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ABSTRACT: In this paper we establish a relation between the non-linearly conserved New-
man-Penrose charges and certain subleading terms in a large-r expansion of the BMS
charges in an asymptotically-flat spacetime. We define the subleading BMS charges by
considering a 1/r-expansion of the Barnich-Brandt prescription for defining asymptotic
charges in an asymptotically-flat spacetime. At the leading order, i.e. 1/r% one obtains
the standard BMS charges, which would be integrable and conserved in the absence of
a flux term at null infinity, corresponding to gravitational radiation, or Bondi news. At
subleading orders, analogous terms in general provide obstructions to the integrability of
the corresponding charges. Since the subleading terms are defined close to null infinity,
but vanish actually at infinity, the analogous obstructions are not associated with genuine
Bondi news. One may instead describe them as corresponding to “fake news”. At order

3

r—°, we find that a set of integrable charges can be defined and that these are related to

the ten non-linearly conserved Newman-Penrose charges.
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1 Introduction

The asymptotic symmetry group of asymptotically-flat spacetimes, the BMS group and its

associated charges, has encountered somewhat of a resurgence in interest recently, whether

in the context of flat space holography [1, 2], its relation to the Weinberg soft theorems [3, 4]

or to black holes physics [5-7].

The novel feature of asymptotically-flat spacetimes is that their asymptotic symmetry

group [8, 9] as one asymptotically approaches null infinity is much larger than the naively

expected Poincaré group, the symmetry group of Minkowski spacetime. It is the existence of

an infinite number of supertranslations that distinguishes the BMS group from the Poincaré



group. More precisely, the BMS group is the semi-direct product of conformal isometries
on the round 2-sphere with the supertranslations, i.e. angle-dependent translations along
future null infinity (see equation (2.27)):

BMS = SL(2,C) x ST. (1.1)

Whether viewed from a phase-space [10-13] or covariant [14, 15] point of view, the ex-
istence of an enhanced (infinite) asymptotic symmetry group implies the existence of an
infinite number of charges; the BMS charges. Roughly speaking, the BMS charges are
constructed by integrating a BMS transformation parameter multiplied by a BMS invari-
ant quantity over the sphere at null infinity. Of course, in the non-linear theory there is
the subtle issue that charges will generally not be integrable due to the existence of flux
at infinity, associated with gravitational radiation (measured by the Bondi flux, or Bondi
news) [8, 13, 15].

A short time after the BMS group and its associated charges were discovered, another
set of (conserved) charges at null infinity was also discovered, known as Newman-Penrose
(NP) charges [16]. Newman and Penrose constructed their charges in the framework of
the Newman-Penrose formalism [17]. These charges are conserved along null infinity, and
are given by the integral over the sphere at infinity of a particular spherical harmonic of
a Weyl scalar. In the linearised theory there is an infinite tower of such charges, while in
the non-linear theory the tower collapses to ten such NP charges. Despite the fact that
the existence of NP charges requires a leading analytic expansion for the fields around null
infinity, which is in general not satisfied [18, 19], NP charges have also been of interest
recently in relation to the existence of conserved charges on the horizon of extremal back
holes [20-24]. In ref. [24], it has been shown that there is a 1-1 correspondence between
Aretakis charges on the extremal horizon and NP charges at null infinity of so-called weakly
asymptotically-flat spacetimes.

The question that we would like to address here is the relation between BMS and NP
charges.

At first glance there is no obvious relation between these two sets of charges, but, given
that they are both defined in the asymptotic region of asymptotically-flat spacetimes, it
would seem natural that there should exist some connection between them. For simplicity,
we shall restrict our attention henceforth to the supertranslations. Generalising to the full
BMS group should not be too difficult. However, since the most interesting part is the
supertranslations, it makes sense to focus our attention on these transformations.

Recently, it was shown by Conde and Mao in ref. [25] that in the linearised theory the
infinite tower of NP charges may be reinterpreted as subleading BMS charges. The standard
BMS charge associated with supertranslations is given by the integral over the sphere at
infinity of the Bondi mass aspect, which is supertranslation invariant in the linearised
theory, multiplied by a supertranslation parameter. What Conde and Mao realised is
that the Bondi mass aspect is but the leading 1/7° term in a 1/r-expansion of the wuu-
component of the linearised metric perturbation dg,,. Furthermore, dg,,, is invariant under
supertranslations. This led them to define a new BMS charge at each order in the 1/r-



expansion, finding that the subleading BMS charges include the infinite tower of NP charges
that exist in the linear theory.!

