NO MASS DROP FOR MEAN CURVATURE FLOW OF
MEAN CONVEX HYPERSURFACES

JAN METZGER AND FELIX SCHULZE

Abstract

A possible evolution of a compact hypersurface in R"*! by mean curvature past
singularities is defined via the level set flow. In the case where the initial hypersurface
has positive mean curvature, we show that the Brakke flow associated to the level set
flow is actually a Brakke flow with equality. As a consequence, we obtain the fact that
no mass drop can occur along such a flow. A further application of the techniques
used above is to give a new variational formulation for mean curvature flow of mean
convex hypersurfaces.

1. Introduction

Let M c R"*! be a smooth, compact n-dimensional submanifold without boundary,
and let (M,),c[0.7) be the maximal smooth evolution of M by mean curvature flow.
Since M is compact, the maximal time of existence 7 is finite, and in general, the flow
develops singularities before the surfaces vanish. One way to define a weak solution
past singularities is the level set flow of Chen, Giga, and Goto [2] and Evans and
Spruck [5]. Let us briefly recall one way of defining the level set flow. It uses the
so-called avoidance principle: if two smooth mean curvature flows (where at least one
of them is compact) are disjoint at time 7y, then they remain so for all times ¢t > f,.
A weak mean curvature flow, generated by M, is a closed subset .# of space time
R"+! x R* such that for

M, = {x|(x,1) €.},

we have My = M, and the family of sets (M,),> satisfy the above avoidance principle
with respect to any smooth mean curvature flow. The level set flow of M is then
characterized as the unique maximal weak mean curvature flow generated by M.
Assume now that M has nonnegative mean curvature. Following [15] and [13], the
level set flow .#, generated by M, has further properties. Let K C R"*! x R be the
compact set enclosed by the level set flow .#, so that 0K = .#. Then M, = 0K,,
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where K; = {x € R""! | (x, 1) € K}, and the family of Radon measures
Wy = H"LIK, (1)

constitutes a Brakke flow. It has further regularity properties for almost every ¢:
M, = 9*K, up to #"-measure zero, and M, is a unit density, n-rectifiable varifold
that carries a weak mean curvature H. The fact that (t+)e>0 is a Brakke flow can
be characterized as follows. Given any ¢ € C*(R"*!;R™), the following inequality
holds for every ¢ > O:

Dt () < / —¢|H* + (Vo, H) du,, @)

where D, denotes the upper derivative at time ¢, and we take the left-hand side to be
—oo0 if u, is not n-rectifiable or does not carry a weak mean curvature. Note that in
the case where M, moves smoothly by mean curvature, D is just the usual derivative,
and we have equality in (2). We can now state our main result.

THEOREM 1.1

Let Q be an open and bounded subset of R"*'. Assume further that M = 9 is a
closed submanifold of R"™*" of class C', carrying a nonnegative weak mean curvature
in L?. Then the family of Radon measures (1), >0 associated to the level set flow of
M is a Brakke flow with equality in the sense that

1) N o
@) = 1, @) = [ [ 0\EF + (6. ) dp, G)
5]
for 0 <t < tand any ¢ € C>(R™).
This implies the following property, which is known as no mass drop.

COROLLARY 1.2
The family of Radon measures (j4;)o<i<r, where T is the maximal time of existence
of the level set flow, is continuous in time. Furthermore, lim, »7 1,(¢) = 0 for any

¢ € CA(R™!;R™).

In our proof, we use the method of elliptic regularization to obtain an approximation of
the level set flow of €2 by a sequence of smooth mean curvature flows in one dimension
higher. The key ingredients to analyze the finer properties of this approximation are
the estimates of White [15] on the size of the singular set in mean curvature flow of
mean-convex sets and Brakke’s regularity theorem in [1]. As a further application of
the techniques used in the proof, we give a variational formulation for mean curvature
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flow of mean convex surfaces which is similar to the variational principle applied by
Huisken and Ilmanen in [10] to define weak solutions to the inverse mean curvature
flow.

Since 92 has nonnegative mean curvature and €2 is compact, by the strong
maximum principle, the mean curvature of the evolving surfaces becomes immediately
strictly positive and remains so. The surfaces can then be given as level sets of a
continuous function u : Q@ — R*, u = 0, on 92 via

x e Qlux) > 1},

and u satisfies the degenerate elliptic equation

diV<|gZ|> - _|Dlu|' *

Note that if u is smooth at a point x € 2 with Du(x) # 0, this equation just states
that the level sets of u near x are flowing smoothly by mean curvature. To give this
equation a variational structure, we proceed as follows. Given a function w € C%!(Q)
such that [Dw|~! € L'(2), we define the functional

v
Ju(v) = / Dvl — Y dx
o Du

for any Lipschitz continuous function v on €2 such that {w # v} € Q. We then say
that such a function w is a weak solution to (x) on €2 if

Jw(w) < Jw(v)
for any such v as above, and w fulfills the boundary conditions
w>0 on and {fw =0} =0%Q. (€))

For an €2 satisfying the conditions of Theorem 1.1, we show that the level set flow of 92
can be described as the level sets of a function u satisfying (4) with |Du|~' € L'(Q).

THEOREM 1.3
Let Q be as in Theorem 1.1. Then the level set flow u : Q@ — R is the unique weak
solution to (x) on Q2.

Mean curvature flow in the varifold setting was pioneered by Brakke [1]. Aside from
the classical PDE setting (see, e.g., [7], [9]), the level set approach using viscosity
techniques proved to be fruitful (see [2], [5]). The level set flow approach has the
advantage of being able to define the evolution by mean curvature for any closed
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subset of R"!. An alternative approach using geometric measure theory together
with an approximative variational functional to yield Brakke flow solutions is given
in [13]. In [6] or, equivalently, [13], a connection between the level set flow and the
varifold setting is drawn: for a given initial function u¢ on R"*!, it is shown that the
level set flow of almost every level set of u( constitutes a Brakke flow. For a compact
initial hypersurface that has nonnegative mean curvature, this implies that its level set
flow constitutes a Brakke flow. In our work here, we partly use these techniques to
show that in this case, one actually has equality in the Brakke flow definition.

