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Abstract The goal of this paper is to establish the existence of a foliation of the
asymptotic region of an asymptotically flat manifold with positive mass by surfaces
which are critical points of the Willmore functional subject to an area constraint.
Equivalently these surfaces are critical points of the Geroch—-Hawking mass. Thus our
result has applications in the theory of general relativity.

1 Introduction
In this paper we study foliations of asymptotically flat manifolds by surfaces of
Willmore type. This means that we are interested in constructing embedded spheres

X in a three dimensional Riemannian manifold (M, g) which satisfy the equation

— AH — H|A> = MRe(v, v)H = )H. (1)
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2 T. Lamm et al.

Here H is the mean curvature of X, X is the traceless part of the second fundamental

form A of X' in M, that is A=A— %H y, and y is the induced metric on X'. Moreover

MRc is the Ricci curvature of M and A the Laplace-Beltrami operator on X.
Equation 1 is the Euler-Lagrange equation of the functional

W(X) = %/bﬂ du )
X

subject to the constraint that | X'| be fixed. Then A becomes the Lagrange parameter.

In mathematics this functional is known as the Willmore functional, at least in flat
space, whereas for curved ambient manifolds the literature [23] also considers the
functional

Ux) = / |A12dps.
X

In flat space these two functionals only differ by a topological constant. However,
the second functional is conformally invariant and thus translation invariant in all
conformally flat manifolds. Since our model space, the spatial Schwarzschild metric
g,ﬁ = ¢31g", with ¢ = 1 + 7=, ¢ the Euclidean metric and m > 0 a mass param-
eter, is conformally flat, we could not hope to find unique surfaces minimizing the
corresponding constrained problem.

Furthermore, the functional (2) appears naturally in general relativity in form of
the Hawking mass m gy (X') of a surface X, defined as

|E|l/2

This quantity is used to measure the mass of a region enclosed by X. Due to the
area constraint, Eq. 1 also appears as the Euler—Lagrange equation when maximizing
m g (X)) subject to fixed area | X|.

Foliations of asymptotically flat manifolds using constant mean curvature surfaces
have been considered in [6,9,24]. The uniqueness of such foliations was considered
in [18]. In [9] these foliations have been used to define a center of mass for initial
data sets for isolated gravitating systems in general relativity. Such data sets are three
dimensional asymptotically flat manifolds. We argue here that, due to its relation to the
Hawking mass, Eq. 1 is the most natural equation to consider when defining a geomet-
ric center of the Hawking mass. In fact, surfaces maximizing the Hawking mass are the
optimal surfaces to calculate the Hawking mass. This intuition is backed by our obser-
vation that along the foliation we construct, the Hawking mass is non-negative and
non-decreasing in the outward direction, provided the scalar curvature Mg > (isnon-
negative, cf. Theorem 4. We remark that on stable surfaces of constant mean curvature
the Hawking mass is also non-negative as was shown by Christodoulou and Yau [2].

Moreover, we wish to mention here that in [7] Huisken argues in the other direction
and introduces a definition of quasi-local mass with the constant mean curvature equa-
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Foliations by surfaces of Willmore type 3

tion as Euler—Lagrange equation for the optimal surfaces at a given enclosed volume.
This then fits together with the center of mass definition by CMC spheres.

CMC foliations have also been studied in other contexts, in particular with asymp-
totically hyperbolic background in [13,16,17]. This setting is also relevant in general
relativity when studying data sets which are asymptotically light-like. We expect that
our results extend to the asymptotically hyperbolic case.

In R?, minima of functional (2) are round spheres, and since the functional is scale
and translation invariant, we get an (at least) four dimensional transformation group.
In particular, we can not expect solutions of (1) to be unique. The existence of surfaces
Y C R of higher genus which minimize the Willmore functional and in particular
satisfy (1) with A = 0 has been shown by Simon [21] and Bauer and Kuwert [1].

This changes when we take the background M not to be R3 but the exterior region
of an asymptotically flat manifold. That is M = R>\B, (0) and the metric on M is
asymptotic to the spatial Schwarzschild metric g,ﬁ. This metric is the spatial part of
the Schwarzschild metric which describes a single, static black hole of mass m. Thus
m has the interpretation of a mass parameter.

In the g5-metric we no longer have translation and scaling invariance. In fact we
will show that solutions of (1) which are close enough to large centered round spheres
are in fact equal to centered round spheres. The radius of the sphere is then uniquely
determined by A, provided A € (0, A¢) is small enough. If the metric on M is asymp-
totic to g5 with appropriate decay conditions, we can show that solutions to (1) behave
accordingly and form a smooth foliation of the asymptotic region of (M, g).

To be precise, we consider metrics g on R3\ B, (0) with the following asymptotics

sup <r2|g — ¢51+r3|V=V5 |+ Ric — RicS |+r°|V Ric —V" RicS |) <,
R3\B, (0)

where g3 is the spatial Schwarzschild metric of mass m > 0, V» its Levi-Civita
connection and Ric;,g1 its Ricci-curvature. Correspondingly, V and Ric, are the connec-
tion and curvature of g. Furthermore, r is the Euclidean radius function on R3\ B, (0).
Such metrics shall be called (m, n, o)-asymptotically Schwarzschild.

In this setting, we will prove the following theorem.

Theorem 1 Forallm > 0 and o there exists ng > 0, Ao > 0 and C < oo depending
only on m and o such that the following holds.
Let (M, g) be an (m, n, o)-asymptotically flat manifold with n < no and

MSc| < nr

then for each ) € (0, Lo) there exists a surface X satisfying Eq. 1.
In Euclidean coordinates this surface is W*2-close to a Euclidean sphere S R, (@)
with radius R) and center a)_ such that

lax| + |Ry — (/2m)~3| < C.
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4 T. Lamm et al.

Moreover, there exists a compact set K C M such that M\K is foliated by the
surfaces { X5 }1.e(0,10)-

For an arbitrary surface ¥ C R? we can define a best matching sphere by introducing
the geometric area radius and the center of gravity, both with respect to the Euclidean
background:

121

R¢(X) = and q.(X) = |2|e_l/xd,ue

b))

where in the second integral, the integrand is the position vector. Then we define the
scale-invariant translation parameter

T(X) = ae(X)/Re(X)

and we can state the uniqueness theorem

Theorem 2 Let m > 0 and o be given. Then there exists no > 0, 1o > 0, ¢ > 0 and
rog < oo depending only on m and o such that the following holds.
If (M, g) is an (m, n, o)-asymptotically flat manifold with n < no and

MSc| < pr3

then every spherical surface ¥ C M with rpip := minyg r > ro, T(X) < 179, R, <
8’"311;1 and H > 0 satisfying Eq. 1 for some A > 0 equals one of the surfaces X
constructed in Theorem 1. In particular A € (0, Lo).

The outline of the paper and the proof of the above theorems is as follows. After setting
the stage by presenting some preliminary material in Sect. 2, we calculate the first and
second variation of (2), to arrive at (1) and its linearization. This is done in Sect. 3.

In Sect. 4 we prove a priori estimates for solutions to (1) under the assumption that
H > 0 and A > 0. These estimates in particular show that with increasing area also
the Hawking mass of the X increases.

Section 5 is devoted to a technical improvement of the curvature estimates in Sect. 4,
under the additional assumption that the surface in question is not too far off center in
the sense that the translation parameter above is not too large.

This allows us to break the translation invariance in Sect. 6, where we prove position
estimates. These estimates are at the heart of the uniqueness and are quite delicate.
In this section we also state the final version of our a priori estimates. These esti-
mates allow to control both the position and the shape of solutions to (1) in a very
precise way.

In Sect. 7 we analyze the linearization of Eq. 1 and use the previous a priori estimates
to show that this operator is invertible. The reason why we are able to do this, is that
the estimates in Sect. 6 allow to compare the linearization of (1) to the corresponding
operator on a centered sphere in Schwarzschild. The latter operator is invertible and
thus invertability of the former one follows.
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Foliations by surfaces of Willmore type 5

This is used in Sect. 8 to prove the existence and uniqueness of Theorem 1 and
Theorem 2 using an argument based on the implicit function theorem.

2 Preliminaries

2.1 Geometric equations

We will consider three dimensional Riemannian manifolds (M, g), where g is the
metric tensor, which we write as g;; in coordinates. Its inverse is denoted by g'/,

its Levi-Civita connection by V. For the Riemanninan curvature tensor we use the
convention

(ViVj = V; V) = MRmjjug"™ .

Here we use the Einstein summation convention and sum over repeated indices. Then
the Ricci-curvature is given by

M kM
Rei; = g/" " Rmjj

and the scalar curvature by ¥Sc = g'/MRc;;.
Our sign convention implies that commuting derivatives on a 2-tensor Ty, gives

VaVeTea = VoVaTea — " Rapeeg® Tra — M Rmgpaeg® Tep.

For a three dimensional manifold the Riemannian curvature tensor can be expressed
in terms of the Ricci curvature as follows

MRm; i1 = MRejigje — MReigji — Y Rejigin + MRejrgin
1
= 5 MSe(gigjx — gikgjn)- 3)

If ¥ C M ia a surface we denote by y the induced metric and by v its normal. The
second fundamental form of X is denoted by A and its mean curvature by H. The
Riemannian curvature tensor *Rm of X is given by the Gauss equation

ZRm;ju = MRmyji + AuAj — AikAjr 4)
Taking the trace twice implies

¥Sc =Msc — 2MRe(v, v) + H? — |A]%. 5)
Furthermore, we have the Codazzi equation

ViAij = ViAgj + MRmyq0°. (6)
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6 T. Lamm et al.

Denote by w := Ric(v, )T the tangential projection of the 1-form Ric(v, -) to X. Then
using the Gauss equation (4), the Codazzi equation (6) and equation (3), the Simons
identity [22] becomes

AA;j = ViViH + HA Ay — |APA;;
AI}VZmMRmzikm + A Rigji + 2Viw; — div oy;). )

For an}.f two-tensor 7', we denote the traceless part by TO, thatis Tl(]) =Ti— %(tr T)yij.
In particular we have

o 1
Aij = Aij — 5 Hyij.

This implies that
212 1 2 2
[ A" + EH = |A|".
With the help of these facts we get from Simons* identity that
o 2 0 Ok o 1 2 o o 2 o 1 ] 2
AAl'j = (V H)ij +HAl~ Akj + EH A,’j - |A| A,’j - §H|A| Yij
+ Xl;ylmMleikm + XklMRmikjl +2Viw; — div oy, ()
and therefore
[ o o 1 o o
AVAA;; = (A, VPH) + §H2|A|2 —1A)*
— | APMRe(v, v) + 2417 A MRe;; +2(A, Vo). ©)
2.2 Asymptotically Schwarzschild manifolds
Let g;fl be the spatial, conformally flat Schwarzschild metric on R3\{0} of mass .
That is gf;, = qﬁfn g%, where ¢, = 1 + 5, g¢ is the Euclidean metric on R? and r the
distance to the origin in R3. We will suppress the dependence of g5 and ¢, on m and

denote the metric simply by g% and ¢,, by ¢. The following lemma summarizes the
relationship of the geometry of g5 and g¢.

Lemma 1 1. The Ricci curvature of g5 is given by
. m. _
Ricf; = 7567 (g5 — 3p10;) (10)

where p, is the I-form dual to the vector 3% on R3. In particular, the scalar
curvature of g3 vanishes.
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Foliations by surfaces of Willmore type 7

2. If ¥ C R3\O is a surface, we denote by v¢ the normal of X with respect to g°
and by v3 the normal of X with respect to g5. Analogously du®, duS denote
the respective volume forms, Xe, KS the respective traceless second fundamental
forms and H¢ and HS the mean curvatures. We find the following relations:

v = ¢ 2e, (11)
dpS = ¢*du’, (12)
AS = ¢ 2A°, and (13)
HS = ¢72H® + 4¢3, 9. (14)

Definition 1 We say that (M, g) is (m, n, o)-asymptotically Schwarzschild if there
exists a compact set B C M, and a diffeomorphism x : M\B — R>\B,(0), such
that in these coordinates

sup (121g—g%1+7* V¥ = V| 44| Rict —Ric® | +7°|V it VS Ric¥ |) < 1,
R3\ B, (0)

where g% is the metric for mass m.

For brevity we will subsequently refer to Ric8 simply by Ric or by ¥ Rec.
In the next lemma we relate geometric quantities with respect to g to quantities
with respect to g5.

Lemma 2 If (M, g) is (m, n, &) asymptotically Schwarzschild and if ¥ C R3\ B, (0)

is a surface, we have the following relation between the normals v with respect to g
and vS with respect to g°

r2|v — vS| <Cn.
Furthermore, the area elements dp and du® satisfy du — du’s = h dp with
r?|h] < Cn,
The second fundamental forms A and AS satisfy

|A—AS| < Cn(r™ +r72 A])
IVA — VAS| < Cn(r—* + r 3 |A| 4+ r 2|V A).

To estimate integrals of decaying quantities we use the variant of [9, Lemma 5.2] as
stated in [14, Lemma 2.3].

Lemma 3 Let (M, g) be (m, n, o)-asymptotically Schwarzschild, and let py > 2

be fixed. Then there exists c(py) and ro = ro(m, n, o), such that for every surface
Y C R3\Bro (0), and every p > po, the following estimate holds

@ Springer



8 T. Lamm et al.

_ 2
/r Pdu §c(p0)rminp/H2d,u.
b b

Here rpyin := miny r, where r is the Euclidean radius.
In the sequel we will also need decay properties of volume integrals.

Lemma 4 Let $2 be an exterior domain with compact interior boundary X. Then for
all p > 3 there exists a constant C(p) and ro such that if rmin > ro we have

/r_”dV < C(p)rfn;j’/H2 dp.
2 P

Proof Let p be the Euclidean radial direction, and let X = r~?+!p. With respect to
g we have

divX=@-=pr?+0¢ P,

Choose r so large that the error term is dominated by the main term in this equation,
that is

(p—=3—eyr P <—divX,

where ¢ is such that p — 3 — & > 0. Integrating this relation over £2 and partially
integrating on the right hand side yields the estimate

_ 1
/r pst—/(X,v).
p—3—c¢

2 )

Note that the boundary integral at infinity vanishes as the surface integrand decays
like »~P*1. The claim then follows from Lemma 3. O

. . . o] . .
Using the conformal invariance of || Al 2(5) which can be seen via Lemma 1, we
derive:

Lemma 5 Let (M, g) be (m, n, o)-asymptotically Schwarzschild. Then there exists
ro = ro(n, o) such that for every surface X C R3\Br0 (0) we have

2 212
”LZ(E,ge) - ” A||L2(Z',g)

_ o o _
= Cnrmizn (” A”iz(z,g) +IH 23,0l Allz2(5,) + TIVmiZHHHHiz(E,g)) .

