
Available online at www.sciencedirect.com
ScienceDirect

Nuclear Physics B 943 (2019) 114606

www.elsevier.com/locate/nuclphysb

Quantum entanglement in de Sitter space from stringy 

axion: An analysis using α vacua

Sayantan Choudhury a,b,∗, Sudhakar Panda c,d,e

a Quantum Gravity and Unified Theory and Theoretical Cosmology Group, Max Planck Institute for Gravitational 
Physics (Albert Einstein Institute), Am Mühlenberg 1, 14476 Potsdam-Golm, Germany

b Inter-University Centre for Astronomy and Astrophysics, Post Bag 4, Ganeshkhind, Pune 411007, India
c Institute of Physics, Sachivalaya Marg, Bhubaneswar, Odisha 751005, India

d National Institute of Science Education and Research, Jatni, Bhubaneswar, Odisha 752050, India
e Homi Bhabha National Institute, Training School Complex, Anushakti Nagar, Mumbai 400085, India

Received 14 September 2018; received in revised form 6 March 2019; accepted 24 March 2019
Available online 19 April 2019

Editor: Tommy Ohlsson

Abstract

In this work, we study the phenomena of quantum entanglement by computing de Sitter entanglement 
entropy from von Neumann measure. For this purpose we consider a bipartite quantum field theoretic set 
up for axion field, previously derived from Type II B string theory compactified to four dimensions. We 
consider the initial vacuum to be CPT invariant non-adiabatic α vacua state under SO(1,4) isometry, which 
is characterised by a real one-parameter family. To implement this technique we use a S2 which divide the de 
Sitter into two exterior and interior sub-regions. First, we derive the wave function of axion in an open chart 
for α vacua by applying Bogoliubov transformation on the solution for Bunch-Davies vacuum state. Further, 
we quantify the density matrix by tracing over the contribution from the exterior region. Using this result 
we derive entanglement entropy, Rényi entropy and explain the long-range quantum effects in primordial 
cosmological correlations. Our results for α vacua provides the necessary condition for generating non zero 
entanglement entropy in primordial cosmology.
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1. Introduction

It is well accepted fact that von Neumann entropy is a measure of quantum entanglement to 
quantify long range correlation in condensed matter physics [1–3] and cosmology [4–21]. In con-
densed matter physics entanglement entropy exactly mimics the role of an order parameter and 
the corresponding phase transition phenomena can be characterised by correlations at quantum 
level. Also, it is expected that, from this understanding of long range effects in quantum corre-
lations, we can understand the underlying physics of the theory of multiverse, bubble nucleation 
etc. in de Sitter space [22]. As a consequence, we can observe a prompt response due to the local 
measurement in quantum physics, by violating causal structure of the space-time. In quantum 
theory such causality violation is known as Einstein-Podolsky-Rosen (EPR) paradox [23]. But in 
such type of local measurement causality remains unaffected as the required quantum informa-
tion is not propagating. In this context Schwinger effect in de Sitter space [24,25] is one of the 
prominent examples of quantum entanglement. In Schwinger effect, particle pair creation takes 
place with a finite separation in de Sitter space-time in presence of a constant electric field [15]
and the quantum states exhibit long range correlation.

To quantify entanglement entropy in the context of quantum field theory, one requires to have 
a bipartite system. In strong coupling regime of a such a theory we can compute entanglement 
entropy by using the principles of gauge gravity duality in the bulk [26–35]. Using this technique 
many issues have been addressed in the context of holographic entanglement entropy. Further, in 
ref. [10] the authors have constructed a completely different computational algorithm to quantify 
entanglement entropy using Bunch Davies initial state1 in de Sitter space. Later, in ref. [15] this 
has been extended to the computation of entanglement entropy using α vacua initial state in de 
Sitter space by following the techniques presented in ref. [10]. Moreover, using Bunch Davies 
initial state in de Sitter space, we have computed entanglement entropy in a field theory where the 
effective action contains a linear source term [14]. We have shown that this result complements 
the necessary condition for the violation of Bell’s inequality in primordial cosmology.

In quantum field theory in de Sitter background, one can construct a one parameter family 
of initial vacuum states which are CPT invariant under SO(1,4) isometry group [36,37]. These 
classes of states are characterised by a real parameter α, known as α vacua. For α = 0 these 
states reduce to the usual Bunch Davies vacuum state. In a more technical terms, the α vacua 
can be treated as squeezed quantum states, which are created by an unitary operator acting on 
the Bunch Davies vacuum state. This leads to the generalisation of Wick’s theorem in interacting 
quantum field theory, which allows us to describe any free quantum field theory Green’s function 
computed using α vacua in terms of the products of the Green’s functions computed using Bunch 
Davies vacuum [38]. See refs. [37,39,40] for more details on the quantum field theory of α
vacua. For a specific α vacuum state as a quantum initial condition, it is possible to describe the 
long range correlations within the framework of quantum field theory. As a consequence, the 
non-local quantum phenomena can be associated with the long range effects, which is described 
by quantum entanglement of vacuum state as an initial condition. We note that till date no such 
experiment is available using which one can be able to test the local behaviour of quantum field 
theory in cosmological scale (Hubble scale). However, it is expected that in future it may be 
possible to test such prescriptions. Additionally, it is important to note that, propagators in free 
quantum field theory of de Sitter space computed in presence of adiabatic Bunch Davies vacuum 

1 We note that, Bunch Davies initial state is exact equivalent to the Euclidean or adiabatic vacuum state in quantum 
field theory.
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state manifest Hadamard singularity which is consistent with the result obtained in the context 
of Minkowski flat space-time limit [41,42].

However, for interacting quantum field theory in the de Sitter space-time background, such 
singular propagators applicable for adiabatic Bunch Davies vacuum are dubious. Hence α vac-
uum state plays significant role, using which one can express the propagators in interaction 
picture. In the quantum field theory described by the α vacua state the real parameter α plays 
the role of super-selection number associated with a quantum state of a different bipartite Hilbert 
space. But it is still a debatable issue that whether the interaction picture of the quantum field 
theory with any arbitrary α vacua with any super-selection rule are consistent with the phys-
ical requirements of quantum mechanics or not [39]. In general, one can treat the α vacua as 
a family of quantum initial state, where we have quantum fluctuation around an excited state. 
Here it might be possible that the Hilbert space corresponding to excited state (for α vacua) and 
the adiabatic Bunch Davies vacuum coincides with each other. In such a situation it is perfectly 
consistent to describe quantum field theory of excited state in de Sitter space in terms of the 
adiabatic Bunch Davies vacuum in the ultraviolet regime.2 As a result this specific identification 
allows us to write an effective field theory description in the ultraviolet regime. This implies that 
identifying the correct and more appropriate quantum α vacuum state is fine tuned. However, this 
fine tuning only allows us to describe the quantum field theory with any excited states compared 
to ground state described by the adiabatic Bunch Davies vacuum. Using this prescription apart 
from inflationary paradigm, one may be able to explain a lot of unexplored late time physical 
phenomena of nonstandard vacuum state. In this work, we further generalise the computational 
strategy of entanglement entropy for axion field using α vacua initial state in de Sitter space. 
This result will establish the generation of quantum entanglement entropy in early universe in a 
more generalised fashion. In this setup, while the possibility of EPR pair creation increases, it 
appears that the quantum long range correlation will increase naturally. As a consequence, the 
amount of entanglement entropy increases as the parameter α increases. In this report, we have 
investigated this possibility with a specific model of axion field theory previously derived from
Type IIB string theory [43–46] setup. Here, we will demonstrate the Bell’s inequality violation 
from nonzero entanglement entropy of axion field. This connection also will be helpful in future 
to provide a theoretical tool to compare various models of inflation [47–50]. We have also com-
mented on Rényi entropy using the same setup which will finally give rise to a complete new 
interpretation to long range quantum correlation for the case of α vacua.

We note that for cosmology, it is crucial to know the observational constraints on the α (non-
Bunch Davies) vacua from CMB maps [19,51,52]. It is expected that the (auto and cross) cor-
relation functions of primordial fluctuations get modified significantly, which is an important 
information to understand the underlying new physics of α vacua. Also this will help us to dis-
criminate between the physical outcomes of α vacua and the adiabatic Bunch Davies vacuum 
state.

Similarly, for the case of gravity, it is also important to understand the physical implications of 
the new physics originated from α vacua described in a specific curved gravitational background. 
Note that Einstein General Theory of relativity is a classical field theoretic description, which 
describes the interactions in astrophysical scales and constrained by galaxy rotation curves, dy-
namics of clusters etc. [39,53]. However, in the infrared regime of the gravity sector, we do not 

2 In the infrared regime, due to the nonremoval of divergences appearing from various interactions in quantum field 
theory, explaining the physics of excited states with the adiabatic vacuum is not a good approximation.
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have observational probes to test the infrared correction to the classical field theory of gravity. 
From the theoretical perspective, if we describe the fluctuation in the metric in terms of spin 2 
transverse, traceless degrees of freedom in de Sitter space-time, then using α vacua and the non 
local field redefinition in metric, one can express the scalar degrees of freedom also. This scheme 
needs to be developed in future.

This paper is organised as follows. In section 2, we briefly review the basic set up using which 
we will compute the entanglement entropy and Rényi entropy using α vacua. In section 3.1.1, we 
introduce the axion model from string theory. Then using this model we compute the expression 
for the wave function in a de Sitter hyperbolic open chart in presence of Bunch Davies vacuum in 
Appendix A. Further using Bogoliubov transformation we express the solution in terms of new 
basis, called α vacua in section 3.1.2. After that in section 3.2, we construct the density matrix 
in presence of α vacua. Using this result further in section 3.3, we derive the expression for the 
von Neumann entropy which is the measure of entanglement entropy in presence of α vacua. 
Next in section 3.3, we compute Rényi entropy using the result of density matrix as derived in 
section 3.2. Finally we conclude in section 4 with some future prospects of the present work.

2. Basic setup: brief review

In this section we briefly review the computational method to derive entanglement entropy 
in de Sitter space following the work performed in ref. [10] and ref. [14]. We consider a time 
preserving space-like hypersurface S2 for this purpose. As a result S2 is divided into two sub 
regions, interior and exterior, which are characterised by RI (≡L) and RII (≡R). In terms of the 
Lorentzian signature an open chart in de Sitter space is described by three different subregions 
Further [10,14]:

R(= RII)/L(= RI) :
{

τE = π/2 − itR/τE = −π/2 + itL for tR/L ≥ 0
ρE = −irR/L for rR/L ≥ 0.

(2.1)

C :
{

τE = tC for −π/2 ≤ tC ≤ π/2
ρE = π/2 − irC for −∞ < rc < ∞.

(2.2)

Also in open chart the metric with Lorentzian signature can be written as [10,14]:

R(= RII)/L = (RI) :
{

ds2
R/L = H−2

[
−dt2

R/L + sinh2 tR/L

(
dr2

R/L + sinh2 rR/L d�2
2

)]
, (2.3)

C :
{

ds2
C = H−2

[
dt2

C + cos2 tC

(
−dr2

C + cosh2 rC d�2
2

)]
, (2.4)

where H = ȧ/a is the Hubble parameter and d�2
2 represents angular part of the metric on S2.

Now let us assume that the total Hilbert space of the local quantum mechanical system is 
described by H, which can be written using bipartite decomposition in a direct product space [54]
as, H =HINT ⊗HEXT. Here HINT and HEXT are the Hilbert space associated with interior and 
exterior region and describe the localised modes in RI and RII respectively. Consequently, one 
can construct the reduced density matrix for the internal RI region by tracing over the external 
RII region and the Von Neumann entropy measure, the entanglement entropy in de Sitter space 
can be expressed as:

ρ(α) = TrR|α〉〈α| =⇒ S(α) = −Tr [ρ(α) lnρ(α)] . (2.5)

Here the vacuum state |α〉 is the α vacuum. The reduced density matrix, which is a key ingredient 
for computing entanglement entropy, is obtained by tracing over the exterior (R) region. Also it is 
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important to note that the total entanglement entropy can be expressed as a sum of UV divergent 
and finite contribution. In 3 + 1 D, the UV-divergent part of the entropy can be written as [10,14,
15]:

SUV−divergent = c1ε
−2
UVAENT +

[
c2 +

(
c3m

2 + c4H
2
)
AENT

]
ln (εUVH) , (2.6)

SUV−finite = c5AENTH 2 − c6 ln
(√

AENTH
)

+ finite terms, (2.7)

where εUV is the short distance lattice UV cut-off, AENT is the proper area of the entangling 
region of S2 and ci∀i = 1, 2, 3, 4 are the coefficients. Here we restrict ourself only within the 
UV-finite part which contains the information of long range effects of quantum state. Here c6
quantify the long range effect. In general, c6 can be expressed as [10,14,15], c6 ≡ Sintr, where 
Sintr is the UV-finite relevant part which we quantify in later sections.

