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Abstract Discovery of topological insulators remains a challenge because it is usually laborious,
high cost, and time consuming. High-throughput computational prescreening is an effective way
to reduce the set of candidate systems. Herein, based on compressed sensing technique, we derive
an optimized two-dimensional descriptor which can quickly predict potential topological
insulators in the tetradymite family. With only two kinds of fundamental constants of the
constituent elements (the atomic number and the electronegativity) as input features, the proposed
descriptor eftectively classifies topological insulators and normal insulators from a training data
containing 230 tetradymite compounds. The predicative accuracy as high as 97% demonstrates
that the descriptor really capture the essential nature of topological insulators, and can be further

used to fast screen other potential topological insulators beyond the input dataset.
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1. Introduction

Topological insulators (TIs) are a new class of quantum materials with insulating
bulk and metallic surface/edge state protected by time-reversal symmetry [1-4]. These
nontrivial states have a spin helical massless Dirac structure, and hence hold
promising application potentials in spintronics and quantum computation devices
[5-8]. To date, various TIs have been studied theoretically and/or experimentally, such
as binary tetradymite BiTes [9,10], ternary chalcogenide TIBiSe; [11,12], hexagonal
pnictide CaAgAs [13], and etc. In general, the experimental discoveries of new TIs
are limited by time-consuming procedures of synthesis. On the theoretical side, the
identifications of topological natures are usually complex, which cannot be detected
through a local order parameter. Therefore, more efficient techniques are needed to
accelerate materials discovery and design process, such as high-throughput screening
and big data analytics (e.g., data mining, machine learning and compressed sensing)
[14-16]. In an earlier study, a high-throughput descriptor was developed for predicting
new TIs, given by the variational ratio of spin-orbit distortion versus non-spin-orbit
derivative strain [17]. More recently, symmetry-based indicators of band topology
were applied to search topological materials in 230 space groups [18]. In practice,
however, these approaches still need to do detailed electronic structure calculations
from first-principles. On the other side, data mining technique has been successfully
applied to search stable nitride perovskites [19], bulk topological insulators [20], and
organic Dirac-line materials [21]. In addition, machine learning method has also been
used to study phase transitions in conventional systems [22-27], topological phase
transitions [28-32], gravitational wave analysis [33, 34], black hole detection [35]
and formation energy of elpasolite crystals [36]. Nevertheless, for learning target
material properties as employing these big data analytics approaches, the physical
insight of the descriptive parameters (often called descriptor) is somehow less clear,
and the causality of the learned descriptor-property relation is still uncertain. In a
recent study using statistical learning theory, Ghiringhelli et al. proposed an approach
to find meaningful descriptors that can illustrate actuating mechanisms of a certain

property [37]. With the help of compressed sensing technique, Ouyang et al. [38]
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subsequently developed a more systematic methodology to tackle this issue, as
implemented in the so-called SISSO code (sure independence screening and
sparsifying operator). It is thus reasonable to expect that a physically meaningful
descriptor optimized by SISSO could accelerate materials discovery in TIs.

Binary tetradymites including Bi,Tes, Bi2Se; and SboTes are typical TIs with larger
band gaps and non-dissipative topologically protected surface states [9, 10].
Successively, their ternary derivatives SbaTexS [39], (BixSbix)2Tes [40], SboTexSe
[41], and Bix(SexTei—x)3 [42] were extensively investigated to adjust the position of
the Dirac cone and meanwhile to increase the band gap as much as possible. In fact,
the tetradymite compounds can be obtained by randomly combining group-VA
elements (As, Sb and Bi1) with group-VIA elements (S, Se and Te). It is thus natural to
ask if topological nature exists in many other possible ternary, quaternary, quintuple
or hexahydroxy tetradymites, which is less known so far.

In this article, using only the atomic number and electronegativity of the constituent
atoms as input features, a two-dimensional (2D) descriptor is proposed to effectively
classify TIs and normal insulators (NIs) in a training data of 230 tetradymites. The
cross-validation indicates that the optimized descriptor is robust with profound
physical insight. Utilization of such descriptor provides a simple “phase diagram”
which enable us to quickly screen all the possible TIs in the tetradymite family with
arbitrary mutation of atoms and stoichiometry. Moreover, the underlying design
principle can be readily generalized to find new possible TIs containing the remaining
group-VA (N, P) and group-VIA elements (O, Po), and even group-VB (V, Nb, Ta)
and group-VIB (Cr, Mo, W) elements.