1 4

Corollary 1 Let (M, g), ro and X be as in the previous lemma. Assume in addition
that ||H||L2(2) < C/, then

l Ae”LZ(z,gL’) < C(ro)ll A”LZ(E,g) + C(ro, C’)nr;f,-
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Foliations by surfaces of Willmore type 9

We need the following variant of the Michael-Simon Sobolev inequality [15] as stated
in [9, Proposition 5.4].

Proposition 1 Let (M, g) be (m, n, o)-asymptotically Schwarzschild. Then there is
ro = ro(m,n, o) and an absolute constant Cg such that for each surface ¥ C
M\ B, (0) and each Lipschitz function f on X we have the estimate

1/2

/|f|2du SCS/IVfIJrIHfIdM. (15)
> )

Via Holder’s inequality, this implies that for all ¢ > 2

2
2+q

2 2
/Iflqdu < cs/wﬂﬁ Hf dp, (16)
> o

and forall p > 1,

1/p
/Iflz”du« 5Cxpzlsuppfll/”/IVf|2+H2f2du. (17)
") )

2.3 Almost umbilical surfaces in Euclidean space
To conclude that the surfaces we consider are close to spheres, we use the follow-

ing theorem for surfaces in Euclidean space. This is proved in [3, Theorem 1] and
[4, Theorem 2].

Theorem 3 There exists a universal constant ¢ such that for each compact connected
surface without boundary X C R3 with area | 2| = 4w, the following estimate holds

IA® = yll2(x pe) < el A%l L2z ey

If in addition || fi"”Lz(z’yq < 8m, then X is topologically a sphere, and there exists
a conformal map V = §* — ¥ C R3 such that

”w — (Cl + ids2)||W2,2(S2) < C” Ae”Lz(Z',ye)f

where id g is the standard embedding of S2 onto the sphere S1(0) in R3, and

a= |E|;1/id2 dp®
X
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10 T. Lamm et al.

is the center of gravity of X. The conformal factor h of the embedding , that is
V*y® = h’yq, satisfies

I = iy +sup 1 = 11 < el ANz, oy
N

The normal v¢ of X satisfies

[N —v€odllyraege <cll Ae”LZ(z,ye),
where N is the normal of S1(a).

To get the scale-invariant form of these estimates, we proceed as follows. For a sur-
face X' with arbitrary area | X'|, let R, = /| 2|, /4. Then the first part of Theorem 3
implies that

1A = R Y4l 2z ey < cll AN L2 pe-
Again let a, denote the center of gravity of X,

ap = ;/idg duf € R°.
47 R?
P

Then if || XEH 12z, = 8, the second part of Theorem 3 gives that there exists a
conformal parametrization v : Sg,(a.) — X. The estimates from Theorem 3 imply
together with the Sobolev-embedding theorems on S2, that the following estimates
hold

sup ¥ — idsp, )| < CRll ANl 2 (5.0 (18)
SRe (ae)
[N o idSR(,(ae) -0 Ylirzs) < CRell Ae”LZ(z,ye)- (19)
and
sup [h? = 1] < CIIA®|I 25,0 (20)
SRe (ae)

Here, as before, i denotes the conformal factor of the map ¥ and N is the normal of
S R. (ae).

3 First and second variation

In this section we calculate the first and second variation of the Willmore functional
subject to an area constraint.

@ Springer



Foliations by surfaces of Willmore type 11

To compute the first variation of W let ¥ C M be a surface and let F : X X
(—e&, &) — M be avariation of ¥ with F(X, s) = X and lapse %—f o = av. Recall
the following well known evolution equations for deformations of hypersurfaces (see
for example [8]). Here and in the following we will understand that all s-derivatives
are evaluated at s = 0, and will not further denote this explicitly:

0
g]ﬁj:ZOfAij,
0
—du =aHdpu,
as
d y
— oyl = oA,
Bsy “
0
—v = —Va,
as
9 4 ViVia + (A Ak T)
—A;; =—-ViVia+a (AjAS —T;; ),
s ij iVvVj ik j ij
0
—H = La,
as
where
Lf ==Af = £ (IAP +"Re(v, v) 1)

is the well known Jacobi operator for minimal surfaces,
Ty = YRm(d;, v, v, 8)) = MRel; + G, )y

and G = MRc — %MSC - g is the Einstein tensor.
The first variation of V¥ can then be computed as

0=

d 1 1
= Wz = / HLo + -Hadp = / (LH + —H3) adu. (22)
ds s=0 2 2

X

A critical point for W therefore satisfies the Euler-Lagrange equation
13
LH + EH =0. (23)

To compute the second variation of WV, note that by (22)

d2

ds?

9 1
WI[Z,] = / — (—AH — H|A?> = HMRc(v, v) + —H3) O[d,u‘
s=0 s 2 s=0
)

/ 1 5 oo 5
+ LH+ -H — + Ha
2 0s

P

4 24)

s=l
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12 T. Lamm et al.

Thus we have to compute the linearization of the Willmore operator defined as follows

W d
o= —
ds

1
(—AH — H|A> = HMRc(v, v) + EH3)
s=0

0 0 2 d y 3,
= —|—,A|H—-—H—|A|"— H—"Rc(v,v)+ LLa+ -H"La. (25)
as as as 2

Using the above formula for the variations of the metric and the second fundamental
form we compute

A= —3aA*A] —VIVig — T
s
and therefore
I a2 J ij 3 ivj ij
£|A| =a—s(A Aij) = 2atr A7 —=2A;;V'V/a =20 AV T;;. (26)

The next term we compute is %M Rc(v, v), yielding
a
a—MRc(v, V) = aV,MRe(v, v) — 2MRe(Va, v). (27)
s

We turn to computing the commutator [% A]. We write A = div V and we compute

the commutator of [%, div] and [%, V] individually. First note that since qu) =
Kl 3¢

Y o we have
J k ki 09 w9 9
— Vv = 2aA" — — 0,
s ( ¢) R Tt ax! ds
and hence
d k7l
35 Vi g =-"20A;Ve=-2a5Ve). (28)
S

Here S is the shape operator, that is the tensor defined by
y(S(X),Y)=A(X.Y)

for all X,Y e X(X). Now we turn to the computation of [%, div], operating on
vector fields. Let X, Y € X (X') be vector fields. We compute

1
y(VxY, X) =y (Vy X, X) + v (X, Y], X) = EY(V(X’ X)) +yX, [X,Y]D). (29
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Foliations by surfaces of Willmore type 13

We choose a local orthonormal frame {e;} and propagate it using the ODE

a
gei = —aS(e).

Then the {e;} remain orthonormal under the evolution. Plugging X = ¢; into Eq. 29
yields

(Ve Y, ei) = y(ei, [ei, Y]).

Differentiating this equation and using the above formulas we get by a fairly standard
computation

;—SV(V@ Y,ei) =2aA(e;, [ei, Y]) — y(aS(ei), [ei, Y1) — y(ei, [aS(ei), Y1)
= aA(ei, Ve, Y) —aAlei, Vyei) —ay(ei, VsepY)
+ aY(y(ei, S(ei))) —ay(Vyei, S(ei)) + Y(a)Ale, e;)
=aA(e;, Ve, Y) —ay(ei, VsepY) +aVyA(e, e;) + Y(a)A(e;, €;).

If we now choose {e; } to be an orthogonal system of eigenvectors for S, thatis S(e;) =
Aie;, then we see that the first two terms cancel, and after summation over i we infer

|:38_s’ div:| Y = ZonyA(e,', ei)+Y(x)A(e;,e;) = Vy(aH). (30)

We combine Eqgs. 30 and 28 and get, using A = divV,

[% A] ¢ = (Vo,V(aH)) —2A(Va, Vo) — 2a div (S(Ve)) . 31)

Using an ON frame {e; }, we compute further that

div (S(Ve)) = Z Ve, AV, i) + A(V, Vo, e)

1

and in view of the Codazzi equation this yields

div(S(V$)) = (V. VH) + > YMRm(e;, V. v, e1) + A(V,, V. e)

1

= (V¢, VH) + MRc(Vo, v) + (A, V2¢).
Plugging this formula into (31) gives

[aa_s A} ¢ = H(Va, Vo) — a(Vo, VH) — 2A(Va, V)

—2aMRe(Ve, v) — 2a(A, V2¢). (32)
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Finally we substitute the results (26), (27) and (32) into (25) to obtain

3
Wa = LLa + §H2Lo; — H(Va,VH)+a|VH?

+2A(Va, VH) + 20MRc(VH, v) + 2a(A, V’H)
+2aHtr A+ 2H(A, V?a) + 20 H(A, T)
—aHV,MRc(v,v) + 2HMRc(Va, v).

(33)

We rewrite Eq. 33 in dimension two, as it somewhat simplifies. We split A = A+ % Hy

in the following terms
2 g 2 1
(A, V7o) = (A, V°a) + EHAoz,
o 1
A(Va,VH) = A(Va,VH) + EH(Va, VH),

1 o
(V2H, A) = SHAH + (4, V2H),

o o 1 o 1
rAd =u A>+ HIAP? + 5H|A|2 = H|A? + §H|A|2,

1oy o
(A.T) = S HYRe(v.v) +(4.7).

Plugging these into (33), and setting @ = Ric(v, -)7 yields

1 o o
Wa = LLa + 5Hchx +2H(A, Vo) + 2Hw(Va) + 2A(Va, VH)

ta (|VH|2 +20(VH) + HAH +2(V2H, A)

£ 2H2 AP+ 2H(A, T) — HV,MRe(v, v)) .

(34)

To demonstrate that W is L?-self adjoint we compute, with D = |A|? 4+ Ric(v, v),

/,3H2Ladu:/,8H2(—Aa—aD)d,u
x x

= /H2<Va, VB) +2HB(VH, Va) — afH>D dpu,
X

and, using div A= %VH + w,

/ﬁH(A’, V2a) du
P

- —/ﬂA"(w, VH)+ HA(Va, VB) + %ﬂH(Va, VH) + HBw(Va)du.
P
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Foliations by surfaces of Willmore type 15

Thus
1 0
/ﬁwa dp = / LaLp + §H2(Va, VB) —2H A(Va, V)
b X

+ap (|VH|2 £ 20(VH) + HAH +2(V2H, A) + 2H?| A)?

o 1 1
+ 2H(A,T) — HV,MRc(v, v) — EH2|A|2 — 5HZMRc(v, v)) . (35)

and from this representation it is obvious that the bilinear form associated to W is
symmetric, and hence W is L>-self adjoint.

Recall that the goal is to find a critical point of the Willmore energy in the class of
surfaces with given area. From (23) we get that for a critical point of this problem we

have
1 3
0= LH—i—EH adu (36)
)

for all @ which respect the constraint | s aH du = 0. We thus find the Euler-Lagrange
equation

1
LH+ §H3 = \H, (37)

where X is a constant. Let us turn to the computation of the second variation

82

952

W] = /aW(x +(LH+ EH o + Ha” ) du. (38)
s=0 N
x

At this point we only consider variations that leave the area constant up to second
order. This gives

82

0= —
952

d do 2.2
oHdp= | —H+aoLo+aoa"H du. (39)
s=0 ds
X

DR
s:o| sh= 3

s

Thus we can compute

1 3 3
/(LH+—H3) 2 H? dpL:/AH % L He?) du
2 as as
X X

= —A/ozLoz. (40)
)
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16 T. Lamm et al.

Plugging this into (38) yields that the second variation of V on a stationary surface
X is given by

821/\/(0{, o) = /aWot —AaLadu, 41
x

for all valid test functions o € C*°(X) satisfying |. saHdu=0.

4 Integral curvature estimates

In this section we derive a priori bounds on the curvature of surfaces which are solu-
tions of the Eq. 1. We will later make the assumption that both H > 0 and A > 0 on
these surfaces. Without the assumption on A we can derive the following lemma.

Lemma 6 If a surface X satisfies Eq. 1| with H > 0, then

I R I Ly
MEI+ [IViog H? + 2 H? + S| AP dp < 4w — [ SMScdp.
X P

IfMSC > 0 we have that

4A|2|+/H2du < 16m7.
X

Proof Multiply Eq. 1 by H~! and integrate the first term by parts. This yields

,\|2|+/|v1ogH|2+|£§|2+MRc(v, vydp = 0. (42)
P

We can now use the Gauss equation (5) and the Gauss-Bonnet formula to get

2 Lo 1oen Ly
AMZ|+ [ |[VIeg HI” + ZH + §|A| du <4m — 3 Scdpu.
b)) bl ]
The above lemma already implies that the Hawking mass is positive on such surfaces.
Theorem 4 If (M, g) satisfies MSe > 0 and if X is a compact spherical surface
satisfying Eq. 1 with H > 0, then mg (X) > 0if A > 0.
Furthermoreif F : X %[0, ¢) — M is avariation with initial velocity %
and [y oH dp > 0, then

o =av

d
—mpy (F(X,5)) = 0.
ds
Note that the condition on o means that the area is increasing along the variation.
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Foliations by surfaces of Willmore type 17

Proof Non-negativity of the Hawking-mass is obvious from Lemma 6. To observe
monotonicity, we compute the variation of the Hawking-mass. We denote
F(X,s) = X.

d
16m)%% =
(l6m) 15

mpy (Xy)
s=0

1
= 557 /aHd,u 1671—/H2du —2|Z‘|1/2/AaHdM
X P

»)

as Eq. 1 implies that the variation of || s H 2 du is given by 24 H. This yields

d 1
167)%/2 — = / Hd 16n—4AZ‘—/H2d
(16m)™= — SZOmH SILE aH du |2 W
x z
Lemma 6 implies non-negativity of the right hand side. O

Subsequently we assume that the manifold (M, g) is (m,n, o)-asymptotically
Schwarzschild for some n < 19, where ng is fixed. Furthermore X~ C M is a surface
with rpin > ro large enough. The particular 79 will only depend on m, 1 and o, and
we will no longer explicitly denote the dependence on these quantities. Similarly, con-
stants denoted with a capital C are understood to depend on m, no and o, in addition
to quantities explicitly mentioned. In contrast, constants denoted by ¢ will not have
any implicit dependency. We no longer require the condition Mse > 0.

Lemma 7 Let (M, g) be (m, n, o)-asymptotically Schwarzschild. Then there exists
ro = ro(m, n, o) and a constant C = C(m, n, o) such that for all topologically spher-
ical surfaces X C M\ B, (0) satisfying Eq. 1 with . > 0 and H > 0, we have the
following estimates.