3. Quantum entanglement for axionic pair using α vacua

3.1. Wave function of axion in open chart

3.1.1. Model for axion effective potential
In this section our prime objective is to compute de Sitter entanglement entropy for axion 

field. Such axion field appears from RR sector of Type IIB string theory compactified on CY3 in 
presence of NS 5 brane. For details, see refs. [43–46,55]. Let us start with the following effective 
action for axion field:

Saxion =
∫

d4x
√−g

[
−1

2
(∂φ)2 + μ3φ + 
4

G cos

(
φ

fa

)]
=

∫
d4x

√−g

[
−1

2
(∂φ)2 + μ3

[
φ + bfa cos

(
φ

fa

)]]
, (3.1)

where μ3 is the mass scale, fa is the decay constant of axion and we introduce a parameter b, 

is defined as, b = 
4
G

μ3fa
. Here 
G can be expressed as, 
G =

√
mSUSY L3√

α′gs
e−cSinst , where Sinst is 

the instanton action, factor c ∼O(1), mSUSY is SUSY breaking scale, α′ represents Regge slope 
parameter, gs characterises the string coupling constant and L6 is the world volume factor. Here 
we restrict up to the linear term of the effective potential as given by V (φ) ≈ μ3φ, which can 
be interpreted as a massless source in the equation of motion. In the limit φ << fa , the total 

effective potential for axion can be approximated as, V (φ) ≈ μ3 (bfa + φ)− m2
axion

2 φ2, where we 

introduce the effective mass of the axion as, m2
axion = μ3b

fa
= 
4

G

f 2
a

.

3.1.2. Wave function for axion using α vacua
Here our prime objective is to derive results for α-vacua, which can be interpreted as a quan-

tum state filled with particles defined by some hypothetical observer who initially belongs to the 
Bunch Davies vacuum state (α = 0). Here the α vacua are invariant under SO(1,4) isometry 
group of de Sitter space. Consequently we use the equivalent prescription followed in case of 
Bunch Davies vacuum by defining two subspaces in de Sitter space, RI and RII respectively. 
In general α-vacua is CPT invariant, which is parametrised by a single real positive parameter 
α which plays the role of super-selection quantum number. We use the results obtained for the 
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solution of the EOM where we expand the field in terms of creation and annihilation operators in 
Bunch Davies vacuum, and further using Bogoliubov transformation the mode functions for the 
α-vacua can be written as:

�(r, t, θ,φ) =
∞∫

0

dp
∑

σ=±1

∞∑
l=0

+l∑
m=−l

[
dσplmE (α)

σplm(r, t, θ,φ) + d
†
σplm(E (α)

σplm)∗(r, t, θ,φ)
]
,

(3.2)

where the α-vacua state are defined as, dσplm|α〉 = 0∀σ = (+1, −1); 0 < p < ∞; l = 0, · · · , ∞,

m = −l, · · · , +l. In this context, the α-vacua mode function E (α)
σplm can be expressed in terms of 

Bunch Davies mode function Uσplm(r, t, θ, φ) using Bogoliubov transformation as:

E (α)
σplm =

[
coshα Uσplm(r, t, θ,φ) + sinhα U∗

σplm(r, t, θ,φ)
]
. (3.3)

After substituting Eq (3.3) in Eq (3.2) we get the following expression for the wave function:

�(r, t, θ,φ) = H

sinh t

∞∫
0

dp

∞∑
l=0

+l∑
m=−l

∑
σ=±1

[
dσplm coshα χp,σ (t)

+ d
†
σplm sinhα χ∗

p,σ (t)
]
Yplm(r, θ,φ). (3.4)

Finally, the solution of the time dependent part of the wave function can be recast as:

χp,σ (t) =
∑

q=R,L

{
1

Np

[
ασ

q Pq + βσ
q Pq∗]

+
∞∑

n=0

1

Npn

(
p2

n − p2
) [

ᾱσ
q,n P̄q,n + β̄σ

q,n P̄q∗,n
]}

, (3.5)

where we use the following shorthand notation, P̄q,n = μ3 sinh2 t
∫

dt ′ χ
(c)
pn,σ,q(t ′) Pq,n. Addi-

tionally, here we use the shorthand notations Pq , P∗q , Pq,n, P∗q,n for the Legendre polynomial, 
which is defined in ref. [14]. Also the coefficient functions (ασ

q , βσ
q ) and (ασ

q,n, β
σ
q,n), normalisa-

tion constants Np , Npn are explicitly mentioned in ref. [14].
For further computation α-vacua are defined in terms of Bunch Davies vacuum state as:

|α〉 = exp

(
1

2
tanhα

∑
σ=±1

a†
σ aσ

)

× exp

⎛⎝1

2

∑
i,j=R,L

mij b
†
i b

†
j + 1

2

∑
i,j=R,L

∞∑
n=0

m̄ij,n b̄
†
i,n b̄

†
j,n,

⎞⎠ (|R〉 ⊗ |L〉). (3.6)

Further one can also write the R and L vacua as [14]:

|R〉 = |R〉(c) +
∞∑

n=0

|R〉(p),n, |L〉 = |L〉(c) +
∞∑

n=0

|L〉(p),n, (3.7)

with (c) and (p) representing the complementary and particular part respectively. Here the ma-
trices mij and m̄ij,n corresponding to complementary and particular part of the solution are 
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explicitly computed in ref. [14] for Bunch Davies vacuum. Also the creation and annihilation 
operators a†

σ and aσ for the R and L vacuum are defined as [14]:

aσ =
∑

q=R,L

{[
γqσ bq + δ∗

qσ b†
q

]
+

∞∑
n=0

[
γ̄qσ,nb̄q,n + δ̄∗

qσ,nb̄
†
q,n

]}
, (3.8)

a†
σ =

∑
q=R,L

{[
γ ∗
qσ b†

q + δqσ bq

]
+

∞∑
n=0

[
γ̄ ∗
qσ,nb̄

†
q,n + δ̄qσ,nb̄q,n

]}
, (3.9)

with σ = ±1. Here it is important to note that, the coefficient matrices for the Bogoliubov trans-
formation γqσ , δqσ , γ̄qσ,n and δ̄qσ,n helps us to write the a type of oscillators in terms of a new 
b type of oscillators. For more details see ref. [14] where all the symbols are explicitly defined. 
Here it is important to note that, the newly introduced b type of oscillators exactly satisfy the har-
monic oscillator algebra, provided the oscillators corresponding to the solution of complementary 
and particular part of the time dependent solution of the wave function are not interacting with 
each other. This surely helps us to set up the rules for the operation of creation and annihilation 
operators of these oscillators in this context [14].

Below, we use the definition of α-vacuum state as given in Eq (3.6), which is very useful to 
compute entanglement entropy in de Sitter space. However, note that the technical steps for the 
computation of the entanglement entropy in de Sitter space from α-vacua are exactly similar to 
the steps followed for Bunch Davies vacuum. The difference will only appear when we use the 
creation and annihilation operators in the context of α-vacua, which can be written in terms of 
the creation and annihilation operators defined for R or L vacuum state as:

dσ =
∑

q=R,L

{[(
coshα γqσ − sinhα δqσ

)
bq +

(
coshα δ∗

qσ − sinhα γ ∗
qσ

)
b†
q

]

+
[(

coshα

∞∑
n=0

γ̄qσ,nb̄q,n − sinhα

∞∑
n=0

δ̄qσ,nb̄q,n

)

+
(

coshα

∞∑
n=0

δ̄∗
qσ,nb̄

†
q,n − sinhα

∞∑
n=0

γ̄ ∗
qσ,nb̄

†
q,n

)]}
, (3.10)

d†
σ =

∑
q=R,L

{[(
coshα γ ∗

qσ − sinhα δ∗
qσ

)
b†
q + (

coshα δqσ − sinhα γqσ

)
bq

]

+
[(

coshα

∞∑
n=0

γ̄ ∗
qσ,nb̄

†
q,n − sinhα

∞∑
n=0

δ̄∗
qσ,nb̄

†
q,n

)

+
(

coshα

∞∑
n=0

δ̄qσ,nb̄q,n − sinhα

∞∑
n=0

γ̄qσ,nb̄q,n

)]}
, (3.11)

where we use the definition of creation and annihilation operators in Bunch Davies vacuum 
as mentioned in Eq (3.9) and Eq (3.8). In this computation it is important to note that, under 
Bogoliubov transformation the original matrix γqσ , δqσ , γ̄qσ,n and δ̄qσ,n used for Bunch Davies 
vacuum are transformed in the context of α-vacua as:

γqσ −→ (
coshα γqσ − sinhα δqσ

)
, δqσ −→ (

coshα δqσ − sinhα γqσ

)
, (3.12)

γ̄qσ,n −→ (
coshα γ̄qσ,n − sinhα δ̄qσ,n

)
, δ̄qσ,n −→ (

coshα δ̄qσ,n − sinhα γ̄qσ,n

)
.
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Considering this fact, after Bogoliubov transformation α-vacua state can be written in terms of 
R and L vacua as:

|α〉 = exp

⎛⎝1

2

∑
i,j=R,L

m̃ij b
†
i b

†
j + 1

2

∑
i,j=R,L

∞∑
n=0

¯̃mij,n b̄
†
i,n b̄

†
j,n

⎞⎠ (|R〉 ⊗ |L〉). (3.13)

Here m̃ij and ¯̃mij,n represents the entries of the matrices corresponding to the complementary 
and particular solution in presence of α vacuum which we will compute in this paper.

Further one can write the annihilation of α vacuum in terms of the annihilations of the direct 
product state of R and L vacuum as:

dσ |α〉 =
∑

q=R,L

4∑
s=1

J (q)
s = 0, (3.14)

where neglecting contribution from the powers of creation operators, J (q)
s ∀s = 1, 2, 3, 4, q =

R, L are defined as:∑
q=R,L

J (q)
1 =

∑
q=R,L

(
coshα γqσ − sinhα δqσ

)
bq e

ˆ̃O (|R〉 ⊗ |L〉)

≈
∑

i,j=R,L

m̃ij

(
coshα γjσ − sinhα δjσ

)
b

†
i (|R〉 ⊗ |L〉) , (3.15)

∑
q=R,L

J (q)
2 =

∑
q=R,L

(
coshα δ∗

qσ − sinhα γ ∗
qσ

)
b†
q e

ˆ̃O (|R〉 ⊗ |L〉)

≈
∑

q=R,L

(
coshα δ∗

qσ − sinhα γ ∗
qσ

)
b†
q (|R〉 ⊗ |L〉) , (3.16)

∑
q=R,L

J (q)
3 =

∑
q=R,L

(
coshα

∞∑
n=0

γ̄qσ,nb̄q,n − sinhα

∞∑
n=0

δ̄qσ,nb̄q,n

)
e

ˆ̃O (|R〉 ⊗ |L〉)

≈
∑

i,j=R,L

(
coshα

∞∑
n=0

¯̃mij,nγ̄jσ,nb̄
†
i,n − sinhα

∞∑
n=0

¯̃mij,nδ̄jσ,nb̄
†
i,n

)
(|R〉 ⊗ |L〉) ,

(3.17)∑
q=R,L

J (q)
4 =

∑
q=R,L

(
coshα

∞∑
n=0

δ̄∗
qσ,nb̄

†
q,n − sinhα

∞∑
n=0

γ̄ ∗
qσ,nb̄

†
q,n

)
e

ˆ̃O (|R〉 ⊗ |L〉)

≈
∑

q=R,L

∞∑
n=0

(
coshα

∞∑
n=0

δ̄∗
qσ,nb̄

†
q,n − sinhα

∞∑
n=0

γ̄ ∗
qσ,nb̄

†
q,n

)
(|R〉 ⊗ |L〉) .

