IOP PUBLISHING CLASSICAL AND QUANTUM GRAVITY

Class. Quantum Grav. 25 (2008) 065012 (18pp) doi:10.1088/0264-9381/25/6/065012

Conformal classes of asymptotically flat, static vacuum
data

Helmut Friedrich

Max-Planck-Institut fiir Gravitationsphysik, Am Miihlenberg 1, 14476 Golm, Germany

Received 29 November 2007, in final form 1 February 2008
Published 4 March 2008
Online at stacks.iop.org/CQG/25/065012

Abstract

We show that time-reflection symmetric, asymptotically flat, static vacuum
data which admit a non-trivial conformal rescaling which leads again to such
data must be axi-symmetric and admit a conformal Killing field. Moreover, it
is shown that there exists a 3-parameter family of such data.

PACS numbers: 04.20.Ex, 04.20.Ha, 04.20.Jb

1. Introduction

The metric of a static spacetime assumes in suitable local coordinates 7, ¥*,a = 1, 2, 3, the
form
g=v>d’ +h, v =v(F°) > 0, R = hgp(3€) di® dx?, (1.1)

where 7 denotes a negative definite metric on the time slices S, = {t = ¢ = const.}. The
hypersurface orthogonal, time-like Killing vector field is then given by 9,. We refer to & as
the static metric and to v as the potential. Einstein’s vacuum field equations reduce here to the
static vacuum field equations

- 1. -
Ruplh] = —D,Dyv, Ajv =0, (1.2)
v
where D denotes the covariant derivative defined by /. It suffices to consider these equations
onS = So.
In the following, we study solutions which are asymptotically flat so that the coordinates
% can be required, for suitable S, to map the set S diffeomorphically onto the complement

of a closed ball Bg(0) in R3 so that the fields %, v satisfy, with some € > 0 and k£ > 2, the
asymptotic flatness condition'

- 2
frac = — (1 + |—”|’) Bac + OL(IF71%9), v =1-— |’”—| + 0 (171%9) as |F] — oo,
X X
(1.3)

! The terms Oy (]%|~1*9)) behave like O (|%|~(1*€*/)) under differentiations of order j < k.

0264-9381/08/065012+18$30.00  © 2008 IOP Publishing Ltd Printed in the UK 1


http://dx.doi.org/10.1088/0264-9381/25/6/065012
http://stacks.iop.org/CQG/25/065012

Class. Quantum Grav. 25 (2008) 065012 H Friedrich

where |.| denotes the standard Euclidean norm. We refer to (S, &, v) as static vacuum data.
The coefficient m represents its ADM mass. In this paper we shall only be interested in data
with mass m # 0.

The pair (S, 7) defines a particular type of time-reflection symmetric initial data for
Einstein’s vacuum field equations. Our interest in such initial data is motivated by observations
which suggest that evolutions in time of time-reflection symmetric, asymptotically flat vacuum
data admit at null infinity conformal extensions of prescribed smoothness if and only if the
data behave in terms of a certain type of expansion at spacelike infinity up to a certain order
like static data (cf [4] for a detailed discussion).

The full analysis of this relation requires detailed information on the asymptotic behaviour
of static data and their conformal structures at spacelike infinity. In previous work [5] we
have given a complete characterization of static vacuum data in terms of a minimal set of
symmetric trace free tensors at spacelike infinity, referred to as null data. That paper clarifies,
in particular, the convergence problem. In the present paper, we take a first step towards
characterizing conformal structures of static data. Obviously, such a characterization should
be more easy if static data are related in a one-to-one fashion to their conformal structures. It
will be shown that the relation is, in fact, more complicated.

A precise description of our result requires technical details. To keep the discussion
short we refer the reader to [5] for further details. Beig and Simon [2] showed under certain
assumptions, weakened later by Kennefick and O’Murchadha [7], that static data with m # 0
admit conformal rescalings

hap = hap = Lhap, (1.4)
with positive conformal factors  so that the set S = S U {i}, obtained by adjoining to S a
point i representing spacelike infinity, acquires a real analytic differentiable structure in which
the conformal metric & extends to a real analytic metric on § and €2 extends to a function in
C2(S) N C?(S) so that

Q>0 on &S, Q=0 d22=0, Hess,2=-2h at I. (1.5)

A particular example of such a conformal factor, determined by the static data themselves, is

given by
1—v)\?
Q= ) (1.6)
m

Let (S, i, v) be a static vacuum data set with m # 0 and the fields A, Q on S related
to it by (1.4), (1.6). We say that this set admits a non-trivial conformal rescaling if there
exists another static vacuum data set (S, &', v') with associated fields #’, €’ on S’ so that the
following holds. Some neighbourhood U’ of i in §’ can be identified diffeomorphically with
some neighbourhood U of i in S, identifying i’ with i, so that after identification there exists a
non-constant smooth function ¢ > 0 on U with

h = 9*h. (1.7)
In other words, we require the existence of a conformal diffeomorphism which maps a
neighbourhood of spacelike infinity with respect to /4 onto such a neighbourhood with respect

to /2’ so that it extends in our gauge smoothly to a conformal map which maps i onto i’. The
metrics 1, i’ are then related by

- - 1—v\"' 1=
B =6%% with 6= ( a ) 9" (1.8)
m

m

In this paper we investigate the question of whether there exist static vacuum data sets which
admit non-trivial conformal rescalings.
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The following general transformations map static vacuum data sets onto such sets:
Trival rescalings.
h—h =0, v—1v=v with 6 = const. > 0. (1.9)