2 2 —1
/|A| +|Viog HP dp < Cril,
)

min’

/sz,u — 16| < crzl
)

and
Az <crl.
Proof From Lemma 6 we get the bound

/szug 16n—2/MScdu
b P
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18 T. Lamm et al.

As |MSC| < C(n)r—* we find that in view of Lemma 3

/H2 du < 167 +Crmm/H2 du.

So if iy is large enough, eventually

2
/H du < 167 —i—Crmln

We can write the Gauss equation (5) in the following form

1 1 1
~¥Sc < 25c+—|A| 4H2+§MSC—MRC(V, V).

\S) |

Integrating and using Lemma 3 gives

167 </H2d/L—+—Crmln

The remaining claims now follow from Lemma 6. O

The initial bound on A derived above is crucial for higher curvature estimates on X.
We vary on the strategy outlined in [10, Sect. 2]. The estimates there were derived
in flat ambient space and therefore we review them here for the readers convenience.
More importantly, we can use the fact that H > 0, which improves the estimates, as
the absolute error is slightly better behaved.

Lemma 8 Under the assumptions of Lemma T we have

|AHP? 4 M 2
e dM<2 |A| d,u—i—2 ("'Re(v,v) +A)° du.
x

Proof We use Eq. 1, divided by H, which gives

|AH |? or M 2
77 du = (IAI + “Re(v, v)+k) du
X P
< 2/|X|4du+2/(MRc(v, V) + )2 dpu.
P X
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Lemma 9 Under the assumptions of Lemma 7 we have

|V2H |? )
——du +—|VH| du
=
M
mln/|VlogH| +/( Rc(v, v)+k) +|A| +|VlogH| du.
Proof

~H>V;V;V;HV;H +2H3V*H(VH,VH)du
—~H?V;AHV;H — H >*Rm;;1; V; HV H dp

+/2H—3v2H(VH, VH)du
P
|AH|?

o H™2*Rm;1; V;HV H du

)

+/2H—3v2H(VH, VH)—2H 3 |VH[*AH dpu. (43)

)

In view of the Gauss equation (4) the curvature term yields

1
*Rm;i; V;HViH = ( Rmiji; + 3 H?yj = zkAz,) VHViH

l o o
= 4—1HZ|VH|2 -i-MRm,'jk,'VjHVkH — Ajx AjjV;HV H.

Furthermore, we estimate

/2H—3v2H(VH, VH)—2H 3 |VH[*AH du
P
1|V2H|?
< H—+C|V10gH| du.

2
z
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20 T. Lamm et al.

The first term can be absorbed to the right hand side of Eq. 43. We infer

1|V2H|2 )
ST —IVHI du

/' MRm||V log H|* dpu.

We use |MRm| < C rmm and Lemma 8 to conclude the claimed inequality. O

Lemma 10 Under the assumptions of Lemma T we have
o 1 o _ o o
/|VA|2du+§H2|A|2du§/|w|2+Crm§1/|A|2du+/|VH|2+|A|4d;L.
z b

Proof Integrate equation (9), and use integration by parts on the left hand side, and
on the first and the last term on the right hand side to conclude

) l 2,912 _ . o 1 o 4
VAP du+ 5 [ HAPdp= [ 2(div A SVH + o) +14]
)
+[APMRe(v, v) — 2 A7 ALMRe; .

From the Codazzi equation we conclude that div A=1LlvH + w, and hence

(e} 1 o (e} (e}
/|VA|2du+5/H2|A|2dus/|VH|2+|A|4+4|w|2+c|A|2|MRm|du.

In view of [YRm| < Cr_ I the claimed estimate follows. O
Combining Lemma 9 and Lemma 10, we infer the following estimate.

Lemma 11 Under the assumptions of Lemma T we have

+|VA| +IAPIA du

c/|a)|2+(MRc(v, v)+)\)2du+c/|A°|4+|v1ogH|4dM
) P

+ Crmm/ |Viog H? + | A2 du.
X

At this point we need a variation on the multiplicative Sobolev inequality from
[10, Lemma 2.5].
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Foliations by surfaces of Willmore type 21

Lemma 12 Under the assumptions of Lemma T we have

/|X|4+|v1ogH|4dM
X

<e /|X|2+|VlogH|2du
")

it

Proof We use the Michael-Simon—Sobolev inequality from Proposition 1 and
Holder’s inequality to estimate

+ VA2 + [Viog H|* + H2| A2 du

|V2H|?
H2

1/2

2
/ (|v1og H|2) du

$)
|VZH| ; )
<c I |[VlogH|+ |ViogH|” + H|VIog H|"dp
)
1/2 1/2
2 |V2H|? 4 2
<c [Viog H|“du 78 +|ViegHI" + |VH|"du
$) $)
Furthermore
172
Jrata)  sc 1R A1+ AP
$) )
1/2 172
<c /|X|2du /|V£|2+H2|2i|2du
$) $)
Combining both inequalities yields the claim. O
The estimates above yield the initial curvature estimates.
Theorem 5 For every m,n, o there exist constants ro = ro(m,n,o) and C =

C(m, n, o) with the following properties:
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22 T. Lamm et al.

If (M, g) is (m, n, 0)-asymptotically Schwarzschild and X C M\ By, satisfies Eq. 1
with H > 0 and ) > 0, then X satisfies the estimate

VZH|? o
/ 'H—zl +|VAP> +|Vieg H* + AP Al* du
)

§c/|w|2+(MRc(v, V) +1)2 dM+Cr;§1/|VlogH|2+|K|2du
P b))

Proof This is a consequence of Lemma 7, Lemma 11 and Lemma 12. O

Corollary 2 Under the assumptions of Theorem 5 we have the estimate

|V2H|? 2 4 2,902 4 2 |
/—+|VA| + |Viog H|" + |AI7|Al"dpu < Cr_.. + Cr_ | X|™

H2 min min
X

Proof The claim follows in view of |w| + | Ric| < Cr~3, Lemma 3 and the estimates
from Lemma 7. O

Corollary 3 Under the assumptions of Theorem S5, we have the estimate
min min”

/ |A2 + |Viog H?du < Cr=t| 2| + Cr2
b

Proof This follows from the Michael-Simon—Sobolev inequality and Kato’s inequal-
ity. For example

1/2
[1aran)  =c [[mid]+ mAia
X P
1/2
<G| 3|2 /|VX|2+H2|A’|2dM

)

Using Corollary 2 the claimed inequality for [ |1§|2dy, follows. The proof for
[ 1V log H|? du is similar. |

5 Improved curvature estimates
Before we can approach the position estimates, we discuss how the decay rates in the

curvature estimates in Sect. 4 can be improved. First we note that the estimates in
Sect. 4 and Theorem 3 imply that solutions to Eq. 1 are close to spheres.
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Foliations by surfaces of Willmore type 23

Proposition 2 Let R, be the geometric area radius of X with respect to the Euclid-
ean metric, i.e. fz du® =4r RZ, and let a, be the Euclidean center of gravity of X,
that is

f sidy du’
Jg due
Let S := Sg,(ac) be the sphere of radius R, centered at a, and let N be the Euclidean

normal of S. Then there exists a conformal parameterization ¥ : S — (X, y¢) with
conformal factor h* satisfying the following estimates.

de =

sup [y —ids | < CR, (1 Al2 + 17l ) (44)

N
IN oids = 0 ¥l 2y = CRe (1Al + ) (45)
sup W -1 <cC (|| A2 + nrmm) (46)

Proof This follows immediately from Corollary 1, Theorem 3 and Corollary 2. O

In the sequel, an essential quantity will be the ratio between the center of mass and
the radius of the approximating sphere. We denote it by

|ae|
= —, 47
’ R, “7)

where a, and R, are as in Proposition 2. Note that by Corollary 2 and (44) we have

o] —
Fmin = Re — lael = CR(I| Allz2 + nrin)
> Re(1 = 7) — C1Re(Rerp i + 1o + 1), (48)
Analogously we can estimate ry;, from above. If we now assume that

t<(l—¢) and R, < — 4C, ﬁm, (49)

for some arbitrary ¢ > 0, we get for rpyi, large enough

_ _ _ &
C (Rermizn + rmiln + 77rmi%l) = 5

and this shows that
C_lrmin < R, < Crmin.
Hence R, and ry;i, are comparable to each other and therefore we will not distinguish

between them any more and we phrase the estimates only in terms of ri,. Constants
C in this section will also depend on ¢.
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We can use the fact that X' is well approximated by a round sphere to compute a
precise expression for A.

Proposition 3 If (M, g) and X are as in Theorem 5, then if assumption (49) holds,
we have

2m
A —

5| = Crom (1ANE: + 19108 ) + Crogt (v rinl AlL2 + i)
S

Here we set Rs := ¢>R, where ¢ = ¢p(R,) = 1 + 2”136.

Proof Recall that from (42) we have

A|2|+/Ric<v, v) e s/|fi’|2+|VIogH|2du (50)
) X

The goal is now to calculate the integral on the left. We start by estimating the error
to the respective integral in Schwarzschild.

/Ric(v, v)du — /Rics(us, vS) dlLS

) )

5c/lRic—RicS|+|Ric|lv—vS|~|—|Ric||d,u— dps|dp < Cnr2

min*

)

We furthermore replace v5 and duS by the respective Euclidean quantities. This intro-
duces some factors of ¢ which all cancel, and we therefore get no further error in the
following step:

/Ric(v, v)du —/RiCS(Ve, V) duf| < C’Vr;izn'
) P

The second integral on the left can be replaced by an integration over the sphere
S = Sk, (a.) from Proposition 2, introducing only acceptable error terms. This tech-
nique was used extensively in [14]. To see how this works, we use the parameterization
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Foliations by surfaces of Willmore type 25

Y+ § — X from Proposition 2 to calculate

/ Ric’ (v, v9) du’ — / RicS(N, N) du®

p)) S

= / (Ric® o) (v¥ 0 ¥, V¢ 0 ¥) h* — Ric* (N, N) dp*

c/ |Ric® oy — RicS | + | Ric® [|h2 — 1] + | Ric® ||v¢ o ¥ — N|dp®
S
< c|VeRic® [ polly —1d ||| Z] + c[| Ric® || 11> = 1] Lo
+ el Ric® [|2][v¢ o — N2

-2 bt -1
< Crpinminll All 2 + nr )

Ak ) Then the repre-

sentation RICS(N, N)=¢~ 2n (1 3g%(p, N)Z) together with p = r~Y(R,N +a,),
implies that

Now use coordinates ¢, ¥ on Sg(a) such that cosp = g° (

/ RicS(N, N) du®

2 1 2 e
=m ¢ —3R —6R, |ae| —3|ae| du

Letting ¢ := 1 + 2’"Te we can use the expression r> = Re2 + 2R, |a.| cos ¢ + |a.|* to
estimate that

suplp — ¢l < Crrogy
s
which renders

/ RicS(N, N)du®
S

m 1 21 200 )
¢>2 —3R;— —6R, |ae| — 3|a.| dpf + 0(rrmm)

Integrals of this type can be computed explicitly as follows. First write

T

! !
cos cos
/—kwd,ue :271R3/singp kwd(p.
r r

S 0
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26 T. Lamm et al.

We have x = R,N + a,, and hence r = \/RZ + 2R, |a| cos ¢ + |a.|?. Thus ‘Zl—‘f =

r2—R2—|a,|*

—m, and cos ¢ = —5z=o 7. Substituting this into the integral yields
T I Re+lael
. cos 27 R
27 R? / sing L dg. = I |e Q2Relac])™ / P12 — R2 — a2 dr.
r ae
0 [Re—laell

Thus we can compute (see Appendix A.1), if |a.| < R,

- 58
/ Ric (N, N du = =622 + 0 (1)
R,
S

Collecting all error terms we introduced, this yields that

. 8mrm _ 0 -
/RIC(I), v)dp + R_S = Crmii (T + rminll Allz2 + nrmi]n)
X

The next step is to calculate the area of X'. Similar to the above argument we estimate

/ld,u—/ldus <Cn.

X )

From Lemma 1 we get

/ldus=/¢4due.
b x

We now replace ¢ by ¢ in this integral. This yields an error of the following form

/¢4 dp’ — /¢_>4 du| < Crmin (r + rinll All 2 + nrr;iln)
P P

In conclusion we find that
) _
121 = 47 R3] < Crin ( + rminl &ll 2 + 1)
Using Lemma 7 we get

‘MEI - 4nR§A’ <cCri? (r + Fminll All 2 + nrr;iln)
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Plugging this expression into Eq. 50, we arrive at the estimate

2m o -
A= | = Cron (VA2 419 10g H1Z: ) +Crh (24 rminll All2 ) 51
N
This yields the claim. O

If T behaves as above, we have more control over the curvature terms which did not
allow us to increase the decay rates in Sect. 4. In particular,

Proposition 4 Under the assumptions of Theorem 5, if conditions (49) hold, then

10 = 6720l 5y = Crin (22 + 14122 + 1)
I Ric(v, v) = 9~ Ric* (9, )35 = Crn (2 + 1412, + 0 )
101325y = Crom (2 + 1412 + 072
IRic” —PS, RicS |2, 5 < Crph (r + 1412, + nrmm)
Here, Pd)S_zp RicS denotes the g5-orthogonal projection of Ric® to the subspace per-
pendicular to =2 p.

Proof The proof is the similar to [14, Proposition 4.6]. However the claimed estimate
here is somewhat more precise, so we briefly sketch the argument. To show the first
assertion we first replace the quantities in the integral by the respective quantities
computed with respect to the Schwarzschild metric

/ g —¢2p,v—¢2p)du — / 505 —¢72p, S —p2p)du’| < Cn.

D) )
Then we note that
/gs(vs —¢ 2. vS — ¢ ?p)du’ = /g@(ve —p. v —p)du’.
x )

We now parameterize again by v and calculate the difference to the respective quantity
on S. We obtain

/ge(ve—p,ve—p)d/f—/ge(N—p,N—p)d;f

) N

<c (trmmHAlILz 2ol A2, + 2+ o+ rmm)
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Since

/geuv —p, N —p)du® < c/r*2(|r — Rel* + lae|?) dp’
S S

e -2
= Crr%ﬁn ('L’2 + 1 A”iz + nrmin) ’

where we used (48), we obtain the first inequality.
The other inequalities are then a consequence of the first, since they basically follow
from expressing the quantities in terms of the respective quantities in Schwarzschild.

m}

This proposition can be used to improve the mean value estimate we obtained in
Proposition 3 to the following L>-estimate.