(3.18)

This directly implies that:[
m̃ij

(
coshα γjσ − sinhα δjσ

) + (
coshα δ∗

iσ − sinhα γ ∗
iσ

)]
b

†
i

+
[(

coshα

∞∑ ¯̃mij,nγ̄jσ,nb̄
†
i,n − sinhα

∞∑
m̄ij,nδ̄jσ,nb̄

†
i,n

)

n=0 n=0
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+
(

coshα

∞∑
n=0

δ̄∗
iσ,nb̄

†
i,n − sinhα

∞∑
n=0

γ̄ ∗
iσ,nb̄

†
i,n

)]
= 0. (3.19)

As we have already mentioned that the complementary and particular part of the solutions are 
completely independent of each other and hence vanish individually. Consequently, we get the 
following constraints in case of α vacuum:[

m̃ij

(
coshα γjσ − sinhα δjσ

) + (
coshα δ∗

iσ − sinhα γ ∗
iσ

)] = 0, (3.20)[(
coshα ¯̃mij,nγ̄jσ,n − sinhα m̄ij,nδ̄jσ,n

)
+ (

coshα δ̄∗
iσ,n − sinhα γ̄ ∗

iσ,n

)] = 0∀ n. (3.21)

Further using Eq (3.20) and Eq (3.21), the matrices corresponding to the complementary and 
particular part of the solution can be expressed as:

m̃ij = − (
coshα δ∗

iσ − sinhα γ ∗
iσ

)
(coshα γ − sinhα δ)−1

σj

= −�
(
ν + 1

2 − ip
)

�
(
ν+ 1

2 +ip
) 2 D(ν)

ij

e2πp
(
coshα−sinhα e−2πp

)2+e2iπν
(
coshα+sinhα e−2iπν

)2 ,

(3.22)
¯̃mij,n = − (

coshα δ̄∗
iσ,n − sinhα γ̄ ∗

iσ,n

) (
coshα γ̄ − sinhα δ̄

)−1
σj,n

= −�
(
ν + 1

2 − ipn

)
�

(
ν + 1

2 + ipn

)
× 2 D(ν,n)

ij

e2πpn
(
coshα − sinhα e−2πpn

)2 + e2iπν
(
coshα + sinhα e−2iπν

)2

∀ (i, j) = R,L. (3.23)

Here we define the D matrices as:

D(ν)
ij =

(
D(ν)

RR D(ν)
RL

D(ν)
LR D(ν)

LL

)
, D(ν,n)

ij =
(
D(ν,n)

RR D(ν,n)
RL

D(ν,n)
LR D(ν,n)

LL

)
, (3.24)

and the corresponding entries of the D matrices are given by:

D(ν)
RR = D(ν)

LL =
(

cosh2 α eiπν + sinh2 α e−iπν
)

cosπν − sinh 2α sinh2 πp, (3.25)

D(ν)
RL = D(ν)

LR = i
(

cosh2 α eiπν + sinh2 α e−iπν + sinh 2α cosπν
)

sinhπp, (3.26)

D(ν,n)
RR = D(ν,n)

LL =
(

cosh2 α eiπν + sinh2 α e−iπν
)

cosπν − sinh 2α sinh2 πpn, (3.27)

D(ν,n)
RL = D(ν,n)

LR = i
(

cosh2 α eiπν + sinh2 α e−iπν + sinh 2α cosπν
)

sinhπpn. (3.28)

Before further discussion here we point out few important features from the obtained results:

• We see that for the complementary and particular part of the solution

m̃RR = m̃LL

= −�
(
ν + 1

2 − ip
)

�
(
ν + 1 + ip

)

2
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× 2
[(

cosh2 α eiπν + sinh2 α e−iπν
)

cosπν − sinh 2α sinh2 πp
]

e2πp
(
coshα − sinhα e−2πp

)2 + e2iπν
(
coshα + sinhα e−2iπν

)2 , (3.29)

¯̃mRR,n = ¯̃mLL,n

= −�
(
ν + 1

2 − ipn

)
�

(
ν + 1

2 + ipn

)
× 2

[(
cosh2 α eiπν + sinh2 α e−iπν

)
cosπν − sinh 2α sinh2 πpn

]
e2πpn

(
coshα − sinhα e−2πpn

)2 + e2iπν
(
coshα + sinhα e−2iπν

)2 ,

(3.30)

which is non vanishing for 0 < ν ≤ 3/2 and ν > 3/2. For ν = 3/2 we get the non vanishing 
result using α-vacuum and this result is significantly different from the result obtained for 
Bunch Davies vacuum state.
Finally to implement numerical analysis we use the following approximated expressions for 
the entries of the coefficient matrices as given by3:

m̃RR = eiθ

√
2 e−pπ cosπν√

cosh 2πp + cos 2πν

×
[(

cosh2 α + sinh2 α e−2iπν
) − sinh 2α sinh2 πp e−iπν secπν

](
cosh2 α + sinh2 α e−2π(p+iν)

) , (3.31)

¯̃mRR,n = eiθ

√
2 e−pnπ cosπν√

cosh 2πpn + cos 2πν

×
[(

cosh2 α + sinh2 α e−2iπν
) − sinh 2α sinh2 πpn e−iπν secπν

](
cosh2 α + sinh2 α e−2π(pn+iν)

) . (3.32)

• We see that for the complementary and particular part of the solution:

m̃RL = m̃LR

= −�
(
ν + 1

2 − ip
)

�
(
ν + 1

2 + ip
)

× 2 i
[(

cosh2 α eiπν + sinh2 α e−iπν + sinh 2α cosπν
)

sinhπp
]

e2πp
(
coshα − sinhα e−2πp

)2 + e2iπν
(
coshα + sinhα e−2iπν

)2 , (3.33)

¯̃mRL,n = ¯̃mLR,n

= −�
(
ν + 1

2 − ip
)

�
(
ν + 1

2 + ip
)

× 2 i
[(

cosh2 α eiπν + sinh2 α e−iπν + sinh 2α cosπν
)

sinhπpn

]
e2πpn

(
coshα − sinhα e−2πpn

)2 + e2iπν
(
coshα + sinhα e−2iπν

)2 .

(3.34)

3 For rest of the analysis we absorb this overall phase factor eiθ .
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Additionally, the non vanishing entries of the off diagonal components of the coefficient 
matrix for both of the cases in presence of α-vacuum indicates the existence of quantum 
entanglement in the present computation, which we will explicitly show that finally give rise 
to a non vanishing entanglement entropy.
Finally to interpret the result numerically we use the following approximated expressions for 
the entries of the coefficient matrices as given by:

m̃RL = ei
(
θ+ π

2

) √
2 e−pπ sinhπp√

cosh 2πp + cos 2πν

×
[
cosh2 α + sinh2 α e−2iπν + sinh 2α cosπν e−iπν

](
cosh2 α + sinh2 α e−2π(p+iν)

) , (3.35)

¯̃mRL,n = ei
(
θ+ π

2

) √
2 e−pnπ sinhπpn√

cosh 2πpn + cos 2πν

×
[
cosh2 α + sinh2 α e−2iπν + sinh 2α cosπν e−iπν

](
cosh2 α + sinh2 α e−2π(pn+iν)

) . (3.36)

To find a suitable basis first of all we trace over all possible contributions from R and L region. 
To implement this we need to perform another Bogoliubov transformation introducing new sets 
of operators as given by:

c̃R = ũ bR + ṽ b
†
R, c̃L = ¯̃u bL + ¯̃v b

†
L,

C̃R,n = Ũn bR,n + Ṽn b
†
R,n, C̃L,n = ¯̃

Un bL,n + ¯̃
Vn b

†
L,n, (3.37)

where following conditions are satisfied:

|ũ|2 − |ṽ|2 = 1, | ¯̃u|2 − | ¯̃v|2 = 1, |Ũn|2 − |Ṽn|2 = 1, | ¯̃
Un|2 − | ¯̃

Vn|2 = 1. (3.38)

Using these new sets of operators one can write the α-vacuum state in terms of new basis repre-
sented by the direct product of R′ and L′ vacuum state as:

|α〉 = e
ˆ̃

O (|R〉 ⊗ |L〉) =
(
Ñ (α)

p

)−1
e

ˆ̃
Q

(|R′〉 ⊗ |L′〉)(α)
, (3.39)

where we introduce a new composite operator ˆ̃
Q which is defined in the new transformed basis 

as:

ˆ̃
Q = γ (α)

p c̃
†
R c̃

†
L +

∞∑
n=0

�(α)
p,n C̃

†
R,n C̃

†
L,n, (3.40)

where γ (α)
p and �(α)

p,n are defined corresponding to the complementary and particular solution, 
which we will explicitly compute further for α vacuum. Additionally, it is important to note that 
the overall normalisation factor Ñ (α)

p is defined as:

Ñ (α)
p =

∣∣∣∣e ˆ̃
Q

(|R′〉 ⊗ |L′〉)(α)

∣∣∣∣ ≈
[

1 −
(

|γ (α)
p |2 +

∞∑
n=0

|�(α)
p,n|2

)]−1/2

, (3.41)

which reduces to the result obtained for Bunch Davies vacuum in ref. [14] for α = 0. In this cal-
culation due to the second Bogoliubov transformation the direct product of the R and L vacuum 
state is connected to the direct product of the new R′ and L′ vacuum state as:
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(|R〉 ⊗ |L〉) → (|R′〉 ⊗ |L′〉)(α) = Ñ (α)
p e− ˆ̃

Q e
ˆ̃

O (|R〉 ⊗ |L〉) . (3.42)

Let us now mention the commutation relations of the creation and annihilation operators corre-
sponding to the new sets of oscillators describing the R′ and L′ vacuum state as:[

c̃i , c̃
†
j

]
= δij ,

[
c̃i , c̃j

] = 0 =
[
c̃

†
i , c̃

†
j

]
,[

C̃i,n, C̃
†
j,m

]
= δij δnm,

[
C̃i,n, C̃j,m

]
= 0 =

[
C̃

†
i,mC̃

†
j,m

]
. (3.43)

Here, for α vacuum, the oscillator algebra is exactly same as that obtained for Bunch Davies 
vacuum. However for α vacuum the structure of these operators are completely different and 
also they are acting in a different Hilbert space Hα , which is characterised by one parameter α. 
Here it is important to note that for α = 0 these oscillators will act on Bunch Davies vacuum 
state where the corresponding Hilbert space, HBD is the subclass of Hα .

The action of creation and annihilation operators defined on the α vacuum state are appended 
below:

c̃R|α〉 = γ (α)
p c̃

†
L|α〉, c̃L|α〉 = γ (α)

p c̃
†
R|α〉,

C̃R,n|α〉 = �(α)
p,n C̃

†
L,n|α〉, C̃L,n|α〉 = �(α)

p,n C̃
†
R,n|α〉. (3.44)

Further, one can express the new c type annihilation operators in terms of the old b type annihi-
lation operators as:

c̃J = bI G̃I
J = bI

(
Ũq Ṽ ∗

q

Ṽq Ũ∗
q

)
, C̃J (n) = b̄J (n)

(
G̃(n)

)I

J
= b̄J (n)

( ¯̃
Uq,n

¯̃
V ∗

σq,n¯̃
Vq,n

¯̃
U∗

q,n

)
.