Asymptotic flatness of &’ follows with the coordinate transformation ¥4 — ¢ = 62%“ in
(1.3), which shows that the mass transforms asm — m’ = 6*m. The corresponding conformal

factor ¥ in (1.7) is given by ¥ = =20 ('m;“)_1 =61
The transitions.
(S, h,v) > (S, 7 = v*h, v, (1.10)

under which the sign of the mass changes, m — m’ = —m, and (1.7) holds with ¢ = 1. These
transitions are suggested by the conformal static field equations studied below (cf the remark
following (2.8)). Without loss of generality it is therefore sufficient to consider the case

m,m’ > 0. (1.11)

If the metric / is conformally flat with non-vanishing mass it is necessarily induced by a
Schwarzschild solution [4]. In isotropic coordinates ¥¢ the data are

7 m ! a b 1_%
h=—|1+— Sap dX® dx”, =
2|x| 1+T5€\

and (1.6) gives in the coordinates x¢ = |%| 2%, which are h-normal coordinates centered at i,

2
x
h = —84 dx“ dx”, Q= % :
1+ % |x]
The transition i — 6%k, v — v’ with§ = liﬁ, I = 1:? , which maps a Schwarzschild
20 b

b 213]
metric 4 with mass m onto such a metric with mass m’, corresponds to a trivial rescaling
combined with a coordinate transformation. In terms of 4 this rescaling is given by (1.8) with
¥ = 1 and the information on the difference between the solutions is encoded in the conformal
factors © and ©'. The conformally flat case is special in admitting the 3-parameter group of
special conformal transformations
x4+ d%%.x°
— ’
1+2d.x¢+d.dx.x¢

as local, non-trival, conformal maps of - which leave i fixed. In terms of the coordinates
X¢ the map above is given by the simple translation ¥* — X + d*. Conversely, the
translations x* — x“ +d“ is represented in terms of the coordinates ¥ by a special conformal
transformation which maps a neighbourhood of infinity onto a punctured neighbourhood of the

point |d|~2d“. In the following we shall be interested in static data which are not conformally
flat.

a

X d® = const. € R?,

The question posed above has been considered by Beig [1]. He defines a certain quantity
0, quadratic in the Cotton tensor and its covariant derivatives up to second order, and shows
that 4 cannot admit non-trivial rescalings if Q # O ati. As also pointed outin [1], this condition
excludes axi-symmetric static data. Unfortunately it is not clear what else is excluded. We
wish to control the situation without imposing conditions and want to decide whether there
do exist static, conformally non-flat vacuum data that admit non-trivial conformal rescalings.
The lemmas proven in this paper imply the following.
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Theorem 1.1. Suppose (S, h, v) are static vacuum data with ADM mass m # 0. If they
admit a non-trival conformal rescaling, then h admits a conformal Killing field Y which is
neither homothetic nor a Killing field for h and, in addition, a Killing field X which defines
an infinitesimal axi-symmetry. The fields Y and X commute, are orthogonal to each other, and
Y is tangent to the axis defined by X which passes through the point representing spacelike
infinity. Furthermore, if h is not conformally flat it has a non-vanishing quadrupole moment.

There exists a 3-parameter family of static vacuum data with m % 0 which are not
conformally flat and which do admit non-trival conformal rescalings. The associated
spacetime metrics are of Petrov type D along the axis and of Petrov type I on an open
neighbourhood surrounding the axis.

This result would provide complete information about the non-conformally flat static data
with non-vanishing mass which admit non-trivial rescalings, were it not for an unanswered
question. As discussed below, it is left open whether there exist data with non-vanishing
quadrupole moment which admit non-trivial rescalings with d9 = 0 at i.

Apart from this omission the result above represents a three-dimensional analogue of
Brinkmann’s theorem. Brinkmann studied the solutions of Einstein’s vacuum field equations
in four spacetime dimensions which admit non-trivial conformal rescalings that yield new
vacuum fields (asymptotic behaviour, however, played no role in these studies). He found
them to be given by the solutions which have later been named vacuum pp-waves [3, 8]. These
solutions are of Petrov type N. We note that the rescalings of the static data considered in this
paper do not extend to conformal rescalings of the correponding static vacuum spacetimes.

Details of the static data whose existence has been shown here will be discussed elsewhere.

2. Conformal static vacuum field equations

The derivation of the following equations has been discussed (in terms of 2 and £ = p/u) in
detail in [5]. Using the conformal metric / defined by (1.4), (1.6) and the function

1—v)\?
()

one obtains the static vacuum equations (1.2) in the form

1
0= Zulh, ul= D,Dpp — shap +10(1 — 0)Sab with s = gAhP, (2.2)

(A - lR[h]) [i] ) (2.3)
"8 N N ‘

Here D denotes the covariant derivative defined by %, and the tensor
Sab = Rah [h]

is the Ricci tensor of 4. It is trace free because the Ricci scalar of 4 satisfies in the conformal
gauge defined by (1.6)

R[h] = 0. (2.4)
We note that the tensor 5 s, (i) at spacelike infinity represents the quadrupole moment of the

static metric /. We set
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and denote by §; the Dirac measure with weight one and support {i}, given by the standard
Dirac measure &y in h-normal coordinates x? centered at i. In such coordinates the fields 2
and p are real analytic and satisfy

p=0, D,p=0, D,Dyp=—-2uh, at Ii. (2.6)
The function p can be characterized as the unique real analytic solution of (2.3), (2.6) or

as the unique real analytic function satisfying (2.6) and
2ps = D,pD%p, 2.7

which is a rewrite of (2.3). This equation can be shown [4] to be, in fact, a consequence of
(2.2) and (2.6) so that the essential information on the static field equations is encoded in (2.2)
and (2.6).