Outline

In §2, we recall a way of defining the level set flow by Evans and Spruck in [5]
for initial hypersurfaces with positive mean curvature. We work out some geometric
consequences of approximation by elliptic regularization. The approximating solutions
u® have the important geometric property that, scaled appropriately, they constitute
a smooth, graphical, translating solution to mean curvature flow in 2 x R. Writing
these translating graphs again as level sets of a function U® on  x R, this yields
an approximation of the level set flow U, where U is the constant extension of # in
the e,,,-direction, by smooth level set flows. In §3, we show that the obstacle to U
being a Brakke flow with equality can be characterized by the possible existence of a
nonnegative Radon measure y such that for a subsequence ¢; — 0,

DU = [DUI™ +y (&)

on 2 x R. Using the regularity results of White in [15], we can, furthermore, deduce
that the 1-capacity of the support of y has to vanish. Since the limit flow is still a kind
of Brakke flow with equality, where this incorporates the defect measure y, we can
apply this limit equation to show that y actually has to vanish entirely.

To be able to state Theorem 1.1 not only for boundaries 9€2 that are smooth
with positive mean curvature, we show that the level set flow of any boundary 9<2
as in Theorem 1.1 is actually smooth for positive times close enough to zero and has
positive mean curvature.

In §4, we employ the fact that (5) holds with ¥ = 0 and use the approximation by
smooth level set flows one dimension higher to show that u also is a weak solution to
(%). Since the variational principle implies that a weak solution constitutes a Brakke
flow with equality, we can apply the avoidance principle for Brakke flows to show
uniqueness of such a weak solution.

2. Preliminaries

In the case where our initial hypersurface M is the smooth boundary of an open and
bounded set  C R"*! and M has mean curvature H > 0, the level set flow .#
generated by M can be written as the graph of a continuous function # : & — R™. In
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[5], it is shown that u is the unique continuous viscosity solution of

(8‘7 _ D'uD'u

D;Diu= —1 inQ,
| Du|? J

(6)
u=0 onodf2.

Note that if u is smooth at a point x € Q with Du(x) # 0, equation (6) is identical to
(%). To prove the existence of a solution to (6), Evans and Spruck [5] use the method of
elliptic regularization. Since (%) is degenerate everywhere on €2 and singular at points
where Du = 0, one replaces it by the following nondegenerate PDE:

. Du® 1 .
dlv<—) = —— inQ,
V&2 + |Dut|? V&r + |Dut|? (%)

u®*=0 onodf,

for some small ¢ > 0. Since the mean curvature of the boundary 9€2 is strictly
positive, one can construct barriers at the boundary, which yield, together with a
maximum principle for the gradient, uniform a priori gradient bounds for solutions u°,
provided that 0 < ¢ < 1. Applying De Giorgi—-Nash-Moser and Schauder estimates,
together with a continuity argument, then gives existence of solutions to (x.) for small
& > 0. Furthermore, by the Arzela-Ascoli theorem, there is a sequence &; — 0
such that u® — i, and it € C%'(Q) is a solution to (6). By uniqueness, ii = u,
and lim,_, o u® = u. Aside from the ¢-independent gradient estimate, there is also a
uniform integral estimate for the right-hand side of (x;).

LEMMA 2.1
For any solution u® of (), we have the bound
1
/ ——dx < |092]. @)
e /&2 + |Dut|?
Proof
Choose a smooth function ¢, 0 < ¢ < 1, such that ¢ = 1 on Q5 := {x €

Q | dist(x, 02) > &}, ¢ = 0 on 0L2, and |D¢| < y/5 for some y > 1,§ > 0.
Multiplying (x.) with ¢ and integrating by parts, we obtain

1 | Du?| y
dx < IR\ ).
2 v/e2 + |Du 2 |Du€|2 9\95 Ve* + |Duf 2 8

Then taking the limit, y — 1, and § — O gives the estimate. O
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The sequence u® is bounded in C'($2) and converges uniformly to u, which thus is in
C%(Q). Thus, also,

Du® — Du  weakly-* in L®($; R"™).

Together with estimate (7), we can then apply [6, Theorems 3.1, 3.3] (by a slight
modification of the proof there since here the functions #° are not defined on all of
R"*1) to obtain the following.

PROPOSITION 2.2 (see Evans and Spruck [6])
We have the following convergence:

|Du'| = |Dul  weakly-* in (), ®)

and
Du® Du
—
Ver+ |Dus|? |Dul

forany p > 1.

in L? ({IDu| # 0} N ; R"*) )

Lemma 2.3 and Proposition 2.4 are a direct consequence of this strengthened conver-
gence. In fact, they are a variation of [6, Lemma 4.2] and step 4 in the proof of [6,
Theorem 5.2].

LEMMA 2.3
We have

A" ({x € Q| Du(x) =0}) = 0.

Proof
Let A := {Du = 0} C Q. By Lemma 2.1, we have

—12 12
[rax = tim [ e vipup e v iDur ax
A =0 f 4

—1 1/2 1/2
< lim sup(/ 81-2 + |Dusi |2 dx) . </ 8i2 + |Dusi |2 dx)
A A

&—0

12
<C limsup</ Ve + |Du€i|2dx> .
A

& —0
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Since ‘\/81»2 + |Dusi|? — IDus"I’ < &, we have, by (8),

1/2
A"(A) < Clim sup( / |Du£"|dx> —0.
A

&—0
Thus, by (9),

Du® Du

ﬁ
Vel + | Dui|? | Dul

in L?(2) for any p > 1.

PROPOSITION 2.4
For ¢ € L*(Q), ¢ = 0, we have

dx

/i < liminf/ de
o |Du| &=0 Jo \/e? + |Dusi|?

Proof
Let g, v € L®(Q2), ¢, = 0. One obtains

1/2 —1/2
/qbt//dx: 111%/(¢1/2w e+ |Dus 2 )(¢'2\Je2 + |Dus 2 )dx
Q &i—> Q

289

(10)

1/2 -1 172
< 1im1101f(/ v /e + |Du8i|2dx) (/ d/e2 + | Dus 2 dx)
£i— Q

- (/Q(p1p2|Du|dx) 11m1nf /qs,/e + | Dus 2 dx)lz.

Now, choose ¥ := ¢,,(|Du|™") with ¢, : R — R:

m, zz=zm,
</)m(Z) =35 Z € [—m, m],
—m, < —m.