(3.45)

Here the entries of the matrices for α vacuum are given by, Ũq ≡ diag
(
ũ, ¯̃u

)
, Ṽq ≡ diag

(
ṽ, ¯̃v

)
,

¯̃
Uq,n ≡ diag

(
Ũn,

¯̃
Un

)
, ¯̃
Vq,n ≡ diag

(
Ṽn,

¯̃
Vn

)
. Further using Eq (3.37), in Eq (3.44), we get the 

following sets of homogeneous equations:

For complementary solution :
m̃RRũ + ṽ − γ (α)

p m̃RL ¯̃v∗ = 0, m̃RR ¯̃u + ¯̃v − γ (α)
p m̃RLṽ∗ = 0,

(3.46)

m̃RLũ − γ (α)
p

¯̃u∗ − γ (α)
p m̃RR ¯̃v∗ = 0, m̃RL ¯̃u − γ (α)

p ũ∗ − γ (α)
p m̃RRṽ∗ = 0,

(3.47)

For particular solution :
m̃RR,nŨn + Ṽn − �(α)

p,nm̃RL,n
¯̃
V ∗

n = 0, m̃RR,n
¯̃
Un + ¯̃

Vn − �(α)
p,nm̃RL,nṼ

∗
n = 0,

(3.48)

m̃RL,nŨn − �(α)
p,n

¯̃
U∗

n − �(α)
p,nm̃RR,n

¯̃
V ∗

n = 0,

m̃RL,n
¯̃
Un − �(α)

p,nŨ
∗
n − �(α)

p,nm̃RR,nṼ
∗
n = 0. (3.49)

Now with α vacuum, it is not sufficient to use ṽ∗ = ¯̃v, ũ∗ = ¯̃u for particular part and also Ṽ ∗
n =

¯̃
Vn, Ũ∗

n = ¯̃
Un for the complementary part. In this case, the system of four equations, each for 
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complementary and particular part will not be reduced to two sets of simplified equations. This 
is an outcome of the fact that in case of α vacuum, the entries of the coefficient matrices m̃ij and 
˜̄mij,n are complex in nature. On the other hand, they are either real or imaginary for Bunch Davies 

vacuum state. To solve these equations for γ (α)
p and �(α)

p,n, we also need to use the normalisation 
conditions, |ũ|2 − |ṽ|2 = 1 and |Ũn|2 − |Ṽn|2 = 1.

Finally, the non trivial solutions obtained from these systems of equations can be expressed 
as:

γ (α)
p = 1√

2|m̃RL|
[(

1 + |m̃RL|4 + |m̃RR|4 − 2|m̃RR|2 − m̃2
RR(m̃∗

RL)2 − m̃2
RL(m̃∗

RR)2
)

±
{(

−1 − |m̃RL|4 − |m̃RR|4 + 2|m̃RR|2 + m̃2
RR(m̃∗

RL)2 + m̃2
RL(m̃∗

RR)2
)2

−4|m̃RL|4
} 1

2
] 1

2

, (3.50)

�(α)
p,n = 1√

2|m̃RL,n|
[(

1 + |m̃RL,n|4 + |m̃RR,n|4 − 2|m̃RR,n|2 − m̃2
RR,n(m̃

∗
RL,n)

2

−m̃2
RL,n(m̃

∗
RR,n)

2
)

±
{(

−1 − |m̃RL,n|4 − |m̃RR,n|4 + 2|m̃RR,n|2

+m̃2
RR,n(m̃

∗
RL,n)

2 + m̃2
RL,n(m̃

∗
RR,n)

2
)2 − 4|m̃RL,n|4

} 1
2
] 1

2

, (3.51)

where the components m̃RR = m̃LL, m̃RL = m̃LR and m̃RR,n = m̃LL,n, m̃RL,n = m̃LR,n are de-
fined in Eqn (3.29), Eqn (3.30) and Eqn (3.33), Eqn (3.34) respectively. Note that, in both the 
solutions for γ (α)

p and �(α)
p,n we absorb the overall phase factor.

After further simplification we get the following expressions for the non trivial solutions for 
arbitrary ν can be written as:

γ (α)
p ≈ i

√
2√

cosh 2πp + cos 2πν ± √
cosh 2πp + cos 2πν + 2

×
[
cosh2 α + sinh2 α e2iπν + sinh 2α cosπν eiπν

](
cosh2 α + sinh2 α e−2π(p−iν)

) , (3.52)

�(α)
p,n ≈ i

√
2√

cosh 2πpn + cos 2πν ± √
cosh 2πpn + cos 2πν + 2

×
[
cosh2 α + sinh2 α e2iπν + sinh 2α cosπν eiπν

](
cosh2 α + sinh2 α e−2π(pn−iν)

) . (3.53)

3.2. Construction of density matrix using α vacua

In this subsection our prime objective is construct the density matrix using the α vacuum state 
which is expressed in terms of another set of annihilation and creation operators in the Bogoli-
ubov transformed frame. Here the Bunch Davies vacuum state can be expressed as a product of 
the quantum state for each oscillator in the new frame after Bogoliubov transformation. Each 
oscillator is labelled by the quantum numbers p, l and m in this calculation. After tracing over 
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the right part of the Hilbert space we get the following expression for the density matrix and the 
left part of the Hilbert space can be written as, (ρL(α))p,l,m = TrR|α〉〈α|, where the α vacuum 
state can be written in terms of c̃ type of oscillators as:

|α〉 ≈
[

1 −
(

|γ (α)
p |2 +

∞∑
n=0

|�(α)
p,n|2

)]1/2

× exp

[
γ (α)
p c̃

†
R c̃

†
L +

∞∑
n=0

�(α)
p,n C̃

†
R,n C̃

†
L,n

](|R′〉 ⊗ |L′〉)(α)
, (3.54)

which is already derived in the earlier section. Further using Eq (3.54), we find the following 
simplified expression for the density matrix for the left part of the Hilbert space for α vacuum as:

(ρL(α))p,l,m =
(

1 − |γ (α)
p |2

) ∞∑
k=0

|γ (α)
p |2k

˜|k;p, l,m〉 ˜〈k;p, l,m|

+(f (α)
p )2

∞∑
n=0

∞∑
r=0

|�(α)
p,n|2r

˜|n, r;p, l,m〉 ˜〈n, r;p, l,m|, (3.55)

where γ (α)
p and �(α)

p,n are derived in the earlier section. Also we define the α parameter dependent 

source normalisation factor f (α)
p as, f (α)

p =
(∑∞

n=0

(
1 − |�(α)

p,n|2
)−1

)−1

. In this computation the 

states ˜|k;p, l,m〉 and ˜|n, r;p, l,m〉 are defined in terms of the quantum state |L′〉 as:

˜|k;p, l,m〉 = 1√
n! (c̃

†
L)k|L′〉, ˜|n, r;p, l,m〉 = 1√

r! (C̃
†
L,n)

r |L′〉. (3.56)

Here we note that:

1. For α vacuum density matrix is diagonal for a given set of the SO(1,3) quantum numbers 
p, l, m and additionally depends on the parameter α explicitly. This leads to the total density 
matrix to take the following simplified form as:

ρL(α) =
(

1 − |γ (α)
p |2

)
diag

(
1, |γ (α)

p |2, |γ (α)
p |4, |γ (α)

p |6 · · ·
)

+(f (α)
p )2

∞∑
n=0

diag
(

1, |�(α)
p,n|2, |�(α)

p,n|4, |�(α)
p,n|6 · · ·

)
. (3.57)

2. To find out an acceptable normalisation of the total density matrix in presence of α vacuum 
state, we use the following limiting results:

∞∑
k=0

|γ (α)
p |2k = lim

k→∞
1 − |γ (α)

p |2k

1 − |γ (α)
p |2

|γ (α)
p | < 1∀α

−−−−−−−−→
1

1 − |γ (α)
p |2

, (3.58)

∞∑
n=0

∞∑
r=0

|�(α)
p,n|2r =

∞∑
n=0

lim
r→∞

1 − |�(α)
p,n|2r

1 − |�(α)
p,n|2

|�(α)
p,n| < 1∀n,α

−−−−−−−−−−→
∞∑ 1

1 − |�(α) |2
=

(
f (α)

p

)−1
. (3.59)
n=0 p,n
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Consequently using these results for α vacuum we get:

Tr
[(

1 − |γ (α)
p |2

)
diag

(
1, |γ (α)

p |2, |γ (α)
p |4, |γ (α)

p |6 · · ·
)]

=
(

1 − |γ (α)
p |2

) ∞∑
k=0

|γ (α)
p |2k = 1, (3.60)

Tr

[
(f (α)

p )2
∞∑

n=0

diag
(

1, |�(α)
p,n|2, |�(α)

p,n|4, |�(α)
p,n|6 · · ·

)]

= (f (α)
p )2

∞∑
n=0

∞∑
r=0

|�(α)
p,n|2r = f (α)

p . (3.61)

Consequently the normalisation condition of this total density matrix in presence of α vac-
uum state is given by, TrρL(α) = 1 + f

(α)
p . This result is consistent with the ref. [10] where 

f
(α)
p = 0∀α and also ref. [14] where α = 0 and f (0)

p = fp . But for simplicity it is better to 
maintain always TrρL(α) = 1 and to get this result for α vacuum the total density matrix can 
be redefined by changing the normalisation constant as:

(ρL(α))p,l,m =
(

1 − |γ (α)
p |2

)
1 + f

(α)
p

∞∑
k=0

|γ (α)
p |2k

˜|k;p, l,m〉 ˜〈k;p, l,m|

+ (f
(α)
p )2

1 + f
(α)
p

∞∑
n,r=0

|�(α)
p,n|2r

˜|n, r;p, l,m〉 ˜〈n, r;p, l,m|. (3.62)

In this context equivalent convention for normalisation factors can also be chosen such that 
it always satisfies TrρL(α) = 1, even in the presence of source contribution.4

3. For each set of values of the SO(1,3) quantum numbers p, l, m, the density matrix yields 
(ρL)p,l,m and so that the total density matrix can be expressed as a product of all such 
possible contributions:

ρL(α) =
∞∏

p=0

p−1∏
l=0

+l∏
m=−l

(ρL(α))p,l,m. (3.64)

This also indicates that in such a situation entanglement is absent among all states which 
carries non identical SO(1,3) quantum numbers p, l, m.

4. Finally, the total density matrix can be written in terms of entanglement modular Hamilto-
nian of the axionic pair as, ρL(α) = e−βHENT , where at finite temperature TdS of de Sitter 

4 Here one can choose the following equivalent ansatz for total density matrix in presence of α vacuum as:

(ρL(α))p,l,m =
[

1

1 − |γ (α)
p |2

+ f
(α)
p

]−1
⎡⎣ ∞∑

k=0

|γ (α)
p |2k

˜|k;p, l,m〉 ˜〈k;p, l,m|

+ (f
(α)
p )2

∞∑
n=0

∞∑
r=0

|�(α)
p,n|2r

˜|n, r;p, l,m〉 ˜〈n, r;p, l,m|
⎤⎦ . (3.63)
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space β = 2π/TdS. If we further assume that the dynamical Hamiltonian in de Sitter space 
is represented by entangled Hamiltonian then for a given principal quantum number p the 
Hamiltonian for axion can be expressed as:

Hp(α) =
[
E(α)

p c̃†
pc̃p +

∞∑
n=0

E (α)
p,nC̃

†
p,nC̃p,n

]
. (3.65)

Acting this Hamiltonian on the α vacuum state we find:

Hp(α)|α〉 ≈
[

1 −
(

|γ (α)
p |2 +

∞∑
n=0

|�(α)
p,n|2

)]1/2 [
E(α)

p c̃†
pc̃p +

∞∑
n=0

E (α)
p,nC̃

†
p,nC̃p,n

]

× exp

[
γ (α)
p c̃

†
R c̃

†
L +

∞∑
m=0

�(α)
p,m C̃

†
R,m C̃

†
L,m

](|R′〉 ⊗ |L′〉)(α) = E
(α)
T,p|α〉,

(3.66)

where the total energy spectrum of this system for α vacuum can be written as:

E
(α)
T,p = E(α)

p +
∞∑

n=0

E (α)
p,n ∀α ,

with E(α)
p = − 1

2π
ln(|γ (α)

p |2), E (α)
p,n = − 1

2π
ln

(
1

1 − |�(α)
p,n|2

)
(3.67)

where spectrum for the complementary and particular part for α vacuum state is defined by 
E

(α)
p and E (α)

p,n.
Now if we consider any arbitrary mass parameter ν and any arbitrary value of the parameter 
α, the SO(1,3) principal quantum number p dependent spectrum can be expressed as:

E(α)
p = − 1

2π
ln

{
1

2|m̃RL|2
[(

1 + |m̃RL|4 + |m̃RR|4

−2|m̃RR|2 − m̃2
RR(m̃∗

RL)2 − m̃2
RL(m̃∗

RR)2
)