In going from h, p back to i and v, one has to choose the sign of the square root. In the
case of positive mass the correct formulae are

p 1=

Q= ——m—, v = . (2.8)
w1+ /D)2 1+/p
Replacing here the square root by its negative amounts to the transition (1.10).
The system (2.2) implies the integrability conditions
1
0= 2D*Tq = Das + (1 = p)sa D’p, 2.9)
and
1 1, 4
0= ; D[Cza]h + ED 2:e[cha]b = (1 - p)D[CSa]b - 2D[Cpsa]h -D PSd[cha]b, (210)

which extends by analyticity also to i.

While the static vacuum data are subject to a rescaling (1.7), the transformation of the
potential was left unspecified. As pointed out above, the potential, represented by the function
p, is determined in the asymptotically flat case uniquely by w and 4. The new potential should
thus be given in terms of p, the conformal factor ¢ and the new mass term .

Lemma 2.1. Assume that (S, h, p) is derived from a static vacuum data set with mass m > 0

as discussed above and ¥ > 0 is a C? function so that h' = ¥*h is the conformal metric
associated with static vacuum data h', v’ on S\ {i} with mass m’ > 0. Set
m2
= YA (2.11)
Then the function
A
P = > (m) 1Y (2.12)
satisfies
<Ah/ — lR[h/]> I:Li| = 4—7{8[, (2.13)
8 N

and relations (2.6) with p, i, D replaced by p’, u' and the covariant derivative operator D’
defined by h'. The function p’ agrees with the one given by (2.1) with v replaced by v'.

Proof. Let x resp. x* denote h- resp. h’-normal coordinates centered at i. A calculation then
shows that the system x“ satisfies, possibly after a rotation around the origin, the relation

xU =8 {0 x — P () (8pe8! — 289 87 )P 4()x"x} + O(Ix ). (2.14)

5
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Writing the transformation x¢ = x“(x¢) shortly x = f(x'), the transformation behaviour
of Dirac distributions under coordinate transformations implies with the relation above
f*80 = |det %(i Y718y = 9(i)°8y[6]. With the conformal covariance of the conformal
Laplacian and (2.3) it thus follows

() M O )
- oo () []) - e

The relations (2.6) are verified by a direct calculation and the last statement follows by the
uniqueness property pointed out above. ]

The quantity v is left unchanged under trivial conformal rescalings. It has the following
meaning. The conformal factor 6 has in the coordinates of (1.3) in general an expansion

7 (o ()
92—. 1+T+0 —_— s
v (i) | %] |2

with some coefficients ©##(i) > 0 and a. Rescaling the metric (1.3) with 6 one finds that
the rescaled metric 6*h acquires the mass m’ = 9 (i)~>(2a + m). Using (2.8) and (2.12) in
expression (1.8) for 8, expanding p using (1.5) and comparing with the expression for 6 above,
we find 2a = m(v~"/2 — 1) and thus again (2.11). A change of mass is thus generated purely
by a trivial rescaling if v = 1, but is partly due to an independent contribution if v # 1. We
finally note the expressions

Vo @) + /0 . VB E) — O+ (VB E) + )y

0 = — v o= . . ,

(1 + /p)V VP (i)? SVO@E) + 0+ (Jvo @) — v

for the conformal factor and the transformed potential. It follows that & = 1 if and only if

v =1and ® = 1, while v’ = v is equivalent to (,/v? (i) — ?)v?> = (v (@) — ). This

can hold only if v = 1, which implies that f,,, is flat, or if ¥ = \/v® (i), which implies that
v=1,9=29@G)and 0 = 9@G)"".

2.15)

3. The equations for the rescaling factor

It will be convenient to replace ¢ by y ¢ and assume

(i) =1, y = const. > 0, V= /L4, (3.1
wy
1
W= y*oth, o = —9%p. (3.2)
%

To derive conditions on the scaling factors, we express
Sulh', 1= D, Dyp" —s'h,, +p' (1 = p)s.y,

in terms of & and p. With the general rescaling laws in three-dimensions

Rap[9*h] = Rap[h] — 207" Dy Dy + 692Dy Dyd — 2hgy, {9 ~' D.DY + 0 *D I DD},
(3.3)

TR[V* MY’ = — A9 + LR[N]Y, (3.4)
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where the right-hand sides are expressed in terms of quantities derived from #h, a direct
calculation gives

w 8 ,u (1
Sl Wl = y“zﬂ;zab[h, ]+ gy“; (;z‘ﬁ i ﬂp) A hap

/ |
- J/4#196p2 (Danu = 3 Antthay +u(l — u)m) :

where we set

u =2, (3.5)
and used the resulting relation

2uBpu —3D.uDu = —4v*9 A0, (3.6)
Equation (3.4) implies with R[h] = 0 and R[A'] =0

Ao =0. (3.7)

From these relations we read off the following basic condition.

Lemma 3.1. Suppose h and p satisfy (2.2) and (2.6) with some constant u > 0. If u’', y > 0
are constants and ¥ a positive function with 9 (i) = 1, then i’ = y*9*h and p’ = %292,0 with
V= # satisfy Tap[h', ;'] = 0 if and only if u = v~ satisfies the overdetermined system

0 =TI[h, u] = 2ut — D.uDu with 1 = 5Apu, (3.8)
0=T,plh,u]l = D,Dpu — thep +u(l — u)sy. 3.9
Moreover, u must satisfy the initial condition

u(@) =v. (3.10)

Using the Bianchi identity and the decomposition Rgpeq = 2(hajeSaip — hpieSaja), Which
holds because R[A#] = 0 and dim(S) = 3, one obtains from (3.9) the integrability conditions

1
0= EDCHCC, = Dt + (1 — u)Dus.,, (3.11)

1 1
0=-— <D[Cna],, + EDd l‘[d[cha]b) = (1 — u) DeSapp — 2Djettsayy — Dusgpchap. (3.12)
u