Proposition 5 Under the assumptions of Theorem 5, if conditions (49) hold, we have
1A + Ric(v, v)ll 205y < Cril (r 1Al + IV Iog H 12 + r]rmm)

Proof We use the second estimate of Proposition 4 to express Ric(v, v) in terms of

¢ *RicS(p, p) plus error. Then we use that up to second order ¢ *RicS(p, p) = if’;
plus error. In combination with Proposition 3 this yields the estimate. I:I

Propositions 4 and 5 give more precise estimates of the terms on the right hand side
. . . . . . . [o] .

of Theorem 5. In combination with the initial estimate for || A[|;> we thus infer the

following improved curvature estimates.

Theorem 6 Under the assumptions of Theorem 5, if conditions (49) hold, then

VAP + Vlog HI* + 1P AR du = Crh (2 + 17

and furthermore

J1AP 4 o P an = Cr2 (2 4 )
X

Proof First of all note that by the calculation in Corollary 3 we can estimate

/|A| +|Vlog H*du <C|E|/ +|VA| +|Vlog HI*
+IAPRIAR dps. (52)
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Since, under assumption (49) we have that | ¥ |rmlrl — 0, we can eventually absorb
the second term on the right in Theorem 5 to the left hand side. In combination with

Proposition 4 and Proposition 5 this yields that

+|VA| +|Viog H* + |AP| AP du

< Cron (r i+ I AIZ: + 1V log 12, ) (53)

together with (52) we infer

/|A| +|Vilog HP du = Crok (2 + et + 1AL + 1V log H 1)

We absorb || A ||i2 +||Vlog H ||i2 to the left and obtain the second estimate. The first
estimate follows from (53) and this estimate. m]

Using this estimate, we also get a better control on derivatives of . In particular, we
have the following

Proposition 6 Under the assumptions of Theorem 5, if conditions (49) hold, then

2 -6 2 -2
”Vw”LZ(E) S Crmin (T + nrmin) ’

and
IV Ric(v, )13 5, = Croty (22 + i)
Proof To prove the first estimate calculate for {e;} a ON-frame on X that

Veo(er) = ei(MRe(v, ex)) — MRe(v, ¥ Ve, ex)
1 1
=My, MRc(v, er) + 5HMRc(e,-, er) — EHMR.:(U, V)

+MRe(er, ex) At — MRe(v, v) Aix. (54)

The last two terms including A have the claimed decay, so we focus on the first three
terms.

In Schwarzschild we have that on the centered spheres V5w vanishes as @ van-
ishes, so we find that on centered spheres for a ON-frame {eis } tangent to the centered
spheres

e 1 .
0= Veisa)s = vjis Ric’(p2p, e) + 5HSRlcS(ef, ed)
1
- EHRicS(Wp, ¢~ 2p). (55)
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Following Proposition 4 we get that the first three terms of (55) equal the right hand
side of (54) up to an error with L?-norm bounded by C tr_> . This yields the first

min*
estimate. The second one is proved similarly. O

In the sequel we will use the improved integral estimates to derive improved pointwise
estimates of the second fundamental form and its derivatives. Before doing this we

need the following Lemma which is due to Kuwert and Schitzle [10] in the case that
M =R".

Lemma 13 Under the assumptions of Theorem S we have for every smooth form ¢
along ¥

Il = ClolEscs, (V20 + 1 1*10P) di (56)
X

Proof The proof of lemma 2.8 in [10] can be carried over to our situation since we
saw in Proposition 1 that the Michael-Simon Sobolev inequality remains unchanged
if (M, g) is (m, n, o)-asymptotically Schwarzschild. O

In the next lemma we derive an L%-estimate for VZH.

Lemma 14 Under the assumptions of Theorem 5, if conditions (49) hold, then

/ V2 HPdp < Crot (113 + 1) (22 + 1) - (57)

=
Proof We multiply Eq. 1 with AH and integrate to get
/ IAH|?du = —/ HAH( A2+ MRe(v,v) + 1) du
x z

1 o
< 5/|A1L1|2cmJrc/HZ|A|4+H2 MRe(v,v) + 1) du (58)
x x

Defining f = | A|>| H| and applying Proposition 1 we get

1/2

/|A°|4H2dp, < c/(|A||A°||VA|+|A°|2H2)du
") X

1/2 1/2

<c /|A|2|X|2du /IVAI2+H2|AO|2dM
) ")
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In combination, we infer

/mm%u;/#Wmmw+u%u
+C /|A|2|/§|2du /|VA|2+H2|£{|2<1M

This implies the claim, since the first term is estimated in view of Proposition 5 and
the second one in view of Theorem 6. Using the Bochner identity as in the proof of
Lemma 9 finishes the proof. O

Now we are in a position to prove a pointwise estimate for H.

Proposition 7 Let S = Sg,(ae) be the approximating sphere for X' from Proposi-
tion 2. As in Proposition 3 we let ¢ = 1 + 2’”78 and define

Under the assumptions of Theorem 5, if conditions (49) hold, we have that

1H — A5z < Crol (r + \/ﬁr;fn) . (59)
Proof Since
IH = H |32 5) < C0*roin

and HS = ¢~ 2H® — 2r—’§1¢>_3ge(,o, v¢) by Lemma 1, we can estimate using Proposi-
tions 2, 4 and Theorem 6 that

2
”HS - HSH%Z(E) = C(quz(He - Ri) L2(%) H (¢7 i )Rie L2(X)
2
”(¢ )R2 L2(%)
”¢> ( g(p e)_2_m) 2 )
2 ’ R2 205
< C||A||L2():) +Cr i 4 Ot

-2
=Cr "min (T + nrmm)
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Combining these two estimates we conclude
7512
IH = 51325, < Cr (2 4+ 1)

We apply Lemma 13 to ¢ = H — H® and get

1H = H |5 < CIIH — H |75 5, /<|v2H|2 +HYH — H°?du
>
=I1+11 (60)

Now we estimate term by term. We use Lemma 14 and the fact that || H|[L~(x) <
IHS || ooy + 1H — HS || L (z) to get

1= Crh (1H B sy + ) (22 ) I1H = BS 12 5
2
m1n”H H ||LC’O(E') + Crmln (T + nrmm)

where we also used the above estimate for |H — HS || Next we note that

LX(D)’

/H4|H —HSPdp < C/H2 ((HS)2|H —HSP+|H - HS|4) du
P X

< C(HS)4/ |H — H>dp+ C|H — H¥|| ] (5.
X

Hence we get

2
) - _
11 < Crpf|H — HY||]oo 5y + Cro, (r + nrmm) .

min

Inserting these two estimates into (60) we conclude

. 2
|H — HSII‘;OO(E) mm”H S ||Loc(2) + Crpy (f + ’me)

and therefore, by choosing ry large enough we can absorb the first term on the right
hand side and this finishes the proof of the proposition. O

In the next lemma we derive pointwise estimates for higher derivatives of the curvature.

Lemma 15 Under the assumptions of Theorem 5, if conditions (49) hold, we have
that

o — —
rminllV H o)+ | Al = Crl (7 + Virn) (61)
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Proof Using (8) we estimate

14 &N < eIV H I 2 + NH Il A2+ TH B0 Al + 1 Al A1
+ MRl Al 2 + IVl 2)
< Crom (v + Virgh) + ClL Al 21 A1,

where we used Theorem 6, Definition 1, Corollary 7 and Propositions 6 and 14. Using
an integration by parts argument as in the proof of Lemma 9 we get

192 All 25y = Croy (7 + Vrmin) + ClLAl 20y | Al ),

Hence we can apply Lemma 13 and get

A

1A o5y < €l AT 5y IV AllG2 5 + 1 H 70 1 All7 2 5)

= Crmm (1" + 77rmm) + Crmm” A”LOO(Z‘)’

where we used the above estimate for V2 A and Theorem 6. Absorbing the last term
on the right hand side into the term on the left hand side finishes the proof of the

L>®-estimate for A. For the estimate of VH we differentiate (1) and get

IVAH 25y < c(MVHI 25y + 1 Al o5 IVH I 25

(o] o
+ I H o)l AllLeo) IV All2 5y
+ I Ric(v, V)[lLo(x) IVH | 125

+ IRie” ¢ W)l 2z 1Al o 5y
+ | Hll 25|V Ric(v, V)| 2(5))

< Crom (7 + Viirh) -

Hence by interchanging derivatives and integration by parts we get as before

IV H 25y = Crit (7 + /i) -

Applying Theorem 6 and Lemma 13 once more, we conclude

IVH sy = CIVHIR 5y (I H IR ) + i VH I )
2
—12
S C mll’l (T + nrmm) :

This finishes the proof of the Lemma. O
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6 Position estimates

To get estimates on the position of the approximating sphere, we exploit the translation
sensitivity of surfaces satisfying

1
LH+ EH3 = A\H. (62)
As it turns out, this position estimate is a delicate matter. The goal is to obtain an
estimate for T = |a.|/ R, where a, and R, are the center and radius of the approximat-
ing sphere constructed in Proposition 2. In fact, we subsequently prove the following
theorem

Theorem 7 For all m > 0, ny and o there exist ro < 0o, 79 > 0 and &€ > 0 with the
following properties. Assume that (M, g) is (m, n, o)-asymptotically Schwarzschild
with n < no and

|MSc| < nrfs.

Then if X is a surface satisfying Eq. 1 with H > 0, A > 0, rpin > ro and

T <71 and R, < erélin,

then

-1
T= C\/ﬁrmin'

Note that the assumptions of Theorem 7 imply the assumptions (49). We will therefore
take ro large enough to be able to apply the estimates derived in Sect. 5.

Theorem 7 follows from Proposition 8, which states that under the assumptions of
Theorem 7 we have in fact

1=C (72 +\/ﬁ"1;iln) ,

for some constant C depending only on m, no and o, whenever r¢ is large enough.
Assuming that 7y < 1/(2C) yields the claim.

The crucial ingredients for this estimate are the quadratic structure of certain error
terms, the translation invariance of the functional ¢/ with respect to the Schwarzschild
background, the Pohozaev identity, and the contribution of the Schwarzschild geom-
etry to break the translation invariance. We split the proof of the theorem into the
following subsections.

6.1 Splitting
Integrating the Gauss equation on X' yields

8w (1 —¢q (X)) =W(X) -UX) - V(2),
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where ¢ (%) is the genus of X' and

UY) = / A2 dp,

x

V() = 2/ G(v,v)du,
)

where G = ¥Rc — %M Scg is the Einstein tensor of M. Denoting by 6 ; the variation
induced by a normal variation of X' with normal velocity f, we infer from the above
relation that

SW(E) = 8UE) + 8, V(Z).

By assumption we have

SW(E) = A/Hfdu,
X

hence

,\/ Hf du =8 jUE) 4+ 5,V(5). (63)
X

By a fairly straightforward computation (given all the expressions in Sect. 3), we find

S;UE) = —/zﬁffvfjf+2fﬁ"f'MRciTj + FH|ARdp. (64)
)

6.2 The variations of / in g and g%

Here we compute the difference of the variation of I/ with respect to g and to g5, that
is the error when changing the metric.
To do this, we restrict to the special case where

_8W.b)
- H

f

3

and b = % where a, is as in Proposition 2 and v is the normal of X' with respect
e

to g. Thus, up to the factor of H~!, the function f is the normal velocity induced by
translating X' in the direction of b. We also define

o 255, b)
=,
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where HS is as in Proposition 7. As |v — VS| < Cnr‘z and ||H — I:IS||LOC(E) <
Cri2(t + /iiroL) we find that

If = £S1 < Ct + Jargh).

Before we proceed, we compute the first and second derivative of f.
Vif = H" (g(Vib,v) + g(b, Ale))) — HT2V;Hg(b, v), (65)

and hence, as |Vb| < Cr~2, we find that

IVFPdu <C r2 4 |_‘|2 4 VH? du < Cr.
= 2 o4 = min*
z z

The second derivative of f is given by
ViV f
= —AfAjf +2HV;HVHg(b.v) — H >V} Hg(b, v)
+H™! (g(ViV;b,v) + g(Vib, e Ak + g(V;b, e) Af +V, Ak g(b, e0))

—H™? (ViH(g(ij, v) + g(b, ex) A%) + Vi H(g(Vib, v) + g (b, ek)A{f)) :

In view of our estimates and the rapid decay of Vb, V2b, VH and V2 H, the first term
on the right hand side of this equation is one magnitude larger than the other ones.
However, the main contribution is in the trace of V2 f. We will not have to consider

the trace part, as V2 f is contracted with the traceless Ain Eq. 64. The traceless part
(V2 £)0 can be estimated as follows

[12 e [rtan =g, (66)
b)) p)

Note the jump in decay rates compared to the L?-norm of |V f|. Finally we need to
calculate the second derivative of 15

Vivifs = #HS™! (gS(V,-SV;?b, v9) + g5 (Vb, er) (AS)s + g5 (Vb &) (AS)}

+ VSN B,e0) = (ADEAS) i f5,
We are now in the position to examine

18,UZ) = 85U (D).
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We will do this in detail, as this requires some care. First, consider the first term in
Eq. 64:

E| = / g(A, (V2N dp — / SAS, (vHS MY dp®
) )

IA

/(g — e(A (V20 du + /gsu‘x’ _ A5, (V20 du
X

b))

+ / A5, (V2 (dp — dud)

)

+ / S(AS, (V2 f — (V2% du’

)

The first three terms can be estimated using the asymptotics of g and the curvature
estimates from Theorems 5 and 3.

E¢ < Cnrn:i/ ANV OO+ ¢+ 1ADIVZ OO + 1 AS1(V2 10 dpe

= Corpt V20 2z (1402 + il £172)
< Cnrmm
Using again the fact that we are contracting with the traceless second fundamental

form and the above equations for the second derivatives of f and f5 we see that we
can estimate the last term for £, denoted by E f , by

Eb < c/|f§S|H—2 (|VH||Vb| +|VH||A| + |V2H| +H—1|VH|2) duS

|AS||H HS| o s
e (|v b|+|Vb||A|+|VA|+H|A|) du

+CH! / | AS|1g(ViV;b, v) — g5 (VEVib, 1Y)

+1AS)1g(Vib, er) A% — g5(V5b, ex)(A%)E]

+1A5)1g(V;b, er) Af — g5(V5b, er) (A5
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+ | AS||V;Afg (b, er) — VE(AS)EgS (b, er)| du’

+C [1ASIAEA°F = (ASEAS° 71 . (67)
X

By the curvature estimates from Sect. 5 the terms on the first two lines in Eq. 67 are
estimated by

CIIA N2y (rminll VANl 25y + Fanin IV H | 25y + Fnin| V (og H) 1745,
F1V2bl 20wy + il All 2 + ron L All 25y

-2 2 -1 -1
= Crmin (T + T min + \/ﬁrmin) .