Since ¥ < |Du|™", we obtain, by the above calculation,

12 -1 1/2
(f o3 dx) < limiélf</ ¢\/e2 + | Dui |2 dx) ’
Q & —> Q

which, by the monotone convergence theorem for m — o0, proves the claim.
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The equation (*.) also has a geometric interpretation. It implies that the downward
translating graphs

us(x>—£> —00 <t <00
e ’ ’

N; = graph(

are hypersurfaces in 2 x R flowing smoothly by mean curvature flow. To verify this,
define the function

U(x,z) :=u’(x) — ez for(x,2) € 2 xR, (11)

so that {U® = t} = N/. It is easily checked that U® satisfies (x) on € x R if
and only if u® satisfies (x,) on 2. Lemma 2.3 implies nonfattening (see also [13]);
that is,

A" {u=1)=0
for all + > 0. Since, by definition of the level set flow,
K, = {er|u(x)>t},
this implies that
0*K, = 0"{u >t} forallt > 0.

Note that u is Lipschitz continuous and thus also a BV -function. By comparing the
coarea formula for Lipschitz functions and for BV -functions, we see that

0{u >t} ={u =1}

up to S#"-measure zero for almost every ¢. Then, define the family fi, of (n + 1)-
rectifiable Radon measures on Q2 x R by

b, = A" LK, x R);

that is, i, = u, ® £, where y, is the Brakke flow associated to the level set flow
u. We can now make precise in what sense the translating graphs N, approximate the
Brakke flow p,. For a proof of the following proposition, see [14, §5].

PROPOSITION 2.5
Let ¢; — 0. Then for almost all t > 0, we have

AN — i, (12)
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in the sense of Radon measures. Even more, for almost every t = 0, there is a
subsequence {¢;}, depending on t, such that

N/ — *K, xR (13)

in the sense of varifolds. Furthermore, the rectifiable sets 0* K,, seen as unit density
n-rectifiable varifolds, carry for almost every t € [0, T) a weak mean curvature
H, € L>(0*K,, #™).

3. The argument

Throughout this section, we work with the level set flows of U* in Q:=Qx][0,1].
We denote U(x, z) = u(x). Furthermore, let v, and v;’ be the normal vectors to the
level set flows U and U*®, respectively, and denote I', := 9*K, and f‘, =TI, xR.
From Lemmas 2.1 and 2.3 and Proposition 2.2, we derive the following facts.

LEMMA 3.1
We have
/ |DU8:’|—1 dx g |8Q|’ (14)
9
IDU| — |DU|  weakly-x in L(<2), (15)
and
v v in LY, R, (16)

We now introduce several Radon measures on €2 which are central in the proof of
Theorem 1.1. First, denote

of == |DU |7 dx"? and o :=|DU| "dx"".
Since, forall K € €,

a(K) = / DU | dx < C(K),
K

by equation (14) we know that the o® have a convergent subsequence; that is, we can
assume that

o =~ B

in the sense of Radon measures. We clarify the relation of @ and 8 subsequently. Note
that in view of Proposition 2.4, we find that 8 > «. We denote the defect measure,
the difference of « and 8, by

V:,B_Ola

which is a nonnegative Radon measure.
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Before attempting the proof of Theorem 1.1, we collect some observations about
the level set flow U.

LEMMA 3.2
Let H, denote the mean curvature vector of the level set flow U. Then for all smooth
vector fields X with compact support in S,

. DU
/(H,,X)lDU|dx =/<—,X>dx;
) o \|DU|

that is, ﬁ, agrees with DU /|DU |* almost everywhere with respect to the measure
|DU|dx.

Proof

Let X be a smooth vector field with compact support in €. Then for all &; > 0, there
exists 7 > 0 such that

supp(X) NN/ =@ forallt & [-T,T].

Denote by v;’ and H," the downward normal and mean curvature vector of N;. Using
the fact that the N, are smooth and the coarea formula for the level set function U*,
we compute

00 T
/ / (HE', X) dps, , dt = — / / divy (X) d e, . dt
oo J N 7 JNfi !

= — /:(divaX — (D X, vy )IDU" | dx. 7
Q
We claim that
/X;(DUISI»X, iy | DU® | dx — /:(DU,X, vi)|DU| dx (18)
Q
as i — 00. Indeed, we can write
/:(vaiX, Vi) | DU | dx
Q

_ [<Duf,wx, VY [DUS | + (Dy, X, v¥' — v,)| DU | dx
Q

+/ (D, X, v,)|DU" | dx.
Q
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From the fact that (D, X, v,) € L'(Q) and |[DU®| — |DU| weakly-* in L>(),
we infer that the last term in the above equation converges to fQ (D), X, v)|DU|dx.
The first two terms go to zero since v;’ — v, in L'(Q) and the respective factors are
bounded. Thus we have established (18). Subsequently, we use the coarea formula in
the form

fdx:// fIDU| " da"t" dt
Rn+2 R J{U=t)

for f € L. This is justified by [4, Theorem 2, p. 117] since, in view of Lemma 2.1
and Proposition 2.4, we have [ |[DU| ™' dx < oc. Thus we can compute

—/(diVRn+2X— (D, X, v))|DU|dx = —/ divg, X|DU | dx
Q Q

= — / f dive X djt, dt
(t>0} J T,
:f /(FI,,X)d/z,dz. (19)
{(t>0} JT;

On the other hand, since the N;' constitute a smooth level set flow, we have

// HE’ X)ydpe, dt = // X)| DU | du,, , dt
-7 JN/ -T 5'

= /(vff, X) dx.
Q

Asv;" — v, in L', we thus find

/f HS' dug,t—>/v,,
-T i
=/ /(v, X)|DU| " dj, dt.
{t>0} JT,

Combining this equation with (17)—(19), we find that for all X,

/ <iIZ,X>d/1tdr=f /<vf,X>|DU|1dﬂzdt.
(1>0) JT, {(r>0} JT,

An application of the coarea formula yields the claimed identity. O

We are now set up to perform the central computation. Fix ¢ € CfO(Q), and let
0 < 1, < t,. We adopt the convention that if # > supg, u, then [, = §. Note also that
NiNQ=0ift ¢ [T, T], provided that T is large enough.
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Since N;' is a smooth level set flow, we know that

. d)dl’(’é‘,‘,lz - . ¢du/£,,ll

i
Ny

N’Z
%) o R
= [ [ 5. fi) - g1 P,
n JNE
%) N
- / [ —divy (V) — pIH P dp di
2 !