2. Methodology

To identify the topological nature of the training data of 230 tetradymites, we have
performed first-principles calculations within the framework of density-functional
theory (DFT) by using the projector-augmented wave (PAW) method [43, 44]. The
code is implemented in the Vienna ab-initio simulation package (VASP). The

exchange-correlation functional is treated using Perdew—Burke—Ernzerhof (PBE) with
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generalized gradient approximation (GGA) [45]. The plane-wave basis with an energy
cutoff of 500 eV is used and a 11x11x11 Monkhorst-Pack k mesh [46] is adopted for
the Brillouin zone integrations. The van der Waals (vdW) interaction is explicitly
included in our calculations by adopting appropriate functionals [47-49]. The
spin-orbit coupling (SOC) effect is taken into account to calculate the electronic band
structure, and the Z; invariants are obtained by using Wilson loop as implemented in
the software package WannierTools [50].

The compressed-sensing technique [38] is then adopted to find a physically
interpretable descriptor which can effectively classify the TIs and NIs among the
training data. In general, such an approach includes two main steps for machine

learning. The first one is feature space construction. Through appropriate

algebraic/functional operations {1,+,—,><,/,exp,10g, ,\/— ) ,3} between all the

available combinations of primary features (e.g., the atomic number, the
electronegativity, the ionization energy, the affinity energy and etc.) up to a certain

complexity cutoff (number of applied operators), the feature space is formed by »

vectors D, =(D,,.D,,....D,,) , where D, is the n™ potential descriptor,

n,l?

evaluated on the m™ sample. More details on the feature space construction can be
found in References [38, 51]. The second step is descriptor identification which
includes the combination of SIS (sure independence screening) and SO (sparsifying
operators). Here SIS selects the subspace containing the features highly relevant on
target material property. After the reduction of ultrahigh dimensional feature space,
the /o-norm regularized minimization is adopted to pinpoint the optimal n-dimensional
descriptor in SO. The leave-one-out cross-validation is then used to evaluate the

performance of classification algorithms.

3. Results and discussion
As mentioned above, the training data of 230 tetradymite compounds can be
obtained by possible mutations of cations (As, Sb and Bi) and anions (S, Se and Te).

In principle, the resulting system can be binary, ternary, quaternary, quintuple or even
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hexahydroxy. As an example, Figure 1 shows the crystal structure of a quintuple
tetradymite SbBiSeTeS, where the atoms Sb, Bi, Se, Te, S occupy the sites A, B, C, D,
E, respectively. The system can be viewed as stacking the so-called quintuple layers
(QLs) through the vdW interactions. In the present work, the vdW functional in the
form of optB86b [48, 47, 52, 53] is found to accurately reproduce the experimentally
measured lattice parameters of several tetradymites. To identify the topological nature
of quintuple SbBiSeTeS, we first calculate its orbital-decomposed band structure. As
can be seen from Figure S1 of the supplementary materials (SM), the highest valence
band (HVB) at the I" point are mainly occupied by the p, orbitals of Bi and Sb atoms,
while the lowest conduction band (LCB) by the p, orbital of Te atom. Such band
inversion behavior is very similar to that found in the topological nontrivial Bi>Tes [9].
As can be seen from the corresponding evolution lines of Wannier centers (see Figure
S1), the Z, invariant is calculated to be (1;000) indicating that the quintuple
SbBiSeTeS is indeed a strong T1. Similar calculations have been done for all the other
tetradymites, and the results indicate that there are 67 TIs and 163 NIs among the 230
training data.

In order to find an effective descriptor to classify the above-mentioned TIs and NIs,
we first construct the feature space by selecting appropriate input variables such as the
atomic number, the electronegativity, the ionization energy, and the affinity energy of
all the constituent atoms A, B, C, D, E. Extensive test calculations indicate that a
better descriptor can be found with only two kinds of variables, namely, the atomic
number (Za, Z8, Zc, Zp, Zg) and the electronegativity (ya, xB, xc, xp, xg). Using these
10 primary features, a pool of about 10’ different combined features is initially
developed and further reduced to 50000 after screening by SIS. Finally, the SO is
adopted to pinpoint the optimized descriptors for our investigated 230 training data,
which is 2D in nature and given by

D, = ! (1)

1 1Y
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If D, and D, are respectively denoted as the x and y coordinates, we plot a “phase

diagram” of the 230 tetradymites shown in Figure 2, where the blue and green areas
are determined by connecting the outermost black points (163 NIs) and red points (67

TIs), respectively. Generally speaking, a candidate tetradymite would exhibit TI

nature if it has a larger D, value. This is reasonable since heavy atoms (lager Za, Zs,

