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Abstract

We show that time-reflection symmetric, asymptotically flat, static vacuum
data which admit a non-trivial conformal rescaling which leads again to such
data must be axi-symmetric and admit a conformal Killing field. Moreover,
it is shown that there exists a 3-parameter family of such data.
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1 Introduction

The metric of a static space-time assumes in suitable local coordinates t, %, a = 1, 2, 3,
the form B o
Gg=0v*dt* +h, wv=0(E%>0,  h=hu(E)di*dz’, (1.1)

where h denotes a negative definite metric on the time slices S, = {t = ¢ = const.}. The
hypersurface orthogonal, time-like Killing vector field is then given by 9;. We refer to h as
the static metric and to v as the potential. Einstein’s vacuum field equations reduce here
to the static vacuum field equations
- 1~ -
Rab[h] = —Da va, A;IU = 0, (1.2)
v
where D denotes the covariant derivative defined by h. It suffices to consider these equa-
tions on S = Sj.
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In the following we study solutions which are asymptotically flat so that the coor-
dinates #* can be required, for suitable S, to map the set S diffeomorphically onto the
complement of a closed ball Bg(0) in R? so that the fields &, v satisfy with some e > 0
and k > 2 the asymptotic flatness condition]

Bae = (1+ % |) bac + Ok(|2]70F)), v=1- o T OR(|F0F)) as |7] — oo,
o (1.3)
where | .| denotes the standard Euclidean norm. We refer to (S, h,v) as static vacuum

data. The coefficient m represents its ADM mass. In this article we shall only be interested
in data with mass m # 0.

The pair (5’, ﬁ) defines a particular type of time-reflection symmetric initial data for
Einstein’s vacuum field equations. Our interest in such initial data is motivated by obser-
vations which suggest that evolutions in time of time-reflection symmetric, asymptotically
flat vacuum data admit at null infinity conformal extensions of prescribed smoothness if
and only if the data behave in terms of a certain type of expansion at space-like infinity
up to a certain order like static data (cf. [4] for a detailed discussion).

The full analysis of this relation requires detailed information on the asymptotic be-
haviour of static data and their conformal structures at space-like infinity. In previous
work (|5]) we have given a complete characterization of static vacuum data in terms of a
minimal set of symmetric trace free tensors at space-like infinity, referred to as null data.
That article clarifies, in particular, the convergence problem. In the present article we take
a first step towards characterizing conformal structures of static data. Obviously, such a
characterization should be more easy if static data are related in a one to one fashion to
their conformal structures. It will be shown that the relation is in fact more complicated.

A precise description of our result requires technical details. To keep the discussion
short we refer the reader to [5] for further details. Beig and Simon ([2]) showed under
certain assumptions, weakened later by Kennefick and O’Murchadha ([7]), that static data
with m # 0 admit conformal rescalings

hap — hap = Q2 hap, (1.4)

with positive conformal factors € so that the set S = S U {i}, obtained by adjoining to
S a point ¢ representing space-like infinity, acquires a real analytic differentiable structure
in which the conformal metric h extends to a real analytic metric on S and ) extends to
a function in C2(S) N C¥(S) so that

Q>0 on S, Q=0, d2=0, Hessp,Q=—-2h at i. (1.5)

A particular example of such a conformal factor, determined by the static data themselves,

is given by ,
1—-wv
EE 0

IThe terms Og(|Z|~(**9)) behave like O(|Z|~(**+<*7)) under differentiations of order
J<k.




Let (S, h, v) be a static vacuum data set with m # 0 and the fields h, Q on S related
to it by (L4l), (). We say that this set admits a non-trivial conformal rescaling if there
exists another static vacuum data set (5" W ) with associated fields A', ' on S’ so that
the following holds. Some neighbourhood U’ of i’ in S’ can be identified diffeomorphically
with some neighbourhood U of i in S, identifying ¢’ with 4, so that after identification
there exists a non-constant smooth function ¥ > 0 on U with

B =9*h. (1.7)

In other words, we require the existence of a conformal diffeomorphism which maps a
neighbourhood of space-like infinity with respect to h onto such a neighbourhood with
respect to R’ so that it extends in our gauge smoothly to a conformal map which maps i
onto 7. The metrics h, i/ are then related by

VS 1—v " 1—v
h=0"h with 6= - 0 . (1.8)
m m
In this article we investigate the question whether there exist static vacuum data sets
which admit non-trivial conformal rescalings.
The following general transformations map static vacuum data sets onto such sets:
— Trival rescalings

h—h'=0"h, v—v =v with 6= const.>0. (1.9)

Asymptotic flatness of A’ follows with the coordinate transformation #* — 7= 025

in (L3), which shows that the mass transforms as m — m’ = #?m. The corresponding
. . . _ 1_ 1_ _1 _ _1

conformal factor ¢ in (I7) is given by ¢ = =2 6 (L22) 7 =6

— The transitions

(S,h,v) = (S, =v*h,v™h). (1.10)

under which the sign of the mass changes, m — m’ = —m, and (1) holds with ¥ = 1.
These transitions are suggested by the conformal static field equations studied below (cf.
the remark following (2.8])). Without loss of generality it is therefore sufficient to consider
the case

m, m’ > 0. (1.11)

If the metric h is conformally flat with non-vanishing mass it is necessarily induced
by a Schwarzschild solution ([4]). In isotropic coordinates 2% the data are

m

1_2
_T

B

)

E

4
h=— 1+ 6, didi" o
27|

=

and (L) gives in the coordinates 2 = |#|~2 %, which are h-normal coordinates centered
at 1,

2
h = —84p da® da®, Q:(%) :