Our aim in this paper is to generalise the above result to the full non-linear theory. As
pointed out before, this is non-trivial given the existence of flux in the non-linear theory.
In particular, §g,., is no longer supertranslation invariant. Moreover, generally, in the non-
linear theory the objects of interest are not supertranslation invariant. Hence, the same
method as Conde-Mao cannot be used to find the non-linear charges. Our idea is very
simple: we take as our starting point the general expression for asymptotic charges derived
by Barnich and Brandt [14].2 As defined, the Barnich-Brandt expression can be considered
as a 1/r-expansion, the leading 1/7° term being the standard BMS charge. Thus, each
subsequent term in this 1/r-expansion may be viewed as a subleading BMS charge. We
find that at order r—3, the subleading BMS charges are associated with the non-linearly
conserved NP charges.

We begin in section 2 by reviewing properties of asymptotically-flat spacetimes, as
defined by Bondi [8]. We explain the fall-off conditions that will be assumed in this paper,
the canonical complex null frame for the general metric, the form of the Einstein equations
at each order and, most importantly, the BMS group and how it acts on the fields.

In section 3, we consider a 1/r-expansion of the Barnich-Brandt definition of the asymp-
totic charge adapted to asymptotically-flat spacetimes, defining these to be subleading BMS
charges. We analyse the expansion up to order 7—3. In general, the structure of the sub-
leading BMS charges is similar to that of the leading charges; there exist both integrable
and non-integrable pieces. At each order, we consider whether the non-integrable pieces
can be made to vanish by making particular choices for the supertranslation parameter,
finding that this can only be done non-trivially at order r—3.

The relation of the subleading BMS charges to the Newman-Penrose formalism is
clarified in section 4. In particular, we show that the integrable BMS charges at order r—3
correspond to NP charges. We conclude with some comments in section 5.

2 Asymptotically-flat metrics

Here, we work with the Bondi definition of asymptotic flatness [8, 9]. We introduce Bondi
coordinates (u,r,z! = {6, ¢}), such that the metric takes the form

ds? = —Fe*du?® — 2e* dudr + r*hy 5 (dz’ — Cldu)(dz? — C7 du) (2.1)

with the metric functions satisfying the following fall-off conditions at large r

Fo(u, x! Fy(u,x! Fy(u, x! Fs(u, x!
o(wz’)  Fwa?)  Bu)  Fyua)

F hy=1 4

(wr,af) =14 T > C L) o)
50(u7x1) /Bl(uwrl) 62(“; :EI) _

B(u,r,wl) = 2 + 3 + = + o(r 4),

n fact they only identify the real part of the NP charges, because their expansion for the BMS charge
is real. We shall encounter the same feature in the non-linear case.

“There is an ambiguity in the definition of the asymptotic charges in general relativity (see ref. [26] for
a discussion of this point). However, this ambiguity will not affect the results in this paper (see section 5
for more details).



Clu, 2"y  Cl(u,z’)  Cl(u,2")  Ci(u,x!)
I Iy _ ~Y0\™ 1 ) 2 ) 3 ) 5
C'(u,r,x') = 2 + 3 + 1 + " +o(r™?),
I 2 D N g I
hy(u,ra’) = wry + Crylwz) | Cwrs 10, ) + 1(u,z) +o(r ™, (22

4r? r3 r4
where wy; is the standard metric on the round 2-sphere with coordinates z! = {6, ¢} and
C? = C1;01. Moreover, residual gauge freedom allows us to require that

h = w, (2.3)

where h = det(hry) and w = det(wyy) = sinf. A parameterisation of hyy, which makes
this gauge choice obvious is one for which [9]

2hyydz’dz’ = (€2 + €*9)dh? + 4sin O sinh(f — g)dfdep + sin® O(e~ 2 + e 29)de?  (2.4)

with
I I I
flu,r,z") = fo(l:x ) + fQ(Zéx ) + f3(;b;96 ) +o(r %),
glur oty = ) | golu o) | galw o) oy (2.5)

r r3 r4
Note that there are no terms above for f and g at order 7~2 because of regularity conditions
on the metric [9].