The identity

D,11 =uD‘M,, —2Dull,, (3.13)
implies that (3.8) will be satisfied by a solution u of (3.9) if [1(i) = 0, i.e., if

u@i)=v >0, 2vi@)=c,c® with ¢, = Du(i). (3.14)

Let x () denote a geodesic through i with unit tangent vector x (7). Transvecting equations
(3.9) and (3.11) suitably with x, one obtains a system of ordinary differential equations (ODEs)
for u, D,u and ¢ along this curve, which shows that if a solution u of (3.9) and (3.11) exists,
it must be analytic and uniquely determined by the data

1
u@i)=v >0, (i) = x%,, t(i) = —cuc”.
2v
The function u so obtained will in general not satisfy the complete system (3.9). It will be

shown that the existence of non-trivial solutions to equation (3.9) imposes strong restrictions

7
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on the metric i. Because of the factor 1 —u in equations (3.9) and (3.11) it follows immediately
that

u=1 if v=1, c,=0. (3.15)

The following result will be useful later.

Lemma 3.2. Let u be a solution to (3.9) and (3.14) on a neighbourhood of i on which p < a
for some a > 0. Ifu = F(p) with some function F € C*([0, a[), then u is the trivial solution
u = v. Moreover, h is flat unless v = 1.

Proof. Observing (2.7) one gets
1 3
2ut — DouDu = §DapDap (—FF’ +2FF" — 3(F’)2) ,
0
so that (3.8) is equivalent to the ODE
3 / " N2
—FF +2FF" —3(F) =0.

0

If F’ = 0 at a point where F' > 0 it follows that u = F = const. = v which implies with (3.9)
that s, = O unless v = 1. Near a point where F > 0 and F’ # 0, the above equation implies

0=2+25 —35 = (log #45") whence F = gf= with b, d = const. > 0,b # 0. But
then u(p) = F(p(p)) — 0 # v as p — i, which contradicts our assumptions. (]

4. Implications for h

Let A, v be static data and A, p the associated conformal fields. We shall now discuss the
properties of 4 and & which are implied by the existence of a non-trivial solution u to (3.8),
(3.9) and (3.10). Assume that

Uis an i-centered, convex h-normal nbhd so that0 < p <1, D,p #0 on U\ {i}, (4.1)

and set with a given function u

Pa=Dep, us=Dau, w= . wg =D,w, U"={peUlw,p)#0}, 4.2)

sothati € U™ if and only if u,(i) # 0. We recall that % is conformally non-flat if and only if
the set {p € Ulsqp(p) # 0} is dense in U [4].

Lemma 4.1. Let h and p denote a solution to (2.2) and (2.6) which is not conformally flat.
Suppose u is a non-constant, positive solution to (3.8), (3.9) and (3.10) on a set U satisfying
(3.5) and define w as in (4.2). Then the set U* is dense in U and there exists a smooth function
B on U* so that

Sab = B (Wawp — Fhapwewe). 4.3)

If V. C U* is a connected, simply connected neighbourhood of a point p € U*, there exist a
constant B, # 0 and a function H = H (w) defined on V with H(w(p)) = 0 so that the Ricci
tensor on 'V has the representation

» 1
Sab = p e (wawp — =hgpwewt ). 4.4)
1—p 3

Ifu,(i) # 0 we can choose p = 1.

8
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Proof. If w, vanished on an open subset of U, w would be constant on U because u and p are
analytic. It would follow that u = v + p(1 — v), whence u = const. by lemma 3.2, in conflict
with our assumptions. It follows that U* is dense in U. Because

1 1
— | D .0 + = DTy 1y
(1 )( [clLalb ) d[c ]b>
. l)cllab+_l)d|[ hap | — —— l)CE)a +-D Eec b
(1 ) [ ] 2 it ] (1 )2 [ 16 2 [ ]

= 2wieSapp + WSaehap,
equation (3.12) holds on U* if and only if
2wieSapy + wWsarchap = 0. 4.5)
Contraction with 2w gives
2w sy — 2WaSepwC + whsyew hay — whsgawy = 0.
The antisymmetric part of this equation reads w%s,g, w;) = 0, which implies on U*
wsg, = awy, (4.6)

with some function «. Using this in the equation above, we obtain (4.3), which satisfies (4.5)
without restriction on 3.
With (2.2) and (3.9) one obtains
—t
(Wapp + WpPa) with J = ul)s

D,wp, = Jhgy + (1 —u)(1 — w)sy, + 7 “4.7)

It follows with (4.3)

a

2
D,w® =3J + ——p,w,
l—p

2 X
wDyw, = Jwy, + 5(1 —u)(1 — w)pw.ww, + 7 (waw* pp + wppaw*),
-p

b, a 2 c 2
w’w* Dpw, = J+§(l—u)(1 —w)Bw.w +1

Pa w”} wewe.
On U* the Bianchi identity and the gauge condition R[#] = 0 imply with (4.3)
0= D%, = w*D,Bw;, — %Db,chwC + 8 (Daw”wl7 + %wCwac) .

After contraction with w? this can be solved for w*D,f. Inserting the resulting expression
again into the equation gives

3 w’we Dyw
ww Dy =B {_5 (Dcwc + ch) Wq + wCDawc}
c

5 1 . 1
=B -S5Jw, — ——pww, — = (1 —u)(l —w)Bw.ww, + ——wwp, ¢,
1—p 3 1—p
4.8)
and thus finally
1
Daﬁ:ﬁ{l_pa"'Kwa}a (49)
-p

with

. 5 1 X
ww'K =—-5] — —pw’— =1 —u)(l —w)wwg.
1—p 3
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The relation S(p) = 0 would imply with (4.9) that 8 = 0, whence s,, = 0 on a
neighbourhood of p in U* and thus s,, = 0 on U by analyticity, contradicting conformal
non-flatness. Thus B(p) # 0, whence 8 # 0 on V and equation (4.9) can be written there in
the form D, log |(1 — p)B| = K D,w. This implies that D;,K Dyjw = 0, K can be written
as a function of w on V, and there exists a function H = H(w) with H(w(p)) = 0 so that
Dy(log |(1 — p)B| — H) = 0, whence with B, = (1 — p)B[, # 0,

B el on V. (4.10)
1—»p O

ﬂ:

To state the following result, we note that lemma 3.2 implies under the assumptions of
lemma 4.1 that €*“u;, p. # 0 on a dense open subset of U.