’
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m_ 9 - 7
I+375 1+575

The transition h — 6%*h, v — o/ with § =

, which maps a

Schwarzschild metric A with mass m onto such a metric with mass m/, corresponds to
a trivial rescaling combined with a coordinate transformation. In terms of i this rescaling
is given by (L8) with ¢ = 1 and the information on the difference between the solutions
is encoded in the conformal factors € and €. The conformally flat case is special in
admitting the 3-parameter group of special conformal transformations

% +d® z, x°¢
_ ,
14+2d.x2¢+ d.d°xe x¢

a

d* = const. € R3,

as local, non-trival, conformal maps of & which leave i fixed. In terms of the coordinates
2% the map above is given by the simple translation 2% — z® 4+ d®. Conversely, the trans-
lations % — z® 4+ d® is represented in terms of the coordinates 2% by a special conformal
transformation which maps a neighbourhood of infinity onto a punctured neighbourhood
of the point |d|~2d®. In the following we shall be interested in static data which are not
conformally flat.

The question posed above has been considered by Beig ([I]). He defines a certain
quantity @), quadratic in the Cotton tensor and its covariant derivatives up to second
order, and shows that h cannot admit non-trivial rescalings if ) # 0 at 7. As also pointed
out in [I], this condition excludes axi-symmetric static data. Unfortunately it is not clear
what else is excluded. We wish to control the situation without imposing conditions and
want to decide whether there do exist static, conformally non-flat vacuum data that admit
non-trivial conformal rescalings. The lemmas proven in this article imply the following.

Theorem 1.1 Suppose (5’, B,’U) are static vacuum data with ADM mass m # 0. If they
admit a non-trival conformal rescaling, then h admits a conformal Killing field Y which
is neither homothetic nor a Killing field for h and, in addition, a Killing field X which
defines an infinitesimal axi-symmetry. The fields Y and X commute, are orthogonal to
each other, and Y is tangent to the axzis defined by X which passes through the point
representing space-like infinity. Furthermore, if h is not conformally flat it has a non-
vanishing quadrupole moment.

There exists a 3-parameter family of static vacuum data with m # 0 which are not
conformally flat and which do admit non-trival conformal rescalings. The associated space-
time metrics are of Petrov type D along the axis and of Petrov type I on an open neigh-
bourhood surrounding the axis.

This result would provide complete information about the non-conformally flat static
data with non-vanishing mass which admit non-trivial rescalings, were it not for an unan-
swered question. As discussed below, it is left open whether there exist data with non-
vanishing quadrupole moment which admit non-trivial rescalings with dv = 0 at .

Apart from this omission the result above represents a 3-dimensional analogue of
Brinkmann’s theorem. Brinkmann studied the solutions of Einstein’s vacuum field equa-
tions in 4 space-time dimensions which admit non-trivial conformal rescalings that yield
new vacuum fields (asymptotic behaviour, however, played no role in these studies). He
found them to be given by the solutions which have later been named vacuum pp-waves



(1, [8]). These solutions are of Petrov type N. We note that the rescalings of the static
data considered in this article do not extend to conformal rescalings of the correponding
static vacuum space-times.

Details of the static data whose existence has been shown here will be discussed
elsewhere.

2 Conformal static vacuum field equations

The derivation of the following equations has been discussed (in terms of h and ¢ = p/pu)
in detail in [5]. Using the conformal metric h defined by (L), (L6 and the function

- (%) =

one obtains the static vacuum equations (I2)) in the form

1
0=Xu[h,pt] = DoDpp — Shay +p(1 —p) Sap with s= 3 App, (2.2)

(& gRB) [2) =7

Here D denotes the covariant derivative defined by h, and the tensor

d;. (2.3)

Sab = Rab [h] s

is the Ricci tensor of h. It is trace free because the Ricci scalar of h satisfies in the
conformal gauge defined by (L6)
R[h] = 0. (2.4)

We note that the tensor % s.;(i) at space-like infinity represents the quadrupole moment

of the static metric h. We set

m2

p=""r (2.5)

and denote by §; the Dirac measure with weight one and support {i}, given by the standard
Dirac measure g in h-normal coordinates z® centered at ¢. In such coordinates the fields
h and p are real analytic and satisfy

p=0, Duep=0, DyDpp=—2phg at i. (2.6)

The function p can be characterized as the unique real analytic solution of (Z3]), (26
or as the unique real analytic function satisfying (2.6) and

2ps=D,pD%, (2.7)

which is a rewrite of (Z3]). This equation can be shown ([4]) to be in fact a consequence
of (Z2) and (Z6]) so that the essential information on the static field equations is encoded

in (Z2), Z9).



In going from h, p back to h and v, one has to choose the sign of the square root. In
the case of positive mass the correct formulas are

pd+yp)? 1+ P

Replacing here the square root by its negative amounts to the transition (I0).

p v 1o VP (2.8)

The system (2.2) implies the integrability conditions
1
O:EDeEea:Das—i—(l—p)sabDbp, (2.9)
and
1 1. d
0= ; (D[c Ea]b + 5 D Ee[c ha]b) = (1 - P) D[csa]b -2 D[cp Salb — D P Sd[e ha]ln (210)

which extends by analyticity also to .

While the static vacuum data are subject to a rescaling (L), the transformation of
the potential was left unspecified. As pointed out above, the potential, represented by the
function p, is determined in the asymptotically flat case uniquely by p and h. The new
potential should thus be given in terms of p, the conformal factor ¥, and the new mass
term g’

Lemma 2.1 Assume that (S, h,p) is derived from a static vacuum data set with mass
m > 0 as discussed above and ¥ > 0 is a Q2 function so that h' = 9* h is the conformal
metric associated with static vacuum data h', v' on S\ {i} with mass m’ > 0. Set

m2

Then the function
L1/ 9\
p = o (W) P, (2.12)
satisfies
(B — 5 RIVDI ] = = 6 (213)
8 NARVT '

and relations (Z8) with p, p, D replaced by p', 1/ and the covariant derivative operator
D’ defined by /. The function p' agrees with the one given by (211) with v replaced by v'.

