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Abstract

We consider a control problem constrained by the unsteady stochastic Stokes equations with nonhomogeneous
boundary conditions in connected and bounded domains. In this paper, controls are defined inside the domain
as well as on the boundary. Using a stochastic maximum principle, we derive necessary and sufficient optimality
conditions such that explicit formulas for the optimal controls are derived. As a consequence, we are able to
control the stochastic Stokes equations using distributed controls as well as boundary controls in a desired way.
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1 Introduction

In this paper, we consider a linear quadratic control problem for the unsteady stochastic Stokes equations with
linear multiplicative noise. Here, controls appear as distributed controls inside the domain as well as tangential
controls on the boundary. Concerning fluid dynamics, noise enters the system due to structural vibration and other
environmental effects, see [34] and the references therein. The aim is to find controls such that the velocity field is
as close as possible to a given desired velocity field.

In the last decades, optimal control problems constrained by the Stokes equations have been studied extensively.
Simultaneous distributed and boundary controls can be found in [16]. In [26] [33], discretization schemes for control
problems are considered. For stochastic distributed controls, we refer to [5]. In [24], an optimal control problem for
the Stokes equations is presented, where the viscosity satisfies a transport equation. A control problem motivated
by Stokes flow in an artificial heart is considered in [9]. We extend this setting by allowing additional noise terms
arising from random environmental effects. We overcome this problem by decomposing the external force into
a control term and a noise term. Moreover, control problems are mainly considered for the case of distributed
controls. Therefore, we include nonhomogeneous Dirichlet boundary conditions to involve tangential boundary
controls.

Using stochastic processes, one can model structural vibration and other environmental effects affecting flow
fields. This leads us immediately to the formulation of a stochastic partial differential equation, which belongs
to the modern research areas of infinite dimensional stochastic analysis. Such equations can be interpreted as
stochastic evolution equations and the solutions are defined in a generalized sense. There exist different approaches
on how to deal with these solutions. In [7, [8, 17, 28], the concept of weak solutions is introduced, where the
construction in mainly based on inner products. Using Gelfand triples, another approach is given by variational
solutions, see [28, BI]. For problems containing a linear operator as the generator of a semigroup on a Hilbert
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space, one can use mild solutions, see [7, [8, [I7]. Mild solutions are considered as solutions to integral equations
of It6-Volterra type containing a stochastic convolution. All of these concepts are based on a given probability
space and they are called (probabilistic) strong solutions. Solutions constructing the probability space are called
(probabilistic) weak solutions or martingale solutions, see [7l [§].

In this paper, we use the theory of mild solutions in order to cover especially the nonhomogeneous boundary
conditions. The construction of the solution is mainly based on an approach for the deterministic Stokes equations,
see [30]. Although this approach is applicable for a broad class of boundary conditions, we restrict to the case of
tangential boundary conditions. Therefor, we can reformulate the Stokes equations as an evolution equation in
a suitable Hilbert space. Since we assume that the external force can be decomposed into a control term and a
noise term, we obtain immediately a linear stochastic partial differential equation with distributed and Dirichlet
boundary controls. We prove the existence and uniqueness of a mild solution being square integrable with respect
to the time variable. In order to get a well defined solution, we need the definition of stochastic integrals with
respect to adapted processes, see [17].

The control problem considered in this paper is formulated as a tracking problem motivated by [2] [5, 23] 29 33].
We derive a stochastic maximum principle to obtain first order optimality conditions, which are necessary and
sufficient. To utilize these optimality conditions, a duality principle is required. In general, a duality principle gives
a relation between forward and backward stochastic partial differential equations using an It6 product formula,
which is not applicable for mild solutions. Hence, we approximate the mild solutions by strong solutions using
an approach based on the resolvent operator, see [20, [22]. As a consequence, we obtain the duality principle for
the approximating strong solutions and due to convergence results, the duality principle holds also for the mild
solutions. Based on the optimality conditions and the duality principle, we deduce formulas the optimal distributed
control and the optimal boundary control have to satisfy.

The main contribution of this paper is to provide a mild solution to the stochastic Stokes equations with non-
homogeneous tangential boundary conditions. Moreover, we solve a control problem using a stochastic maximum
principle such that optimal distributed controls and optimal boundary controls are derived.

The paper is organized as follows. In Section 2, we introduce common spaces and operators concerning the Stokes
equations. Moreover, we discuss the deterministic Stokes equations with nonhomogeneous boundary conditions
and we give an introduction to stochastic integrals with respect to adapted processes. In Section 3, we provide
an existence and uniqueness result for the stochastic Stokes equations with nonhomogeneous boundary conditions.
Section 4 addresses the control problem. We derive optimality conditions and a duality principle such that formulas
for the optimal distributed control as well as the optimal boundary control are derived.

2 Preliminaries

2.1 Functional Analysis Background

Throughout the paper, let D C R, n > 2, be a connected and bounded domain with C? boundary dD. For s > 0,
let H*(D) denote the usual Sobolev space and for s > 1, let H5(D) = {y € H*(D): y = 0 on §D}. We introduce
the following common spaces:
H = Completion of {y € (C°(D))": divy = 0 in D} in (L*(D))"
={ye(L*D)*:divy=0inD,y-n=0o0n 9D},
V = Completion of {y € (C5°(D))": divy =0in D} in (Hl(D))n

= {y IS (H&(D))n :divy =0in D},



where 77 denotes the unit outward normal to 9D. The space H equipped with the inner product
W2 = {2 weoye = [ Y wi(o)ala) da
5 i=1

for every y = (y1,..,Yn),2 = (21,...,2n) € H becomes a Hilbert space. For all x = (z1,...,2,) € D, we denote
DI = % with |j| = Y0, ji. We set DIy = (Dlyy, ..., DIy,) for every y = (y1,....yn) € V and [j] < 1.
R

Then the space V' equipped with the inner product

(y,2)v = > (DVy, D?2)(12p))

l7l<1

for every y,z € V becomes a Hilbert space. The norm in H and V is denoted by | - ||z and || - ||y, respectively.
We get the orthogonal Helmholtz decomposition

(L*(D))" = H&® {Vy:y € H (D)},

where @ denotes the direct sum. Then there exists an orthogonal projection IT: (L?(D))™ — H, see [13]. Next, we
define the Stokes Operator A: D(A) C H — H by Ay = —IIAy for every y € D(A), where D(A) = (H*(D))"NV.
The Stokes operator A is positive, self adjoint and has a bounded inverse. Moreover, the operator —A is the
infinitesimal generator of an analytic semigroup (e~4%);>( such that He*AtHL(H) < 1 for all t > 0. For more

details, see [IT], 18, [19] [37]. Hence, we can introduce fractional powers of the Stokes operator, see [27, 36 [37]. For
a > 0, we define

1 0
AT — a—1_—At 1
—F(a)/t e~Atdt, (1)
0

where I'(+) denotes the gamma function. The operator A~ is linear, bounded and injective in H. Hence, we define

for all a > 0 .

A% = (A7)

Moreover, we set A° = I, where I is the identity operator in H. For o > 0, the operator A® is linear and closed in
H with dense domain D(A%) = R(A™?), where R(A™%) denotes the range of A~*. Next, we provide some useful
properties of fractional powers of the Stokes operator.

Lemma 1 (cf. Section 2.6,[27]). Let A: D(A) C H — H be the Stokes operator. Then
(i) for o, B € R, we have A®TPy = A> APy for every y € D(AY), where v = max{a, 3, a + 3},
(i5) e=At: H — D(A®) for allt >0 and a > 0,
(iii) we have A%e~Aty = e~ At A%y for every y € D(A%) with o € R,
(iv) the operator A%e~4t is bounded for all t > 0 and there exist constants My, 0 > 0 such that
HAO‘e

—At H[:(H) < Mat_ae_et,

(v) 0< B < a <1 implies D(A*) C D(AP) and there exists a constant C' > 0 such that for every y € D(A®)

4%y < ClA%Yll -



As a consequence of the previous lemma, we obtain that the space D(A?%) for all & > 0 equipped with the inner
product

<ya z>D(AC‘) = <Aaya AQZ>H

for every y, z € D(A%) becomes a Hilbert space. Furthermore, we get the following result.
Lemma 2. Let A: D(A) C H — H be the Stokes operator. Then the operator A% is self adjoint for all o € R.

Proof. First, we show the claim for negative exponents. Recall the Stokes operator —A is self adjoint. Hence, the
semigroup (e~4%);>g is self adjoint as well. By equation (), we get for every y,z € H and all a > 0

<A_O‘y,z>H = <ﬁ/to‘_1$’(t)ydt,z> = ﬁ/to‘_1 (S(t)y,z)4 dt
0 0

H
1
= (y,— ta_lS(t)zdt>
< F@)!