Lemma 4.2. Assume the notation and the assumptions of lemma 4.1. If V is chosen so that

€y p, # Q0 on V, there exists a function | = l(w) on V so that

X = 1€ uy p,, 4.11)

defines a non-trivial Killing field for h on V. It extends to an analytic, hypersurface orthogonal
Killing field X on U which satisfies the relations

X%p, =0, Xu, =0, (4.12)

and is a Killing field for h on U \ {i}. Independent of the choice of V it is determined uniquely
up to a constant real factor. It vanishes at i and defines an infinitesimal axi-symmetry with
closed integral curves near i. If u, (i) # 0 its axis is given by the h-geodesic y (t) with tangent
vector u®(i) at i.

Proof. With expression (4.11) adirect calculation using (2.2), (3.9), (4.3) and (4.10) giveson V

Dy Xy = €ap “Ne + 17Dyl + 1B (w — wHwp} Xy,
where
ne = 31{(Anp + p(1 = p)Bwawuc — (Apu +u(l — u) pwaw’)pe). (4.13)
With the choice
[ =1.e"™ where L satisfies L'(w) = —B.ef’(w —w?) and I, =const. > 0, (4.14)
this implies

D, X} = €ap e 4.15)
It follows

DXy =0, e’ X,DpX,. = 0. (4.16)

Equations (4.12) are an immediate consequence of the definition of X. Since then X*D,Q2 = 0
by (2.8), X is also a Killing field for the metric /.
To construct the extension of X to U we use the integrability condition for the Killing
equation,
DyDpX: = XaR% e, (4.17)
which is satisfied by X on V and to be satisfied on U. Fix p € V. The geodesics y () with
y(0) = p cover the convex normal neighbourhood U. The ODEs

DX, = X R ey v, (4.18)

10
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along these geodesics determine a unique analytic extension of X to U. The Killing and
the hypersurface orthogonality conditions (4.16) as well as relations (4.12) extend to U by
analyticity. As above it follows that the extended field is also a Killing field for /.

The relation X“e?1¢dy p; = 0, which holds on V, extends to U by analyticity so that

X ~ ey py on U. (4.19)

The factor [/ which relates these fields on V needs a priori not to be bounded on U but up to a
constant factor the Killing field X¢ is determined uniquely.
The relation Lxp = 0 on U implies

0=D,Lxp=LxDyp=X"DyD,p+D,X"Dyp, (4.20)
which reduces at i to
0=—2uX,(i).

It follows that D, X, # 0O at i, otherwise X would vanish identically. Any geodesic through
i is mapped by the flow of X onto such a geodesic because i is a fixed point of the flow.
Because dim(S) = 3 and D, X, is anti-symmetric there exists a tangent vector t¢ # 0 at i
with t* D, X, = 0. This vector is invariant under the flow of X. The geodesic y (t) satisfying
y(0) =i and y(0) = ¢ is thus pointwise invariant under the flow so that X|, ) = 0 and the
points of y () represent the axis of X. Because the flow of X preserves orthogonality and maps
the geodesics onto such, it maps any geodesic orthogonal to y onto another such geodesic.
Since it preserves affine parameters, it follows that the flow lines of X are closed near i.

If u,(i) # O the function B given by (4.10) and thus the function / can be given on a
neighbourhood of i so that I = [, and e” = 1 at i and the expressions (4.11) and (4.15) with
(4.13) can be assumed to hold on this neighbourhood. While then X = 0 at i, we have
ne(i) = =2l u., so that D, Xp|; = —2l.€qp ‘u.(i) # 0 and u® D, X,|; = 0. It follows that the
axis is given by the geodesic with tangent vector u“ at i. |

If u, (i) # 0 we normalize X by setting
1
l, = % with ¢ =+/—u.u¢l; >0 sothat n.n?; = —1. 4.21)
c

It follows with (4.17) that n,n° = D, X, D*X"/2 = const. = —1 along the the axis, where X
vanishes. The flow of X then induces rotations of the tangent space 7;S with period 27 and
not smaller. If ¢ denotes the natural parameter on the integral curves of X which vanishes on a
hypersurface orthogonal to X which approaches the axis from one side, it defines a coordinate
with hypersurfaces {¢p = const.} L X and the integral curves of X close exactly if ¢ € [0, 27].

Lemma 4.3. Assume the notation and the assumptions of lemmas 4.1 and 4.2. The field
)
Ye = fw?, with f = l—(l -0 (4.22)
satisfies on V

1 1
DY, = whgay, + l—ea,,cxc with o= f <J — 5(w - wz)wcwcﬂ*eH) ) (4.23)

*
It extends to an analytic, hypersurface orthogonal field Y on U satisfying the conformal Killing
equation

DY, + DY, = 2whgp, (4.24)
and the relations

X, Y% =0, [X,Y]=0. (4.25)

11
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It is tangential to the axis through i defined by X, where it does not vanish. It is a conformal
Killing field but neither homothetic nor a Killing field for h. Independent of the choice of V
the extended field is unique up to a non-vanishing constant real factor.