±
{(

−1 − |m̃RL|4 − |m̃RR|4

+2|m̃RR|2 + m̃2
RR(m̃∗

RL)2 + m̃2
RL(m̃∗

RR)2
)2 − 4|m̃RL|4

} 1
2
]}

, (3.68)

E (α)
p,n = 1

2π
ln

{
1 − 1

2|m̃RL,n|2
[(

1 + |m̃RL,n|4 + |m̃RR,n|4

−2|m̃RR,n|2 − m̃2
RR,n(m̃

∗
RL,n)

2 − m̃2
RL,n(m̃

∗
RR,n)

2
)

±
{(

−1 − |m̃RL,n|4

−|m̃RR,n|4 + 2|m̃RR,n|2 + m̃2
RR,n(m̃

∗
RL,n)

2 + m̃2
RL,n(m̃

∗
RR,n)

2
)2

−4|m̃RL,n|4
} 1

2
]}

. (3.69)

Here the components m̃RR = m̃LL, m̃RL = m̃LR and m̃RR,n = m̃LL,n, m̃RL,n = m̃LR,n are 
defined in Eqn (3.29), Eqn (3.30) and Eqn (3.33), Eqn (3.34) respectively.
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Further using Eq (3.50) and Eq (3.51), we get the following simplified expressions:

E
(α)
p ≈ − 1

2π
ln

[
2(√

cosh 2πp+cos 2πν±√
cosh 2πp+cos 2πν+2

)2

×
∣∣∣∣ [

cosh2 α+sinh2 α e2iπν+sinh 2α cos πν eiπν
](

cosh2 α+sinh2 α e−2π(p−iν)
) ∣∣∣∣2

]
,

E (α)
p,n ≈ 1

2π
ln

[
1 − 2(√

cosh 2πpn+cos 2πν±√
cosh 2πpn+cos 2πν+2

)2

×
∣∣∣∣ [

cosh2 α+sinh2 α e2iπν+sinh 2α cos πν eiπν
](

cosh2 α+sinh2 α e−2π(pn−iν)
) ∣∣∣∣2

]
.

(3.70)

These results imply that for arbitrary parameter ν and α the entangled Hamiltonian (HENT)

and the Hamiltonian for axion (Hp)R×H3 are significantly different, compared to the result 
obtained in absence of linear source term in case of Bunch Davies vacuum.

3.3. Computation of entanglement entropy using α vacua

In this subsection our prime objective is to derive the expression for entanglement entropy in 
de Sitter space in presence of α vacuum state. In general the entanglement entropy with arbitrary 
α can be expressed as:

S(p, ν,α) = −Tr [ρL(p,α) lnρL(p,α)] , (3.71)

where the parameter ν and the corresponding α vacuum state are defined in the earlier section. 
In this context the expression for entanglement entropy for a given SO(1,3) principal quantum 
number p can be expressed as5:

S(p, ν,α) = −
(

1 + f
(α)
p

1 + f
(α)
p

)⎡⎣ln
(

1 − |γ (α)
p |2

)
+ |γ (α)

p |2(
1 − |γ (α)

p |2
) ln

(
|γ (α)

p |2
)⎤⎦

−
(

1 − f (α)
p

)
ln

(
1 + f (α)

p

)
. (3.73)

Then the final expression for the entanglement entropy in de Sitter space can be expressed as 
a sum over all possible quantum states which carries SO(1,3) principal quantum number p. 
Consequently, the final expression for the entanglement entropy in de Sitter space is given by the 
following expression:

S(ν,α) =
∑

States

∞∑
p=0

S(p, ν,α) → VH3

∞∫
p=0

dp D3(p) S(p, ν,α) = c6(α, ν)VH3/V REG
H3 ,

(3.74)

5 If we follow the equivalent ansatz of density matrix as mentioned in Eq (3.63), the expression for entanglement 
entropy for a given SO(1,3) principal quantum number p can be expressed as:

S(p, ν,α) = − lna
(α)
p − a

(α)
p

|γ (α)
p |2(

1 − |γ (α)
p |2

)2
ln

(
|γ (α)

p |2
)(

1 + f
(α)
p

(
1 − |γ (α)

p |2
))

−a
(α)
p f

(α)
p ln

(
1 + f

(α)
p

(
1 − |γ (α)

p |2
))

− a
(α)
p (f

(α)
p )2

(
1 − |γ (α)

p |2
)

ln
(

1 + f
(α)
p

)
. (3.72)

For our computation we will not use this ansatz any further.
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where D3(p) = p2/2π2 characterise the density of states for radial functions on the Hyperboloid 
H3. Additionally, it is important to note that the volume of the hyperboloid H3 is denoted by the 
overall factor VH3 . Here the regularised volume of the hyperboloid H3 for r ≤ Lc can be written 
as:

VH3 = VS2

Lc∫
r=0

dr sinh2 r large Lc−−−−−→
π

2

[
e2Lc − 4Lc

]
=

[
AENT − π ln AENT + π ln

(π

2

)]
= V REG

H3

[
1

4η2 + lnη

]
, (3.75)

where AENT is the entangling area and we use VS2 = 4π . Here the cutoff Lc can be written as, 
Lc ∼ − lnη. In this context we define regularised volume of the hyperboloid H3 as, V REG

H3 =
VS3/2 = 2π .

In 3 +1 D, for the case of α vacuum, long range quantum correlation is measured by c6(α, ν), 
which is defined as:

c6(α, ν) ≡ Sintr(α, ν) =
[(

1 + f
(α)
p

1 + f
(α)
p

)
I(α) +

(
1 − f (α)

p

)
ln

(
1 + f (α)

p

)
V

]
, (3.76)

where the integrals I(α) and V can be written in 3 + 1 dimensional space-time as:

I(α) = − 1

π

∞∫
p=0

dp p2

⎡⎣ln
(

1 − |γ (α)
p |2

)
+ |γ (α)

p |2(
1 − |γ (α)

p |2
) ln

(
|γ (α)

p |2
)⎤⎦ ,

V = − 1

π

∞∫
p=0

dp p2. (3.77)

Here it is important to mention that:

• The integral V is divergent. To make it finite, we need to regularise it by introducing a change 
in variable by using x = 2πp and by introducing a UV cut off 
C leading to:

V = − 1

8π4


C∫
x=0

dx x2 = − 
3
C

24π4 = −L3

3π
= − 1

4π2 VS2

where VS2 = 4

3
πL3 = 1

6π2 
3
C. (3.78)

The magnitude of this integral represents the finite volume of the configuration space in 
which we are computing the entanglement entropy from Von Neumann measure. In principle, 
this volume can be infinite, but after fixing the cut-off, this integral actually proportional 
to a finite volume of a sphere of radius 
C. Actually, the cut-off of the parameter x fix 
the highest accessible value of the characteristic length scale p, which mimics the role of 
some sort of principal quantum number as appearing in hydrogen atom problem. Only the 
difference is, here p is restricted within the window, 0 < p < 
C/2π and it takes all possible 
values within this window (i.e. continuous). After fixing the cut-off, the length of the system 
under consideration can be expressed as, L = ∫ 
C/2π

dp = 
C/2π . Now it is obvious that 
0
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if the cut-off 
C → ∞, the entanglement entropy is diverging, which physically implies 
that the effect of long range quantum correlation is very large at very large length scale, 
L = ∫ ∞

0 dp → ∞ i.e. at late time scales in de Sitter space.
• Further we analyse the integral I(α) using both of the solutions obtained for arbitrary ν and 

ν = 3/2. Following the previous argument, we also put a cut-off 
C to perform the integral 
on the rescaled SO(1,3) quantum number x = 2πp and after performing the integral we can 
study the behaviour of both of the results. First of all we start with the following integral 
with “±” signature, as given by:

I(α) = − 1

8π4


C∫
x=0

dx x2
[

ln (1 − 2G±(x, ν,α)) + 2G±(x, ν,α)

(1 − 2G±(x, ν,α))
ln (2G±(x, ν,α))

]
,

(3.79)

where G±(x, ν, α) for any arbitrary value of the parameter α is defined as:

G±(x, ν,α) = 1

4|m̃RL|2
[(

1 + |m̃RL|4 + |m̃RR|4

−2|m̃RR|2−m̃2
RR(m̃∗

RL)2−m̃2
RL(m̃∗

RR)2
)

±
{(

−1−|m̃RL|4−|m̃RR|4

+2|m̃RR|2 + m̃2
RR(m̃∗

RL)2 + m̃2
RL(m̃∗

RR)2
)2 − 4|m̃RL|4

} 1
2
]

, (3.80)

where the components m̃RR = m̃LL and m̃RL = m̃LR are redefined in terms of the new 
variable x = 2πp.
Here small axion mass (ν2 > 0) limiting situations are considered in ν = 1/2 conformal mass 
as well in ν = 3/2 case in presence of an additional arbitrary parameter α. Additionally, we 
consider large axion mass (ν2 < 0 where ν → −i|ν|) limiting situation. In this large axion 
mass limiting situation we consider the window of SO(1,3) principal quantum number is 
0 < p < |ν|. Consequently, the entries of the coefficient matrix m̃ can be approximated as:

m̃RR = −
√

cosh(|ν| − p)

cosh(|ν| + p)

2
[
cosh 2α cosh2 π |ν| − sinh 2α sinh2 πp + 1

2 sinh 2π |ν|]
(e2πp + e2π |ν|) cosh2 α + (e2πp + e2π |ν|) sinh2 α

,

(3.81)

m̃RL = −
√

cosh(|ν| − p)

cosh(|ν| + p)

2 i [(cosh 2α + sinh 2α) coshπ |ν| + sinhπ |ν|]
(e2πp + e2π |ν|) cosh2 α + (e2πp + e2π |ν|) sinh2 α

.

(3.82)

This implies that for α vacuum if we consider the large axion mass (ν2 < 0 where ν →
−i|ν|) limiting situation we get always real value for m̃RR and imaginary value for m̃RL. 
Consequently one can easily reduce the four sets of Eqn. (3.46) and Eqn. (3.47) into two sets 
of equations as exactly we have done in ref. [14] for Bunch Davies vacuum. In this large 
axion mass (ν2 < 0 where ν → −i|ν|) limiting situation the two solutions for the γ (α)

p for α
vacuum are given by:

γ (α)
p ≈ 1

2|m̃RL|
[(

1 + |m̃RL|2 − m̃2
RR

)
±

√(
1 + |m̃RL|2 − m̃2

RR

)2 − 4|m̃RL|2
]

.

(3.83)
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Small mass limiting situations are explicitly appearing in ν = 1/2 and ν = 3/2 case. For our 
study here we consider large mass limiting situation which is important to study the physical 
outcomes. In this situation we divide the total window of p into two regions, as given by 
0 < p < |ν| and |ν| < p < 
C. Here in these regions of interests the two solutions for γ (α)

p

in presence of α vacuum can be approximately written as:

|γ (α)
p | ≈

⎧⎪⎨⎪⎩
e−π |ν| (1 + tanα) for 0 < p < |ν|
e−πp (1 + tanα)

(
1 + tanα e2π |ν|)(

1 + tan2 α e−2πp
) for |ν| < p < 
C/2π,

(3.84)

and

|γ (α)
p | =

⎧⎪⎨⎪⎩
eπ |ν| (1 + tanα) for 0 < p < |ν|
eπp (1 + tanα)

(
1 + tanα e2π |ν|)(

1 + tan2 α e−2πp
) for |ν| < p < 
C/2π.

(3.85)

As a result, for large mass limiting range the α parameter dependent regularised integral I(α)
1

for the first solution for |γ (α)
p | can be written as:

I(α)
1 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−A(ν)

8π4

⎡⎣ln
(

1 − e−2πν (1 + tanα)2
)

+ (2 ln (1 + tanα) − 2πν) e−2πν (1 + tanα)2(
1 − e−2πν (1 + tanα)2

)
⎤⎦

for 0 < x < 2π |ν|
−B(ν,α,
C)

8π4
for 2π |ν| < x < 
C,

(3.86)

and for the second solution for |γ (α)
p | we get:

I(α)
1 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−A(ν)

8π4

⎡⎣ln
(

1 − e2πν (1 + tanα)2
)

+ (2 ln (1 + tanα) + 2πν) e2πν (1 + tanα)2(
1 − e2πν (1 + tanα)2

)
⎤⎦

for 0 < x < 2π |ν|
−C(ν,α,
C)

8π4
for 2π |ν| < x < 
C.