Next, we show the claim for positive exponents. Using Theorem [ (iv) and equation (2]), we obtain for every
y,z € D(A*) and all & > 0

<y,A_O‘z>H. (2)
H

(A%, 2)q, = <Aay,A_aAo‘z>H = <A_O‘Ao‘y,Ao‘z>H = (y,A%),, .
For a = 0, the claim is obvious. ([l

Next, we introduce the resolvent operator of —A and we state some of its basic properties. For more details,
see [27]. Let A € R be such that A\I + A is invertible, i.e. (A + A)~! is a linear and bounded operator in the space
H. Then the operator R(\; —A) = (A + A)~! is called the resolvent operator. The operator R()\; —A) maps H
into D(A) and using the closed graph theorem, we can conclude that the operator AR(\; —A): H — H is linear
and bounded. Moreover, we have the following representation:

R(\;—A) = /ef)‘refArdr. (3)
0

For all A > 0, we get
1
IR = Al <

and since the semigroup (e~“*);>¢ is self adjoint, the operator R(\; —A) is self adjoint as well. Let the operator
R(M\): H — D(A) be defined by R(\) = AR(\; —A). Hence, we get for all A > 0

IRl 2y < 1. (4)

By Lemma [T] (iii) and equation (B]), we obtain for every y € D(A%) with o € R

A“R(N)y = R(N\)A%y. (5)
Moreover, we have for every y € H
Jim ROy — gl = 0. (6)

If the domain D is connected and bounded with C'* boundary 9D, then we can specify the domain of the
operator A® for a € (0,1) explicitly. Let Ap: D(Ap) C (L*(D))" — (L*(D))" be the Laplace operator with
homogeneous Dirichlet boundary condition defined by Apy = —Ay for all y € D(Ap). The domain is given by

D(Ap) = (HY(D))" 1 (HA(D))"



Then Ap is a positive and self adjoint operator and —Ap is the infinitesimal generator of an analytic semigroup
(e=4P);>0 such that He_ADtHL(H) <1 forallt > 0. Hence, we can define fractional powers of the Laplace operator
denoted by A% for a € R. We get the following result.

Proposition 1 (Theorem 1.1,[11]). Let the operator A: D(A) C H — H be the Stokes Operator and let the
operator Ap: D(Ap) C (LQ(D))n — (LQ(D))H be the Laplace operator with homogeneous Dirichlet boundary
condition. Then we have for any « € (0,1)

D(A%) = D(A}) N H.
The domain of the operator A%, can be determined explicitly for o € (0, 1).

Proposition 2 (cf. Theorem 1,[12]). Let Ap: D(Ap) C (L*(D))" — (L*(D))" be the Laplace operator with
homogeneous Dirichlet boundary condition. Then we have

(i) D(A%) = (H**(D))" for a € (0, ),
(i) D(AY"Y) c (HV2(D))",
(iii) D(A%) = (H3*(D))" for a € (1,3),
(i) D(AYY) < (H*(D),

(v) D(A%) = (H3*(D))" for a € (2,1).

2.2 The Stokes Equations

In this section, we consider the deterministic Stokes equations with nonhomogeneous boundary conditions. Here,
we restrict the problem to tangential boundary conditions. A general formulation can be found in [30].
Throughout the paper, let T' > 0. We introduce the Stokes equations with nonhomogeneous boundary condi-
tions:
0

gy(t,x) — Ay(t,z) + Vp(t,z) = f(t,z) in (0,T) x D,
div y(t,z) =0 in (0,T) x D, (7)
y(t,z) = g(t,x) on (0,T) x 9D,

y(o, T) = €($) in D,

where y(t,2) € R™ denotes the velocity field with initial value £(x) € R™, p(¢,z) € R describes the pressure of the
fluid, and f(t,x) € R™ is the external force. The boundary condition ¢(¢,z) € R™ is assumed to be tangential, i.e.

g(t,x) -n(x) =0 on (0,T) x 9D,

where 7 denotes the unit outward normal to 9D. The goal is to reformulate system (7] as an evolution equation.
We define the following spaces for s > 0:

V(D) ={y € (H*(D))" :divy=0in D,y-n =0 on dD},
V(D) ={y € (H*(0D))" : y-n=0on dD}.

For s < 0, the space V*(9D) is the dual space of V~*(9D) with V°(9D) as pivot space. Moreover, let H*(D)/R
with s > 0 be the quotient space of H*(D) by R, i.e. H*(D)/R = {y+c:y € H*(D),c € R}. We set ||y gs(p)/r =
infecr ||y + ¢l ms(p) for every y € H*(D)/R. The dual space is denoted by (H*(D)/R)" with H°(D)/R as pivot
space.



Next, let us consider the system

{—Aw+V7T=O and divw =0 1in D, ®)

w=g on 0D.

We have the following existence and uniqueness results.
Proposition 3 (cf. Theorem IV.6.1,[14]). If g € V3/2(OD), then there exists a unique solution (w, ) € V(D) x
HY(D)/R of system (8) and the following estimate holds:
lwllvzy + Il mr 0y m < Clgllvsrzop),
where C* > 0 is a constant.
Proposition 4 (cf. [I5,30]). If g € V=1/2(0D), then there exists a unique solution (w,n) € VO(D) x (Hl(D)/R)/
of system ([8) and the following estimate holds:
wllvoy + 7z (oy/my < C*lgllvs/2op):
where C* > 0 is a constant.

We introduce the Dirichlet operators D and D,, defined by
Dg=w and D,g=m,

where (w,7) is the solution of system (8). We get the following properties of the Dirichlet operators, which is an
immediate consequence of Proposition [3] and Proposition [4l

Corollary 1 (cf. Corollary A.1, [30]). The operator D is linear and continuous from V*(9D) into VS+1/2(D) for
all -1 < s < 3. If =1 < s < 1, then the operator D, is linear and continuous from V*(0D) into (H1/2_5(D)/R)/,

and if 1 < s < 2, then the operator D,, is linear and continuous from V*(0D) into H*~/2(D)/R.

As a consequence of Proposition[I] Proposition2and Corollary[Il we get D € £ (V°(9D); D(A?)) for B € (0, 1).
By the closed graph theorem, we have A°D € £ (V°(8D); V°(D)). Note that V(D) = H. Furthermore, system
(@ can be rewritten in the following form:

%y(t) — —Ay(t) + ADg(t) + TIf (1),

y(0) = II¢,

where the operators A and II are introduced in Section [Z11 For the sake of simplicity, we assume f(t),€ € H for
t € [0,T]. Hence, we obtain a linear evolution equation and the solution is given by

(9)

¢ ¢
y(t) = e A + /AeiA(tfs)Dg(s)ds + /efA(tfs)f(s)ds.
0 0

For more details about linear evolution equations, see [3]. The following existence and uniqueness result is stated
in [30] for more general boundary conditions and f = 0.

Theorem 1. Let g € L*([0,T]; V(0D)) and f € L*([0,T); H). If o € [0, 1), then for any & € D(A®), there ewists
a unique solution y € L?([0,T); D(A®)) of system (@) and the following estimate holds:

Yl z2(f0,7;p(a2)) < C* (€l pacy + 9llz2 (o, voom)) + I fll2(o,7181)) -

where C* > 0 is a constant.



2.3 Stochastic Processes and the Stochastic Integral

In this section, we give a brief introduction to stochastic integrals, where the noise term is defined as a Hilbert
space valued Wiener process. For more details, see [7].

Let (2, F,P) be a complete probability space endowed with a filtration (F):e(o, 1) satisfying Fy = [, Fs for
all ¢ € [0,T] and let E be a separable Hilbert space. We denote by L£(E) the space of linear and bounded operators
defined on E. Let @ € L(E) be a symmetric and nonnegative semidefinite operator such that Tr @ < oo. Then
we have the following definition.

Definition 1 (Definition 4.2,[7]). An E-valued stochastic process (W (t)):epo,r) is called a Q- Wiener process if
o W(0) =0;
o (W (t))epo,m) has continuous trajectories;
o (W(t))epo,r) has independent increments;
o the distribution of W (t)—W (s) is a Gaussian measure with mean 0 and covariance (t—s)Q for0 < s <t <T.

Next, we give a definition of F;-adapted processes and predictable processes, which are important to construct
the stochastic integral. Let P denote the smallest o-field of subsets of [0,T] x €.

Definition 2 ([7]). A stochastic process (X (t))icjo,r] taking values in the measurable space (X, %(X)) is called
Fi-adapted if for arbitrary t € [0,T] the random variable X (t) is Fy-measurable. We call (X (t))¢ejo,r) predictable
if it is a measurable mapping from ([0,T] x Q,P) to (X, B(X)).

Every predictable stochastic process is Fi-adapted. The converse is in general not true. However, the following
result is useful to conclude that a stochastic process has a predictable version.

Lemma 3 (Proposition 3.7,[7]). Assume that the stochastic process (X (t)):ejo,1) i Fi-adapted and stochastically
continuous. Then the process (X(t))icjo, 1) has a predictable version.