We estimate the terms on the last five lines of Eq. 67 separately. The third line yields

/ |A5)1g(Vi Vb, v) — g5(VEV5b, v¥)|du
P

< / |A51(1Cg = &%) (ViVib. v) + 185(ViVj = VEV)b, v
X

+185(ViVib, v —v5))du’

-5

min*

<Cnr

The fourth and fifth line of (67) are estimated as follows

135118, el = 593D e (a9l dus
P

< / | A5) (|(g — 85)(Vib, e) AS | + 185 (Vi = V)b, er) (A%
P

+ 185 (Vib, e (4k — (AHH)]) dpu®

—4
min*

< Cnyr
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For the sixth line of (67) we get

/ |A5)1g(b, er) Vi A% — g5 (b, et)VF (AS)K S
< / | &) (|<g — )b, e ViAk| + 185 (b, e V] (A% — (4%

T |g5(b, e (V; = VHAL]) du®

<Cr]r

min*

It remains to estimate the last line of (67)

J1ASURE A = (A AS 751 s
< (1A (1REAINS = £51+ 14— AS1AILFST) du®
)

= C’r;ii (T + \/ﬁrr;iin) -

Combining all these estimates we arrive at the estimate for the first error term

E; <Crmm (T +trm1n+\/_rm1n)'

Similarly, the second term in Eq. 64 gives the error

E; = /f A,RicT)du—/fS(A)S,(RiCS)T)dMS

IA

P
/|K AS|IRicT Ilfldu+/|A || Ric” —(Ric%)T || f|dp
)

+/|AOSII(RicS)TIIfIIdM— duS|+/|XS||(RicS)T||f—fS|duS
)

Crigin (T + /).

IA

@ Springer



40 T. Lamm et al.

And the third term in Eq. 64 contributes
Esy = /fH|f‘i|2du—/fSHS|f‘iS|2duS
X X
< c/wi— XS||/3|du+C/|/3S|2|du— dp|du
P X
+c/|fSHS—gS<b, V)| ASP dueS
P

< Cr (t+ ).

In summary, we find that

BAUE) = 8 psUS ()] = Crk (v Trgh + Vfiirh ) - (68)

min

As the functional 2/ is translation invariant, due to conformal invariance and confor-
mal flatness of gS , we find that

8sU(X) =0
and hence

BAUE) = Crl (7 + T + Vi) - (69)

6.3 The left hand side of (63)

Here we estimate the left hand side of Eq. 63. By our choice of test function this
becomes (omitting A for now).
/ g, v)dpu.

p))

First, we estimate the error when we take all quantities with respect to the metric g5.

/ g (b, vy dpu — / ¢SS du

P >

S/Ig—gsldu+/|v—vsldu+/ldu—duSIdMSCn.
) X )
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Then we insert the relations from Lemma 1 to compute

l/ﬁww%mﬁ:/@%%afmm
)

p))

3
= / (1 + 2 + lower order) gé(b, v du’.
r

We deal with the highest order term first. Note that by translation invariance of the
volume enclosed by X' in Euclidean space, we find

/fwwﬂmf=a 70)
X

and hence

3

/gs(b, vHduS = / (_m + lower order) gf(b, v du’.
r

x x

The lower order terms are of the form c;r—* where ¢ depends only on m and k =
2,...,6. We can replace r by R, in these integrals, and in view of Proposition 2 and
Theorem 6 we find that

—k —k —k -1
‘r - Re ‘ = Crmin (T + \/ﬁrmin) :
Since k > 2, we can estimate all resulting error terms by

|

k=2 b

Ck Ck
rk

-1
RE du<C (‘C + ﬂrmin) .

The remaining integrals satisfy

Ck 0
/ R—]gge(b, v9)du® =0
b

due to relation (70). Combining the above calculations, we find that

3m _
/g(b, v)du —/Tge(b, v )dufl < C (T + i + ’7) :

) P

The estimate on || A lz2(x) allows us to change the domain of integration to the round
sphere S := Sg, (a.), and change v¢ to N, the normal of S while introducing only an
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error estimated by C(t + \/ﬁr;i]n). The corresponding integral on the sphere can be

computed using the methods introduced in the proof of Proposition 3. The result is
(see Appendix A.2)

3m B
—g“ (b, N)du® = —4mmla,|.
r

S

Hence, collecting the error terms acquired on the way, we find

/Hfd,u+4nm|ae| EC(t+ﬁr;iL+n). (71)
z
recall that |A — %’ <C (rr;ii(t + ﬁrr;ih)), whence
8wm?t _3 1
b [ HF S| = O (v + Virmn + 1) (72)
5 )

where ¢ = 1 + %, Rs = ¢’R, as in Proposition 3 and we used the definition
T = |a|/R..

6.4 The Pohozaev identity

Before we study the variation of 1, we recall the (geometric) Pohozaev identity.
To this end we denote the conformal Killing operator by

1
DX :=Lxg — 3 tr(Lxg)g

where X is a vector field on M and Lx g denotes the Lie derivative of g with respect
to X. Let 2 C M be a smooth domain with boundary X and let dV be the volume
form of M. Then the Pohozaev identity! can be stated as

1 1
5/((}, DX)dV — 6/Msc;div)(dv =/G(X, v)du. (73)
2 2 X

This identity can be seen as follows: In local coordinates we have

2
DX = Vi Xi + Vi Xy — 3 div X gis

! In the literature (see for example [19]) the Pohozaev identity is usually stated for the trace-free Ricci
tensor, not for the Einstein tensor. For our purposes however, it is more convenient to write it in terms of G.
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and therefore

N =

Il
M— RO O

1 / (G, DX)dV

2 (g"‘g”Gi,-(Vsz +ViXi) = 3G div X) dv
2

1
— [ (divG, X)dV—i-g/MScdideV
2

+ | G(X,v)du,

which proves (73) since G is divergence free.

Lemma 16 Let X be a surface as in Theorem T which bounds an exterior domain 2,
and let b € R3 be a constant vector. Then

/G(b, vydu| < Cnr .
X

Proof Consider the vector field b, where b € R3 is constant. Then b is a Killing vector
field in flat R? and hence a conformal Killing vector field with respect to g¥. Denoting
by DS the conformal Killing operator with respect to g5, we thus find

DSb = 0.
With respect to the general metric g, this implies the decay rate
Dbl < Cyr ™,

since |V — V3| < Cnpr=3. The other terms in Eq. 73 have decay |G| < Cr3,
IMSc| < Cpr—*, and |divb| < Cr2.

Let S, be a coordinate sphere of radius o outside of X' and let £2, be the domain
bounded by X and S,. The contribution of S, to the boundary integral in Eq. 73
decays like o ~! and thus we infer that

1 1

/G(b, v)du = lim ——/(G,Db)dV+—/MScdivde . (7
0—00 2 6

X 25 25

The sign of the right hand side is different to (73), as our conventions are that v is the
outward pointing normal to X' which points into £2.

The integrand in the volume integral decays like Cpr—%, which implies via Lemma 4
that the integral can be estimated by C nr;& as claimed. O
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6.5 The variation of V(X)

The variation of V can be computed to be

%(st(z) = / F(VoGw,v) + HG(v,v)) —2G (v, V f) du. (75)
X

Since G is divergence-free we calculate

VoG, v) =divG(v) =V, G(v,e;) = =V, G(v, e;)
=V, MRe(v, ¢;)
= —%divw + MRc(hjrex, ei) — HMRe(v, v)
= —Zdivw — HMRc(v, v) + AjMReix
+ %H(MSC — MRe(v, v)
= —Zdivw + (A, GT) — %HMSC - %HG(V, V), (76)

where, as usual, w = MRc(v, N =G, )T. Inserting this into (75), we find that

1 o 5. 1 1.y
E(SfV(Z‘):/f(A,G ) = f¥dive — S fHG(v,v) = £ fHYSe = 20(V f) dpt
X

:/—%fHG(v, v)—ifHMSc+f(X,GT)—w(Vf)dﬂ-
)

We specialize again to the test function

_ g(b,v)

I="x

for a fixed vector b € R>. In the expression (65) for V f we can split A = A+ %H y
and obtain

. 1
Vif=H" (g(Vib, v) + g(b, ej) A — Vi log Hg (b, u)) +38b.e). (T7)
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Inserting this into Eq. 75, we find that

%5,-12(2) = /—%fHG(v, V) — %fHMSC + (A, GTy - %G(v, T
X
— H w(er) ((Vib,v) + g (b, e) A] = Vilog Hg(b,v)) du

1 1 g
= /_§G(b, V) — Zg(b, WMSc+ H 'g(b, v)(A,GT)
X
. Hﬁla)(e,') (g(vib’ V) + g(b, ej)ﬁ‘l./ - V; log Hg(b, V)) d,bL- (78)

It is this expression for 8 ) which will give rise to the position estimates. We will thus
spend some time on understanding the error terms. Because of Propositions 4 and 6
we have the estimate

[ (A G+ ol A1+ 0l og 1) du = Crd (2 4+ 1r2).
X

Note that Proposition 4 implies that || (GT)°|| crt (r2 + nr_2 ) Assuming

2 <
L2(¥) — ~"min min
that |MSc| < nr—> we find that

/MSCd/,L < Cnrrﬁn.
)

Lemma 16 implies that the first term on the right hand side of (78) is also estimated

by C nr;?n, so that the only term which yields a contribution of order rn_ﬁi is

/ H ' w(e))g(Ve,b, v)dpu.
x
We will explicitly evaluate this term. To this end note that

[ wee b~ [ RS 9g5 (Vb,v) au
X X

< Crpn@ + V)

where H* is the quantity from Corollary 7 and elfg constitute a tangential ON-frame
with respect to the metric induced by g5. This estimate follows since the integrand
scales like »~* and the transition errors to Schwarzschild decay at least one order
faster and have factor 7. Furthermore, the replacement of H by H* introduces an
extra error term of the form C r;i?;l(r + ﬁrr;ih). We calculate, using that Db = 0
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and the transformation properties of the Christoffel symbols under a conformal change

of the metric (see for example [20]),

Vb =261 (5@ + b(@)ef — DG b.€))

which implies that

i m
g (Vb v%) = 9715 (0, v)g“ (b, ) — 8°(p, €8 (b, V).

Here e = qbzef is a tangential ON-frame with respect to the metric induced by g°.
Furthermore, the formula from Lemma 1 yields that

. m
RicS (v, ef) = —35¢ 6g%(p, v*)g"(p, €f).

Multiplying these terms gives (note that we sum overi = 1, 2)
Ric®(v%, ¢)g® (V3sb, v®)
2
m=
=359 (107128 (0. v)g" 6. v) = 0" P (" . 6T))
2
m-  _
=350 Tg%(p,v®) (8°(b, v) — g°(p, v*)g“(b. p)) -

As in the proof of Proposition 3, we replace the integral over X by an integral over
S = Sg, (a.) while introducing error terms of one order lower. This implies that

3m2 1 e e e e e
W/ﬁg (p. N) (8°(b, N) — g°(p, N)g“(b, p)) du
S

—/H—1w<ei>g(ve,.b, V) du| < Crps (v + /),
X

where N is the Euclidean normal vector to S and ¢ = 1+ 2’"76 the quantity introduced
in Proposition 3. The first integral can be evaluated explicitly, where we again intro-
duce coordinates ¥, ¢ in which g°(b, N) = cosg. As p = r~'(R.N + a,) we can
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express this integral by

2
0(lal, R) = ;’"HS [ 558500 (56 N) = 0. Mg b, )
S
3m? cos @ cos? ¢ 3
- MS/(Re 2L Ll S~ la R~ (RS + 2lac PR
S

2 3
Ccos“ ¢ cos” ¢
= (el +2lae|R) —5— = lacl*Re— )dlf-

Explicitly evaluating these terms (see Appendix A.3), we obtain the following expres-
sion for Q. We already substituted t := |a,|/R,:

m2r 3(z0 =314 4372 —l)ln1+r+6r — 1613 — 61
4¢"HSR3 2(1+ 131 —1)3

Q(T7 Re) =

To analyze this expression we set

3¢9 =3t* +312 - 1)In

o= 4 61% — 1673 — 61

= 79
F@ 20+ 1030 1) (79
Recall the Taylor expansion of the function In =2 = + =S
1—1 2
1 =2t — =+ 0(th,
n - T 3r + O(t")
for small 7. Thus we find that the numerator in Eq. 79 is
_ 235} 3 _ 4 _ _2r3 4
3(3r 1) 2t 3r 167 6T 4+ O(t") = —=32t° + O(").
Hence we get that
0. R) 8rm?t n 0(z?)
T,R) = ———=
¢"HSR} R?
for small 7. In summary, the above computation implies the following estimate
16wm?t
S V(E) = = | = Crinn 2 (72 e+ Vi) (80)
e
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6.6 Position estimates

Theorem 7 is a consequence from an iterative application of the following proposition.

Proposition 8 If (M, g) and X' are as in Theorem 7, then

t<C (12 + rrr;ii1 + \/ﬁr;ih) ,

Proof We computed in Sect. 6.3 that (cf. (72)),

8rm?t _
/Hfd + = 7R <Cri (v +n),

in Sect. 6.2 that (cf. (69)),
18U = Crt (22 + Trgh + Virh)
and in Sect. 6.5 that (cf. (80))

167rm?t

V(X)) — —
V() HSRg

S C 1'111[1 (T + Trmm + ‘/_rmm) :

Inserting these equations into Eq. 63 we find, after absorbing the lower order terms
on the left into the error terms, that

247m?*t < C (‘L’ + trmm + frmln) ,

which is the claimed estimate. O

6.7 Final version of the curvature estimates

In this subsection we state our final version of the previous curvature estimates.

Theorem 8 For all m > 0, no and o there exist ro < 00, 79 > 0, ¢ > 0, and C
depending only on m, o and no with the following properties.
Assume that (M, g) is (m, n, o)-asymptotically Schwarzschild with n < no and

MSc| < pr—>.
Then if X is a surface satisfying Eq. 1 with H > 0, A > 0, rmin > ro and
T <717 and R, < er2

min>
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where R, and t are as in Sect. 5, we have the following estimates

IH — B + | Alle + rminl| VH [ 200 < C/irms 8D

min*
Here HS = R% — q_ﬁi—"} with Rs = ¢*R, and ¢ = 1+ 5x_- Furthermore, we have that
S (4
v = ¢2pllzoe < Cy/irin- (82)
This implies,

[IA + Ric(v, v)|| L~ + || Ric(v, v) + 2mR§3”L°° = C\/ﬁrr;ﬁl (83)
lollze + rminl Vol < Cy/arat.

