis Brz Bz Bl Bz = _%

1
1
Ms = [ an [dra [[dra i1 B =~ o
1
Msg = /dTl/dTQ/dT?, Biz Bas Biz = 30240
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1
MGO = /dTl /dTQ 82 B’Q (.B. + Agh)b = T Saan

8640

Mg, = /dTl/dT2 B*2 Bl = Tl%
1
Mg = /dﬁ/drg Bl B? = T
Mgz = /dTl/dTQ B|, Bl? = _%28
Mes = [ an [ dn By Bl B = .
Mes = /dn/dﬁ B® Bly (B* + Mg = _ﬁ
1

Megs = /dﬂ/dﬂ/dT?» Bl Biz2 Biz Bas = 8640

1

M7 = /dTl/de/de Biy® Biz® = 2640

Mes = /dn /dT2/d7'3 Biy Bas Biz (B® + Agn) 1 = _ﬁ
Mgy = /dTl /dTQ/dTS Biz Biz Biz Bis = 0

Moy = /dTl/dTg/dTg Bi3® Bia® = Wlél()

Moy = /dTl/dT2/d7'3 Bl1 Bl Bio? = Tlgg

Moy = /dTl/dT2/dT3 Biz® Bl (B* + Agn)l1 = _@
Mg = /d7'1 /d7'2/d7'3 Bio® Bas® (B* + A3 = ﬁ
My = /d7'1 /d7'2/d7'3 Bl Bis? (13532 - Agh’232> - ﬁ

Mas = /dn /d72/d73 Bia Biy B2z Bas (B* + Agn)|z = 0

Mz = /dn /de/dTg Bia BY, B3s B3z Blz =0

Mo = /dT1 /dTg/dT?, Bi2 B2z B3 ('B' + Agh)b (.B. + Agh)’i% =

1
Mg = /dn /dT2/dT3 Bi2 Bas Bis (’8532 _ Agh,232> - o
13
Moy = /dn /dT2/dT3 Bia Bis Baz By B = 50060
1
Mago = /dn /dT2/dT3 Bia B3 Baz Bag By = —es
1
Mgy = /dTl/dTQ/dTg Biy Bl B3 Bls (B° + Agn)|2 = o
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1
= [d d d *. B3 2=
Mgg / Tl/ T2/ T3 612 613 623 .823 6720

1
Mg = /dTl /d72/d73 BYy* Bys® (B* + Agn)|s =

8640
1
— d d o 2 100 2 - -
M84 /dTl/ 7'2/ T3 612 623 B’g 1728

[ ° * _ _ 1_
Mgy = /dTl/dTQ/dT3 6‘2 8’3 812 13 1323 1798
(] L] L] 11
Mgg = /dTl /dT2/dT3 6232 612 Bl3 .823 = _20160
. e . 11
Mgz = /dTl /dT2/dT3 Bl Bis Bas By Bz = 60480

To provide an example, we report a step-by-step DR calculation of the integral Mo7.

Moz :/dn /dTQ/dT?, Bl1 Bia Biz Bas (.5532 - Agh,232) -

— /dD+1t1/dD+1t2/dD+1t3 Bl|1 B2 B3 Bas (VB23p2 — Agn23®) =

= B // uBi2 Bz Bas (uBa3p vB23p — 1 — 1y Bag — Bazpp — viBas Bazpp) =

= B /// (,u812 uwB13 Baz vBa3y vBosy — B2 1 Bis Baz — B2 B3 Bag v Baz+
— uB12 B3 Baz Basyp — (B2 1B13 Baz vy Bos B23pp) =

=B /// [ — vB23 B2 (uBis Bas vBasp) , — uBrz uBis Bas (1 4 2Bas,p) +
+ ,Ba3 uBi3 (uB12 Bas 623pp),/:| =

= B /// [ — vBos B2 B3y Bag vBasp — vBo3 uBiz B3 Basp v Basgp+

—W— uwBi2 1Bis Bag (1 4 2Bas,,) + B3 uBioy Biz Baz Baspp+
+ B3 (B2 uBiz vB2z Basyp +W} =

=B /// [1/823 wuB12 B3y B2z vBasp —uBa2s Bi2 uBis Bazp vBos, +
=7 =J
— B2 Bz Bas (1 + 2Ba3,p) — vB23 Biay B3 B2z Baspp + vBa2s 1Bz 1Bz vB23 Bazpp|
(94)
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with
1 2 1 2 1 2
T:= 3 (ust )p uuB12 B3, Bag ~ —51/323 uuB12 Bi3pp B2z — 51/523 uuB12 B3, Basp

1 1
J = ,Ba3 B2 B1z Basy v B23p = 3 (u5’232>p uuB12 Big Baz, ~ —51/5232 unBi12 Bizp Bagp+

1
- 51/3232 uuB12 Biz Bazpp
95)
where the symbol “~" means equal up to an irrelevant integration by parts. Hence
Bl /// {I + J — uB12 uBis Bas (1 + 2Baspp) — vBas Biow puuBis Bas Baspp+
+ B3 (B2 uBiz B3 823pp} =
1 2 1 2
= B /// [— 51/523 uuB12 Bispp Baz — 51/523 unB12 B3y Bazp+
1 1
- 51/5232 uuB12 B3y Bazp — 51/5232 wuB12 B3 Bazpp — uBi2 1Bz Baz (1 + 2Ba3,,) +
— vBa3 Bioy pulB13 Bag Bazpp + B3 B2 uBi3 v Bas 323,)4 220,
1 [ ] (1] [ ] [ ] [ ]
ﬂ) B’l /dTl/dTg/dTg |:— 5.8232 .812 813 823 - .8232 .812 813 623+
1 [ ] (1] ( 1] [ ] [ ] ( 1]
- 5'3232 Bz Biz B33 — Bia Bz Baz (1 4 2B33) — Baz Biy *Big Boz Bas+
+ Baz B2 Biz B3 Bﬁg] = (96)
B 1
1440 °

In the first line of we have ’8532 — Agh’ng, which needs to be regularized. To do that we adopt the
worldline dimensional regularization scheme studied in [32} 29]. We introduce D arbitrary dimensions
for each worldline integral, i.e. we extend the worldline time variable to a (D + 1)-dimensional vector

t = (1,t',...,tP) along with its derivatives
0
MB(tl,tg) EmB(tl,tg)
1
9 97
B,(t1,t2) ==——DB(t1,t
v(t1,t2) Bty (t1,t2)

and we integrate over the (D + 1)-dimensional space. Now, by means of successive integrations by parts
we remove ambiguous expressions, neglecting all boundary terms because of momentum conservation
in the new D dimensions and periodicity of the propagators in the original interval. We proceed until
the final expression is written in a manner that can be unambiguously computed removing the additional
dimensions.
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