As will become clear later, both parameterisations for hy; are useful and, clearly, there
is a relation between the two. In particular, we have

Ol fotao (fo—go)sin® Do - fotgat. .. (fo—g2+...)sind
7 (fo—go)sinf —(fo+go)sin?0 )’ 7 (fa—ga+...)sin@ —(fo+got...)sin%6 )’

g fstgst.. (fs—gs+..)sind
Y (f3—g3+...)sinf —(fz+g3+...)sin%0 )’

(2.6)
where the ellipses indicate lower order terms in f and g, such as fy and go.
Since we are using the gauge (2.3) in which the determinant of h;; is equal to the

determinant of the round metric on the 2-sphere, this implies that C;; and Dy are both
trace-free, while

1
tI"EEwIJE]J:DIJC[J— E (02)2, (27)
where
C? = Cr;C = A(f2 + g3). (2.8)
2.1 Null frame
A complex null frame e,* = (¢*,n*, m®, m?) with inverse E¥,,

0 -1
-1 0

0

gab = BV EY, Umz N = (2.9)
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may be introduced, where

0 9|0 1.0 ; 0 ol
= n=e [au o T T e
1
0 = —e*Pdu, nb:—<dr+2qu>, m’ = ring (de! — Cldu), (2.10)
where

2m I ?) = pl7 (2.11)
with A’/ the matrix inverse of h;. Equivalently,

1
— ' Lie NG, —
m= g (e +ie )0y

{

e(ef +ie9)dg | - (2.12)
Given some arbitrary vector V,, we denote the components in the null basis as follows

Vv, =Vy=-V", nv, =V, = -v°, mVy =V, = V™, (2.13)
with the obvious generalisation also to tensors.

2.2 [Einstein equations

As well as the fall-off conditions (2.2) and the gauge condition (2.3), following ref. [9], we
assume that the components Tyg and Tp,, of the energy-momentum tensor in the null frame
fall off as

Too = 0(7”_5), Tom = 0(7"_3). (2.14)

The Einstein equation then implies that

1

Goo =o(r™®) = By = ~33 C?, B =0, (2.15)
1

Gom = o(r™3) = ! = —§DJC”, (2.16)

where Dy is the standard covariant derivative associated with the round-sphere metric wy ;.
Furthermore, at higher orders, given appropriate fall-off for energy-momentum tensor
components, the Einstein equation would imply the following equations

i 3 1
Goo =o(r %) =  Bo= 7372D,Jc” + o5 (C?)?, (2.17)
Gom=o(r®) = cl=3 (DD —cteny) + Lezp,ev - Letip,e? (2.18)
4 64 16 ’
_ —6 r_ 2 IJ gzl_g K LI_E IL KK
Gom = O(T ) - 03 = 5D‘]E' —+ 8OC Cl SOCKLD D 800 D" Dkr,
11 KL I 7 2 I ~2
——D""D Ckr+-—C"D C~, (219)

80 160



_ 1 1 1 1
Gmm = o(r™") = 0,D1s = gCIJauCQ - ZFOCIJ — iD(ICI J)— gCIJDKDLCKL

S

Jr32

1 1
DrD;C? + §D(1(CJ>KDLOKL) - gD,CKLDJCKL

1 5 1
+ Vil DrCf — TGDC& + DMCoKE (DKCLM — ZDJWCKL> + 02] ,

_ 1 1 5
Grm = 0(r™°) = 0,Er; = iDK(CH aCnk) — §DKD(IDJ)K + @DK(CaD(ICJ)K)

(2.20)

1 1 1 1
- gDK(CK(,DJ)C?) + Zwrg [DKLaucKL - ZCQFO - 5clKDLCKL

2

1 1
— CKLDxclL + iDKDLDKL — @CzDKDLCKL + %CKLDKDLC2

1
—ECKLDMCMKDNCNL + %CKLDKCMNDLCMN ’

Gor=o(r ) — P = %ch{ + 3%(5 —9)c?