Proof. With (4.7) we obtain on V
DYy = e"((1 — p)*L'w, — 2(1 — p)pa)wp

+f <Jha;, +(1—u)(1 —w)p <waw;, — %habwcwc> + 7 !

(wapb + wbpa))
1 2 c H L

=f{J - 3w —whwew Bie™ | hap + (1 = p)e”(Wapp — WhPa),
L 1 c

= whab —e€ (uupb - ubpu) = whub + —€ap Xu

L

which implies (4.23) and (4.24) on V. Hypersurface orthogonality and orthogonality to X
follow immediately from the definitions of X and Y. The second of relations (4.25) follows by
a direct calculation from

[X,Y], = XD.Y, — Y°D.X, = 0X, — fwe€caan’

1 - L
— WX, — fg [(Ahp +pwdwdﬁ*eﬂ) = 5)2 - (Ahu +uwwdwd,3*eﬂ) 1= ,0] Xa
1 —
— X, f|J - 25— Lwwuw’pe" | X, = 0.
31—0p

To extend Y to U we consider the integrability conditions for the conformal Killing
equations [9],

DyDpY, = YiR spe + wahpe + @phae — @chap, (4.26)
with

D,w = w,, 4.27)
and

Dywp, = —Lysap = —(YDesap + DY sep + DpY€s40), (4.28)

satisfied in our conformal gauge by Y on V and to be satisfied on U. Fix p € V and consider the
geodesics through p. The equations above imply a linear system of ODEs for Y,,, D, Y}, @, @,
along the geodesics which determine a unique analytic extension of Y to U. Equations (4.24)
and (4.25) extend to U by analyticity.

Because

a _ _ *

=1,

the relation D, X, (i) # 0 implies that Y* # 0 at i and thus also on the axis near i. The
restriction of

b
€’ Cthc’

0=[X,Y]l,=XD.Y,—Y°D.X,

to the axis implies that Y is the tangent to the axis, the conformal Killing equation implies that
Y # 0 there.

It holds Lyh = Ly (272h) = 2&h with @ = w — Q~'Y*D,. Because D,(Y¢p.)|; =
—2uY,() # 0, it follows with (2.8) that Q~'Y*D,Q diverges at i. Thus & can neither be
constant nor vanish. O

12
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On V, which can be chosen to contain i if u, (i) # 0, the dualized version of the Cotton
tensor By, = DjcRap» acquires by (2.10), (4.4), (4.11) and (4.22) the concise form

Bab = lBachde = : Sd(aeb)Cdpc = IB*E—H_ZLX(aYb% (429)
2 lL—=p (1 = p)3
The conformal factor (2.8) and the transformation laws under conformal rescalings give
Rub[ljl] = «/ﬁﬂ <wawb - lhabwcwc> - ; (Paﬂb - lpc,ochab> .
3 20 (1 + /p)> 3

At i holds w,p* = 0 and D (w,p%) = 2uu (i) # 0if u (i) # 0. Thus, if u. (@) # 0, there
exists a smooth hypersurface H through i on which w,p* = 0. With X,p* =0, X,w* =0 it
follows that the vector fields w®, p?, X define on H \ {i} an orthogonal set of eigenvectors of
R,,[R]. The direct calculation shows that the three eigenvalues are different from each other.
It follows that g is of Petrov type I near H \ {i}. The fields p* and w* are proportional to u*
on the axis because X = 0 there. It follows that Ru,[A] ~ papp — %,oc,o”hab so that g is of
Petrov type D along the axis (cf [8]).

5. Existence and non-existence results

In spite of the simple conclusion (3.15) the case where u,(i) = 0 is not easily discussed in
general. The function 8 = %S(lzw;“)’; in (4.3) may become, along with the quantities H and L,
singular at i if w, (i) = 0. In fact, if s,; does not vanish at i, it is there due to axi-symmetry of

the form

1
sub(i) = S (nanb + ghub) s S 5& 0, (51)

with a unit vector n* pointing in the direction of the axis. With this one finds that
B = —sign(€)y/3/25.q45% (wew€)~! is unbounded near i. If Dy is applied to equations
(2.10) and (3.12), the resulting equations are subtracted from each other and the difference is
restricted to i, one obtains with u, (i) = 0 and (2.2), (2.6), (3.8), (3.9) at i the relation

V{25ateSa + Sa s prehaw } = 2082haiesap + Sachaw)-

It restricts the parameter in (5.1) by £ = 67“ but it does not exclude (5.1). We shall leave the
case D, u(i) = 0, s,5,(i) # 0 open in this paper. If the second of these conditions is dropped
we obtain with (3.15) a complete, though negative answer.

Lemma 5.1. Suppose h, p are a solution to the conformal static vacuum equations (2.2), (2.6)
such that s, (i) = 0. Then a positive solution u to equations (3.8), (3.9), (3.10) near i which
satisfies u(i) = v # 1 and D,u(i) = 0 is the constant solution u = v and h is flat.

Proof. We assume that u is not a constant and show that this leads to a contradiction. In
the following results of [5] will be used. For the notions set below in quotation marks and
statements relating to them we refer the reader to that paper.

Let x“ denote h-normal coordinates centered at i, so that 2%, = hg;, (i) = —84,. Equation
(2.10) implies with (2.6) that D,sp (i) is totally symmetric. More generally, if

sap = O(|x|*)  forsome k > 1,
the ‘exact set of equations argument’ implies with (2.10) that the tensor

l[’al...akab = Dal e Duksab(i)v
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is given in space spinor notation by a completely symmetric Spinor ¥4, ,...4,., 5., Decause it
either vanishes or defines the non-vanishing ‘null datum’ of lowest order for the solution 4.
We shall show that it vanishes so that in fact s,;, = O (|x|F*!).