(3.87)

In Eq. (3.86) and Eq (3.87) coefficients A(ν), B(ν, α, 
C) and C(ν, α, 
C) are defined by 
the following expressions:

A(ν) =
2πν∫

x=0

dx x2 = 8π3

3
ν3, (3.88)

B(ν,α,
C) ≈

C∫

x=2πν

dx x2

[
ln

(
1 − e−x (1 + tanα)2 (

1 + tanα e2π |ν|)2(
1 − tan2 α e−x

)2

)

+
e−x(1+tan α)2(

1+tan α e2π |ν|)2(
1−tan2 α e−x

)2(
1− e−x(1+tan α)2(

1+tan α e2π |ν|)2(
1−tan2 α e−x

)2

) {
2 ln((1+tanα)

(
1+tanα e2π |ν|))

− 2 ln
(

1 − tan2 α e−x
)

− x
}]

, (3.89)
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C(ν,α,
C) =

C∫

x=2πν

dx x2

[
ln

(
1 − ex (1 + tanα)2 (

1 + tanα e2π |ν|)2(
1 − tan2 α e−x

)2

)

+
ex(1+tan α)2(

1+tan α e2π |ν|)2(
1−tan2 α e−x

)2(
1 − ex(1+tan α)2(

1+tan α e2π |ν|)2(
1−tan2 α e−x

)2

) {
2 ln((1+tanα)

(
1+tanα e2π |ν|))

− 2 ln
(

1 − tan2 α e−x
)

+ x
}]

. (3.90)

Further within the window 0 < x < 2π |ν| we take the large mass limit |ν| >> 1 in the first 
solution for |γ (α)

p | in presence of α vacuum:

lim|ν|>>1
I(α)

1 ≈ 2ν4

3
e−2πν (1 + tanα)2

{
1 − 1

πν
ln (1 + tanα)

}[
1 + (1 + tanα)2 O

(
ν−1

)]
.

(3.91)

Similarly the integral V can be written as:

V =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

− 1

8π4

2π |ν|∫
x=0

dx x2 = −|ν|3
3π

for 0 < x < 2π |ν|

− 1

8π4


C∫
x=2π |ν|

dx x2 = − 1

24π4

(

3

C − 8π3|ν|3
)

, for 2π |ν| < x < 
C.

(3.92)

Consequently in the large mass limiting situation (0 < x < 2π |ν|) we get the following 
expression for the entanglement entropy:

lim|ν|>>1
c6(α, ν) ≈

(
1 + f

(α)
p

1 + f
(α)
p

)
2ν4

3
e−2πν (1 + tanα)2

×
{

1 − 1

πν
ln (1 + tanα)

}[
1 + (1 + tanα)2 O

(
ν−1

)]
−

(
1 − f (α)

p

)
ln

(
1 + f (α)

p

) ν3

3π
. (3.93)

Further in absence of the source contribution in the large mass limit the long range quantum 
correlation can be expressed as:

lim|ν|>>1,fp→0
c6(α, ν) ≈ 2ν4

3
e−2πν (1 + tanα)2

{
1 − 1

πν
ln (1 + tanα)

}
×

[
1 + (1 + tanα)2 O

(
ν−1

)]
. (3.94)

For the second solution of |γ (α)
p | in presence of α vacuum, we get:

lim I(α)
1 = − ν3 [

ln
(

1 − e2πν (1 + tanα)2
)

|ν|>>1 3π
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Fig. 1. Normalised entanglement entropy Sintr /Sν=1/2 vs mass parameter ν2 in 3 + 1 D de Sitter space in absence of 
axionic source (f (α)

p = 0) and in presence of axionic source (f (α)
p = 10−7) for ‘+’ branch of solution of α vacuum i.e.

|γ (α)
p | and |�(α)

p,n|. In both the situations we have normalised with conformal ν = 1/2 result in presence of α vacuum. 
(For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

+ (2 ln (1 + tanα) + 2πν) e2πν (1 + tanα)2(
1 − e2πν (1 + tanα)2)

]
. (3.95)

Consequently in the large mass limiting situation (0 < x < 2π |ν|) we get the following 
expression for the entanglement entropy:

lim|ν|>>1
c6(α, ν) ≈ −

(
1 + f

(α)
p

1 + f
(α)
p

)
ν3

3π

[
ln

(
1 − e2πν (1 + tanα)2

)
+ (2 ln (1 + tanα) + 2πν) e2πν (1 + tanα)2(

1 − e2πν (1 + tanα)2)
]

−
(

1 − f (α)
p

)
ln

(
1 + f (α)

p

) ν3

3π
. (3.96)

Further in absence of the source contribution in the large mass limit the long range quantum 
correlation can be expressed as:

lim|ν|>>1,fp→0
c6(α, ν) ≈ − ν3

3π

[
ln

(
1 − e2πν (1 + tanα)2

)
+ (2 ln (1 + tanα) + 2πν) e2πν (1 + tanα)2(

1 − e2πν (1 + tanα)2)
]

. (3.97)

In Fig. 1(a) and Fig. 1(b), we have demonstrated the behaviour of entanglement entropy in 
D = 4 de Sitter space in absence (f (α)

p = 0) and in presence (f (α)
p = 10−7) of axionic source 

with respect to the mass parameter ν2. In both the cases we have normalised the entangle-
ment entropy with the result obtained from conformal mass parameter ν = 1/2 in presence 
of α vacuum. In Fig. 1(a), it is clearly observed that in absence of axionic source in the 
large mass regime (where ν2 < 0) the normalised entanglement entropy Sintr(α)/Sν=1/2(α)

asymptotically approaches towards zero. In the large mass regime the measure of long range 
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correlation (or more precisely the entanglement entropy) in presence of α vacuum for axion 
can be expressed for γ (α)

p = e−π |maxion/H | (1 + tanα) as:

c6

(
α, |ν| ≈ maxion

H

)
= Sintr

(
α, |ν| ≈ maxion

H

)
≈ 2

3

(maxion

H

)4
e− 2πmaxion

H (1 + tanα)2
{

1 − H

πmaxion

ln (1 + tanα)

}
×

[
1 + (1 + tanα)2 O

(
H

maxion

)]
. (3.98)

If we further use Eq (3.98) then it is clearly observed that in presence of α vacuum one 
is able to get considerably large entanglement compared to the result obtained for Bunch 
Davies vacuum (α = 0) for large mass regime (ν2 < 0). To demonstrate this clearly we have 
depicted the numerical values of the entanglement entropy for α = 0 (red), α = 0.03 (blue), 
α = 0.1 (green) and α = 0.3 (violet). Now from the Fig. 1(a) it is observed that in ν2 > 0
region Sintr (α)/Sν=1/2(α) reaches its maximum value at α = 0.1 (green) and α = 0.3 (vio-
let) with ν = 0 (or maxion = 3H/2), as given by, 

(
Sintr (0.1)/Sν=1/2(0.1)

)
max,ν=0 ∼ 1.2 and (

Sintr (0.3)/Sν=1/2(0.3)
)

max,ν=0 ∼ 2.1. On the other hand, at α = 0.03 (blue) and α = 0 and 

α = 0.3 (red) with ν = 1/2 (or maxion = √
2H ) the maximum value of Sintr (α)/Sν=1/2(α)

is given by, 
(
Sintr (0.03)/Sν=1/2(0.03)

)
max,ν=1/2 ∼ (

Sintr (0)/Sν=1/2(0)
)

max,ν=1/2 ∼ 1. Fur-
ther if we consider the interval 3/2 < ν < 5/2 then Sintr (α)/Sν=1/2(α) show one oscillation 
with different amplitude for all values of the parameter α. After that it reaches its maxi-
mum value for α = 0 and α = 0.03, as given by, 

(
Sintr (0.03)/Sν=1/2(0.03)

)
max,3/2<ν<5/2 ∼(

Sintr (0)/Sν=1/2(0)
)

max,3/2<ν<5/2 ∼ 1. On the other hand, Sintr (α)/Sν=1/2(α) reaches 

its minimum value for α = 0.1 and α = 0.3, as given by, 
(
Sintr (0.1)/

Sν=1/2(0.1)
)

min,3/2<ν<5/2 ∼ 1 and 
(
Sintr (0.3)/Sν=1/2(0.3)

)
min,3/2<ν<5/2 ∼ 1. Similarly in 

the interval 5/2 < ν < 7/2 we can observe the same feature for the same values of α with 
larger period of oscillation. In Fig. 1(b), the significant role of axionic source term is ex-
plicitly shown. In both ν2 < 0 and ν2 > 0 regime the behaviour of Sintr (α)/Sν=1/2(α) is 
exactly same as depicted in Fig. 1(a). But in presence of axionic source term the amount of 
Sintr (α)/Sν=1/2(α) increase for α = 0, α = 0.03 and decrease for α = 0.1, α = 0.3 com-
pared to Fig. 1(a). Also it is important to note that, the amplitude of the maximum and 
minimum of the oscillations change in presence of axionic source term.
On the other hand, for γp = eπ |maxion/H | (1 + tanα) the entanglement entropy for axion in 
the large mass limiting range is given by the following expression:

c6

(
α, |ν| ≈ maxion

H

)
= Sintr

(
α, |ν| ≈ maxion

H

)
≈ − 1

3π

(maxion

H

)3 [
ln

(
1 − e

2πmaxion
H (1 + tanα)2

)

+
(

2 ln (1 + tanα) + 2πmaxion

H

)
e

2πmaxion
H (1 + tanα)2(

1 − e
2πmaxion

H (1 + tanα)2
)

⎤⎥⎦ . (3.99)

Next, in Fig. 2, we have depicted the behaviour of entanglement entropy Sintr(α) with re-
spect to the parameter α in absence (f (α)

p = 0) and presence (f (α)
p = 10−7) of axionic source 
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Fig. 2. Entanglement entropy Sintr (α) vs parameter α in 3 + 1 D de Sitter space in absence of axionic source (f (α)
p = 0) 

and in presence of axionic source (f (α)
p = 10−7) for ‘+’ branch of solution of |γ (α)

p | and |�(α)
p,n|. Here we fix the value 

of the parameter ν2 at different positive and negative values including zero.

for the mass parameter ν2 < 0 and ν2 > 0 respectively. In Fig. 2(a) and Fig. 2(b) it is ob-
served that a crossover takes place for ν2 = 1/4, 9/4, 25/4 (green), ν2 = 1/16, 9/16, 25/16
(blue) and ν2 = 0 (red) with small values of the parameter α. We also observe that for 
ν2 = 1/4, 9/4, 25/4 (green) entanglement entropy decreases with increasing value of the 
parameter α. On the other hand, for ν2 = 1/16, 9/16, 25/16 (blue) and ν2 = 0 (red) en-
tanglement entropy increases with increasing value of the parameter α. Additionally, we 
observe that, in presence of axionic source the entanglement entropy is significantly larger 
compared to the result obtained in absence of source contribution. In Fig. 2(c) and Fig. 2(d) it 
is observed that no crossover takes place for ν2 = −1/2 (green), ν2 = −1/4, −9/4, −25/4
(blue) and ν2 = −1/16, −9/16, −25/16 (red) with all values of the parameter α. Also it is 
important to note that, for all values of ν2 < 0 entanglement entropy increases with increas-
ing value of the parameter α.

3.4. Computation of Rényi entropy using α vacua

In this context one can further use the density matrix to compute the Rényi entropy for α
vacuum, which is defined as:
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Sq(p, ν,α) = 1

1 − q
ln Tr [ρL(p,α)]q . with q > 0. (3.100)

The obtained solution for α vacuum with a given SO(1,3) principal quantum number p can be 
written as:

Sq(p, ν,α) = 1

1 − q

[
q ln

(
1 − |γ (α)

p |2
1 + f

(α)
p

)
− ln

(
1 − |γ (α)

p |2q
)]

+ ln

⎡⎢⎣1 +
q∑

k=1

qCk(f
(α)
p )k

(
1 − |γ (α)

p |2
)−k

(
1 − |γ (α)

p |−2k
)

⎤⎥⎦ , (3.101)

using which the interesting part of the Rényi entropy in de Sitter space for α vacuum can be 
written as:

Sq,intr(α, ν) = 1

π

∞∫
p=0

dp p2 Sq(p, ν,α). (3.102)

Now to study the properties of the derived result we check the following physical limiting 
situations as given by:

• If we take the limit q → 1 limit then from the Rényi entropy in α vacuum we get, 
limq→1 Sq(p, ν, α) �= S(p, ν, α), which shows that in presence of axionic source, the en-
tanglement entropy and Rényi entropy are not same in the limit q → 1. Now if we take 
further fp → 0 then entanglement entropy and Rényi entropy both are same.