Zc, Zp, or smaller yg) usually have larger SOC strength which is very important to
drive the TI nature. For example, the well-known TI Bi;Tes exhibits the maximum
D, value of 1018 among all the 230 tetradymites, since it has the largest atomic
number of both the cations and anions (Zx=Zg=83, Zc=Zp=52) together with the
smallest electronegativity of the anion in site E (yg=2.12). If we focus on the region
with 336 <D, <426, we find that a system with smaller D, value tends to fall into

the TT area. To have a better understanding of the underlying physical mechanism, we

rewrite Equation (2) as

, )

D, =|((xe = 25)+ (25 = 262 = 20|+ (Z, = Z (20 = 22.4) + (24— 22)
where we see smaller electronegativity difference between the cations and anions (e.g.,

e—x8) s s—Xe)> (Xp—2X4)> (ZA_ZE)) can lead to a lower Dz value.

According to previous analysis [54], a candidate compound is likely to exhibit
topologically non-trivial nature if it has small electronegativity difference between the

cations and anions. Otherwise, the system tends to be a NI, as also evidenced by
relatively higher D, value of the blue area. It should be noted that a moderate D,
value in the range of 336~426 means that the atomic number of Za, Zg, Zc, and Zp

should not be large or small simultaneously. In particular, if the cations (A and B) and

the anions (C and D) are “diagonally” selected from the periodical table, the resulting

tetradymite must have the largest (Z,-Z2,) and (Z,—Z_.) values, which leads to a

higher D, value and thus the system tends to be in the NI area. The physical

mechanism is similar to the above discussion since large atomic number difference

between cations and anions also causes large electronegativity difference. Taking
6



BixTeS; (also denoted as Bi-Bi-Te-S-S in accordance with the A, B, C, D, E sites) as
an example, there exist large differences in both the atomic number and the

electronegativity between the cations (Bi) and the anions (Te and S). As a

consequence, a moderate D, value of 394 with a high D, value of 31 can be found

according to Eq. (1) and (3), respectively. That is, the BixTeS, should appear in the NI
area of the phase diagram, which is also confirmed by our first-principles calculations
(see Figure S2 of SM). We have also done leave-one-out cross-validation to check the
learning performance of the proposed descriptor. Namely, one sample is randomly
removed from 230 and the left 229 are used as new training data to reconstruct
appropriate classification descriptors. Extensive learning tests suggest that the
above-mentioned 2D descriptor (Eq. 1 and 2) always appears in the top 10 candidates,
which indicates it is very robust with profound physical insight. It is noted that there
is only a small overlap between the NI and TI domains in Fig. 2, which yields a high

accuracy of ~97% of the proposed descriptor. To sum up, the optimized 2D descriptor

(D,, D,) can not only capture the fundamental driven nature of TIs, but also enable

us to draw a phase diagram from which all the potential TIs in the tetradymite family
can be quickly predicted.

Up to now, all the 230 tetradymites in the training data have a particular integer
stoichiometry with nominal formula of ABCDE. In the experiments, however, most of
the samples may have arbitrary fractional stoichiometry, such as ternary tetradymite
BixTes—Sy with x = 0 ~ 0.12 [55], quaternary tetradymite BiisSbosTei3Ser7 and

Bi14SbosTe1sS12 [ 56,57 ]. In general, one can use a unique formula of
As Sb Bi, S Se Te, . , torepresenta tetradymite with arbitrary mutation of atoms
and stoichiometry. It is interesting to check whether such “complicated” systems are
TI or NI, which is however impossible from first-principles approach since

prohibitively large supercell is needed. Such an issue can be readily addressed by

utilization of our proposed 2D descriptor if we define five weighted atomic numbers

Zy=xZ)+yZg+(1-x,-y)Zy 5 Zy =% 2\ A+ Y Zg +(1=x, = y)) 2y )



Zo=x2+ L +(1=x;—y,)Z,, Zy=x,2s+y, Ly +(-x,-y,)Z,, ,

Zy=xZs+yZs+(1-x;—-y)Z,, , and five weighted electronegativity
Ia =X Xas ¥ Vi X (=X = V) 2y ) X =% Yas t Vodsy + (L=, = ¥)) X )
Xc :x3ZS+y3ZSe+(1_x3_y3)ZTe > Xp =X4)(s+y4ZSe+(1—x4—y4)ZTe >