Proof The estimates in (81) are straight-forward consequences of the estimates in
Sect. 5 and the position estimate 7. The estimate for the gradient of the traceless sec-
ond fundamental form is proven similarly as in Lemma 15. To prove (82) note that we
can calculate the gradient of v — ¢ =2 as follows. We let ¢; be a vector tangent to X
and calculate

1 o
Ve,-V = EHei + Alei, ).

Since ¢ 2 p is the normal to S, (0) in the Schwarzschild metric, and S, (0) is umbilical
in this metric, we find that

_ 1
VS@720) = 5 Hs() (e — &5 i p)o)
for Hs(r) = ¢ 2% — 245_3;"—2. We calculate further and find

g3ei, p) = (&5 — g)(ei, p) + glei, p — ¢?v) + glei, V).

Note that the last term vanishes. In view of the estimates in (81) and Definition 1 we
thus have

V= ¢72)| = C (rpmle = %141 = V5 + 141+ |H - |
+ | Hs = Hs(")| + i |v = 79l
< C/irpm + Crom v — ¢ 2pl. (84)
Proposition 4 then yields that
IV =672 0)l12 < C/ir-

We can now use the Michael-Simon—Sobolev inequality, Proposition 1, to get
L*-estimates
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_ —1/2
v —¢2pllps < Cfnrs!

Together with Eq. 84, this implies L*-bounds for the derivative of v — ¢~2p. Thus an
obvious modification of Theorem 5.6 in [11] then yields the desired L°-estimate:

— —1
v — ¢ 2plliree < C/nri.

The estimates in (83) easily follow from (82). O

7 Estimates for the linearized operator

In this section we show that the linearized operator W), = W — AL is invertible.

7.1 Eigenvalues of the Jacobi operator

To fix the notation let v; be the i-th eigenvalue of the negative of the Laplace operator on
S?, where we count the eigenvalues with multiplicities,i.e.vg = 0, v| = v = v3 =2,
vy =--- =vg =4and v; > 4fori > 9. We denote by y the eigenvalues of the
negative of the Laplace operator on X, with respect to the Euclidean metric. We will
need the following estimate from [4, Corollary 1].

Theorem 9 There exist constants C; such that for every surface X as in Theorem 8
there holds

- 4
Iy — R, 2Vi| = Ci«/ﬁrm,’n .

Proof Note that by Theorem 8 and Lemma 2 we have that

HAN 325 gey < €l
Scaling the estimate in [4, Corollary 1] gives the result. O
It can be checked from [4] that
Ci = Cvi, (85)

where C does notdepend oni.
In the following we let g5 := ¢*g¢ be a uniform Schwarzschild-reference metric
on ¥. Thus AS := A% = $~* A% and we denote the eigenvalues of —AS by )7iS.

Corollary 4 For any surface X as in Theorem 8 we have the estimate
175 = R vil = Cifirn.

To compute the eigenvalues of the Jacobi operator on X' we aim to compare it with
the operator
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fa:=—ASa— (% (HS)2 - ,\) a. (86)

Let the eigenvalues and eigenfunctions of L and L be denoted by u;, ¢; and ji;, ¢;,
respectively. Note that

=75 - % (HS)2 Yy 87)
Lemma 17 For any surface X as in Theorem 8 we have the estimate
i = il = C (1] + o) /i
Proof We use the following characterization of the i-th eigenvalue

JsvLydu

i = inf sup “=——,
T vewias) yev [xv2du
dim(V)=i+1

where V is any linear subspace of W-2(X). Let § € W2(X) with f([)z dp’ = 1.
We estimate, using (81) and (83)

o 1
/@Lédu =/|V¢|2—¢2 (|A|2+§H2+MRc<v, v)) du
_ A f1 - _
< / IV@|? — @ (E(HW—A) du+ C . (88)

In the following we repeatedly use the estimates from Definition 1 and Lemma 2. We
can estimate the first term on the right hand side by

/|V¢|2du s/|V¢|2duS+Cnr;§,/|V¢|§s dp’
< [1Vaisdus + Curg, [ 1968 du®
< [ Vo dns + carh, [ i ai. (39)

where we used the conformal invariance of the Dirichlet energy from the second to
the third line. The second term on the right hand side is estimated similarly by

— /@2 (%(ﬁsﬂ —A) dp < —/@2 (%(HW —A) du’
+Cnrr;i2n/¢2

< —/@2 (%(1515)2 - A) dip +Crt, (90)

1 -
E(HS)2 — A‘ du’
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where we used that du’ = (¢/¢)*d xS and

1 1

r R

‘2—1‘§Cm

¢

C
< — (r+ ﬁ) < Cﬁrr;izrl,
"min

"min

by Proposition 2 and Theorem 7. Now
- - . o f1 - -
/ IVoI2s di® = /wLw di® + / @ (E(HS)2 - ,\) dp’
—F = =8 -2
< /(pL(pd/L + Crpin- on

Combining (89), (90) and (91) we see that

/(,Z)L(Z) di < (1+ Cnrr;i%l)/q';i(; diS + C . (92)
Moreover, by arguing as above, we have the estimate

‘/ézdu—l‘z‘/ézdu—/ézdﬂs

Combining this with (92) and the variational characterization of the eigenvalues, we
see that

< Cﬁr;ﬁl.

1t < i + Cnrpil il + C/arp.
The reverse inequality follows from a similar calculation, interchanging L and L. O
From Theorem 8, (87) and Lemma 17 we get the following

Corollary 5 For any surface X as in Theorem 8 we have the estimate

v,-—2
Mi—(R—§+3)u)

7.2 The linearized Willmore equation

< CA4v)/arot +Cr + Cviir L.

In the following we aim at proving a positive lower bound for the first eigenvalue of
the linearization of the Willmore equation with prescribed area. We start by recalling
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the expression (see (35))

/aWAad/L:/aWot—)\aLotdu
z z

1 o
= /(La)2 —  aLa + §H2|Va|2 —2H A(Va, Va)
)

+a? (|VH|2 +2w(VH) + HAH +2(V2H, A)

+2HY A2 +2H(A, T) — HV,MRc(v, v)

1 1
— 511(2|A|2 - EHZMRc(u, v)) dpu.

Integration by parts of the third term on the right yields

1 1
5/1L12|w|2cm - E/az (|VH|2+HAH) — H2aAadpu.
X )

Together with Lo = —Aa — o (JA|> + MRe(v, v)) and (1) this yields

1 o
/aWAa dp = /(La)2 + §H2aLa —raLa —2H A(Va, Va)
X X

3 3 o
+a? (§|v171|2 - 5(HZ|A|2 + H*MRe(v, v) + AH?) + 20 (VH)

+ 2(V2H, A) + 2H?|A? + 2H(A, T) — HV,"Re(v, 1))) du.

To understand the last term on the RHS above we recall that the Einstein tensor is
divergence free and (76), which implies

1
V,MRe(v, v) = =V, G (v, e,»)—EVVMSC
0 1 3 1
=—Zdivw+(A,GT)+§HMSC—§HMRC(U,v)—EVUMSC. (93)
Note that

1 1
E/HzaLa dp = E/(Hoz)L(Ha) +a’HAH + H(VH,V(a?)) du
P P

1
= 5/(Ha)L(Hoz) —a?|VH|? du.
X
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Putting all together we arrive at

/aWAa du

P
/ La(Lo — 3hat) + — ((Ha)L(Ha) _3A(Ha) ) + 22 L

X
9 2 2 1 2, 12 2 2
—2HA(Ve, Va) + o ( [VHI + S HA]® + 2(VH, A)
0 1 1
+ H(A,T)— §H2MSC + EHVUMSC + H*divw + 2a)(VH)) du.  (94)

We decompose W??(X) using the eigenspaces of L, more precisely consider
the L2(X)-orthonormal decomposition W22(Z) = Vo ® Vi & Vs where Vo =

span{go}, Vi = span{er, ¢2, 93}, V2 = span{gs, ¢s,...}. For any @ € W>*(¥)
let o, r1, 0p be the respective orthogonal projections on these subspaces. Our aim is
to show that [ ‘oW« is positive on VOL.

Lemma 18 For any surface X as in Theorem 8 we have the estimate

/ La(La — 3%a) + 2haLadp = (24m? RS = Cfiirgl — Crit) / a*du
X X

foralloa € VOJ‘.

Proof This follows from the estimates on the eigenvalues of L in Corollary 5 and
Theorem 8. O

Lemma 19 For any surface X as in Theorem 8 we have the estimate

/ (Ha)L(Ha) — 3x(Ha)* dp
X

_ 1
z _C\/ﬁrmiﬁn/al d,l,L+ 4 mm/lvo{2| d/,l.+ 4 mm/ag d“
X

p))

foralla € VOJ'.

Proof We can write

/(Hoz)L(Ha) —3A(Ha)?dp = /(Hal)L(Hoq) —3A(Hay)?dp
P X

+2 / (Har)L(Haz) — 31(Ha) (Hao) du
o

+ / (Haa)L(Haz) — 31(Haz) dt,
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and we denote the terms on the RHS by (i), (ii) and (iii). Note that we can always
estimate

[(Hai, 9)) 25| = /H“i%'dﬂ
b))

1/2

< [1t~ il i)l an = C g ( [aFan) )
X )

fori # j.So we see

2

@ = —|M0—3)»|/|(Ha1)0|2dM—jglla§3|Mj —3)~|/‘(H051)V0i du
xz o x
s [ 2 4 2
> —Cnr; aydu — C/nrpi ‘(H()ll)VOJ_ du
x x
> —Cnr;ii/a%du—cx/ﬁr;ﬁl /(Hal)zdu+Cnrr;i6n/afd,u
x > x
> —Cnr;ii/ot% d,u—C\/ﬁr;i?I/a%d/x. (96)
x

b))

To estimate (ii) we write
i) = —2lno —3M/ [(Hap)ol [((Haz)ol du
b))

=2 max u; — 341 [ () [(Haz d
J=12
)

+2 / (Ha)a(L — 33 (Hea) dye
X

12 12
> —C17rr;§1 /a% du /a% du
> >
+2 / (Ha)a(L — 30)(Hao) dpi. 97)
)
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For the last term in (97) we write
3 3
(Hay)y = Hay — Z(HOH, PjIvj = Zﬁjsﬂj,
j=0

J=0

where 8; = H{(a1, ¢j) — (Hay, ¢;). Note that

12
VBl = Cirg, | [ ahan
")
and
i 3 1/2
Bl < 201H — BNl S et o)) < Cfiir, /afdu
Then

2/(Ha1)2(L — 3N (Ha)dp
X

3
=2 / <v > Bivj, V(Ha2)> — (Ha1)2(Ha) (|A|2 +YRe(v,v) + 3x) dp

b J=0
3 1/2 1/2
=—C /Zlvﬂj¢./+ﬂjw/|2du /IV(Hozz)lzdu
x J=0 5
1/2 1/2
—Cﬁrr;i?l /a%du /a%du
) o)
172 1/2
= _C\/ﬁr;ﬁl /0‘12(1# /|V(H062)|2d.u
) )
1/2 1/2
—6 2 2
= CVnryin /0‘1 du /0‘2 dp ) (98)
») )

where we used in the last step that f): [Vo; |2du < Crn:-2

i for0 < j < 3.This follows
from
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[1veian= [ oo+ (148 +¥Ret0) g

P )

< (j_%l%llx [l +C’”mm)/</’, du < Crmm. 99)
x

Putting (98) and (97) together we see

(i1)

\Y
|
a
=
®
-
E.

5 o0
—
Q
—12
o
=
|
e
N
5 &

oy dp — s/ IV(Ha)[* du

a3 du — 25/H2|Voz2| du

\
I

Q
=
)
-
g

5 o0

1‘1\ \|

[
Lall ]
o
=
|

®
g1

5~

— Cenrpin / a5 dp (100)
X

for an arbitrary ¢ > 0.
For the term (iii), we see

Gif) = ~lno =321 [ 1(HanP de = max e = 32] [ [(Haz P du

+ / (Ha)a(L — 33) (Haz)s dut
>

> Cnrmm/a% du+/(Hocz)z(L =30 (Haz)du.
X X

If p € V> and § > 0O are arbitrary, we have the estimate

/ﬁ(L 3B du = /SIVﬁ|2 L B(L A — 3B d
)

b))

= /(SIV/S’I2 + A =8B =31

P
— 582 (|A|2 + MRe(w, v) + 3x) du

>3 / VI dpt(1-8) (14 =2)Rg> =C it / B dp
X X
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—38r 2 / BZdup
)

> 8/|Vﬂ|2du+(1—48)rr;§1/ﬂzdu.
X P

With 8 = (Haz)2 and § = 1/5 this yields

(i) = —Cnrd / o du + ¢ / V(Hay)? du+5 o / |(Hap)a? dpe
)

- 5 [Illn/'va2| du“+ 5 mln/a%dﬂv (10])
X

where we used that

/ l(Ha)o* du = | H?a3 du — / |(Haa)ol? + [(Hoo)1 | du
) )

/
[

d/L Cr;rmm/ag du > 3’};1211/“% du,
x x

and
3

/ IV(Ha)a|* dp = / IV(Hay = D (Heo, ¢))¢))1* dpe

j=0

3
> Z/IV(HOQ)IZdM—CZHHOlz,(ijZ/IV(/)jIZdM
b5 j=0 b

2 2 2 2
> 3 H|Vay|“du — C |VH| du CnrmlIl asdu
xz

_2 _
> 2rmin/|V(x2|2du—Cnrm§1/a§ du.
X P

Combining the estimates for (i), (ii) and (iii), and choosing ¢ = 1/100 and rp big
enough we arrive at the claimed statement. O

Theorem 10 In addition to the hypotheses of Theorem 8, there exists ng and ro,
depending only on m, o and € such that on such a surface X' it holds

@ Springer



Foliations by surfaces of Willmore type 59

/ana du > 12m2R§6/a2du
x

1
foralla € V.

Proof By Lemma 18 and Lemma 19 we only have to check that the remaining terms

in (94) have the right decay. First we note that by arguing as in the estimate (99) we
get

/|Va1| du < Crmm/a%du.