ProOF. Let z% resp. 2% denote h- resp. h/-normal coordinates centered at 7. A
calculation then shows that the system z® satisfies, possibly after a rotation around the
origin, the relation

’ ’

2% = 6% o {9(8)2 2 — (i) (6 07 — 269 6% ) D 4(i) 2 2} + O(|2* ). (2.14)



Writing the transformation 2% = 2%(2¢) shortly 2 = f(z'), the transformation behaviour
of Dirac distributions under coordinate transformations implies with the relation above
f* 00 = |det gg, (1)| =1 8o = 9(3)® 6or ([6]). With the conformal covariance of the conformal
Laplacian and (Z3)) it thus follows

1 1 Bogn_1 1 1
| (A — = Rp)[—] ] =,/5 ¢ | (Ap — < Rp)[——=
7 (@ = grtl) = B0t (o - Rl
Booinet ox f o—5 1 1 47
= — (i f(’l9 Ah——Rh —)——5/.
a6 (=g Rl ) =
The relations (2.0) are verified by a direct calculation and the last statement follows by
the uniqueness property pointed out above. m

The quantity v is left unchanged under trivial conformal rescalings. It has the following
meaning. The conformal factor 6 has in the coordinates of (I3]) in general an expansion

= (o (ge))

with some coefficients (i) > 0 and a. Rescaling the metric (I3) with 6 one finds that
the rescaled metric #*h acquires the mass m’ = 9(i)~2(2a + m). Using 28), @12 in
the expression (L8] for 6, expanding p using (LH]), and comparing with the expression
for 6 above, we find 2a = m (1/_1/2 —1) and thus again (ZII). A change of mass is
thus generated purely by a trivial rescaling if v = 1 but is partly due to an independent
contribution if v # 1. We finally note the expressions

Vv (i) + /p? o V(i) =9+ (Vv i(i) +9)v
(1+vp) Vv i(i)? V(i) + 9+ (Vo) —d) v’

for the conformal factor and the transformed potential. It follows that # = 1 if and only
if v =1 and ¥ = 1, while v/ = v is equivalent to (yz9(i) — 9)v? = (/v 9(i) — ). This
can hold only if v = 1, which implies that hep is flat, or if ¥ = /v 9(i), which implies that
v=1,9=49(i), and 0 = 9(i) L.

(2.15)

3 The equations for the rescaling factor

It will be convenient to replace ¥ by 1 and assume

9(i) =1, v = const. > 0, v=

1
h' =~* 9t h, o= —19%p. (3.2)
v
To derive conditions on the scaling factors we express

Sl 1] = DD — s Wiy + 0/ (L= p') sl

a

7



in terms of h and p. With the general rescaling laws in 3 dimensions

Rap[9* h] = Rap[h] — 297" Du Dy + 692 Dyt Dy — 2 hap, {07 " DeDY + 9% D) DV},
(3.3)
% R[9*h]0° = —Ap9 + % R[h] 9, (3.4)

where the right hand sides are expressed in terms of quantities derived from h, a direct
calculation gives

!/

’o 4 92 M 8 4W (1 5,
Saplhs 1] =~ EEab[h,quw m ST = 9p | Apdha

! 1
A # 9% p> <Danu ~3 Aptuhgy +u(l —w) sab) ,

where we set
u=v9 2, (3.5)

and used the resulting relation
2u Apu — 3 DeauD = —4v297° AR, (3.6)
Equation ([34) implies with R[h] =0 and R[R] =0
Apd = 0. (3.7)
From these relations we read off the following basic condition.
Lemma 3.1 Suppose h and p satisfy (Z2) and (Z.6) with some constant p > 0. If
w',y > 0 are constants and U a positive function with 9(i) = 1, then i = v*9*h and

p = L9%p with v = ﬁ satisfy Sap[h', '] = 0 if and only if u = v 9~2 satisfies the
overdetermined system

1
0 =M[h,u] = 2ut— D;uD with t= 3 Apu, (3.8)

0 =TMap[h,u] = DeDyu —thap + u (1 — ) Sap- (3.9)

Moreover, u must satisfy the initial condition
u(i) = v. (3.10)

Using the Bianchi identity and the decomposition Ripca = 2 (Rde Sajp —Pbjc Saja), Which
holds because R[h] = 0 and dim(S) = 3, one gets from (B.9) the integrability conditions

1
0= §DCHCG =Dyt + (1 —u) D Scq, (3.11)

1 1
0= - <D[0Ha]b +3 D1y, ha]b> = (1 =) Dy 8qpp — 2 D S — D sgje hagp- (3.12)

8



The identity
D,JI =u DM, — 2 Dull,y, (3.13)

implies that (B8] will be satisfied by a solution w of [F9) if TI(¢) = 0 i.e. if
u(@)=v >0, 2vt(i)=c,c® with ¢4 = Dou(i). (3.14)

Let x(7) denote a geodesic through ¢ with unit tangent vector #(7). Transvecting
equations (3.9), (BI1) suitably with &, one obtains a system of ODE’s for u, D,u, t along
this curve, which shows that a solution u of (39, BII)), if it exists, must be analytic and
uniquely determined by the data

u(@) =v >0, a(i)=1%,, )= 1 Cq C°.
2v
The function u so obtained will in general not satisfy the complete system (B3.9). It
will be shown that the existence of non-trivial solutions to equation ([B.9]) imposes strong
restrictions on the metric h. Because of the factor 1 —u in equations (8:9), (BI1)) it follows
immediately that
u=1l if v=1, ¢, =0. (3.15)

The following result will be useful later.