Let Q € L(E) be the covariance operator of a Q-Wiener process (W (t)):e[o,r) With values in E. Then there
exists a unique operator @'/ € L(E) such that Q'/2 o Q¥/2 = Q. We denote by L(z5)(QY/*(E); 1) the space of
Hilbert-Schmidt operators mapping from Q'/2(E) into another Hilbert space H. Let (®(t))c[o,r] be a predictable

process with values in £zrg)(Q/?(E); H) such that EfOT ||¢(t)||i(ys)(Ql/2(E);H) dt < oo. Then one can define the

stochastic integral
t

o(t) = [ B(s)dW (s)
/
for all ¢t € [0,T] and we have

t
B0l =& [ 106, g (10)
0

The following proposition is useful when dealing with a closed operator A: D(A) C H — H.

Proposition 5 (cf. Proposition 4.15,[7]). If ®(t)y € D(A) for every y € E, all t € [0,T] and P-almost surely,

T T
2 2
E/ ||(I)(t)||C(Hs)(Q1/2(E)§H) dt < o0 G/Ild E/ ||‘A(I)(t)||L(Hs)(Q1/2(E);H) dt < o0,
0 0



then we have P-a.s. fOT O(t)dW (t) € D(A) and

A / B()dW () = / AD()AW (1),

Next, we state a martingale representation theorem for Q-Wiener processes, which we use to construct solutions
of backward SPDE’s. Let Q € L(E) be the covariance operator of a Q-Wiener process (W (t)):co,7. Recall that
the operator Q € L(F) is a symmetric and nonnegative semidefinite such that Tr @ < oo. Hence, there exists
a complete orthonormal system (ex)ren in F and a bounded sequence of nonnegative real numbers (ug)ken such
that Qe = urer for each k € N. Then for arbitrary ¢ € [0, 7], a Q-Wiener process has the expansion

= Z Vikwg(t)er,
k=1

where (w(t))ico,r, & € N, are real valued mutually independent Brownian motions. The convergence is in
L?(Q). Furthermore, we assume that the complete probability space (2, F,P) is endowed with the filtration
Fi = 0c{Upey FF}, where Fff = o{wy(s) : 0 < s < t} for t € [0,7] and we require that the o-algebra F satisfies
F = Fr. Then we have the following martingale representation theorem.

Proposition 6 (Theorem 2.5,[17]). Let the process (M (t)):ejo,r) be a continuous Fy-martingale with values in H
such that E|| M (t)||3, < oo for all t € [0,T]. Then there exists a unique predictable process (®(t))se(o,r) with values

in Ls)(QY2(E);H) such that EfOT |®(t ||£(H5)(Q1/2 gyt < 0o and we have for all t € [0,T] and P-a.s.

t

M(t) = EM(0) + / B(s)dIV (s

0

Finally, we state a product formula for infinite dimensional stochastic processes, which we use to obtain a
duality principle. The formula is an immediate consequence of the Itd formula, see [7, Theorem 4.32].

Lemma 4. Fori= 1,2, assume that X are Fo-measurable H-valued random variables, (f;(t))icio,r) are H-valued
predictable processes such that EfOT | fi()|lndt < oo, and (®i(t))ico.r) are Lims)(QV?(E); H)-valued predictable

T
processes such that E [ ||@i(t>H%(Hs)(Ql/Z(E);H)
satisfy for all t € [0,T] and P-a.s.

dt < oo. Fori = 1,2, assume that the processes (Xi(t))icjo,1]

t

— X0+ / fls)ds + [ @ (s)

0

Then we have for all t € [0,T] and P-a.s.

(X1 (8), Xa(t))y, = (X0, X0),, + / () + (Xals), Fr() + (@209, @a(8)) 1, vy 45

0
t

+ / (X1 (), B ()dW (5)), + / (Xa(s), By (5)dW (3)),

0



3 The Stochastic Stokes Equations

In this section, we consider the controlled stochastic Stokes equations. Here, controls appear as distributed controls
inside the domain as well as tangential controls on the boundary.

Let (92, F,P) be a complete probability space endowed with a filtration (F)seqo, 1) satisfying Fy = (-, Fs for
all t € [0,T]. We assume that the external force f(t) in equation ([7) can be decomposed as the sum of a control
term and a noise term dependent on the velocity field y(¢). Using the spaces and operators introduced in Section
2.1l and Section 2.2] we obtain the stochastic Stokes equations:

dy(t) = [—Ay(t) + Bu(t) + ADv(t)] dt + G(y(t))dW (¢),
y(0) =¢,

where the initial value ¢ is assumed to be Fp-measurable and the process (W(t))icjo,r) is a Q-Wiener process
with values in H and covariance operator Q@ € L(H). The set of admissible distributed controls U contains all
predictable processes (u(t)):e[o,r] with values in H such that

(11)

T
E/Hu(t)ui, dt < oo.
0

The space U equipped with the inner product of L2(Q; L2([0,T]; H)) becomes a Hilbert space. Similarly, the set
of admissible boundary controls V' contains all predictable processes (v(t))¢cjo, 7] With values in V0(OD) such that

T
E [ 1o®)lnom dt < .
0

The space V equipped with the inner product of L?(2; L2([0,T]; V°(0D))) becomes a Hilbert space. The operators
B: H — H and G: H — Lyy) (QY?(H); H) are linear and bounded. Motivated by Section 222} we introduce the
definition of a mild solution to system (ITJ).

Definition 3. A predictable process (y(t)):ejo,r) with values in D(A®) is called a mild solution of system (11l)

if
T
E [ IOl < oo, (12)
0
and we have for t € [0,T] and P-a.s.
¢ ¢ ¢
y(t) = efAtij/efA(tfs)Bu(s)dsJr/Ae*A(t*S)Dv(s)dsJr/e*A(t*S)G(y(s))dW(s).
0 0 0

We get the following existence and uniqueness result.

Theorem 2. Let the controls uw € U and v € V be fized. If a € [0, i), then for any &€ € L*(2; D(A®)), there exists
a unique mild solution (y(t)):cjo,) of system (I1).

Proof. For all to,t, € [0,T] with to < t1, let the space Z, ;] contain all predictable processes (7(t))ie[to,t,] With
values in D(A%) such that E ftil Hg(t)H%,(Aa)dt < 0o. The space Zj;, ¢+,) equipped with the inner product

t1

G1.02)%,, .., :E/@l(t),ﬂz(t»%(Aa)dt

to



for every 1,92 € Zj,,+,] becomes a Hilbert space. We define for ¢ € [0, 7] and P-a.s.

t t t
T@) ) = e Ae+ [ e A=) Bu(s)ds + [ Ae™ =) Du(s)ds + [ e AE=IG(5(s))dW (s).
/ / /

Let T1 € (0,77 and let us denote by Z7, the space Zj 1,]. First, we prove that J maps Z7, into itself. We define
for t € [0,71] and P-a.s.

i) =e M+ [ eI Bu(s)ds, a(t) = [ A= Du(s)ds, Ys(§)(t) = [ e TIG(H(s))dW (s).
/ / /

Recall that ||e_At||£(H) <1lforallte€[0,T]and B: H — H is bounded. Using Lemma [l and the Cauchy-Schwarz

inequality, the process (11 (t)):eo,y] takes values in D(A®) and there exists a constant C7 > 0 such that

i) 2

T Ty ¢
E/le(t)ni,(mdtg 21E/He"‘”A“§H2dt+2E/ HA“e‘A(t_S)Bu(s)HHds dt
0 0 0 0

T t 2
<2 E €] 0y + 202E [ ( [( =5 [Buts)las | ae
0 0

T
2
< Ci Bl +E [ luo)l? de
0

Recall that A?D: V°(0D) — H is bounded for all 8 € (0, i) We chose 8 such that a < . By Lemma [I] and
Young’s inequality for convolutions, the process (¢2(t))¢cjo,7,] takes values in D(A®) and there exists a constant
C5 > 0 such that

Ty T t 2
E/||1/12(t)”2D(AC‘)dt§E/ /HAlJra_Be_A(t_s)AﬂDv(s)HHds dt
0 0 0
T t 2
< M12+a_,3E/ /(t e HAﬁDv(S)HHds dt
0 0
T 2 T
<My o p /t’l’““’dt E/||AﬁDv(t)||iIdt
0 0

T
2
< C2E/Hv(t)||V0(aD) dt.
0

Due to Lemma [ and the fact that the operator G: H — L(gsg) (QY?(H); H) is bounded, one can verify the
assumptions of Proposition [ with A = A® and hence, the process (v3(%)(t)):ef0,,] takes values in D(A%). Using
Lemma [l Fubini’s theorem, the It6 isometry (I0) and Young’s inequality for convolutions, there exists a constant

10



C3 > 0 such that

2

T T t
B [ 1@ byt = [ [ ame 2600 ds dr
0

Las)(QY/2(H);H)
0 0
T t

<MZE [ [t 9 UGG, qrracmym dit
0 0
T

< CyT / 112 e (13)
0

Hence, we can conclude that for fixed § € Zr,, the process (J(9)(t))icjo,r,] takes values in D(A®) such that

IEfOTl Hj(g)(t)”%ma) < 00. Obviously, the process (J(7)(t))¢cjo,7,] is predictable. We conclude that J maps Z7,
into itself.