T / (divera(Ve) — (D,i Ve, v)')) | DU | dx
QN{n LU% <) t

_/ ¢|DU | dx. (20)
Qn{n <Us <}

To take this computation to the limit as i — 00, observe that nonfattening implies
that

. 1 —
Xin<vsi<n) = Xin<u<n) 1 L7(§2),

and thus the first term on the right-hand side converges. Furthermore, for every § > 0,
consider the open set

Ss={Ue —8n+0}U{Uec@®-25n+d).
As B({U = t}) = 0 for almost every ¢, also for almost every ty, t,,
BUU =t,} U{U =1,}) =0.

Since § is a Radon measure, lim;_,( 8(Ss) = 0. Hence, for every n > 0, there exists
8 > 0 such that

B(Sy) < g

Therefore, there exists N such that

|IDU*|'dx <n foralli > N.
Ss

In other words, as i — 00, eventually, o (Ss) < 1. Thus

‘/ P Xin<vii<ny da’ — / P Xin<u<n) dﬂ‘
Q Q
< ‘[¢X{ngmgz2}(1 — xs,)da® — / P xin<u<n (1 — Xss)dﬂ‘
Q Q

+ ‘ f X1 <vi <oy Xs, ' — / X <U<n) XS dﬁ"
Q Q
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As U% — U uniformly, if i is big enough,

Xin<vei <o) — Xs,) = Xn<v<m (I — Xs;)s

which implies that the first term in the above computation goes to zero in view of the
definition of 8. The second term can be estimated as

‘ _PXin<usi<n Xs, da” — / P X1 <U<n) Xs; dﬂ‘
Q Q

< max|p| (e (S5) + B(S5)) < 21 max|g].

In combination, we find
’/ PXin<vi<ny do’ — / ¢X{II<U<t2}d’3‘ -0
9] o)

as i — 00. By virtue of Proposition 2.5, we can assume that Nf/,’ — f‘,/. forj=1,2
in the sense of Radon measures. Then the above reasoning shows that equation (20)
implies that

/: ¢dﬂtz_./: ¢dilll
I I,

2 1

= —/i (diVRn+z(V¢) —(D,,V¢, v,))|DU| dx — / ¢ dp
QN{n <UL}

QN{n UK}

=[ <V<;>,13L>|DU|dx—/~ ¢ dp.

QN{n <UL} QN{n <UL}
In view of Lemma 3.2 and the definition of the defect measure y, this yields

ﬁ (pdﬂlz - [ ¢dﬁll
I, I,

2 1

DU
=/ <V¢,—>dx—/ (bdoz—f bdy. (1)
anin<U<n) |DU| anin<U<n) anin<U<n)

We now argue that the support of the defect measure y is very small. To do this, we
introduce the notion of capacity (see [4]). For a closed set A C R”, the 1-capacity,
Cap,(A), is defined as

Cap,(A) = inf{ IDfldx: f>0,feC®AC(f> 1}0}.
Rn

Replacing f by min( f, 1) and mollification, we can assume that 0 < f < 1. It turns
out that the 1-capacity of supp(y) vanishes.
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LEMMA 3.3
We have

Capl(supp(y) N Q) =0.

Proof

From [15], we know that there is a closed singular set S C graphu of parabolic
Hausdorff dimension at most 2 — 1 such that outside of S, the sets {u = t} constitute a
smooth level set flow. From dimensionality, we know that # gar(S' ) = 0, where A7,
denotes the n-dimensional parabolic Hausdorff measure. If we let S := T1(S) be the
projection of § C graphu to 2, then we find that #"(S) = 0. In particular, S is
closed.

Let xo € 2\ S. Then there exists a neighborhood B = Bjs(x() of x( such that
graphu | p 1s asmooth mean curvature flow. Thus, by Brakke’s regularity theorem (see
[13]), the N} { s converge smoothly on compact subsets to I'NBxR.

For ¢ € C°(B x [0, 1]), we therefore conclude that

/¢|DUS"|“ dx:// H*¢dpu,,, dt
Q R J N NBx[0,1]

—>// H%dﬁ,dt:/ ¢|DU| ™" dx
R JT,NBx[0,1] Qx[0,1]

asi — 00. Thus x¢ & supp(y), which yields supp(y) C S x [0, 1]. Since #"(S) = 0,
we find that #"1(S x R) = 0. Hence [4, §4.7, Theorem 2], implies that Cap, (S x
[0,1]) = 0. O

LEMMA 3.4
For almost every 0 < t; < t, and any ¢ € C°(Q2 x R), we have

15 R 15 o
[ san.~ [ odn. = [ [ <o fyapar~ [ [ oifpapar
F,z F’l h I, 1 Iy

Proof
Without loss of generality, we can assume that supp(¢) C %[0, 1].Let S = supp(y).
Since Cap,(S) = 0 by Lemma 3.3, we can find functions n, € C®(Q x R),
0 < m < 1,s0that § C {m = 1}° and |[mllwige2y — 0 as b —
0o. We can assume that the functions 1, converge £"*2 almost everywhere to
n=0.
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Replace ¢ by (1 — n;)¢ in equation (21). Since (1 — n;) = 0 on S, the term
containing the defect measure y drops out, and we conclude that

- =nedp, — | (1 —n)pdp,
£, r

DU
- V<1—n>¢,—dx—/ (1 — ) da
/fzm{z|<U<t2}< ( ) |DU|> anin<U<n) ¢

| (1 —no(ve, D)
= -0 , ——— )dx
QN <U<n) ¢ |DU |
DU >

[ a—wpuiteds— [ g(va )
anin<U<n) anin<U<n) |IDU|

As |DU| is bounded and 1, — 0 in L'(2), we find

.

(22)

/ ~ |nk¢|dﬂ,dr=f | DU dx — 0
{t Q

>0} J T,

as k — o0o. Hence
/ m¢di, — 0 forae. t.
I

Thus for almost every 0 < #; < f, as t — 00, the left-hand side of (22) converges to

ﬁ (I —n)¢diu, —ﬁ
r, r,

2 1

(1 = no dfi, — / o dii, — / bdi,.
Fzz Iy

1

To deal with the right-hand side of (22), note that as 1, — 0 almost everywhere and
¢|DU |~ is integrable, the second integrand converges,

/ (1 = n)IDU[ "¢ dx — |IDU|™'p dx,
an(n<U<n) an(n<U<n)

in view of the dominated convergence theorem. The other integrands converge in view
of gy — 0in WHLI(R"+2),

Therefore, in the limit as k — 00, equation (22) turns into the claimed
identity. i

As a corollary of the proof of Lemma 3.4, we find that the defect measure y is, in fact,
zero, and we have convergence a® — «.