1 1
+ 5D@”‘D"Cw - gJi)’CJKD,a,K,

_ 1 1
Go1 = 0(7‘ 5) — Fy = 71D1DJDIJ — %C{DJCIJ -+ @CIJCKL DD ;Ckr,

1 1
+ 67402 D;D;C — 37201"17,0“11,0KL + G%DIC’”DJCQ,

_ —6 _7i IJ § I i 2 ~I i 2\2
Go1 —0(7" ) - F3 = 1OD[DJE —+ 401011+ 160D1(C Cl)+ 512(0 )

1 1 9 1 11 7 sk
+16C DDIJ+80D OCrs 40DC DDk

2 31 IK 3 _ 242
+ 5D C DJD[K 80D CIJ 5120[‘(0 )

13 I,~2 2 3 2 I ~AJK
+ 1024D C°D;C” + 1280 D C""D;Ck

I S
——C°D D
320 C 7Crk,

Gui=o(r™®) = 8.k =3 DiDs2.0" + 10,07 9.C1y,

_ 1 1 1 1
Gim =o(r™®) = 8,C] = gDIFO + 6DDJc” - EDIDJDKCJK + gcJKauD’cJK

+ gauCJKDICJK — %&LCJKDJCKI — éDJCIJ,

where 0 = D! Dy is the covariant Laplacian on the unit 2-sphere.

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)



2.3 BMS group

The asymptotic BMS symmetry is determined by imposing that the variation of the metric
under the generators of the asymptotic symmetry group respects the form of the metric
and the gauge choices. These conditions imply that?

28
£=50,+ / dr—h""Dys or - 5 (Di€' = C'Dys) 0. (2.27)

The u and r-independent function s(xI ) parameterises supertranslations.
We list below the variation of some of the metric components under supertranslations
that will be useful later. Some of these variations can also be found in ref. [15].

1

6F = s@uFo—§8uCUD1DJs—D13uCUDJs, (2.28)
1 1 1

5CT = 38UC{+1—68UCZDIS—|—FOD15—ZCJKDIDJDKs—iCUDJDS

1 3 1 1
+§DJC'IKDJDKS—ZDIC'JKDJDK(S*QDJC‘]KDKDIS—aDIDJCJKDKS

1
+§DJ D CEID;s—C Dys, (2.29)

6Cry = 80,Cryj+0s CL)[J*2D([.D‘])S, (2.30)
6C?% = 50,0%—4C1 D Dys, (2.31)

1 1 1
(5D]J = SauD]J-‘r [1602DS—16DKCZDKS—QCLMDKCKLDMS-FC{(DKS wrj

1 1 1
—2C4 (]DJ)S—ZC[JCKLDKDLS—§C2D]DJS+§D([C2DJ)S+DKCKLCL(IDJ)S,
(2.32)

1 3 5 1
0Er; = s0,Er 5+ [4DKLDKDLS+2DKDKLDLS—4CKL01 KDLS—GZCQCKLDKDLS

1
_1_% (CHEDKC?*+2C? D CFF) Dy s w1J+§Cl (ICJ)KDKS_gDK(DK(IDJ)S)

1 5 5 1
—§DK3D(IDJ)K+§DK(C’ZCK(IDJ)s)+§C2DK3D(ICJ)K—gCK(IDJ)C2DKs.
(2.33)

As explained above, the form of the Bondi metric (2.1) is preserved under the action
of the BMS group. However, assuming a particular fall-off for the energy-momentum
tensor components implies, via the Einstein equations, additional constraints on the metric.
Of course, one must be sure that these extra conditions are also preserved under the
action of the symmetry group. They will be preserved as long as a particular set of
energy-momentum tensor components satisfy particular fall-off conditions. More precisely,
consider the variation of a particular component

5£Ta,3 = (ﬁgT)aﬁ - fcgcTaﬁ + Tcﬁaagc + Tacaﬁgc, (234)

3 As explained in the introduction, for simplicity, we neglect the SL(2, C) part of the BMS group.



where o and [ denote a fixed component of Ty, in the null frame, i.e. they are each chosen
from the set {0,1, m,m}. Now, assuming that

Top = o(r™), (2.35)
for some integer n, equation (2.34) at O(r~") equals
6§To¢6 = Tcﬁaagc + Tacaﬁfc- (236)

Therefore, a necessary condition that the fall-off condition for 7,5 be preserved is that
Teo and T, also satisfy appropriate fall-off conditions. Here, when assuming a particular
fall-off condition for a particular component of Ty;, we will always assume that the relevant
components of Ty, also satisfy appropriate fall-off conditions such that the fall-off condition
for T,,5 is preserved by the action of the BMS group. This can always be done.