Next, we show that J is a contraction on Zr,. Recall that the operator G: H — L) (QY/2(H); H) is linear.
Using inequality ([I3)), we get for every g1, %2 € Zn,

T T T
B [ 1@ = TGO e, dt = [ [a( = 5O ey dt < T B [ [71(0) = ga(O)lfpaeyit
0 0 0

We choose Ty € (0,T] such that C3T}~>* < 1. Applying Banach fixed point theorem, we get a unique element
y € Zp, such that for ¢ € [0,71] and P-a.s. y(¢t) = J(y)(1).
Next, we consider for ¢ € [T1,T] and P-a.s.

T@)(t) = e ATy (1)) + / e~ A=) Bu(s)ds + / Ae= A=) Doy(s)ds + / e A=) G(g(s))dW (s).

Ty Ty Ty

Again, for a certain Ty € [T}, T, there exists a unique fixed point of J on Zp, r,). By continuing the method,
we get the existence and uniqueness of a predictable process (y(t)):e[o, 1) satisfying for ¢ € [0,7] and P-a.s. y(t) =
T (y)(t)- O

For the rest of the paper, we assume that (y(t)):c(o,7] satisfies condition (I2)) with o = 0 and we assume that
the initial value ¢ € L?(2; H) is fixed. To illustrate the dependence on the controls u € U and v € V, let us denote
by (y(t;u,v))sepo,r) the mild solution of system (II). Whenever the process is considered for fixed controls, we
omit the dependency.

Next, we show some useful properties. Therefor, we need the following formulation of Gronwall’s inequality for
integrable functions. The result might be deduced from more general formulations, see [6] [38] [39].

Lemma 5. Let a,z: [0,T] — [0,00) be integrable functions and let b > 0. If

for all t € [0,T], then



for all t € [0, T]. If a(t) is nondecreasing on [0,T], then for t € [0,T)
z(t) < a(t)e”.

Corollary 2. Let (y(t;u,v))icio,r) be the mild solution of system (I1) corresponding to the controls u € U and
v € V. Then the process (y(t;u,v))icpo,) 5 affine linear with respect to u and v, and we have for every ui,us € U
and every vi,vg €V

T T T
E/Mwumw*y@wwﬂﬁﬁéa P/Mﬁ%ﬂdﬂ@ﬁ+E/WMU*w@ﬁwwﬂt7 (14)
0 0 0

where C > 0 18 a constant.

Proof. First, we show that (y(t;u,v))icjo,7) is affine linear with respect to v € U. We assume that { = 0 and v = 0.
Moreover, let a,b € R and uy,us € U. Recall that the operators B: H — H and G: H — Lgs)(QY*(H); H) are
linear and bounded. Moreover, we have He‘AtHL(H) <1 for all ¢t € [0,T]. Using the It6 isometry (I0) and Fubini’s
theorem, there exists a constant C* > 0 such that for ¢ € [0, T]

E|ly(t; aur + bus,0) — ay(t;ur,0) — by(t;uz, 0)|F
t
<E /e_A(t_s)G(y(t; auy + bug,0) — ay(t;ur,0) — by(t;uz,0)dW(s)

0 H
t

<cr /IE ly(s;aus + buz,0) — ay(s;ur,0) — by(s;uz,()))HiI ds.
0

2

By Lemma [l and Fubini’s theorem, we get
T
IE/ lly(t; auy + busa, 0) — ay(t;ur,0) — by(t; uz, 0)||3dt = 0.
0

We obtain that (y(t; u, 0)).ejo,r) with initial value £ = 0 is linear with respect to u € U. For arbitrary & € L*(; H)
and v € V, we can conclude that (y(¢;u,v))¢cjo,7] is affine linear with respect to u € U. Similarly, we obtain that
(y(t;u,v))eejo,7) is affine linear with respect to v € V.

Next, we show that inequality (4] holds. Let ui,us € U and v1,ve € V. Recall that A*D: V°(0D) — H is
linear and bounded for all a € (0, i) Due to the Itd isometry (I0), Lemma [Il and Fubini’s theorem, there exist
constants C1, Co, C5 > 0 such that for ¢ € [0, T

t

t
Emmmwnfmmmwm%saE/WM@fw@m;m+@E /@fﬁwﬂm&%wﬂﬂmwmﬁ
0 0
t

+03/E||y(s;u1,vl) _y(S;UQ,UQ)H%{dS.
0

12



Using Lemma [B] Fubini’s theorem and Young’s inequality for convolutions, we get for ¢ € [0, T

E ||y(t7ula vl) - y(ta Uz, UQ)H%{

t ¢ 2
<G [ u(s) = ua(o)l ds+ CaE | [ (=57 or(s) = vy ds
0 0
t s s 2
+Cs /eCS(t_S) o IE/ i (r) = ua(r)|3 dr + Co E /(s — )2 oy (1) — v2()llyoomy dr ds
0 0 0
. 2
SGU+%£ﬂE/WM®ﬂMM@%+@ELﬂww”Wm®—w®mmm%
0
0203603%2(1

/m )= 2o .

By Fubini’s theorem and Young’s inequality for convolutions, there exists a constant C > 0 such that

E/Mmuuhm>—ywumwm%m

Cot?™

T t
< [ |er s ety /ml-wmnmw+00ﬂ E [ lo1(s)  va(s) oom) ds |
0 0

¢ 2

T
+C2E / /tfso‘ v (s s) — va(s)|lyoap) ds | dt

0
T
/wlgwu|mﬁ+E/wlgﬂanwmmw
0

4 The Control Problem

The control problem considered in this paper is motivated by [2] Bl 23, 29] [33]. In this section, we state first order
optimality conditions, which are necessary and sufficient. Moreover, we derive a duality principle such that we can
deduce explicit formulas the optimal controls have to satisfy.

Let us introduce the following cost functional:

1
Iu0) = 5B [ ytesue) - (Mﬁ+—E/M Mﬁ+—E/M )2 0oyt (15)

where (y(t;u,v))tcjo,r) is the mild solution of system (III) corresponding to the controls u € U and v € V. The
function y4 € L2([0,T]; H) is a given desired velocity field and k1, ko > 0 are weights. The task is to find controls

13



u € U and T € V such that
J(@,v) = inf J .
@)=, il J(wo)
The controls w € U and v € V are called optimal controls. Note that the control problem is formulated as an
unbounded optimization problem constrained by a SPDE. The functional J: U x V' — R given by equation (IH)) is
continuous, coercive and strictly convex, which is a consequence of Corollary 2l Hence, we get the existence and
uniqueness of optimal controls. For more details, we refer to [25] [40].

4.1 Necessary and Sufficient Optimality Conditions

First, let us introduce the following systems:

dz1(t) = [—Az1(t) + Bu(t)] dt + G(21(t))dW (¢), (16)
z1 (0) = O,

dzo(t) = [ Aza(t) + ADv(t)] dt + G(22())dW (1), a7

22(0) = 0,

where u € U, v € V and (W(t))icjo,1) is a Q-Wiener process with values in H and covariance operator Q € L(H).
The operators A, B, D, G and the spaces U,V are introduced in Section 2] and Section [3] respectively.

Definition 4. a) A predictable process (21(t))iejo,r) with values in H is called a mild solution of system (16)
if

T
E / 22 (8) 2yt < oo, (18)
0

and we have for t € [0,T] and P-a.s.

z1(t) = /e_A(t_s)Bu(s)ds—l—/e_A(t_S)G(zl(s))dW(s).
0 0

b) A predictable process (22(t))iefo,r) with values in H is called a mild solution of system (17) if

T
E / ()3t < oo,
0

and we have for t € [0,T] and P-a.s.

t

wlt) = / Ae=A0=5) Du(s)ds + / e~ A=) G5 ())dW (5).

Existence and uniqueness results of mild solutions to system (I0) and system (7)) can be obtained similarly to
Theorem 21 For stronger regularity properties of the mild solution to system (I6]), we refer to [7, [I7]. However, we
assume that the weaker condition (I8) holds. To illustrate the dependence on the controls uw € U and v € V, let
us denote by (z1(t;u))sepo,r) and (22(t;v))¢ejo, 7] the mild solutions of system (I6) and system (I7), respectively.
Whenever these processes are considered for fixed controls, we omit the dependency. Similarly to Corollary Bl we
get the following result.

14



Lemma 6. Let (21(t;u))iecjo,r) and (22(t;v))tcjo,r) be the mild solutions of system (I6) and system (17) corre-
sponding to the controls u € U and v € V, respectively. Then the process (21(t;u))iefo,r) is linear with respect to
u and the process (z2(t;v))seo,1) 18 linear with respect to v. Moreover, we have for every uy,uz € U and every
V1,02 € 14

T T
E / I (tr) — 21 (2|3 < OF / lun () — ua()|? dt,
0 0

T T
E [ la(tion)  2a(tw2) By < O [ 0r(®) = 020l o
0 0

where C > 0 is a constant.