COROLLARY 3.5
|IDU®|~'dx — |DU|~!dx in the sense of Radon measures.

The next lemma removes the extra dimension from Corollary 3.5.
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LEMMA 3.6
For almost every 0 < t; < t, and any ¢ € C°(82), we have

15 N 15} N
/ ¢dut2—f ddu, =/ /(V¢,H,>dmdt—/ /¢>|Ht|2a’ma’t.
I, T, n JT, n Jr,

Proof
Let ¢ € C2°(£2), and pick a function ¢ : R — R with compact support and fol tdz =
1. Define

¢:Q2xR:(x,2) > ¢p(xX)(2).
Since fl, is tangent to €2, we conclude that
(V$, H) = ¢ (Vo Hy).

Plug ¢ into the statement of Lemma 3.4. As ji = 1 ® %" is a product and ¢ is adapted
to the product structure, using Fubini’s theorem, we can take out the integration of ¢,
as in the following example:

bdi = / c@p()dp, dz = ( / cdz) (| pam)= [ ddu.
r, RJr, R r, r,

This yields the claim. |
We are almost done with the proof of the main theorem, Theorem 1.1; the only things

that remain to be shown are that the statement of Lemma 3.6 holds forall0 < #; < 1,
and that we can well approximate our initial conditions.

Proof of Theorem 1.1 ' .
The general idea is to approximate arbitrary #;, #, by sequences t{ > t; and tzj >t
for which, by Lemma 3.6, we have for ¢ € C2°(£2),

d - o -
/ ¢du4—/ ¢du,{=/_ /<V¢,H,>du,dr—/_ /¢|Ht|2dmdr. (23)
r; I‘I{- 1 JT, i JT,

2

Then we argue that this statement can be taken to the limit. As the function
[ = / (Vo, H;) — |H,|2d,u,
T

is integrable in ¢, it is clear that the right-hand side of (23) converges to

%) N 15 R
/ /<V¢th>thdt_/ /¢|Ht|2dﬂtdt
t ry I3t Iy
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for any sequence tlj — t; and t'zj — 1. The left-hand side requires a little more
argument. To this end, note that as by the Brakke flow inequality (2), we have, as
n <t

Tyl <L .

As the characteristic functions xg, are BV -functions, and since XK, = Xk, in L',

the lower semicontinuity of the total variation of BV -functions 1mp11es that

T, | < liminf|T, .
Jj—00 1

Hence

Ty | < hmmlet,| lim sup|Ft,| [T 1,
j—oo
and we conclude that |Fr{| — ||, as well as |Flzj| — |I',,|. Now, we appeal to
Lemma 3.7 and infer that the left-hand side of (23) also converges.

Now, givenan  C R"*! suchthat 92 =: My isonly C' and carries anonnegative
weak mean curvature in L2, we use the fact that by Lemma 3.8, there is a smooth
evolution by mean curvature M;, 0 <t < y, such that H, > 0. We also show in this
lemma that the level set flow of €2 coincides with the smooth evolution as long as
the latter exists. Thus we can do the whole argument by replacing €2 with €2;, where
€, is the respective open set bounded by M; for some ¢ € (0, y). Using the fact that,
initially, the level set flow is smooth and a suitable cutoff function, we see that (3)
holds forall 0 < ¢y < fhbandall ¢ € Cf(R”“). O

LEMMA 3.7
Suppose that E; C 2, j 2 1 and E C 2 are Caccioppoli sets such that | D xg|(£2) <
oo and Xg, —> X in LY (), and suppose that

lim [ Dy g, |(€2) = [D x£|(£2).
J—00

1im/¢|DXEj|:f¢|DXE|-
J7eJa Q
Proof

We denote u; = [Dxg,| and u = |D xg|. From [8, Proposition 1.13], we conclude
that for every open set A C 2 with w(dA N ) = 0, we have

Then, for all ¢ € C.(R2),

Jim 1,(4) = p(A).
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Let A; ;= {¢ > t}; then 0A, C {¢ = t}, whence u(dA, N ) = 0 for almost every
t.Fix ¢ > 0, and choose —T =1 <t < --- <ty, =T sothat |[ti_; — ;| < ¢
fori = 1,...,N; and |[Dyg|(0A, N 2) = 0fori = O0,..., N.. Define the step
function

N
¢e =1+ Z(Ii —lic)Xa,-

i=1

It satisfies

suplp. — ¢| < e,
Q
and thus
[ oan— [ o.au| < cnce
Q Q
and
1/ $du; — / b dits| < ey (.
Q Q
Furthermore,
Ns
fim [ godp; = lim (10,2 + Y (6 — ti-)(A,)
j—=oo Jo Jj—o0 =
N
= 10(Q) + )t — ti)(A,) = / bedpt.
i=1 «
Thus, by letting ¢ — 0, we infer the claim. a

In the last lemma, we present a slightly stronger version of [11, Lemma 2.6].

LEMMA 3.8

Let Fy : M" — R""! be a closed, oriented hypersurface embedding of class
C' with measurable nonnegative weak mean curvature in L*(My, #™). Then M,
is of class C' N W22, and there exists a smooth evolution by mean curvature
F:M"x(0,¢)— R, ¢ >0, such that M, — M, in C' N W>2 and Hy >0
forallt € (0, €). Furthermore, this smooth evolution coincides with the level set flow
of Fo(M) as long as the former exists.
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Proof

Since My = Fo(M) isin C' and H € L?, a calculation similar to that in [8, Appen-
dix C] shows that M, is in W??2. Thus, by the work of Hutchinson [12], M, carries a
weak second fundamental form in L2, Note that since M, is compact and in C' for
every ¢ > 0, there exists a > 0 such that for all p € M,

My N Bs(p) = graphu,
where u : Q, C R" — R, €, open, such that

sup|Du| < ¢ and Du(x) =0,

Qp

where p = (x, u(x)). By mollification, we can pick a sequence of smooth hyper-
surfaces M’ converging locally uniformly to M, in C' N W22, The convergence
in C! implies that we can choose, for given & > 0, the above § uniform in i.
Now, consider standard mean curvature flow starting from the approximating sur-
faces F' : M" — R"*'  F{(M) = M'. In view of the local gradient estimates for
mean curvature flow in [3], the surfaces M,i = Fi(-, t)(M) exist on some fixed time
interval [0, y), independent of i, and remain controlled graphs in the above family of
coordinate systems relative to M. Even more, by the local interior estimates in [3,
Theorems 2.1, 2.3], we have

C

sup|A| < T te0,y), (24)
Mi 4

independent of i, and also uniform estimates, interior in time, on all higher derivatives.
Sending i — oo, we extract a limiting mean curvature flow M;, t € (0, y), satisfying
the same estimates. Note that the uniform local gradient estimate and (24) imply that
M, — M, in C** as t — 0. By the local interior gradient estimates in [3, Theo-
rem 2.1], one checks that since M, is in C', the surfaces M, are equibounded in C L
and thus by the Arzela-Ascoli theorem, M; — M, in C last — 0.