• Further if we take the limit q → ∞ limit then from the Rényi entropy in α vacuum we get:

lim
q→∞Sq(p, ν,α) = − ln[ρL]max ≈ ln

(
1 + f

(α)
p

1 − |γ (α)
p |2

)
, (3.103)

which directly implies the largest eigenvalue of density matrix. Now if we take further fp →
0 in Eqn (3.103) then entanglement entropy and Rényi entropy both are same.

Further substituting the expression for entanglement entropy S(p, ν, α) computed in presence of 
axion for α vacuum and integrating over all possible SO(1,3) principal quantum number, lying 
within the window 0 < p < ∞, we get:

Sq,intr(α, ν) =
[
M1,q + ln

(
1 + f (α)

p

)
M(α)

2,q +M(α)
3,q

]
, (3.104)

where the integrals M1,q , M(α)
2,q and M(α)

3,q can be written as:

M1,q = 1

π

∞∫
p=0

dp p2
[

q

1 − q
ln

(
1 − |γ (α)

p |2
)

− 1

1 − q
ln

(
1 − |γ (α)

p |2q
)]

, (3.105)

M(α)
2,q = − 1

π

q

1 − q

∞∫
dp p2, (3.106)
p=0
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M(α)
3,q = 1

π

1

1 − q

∞∫
p=0

dp p2 ln

⎡⎢⎣1 +
q∑

k=1

qCk(f
(α)
p )k

(
1 − |γ (α)

p |2
)−k

(
1 − |γ (α)

p |−2k
)

⎤⎥⎦ . (3.107)

Here it is important to note that:

• Here the integral M(α)
2,q diverges. Further introducing a change in variable to x = 2πp along 

with a cut-off 
C the regularised version of this integral can be written as:

M(α)
2,q = − 1

8π4

q

1 − q


C∫
x=0

dx x2 = − 
3
C

24π4

q

1 − q
. (3.108)

• On the other hand for arbitrary ν and α we get:

M(α)
1,q = 1

8π4


C∫
x=0

dx x2
[

q

1 − q
ln (1 − 2G±(x, ν,α))

− 1

1 − q
ln (1 − (2G±(x, ν,α))q)

]
, (3.109)

M(α)
3,q = 1

8π4

1

1 − q


C∫
x=0

dx x2 ln

[
1 +

q∑
k=1

qCk(f
(α)
p )k

(1 − 2G±(x, ν,α))−k(
1 − (2G±(x, ν,α))−k

)]
,

(3.110)

where G±(x, ν, α) is defined in Eqn (3.80). We consider large axion mass (ν2 < 0 where 
ν → −i|ν|) limiting situation which is important to study the physics from this case. In this 
large axion mass limiting situation we consider the window of SO(1,3) principal quantum 
number is 0 < p < |ν|.
As a result, the regularised integral M(α)

1,q and M(α)
3,q for the first solution for |γ (α)

p | in pres-
ence of α vacuum can be expressed as:

M(α)
1,q =

⎧⎪⎨⎪⎩
A(ν)

8π4

[
q

1 − q
ln

(
1 − e−2πν (1 + tanα)2

) 1

1 − q
ln

(
1 − e−2πνq (1 + tanα)2q

)]
for 0 < x < 2π |ν|

D(ν,α,
C, q)

8π4
for 2π |ν| < x < 
C.

(3.111)

M(α)
3,q =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A(ν)

8π4
1

1 − q
ln

⎡⎢⎣1 +
q∑

k=1

qCk(f
(α)
p )k

(
1 − e−2πν (1 + tanα)2

)−k(
1 − e2πνk (1 + tanα)−2k

)
⎤⎥⎦

for 0 < x < 2π |ν|

1

8π4
1

1 − q


C∫
x=2πν

dx x2 ln

⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 +

q∑
k=1

qCk(f
(α)
p )k

⎛⎝1 − e−x (1+tan α)2
(

1+tan α e2πν
)2

(
1+tan2 α e−x

)2

⎞⎠−k

(
1 − exk(1+tan α)−2k

(
1+tan α e2πν

)−2k(
1+tan2 α e−x

)−2k

)
⎤⎥⎥⎥⎥⎥⎥⎥⎦

for 2π |ν| < x < 
C,

(3.112)
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and for the second solution for |γ (α)
p | in presence of α vacuum we get:

M(α)
1,q =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
A(ν)

8π4

[
q

1 − q
ln

(
1 − e2πν (1 + tanα)2

)
− 1

1−q
ln

(
1 − e2πνq (1 + tanα)2q

)]
for 0 < x < 2π |ν|

W(ν,α,
C, q)

8π4 for 2π |ν| < x < 
C.

(3.113)

M(α)
3,q =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A(ν)

8π4
1

1 − q
ln

⎡⎢⎣1 +
q∑

k=1

qCk(f
(α)
p )k

(
1 − e2πν (1 + tanα)2

)−k(
1 − e−2πνk (1 + tanα)−2k

)
⎤⎥⎦

for 0 < x < 2π |ν|

1

8π4
1

1 − q


C∫
x=2πν

dx x2 ln

⎡⎢⎢⎢⎢⎢⎢⎢⎣
1+

q∑
k=1

qCk(f
(α)
p )k

⎛⎝1 − ex (1+tan α)2
(

1+tan α e2πν
)2

(
1+tan2 α e−x

)2

⎞⎠−k

(
1− e−xk(1+tan α)−2k

(
1+tan α e2πν

)−2k(
1+tan2 α e−x

)−2k

)
⎤⎥⎥⎥⎥⎥⎥⎥⎦

for 2π |ν| < x < 
C.

(3.114)

Here the coefficient function A(ν) is defined in Eq (3.89) and other α parameter dependent 
functions D(ν, α, 
C) and W(ν, α, 
C) are defined as:

D(ν,α,
C, q) =

C∫

x=2πν

dx x2

[
q

1 − q
ln

(
1 − e−x (1 + tanα)2 (

1 + tanα e2πν
)2(

1 + tan2 α e−x
)2

)

− 1

1 − q
ln

(
1 − e−xq (1 + tanα)2q

(
1 + tanα e2πν

)2q(
1 + tan2 α e−x

)2q

)]
,

(3.115)

W(ν,α,
C, q) =

C∫

x=2πν

dx x2

[
q

1 − q
ln

(
1 − ex (1 + tanα)2 (

1 + tanα e2πν
)2(

1 + tan2 α e−x
)2

)

− 1

1 − q
ln

(
1 − exq (1 + tanα)2q

(
1 + tanα e2πν

)2q(
1 + tan2 α e−x

)2q

)]
.

(3.116)

Further, using the results obtained from the first solution for |γ (α)
p |, within the range 0 < x <

2π |ν| with ν2 < 0, we take q → 1 limit. This gives the following simplified expression for 
the integral M(α)

1,q :

lim
q→1

M(α)
1,q = ν3

3

[
2(1+tanα)2

{
ν− 1

π
ln(1+tanα)

}(
e2πν − (1 + tanα)2

) − ln
(
1−e−2πν (1+tanα)2)

π

]
.

(3.117)

Now further using |ν| >> 1 approximation in Eq (3.117) we get:
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lim|ν|>>1,q→1
M(α)

1,q = 2ν4

3
e−2πν (1 + tanα)2

{
1 − 1

πν
ln (1 + tanα)

}
×

[
1 + (1 + tanα)2 O

(
ν−1

)]
. (3.118)

In this context further if we take the source less limit f (α)
p → 0 then the integral M(α)

3,q

vanishes:

lim
q→1,|ν|>>1,fp→0

M(α)
3,q = 0. (3.119)

As a result in the large mass limiting situation with q → 1 the long range correlation can be 
expressed in terms of Rényi entropy as:

lim
q→1,|ν|>>1,f

(α)
p →0

Sq,intr(α) ≈ 2ν4

3
e−2πν (1 + tanα)2

{
1 − 1

πν
ln (1 + tanα)

}
×

[
1 + (1 + tanα)2 O

(
ν−1

)]
= Sintr(α) = lim

|ν|>>1,f
(α)
p →0

c6(α, ν). (3.120)

Similarly using the results obtained from the second solution for |γ (α)
p |, within the range 0 <

x < 2π |ν| with ν2 < 0, we take q → 1 limit. This gives the following simplified expression 
for the integral M(α)

1,q :

lim
q→1

M(α)
1,q = ν3

3

[
2e2πν (1 + tanα)2 {ν + ln (1 + tanα)}
e2πν tan2 α + 2e2πν tanα + e2πν − 1

− ln
(
1 − e2πν (1 + tanα)2)

π

]
, (3.121)

lim
q→1,|ν|>>1,fp→0

M(α)
3,q = 0. (3.122)

As a result in the large mass limiting situation with q → 1 the long range correlation can be 
expressed in terms of Rényi entropy as:

lim
q→1,|ν|>>1,f

(α)
p →0

Sq,intr(α) ≈ ν3

3

[
2e2πν (1 + tanα)2 {ν + ln (1 + tanα)}
e2πν tan2 α + 2e2πν tanα + e2πν − 1

− ln
(
1 − e2πν (1 + tanα)2)

π

]
= Sintr(α) = lim

|ν|>>1,f
(α)
p →0

c6(α, ν). (3.123)

In Fig. 3(a), Fig. 4(a), Fig. 5(a), Fig. 6(a), Fig. 7(a), we have demonstrated the behaviour of 
Rényi entropy for q = 0.9, q = 0.7, q = 0.5, q = 0.3 and q = 0.1 with respect to the mass 
parameter ν2. Here we did the computation in D = 4 de Sitter space in absence (f (α)

p = 0) 
of axionic source. Similarly in Fig. 3(b), Fig. 4(b), Fig. 5(b), Fig. 6(b), Fig. 7(b), we have 
demonstrated the behaviour of Rényi entropy for q = 0.9, q = 0.7, q = 0.5, q = 0.3 and 
q = 0.1 with respect to the mass parameter ν2. Additionally, the largest eigenvalue of the 
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Fig. 3. Normalised Rényi entropy Sq,intr (α)/Sq,ν=1/2(α) vs mass parameter ν2 in 3 + 1 D de Sitter space in absence of 
axionic source (f (α)

p = 0) and in presence of axionic source (f (α)
p = 10−7) for q = 0.9 and α = 0 (red), α = 0.03 (blue), 

α = 0.1 (green), α = 0.3 (violet) with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|. Here we set the cut-off 
C = 300 for 
numerical computation.

Fig. 4. Normalised Rényi entropy Sq,intr (α)/Sq,ν=1/2(α) vs mass parameter ν2 in 3 + 1 D de Sitter space in absence of 
axionic source (f (α)

p = 0) and in presence of axionic source (f (α)
p = 10−7) for q = 0.7 and α = 0 (red), α = 0.03 (blue), 

α = 0.1 (green), α = 0.3 (violet) with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|. Here we set the cut-off 
C = 300 for 
numerical computation.

density matrix (q → ∞) in absence and presence of axionic source are plotted in Fig. 8(a)
and Fig. 8(b). Here we did the computation in D = 4 de Sitter space in presence (f (α)

p =
10−7) of axionic source. In this both the cases we also have normalised the Rényi entropy 
with the result obtained from conformal mass parameter ν = 1/2 in presence of α vacuum. 
For a given value of the parameter q we have shown the plots for α = 0 (red), α = 0.03
(blue), α = 0.1 (green) and α = 0.3 (violet) in both the cases. Here we observe the following 
features:
– For q = 0.9 case in absence of the axionic source (see Fig. 3(a)) in the large mass param-

eter range (ν2 < 0) normalised Rényi entropy asymptotically approaches towards zero 
value. On the other hand in the small mass parameter range (ν2 > 0) it shows oscillations
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Fig. 5. Normalised Rényi entropy Sq,intr (α)/Sq,ν=1/2(α) vs mass parameter ν2 in 3 + 1 D de Sitter space in absence of 
axionic source (f (α)

p = 0) and in presence of axionic source (f (α)
p = 10−7) for q = 0.5 and α = 0 (red), α = 0.03 (blue), 

α = 0.1 (green), α = 0.3 (violet) with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|. Here we set the cut-off 
C = 300 for 
numerical computation.