Next, we calculate the Fréchet derivative of the mild solution to system (II). Let X,Y and Z be arbitrary
Banach spaces. For a mapping f: Mx x My — Z with Mx C X, My C Y nonempty and open, the (partial)
Fréchet derivative at * € My in direction h € X for fixed y € Y is denoted by d, f(x,y)[h]. Analogously, the
(partial) Fréchet derivative at y € My in direction h € Y for fixed z € X is denoted by d, f(z,y)[h]. We get the
following result.

Theorem 3. Let (y(t;u,v))icio,17, (21(;u))icio,r) and (22(t;v))iejo, ) be the mild solutions of systems (I1), (16)
and (I7) corresponding to the controls w € U and v € V', respectively. Then the Fréchet deriwative of y(t;u,v) at
u € U in direction @ € U satisfies for fixedv € V, t € [0,T] and P-a.s.

duy(t; u,v)[u] = 21 (t; w).
The Fréchet derivative of y(t;u,v) at v € V in direction 0 € V satisfies for fixed w € U, t € [0,T] and P-a.s.
dvy(t; u, v)[0] = 22(t; D).

Proof. First, we calculate the Fréchet derivative of y(t;u,v) at u € U in direction @ € U. Let v € V be fixed.
Recall that the operators B: H — H and G: H — L) (Q1/2 (H); H) are linear and bounded. Moreover, we have
||e_At||£(H) <1 for all t € [0,T]. Using the It6 isometry (I0) and Fubini’s theorem, there exists a constant C* > 0

such that for ¢ € [0,7]

. 2

E|ly(t;u+ a,v) — y(t; u,v) — 21 (t; ﬂ)||§q =FE /e‘A(t_S)G(y(s;u + a,v) —y(s;u,v) — z1(s;@))dW(s)
0

H
t

<C* /E ly(s3u+ @i, v) — y(s;u,v) — 21(s; @) 3 ds.
0

By Lemma [b] and Fubini’s theorem, we get
T
B [ ly(tiu-+ 0,0) ~ yltia,0) = 2 (650) e = 0.
0

Hence, the Fréchet derivative of y(t;u,v) at w € U in direction @ € U satisfies for every v € V, t € [0,T] and P-a.s.
duy(t; u, v)[t] = 21 (; @).

Due to Lemma [l the operator d,y(t; u,v) is linear and bounded on U. Similarly, we obtain the Fréchet derivative
of y(t;u,v) at v € V in direction v € V. O
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As a direct consequence of the previous theorem and the chain rule for Fréchet derivatives, we get the following
result.

Theorem 4. Let the functional J: U x V. — R be defined by (I3). Then the Fréchet derivative at u € U in
direction u € U for fired v € V satisfies

T T
dyJ IE/ (t;u,v) — ya(t), z1(t; @) dt+n1E/ o dt,
0 0

where (z1(t; @) )iefo,) is the mild solution of system (L8) corresponding to the control i € U. The Fréchet derivative
at v € V in direction v € V for fited u € U satisfies

T T

dyJ E/ (tu,v) — ya(t), 22(t;0)) dt+n2E/ ;0(8))yo(opy dt,

0 0
where (22(t;7))ief0,) is the mild solution of system (I7) corresponding to the control v € V.

As a result of the previous theorem and the fact that the cost functional J: U x V' — R given by (I3 is strictly
convex, the optimal controls w € U and v € V satisfy the following necessary and sufficient optimality conditions:
d,J (@, v)[a] =0, (19)

dyJ (@, v)[0] = 0 (20)

for every w € U and every © € V. For more details about optimality conditions of convex differentiable functionals,
we refer to [25] [40]. Next, we use the optimality conditions (I9]) and 20) to derive explicit formulas for the optimal

controls w € U and v € V. Therefor, we need a duality principle, which gives us a relation between the Fréchet
derivatives of the mild solution to system (1) and the adjoint equation, which is given by a backward SPDE.

4.2 The Adjoint Equation
We introduce the following backward SPDE:

{ dz*(t) = =[=Az"(t) + G*(D(1)) + y(t) — ya(t)]dt + ()dW (2),

2" (T) =0, (21)

where (y(t)):ejo,r) is the mild solution of system (1) and yq € L*([0,T]; H) is the desired velocity field. The
process (W(t))tefo,) is a Q-Wiener process with values in H and covariance operator @Q € £L(H) and the operator
G*: Lns)(QY?(H); H) — H is linear and bounded. A precise meaning is given in the following remark.

Remark 1. Since the operator G: H — L g) (QY?(H); H) is linear and bounded, there exists a linear and bounded
operator G*: L(ps) (QY?(H); H) — H satisfying for every h € H and every ® € Lms) (QY?(H); H)

(G(h), @)z sy @12y = (B GT(®)) i (22)
Definition 5. A pair of predictable processes (2*(t), ®(t))iejo,r) with values in H x Lps) (QY?(H); H) is called a
mild solution of system (21)) if

s B <o E [ IO 0y uanan dt <
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and we have for all t € [0,T] and P-a.s.

T

T T
:/e_A(‘S DG (@ ds—l—/e_A(é 8 ( /e_A(s P (s)dW (s).
t t

t

An existence and uniqueness result is mainly based on the following lemma.

Lemma 7 (Lemma 2.1,[21]). Let z € L*(Q; H) be Fr-measurable and let (f(t)):ejo,r) be a predictable process with

values in H such that E fOT | f(£)]|3;dt < oo. Then there exists a unique pair of predictable processes (p(t), d(t))ie(o,1)
with values in H x L gs)(QY?(H); H) such that for all t € [0,T] and P-a.s.

T

T
o(t) = e AT 4 /eiA(Sft)f(s)ds - /eiA(Sft)qﬁ(s)dW(s).

t

Moreover, there exists a constant ¢ > 0 such that for all t € [0, T

E el < c EIIZI\?IJr(T—t)E/IIf(S)II?{dS : (23)

/M¢ Mo @rr2cmmds < [Bllelly + (T~ 1) /Wflm% . 24)

Existence and uniqueness results of mild solutions to backward SPDE’s with cylindrical Wiener processes can
be found in [21I]. Similarly, we get the existence of a unique mild solution to system (Z2I)). Furthermore, note that
the mild solution of system (1)) depends on the controls v € U and v € V. Thus, we get this property for the
mild solution of system (2I]) as well. To illustrate the dependence on the controls u € U and v € V, let us denote
by (2*(t;u,v), ®(t; u,v))sejo,7) the mild solution of system (2I)). Whenever these processes are considered for fixed
controls, we omit the dependency. For the process (2*(t;u,v)):e[0,7], One can show another important regularity
property. Therefor, we need a modification of Young’s inequality for convolutions.

Lemma 8. Let f € L?([0,T]) and g € LI([0,T]) be arbitrary. We set for t € [0,T]

T
/fst

Ifpq,r > 1 satisfy & + ¢ = 7 +1, then h € L™([0,T]) and

12l o, < N fllzeqo, gl o, 1)

Proof. The proof can be obtained similarly to the classical version of Young’s inequality for convolutions, see [4
Theorem 3.9.4]. O

Proposition 7. Let (2*(t;u,v), ®(t;u,v))icjo,r) be the mild solution of system (Z1) corresponding to the controls
ueU andv e V. Then (2*(t;u,v))tcio,r takes values in D(A®) with € € [0,1) such that

E [ 12"t 0,0 aedt < 0.
0
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Proof. For the sake of simplicity, we omit the dependence on the controls. Since (2*(¢;u,v)):cjo,1) is predictable,
we get for ¢ € [0, 7] and P-a.s.

T T

2" (t;u,v) =E /efA(Sft)G*(@(s))ds + /eiA(Sft) (y(s) — ya(s)) ds| Fi

t t

Recall that the operator G*: L gg)(QY?(H);

;H) — H is bounded. Using Lemma [I] and Lemma [§ the process
(2*(t))eefo, 1) takes values in D(A®) with € € [0,1

,1) and there exists a constant C* > 0 such that

T
E / 12 (5 0, 0) B ey
0

2 2

T T T T
<28 [ | [lare 2006 @) ads | a2 [ | [ 125000 (ylsiun) - palo) s | de
0 t 0 t

2 T T 2

< OM’E / /<s—t>*€|\G*<¢><s>>HHds dt + 20M°E / /<s—t>*f|\y<s;u,v>—yd<s>||Hds dt

0 t 0 t

T T

T T T
< B [ IO,y 0@t + B [ Inttsw o)t + [ la) o
0 0 0

4.3 Approximation by a Strong Formulation

In general, a duality principle of solutions to forward and backward SPDE’s can be obtained by applying an It
product formula. This formula is not applicable to solutions in a mild sense. Hence, we need to approximate
the mild solutions of systems (I6l), (I7) and (ZI) by strong formulations. One method is given by introducing
the Yosida approximation of the operator A, see [7]. For applications regarding duality principles, see [10], 35].
However, we apply the method introduced in [20] 22]. The basic idea is to formulate a mild solution with values
in D(A) by using the resolvent operator R(\A) introduced in Section 21 Thus, we get the required convergence
results and the mild solutions coincide with the strong solutions. In this section, we omit the dependence on the
controls for the sake of simplicity.