Lemma 3.2 Let u be a solution to (3.9), (3-14]) on a neighbourhood of i on which p < a
for some a > 0. If u = F(p) with some function F € C?([0,a[), then u is the trivial
solution w = v. Moreover, h is flat unless v = 1.

PROOF. Observing ([Z7) one gets
c 1 a 3 / " /\2
2ut—DcuDu:§Dapr - FF +2FF"-3(F')" |,
p

so that ([B.8)) is equivalent to the ODE

§FF’+2FF”—3(F’)2 =0.
p

If F/ =0 at a point where F' > 0 it follows that v = F = const. = v which implies with

B3) that sqp = 0 unless v = 1. Near a point where F' > 0 and F’ # 0 the equation above
7 ’ k ’ /

implies 0 = %4—2 % —3% = (log pgg; )2) whence F' = W with b, d = const. > 0,

b # 0. But then u(p) = F(p(p)) — 0 # v as p — 4, which contradicts our assumptions. ®

4 Implications for h

Let iL, v be static data and h, p the associated conformal fields. We shall discuss now
properties of A and h which are implied by the existence of a non-trivial solution u to

B3), B9), BI0). Assume that
U is an i-centered, convex h-normal nbhd so that 0 < p <1, Dap # 0 on U \ {i}, (4.1)



and set with a given function u

11—

Pa = Dapu Ug = Da”a w Wq = Daw7 U = {p € U| wa(p) 7é 0}7 (42)

=1
so that ¢ € U* if and only if uy(7) # 0. We recall that h is conformally non-flat if and only
if the set {p € U| sqp(p) # 0} is dense in U ([4]).

Lemma 4.1 Let h, p denote a solution to (22), (2.6) which is not conformally flat.
Suppose u is a non-constant, positive solution to (3.8), (3.9), (310) on a set U satisfying
(41) and define w as in {{-2). Then the set U* is dense in U and there exists a smooth
function 8 on U* so that

1
Sab = 6 (wa Wy — g hab We wc)' (43)

If V. C U* is a connected, simply connected neighbourhood of a point p € U™, there exist
a constant B # 0 and a function H = H(w) defined on V with H(w(p)) = 0 so that the
Ricci tensor has on V' the representation

Sap = ——eH (

1
T Wy Wp — 3 hap we w). (4.4)

If uq (i) # 0 we can choose p = i.

PROOF. If w, vanished on an open subset of U, w would be constant on U because u
and p are analytic. It would follow that u = v + p (1 — v) whence u = const. by lemma
B2 in conflict with our assumptions. It follows that U* is dense in U. Because

1 1
—— (DI =~ DUy by | =
U(l—p)( [e a]b+2 d[c a]b>
1 1 1—u 1
—— (D O — DMy hapy )| = ———— (D2, + =D h
U(l—p)< ol Ty e “]b) p(l—p)Q( e Zapp + 5 D" Eege hap)

=2 Wic Salb + wd Sdle ha]bv
equation ([BI2) holds on U* if and only if

2w Sapp + W Sape hgpp = 0. (4.5)
Contraction with 2w® gives
2We W Sqp — 2Wg Sep WE + W Sge WE hagp — W Sgq wp = 0.
The antisymmetric part of this equation reads w? 8d[a Wp) = 0, which implies on U*
w? 844 = @ wy, (4.6)

with some function «. Using this in the equation above, we obtain ([3]), which satisfies
(#3) without restriction on f.

10



With ([22)) and ([B.9]) one obtains

ws—t

(4.7)

1
Dowp = J hap + (1 — ) (1 — w) Sap + 1fp(wapb + wppa) with J =

It follows with (@3]
2
Dow®=3J+ —— p, w?,
1—p

2 1
w® Dy w, = Jwp + 3 (1—u)(1—w)Bw.ww, + 1Tp(wawapb + wp paw?),

2 2
w® w® Dy w, = {J+ 3 (1—w) (1 —w)Bw.w+ 1fppaw“}wcwc.
On U* the Bianchi identity and the gauge condition R[h] = 0 imply with (3]
a a 1 (& a 1 C
0= D%qp, =w*Dyf wy — ngﬁ wew® + B (Dyw wb—l—gw Dyw).

After contraction with w? this can be solved for w®D,/3. Inserting the resulting expression
again into the equation, gives

3 b ) .
wew® DB =7 {—5 (Dcwc + M) Wq + chawc} (4.8)

WWwe

5 1 1
:ﬂ {—5Jwa—rppcwcwa—g(l—u)(l—w)ﬁwcwcwa—l—Ewcwcpa}.

and thus finally
1
Daﬁ:ﬁ{fppa—l—Kwa}, (4.9)

with 5 )
wew® K = —5J — 1TppcwC ~3 (1—u) (1l —w)wwp.

The relation S(p) = 0 would imply with (£9) that 8 = 0, whence s, = 0 on a
neighbourhood of p in U* and thus s,;, = 0 on U by analyticity, contradicting conformal
non-flatness. Thus S(p) # 0, whence 8 # 0 on V, and equation (£9]) can be written there
in the form D,log|(1 — p) 3| = K Dyw. This implies that Di,K Dyw = 0, K can be
written as a function of w on V, and there exists a function H = H(w) with H(w(p)) =0
so that D,(log |(1 — p) 8] — H) = 0, whence, with 8, = (1 — p) 8|, # 0,

B n

on V. (4.10)

To state the following result, we note that lemma implies under the assumptions
of lemma 1] that €2*°uy p. # 0 on a dense open subset of U.