X )

Thus we have

/ZHA(Va Va)du| < Cfrmln/|Va1| + |Vao | du
b))

< CJ/Mr o mfn/al du+/|wz|2du

P P

We rewrite

/2a2<v2H, Aydu = —/4av,-aijA’,»j +262(VH, div A) du.
P

x
Furthermore
1
/Za (VH, div A) du / (VH,5VH + o) du| < Cnr; /azdu,
z xz z
and
1/2
/4aVianHA),-j du| < Cr]rmm /ot2du /lV(x|2du
xz $)

< Cnrmln /O[2 du
X
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1/2

X r;ﬁl a%du—i—/Wazlzd,u
x

)

< Cr]rr;if1 / o? du + Cnr;i?l/ |V012|2 du.
b )

In view of the estimates of Theorem 8 we find

1, o 1 1
/a2 (|VH|2 + §H2|A|2 +H(A,T) - zHZMSC + EHVUMSC
X

+ HEdivw—l—Za)(VH)) du| < C\/ﬁr;g/azd/x.
>

Altogether this finishes the proof of the theorem. O

7.3 Invertibility of the linearized operator
In this subsection we show that the linearized operator W), is invertible. In order to do

this, we need good estimates for the projection of a function onto Vj. We start with a
different calculation for the first eigenvalue 1o of L.

Lemma 20 For any surface X as in Theorem 8 we have the estimate
10 + AP +Re(v, )| = €, (102)

Proof From Theorem 8 we know that

1 - _
’5H§—|A|2 < C\/rin
and
L 2 +4m I
5Hs = 52 T 53| = Cline
2 RS RS min

Combining these two estimates with Theorem 8 and Corollary 5 we get

2 2 6m 4 c
BA— 5+ — — —= |+ C i <
2 2 3 1
Ry Ry Ry T rin

5

o+ AP +MRe(v, v)| <

O

Next we prove a W22-estimate for the eigenfunction of L corresponding to the eigen-
value [g.
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Lemma 21 Let X be a surface as in Theorem 8 and let u € C*°(X) be a solution of
Lu = pou. Then we have

[P s rsy [ 19uP dtry [ 1920P < it
) ) )
(103)
where it = | X|™! f 5 udp. Moreover we have the pointwise estimate
e — il ooy < CnMArpd lull 2 ) (104)

Proof By a scaling argument we see that we can assume without loss of generality
that [|u|| 2y = 1. Using the definition of L and Lemma 20 we get

/|Vu|2du = /uLu+u2 (|A|2+MRc(v, v)) du
X X

= /u2 (Mo+ A2+ MRe(v, v)) du
X

—4
= C\/ﬁrmin'
In view of Theorem 9 there is a Poincaré inequality on X with constant close to the
one on 512e~ This yields
- -2

/ u—il* dp < eR§IVull 7 5 < C/Mr i

z
Similarly as above we calculate

2
/ |Aul? dp = /(Lu)2+2uLu (|A|2 + MRe(, v)) +u? (|A|2 + MRe(v, v)) du
P X

2
=/u2 (Mo+|AI2+MRC(v, V)) dpu.
P

Hence, again by Lemma 20, we get the estimate
/ |Au|2d,u < Cnr;ii.
b5

Integrating by parts and interchanging derivatives as in (43) (note that by doing this
we get an additional Gauss curvature term from which we now know that it is positive)
we conclude
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[t an = [ 1auP au = € s,

X X

Lemma 13 and the previous estimates now give
=y = € [ =i dpe 192 + 1= P du < Corgh,
z z

This finishes the proof of the lemma. O
In the following lemma we show an LZ-estimate for solutions of Wyu = f.

Lemma 22 Let § > 0, let X be a surface as in Theorem 8 and let u € C*°(X) be a

solution of Wyu = f with fz(f — fo)?du < 8R5_12||u||22(2), where fo and ug are

the projections of f respectively u onto V. Then we have
lu = woll 25y < C(V8 + /0 + Ry Dllull 25y (105)
Proof By a scaling argument we see that we can assume without loss of generality

that [lul|;2(5) = 1. Next we combine our assumption with Eq. 34 and the fact that
Luog = pouo to get

| .
Wi(u — ug) = f — pouo (,uo + EHZ - x) +2H(A, Vo) + 2Ho(Vug)
+2A(Vug, VH) + ug (|VH|2 Y 20(VH) + HAH

+ (V2H, AY+2H?| A2 42H (A, T)— HV,MRe(v, v)) . (106)

With the help of Theorem 10 we conclude

/(u —ug)Wy(u — ug)du > 12m2R§6/(u — u0)2 du.
b b

To get an upper bound for this integral we multiply Eq. 106 by (u# — u¢) and estimate
term by term. We start with the term involving f

/f(u—uo)d,u /(f—fo)(u—uo)du
X X

IA

28 [ = a4 PR3 [ - o a
X X

IA

CSR5C +m*Ry° /(u — up)* dp.
X
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Next, using a variant of Lemma 20, we estimate

1
‘/,U«OMO (MO + EHZ - )\) (u — up) dpe
)

1
< m2R5_6/(u — uo)2 du + m_zRg/u%(,uo + §H2 — k)2 du
x =

< m*Rg® /(u —up)> dp + CyR®.
X

Now we estimate all terms containing derivatives of ug. By arguing as before we see
that we only have to bound the term

Cm2R§/ H?| APV 2uo* + |Vuol*(H?|w|* + | AP|VH|?) dit < CR®,
)

where we used Theorem 8 and Lemma 21. Finally we estimate the terms involving
ug. We start with

Rg/u%) (lVH|4 + P VHP? + HX | AH? + | ARIV2H)? + H4|,fi|4) du

X
< CR§8+CR§/u(2)|AH|2dM+Cn/u%|V2H|2d;L

X X

° 2

< CRg® +CR§/M5 (|A|4 +h+ MRe(v, v)) du

P
< CRJ® + CnRyS,

where we used Lemma 14, Theorem 8 and Lemma 21. In the third term in the second
line we can use Lemma 21 to replace u% by ﬁ%. Finally, we use (93) and Theorem 8
to get

/(u — up)ugHV,MRe(v, v) du
X

Cn

3
< - /(u — uo)uoHZMRc(v, v)du| + mZRS_6/(u — uo)2 du + R
S
) )
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Now we use the L2-orthogonality of ug and u — ug to estimate

3
3 /(u — up)ugH*MRe(v, v) du
P

3 2
=3 /(u — up)uoH? (MRc(v, V) + R—";) dy
X

S
+3mRy? /(u — up)ug(H* — 4R?) du
X

< m2RS_6/(u — uo)2 du + CnREé.
x

Combining all these estimates we get
3RS [0 = w0 du = CRG6 40+ RS
x

which finishes the proof of the lemma. O
From the proof of the lemma we directly obtain the following

Corollary 6 Let$ > 0, let X be a surface as in Theorem 8 and letu € C*°(X). Then
we have

2

4m 2 ¢ -2 2

(u —ug)Wrnodu| < F||M—M0||L2+F(5+'7+RS Mullzz sy (107)
S S

b

Moreover, if u is a solution of Wyu = f with

/(u —uo) fdp < 5R§6||u||L2(z)||M —uollp2(x)s
p)

then we have
lu — uoll 25y < C(VE + /1 + R Dllull 25).- (108)

In the following lemma we prove L2-estimates for the operator W;.

Lemma 23 Let X be as in Theorem 8. Then we have

IV2ul}ags) + RsIVul}a 5y < CRS ul7s 5 + CRs / uWyudp.
X
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Proof From (35), we get the following expression, after integration by parts of the
term uAu(|A|2 + MRe(v, v)) in (Lu)?:

1
/uW)\u dp = /(Au)2 + (§H2 — A —=2|A]> = 2MRc(v, v)) |Vu|?
p) X

1 1
+u? (—§H2|A|2 - 5HZMRc(v, v) — HV,MRe(v, v)

+ AP+ A1 + 214 Re(v, ) )
+ a(u, Vu) + bu® + uViuATVF A dp. (109)

Here |a(u, Vu) + bu?| < CRg |Vu|2 + CRg 42, where we integrated by parts and
used Lemma 1, Definition 1 and Theorem 8. In partlcular we can estimate

Ve, MRe(v, )| < |(Ve,MRe) (v, v) + 212k wk]

|
‘(VSMRC )(v v)‘—l—Cfrmm
|

=
= (V51" "RSE) (0. )| + C i,
< C (110)

where we used the above mentioned theorems, and where PpJ- is the projection onto

the g5-orthogonal subspace to p. In view of the Gauss equation, the Bochner formula
[5, Chapter IV, Proposition 4.15] implies that

1 o
/(Au)zdu - / 21(V2u)°)> + (MSC —2MRe(v, v) + EH2 - |A|2) [Vu|*>du.
) )

Together with (109) this yields

/uW;Lu dp = /2|(V2u)°|2 + [Vul* (=4MRe(v, v) — 1) + uViu AV VF A
P X

1
+u® (—EHZMRC(U, V) — HV,,MRC(U, V) + )\|A|2

+ 2] APMRe(v, v)) +a(u, Vi) + bu dp.
In combination with the estimate |YRc(v, v) + 1| < C R§4 and the fact that

1 3
- 5HWRc(v, v)—HV,MRe(v, v)+1|A]7 + 2|A*MRe(v, v) =—§H2A

+ O(R5®)
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we obtain the estimate

201(V2u)°lI7 2 4 24[Vull3,
§CR§2)L||u||iz+C /uWkudy, +C/|M||VM||A||VA|CI/L. (111)
x b))
To treat the last term, observe that
2 1 2 2 2
lullVullAlIVA[dp < [ A[Vul +ﬁ|u| |AI7IVAI“du
x

X
< MVul?, + CRY ull o

using Theorem 6, Theorem 7 and A = 2m/ Rg + O(RS_4). In particular

IVul?, < CRG?|lul?, + CRY /MWde + CRG?|ul? .
P

Note that in view of this estimate (109) implies that

lAul?, < CRG*IVull?, + CRG* ull?, + C /uW;Lu dp| + CR [ull? .
X

Together with (111), we obtain that

IV2ull3, + Rg 2 Vull7, < CRg*ull3, + CRs / uWyudpe| + CRG*|ul3 .

X
(112)
From Lemma 13 we conclude that in view of Theorem 8
lullFoo < CRG*ull?, + Cllull 211V ull 2.
Inserting this into Eq. 112, we get
IV2ull?, + RS Vull3
< CRg*|ull?, + CRs /quu du| + CRGH ull 2 1V2ull 2. (113)

b))
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For large enough Rg, we can therefore apply the Cauchy—Schwarz inequality and
absorb the term containing second derivatives to the left. This yields the claimed
estimate. O

With the help of the last two results we are able to show that certain solutions of
Wiu = f are almost constant.

Lemma 24 There exists 8o > 0 such that for all 0 < § < 8¢, all surfaces X as in
Theorem 8 and all solutions u € C*(X) of Wyu = f with

/(u —ug) fdu < 5R§6||M||L2(2)||u —uollz2
X

we have
lu — digll sy < C(V3+n'"* 4+ Rg Hlitol. (114)
Proof We assume that ||u|[;2(5) = 1 and apply Corollary 6 to get
lu = uoll 205y < C(WV8 + /i + R ).
Moreover, by Lemma 21, we have that
luo — upllLo(x) < C’71/4R5_2-
Combining these two facts we get

lu —uollz2(xy = llu —uollz2(xy + CRslluo — uollLo(x)
< CWs+n"*+ RS, (115)

Using Lemma 23 (with u replaced by u — ug) we get

IV = o) 1325y < CRSHlu = uolja (5 + cRs / (u — uo) Wi (u — up) dpt
P

< CR{*Y S+ 1+ R5D),

where we used Corollary 6 and the assumption of the lemma. Combining this with
Lemma 21 we have

IV = @) 1725y < CRG*S + /1 + RS
and therefore, with the help of Lemma 13 and (115), we conclude

lu —dollroocsy < CR (V8 +n'* + RGY). (116)
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Next we note that by orthogonality
0<1—lluoll}> = llu —uol3>
and from Theorem 10, (107) and the assumption of the lemma we get

6
RS

2
u—u < —
“ 0”L2 = 12]’}12

/(u —ug)Wi(u —up)du
P

IA

1 _
C/8llu — ugll3, + Flh = uol?, + CO6 +n+ Rg?)

1 _
Sl — ol +CG +n+ R

IA

Hence for 8, n small enough and Rg large enough we have

ol = 7
and moreover, by Lemma 21, this implies that there exists a constant ¢; > 0 such that
e 'Ry < ligl < 1Ry
Inserting this estimate into (116) we get

llu — doll () < C(V8 + /7 + R Hliol.

m}

Next we show that the above estimates yield the invertibility of the operator W) :
ct(X) — O (x).

Theorem 11 There exists 5o > 0 such that for every surface X as in Theorem 8
the operator Wy, : C**(X) — C%%(X) is invertible for every 0 < a < 1. Its
inverse W;l 1 COY(X) — CH*(X) exists and is continuous. Moreover it satisfies
the estimates

_ RS

W, fllzacs) < a—osnfan(;) forevery feL*(X) and  (117)
-1 CRg 4,0

W, fllcoa(sy = Wﬂfﬂcw(z) forevery f e C(X). (118)

Proof We argue by contradiction as in [14]. Namely we assume that there exists a
smooth function u with |[u|[2(5) = 1 and

sup /vW;Ludu < 8oRy°. (119)
ol =1 |
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Choosing v = u — ug, we conclude from Lemma 24 that uy 7# 0 and therefore we
can assume without loss of generality that ug > 0. Again from Lemma 24 we then
conclude that for 8y, 7 small and Rg large enough we have for every x € X that
”70 < I/f(x) < 2u. Arguing as in th.e Proof of Lemma 24 we get % < lluollpzzy <1
and, with the help of Lemma 21, this implies

1 _ i _ _
S1Z] V2 <1217 P luoll 25y < o < 1217 Nluoll 2y < 121712

Moreover, by choosing v = 1 in (119), we get
/Ww du| < 8oR5®1Z|'? < C8oRY”. (120)
b))

On the other hand, by using (35) and the corresponding equation for the AL term, we
get

/ Wiudp = / u (|A|4+2|A|2MRc(u, ) + (MRe(v, v))?
) )

+AQAP +MRe(v, ) + 4 (|41 + MRe(v, ) +|VHP?
1 20(VH) + HAH +2(V2H, &) + 2HY A> + 2H (A, T)

1 1
— HV,MRc(v,v) — zH2|A|2 — 5HWRc(u, v)) du.
Now we calculate

1
1A]2 (|A|2 +2MRe(, v) + ,\) — HV,MRe(v, v) — EHZ (|A|2 + MReq, v))

3
= 5hﬂMRc(v, V) + O(Rg®).