Since M — M, in C' and by the local interior gradient estimates, we can now
choose for a given & > 0 a smooth vector field X of unit length on an n-neighborhood
U of M, so that, taking y smaller, if necessary,

M CU, (Vi ((p. ), XF'(p,1))) = 1—8, (vh, . X (Fi(p.1))| <&,
(25)
for all v;,t € T,M] and for all (p,7) € M x [0,y), i > io. In a local adapted
coordinate system, we can compute

%(X, v) = A(X,v) +|AX(X,v) —2h" (DX (e;), e;) — (AX,v) — H(DX(v), v).
(26)
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If we assume that & < 1/4, we have 1/2 < (X, v) — 1/4 < 3/2, and we can define

(X, v) 1 |AJ?
=(X,v) — —, W= ——.
4 v?

Writing the evolution equation of w again in a local adapted coordinate system, we
can estimate
| I

d Al? )
Ew—Aw-l— (V|A| Vv) — 66— Vo[’ — 2|VA|

AP, 1,
+ 2—<—Z|A| +2h7(DX(e). ;) + (AX, v) + H(DX(v), v))

- ﬁ(——|A| +C(1+ |A|))

2IAI2 Al?

< Aw+ Vo] +—(——|A| +c)

By (25), we can estimate
IVivl = (ViX,v) + 1/ (X, e;)] < C+E|A

which yields, for & small enough,

d
EwéAw—i—Cw and Z M;wd,uéC/ wdu .

i
t

Integrating this on [0, ] for t < y, we see

[, [5
= dp < exp(Cr)

Since M) — M, in W*2, this estimate also holds in the limit. By this estimate,
A, — Ao in W>2, and since M, — M, in C', we have

hm/ |A|2du=/ AP dp,
t—0 M, Mo

which implies full convergence: M, — M, in W2, Thus (H,)_ = min{H,, 0} —
(Hy)_ strongly in L2. We can then check that, similarly to the computation before, the
quantity f := H /v satisfies the evolution equation

LA+ v,V
o/ = A+ (Ve V)

1 )
¥ %(— ZIAP +207 (DX (). ¢)) + (AX.v) + H(DX(v), v))
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and deduce, as above, that

d [ HF, <c/ LS
dt M, v2 I’L\ " ‘U2 l‘l’y

which implies, by Gronwall’s lemma for ¢ € (0, y), that

|H_|? |H_|?
2 dp < exp(Ct) 7 du =0,
M,

My

proving that H, > 0 for 0 < ¢ < y. By the strong maximum principle and the
compactness of M, C R"*!, it follows that H, > 0 for all 0 < ¢ < y, as required.

To see that this smooth evolution coincides with the level set flow of M|y, we define
a good coordinate system in a neighborhood of M. Again, take M to be a smooth
approximating hypersurface of M, which is still transverse to the vector field X. Let ®;
be the flow generated by X. Now, define coordinates W : U — M x (—n, 1), where
U= U_nqq ®,(M) for n > 0 small enough, so that U is a neighborhood of M as
follows. We employ the flow ®; to “project” any point p € U onto M to define the first
n coordinates, and the parameter s to define the (n + 1)-coordinate. We can assume
that My, C U and thus write M, in these coordinates as a “graph” over M. Now, let
M°® = & (M,) be the translates in ““x,,-direction” in these coordinates, and let M, be
mean curvature flow with initial condition M*. Since we have locally uniform gradient
bounds in s, we can assume that these flows all exist on a common time interval, say,
[0, £/2), and remain in U for |s| small enough. Let u* : M x [0, e/2) = (—n,n)
be such that \IJ’I(MZS ) = graph(u°(-, t)). Note that by the interior estimates for mean
curvature flow in [3], we have u € C'(M x [0, e/2) N C®(M x (0, €/2)). Take
g := W*g to be the induced metric on M x (—n, n). It can then be checked that the
functions u* satisfy a parabolic PDE on M x (0, £/2) of the form

D’ = g Dyju’ + f(x,u’, Du),

where g'/ is the inverse of the metric induced on graph(z*) by g and f depends
smoothly on x, u®, Du*. Note that g/ depends smoothly on x, u°, Du* but not on
D*u’. By (24) and the interior gradient estimates, we have

, C
|Du’| < C, ID*uw’| <

E )
independent of s for some C > 0 and all ¢+ € (0, £/2). Thus interpolating between
two solutions #®', u** and applying the maximum principle, we obtain

suplu’(p, 1) — u”(p, )| < exp(C/1) sup|u’(p, 0) — u™(p, 0)|

peM peM
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for some constant C > O and all ¢ € [0, £/2). But note that since the level set flow has
to avoid all smooth flows that are initially disjoint, this implies that for ¢ € [0, £/2),
the level set flow of M, coincides with the smooth evolution M,. Since, for t > 0,
the surfaces M, are smooth, it is well known that the level set flow coincides with the
smooth evolution as long as the latter exists. O

4. The variational principle
As stated in the introduction, we give in this final section a variational formulation for
mean curvature flow of mean convex surfaces. Let us define, for K C €2, K compact,

— JK(p) = __v
J.(v)=J,; (v) ._/K|Dv| |Du|dx' (28)

Definition 4.1
Letu € CXN(Q) N L™(), and let |Du|™' € L

loc loc
(resp., supersolution) of (%) in €2 if

(2). Then u is a weak subsolution

JKw) < TE ) (29)

for every function v < u (resp., v 2> u) which is locally Lipschitz continuous and
satisfies {v # u} C K C 2, where K is compact.