11



Lemma 4.2 Assume the notation and the assumptions of lemma[{.dl If V is chosen so
that € uy, p. # 0 on V., there exists a function | = l(w) on V so that

X =€y p,., (4.11)

defines a non-trivial Killing field for h on V. It extends to an analytic, hypersurface
orthogonal Killing field X on U which satisfies the relations

X%a =0, X%, =0, (4.12)

and is o Killing field for h on U\ {i}. Independent of the choice of V it is determined
uniquely up to a constant real factor. It vanishes at i and defines an infinitesimal axi-
symmetry with closed integral curves near i. If u,(i) # 0 its azis is given by the h-geodesic
~(7) with tangent vector u®(i) at .

PrROOF. With the expression [@IT]) a direct calculation using (Z2)), (39), (£3), (ZI0)

gives on V
DaXp = €ap “ne + 17 { Dyl +1 B, ™ (w — w?) wy} Xo,
where
1
Ne = gl{(Ath—P(l —p) Bwaw?) ue — (Apu+u (1 —u) Bwgw®) pe}. (4.13)

With the choice
I =1,e"™  where L satisfies L'(w) = —f. e (w—w?) and I, = const. >0, (4.14)
this implies
DaXb - 6abcnc- (415)
It follows
DXy =0, €**X,DyX.=0. (4.16)

Equations ([@I2]) are an immediate consequence of the definition of X. Since then X*D,Q =
0 by (), X is also a Killing field for the metric h.

To construct the extension of X to U we use the integrability condition for the Killing
equation,

DuDpX. = Xa R% ape, (4.17)

which is satisfied by X on V and to be satisfied on U. Fix p € V. The geodesics v(7)
with v(0) = p cover the convex normal neighbourhood U. The ODE’s

DIX. = XqR" ae ¥4, (4.18)

along these geodesics determine a unique analytic extension of X to U. The Killing and

the hypersurface orthogonality conditions [I6) as well as the relations [@I2) extend to

U by analyticity. As above it follows that the extended field is also a Killing field for h.
The relation X[® e¥l¢ 4, py = 0, which holds on V, extends to U by analyticity so that

X%~ ey, pg on UL (4.19)

12



The factor [ which relates these fields on V needs a priori not be bounded on U but up to
a constant factor the Killing field X* is determined uniquely.
The relation Lxp = 0 on U implies

0=DyLxp=~LxDaep=X"DyDop+ D, X°Dyp, (4.20)

which reduces at ¢ to
0=—-2pX.(i).

It follows that D, X} # 0 at ¢, otherwise X would vanish identically. Any geodesic through
1 is mapped by the flow of X onto such geodesic because i is a fixed point of the flow.
Because dim(S) = 3 and D, X, is anti-symmetric there exists a tangent vector t* # 0
at i with t*D,X, = 0. This vector is invariant under the flow of X. The geodesic
~(7) satisfying v(0) = ¢ and 4(0) = ¢ is thus pointwise invariant under the flow so that
X|4(ry = 0 and the points of () represent the axis of X. Because the flow of X preserves
orthogonality and maps geodesics onto such, it maps any geodesic orthogonal to + onto
another such geodesic. Since it preserves affine parameters it follows that the flow lines of
X are closed near <.

If uq(4) # 0 the function § given by (I0) and thus the function I can be given on a
neighbourhood of i so that | = [, and e = 1 at i and the expressions ([@I1]) and (EIH)
with (@I3]) can be assumed to hold on this neighbourhood. While then X* = 0 at i, we
have 1.(i) = =21, u., so that Dy Xp|; = =21, €qp “uc(i) # 0 and u® Dy Xp|; = 0. It follows
that the axis is given by the geodesic with tangent vector u® at i. m

If u, (i) # 0 we normalize X by setting
1
Ly = 7e with ¢ =+/—ucufl; >0 sothat ngn®l; = —1. (4.21)
c

It follows with (@I7) that n,n® = Dy X, D*X®/2 = const. = —1 along the the axis, where
X vanishes. The flow of X induces then rotations of the tangent space T;S with period
27 and not smaller. If ¢ denotes the natural parameter on the integral curves of X which
vanishes on a hypersurface orthogonal to X which approaches the axis from one side, it
defines a coordinate with hypersurfaces {¢ = const.} L X and the integral curves of X
close exactly if ¢ € [0,27].

Lemma 4.3 Assume the notation and the assumptions of lemmas[{1), [{-3 The field

l
Y= fw* with f= T (1—p)?, (4.22)
satisfies on 'V
1 c : 1 2 c H
DaYb:whab—i—l—eab X, with wzf(J—g(w—w ) wew® e ). (4.23)

It extends to an analytic, hypersurface orthogonal field Y on U satisfying the conformal
Killing equation
DYy + DY, = 2w hgy, (4.24)
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and the relations

X,Y*=0, [X,Y]=0. (4.25)

It is tangential to the awis through i defined by X, where it does not vanish. It is a
conformal Killing field but neither homothetic nor a Killing field for h. Independent of the
choice of V' the extended field is unique up to a non-vanishing constant real factor.