4.3.1 The Forward Equations

Here, we provide approximations of the mild solutions to system (I6]) and system (I7)). We introduce the following
systems:

dz1 (8, ) = [= Az (£, \) + RO Bu(t)] dt + ROVG(R(N)z1 (£, \))dW (1), ”s
Z1 (0, )\) = 0, ( )
dza(t, \) = [—Azs(t, \) + AR\ Du(t)] dt + RO\)G(R(N)z2 (£, \))dW (t), ’
ZQ(O, A) = 0, ( )

where A > 0, v € U and v € V. The process (W(t))icjo,7] is a Q-Wiener process with values in H and covariance
operator @@ € L(H). The operators A, R(\), B, D,G and the spaces U,V are introduced in Section 2] and Section
Bl respectively.
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Definition 6. a) A predictable process (z1(t, A))ieo,1) with values in D(A) is called a mild solution of system

@s) if
E / (8, M)t < 00,

and we have for t € [0,T] and P-a.s.
t t
21(t, \) :/ A= R(A ds+/e*A<t IRNG(R(N)z1 (s, A))dW (s).
0 0

b) A predictable process (za2(t, N))eecjo,r) with values in D(A) is called a mild solution of system (17) if

T
E [ laa(t, Mlibaydt < oo,
0

and we have for t € [0,T] and P-a.s.
t t
sa(tA) = / e=A=5) AR(\) Du(s)ds + / =405 ROVG(R(N) 2 (5, A) )W (5).
0 0

Remark 2. Note that the approzimation scheme provided in [20,[22)] differs to the approzimation scheme introduced
by system (28) or system (26l). Here, the additional operator R(X) is necessary to obtain a duality principle.

Recall that the operators R(A) and AR()A) are linear and bounded on H. Hence, existence and uniqueness
results of mild solutions to system ([25]) and system (26]) can be obtained similarly to Theorem [2 for fixed A > 0.
In the following lemma, we state that the mild solutions of system (28) and system (28] also satisfy a strong
formulation, which is an immediate consequence of [22] Proposition 2.3].

Lemma 9. Let (z1(t,\))epo,r) and (22(t,\))eefo,r) be the mild solutions of system (23) and system (28), respec-
tively. Then we have for fited A > 0, t € [0,T] and P-a.s.

t t

z21(t,\) = /(fA)zl(s,A) + R(\)Bu(s)ds + /R(A)G(R(/\)zl(s,)\))dW(s),
0

29(t, A) = [ (—A)z2(s,\) + AR(A s)ds+ [ R(X A)z2(s, A))dW (s).
/ [

We have the following convergence results.

Lemma 10. (i) Let (21(t))¢cjo,r) and (21(t, A))sejo,r) be the mild solutions of system (I8) and system (23), respec-
tively. Then we have

lim E/||z1(t) — 2t V)| dt = 0.
A—00
0

(ii) Let (22(t))iefo,r) and (z2(t, A))iepo, 1) be the mild solutions of system (17) and system (28), respectively. Then
we have

lim IE/ l|22(t) — 22(t, \)||%dt = 0.
A— o0
0
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Proof. First, we show part (i). Let I be the identity operator in H. Recall that G: H — Lgs)(QY?(H); H) is
linear and bounded. By definition, we have for all A > 0, ¢ € [0, T] and P-a.s.

(t) = 21 (t,\) = / e=AU=9)] _ R(\)|Bu(s)ds + / e~ A=) G(T — R(N)] 21 (5))dW (s)
+ / e~ AU=1 _ ROVIG(R(N)21 (5))dW (s) + / e=A0=5) ROVG(RON) [21(s) — 21 (5, \)])dWV ().

The remaining part of the proof can be obtained similarly to [22] Lemma 3.1] using Lemma
Next, we prove part (ii). By definition, we obtain for all A > 0, t € [0,T] and P-a.s.

2a(t) — 2a(t, \) = / Ae=AU= — R(\)]Du(s)ds + / e~ A= G([T — R(A)]2a(5))dW (s)
+ / e~ AU=[F _ ROVIG(R(N)22(s))dW (s) + / = A0=5) ROVG(R(N) [2(s) — 22(5, \)])dIW ().

Thus, we get for all A > 0 and ¢t € [0, T

E ||22(t) — za(t, N[5 < ATi(t,\) + 4 To(t, A) + 4T3(L, N), (27)
where
t 2
T,(t,\) =E / Ae= A=) — R(\)|Dv(s)ds||

H
2

I(t,\) =E

)

—_ °

MG ROaa(s)AW ()| +E || [ A0~ ROIGRN)z2(s) W ()

H
2

0
I3(t,\) = E / e I RNG(R(N) [22(s) — 22(s, \)])dW (5)
0

H

Recall that D: V0(9D) — D(A%) for all a € (0, i) Using Lemma [Tl equation (&), Fubini’s theorem and Young’s
inequality for convolutions, there exists a constant C; > 0 such that for all A > 0 and all ¢ € [0,T]

Ti(s,\)ds <E ( Al=@e= AT — R(N)]A% Du(r) dr) ds
/ [\/] ]
T
<G [ |1~ RO Do) . (28)
0

Recall that He*AtHL(H) < 1 for all t € [0,T]. Due to the It6 isometry (I0) and Fubini’s theorem, there exists a
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constant Cy > 0 such that for all A > 0 and all ¢ € [0, 7]

2

/ 2(5,\ / E / [e=2enar — B eatr ))Hg(Hs)@uz(H);m dr ds
0 0

. / B / =61 - ROVIGERN )

0

Lms)(QY/2(H);H)
T

I = R(A)]2(t ||Hdt+E/||[I_R()‘)]G(R()‘)ZQ(t))”i(HS)(Ql/Z(H);H) dt . (29)

<(Cy |E

o —_ 3 ©°

By the It6 isometry (I0), inequality (@) and Fubini’s theorem, there exists a constant C3 > 0 such that for all A > 0

and all ¢ € [0,7]
¢

Li(t.N) < Ca [ B faa(s) — a(s, ) [ s
0
Due to inequality (27)), we get for all A > 0 and ¢ € [0, 7]

t
E|[|za(t) — za(t, N[5, < 4 Za(t, N) + 4 To(t, \) + 4Cs /]E | 22(s) — za(s, \)||3; ds.
0

Applying Lemma [ we obtain for all A > 0 and ¢ € [0, T
t
E”ZQ( ) 72’2(t /\)”H < 4Il(t A) +4Ig(t )\ + 160364C3t/:[1 S, A +IQ S )\)]d
0

Using Fubini’s theorem, inequality ([28)) and inequality (29]), there exists a constant C5 > 0 such that for all A > 0

/an )=t A dt < O E /||I ROVIA® Du(t) [y dt +C" B /nf ROVJ22(0) [ de

+CE / 12 = ROVIGRO22 ()12, . gureqanyan

By equation (B) and Lebesgue’s dominated convergence theorem [4, Theorem 2.8.1], we can infer

A—00

lim E/ | 22(t) — 22(t, \)||3; dt = 0.
0

4.3.2 The Backward Equation

Here we provide an approximation of the mild solution to system (2I]). We introduce the following backward SPDE:

{ dz"(t,\) = —=[-Az*(t,\) + RONG*(RA)®(t,\)) + RN (y(t) — ya(t))]dt + @(t, \)dW (), (30)
2°(T,\) =
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where A > 0. The process (y(t)):e[o,] is the mild solution of system (1) and (W (t))¢cjo,7] is a Q-Wiener process
with values in H and covariance operator Q € £(H). The function y4 € L?([0,T]; H) is the desired velocity field.
The operators A, R(\), G* are introduced in Section 2T and Section [4.2] respectively.

Definition 7. A pair of predictable processes (z*(t, ), ®(t, X))sefo, 1] with values in D(A) x L) (Q'/2(H); H) is
called a mild solution of system (30) if

T
s EJ () <o E [ 10 NIZ ey ocanan t <
’ 0

and we have for all t € [0,T] and P-a.s.

25(t,\) = /e‘A(S_t)R(A)G*(R()\)@(s,)\))ds +/e‘A(5_t)R()\) (y(s) — ya(s)) ds — /e‘A(S_t)d)(s,)\)dW(s).

t t t

Recall that the operators R(A\) and AR(A) are linear and bounded in H. Hence, existence and uniqueness
results of the mild solution to system (B0Q) can be obtained similarly to [21I]. In the following lemma, we state

that the mild solution of system (B0]) also satisfies a strong formulation, which is an immediate consequence of [,
Theorem 4.2].