Equations (3.8), (3.9) and (3.11) imply, with the assumption above,

u=v+0(x|?), Dy, ... Dy u() = —v(1l — V)V, s

so that one obtains at i ‘normal expansions’

1
k+1
Sab = FWal...akabxal cooxt O(|x| * ),

1
u=v—v(l— u)mwal,,,amx“' Co x4 O(|x|f,

k+2
Dau = _V(l - U) Wal...ukﬂaxal . ‘xakﬂ + 0(|x| * )’

_1
(k+1)!

p=—uhyxx" + O(x|"*"),  Dep = —2uh,x" + O(|x[**),

whence
_ 2pd - v)h;bxb
T (1 + phiyxaxt)?

k1 o _ @u —v)?hy, xx®
+O(|x]"), el = e ey
ab

+ O(|x|**?).

It follows that w, # 0 on a punctured neighbourhood of i. Consider near i the real analytic
field

>\2 d 1
fab = 2(Wew®)sap — 3w wscq (Wawp — 3hapwew®).

Lemma 4.1 implies with the assumption that u is not constant that the field f,; vanishes on
the open set where w, # 0 and thus, by analyticity, everywhere. In the normal coordinates
x“ we extend near i now all real analytic fields holomorphically into the complex domain and
consider a complex null geodesic x(r) = /¢ with [* = const. # 0, [,[* = 0.

Expanding f,,(x (7)) at T = 0 and observing the expansions above gives

_end =)

o Varanl® - 121, T+ O(|T]).

0= fab =
This shows that

(2 A By
0="Ya . a.l™ A" = YA B AuBual ' - L2,
where [ is represented on the right-hand side by the spinor (5. Because [ and thus the
spinor (4 is arbitrary here, the symmetric spinor ¥4, ,...4,,,5,,, Mmust vanish, which implies
sap = O(x|*") and u = v + O(|x|*?). In contradiction to our assumption it follows

inductively that u — v and s,,;, vanish at i at all orders. O

The existence result announced in the introduction will now be proven. In stating it we
ignore trivial rescalings.

Lemma 5.2. For given data ., v, B, € R and ¢* € R® satisfying
nw>0, v>0, B,#0, *#0,

there exists a solution h to the conformal static field equations which admits a non-trivial
conformal rescaling with conformal factor v = +/v/u. The fields h and u are unigely
determined by the requirements that m = 2,/ is the ADM mass of the asymptotically flat

14
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static metric associated with h, the Ricci tensor of h assumes in i-centered h-normal coordinates
the value

1 d .
Sab = Bs (cacb — §habcdc ) #0 at i,
and the positive function u satisfies

u=v, D,u=c, at 1.

Proof. The result will be obtained by solving simultaneously the conformal field equations for
h and the equations satisfied by u. Lete,, a = 1, 2, 3, denote an h-orthonomal frame and denote
the 1-forms dual to it by . The metric is then given by h = h,,0%c” with metric coefficients
hap = h(eq, ep) = —84p. The connection coefficients, defined by D, e, = I' ,e., satisfy
Cach = Tager) with T'yep = thFadb. The connection form is then given by w®, = I'.%, 0 so
that w,, = wap)- This expansion in terms of the o¢ will be used only later, when we describe
the solution procedure in detail.
The equations will be written as a differential system for the unknown

U= (p, pa,s,u,uq,1,B,0% 0"}),

where the first seven components denote (vector-valued) O-forms and the last two components
are 1-forms. Until we introduce coordinates below all indices should be understood as frame
indices. Consider the differential forms

A =dp — p,0°, I'=du —u,o,
Yo = dpa - pca)ca - Shabab +p(1 — ,O)SabO'b,

M, = duy — e g — thepo? +u(l — u)sapo?’,

S=ds+(1—p)p*sapo?’, T =dt + (1 — w)usapo?,

B =dB+BM,0",

0% =do® + 0, Ao, Ay =do p+ 0’ c A — Q%
denoted collectively by

Q = (A’ F? Ea? Ha, S1 T’ B! ®ai Aa b)’

or by ¥4 if we need to bring out relations involving different components. In the differential
forms above and in the forms derived below we consider functions of the components of U
which are given by

1—u 1—u 1 8 lh .
w = ) Wy = a — Ug, Sab = WaWp — ZhgpWeW s
I—»p d—p2™ 1-p ’ R
1 1 S5(ws —t + p.we)
M, = Qw,+ (1 -u)1 —w)Bw, — —— a4, Q= ———"—",
3 1—p wewe(l — p)

1
QY = ER” pea0’ Aol = (h” eSbd — NpeSa “)UC Ao,
The equations we need to solve read now
¥ =0.

The first two of these equations ensure that p, and u, represent the differentials of p and u, the
following five equations represent (2.2), (3.9), (2.9), (3.11), (4.9) and the remaining equations
are the first and the second structural equation.
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A lengthy but straightforward calculation shows that the differential forms comprised by
W satisfy the differential system

dA = —-X, Ao — p, 0%,
dl = -Il, Ao —u,0,
A, = -y Al s — b APy — S Aoy — 5O, + (1 —2p)A A sapo”
+p(1 = p)sap®” + p(1 = p) A,
dll, = My Al y —upA . =T Aoy — 10, + (1 — 2u)T A sgpo®
+u(l —u)sp®f +u(l — u) Ay,
dT = —A A psap0” + (1 — p) Ty A s p0? + (1= p)psapO + (1 — p)p* Aq,