Proor. With (A1) we get on V

DYy =el (1= p)2 L'wq —2(1 = p) pa) wy

1 1
+f (J hab + (1 - u) (1 - w) 5(wawb - g hab We wc) + m(wapb + wbpa))

1
=f (J —3 (w — w?) wew By €H> hap + (1 = p) € (wapy — wppa),

1
=whep — eL (uapb - pra) =whay + l_ 6abc*Xca

which implies (@23]), (£24) on V. Hypersurface orthogonality and orthogonality to X
follow immediately from the definitions of X and Y. The second of relations ([@.25]) follows
by a direct calculation from

[X,Y]a = X°D.Y, —Y°D. X, = w Xo — fw €caan®

1 1—u 1
:(_A}Xa—fg |:(Ahp+p1,wad6*eH) W— (Ahu—l—uwwdwdﬂ*eH) m Xa
1 _
:an—f [J-gHU}dedﬁ*eH Xa:0.

To extend Y to U we consider the integrability conditions for the conformal Killing
equations ([9]),

Dan}/c - Yd Rd abe + Wq hbc + wp hac — We hab; (426)
with
Dyw = wy, (4.27)
and
Dowp ==Ly Sap = —(Yc D.Sap + DY scp + DpY€ Sac), (4.28)

satisfied in our conformal gauge by Y on V and to be satisfied on U. Fix p € V and
consider the geodesics through p. The equations above imply a linear system of ODE’s
for Y,, D.Y,, w, w, along the geodesics which determine a unique analytic extension of
Y to U. Equations (£24)) and (£28) extend to U by analyticity.

Because ]
X — _ * 6abc }/b Des
I-p
the relation D, X (i) # 0 implies that Y® # 0 at ¢ and thus also on the axis near i. The
restriction of

0=[X,Y],=X°D.Y, — YD X,,

14



to the axis implies that Y is tangent to the axis, the conformal Killing equation implies
that Y # 0 there.

It holds Ly h = Ly (272h) =20 h with® = w—Q 1Y *D, Q. Because Do (Y pe)|; =
—2uY,(i) # 0, it follows with ([2.8) that Q= YD, Q diverges at i. Thus @ can neither
be constant nor vanish. m

On V, which can be chosen to contain i if u,(¢) # 0, the dualized version of the Cotton
tensor Byeq = Djc Rq), acquires by (2100, (£4), (@I1), and @22) the concise form

1 .1

H-2L
d P e
Bab:_Bacdebc = _psd(aeb)cpczi

L (L= p)

5 : X0 Ya).- (4.29)

The conformal factor (Z8) and the transformation laws under conformal rescalings
give

3
25 (L+ )2

At 7 holds w, p® = 0 and De(w, p®) = 2puc(i) # 0 if ue(i) # 0. Thus, if u.(i) # 0,
there exists a smooth hypersurface H through ¢ on which w, p* = 0. With X, p* = 0,
X, w® = 0 it follows that the vector fields w®, p®, X® define on H \ {i} an orthogonal
set of eigenvectors of Rab[ﬁ]. The direct calculation shows that the three eigenvalues
are different from each other. It follows that g is of Petrov type I near H \ {i}. The
fields p® and w® are proportional to u® on the axis because X = 0 there. It follows that

Rav[h] ~ pa pp — % pe p© hap so that g is of Petrov type D along the axis (cf. [3]).

1 C
(Pa po — 3 P P Pap)-

~ 1
Rab[h] = \/ﬁﬁ (wa Wy — 5 hab We wc) 3

3

5 Existence and non-existence results

In spite of the simple conclusion (BIH) the case were u, (i) = 0 is not easily discussed in
general. The function 8 = 3 % in ([A3) may become, along with the quantities H
and L, singular at i if w, (i) = 0. In fact, if s, does not vanish at 4, it is there due to
axi-symmetry of the form

swi) =€ (nam + Sha), EA0, (5.1)

with a unit vector n® pointing in the direction of the axis. With this one finds that

B = —sign(€) v/3/2 seas® (w.we) ™! is unbounded near i. If Dy is applied to equations
@I0) and (B12), the resulting equations are subtracted from each other, and the difference
is restricted to 4, one obtains with u,(7) = 0 and ([2:2)), (28), B.8), B9) at ¢ the relation

v{2saieSap + 547 spchap = 210 {2 hajesap + Sapchapp } -
It restricts the parameter in ([G1]) by & = 67“ but it does not exclude (G.I]). We shall leave

the case D,u(i) = 0, s4p(7) # 0 open in this article. If the second of these conditions is
dropped we get with (BI5) a complete, though negative answer.
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Lemma 5.1 Suppose h, p is a solution to the conformal static vacuum equations (2.2),

(2:6) such that sqp(i) = 0. Then a positive solution u to equations (3.8), (3.9), (3I0)

near i which satisfies u(i) = v # 1 and Dyu(i) = 0 is the constant solution w = v and h
is flat.

PROOF. We assume that w is not a constant and show that this leads to a contradiction.
In the following results of [5] will be used. For the notions set below in quotation marks
and statements relating to them we refer the reader to that article.

Let xz* denote h-normal coordinates centered at i, so that h¥, = hep(i) = —dap-
Equation (ZI0) implies with (28] that Dgspc() is totally symmetric. More generally, if

sap = O(|z|*) for some Kk >1,
the ‘exact set of equations argument’ implies with (2I0) that the tensor
1/}a1 arab = Da1 “e Dak Sab(i);

is given in space spinor notation by a completely symmetric spinor 14, B, ... A 2By, DE-
cause it either vanishes or defines the non-vanishing ‘null datum’ of lowest order for the
solution h. We shall show that it vanishes so that in fact sq;, = O(|z|**1).