Xe =XsJs T VsXse +(L=X5 = ys) ¥r, » Where X, x,, x5, X,, X5, Y, V5, V3, V4, ¥s - change
from 0 to 1 with an interval of 0.2. Inserting these variables into Eq. (1) and (2), a

total of ~ 4x10° (D,, D,) pairs at arbitrary stoichiometry As Sb ,Bi,, S Se Te, .,
(x=x+x,, y=y+y,, X'=x,+x,+x5, V'=y,+y,+ty,) is obtained and then

mapped into the phase diagram. As illustrated in Figure 3, a larger number of new

tetradymites appeared in the green area are quickly predicted to be potential Tls. As a

testing example, if x=0,y=0,x'=1.4and)' =0, we have a ternary tetradymite
Bi;Te16S14 with D, =702 and D,=12. As shown in Figure 3, this particular (D,

D,) point is located at the TI area, which agrees well with the experimental fact that

BixTe1.6S1.4 exhibit obvious topologically-nontrivial nature [58]. Once again, these
findings demonstrate that the 2D descriptor is indeed an effective tool to quickly
screen new TI candidates in the tetradymite family and in turn provides useful
guidance for the related experiments.

To show that the proposed 2D descriptor is transferable, we first consider the case
where more elements from the group-VA (N, P) and group-VIA (O, Po) are included
to construct the tetradymites structure. Hence, a total of 3125 candidates (including
the original 230 typical tetradymites) are mapped into the phase diagram. As can be
seen from Figure 4(a), many new compounds appear in the green area and could be
potential TIs. In addition to those possible NIs in the blue area, we also observe many
candidate systems falling outside the two phase areas. The possible reason is that we
use a relatively smaller training data of 230 tetradymites with 6 typical component

elements (As, Sb, Bi and S, Se, Te). To check the predictive power of the phase
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diagram, we randomly chose one candidate (BiSbSeTePo) in the TI area. Additional
first-principles calculations indicate that the LCB at the I" point is mainly occupied by
the p, orbitals of the Se and Te atoms, while the HVB occupied by the px and py
orbitals of Po atom (see Figure 4(b)). These findings suggest that the BiSbSeTePo
compound exhibits obvious band inversion caused by the SOC. Moreover, the
corresponding Z, invariant is calculated to be (1;000) which further confirms that
BiSbSeTePo is a strong TI. On the other hand, we find that the proposed 2D
descriptor and the phase diagram can be even generalized to predict possible TIs with
constituent cations and anions from group-VB (V, Nb, Ta) and group-VIB (Cr, Mo,
W). As indicated in Figure 5, the many candidate compounds appeared in the green
area suggest that there is still room to find new TIs with tetradymite structure, which

needs further theoretical and experimental investigations.

4. Conclusion

In conclusion, we overcome the formidable task of first-principles characterization
by adopting a statistical-learning approach to predict all the possible TIs with
tetradymite structure. As derived by the compressed sensing technique, an effective
2D descriptor is proposed which requires only the atomic number and
electronegativity of the constituent elements. Such a machine-learned descriptor is
physically interpretable with high accuracy and strong transferability. Most
importantly, the utilization of the 2D descriptor provides a simple “phase diagram” by
which one can quickly identify possible TIs with arbitrary mutation of atoms and/or

stoichiometry.
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Figure 1. The crystal structure of an exampling quintuple tetradymites SbBiSeTeS,
where (a) is the primitive cell, (b) is the unit cell, and the atoms Sb, Bi, Se, Te, S

occupy the sites A, B, C, D, E, respectively.

10



200 400 600 800 1000

Figure 2. Phase diagram of the 230 training data defined by the 2D descriptor. NI and
TI phases are respectively denoted as the blue and green areas, which are determined

by connecting the outermost black points (163 NIs) and red points (67 TIs).
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Figure 3. Possible tetradymites having arbitrary mutation of atoms and stoichiometry

As Sb Bi, S Se,Te,,. ,, mapped into the phase diagram according to the calculated
( D,, D,) values. Note here x=x+x,, y=y+y, , xX'=x+x,+x ,

V'=y,+y,ty, and we choose x, =x,=y =y,=02 for simplicity. The asterisk

indicated in the green area indicates a particular tetradymites BixTei1.6S1.4.
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Figure 4. (a) Possible tetradymites with additional elements from group-VA (N, P)

and group-VIA (O, Po), mapped into the phase diagram according to their calculated

(D,, D,) values. (b) The orbital-decomposed band structure of BiSbSeTePo (marked

by asterisk in (a)). The colored circles represent the orbital compositions, and the

sizes of the circles are proportional to their contributions.
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Figure 5. Possible tetradymites with constituent atoms from group-VB (V, Nb, Ta)

and group-VIB (Cr, Mo, W), mapped into the phase diagram according to their

calculated (D,, D,) values.
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