Letu : Q — [0,00), u € C*(Q), so that {x € Q|u(x) = 0} = dQ and
|Du|~' € L'(2). Then we call u a weak solution to (%) if

TEw) < Jf )

for every locally Lipschitz continuous function v with {v # u} C K C 2, where K
is compact.

Since
Ju(min(v, w)) + J,(max(v, w)) = J,(v) + J,(w)

for {v # w} € €, it follows that u is a weak solution if and only if u is a weak
subsolution and supersolution, provided that the boundary conditions are fulfilled.
Note also that the requirement |Du|~' € L . implies that u is nonfattening; that is,
A" ({u =1t)) =0forall .

Equivalent formulation

Let K C 2 be compact, and let F' C €2 be a Caccioppoli set in a neighborhood of

K . For a Lipschitz continuous function « on Q with |Du|~' € Ll (), we can define

loc
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the functional
JE(F):=|0*FN K| —/ |Du|™ dx. (30)
FNK

We say that £ minimizes J, in a set A (from the outside, resp., from the inside) if
JKE) < IK(F)

for all F with F A E € A (with,resp., F D E, F C E), with a compact set K with
FAECK CA.
By the general inequality

J(EUF)+ J(ENF) < J(E)+ Ju(F) €1V

for EA F @ A, itis clear that E minimizes J, in A if it minimizes it from the inside
and from the outside. As in [10], we can show the following.

LEMMA 4.2
Letu € CX1 () N L>®(RQ), and let |Du|™" € L}

loc loc

(resp., supersolution) of (x) in Q if and only if, for every t, the sets E, := {u > t}

(). Then u is a weak subsolution
minimize J, in 2 from the inside (resp., from the outside).

Proof

(1) Let v be locally Lipschitz continuous with {v # u} C K C Q. For F, := {v > t},
we have F; A E, C K for all ¢. Then, choose a < b witha < u,v < b on K. Using
the coarea formula, one sees that

Jf(v)zf D] — —— dx
K u

[Dul
b b
=/ |8*F,ﬂK|dt—// XF,|Du|1dtdx—a/ |Du|~" dx
a K Ja K
b
=/ JMK(F,)dz—a/ |Du| ™" dx. (32)
a K

Thus, if every E; minimizes J, in €2, then u also minimizes J,. The same works for
subsolutions and supersolutions.
(2) Now, let u be a subsolution of (28). Choose #, and F' so that

FCE, and E,\FEQ.
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We aim to show that J,,(E,) < J,(F). Since J, is lower semicontinuous with respect
to L} .-convergence, we can assume that

Ju(F) < Ju(G) (33)
forall G with G A E, C E, \ F, by minimizing among competing sets. Define

F‘_ FmEt7 t>t07
" E, 0<1 <t

By (33), Ju(F) < J,(E, U F)forall t > to, and thus, by (31),
Ju(E: O F) < Ju(Ey)
fort > ty. Thus
Ju(F,) < J,(E,) forall ¢.

Now, define v by v > t on F,, which implies that v < u and {v # u} € Q. By

[ee]

construction, v € BVj,c N L},

and J,(v) is well defined. Approximating v by smooth
functions v; — v with |Dv;| — |Dv|, we see that J, (1) < J,(v) as u is a subsolution.
Since, then, (32) also is true for v, we have

/b J.(E)dt < /b J.(Fy)dt,
which implies that J,(F;) = J,(E;) for almost all . With (31), it follows that
JUEUF) < J(F)
for almost all ¢ > #,. Taking the limit # N\ #;, we have, by lower semicontinuity,
Ju(Ey) < Ju(F).
(3) In the case where u is a supersolution, we choose, as in (2), ty and F' with
E,CF and F\E, € Q.
As before, we can assume that
Ju(F) < Ju(G)
for all G with G A E;, C F \ E,. One defines again

{FUElv O<t<t07
Ft =
Et7 r > 1o,
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which leads, as above, to
JJ(E:NF) < J,(F)

(), we have "' ({u = 1,}) = 0, and
E, — E, fort /’ fo. Especially, E, N I — E, , which implies, by lower semiconti-

for almost all t < t,. Since |Du|™' € L!

loc
nuity, that

Ju(E) < Ju(F). O

Applying this equivalent formulation, we immediately see that all super level sets of
a weak supersolution # minimize area from the outside in 2.

COROLLARY 4.3

Let u be a weak supersolution on 2. Then the sets E, minimize area from the outside
in 2.

To prove uniqueness, we aim to show that a weak solution constitutes a Brakke flow.
The idea, then, is to use the avoidance principle for Brakke flows to show that the
level sets of two weak solutions have to avoid each other if they are initially disjoint.
In a first step, we show that the mean curvature of almost every level set is given by
Du/|Dul?, as expected.

LEMMA 4.4

Let u be a weak solution on 2. Then for almost every t € [0, T], T = supq u, the
sets Iy := 0*{u > t}, seen as unit density n-rectifiable varifolds, carry a weak mean
curvature IjI, € LX(T';; #). Furthermore, for almost every t, it holds that

> Du
" Duf
Proof
Take X € C°(2; R"), and let @, be the flow generated by X. We compute
d uod,
0= — J(uodD)— / H"(O o ®y > t))dt — / dx
ds ls=0 o [Dul
+oo (Du X)
ler Xdx"dt — dx. (34)
Q |DM|

By approximation, the last expression still vanishes for any X € C*!(). Let W :
R — R be any smooth function, and replace X above by W(u)X. Note that at any
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point p € £2, where u is differentiable and I',(,) has a weak tangent space, we have

divr,, (W(u)X) = W(u)divr,, (X). This yields

+o00 +o00 DM
/ xp(z)/ dive, X d A" dt = —/ \Il(t)/ <—,X>dy/" dr.
—00 r, —00 T, |Du|2

Now, let A be a countable dense subset of C.(€2; R"*+1), By the reasoning above, there
isaset B C [0, T) of full measure such that

. o Du on
/r’ divy, X d A" = /r <W,X>d,/f (35)

for all X € A. Since |Du|~' € L'(R2), we can furthermore assume that |Du|~' €
L*(T';, #™) and is well defined for all # € B. Thus, by approximation, (35) holds for
all X € C}(€2; R"*!)and 7 € B. This proves the claim. ]

PROPOSITION 4.5

Let Q@ C R""! be open and bounded with 32 € C*, and let u be a weak solution of (x)
on Q2. Then u is a Brakke flow with equality in the sense of (3), where yu; == H#" LT,
fort = 0 and the mean curvature I_:I, of T'y is given as in Lemma 4 4.