Lemma 11. Let the pair of stochastic processes (z*(t,\), ®(t,\))ieo, 1) be the mild solution of system (30). Then
we have for fited X > 0, all t € [0,T] and P-a.s.

25, ) = /(fA)z*(s, A) + RA)G(RA)P(s, M) + R(A) (y(s) — ya(s)) ds — /@(s, A)dW (s).

t

We have the following convergence results.

Lemma 12. Let (2*(t), ®(t))icio,r) and (2*(t,N), ®(t, A))icjo, 1) be the mild solutions of system (Z1)) and system
(30), respectively. Then we have

T
Ali—{got:[%%]E ll2*(t) — 2*(t, \)||3 = 0, Ali_}rI;OIE/ |®(t) — D(¢, )\)||%(Hs)(Ql/2(H);H)dt =0.
’ 0

Proof. Let I be the identity operator in H. By definition, we have for all A > 0, all ¢ € [0,7] and P-a.s.

() — 2 (t,\) = /eﬂ‘“H) [G*(®(s)) — RONG* (R(A)®(s, \))]ds

t
T T

" / e ADT — ROV (y(s) — yals)) ds — / AN (B(s) — B(s, AW (s). (31

t t

Recall that the operator G*: L) (QY?(H); H) — H is linear and bounded. Hence, we get for all A > 0, all
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t € [0,7] and P-a.s.

T T
25(t) — 25 (t, \) = / e~ ATV ([T — R(N)]D(s))ds + / e AT — RO]G*(R(N)®(s))ds

+ [ e AETIRMNGT (RO (s) — (s, \)])ds + /G’A(H)[I — RN (y(s) — ya(s)) ds

e AT [P (5) — B(s, \)]dW (s).

/
/

Note that the assumptions of Lemma [7 are fulfilled. Thus, inequalities (23] and (24) hold. Let T € [0,T). We
obtain for all A > 0

sup E[2*(t) — 2" (t, N3 < 4e(T —T1) [T (A) + L (V)] (32)
tE[Tl,T]
T
E/ 12(t) = (8, MI1Z ) (/2 (rrysrrydt < Ac(T = T1) [Ti(N) + To(V)] (33)
T

where

LA = E/ [1G* (17 = ROV]@@)I[; + Il = ROIG (RS + 17— RO (y(1) — ya(®)) [17] dt.

T
T
(A = ]E/ IRONG* (RN)[@(t) — @ (t, )] Zdt.
T
Using equation (@) and the Lebesgue’s dominated convergence theorem [4, Theorem 2.8.1], we can conclude
lim Z;(A\) = 0. (34)
A—00

By inequality (), there exists a constant C* > 0 such that for all A > 0

T
L) < OB [ 1000 ~ 8N, gy (35)
T

Due to inequality (B3) and inequality (B8], we get for all A > 0

T T
IE/ 1@(8) = @t MZ 0, Qv @t < 4c(T = T1) Ti(A) + 4c O (T — Tl)E/ 12(8) = @t MZ 0 (@12 (1)) B
T1 Tl

We chose T} € [0,T) such that 4cC*(T — T1) < 1. Thus, we have for all A > 0

T
4C(T — Tl)Il(A)
2
E/ 19() = 2Nz sy @20 @ = T T — 1)
T
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Due to equation (B4]), we can conclude

A—00

T
lim E / 18(8) — B(E N2, (v gyt = 0. (36)
T

Using inequality (32)), inequality (38), equation ([B4]) and equation (BGl), we have

lim sup E|z*(t) — 2z*(t, \)||3 = 0.
A— 00 tE[ThT]

By equation (B1), we get for all A > 0, all ¢ € [0,7;] and P-a.s.

T
2(t) — 25 (8, N) = e ALY [25(Ty) — 2(Ty, N)] + / e~ ABTO[GH(B(s)) — RING* (R(N)®(s, \))]ds

+ /e‘A(s_”[I — RV (y(s) — ya(s)) ds — /6_‘4(5_” [@(5) — (s, A)]dW (s).

Again, we find Ts € [0,T}] such that

Ty
. * * 2 . 2
>\h—>nolo te[STEipTﬂ . ”Z (t) o (t, )\)HHdt =0, >\h—>n<§oE/ H(I)(t) B (I)(t’ )\)”ﬁ(Hs)(Ql/Q(H);H)dt =0.
; 7,
By continuing the method, we obtain the result. [l

5 Main Results

5.1 Duality Principle

Based on the results provided in the previous sections, we are able to show a duality principle. Since we formulated
a control problem with simultaneous distributed controls and boundary controls, we obtain two equations. The
first equation gives us a relation between the mild solution of system (6] and the mild solution of the adjoint
equation (2I). The second equation provides a relation between the mild solution of system () and the mild
solution of the adjoint equation (21]).

Theorem 5. Let (y(t;u,v))iepo,r) and (2*(t;u,v), ®(t;u,v))epo,r) be the mild solutions of system (I1) and system
(Z1) corresponding to the distributed control w € U and the boundary control v € V, repsectively. Moreover,
let (21(t;4))ieio,r) and (22(t;0))eecjo,r) be the mild solutions of system (I8) and system (17) corresponding to the
controls 4 € U and © € V, respectively. Then we have for all a € (0,1/4)

E E

Tt — s T —

(y(t;u,v) —ya(t), z1(t; @)y dt (2" (t;u,v), Bu(t)) 5 dt, (37)

E E

(y(t;u, v) — ya(t), z2(t;0)) g dt (A'72 (t;u,v), A*DB()),, dt. (38)

H

Ot — g T



Proof. For the sake of simplicity, we omit the dependence on the controls. First, we prove the result for the
approximations derived in Section Let (21(t, A))tefo,r) and (22(t, A))¢eo,7) be the mild solutions of system (25)
and system (26)), respectively. Using Lemma[@ we have for all A > 0, ¢t € [0, T] and P-a.s.

St A) = / (= A1 (s, \) + RO\ Bis)ds + / ROVG(R(N)21 (s, \)dW (s), (39)
0 0

2ot A) = / (= A)za(s, \) + AR\ Di(s)ds + / ROVG(R(N) (s, \)dW (s). (40)
0 0

Next, let the pair of stochastic processes (2*(t, A), ®(¢, ) )¢cjo, 7 be the mild solution of system (B30). Due to Lemma
[T we get for all A > 0, all ¢ € [0,T] and P-a.s.

T T

S A) = /(—A)z*(s,)\) + ROVG (ROD(s,\)) + ROV (y(s) — als)) ds — /(I)(s,)\)dW(s). (41)

t t

By definition, the process (2*(t, A))¢cjo,7] is predictable. Hence, we have for all A > 0, all £ € [0,7] and P-a.s.

Z(HA) =E | [ (=4)27(s,A) + RO)GT(RA) (s, ) + R(A) (y(s) — als)) ds| Fi

O\ﬂ

(=A4)2"(s, M) + RQA)GT(R(A) (s, A)) + R(A) (y(s) — ya(s)) ds.

o\ﬁ

By the martingale representation theorem given by Proposition B with (M (t))¢c(o,7] satisfying for all ¢ € [0, 7] and

P-a.s.
T

M(t) =E / (—A4)="(5, A) + ROVG* (RON®(s, A) + RO (y(s) — yals)) ds| 7 |

0

there exists a unique predictable process (V(t, \)):e[o,r] With values in £ zg)(Q Y2(H); H) such that for all A > 0,
all t € [0,T] and P-a.s.

=E (s,0) + ROG*(RA) (s, M) + R(A) (y(s) — yals)) ds

/ (5,0) + RO)VG* (ROV)D(s, \)) + B(N) (y(s)—yd(s))ds—l—/\ll(s,)\)dW(s). (42)

Since the pair (2*(t,\), ®(t, A))¢cjo, 1) satisfies equation ([4I) uniquely, we can conclude W(t,\) = ®(t, \) for all
A > 0, almost all ¢ € [0,T] and P-almost surely. Applying the Itd product formula given by Lemma [ to equation
(B9) and equation [@2), we get for all A > 0, all ¢ € [0,T] and P-a.s.