3 BMS charges at subleading order

An expression for the variation of an asymptotic charge in general relativity is given by
Barnich and Brandt [14] (see also ref. [27])

1
$Qeldg, 0] = o= /S () V=g {sbgcdvaégcd—5bgacvdégcd+§Cg“dvbégcd
1 cd bea 1 bd a¢c cea
+§g 0gcaV°§ +§g 09ca(VAEE = VEY) b,
(3.1)
where )
(d?2)ap = o lablJ dx’ A da?, (3.2)

where 7 is the alternating symbol with 7,,¢4 = 1. The slash on the variational symbol §
signifies the fact that the variation is not, in general, integrable.

As is explained in section 5, the above definition is not unique. For example, it differs
from the expression given by Iyer and Wald by an ambiguity, which vanishes for ¢ an exact
Killing vector, as opposed to an asymptotic one. We find that the ambiguity vanishes also
in this case, rendering all such charges equal.

The background of interest here, with metric g.;, is the class of asymptotically-flat
spacetimes, as defined in section 2, which gives all the necessary ingredients to compute
the charges, namely, the background metric g4, given by equation (2.1) and the symmetry
generators £%, given by equation (2.27). In this case,

(%) ap /—g = d 2?25 Oty (3.3)

(@

Plugging in the above expressions into equation (3.1) leads to a rather complicated
expression of the form

’ngl + T + I + 0(?”_3)} : (34)

2 3

$0di.gl = o [ an {ima+



The first term ¢Zy in the expansion above has been derived in ref. [15], as we shall review
below. Strictly, only this first term is defined at null infinity. Therefore, a definition of
asymptotical flatness along the lines of Geroch [28] would simply not identify any further
terms beyond the leading one, §Z,. However, there is no reason why one should not consider
the subleading terms and as we shall find below, this provides a direct relation between
subleading “BMS charges” and the non-linear NP charges.

3.1 BMS charge at O(r°)
Barnich and Troessaert [15] found that

#T0 = 6( = 25F0) + 50,C1s0C". (3.5)

Significantly, the BMS charge is not integrable. This non-integrability is directly related
to the flux of gravitational radiation, or “Bondi news”, at null infinity [14]. The first term
on the left-hand side, —2sFp, would be a conserved charge if there were no flux at infinity.
—2F( is generally known as the Bondi mass aspect, and if s is chosen from the ¢ = 0 or
¢ = 1 spherical harmonics, the charge corresponds to the Bondi-Sachs 4-momentum vector.

It should be emphasised that the above separation into an integrable and non-integrable
part is not unique. One could simply rearrange the terms differently, by moving some
portion of the integrable part into the non-integrable part. However, the most significant
aspect of the above exercise is that the BMS charge at leading order is non-integrable,
and that this is related to the news at null infinity. In fact, one could ask whether the
non-integrable part in equation (3.5) can ever be set to zero for non-trivial parameter s.
Clearly, this is only possible if and only if

0,Cry = 0. (3.6)
This corresponds precisely to the absence of Bondi news at null infinity.

3.2 BMS charge at O(r~ 1)
At the next order, a rather long but straightforward calculation gives that*:?

3 1
§T, = 56 (—21?1 — Dol + 1—6(5 —2)C? + DICix D078 — 4DIC’JKDICJK> . (3.7)
Thus, at this order the BMS charge is integrable. Moreover, from equation (2.22), we
find that if the energy-momentum tensor component Tp; = o(r—*), the Einstein equation
implies that

7, = 0. (3.8)

4Given equation (3.4), i.e. the fact that we always regard these quantities as being integrated over a
round 2-sphere, we freely use integration by parts, ignoring total derivative terms.