Fig. 6. Normalised Rényi entropy Sq,intr (α)/Sq,ν=1/2(α) vs mass parameter ν2 in 3 + 1 D de Sitter space in absence of 
axionic source (f (α)

p = 0) and in presence of axionic source (f (α)
p = 10−7) for q = 0.3 and α = 0 (red), α = 0.03 (blue), 

α = 0.1 (green), α = 0.3 (violet) with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|. Here we set the cut-off 
C = 300 for 
numerical computation.

in a periodic fashion. Here the amplitude of the oscillation is larger for α = 0.3 compared 
to the other values of α. Also it is important to note that, at ν = 1/2, ν = 3/2 and ν = 5/2
we get extrema for the oscillation. Further in presence of the axionic source (see Fig. 3(b)) 
in the large mass parameter range (ν2 < 0) normalised Rényi entropy rapidly approaches 
to zero value for all values of the parameter α considered in this paper. Also in the small 
mass parameter range (ν2 > 0) the amplitude of the oscillation is significantly large for 
α = 0.3. Also it is observed that for ν2 > 0 the long range correlation is larger in presence 
of the axionic source. But for ν2 < 0 the long range correlation is rapidly decaying with 
f

(α)
p = 10−7 and asymptotically decaying with f (α)

p = 0 for all values of α.



S. Choudhury, S. Panda / Nuclear Physics B 943 (2019) 114606 31
Fig. 7. Normalised Rényi entropy Sq,intr (α)/Sq,ν=1/2(α) vs mass parameter ν2 in 3 + 1 D de Sitter space in absence of 
axionic source (f (α)

p = 0) and in presence of axionic source (f (α)
p = 10−7) for q = 0.1 and α = 0 (red), α = 0.03 (blue), 

α = 0.1 (green), α = 0.3 (violet) with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|. Here we set the cut-off 
C = 300 for 
numerical computation.

Fig. 8. Normalised Rényi entropy Sq→∞,intr (α)/Sq→∞,ν=1/2(α) vs mass parameter ν2 in 3 + 1 D de Sitter space in 
absence of axionic source (f (α)

p = 0) and in presence of axionic source (f (α)
p = 10−7) for q → ∞ and α = 0 (red), 

α = 0.03 (blue), α = 0.1 (green), α = 0.3 (violet) with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|, which quantifies 
largest eigenvalue of density matrix. Here we set the cut-off 
C = 300 for numerical computation.

– For other values of the parameter q i.e. q = 0.7, q = 0.5, q = 0.3 and q = 0.1 cases 
in absence of the axionic source (see Fig. 4(a), Fig. 5(a), Fig. 6(a) and Fig. 7(a)) in the 
large mass parameter range (ν2 < 0) normalised Rényi entropy asymptotically approaches 
towards zero value. On the other hand in the small mass parameter range (ν2 > 0) it 
shows oscillations in a periodic fashion. Here the amplitude of the oscillation is larger 
for α = 0.3 compared to the other values of α. Also it is important to note that, at ν =
1/2, ν = 3/2 and ν = 5/2 we get extrema for the oscillation. Further in presence of the 
axionic source (see Fig. 4(b), Fig. 5(b), Fig. 6(b) and Fig. 7(b)) one can observe the exact 
behaviour as observed without any source contribution. It also implies that for all q < 0.9
the normalised Rényi entropy is insensitive to the source contribution.



32 S. Choudhury, S. Panda / Nuclear Physics B 943 (2019) 114606
Fig. 9. Rényi entropy Sq,intr (α) vs parameter α plot in 3 + 1 D de Sitter space in absence of axionic source (f (α)
p = 0) 

for q = 0.1, q = 0.3, q = 0.5, q = 0.7, q = 0.9 with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|.

– For q → ∞ case in absence (see Fig. 8(a)) and presence of the axionic source (see 
Fig. 8(b)) variation of normalised Rényi entropy with ν2 for all values of the parame-
ter α is similar. It is important to note that the amplitudes of the oscillations in ν2 > 0
region and the saturation value in ν2 < 0 region is larger in presence of axionic source.

Next, in Fig. 9(a), Fig. 9(b), Fig. 9(c), Fig. 9(d) and Fig. 10(a), Fig. 10(b), Fig. 10(c), 
Fig. 10(d), we have depicted the behaviour of Rényi entropy with respect to the parameter 
α in absence (f (α)

p = 0) and presence (f (α)
p = 10−7) of axionic source for the mass param-

eter ν2 > 0. In all figures it is observed that a crossover takes place for ν2 = 1/4, 9/4, 25/4
(green), ν2 = 1/16, 9/16, 25/16 (blue) and ν2 = 0 (red) with small values of the parameter 
α. We also observe that for ν2 = 1/4, 9/4, 25/4 (green) Rényi entropy decreases with in-
creasing value of the parameter α. On the other hand, for ν2 = 1/16, 9/16, 25/16 (blue) and 
ν2 = 0 (red) Rényi entropy increases with increasing value of the parameter α. Addition-
ally, in presence of axionic source the Rényi entropy is slightly larger compared to the result 
obtained in absence of source contribution. Also it is observed that no crossover takes place 
for ν2 = −1/2 (green), ν2 = −1/4, −9/4, −25/4 (blue) and ν2 = −1/16, −9/16, −25/16
(red) with all values of the parameter α. Also it is important to note that, for all values 
of ν2 < 0 Rényi entropy increases with increasing value of the parameter α (see Figs. 11
and 12). Further in Fig. 13(a), Fig. 13(b)), Fig. 13(c), Fig. 13(d), we have shown the vari-
ation of Rényi entropy with respect to the parameter q in absence and presence of axionic 
source for α = 0 (purple), α = 0.03 (orange), α = 0.1 (cyan) and α = 0.3 (brown) respec-
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Fig. 10. Rényi entropy Sq,intr (α) vs parameter α plot in 3 + 1 D de Sitter space in presence of axionic source (f (α)
p =

10−7) for q = 0.1, q = 0.3, q = 0.5, q = 0.7, q = 0.9 with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|.

tively. It is observed that for small values of the parameter q the value of the Rényi entropy 
for a given value of α always increase. On the other hand for small values of the parameter 
q Rényi entropy saturates to a finite small value.

4. Summary

To summarise, in this paper, we have addressed the following issues:

• First we have presented the computation of entanglement entropy in de Sitter space in pres-
ence of axion with a linear source contribution in the effective potential as originating from 
Type IIB string theory. To demonstrate this we have derived the axion wave function in an 
open chart.

• Next using the α vacuum state we have expressed the wave function in terms of creation and 
annihilation operators. Further applying Bogoliubov transformation on α vacuum state we 
have constructed the expression for reduced density matrix.

• Further, using reduced density matrix we have derived the entanglement entropy, which is 
consistent with ref. [10] if we set α = 0. In the ν2 < 0 range we have derived analytical result 
for the entanglement entropy. Finally, we have used numerical approximations to estimate 
entanglement entropy with any value of ν2.
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Fig. 11. Rényi entropy Sq,intr (α) vs parameter α plot in 3 + 1 D de Sitter space in absence of axionic source (f (α)
p = 0) 

for q = 0.1, q = 0.3, q = 0.5, q = 0.7, q = 0.9 with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|.

• We have also computed the Rényi entropy in presence of axion source. In absence of the 
source this result is consistent with ref. [10] in q → 1 limit. Here in ν2 < 0 region we 
have provided the analytical expression for the Rényi entropy. We have also used numerical 
techniques to study the behaviour of Rényi entropy and largest eigenvalue of the density 
matrix with any value of ν2.

• Our result provides the necessary condition to generate non vanishing entanglement in pri-
mordial cosmology due to axion.

The future directions of this paper are appended below:

• Using the derived expression for density matrix for generalised α vacua, one can further 
compute any n point long range quantum correlation to study the implications in the context 
of primordial cosmology. It is expected that this result will surely help to understand the 
connection between the Bell’s inequality violation, quantum entanglement and primordial 
non-Gaussianity.

• Till now we have studied the necessary condition for generating non zero entanglement en-
tropy in primordial cosmology. In this connection one can further compute quantum discord, 
entanglement negativity etc., which play a significant role to quantify long range quantum 
correlations without necessarily involving quantum entanglement.
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Fig. 12. Rényi entropy Sq,intr (α) vs parameter α plot in 3 + 1 D de Sitter space in presence of axionic source (f (α)
p =

10−7) for q = 0.1, q = 0.3, q = 0.5, q = 0.7, q = 0.9 with ‘+’ branch of solution of |γ (α)
p | and |�(α)

p,n|.
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Appendix A. Wave function for axion using Bunch Davies vacuum

Further using Eqn (3.1) the field equation of motion for the axion can be written as [14]:[
(a(t))−3∂t

(
a3(t)∂t

)
− (Ha(t))−2L̂2

H3 + m2
axion

]
φ = μ3, (A.1)

where the scale factor a(t) in de Sitter open chart is given by, a(t) = sinh t/H . Here the Laplacian 
operator L̂2

H3 in H3 satisfies the following eigenvalue equation [56]:

L̂2
H3Yplm(r, θ,φ) = 1

sinh2 r

[
∂r

(
sinh2 r ∂r

)
+ 1

sin θ
∂θ (sin θ ∂θ )+ 1

sin2 θ
∂2
φ

]
Yplm(r, θ,φ)

= −(1 + p2)Yplm(r, θ,φ), (A.2)
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Fig. 13. Rényi entropy Sq,intr (α) vs q plot in 3 + 1 D de Sitter space in absence and presence of axionic source for 
α = 0, α = 0.03, α = 0.1 and α = 0.3 with ‘+’ branch of solution of |γ (α)

p | and |�(α)
p,n|.

where Yplm(r, θ, φ) represents orthonormal eigenfunctions which can be written as:

Yplm(r, θ,φ) = �(ip + l + 1)

� (ip + 1)

p√
sinh r

P
−

(
l+ 1

2

)
(
ip− 1

2

) (cosh r)Ylm(θ,φ). (A.3)

The total solution of the equations of motion can be written as:

�(t, r, θ,φ) =
∞∫

0

dp
∑

σ=±1

∞∑
l=0

+l∑
m=−l

[
aσplmUσplm(t, r, θ,φ) + a

†
σplmU

∗
σplm(t, r, θ,φ)

]
,

(A.4)

where Uσplm(t, r, θ, φ) forms complete basis of mode function, Uσplm(t, r, θ, φ) =
H

sinh t
χp,σ (t)Yplm(r, θ, φ). Here χp,σ (t) forms a complete set of positive frequency function. 

Also this can be written as a sum of complementary (χ(c)
p,σ (t)) and particular integral (χ(p)

p,σ (t)) 

part, as given by χp,σ (t) = χ
(c)
p,σ (t) + χ

(p)
p,σ (t). Explicitly the complementary and particular inte-

gral part can be expressed as [14]:
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χ(c)
p,σ (t) = χ

(c)
−p,σ (t) = 1

2 sinhπp

[(
eπp − iσ e−iπν

)
�

(
ν + 1

2 + ip
) P ip(

ν− 1
2

)(cosh tR/L)

−
(
e−πp − iσ e−iπν

)
�

(
ν + 1

2 − ip
) P−ip(

ν− 1
2

)(cosh tR/L)

]
, (A.5)

χ
(p)
p,σ (t) = μ3 sinh2 t

∞∑
n=0

1(
p2 − p2

n

)χ(c)
pn,σ (t)

∫
dt ′ χ(c)

pn,σ (t ′), (A.6)

where the parameter ν is defined as, ν =
√

9
4 − m2

axion

H 2 =
√

9
4 − μ3b

faH 2 =
√

9
4 − 
4

G

f 2
a H 2 .
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