(21 (6, N), 25 (6, ) i = Ta (6, ) + Ta(t, N) + T3 (t, N) + Za(t, N),
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where

Ii(t,\) = /t [(z1(s, ), Az" (5, A))y iy — (2" (5, N), Az1(s, N)) ] ds,
0
To(t,\) = / [(ROVGRON2 (5. X)), B8 M) £ vy — (21(5: ) RONG (RO)VB(5, 1)) ] ds.
0
Zs(t, A) j<2*(8,k)7R(A)Bﬁ(S)>HdS/t<21(57>\),R(A) (y(s) = ya(s))) g ds,
0 0
Za(t, N) /t<21(8,A)7¢(57>\)dW(5)>H+/t<Z*(57A),R(A)G(R(>\)Zl(8,A))dW(S»H
0 0

By definition, we have z*(T, ) = 0 for all A > 0 and P-almost surely. Hence, we obtain for all A > 0 and P-a.s.
0=T1(T,\) + Io(T, \) + Z3(T, \) + Z4(T, \). (43)
Since the operator A is self adjoint, we have for all A > 0 and P-a.s.
(T, ) =0. (44)
Recall that the operator R(\) is self adjoint on H. Using equation (22]), we obtain for all A > 0 and P-a.s.
(T, \) = 0. (45)

By equations {@3]) — {@3) and EZ4(T, \) = 0 for all A > 0, we get for all A >0

0=EZ3(T, \).
Hence, we have for all A > 0
T T
E/ ANz (t, A), y(t) — yalt = E/ A), Bu(t))  dt. (46)
0 0

Next, we show that the left hand side and the right hand side of equation (@8] converge as A — oco. By the
Cauchy-Schwarz inequality and inequality (@], we have for all A > 0

T T
E [ (z1(t),y(t) — ya(t -E Nzt A), y(t) — ya(t)) , dt
/ wor [
<2 E/([I—R(A)]zl(t),y(t) —ya(t)) g dt| +2 E/ t) = z1(t,A), y(t) — ya(t)) g dt
0 0

<4 (E [l de+ [ latol dt) (E Sz = RO O de+ B [ a0 - 201 dt) -
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Using equation (@), Lebesgue’s dominated convergence theorem [4, Theorem 2.8.1] and Lemma[I0] we can conclude

T

lim E / (RON)21 (1, A), y(t) — ya(t)) yy dt = E / (b))  dt. (47)

A—00
0

Recall that the operator B: H — H is bounded. Similarly as above, there exists a constant C* > 0 such that for
all A >0

IE/ dt—E/ ). Bii(t)),; dt
0 0
T T
<9 IE/<[IfR()\)]z*(t),Bﬂ(t)>Hdt +2 E/(R(/\)(z*(t) — (6 N), Bi(t)), dt
0 0
T

T
E / la@%de | | E / I = RO @I i+ sup E [25(8) — 26 VIS

t€[0,T]
0

By equation (@), Lebesgue’s dominated convergence theorem [4, Theorem 2.8.1] and Lemma [I2] we can infer

T

T
lim ]E/(R(/\) *(t,\), Bii EO/ £)) y dt.

A—00
0

We conclude that the left hand side and the right hand side of equation (@8] converge as A — oo and equation (B7)
holds.

Next, we show that equation (B8]) holds. Again, we apply Lemmalto equation @) and equation ([@2)). Similarly
to equation (g]), we find for all A > 0 and all o € (0,1/4)

E / Nza(t N, y(t) — ya(t)) p dt = E / (R(N)AV=2*(t, \), A*Di(t)) , dt. (48)
0 0
Similarly to equation (1), we can conclude
T T
Ali_}n;OE/ (R(\)22(t, A), y(t) — ya(t)) y dt = E/ (22(t), y(t) = ya(t)) g dt.
0 0

Recall that the operator A*D: V(D) — H is bounded for all o € (0,1/4). Hence, the process (A*Do(t));efo,1)
takes values in H such that EfOT |A“Do(t)]|%dt < oo. Since D(A'=%) is dense in H, there exists a sequence of

processes (vm (t))iejo,r), m € N, taking values in D(A'~®) such that IEfOT [0m ()1 41-aydt < oo for each m € N
and

lim E/HAO‘Dﬁ(t) — U (V)||%dt = 0.

m—0o0

Due to Proposition [7 the process (z*(t)).cjo,r) takes values in D(A'~%) for all a € (0,1/4). By equation (&),
Lemmal[2] the Cauchy-Schwarz inequality, inequality () and Fubini’s theorem, there exists a constant C* > 0 such
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that for all A > 0, all @ € (0,1/4) and each m € N

E/ (A= %( (t))Hdt—E/<R()\)A1*az*(ta)\)a“m(t»Hdt
0 0

<2 E/<[I—R()\)]z*(t),Al_%m(t)>Hdt +2 E/(R(A)(z*(t) — 2% (t,N), A (1)), di

E [ o (gar-o d /HI ROV Ol de+ sup B [l2*(t) = ="(t, M)l
0 te[0,T

Using equation (@]), Lebesgue’s dominated convergence theorem [4, Theorem 2.8.1] and Lemma [I2] we can infer for

each m €¢ N
T

lim E/(R()\)Al Ot N), v (t E/ (A2 (t), vm (L)), dt.
0

A—00
0

Due to the Moore-Osgood theorem [32, Theorem 7.11], we get

T T
lim IE/<R()\)A17°‘z*(t,)\),Ao‘Dﬁ(t)>Hdt: lim lim E/<R()\)A17°‘z*(t, A),um (1)), dt

A—00 A—00 m—+00
0 0

T

= lim lim E/<R()\)A17°‘z*(t, A),um (1)), dt

T
=E [ (A'7%2%(t), A*Di(t)),, dt.
/

We conclude that the left hand side and the right hand side of equation (@8] converge as A — oo and equation (3])
holds. g

5.2 The Optimal Controls

Based on the optimality conditions given by equation (I9) and equation (20)), we deduce formulas of the optimal
controls using the duality principle derived in the previous theorem.

Theorem 6. Let (2*(t;u,v), ®(t;u,v))icio,r) be the mild solution of system (21) corresponding to the controls
uw €U and v € V. Then the optimal controls u € U and v € V satisfy for all o € (0, %), almost all t € [0,T] and
P-a.s.

u(t) = 7—1 B*z*(t;w,v), (49)
K1

o(t) = L K*A'= 2% (t;7,0), (50)
K2

where B* € L(H) and K* € L(H;V°(dD)) are the adjoint operators of B € L(H) and K = A*D € L(V°(0D); H),

respectively.
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Proof. Let (y(t;u,v))iejo,r) and (21(t;u))sefo,r) be the mild solutions of system (II]) and system (I6) corresponding
to the controls u € U and v € V| respectively. Using equation (I9) and Theorem [ the optimal control w € U
satisfies for every u € U

T T
E/ (t:,0) — ya(t), 21 (t; @) dterIE/ dt = 0.
0 0

By Theorem B we obtain for every u € U

T T

E/ (z"(t;w, ), Ba(t)) y dt + K1 IE/ (@(t),a(t)) g dt = 0.

0 0

Hence, we get for every u € U .
IE/ (B*z*(t;u,7) + k1 T(t), a(t)) y dt = 0.
0

Therefore, the optimal control @ € U satisfies equation [@J) for almost all ¢ € [0,T] and P-almost surely.
Let (22(t;v))tefo,r) be the mild solution of system (I7) corresponding to the control v € V. Due to equation
[0) and Theorem [ the optimal control T € V fulfills the following equation for every © € V:

T T
IE/ t;0,7) — ya(t), z2(t; 0) dt—f—ng/ V0(6D) dt = 0.
0 0

By Theorem [, we have for all o € (0, 1) and every o € V

T T
E/ Al a * a7 ) A D’U( dt+ﬁ}2E/ VU(B'D) dtf()
0 0

Hence, we get for all a € (0, 1) and every 0 € V

T
IE/ K*A'2* (470, 7) + ko v(t),f)(t)>vo(ap) dt = 0.
0

Therefore, the optimal control T € V satisfies equation (50) for all o € (0, 1), almost all ¢ € [0, 7] and P-almost
surely. ([l

Remark 3. Let us denote by (Y(t))iejo,r) and (Z*(t), ®(t))iepo, 1) the mild solutions of system (L) and system (Z1)
corresponding to the optimal controlsw € U andv € V', respectively. As a consequence of the previous theorem, the
optimal controls can be computed by solving the stochastic boundary value problem imposed by the following system
of coupled forward-backward SPDFEs:

Ag(t) = |- Ag(t) - % BB*Z (1) — % ADK* A7 (1) | dt + G(H()dW (1),

dZ°(1) = — [~ AZ* (1) + G* (B(1)) + (1) — ya(t)] de + D)W (1),
j0) =€ () =0.

As a next step, computational methods for solving system (21]) need to be developed.
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6 Conclusion

In this paper, we considered a control problem constrained by the stochastic Stokes equations on connected and
bounded domains with linear multiplicative noise, where controls are defined inside the domain as well as on the
boundary.

We proved an existence and uniqueness result for the mild solution of the stochastic Stokes equations dependent
on inhomogeneous tangential boundary conditions. Based on the Fréchet derivative of the cost functional, we stated
necessary and sufficient optimality conditions the optimal distributed control as well as the optimal boundary
control have to satisfy. Using the adjoint equation given by a backward SPDE, a duality principle was derived
such that we deduced explicit formulas for the optimal controls. As a consequence, the optimal velocity field can
be obtained by solving a system of coupled forward-backward SPDEs.

For engineering applications to control problems of fluid dynamics, the inflow is often used as a boundary
control, see [30] and the references therein. These boundary controls can not be covered by tangential boundary
conditions and thus remain as an open problem.
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