Moreover we estimate || A A lz2(x) as in the proof of Lemma 15, and using Lemma 14

2 12 1 2
wAlAPdp| = | [ wA(AP + ZH) du
X X

IA

/uHAH du| + CRy® < CRy”.
)
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Now we integrate by parts and use Proposition 6 and Lemma 23 to conclude

/uAMRc(v, v)du| < CRS*|Vull 25y < CRY”,
xz
where we used in the last step that | f suWyudul < 80R§6,which follows from (119).

We combine these estimates with the ones done previously in this section, (120) and
Theorem 8 to conclude

—/MHWRc(v, v)du < C /Wwdu + CRy’ < CRy.
X X

The estimates uog < 2u and % < 2Rg imply
2mRS—3/H2 dp < —/HZMRC(V, v)du + CRg*
X X

1
< ——— [ uH*"Re(v,v)dp + CR*
2itg
P

< CRy*.

This contradicts the estimate for || s H 2du in Lemma 7. Hence the operator W is
injective. By the Fredholm alternative W), is also surjective. The rest of the statements
in the theorem are then a consequence of standard elliptic theory. O

8 Existence and uniqueness of the foliation

In this last section we use the implicit function theorem to prove Theorem 1 and
Theorem 2.

8.1 Uniqueness in Schwarzschild
In this subsection we show that in Schwarzschild the only surfaces satisfying the
assumptions of Theorem 7 are the round spheres with center at the origin.

Theorem 12 For all m > 0 there exist ry < 00, T9p > 0 and ¢ > 0 with the following
properties.
Assume that (M, g) = (R3, g;fl) and let X be a surface satisfying (1) with H > 0,
A >0, rmin > ro and

T <71 and R, < er2

min>

where R, and T are as in Sect. 5. Then X~ = Sg,(0).
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Proof Since (M, g) = (R3, g,i) we can apply Proposition 2, Theorem 7 and Theo-

rem 8 withn = Otogett =0, AS = 0,and A = i—"g. Since AS = 0, we get that
N

XY is umbilical with respect to the Euclidean background metric, as AS = »? Ae.
Hence X is a sphere. Since T = 0 in fact ¥ = Sg,(0) where R, = ® 2Ry, or
otherwise the expression for A could not be true. O

8.2 Existence and uniqueness for the general case

The main goal in this subsection is to show that for any manifold which is (m, n, 0)-
asymptotically Schwarzschild and all small enough Lagrange multipliers A there exists
a unique surface X5 which solves the Eq. 1. More precisely we have the following
theorem.

Theorem 13 For all m > 0 and o there exist no > 0, Ag > 0 and C depending only
on m and o with the following properties.
If (M, g) is (m, n, o)-asymptotically Schwarzschild and satisfies

(1) MSc| < nr3 and
2) n=<no

then for all 0 < A < Ao there exists a surface X, which solves (1) for the given A.
Moreover the surface is well approximated in the C3-norm by a coordinate sphere
Sy, (@) with |a;| < C.

Proof We define g; = (1 — 7)g% + tg and we note that (M, g;) is (m,n, o)-
asymptotically Schwarzschild. For (M, g5) a standard calculation shows that all
spheres S, (0) centered at the origin solve Eq. 1 with

) 2m (1+m)—6
r)=— — .
r3 2r

This function is invertible for r large enough. Moreover this shows that we can solve
Eq. 1in (M, g5) for any A small enough. More precisely, for any small A there exists
a radius 7 (1) such that S,;)(0) solves (1) with the given A. Next we want to use the
implicit function theorem to get the existence of a family of such solutions for all
0<t<l.

In order to do this we consider the following conditions on our surfaces

(Al) H >0,
(A2) 17 <719and
(A3) R, <er?

min”’

where 7( and ¢ are chosen such that we can apply the results from Sect. 6. From these
results we then get that the above conditions hold with better constants on surfaces X
with rmin > 19
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(B1) |H—2Rg'+(1+ 2L&)zmkﬁ < C /i,
(B2) t < C./nr; and
(B3) C_lrmin < R, < Crmin.
Without loss of generality we can furthermore assume that the conditions (B1)-(B3)
imply that the linearized operator W, is invertible. From (82) we also get that X' is
globally a graph over S.

Now we define the sets

S1(t) = {X| rmin > ro and (Al) — (A3) hold w.r.t. g;}
S$>(t) = {X| #min > 2r9 and (B1) — (B3) hold w.r.t. g;}.

We choose A; so small that the centered spheres S, (0) which solve (1) withO < A < Aj
are in Sz (7). Finally (for 1| small) we let

K :[0,1] = (0, x1) x [0, 1]
k() = (A@), ()

be a continuous, piecewise smooth curve with 7(0) = 0 and we define
I, ={t €[0,1]|13 X(¢) € S2(r(¢)) satisfying (1) with A = A(¢)}.

As in [14] we can show that I, is open and closed and since moreover O € I, by our
assumption we get [, = [0, 1] and this finishes the proof of the Theorem. O

By reversing the process used in the above theorem as in the proof of theorem 6.5 in
[14] we furthermore get a uniqueness result for solutions of (1).

Theorem 14 Let m > 0 and o be given. Then there exist ng > 0, 1o, ro < 00, and
& > 0 depending only on m and o such that the following holds.
Assume that (M, g) is (m, o, n)-asymptotically Schwarzschild with

(1) |MSc| < nr3, and
(2) n <no.

Furthermore, let X be a surface with approximating sphere S, (ay) as in Sect. 5, such
that

(3) X satisfies Eq. 1,

4) H >0,

(5) rmin > ro, and ry, < err%lin,
6) ™ =rr/a; <10,

then X = X, where X is the surface from Theorem 13. O
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8.3 Foliation
Next we show that the surfaces obtained in Theorem 13 form a foliation.

Theorem 15 For all m > 0 and o there exists ny > 0 depending only on m and o
with the following properties.
If (M, g) is (m, n, o)-asymptotically Schwarzschild and satisfies

@€)) |MSC| <nr= and
(2) n=mno

then for all 0 < A < Ag the surfaces X, constructed in Theorem 13 form a foliation.
In addition, there is a differentiable map

F:S%x(0,h) x[0,1] > M

such that the surfaces F(S2, 1, 7) satisfy (1) with respect to the metric g, =
(1 —1)g5 + tg for the given A. This foliation can therefore be obtained by deforming
a piece of the foliation of (R3, g5) by centered spheres.

Proof The proof follows along the same lines as the one given in [14, Theorem 6.4].
Therefore we only sketch the main ideas of the argument.

For 0 < A < X¢ we consider the curve «; () = (A, t) and by using Theorem 13 we
obtain a family of surfaces X, ; which solve (1) for the given A.

The map F can now be defined by F(Sz, A, t) = X, ; where we can choose the
parametrization of X, ; such that % 1 X ;. The differentiability of F with respect
to p € S% and 7 follows from the construction of X, ;.

It remains to prove that the surfaces form a foliation. In order to show this we fix
A1 € (0, Ap) and we get from the above construction a surface Xy, 1. For .o < A1 we
define the curve £, (t) = ((1 —t)A1 4+ 1Az, 1). By combining the curves «;, and A,
we get a family of surfaces ZJ;(O,] which solve (1) with A(t) = (1 — t)A; + tA, for
t € [0, 1]. Moreover we get a differentiable map G : $2 x [A2, 1] — M such that
G(S2, A1) = E;‘([)’l. From the local uniqueness statement in the implicit function
theorem we get that Ei(t)’] = X1 = 2o

Now we let vy ) be the normal to X ) in M and we let ay ) = g(vw), %)
We calculate

d . d
HOu=2o) = o (—AH — H|A]> = HYRc(v, v)) —M0 o H
= Wi (A1 — A2).

Next we claim that

1/4

Cn

/(le(z) — (oa@)o)H du < 70 laxy 2 syl — @oainllp2zy-  (121)
s

ko
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If we assume that this claim is true we see that for n small enough we can apply

Lemma 24 and get that o () does not change sign. Therefore the family X ;) is a
foliation.

In order to prove (121) we let W, ;) = Wy, o = a,() and we note that we can
argue as in the proof of Theorem 11 to get

—6 3 2M
Wyadu| < CRyg || dp + 3 aH“" Re(v,v)du
z x x

+C /aA(|A|2+MRc(v, V) dul.
P

Using Theorem 8 we get

3 _ _
5 /aHWRc(u, vydu| < 12mRSS/|a|d,u,+CRSG/|(x|d/L.
X X X

Moreover, using integration by parts, Theorem 8, Lemma 23 and (110) we estimate

/ aA(JAP +MRe(v, ) du| < CYnRS* I Vel 2 (s,
P

_ —-5/2 1/2
< Cyi (RS lellas) + Ry lall ) ) -

Putting these estimates together we conclude

_ — —-5/2 1/2
/ Wiadp| = CiRg el 2z + CRG el 2y + Ry llell ). (122)
X

On the other hand we have, using again Theorem 8§,

/W;Lotdu = /Hd/L
x

\%
@)
N}
=
A
I
a
=
“ |

(123)
Combining the two estimates we get

32

_ 1/2
C2R — CR} < Cillll2(x) + C(Ry el 25 + RY lleel] )

LZ(E))'

From this estimate we easily see that there exists a constant C3 > 0 such that for Rg
large enough we have
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leell 25y = C3R3. (124)

Using Holder’s inequality we get

/ (o — o) H djt < |1 H — Holl 250l — eoll 25,
)

and hence, combing this with (124), we see that (121) will be a consequence of the
estimate

IH — Hollz2(5) < CU1/4RE]. (125)

‘We note that
1. 5 1. 5
LH = )L—EH H = uoH + A—EH —uo )| H

and therefore we can estimate

Jx HLH du

0= [ Hdn Suo—i-C\/ﬁrr;f,‘],
b))

7

where the first inequality follows from the Rayleigh quotient characterization of the
eigenvalues of L and the second inequality follows from the above estimate and
Lemma 20. Next we decompose H = >, (H, ¢;)¢; and we calculate

Jx HLH dp LM s Hizd“
JsH?du [y H?dp
L4 2= ko) H} dp
Js H*du '

Hence we get
o0
0= > (i — o) / H} dp < C/iry.
i=1 5
For every i € N we have (u; — o) > 2R§2 (see Corollary 5) and therefore
o0
IH — Holl}» 5y < CRS D (i — 120) / H dp < Cfnro,
i=1 )

which finishes the proof of (125) and therewith also the proof of the theorem. O
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Appendix A: Maple scripts for the calculations

For the explicit calculations in the proof of Proposition 3, in Sect. 6.3 and in Sect. 6.5
we used Maple [12] to evaluate certain integrals. Here we present the scripts we used.

A.1: Proposition 3

Here it is necessary to evaluate the integral

1 1 cos @ cos? ¢
E| = / (73 — 3R§r—5 - 6Re|ae|r—5 — 3|a,|? 5 du® (126)

where S = Sg, (a.) is a fixed sphere with center a and radius R.. The calculation is
based on the formula

Re+lae|

[
cos 27 R
Cl = / L ue = 22 2R ) / PR — R2 — a M) dr.
r |ce|
s |Re~lac|

which was derived in the proof of Proposition 3. Hence Eq. 126 can be written as
Ey = CJ —3R2C2 — 6R,|a,|C} — 3|a,|*C2.

This is evaluated using the following Maple script.

assume (R>0, a>0, R>a);

c0r3 := 2*PI*R/a *(2*R*a)” (0)

* int(r"(-2)*(r"2 - R"2 - a”2 )" (0),r=R-a..R+a);
c0r5 := 2*PI*R/a *(2*R*a)” (0)

* int(r"(-4)*(r"2 - R"2 - a”2)”7(0),r=R-a..R+a);
clrb5 := 2*PI*R/a *(2*R*a)” (-1)

* int(r"(-4)*(r"2 - R"2 - a2 )" (1), r=R-a..R+a);
c2r5 := 2*PI*R/a *(2*R*a)” (-2)

* int(r"(-4)*(r"2 - R"2 - a2 )" (2), r=R-a..R+a);
El := c0r3 -3*R"2*c0r5 - 6*R*a*clr5 - 3*a"2*c2r5;

simplify (%) ;

where we used R to denote R,, a to denote |a,.| and clrk to denote C,l{.

A.2: Section 6.3

In Sect. 6.3 the integral to evaluate was

E, ::/coscb _ ¢!

73
S
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This is evaluated by the script
assume (R>0, a>0, R>a);
clr3 := 2*PI*R/a *(2*R*a)” (-1)
* int(r"(-2)*(r"2 - R"2 - a”2 )" (1),r=R-a..R+a);
E2 := clr3;
simplify (%) ;

A.3: Section 6.5

The longest calculation is for the term

2
- cos ¢ cos” ¢ 1
Q1=/(Re 5 Hlael 5 — laclR; 5 — (RY + 2lac*Re)

cos ¢
r8

2 3
Ccos” @ cos™ @
— (lael +2lac| R —5— — lacl*Re—3 )due

from Sect. 6.5, where we omit certain fixed factors here. The following script evaluates
this expression.

assume (R>0, a>0, R>a);
clr6:=2*PI*R/a *(2*R*a)” (-1)

* int(r"(-5)*(r"2 - R"2 - a”2)7 (1), r=R-a..R+a);
c2r6:=2*PI*R/a *(2*R*a)” (-2)

* int(r"(-5)*(r"2 - R"2 - a”2 )" (2),r=R-a..R+a);
c0r8:=2*PI*R/a *(2*R*a)” (0)
* int(r"(-7)*(r"2 - R"2 - a”2 )" (0),r=R-a..R+a);

clr8:=2*PI*R/a *(2*R*a)” (-1)
* int(r"(-7)*(r"2 - R"2 - a”2 )" (1), r=R-a..R+a);
c2r8:=2*PI*R/a * (2*R*a)” (-2)
* int(r"(-7)*(r"2 - R"2 - a”2 )" (2),r=R-a..R+a);
c3r8:=2*PI*R/a *(2*R*a)” (-3)
* int(r™(-7)*(xr"2 - R"2 - a2 )" (3),r=R-a..R+a);
Q := R * ¢clr6 + a * c2r6 - a*R"2*c0r8 - (R"3 + 2*a”2*R)*clr8
- (2*a*R™"2 + a”3) *c2r8 - a2 * R * c3r8);
subs(a = tau * R, Q);
simplify (%) ;
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