Equations B.8), 39), (31I) imply with the assumption above
u=v+ O(z[F?), D, ... Doypu(i) = =V (1 = V) Ya; .. apss>

so that one obtains at ¢ ‘normal expansions’

1
Sab — E U)al . Qf ab‘ral et xak + O(|$|k+1)5
1 al AL42 k+3
u:y—u(l—u)m%n...akﬂx . + O(|z|*T),
1 a a
Do == (1 =1) Gy Yon oo ad™ oo 25+ O(fal ),

p=—phia®z’+O0(jz["**), Dap=-2phlya"+O(|x[*?),
whence

_ 2p(l—v)hy e
“ (14 phlyxeab)?

o p(=w)?hy, a0t
HOU™™), = =g ey Ol ™).

It follows that w, # 0 on a punctured neighbourhood of i. Consider near i the real analytic
field

1
fab = 2 (Wew®)?sap — 3ww? Seq (e wy — 3 hap Wew®).
LemmaZTlimplies with the assumption that u is not constant that the field f,; vanishes on
the open set where w, # 0 and thus, by analyticity, everywhere. In the normal coordinates

x® we extend near ¢ now all real analytic fields holomorphically into the complex domain
and consider a complex null geodesic (1) = 71* with {* = const. # 0, [,1* = 0.
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Expanding fq(z(7)) at 7 = 0 and observing the expansions above gives

2u((1— 4
0=fup=-3 % Yax e A2 N ) Thtd + O(|T|k+5).
This shows that
0= 1/}‘11 e Qg2 R S 7/}A1B1 o ApyoBrio LAl .. .LBk+27

where [ is represented on the right hand side by the spinor ¢4 (Z. Because I* and thus
the spinor 1A is arbitrary here, the symmetric spinor 94, B, ... A, Biy. Must vanish, which
implies s = O(|z[F™!) and u = v + O(|z|F™3). In contradiction to our assumption it
follows inductively that © — v and s, vanish at ¢ at all orders. m

The existence result anounced in the introduction will now be proven. In stating it
we ignore trivial rescalings.

Lemma 5.2 For given data p,v, 3« € R and c® € R satisfying
p>0, v>0, B.#0, c*#0,

there exists a solution h to the conformal static field equations which admits a non-trivial
conformal rescaling with conformal factor & = \/v/u. The fields h and u are unigely
determined by the requirements that m = 2./i is the ADM mass of the asymptotically
flat static metric associated with h, the Ricci tensor of h assumes in i-centered h-normal
coordinates the value

1 .
Sab = Bx(cacp — 3 hapcac®) #0 at i,
and the positive function u satisfies
u=v, Dju=c, at i.

PrOOF. The result will be obtained by solving simultaneously the conformal field
equations for h and the equations satisfied by u. Let e,, a = 1,2, 3, denote an h-orthonomal
frame and denote the 1-forms dual to it by ¢®. The metric is then given by h = hgp 0® o®
with metric coeflicients hq, = h(eq,ep) = —dap. The connection coefficients, defined by
De,ep =Ty “p e, satisty Taep = Tgjep) With Taep = hea T d,. The connection form is then
given by w®, = ' * 0° so that wg, = Wiab]- This expansion in terms of the o will be
used only later, when we describe the solution procedure in detail.

The equations will be written as differential system for the unknown

U= (pa Pas S, U, Uq, t7 67 Uau wab)a

where the first seven components denote (vector-valued) 0-forms and the last two compo-
nents are 1-forms. Until we introduce coordinates below all indices should be understood
as frame indices. Consider the differential forms

A =dp— pyo?, I'=du — ugo®,
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Ea:dpa—pcwca—shabab+p(1—p)sabab,
Hazdua—ucwca—thabob—i—u(l—u)sabob,
S =ds+(1—p)p*saa’, T=dt+ (1 —u)usq0°,
B=d3+ 3 M,0",
@“:do“—l—w“b/\ab, A%y =dw®y +w c AWy — Q%
denoted collectively by
v=(A\T, X, I, S, T, B, 0% A%,),

or by ¥4 if we need to bring out relations involving different components. In the differen-
tial forms above and in the forms derived below we consider functions of the components

of U which are given by

1-u 1—-u 1 1 c
WETTy YT ol T, Sab = 0 (Wa wp — 3 hap wew®),
1 1 5(ws—t+ pew)
M, = a -(1- 1- a— 7 Pa = )
Quit 3 (=) (1=w)fue = —pe Q=1
1
Qab:§Rabcd0'c/\0'd:(hacsbd—hbcsda)O'c/\O'd.
The equations we need to solve read now
¥ =0.

The first two of these equations ensure that p, and u, represent the differentials of p and

u, the following five equations represent (2.2)), (3.9)), (2.9), (BI1I), (£3) and the remaining

equations are the first and the second structural equation.
A lengthy but straight forward calculation shows that the differential forms comprised

by W satisfy the differential system
dA = =X, No® — p, OF

dl' = -1II, Ao — u, ©7,

A = —SpAwl o —pp A o —S Ao, —s Ou+(1—2p) AASap o’ +p (1—p) Sab 0'+p (1—p) Aqa,

dll, = —IAw? o —up Ay =T Aoy —t O,+(1-2u)TAsap o’ +u (1—u) Sap eb+u (1—u) Ag,

dT = —AAp?sap 0”4+ (1 = p) Za A s 500 + (1 — p) p® 545 O + (1 — p) p® Aa,

dS:—I‘Au“sabab—l—(l—u)Ha/\s“bab—i—(1—u)u“sab®b+(1—u)u“Aa,
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dB=BA(M,0"+ B Fw,o")

Q 5 p° 2 Q we
+ﬁ{1 A+ ((1—p)3wbwb - (1_p)2wbwb) (_pcr+chA+(1_p) (w0A+wEC_HC))