Proof
Note that |Du|~! € L'(R2) implies that #""'({x € Q| Du(x) = 0}) = 0, whence
A" ({u = t}) = 0 for all ¢ and u is nonfattening. This yields

liminf J,({u > t}) > 0.
(T

Since, for every fixed t € (0, T), we have J,({u > t}) < J,({u > t}) for all
t € (0,T), we obtain J,({u > t}) = 0 for all + € (0, T). Also, using again the
equivalent formulation of the variational principle, we see that

Ju({u > 1}) < J,(B,(x))

forall € (0, T) and all B,(x) € . Since J,(B,(x)) = 0as p N\ 0, we see that
J.({u > t}) < Oforallt € (0,T), and thus J,({u > t}) = O forall t € (0, 7).
Furthermore, this implies that #"(I";) — Oast ' T. Using Lemma 3.7 and the fact
that the sets {# > ¢} minimize area from the outside in €2, we see that the family of
Radon measures u, := " LT, is continuous for # 2> 0.

Now, let ¢ € C°((0, 00)), let ¢ € C!(R"™), and define a variation v, : 2 — R
of u by

Vs i=u+5sPpu) .



NO MASS DROP FOR MCF 309

Note that ¢(u)p has compact support in €2, and thus v is an admissible variation of

u. We obtain
/I I——dx
s=0 |D |

/(qﬁ (u)(p—|-¢(u)<<|D Iz,Dw)—#))lDuldx

= / (1) / Qd A" + P(1) / (Do, H,) — g|H|*d A" dt.  (36)
T, T,

0

d
0= —

ds ’s-() Jul) =

Now, take t,, 1, € [0, 00), t; < t,. Letting ¢ appropriately increase to the charac-
teristic function of the interval [t;, t,], we see from (36) that u is a Brakke flow with
equality, as in (3). O

THEOREM 4.6
Let Q C R"! be open and bounded with 32 € C', and let u be a weak solution of
(x) on Q. Then u is unique.

Proof

Let uy, uy be two weak solutions to (x) on £2. Since u1, uy > Oon Q2 and {u; = 0} =
{u, = 0}, we have {u, > t} € {u; > 0} for all t > 0. The avoidance principle for
codimension-one Brakke flows, [13, Theorem 10.6], then implies that

dist(T™, T4 )

is increasing in ¢ for all T > 0. Note that [lmanen’s proof of the avoidance principle,
[13, proof of Theorem 10.6], also works for the time-integrated version of a Brakke
flow. Since u; and u, are continuous, this implies that u, < u;. Repeating this
argument with u; and u, interchanged, we arrive at the reverse inequality, which
implies that u; = u,. O

In the next lemma, we show that any smooth mean curvature flow is a weak subsolution
and supersolution on the set that it sweeps out. To show that the level set flow is a weak
solution on €2, we later apply this lemma to the approximating flows N/ on 2 x R
and use Corollary 3.5 to pass to limits.

LEMMA 4.7

Let (N;)c<i<a be a family of smooth hypersurfaces Q@ x R with strictly positive,
uniformly bounded mean curvature which flow by mean curvature flow. Let W be the
set that is swept out by the flow (N,).<i<a, and on W, let the function u be defined by
u=tonN,with E, == {u > t}. Then the sets E, minimize J, on W for allt € [c, d].
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Proof

The outer unit normal, defined by v, := —Du/|Du|, is a smooth vector field on W
with div(v,) = Hy, = |Du|™' > 0. Foraset F with F A E; C K € W, we obtain,
by the divergence theorem, using v, as a calibration,

[0*E, N K| — / |Du|~" dx
E.NK

:/ Vog, - v, dA"T! —f |Du|~" dx

JE,NK E.NK

= / vag, v dA"! +/ Vor, - v, dA"T! —/ |Du|~' dx
IE,NF AENF E,NK

2/ Vg*F'Uud%'hq —/ |Du|1dx—|—/ Ua*F'Uud%nJrl
9*F\E, F\E, 9*FNE,

—|—/ |Du|_1dx—/ |Du|™" dx
EN\F E.NK

=/ Vo - v, d AT —/ |Du|™'dx < |3*FﬂK|—/ |Du| ™" dx.
*FNK FNK

FNK

O

THEOREM 4.8

Let @ C R be open and bounded. Assume further that 3Q € C', carrying a
nonnegative weak mean curvature in L?. Then the level set flow u : Q — R of Q2 is
a weak solution of (x) on Q2.

Proof
We show that U((x, z)) := u(x), defined on 2 x R, is a weak subsolution and
supersolution of (x) on 2 x R. That u then is also a weak subsolution and supersolution
on 2 follows by a simple cutoff argument. Note that by Lemma 3.8, # > 0 on €2, and
so {u =0} =9%2.

We first show that U is a weak supersolution on 2 x R. So, take V > U,
{U#£V}eQ xR, Ve Clo(;cl(Q x R). Let K C © x R, so that K is compact with
{U #V} CK,and

8; :=max|U — U,
K
thus §; — O fori — o0. Let

Ve max{U®%,V —2§;} forx € K,
T ue for x ¢ K.
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We have V; € CO’I(Q x R), V; > U%, {V;, # U%} C K. Furthermore, V; — V

loc

locally uniformly, V; = U; on 2\ {V > U}, and
H"2{DV; £ DVIN{V > U}) — 0. (37)

By Lemma 4.7, we have

J5a (U < T (Vi),
which can be written as

[ 1pvei+ v —uiputias < [ pviax.
K K

Now, we have

|DU%|™" — |DU|™!

in the sense of Radon measures. Since V; — V and U% — U locally uniformly, we
see that

/(V —U)|DU| " dx = lim /(\4 — U DU*| " dx.
K 11— 00 K

The convergence of |[DU%| — |DU | weakly-* in L*°(2 x R) as well as (37) yields,
together with the uniform Lipschitz bound of the V;’s,

‘/ IDV,| — |DV|dx‘
K
< ‘/ DU | — |DU|dx’ + CA™(DV, £ DV)N{V > U}) — 0.
K\{V>U}
Putting this together, we have
/ |DU| 4+ (V — U)|DU| ™" dx g/ |DV|dx.
K K

The fact that U is also a weak subsolution follows analogously. i
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