dS = —T Ausapo’ + (1 — )Ty A s® ol + (1 — sy + (1 — w)u A,
5p¢ 20w¢
4B = B A (M,0" + BFuw,o) + 1 —2— A+ P _ Qu
l—p (I =pPwwt (1= p)wpw?
X (—,OCF + prA + (l - p)(wcA + wzc - Hc))
5 :
+———— (WA —sT+ (1 — p)(wS — T +wZ)) ; Awyo
(1= p)2wpw?
Q+pF
+.B ﬁ (w:oaA - paF + (1 - p)(waA +wdk, — Ha))
—p
1 ) Ou 1
— —B((1 = 2w)[ + w?A)w, — A — St A0+ BM, O,
3 (1—p)? 1—p

dO* = A%, Ao? — 0%, A O,
dAY ), = A% Ay — e A Ay — (hE oSpa — hpesa (O Aa? — ¢ A OF)
+0 AN Ay — AY A oy,

where
b 1 b b b2y
A, = w,B AN wpo —gwbw BAo,+B| By Awpo” +w, By Ao —gw By, Ao, ),

with

Pa Wq WPq w 1
B, = — r+ + A+ X, — I1,.
T 0-pp (1—p (1—pﬂ) l—p™ 1=p °
In deriving the last equation there arises the expression
N = —wawlo® A po® Ao? + pewo® Awgo? Aol + 0% A peo€ Awgolw”

—wp.0¢ Awgo? AP,

By writing 6% A 0” A 0¢ = €%, with the volume form defined by /4 on the right-hand side
and calculating N“?¢ ., the field N*” can be shown to vanish identically.

In short notation (the summation convention applying to all indices) the relations above
take the form

d¥* = fRo An®E 4 [P AWE 4+ fREE (5.2)

with functions fj., f4, f4 of the O-forms given by U.
Because we assume that D,u (i) = ¢, # 0, all fields given by U, in particular 8 (with the
meaning given to it earlier), can be assumed to be smooth near i. The solutions to the equations

16
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¥ = ( are obtained near i as follows. Assume that x? denote i-centered, #-normal coordinates
and e, an h-orthonormal normal frame centered at i so that e? , = (dx?, e;,) = 8%, at i. Then
Y = x%9, is smooth near i and so that Y = %Y is for x* # 0 the geodesic unit vector field
tangent to the geodesics through i, which has direction dependent limits as |x| — 0. Writing
0% = 0%, dx", we find the inner products
iyo’ = o (x)xb = x4, iy, =xT,%x)=0 near x“=0. (5.3)
Consider now a radial geodesic y : T — 7x¢ with some x¢ satisfying 8,,x%x? = 1. The
equation

iy®? =0,

implies then for the unknown 6¢, = 0%, — 8, which is required to be smooth, the initial
condition

6%, — 0 as tv— 0, 5.4)
and along y the ODE

dAa+1Aa 4 ¢ d+Fa d (55)

—6 -6% =T 6%x X, .

dr b T b cd by b d*x*

where we expressed the connection form in terms of the connection coefficients, which are
considered now as unknowns. The equation

iyA®, =0,
similarly implies the initial condition and the ODE
r.4,—0 as v — 0, (5.6)
d a 1 d ~d f a a d e a d
arc b+;(8 =6l ITgp = —Tq“plc® e x; + R pac Xy, (5.7)

where the frame coefficients e“ ;, (by Cramer’s rule rational functions of the o ;) satisfy
oc%.e, =8, sothat e, =8%,—6%.¢, =8,+0(1]).

The equations

iyA=0, iyI'=0, iy¥,=0, iyll,=0, iyS=0, iyT =0, iyB=0, (5.8

imply regular ODE’s along y. The unknowns in these equations must satisfy the initial

conditions

p=0, p,=0, s=-"2u u=v>0, u,=c,+#0,
5.9)

cyc?

, B=B.#0 at 1 =0.
2v

There exists along y a unique solution U to the system consisting of (5.5), (5.7), and the
ODE:s implied by (5.8) which satisfies the conditions (5.3), (5.4), (5.6), (5.9). This solution is
real analytic in the initial data (5.9) and tx{. The fields given by U are in fact analytic in the
coordinates x“ and satify the equation ¥ = 0 near x* = 0.

This result follows from the general properties of systems of ODEs. The only subtlety
arises here from the singularity of equations (5.5), (5.7) at t = 0. It is such that the left-hand
sides of these equations are of the form x + t~'Ax with a matrix A which approaches a
diagonal matrix with positive entries as T — 0. The existence of a unique analytic solution to
the complete system then follows immediately with the methods used in [5], where ODEs of
the same type have been discussed.

=
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Once the solution U has been obtained, equations (5.5), (5.7) imply a system of ODEs
for x¢6“, and x4T°, b, along y which allows one to conclude that these quantities vanish
everywhere so that the relations (5.3) are indeed satisfied. Because iy ¥ — 0 as x* — 0 along
any geodesic passing through x* = 0 it follows that ¥ = 0 at x* = 0. From (5.2), (5.3), and
iy ¥ = 0 one obtains

Ly T4 = (doiy+iy od) T = iyd P4 = fg‘clx—lxpB.
X
This equation implies for |x| # 0 along each geodesic y passing through x* = 0 a linear
homogeneous system of ODEs for the coefficient functions defining the forms given by ¥. It
behaves regularly on y as |x| — 0. Since W vanishes at x* = 0, the asserted result follows.

O

In counting the free parameters in lemma 5.2, the vector ¢ should be taken into account
only in terms of the number ¢ = /c,c® > 0 because of the freedom to rotate the normal
coordinates around their origin. Ignoring the parameter , which can be changed by trivial
rescalings, it follows that the solutions depend on three parameters.

6. Concluding remarks

The statements of theorem 1.1 represent an extract from the results proven in the lemmas and
the subsequent remarks. The latter provide much more information on the various structures.
This will become important in a sequel to this paper in which the properties of the solutions
whose existence has been obtained in theorem 1.1 will be discussed in some detail.
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