+(1_p)72wbwb (swA—sF—l—(1—p)(wS—T—|—wCEC))}/\waga

F 1
+ﬁ{%(wpaA—paF—l—(1—p)(waA+wEa—Ha))—gﬁ((1—2w)F+w2A)wa
Pa 1 }
— A— Yo Ao+ B M, 0%
-2t T,
dO% = A%y Ao® —wy AOY,

dA%y = Aac/\wcb—wac/\Acb—(hacsbd—hbcsda) (@c/\od—Uc/\Gd)—l—Ua/\Ab—Aa/\Ub,

where
1 2
Aa:waB/\wbab—gwbbi/\aa—I—ﬁ(Ba/\wbab—l—waBb/\ab—gbib/\Ua),

with

Pa Wq W Pq w 1
B, = — I‘+< + )A+ Y — —— .
(1-p)? l—p (1-p)? L—p L—p

In deriving the last equation there arises the expression
N = —yyw? o Npe Uc/\ab—l—pC w o Awy Ud/\ab—l—aa/\pC o Awg o wb—w® Pe 0 Nwg a?Aab.
By writing 0 A 0® A 0¢ = €¢ y;, with the volume form defined by h on the right hand
side and calculating N €44, the field N can be shown to vanish identically.

In short notation (the summation convention applying to all indices) the relations
above take the form

d®4 = 4 o ANWE 4 et AP 4 A wE (5.2)

with functions f’gc, g‘g, ’g of the 0-forms given by U.

Because we assume that D,u(i) = ¢, # 0, all fields given by U, in particular 3 (with
the meaning given to it earlier), can be assumed to be smooth near i. The solutions to
the equations ¥ = 0 are obtained near i as follows. Assume that =% denote i-centered,
h-normal coordinates and e, an h-orthonormal normal frame centered at ¢ so that e*, =
< dx®, ep >= 6%, at i. Then Y = 299, is smooth near i and so that Y = ‘—i‘ff is
for % # 0 the geodesic unit vector field tangent to the geodesics through 7, which has
direction dependent limits as |z| — 0. Writing 0% = 0% d2®, we find the inner products

iy 0 =o%y(z) 2’ = z°, igwhy =2°T.%y(x) =0 near 2 =0. (5.3)
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Consider now a radial geodesic v : 7 — 7% with some x? satisfying dup 22 2% = 1.
The equation
iy ©% =0,

implies then for the unknown 6%, = 0, — 0%, which is required to be smooth, the initial
condition
6% — 0 as 7 —0, (5.4)

and along v the ODE

d ~ 1 ~a a ~c a
— 0%y +—6%,=T.%40 bx‘i—i—l"b d;vf, (5.5)
dr T

where we expressed the connection form in terms of the connection coefficients, which are
considered now as unknowns. The equation

iy A%, =0,
similarly implies the initial condition and the ODE
. —0 as 7—0, (5.6)

d 1
Erc“w;(&dc—&dfefc)rd“b: Lg%y T 2% 4+ R® pae 27, (5.7)

where the frame coefficients e*;, (by Cramer’s rule rational functions of the o® ;) satisfy
c%.e’py=0% sothat ey =0 —3d%. e, =0% + O(|7]).
The equations
ivA=0, iy =0, iy X, =0, iv1ll, =0, iy S=0, iy T =0, iy B=0, (5.8)

imply regular ODE’s along . The unknowns in these equations must satisfy the initial
conditions

p=0, p.=0, s=-2u u=v>0, ug=cq #0, tzcg—c, B=0+#0 at 7=0.
v

(5.9)

There exists along v a unique solution U to the system consisting of (&3), (5.7), and
the ODEs implied by (5.8) which satisfies the conditions (53), (5-4), (56), (5.9). This
solution is real analytic in the initial data (.9) and Tx%. The fields given by U are in
fact analytic in the coordinates x® and satify the equation ¥ = 0 near z* = 0.

This result follows from general properties of systems of ODE’s. The only subtlety
arises here from the singularity of equations (&), (&1) at 7 = 0. It is such that the
left hand sides of these equations are of the form & + 77! Az with a matrix A which
approaches a diagonal matrix with positive entries as 7 — 0. The existence of an unique
analytic solution to the complete system then follows immediately with the methods used
in [5] where ODE’s of the same type have been discussed.

Once the solution U has been obtained, equations (5.1)), (5.7)) imply a system of ODE’s
for ¢ 5% and 2T, ® . along v which allows one to concluce that these quantities vanish
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everywhere so that the relations (53) are indeed satisfied. Because iy ¥ — 0 as z* — 0
along any geodesic passing through z* = 0 it follows that ¥ = 0 at 2* = 0. From (5.2,
(E3), and iy ¥ = 0 one obtains

IC

Ly P4 = (doiy +iy od) P =iy dPA = f4 B
Be

|z

This equation implies for |z| # 0 along each geodesic vy passing through 2* = 0 a linear
homogeneous system of ODE’s for the coefficient functions defining the forms given by
W. Tt behaves regularly on v as |z| — 0. Since ¥ vanishes at 2* = 0, the asserted result
follows. m

In counting the free parameters in lemma [(.2] the vector ¢* should be taken into
account only in terms of the number ¢ = /c,c® > 0 because of the freedom to rotate the
normal coordinates around their origin. Ignoring the parameter y, which can be changed
by trivial rescalings, it follows the that solutions depend on three parameters.

6 Concluding remarks

The statements of theorem [[.T] represent an extract from the results proven in the lemmas
and the subsequent remarks. The latter provide much more information on the various
structures. This will become important in a sequel to this article in which the properties
of the solutions whose existence has been obtained in theorem [[T] will be discussed in
some detail.
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