5We note that there exist many Schouten identities that allow the terms to be written in different forms,
see appendix B. For example, it can be shown that (see appendix B)

DIC’ED;Crx — D'C'E DK Cry — DICrxD,C7E = 0.



If, on the other hand, Ty is non-vanishing at this order, we have a new non-linear BMS
charge

Q) = /S dQ (= sToi|p—4). (3.9)

3.3 BMS charge at O(r—2)

Similarly, at the next order, we find that
3 1
3T, =56 <—2F2 — 2D]CQI — 3.DIC[JCi] — §C[JDICi] + gCQ D].DJCIJ

1 1 3
—501‘] D[DJ02 — gCIJD]CKLDJCKL + 16D[C[JDJ02>

1 1 1 1
+s (2 (0D ,6C" +6D;1,0,C™] — Eau(}?(sc*? + gFo<502 - §DIC{ 0Cry

1 1 1
—clip’scr; + TGD[DJCIJéCQ + EDIDJCQ&C” + 173D,C?zz,(sc”

—i—%CKLD[CIKDJéCJL + %50” DICKLDJCKL> . (3.10)
Assuming that
Tom = o(r™), Tor = o(r™), Ty = o(r™%), (3.11)
which give equations for C4 (equation (2.18)), Fy (equation (2.23)) and 9,Dr; (equa-
tion (2.20)), respectively, the expression for §Z» reduces to°

§T, = s D;D ;6 <—D” + 1173 02(1”)

1 1 1 1
+5 (2 [0uD150C" +6D1;0,C"] — 75 0uC0C? + S FpdC® — 5 D'C{oC,
1 1 1
—cip’scry + 6D s07sC? + 35 D1 7C%6CT + 1—6DIC’2D joct!
1 1
+§CKLDICIKD J6C7T + §50”1)10“1) JCKL> . (3.12)

Thus, at order r 2, we have a situation that is analogous to the leading BMS charge. That
is, for a general parameter s there is a non-zero integrable piece as well as a non-zero
non-integrable piece, presumably again related to a flux. However, given that the expres-
sions above do not exist at null infinity as the boundary of the conformally compactified
spacetime, the relation to quantities at null infinity is lost. Physically the best way to
think about these quantities is perhaps that they are defined “close” to null infinity. For
this reason we say that the non-integrable part is related to fake news at null infinity.
While, the physical interpretation of the leading order BMS charge is clear, this is not the

SFor brevity, we have not directly substituted equation (2.20) for 9, D7 into the expression below.

,10,



case here. Of course, there is also the issue of the non-uniqueness of the split between the
integral and non-integrable terms as explained before. It will become clear later why we
have chosen the above splitting.

We have established that at O(r~2), we have a subleading BMS charge that is non-
integrable for a general parameter s. It is reasonable to consider whether there exists an
integrable BMS charge at this order for some special parameter(s). Given that there are

non-int)

no Einstein equations for Fj, C’{ and Cyy, terms in JIé involving these quantities

would then have to vanish independently. Consider first the terms involving Fp in the non-
integrable part in equation (3.10). Using the equations for the supertranslation variations
of the metric components listed in section 2.3 and the Einstein equations (2.32) and (2.20),

Iénon—int)

we find that the only terms in § that contribute to terms involving Fj are

- 1 1
615“011 nt)\Fo terms = S (2 [0uD1,6C" +6D1,0,C™] + 8F0502> (3.13)
Fp terms
Thus, using equations (2.30), (2.32) and (2.20)
- 1
$Z5" " |y verms = —; sFoC' Dy Dys. (3.14)

In order for the above term to be zero for an arbitrary symmetric, trace-free matrix Cfyy,

we conclude that 1
D[DJS - iw”Ds, (315)

i.e. sisan £ =0 or £ = 1 spherical harmonic, with
Os = —4(+1)s, ¢e{0,1}. (3.16)

Next, consider the terms involving C7. Analogously, we find here that the only relevant
terms that can contribute are

non-in 1 L
612( t)‘CII terms — 9 (2 [8UDIJ50[J+5D1JauCIJ] _QDICi](sCIJ_ClIDJ(SCIJ)

Cll terms
(3.17)
Note that substituting equation (3.15) in the variation of Cr; (2.30) gives that
0Cry = s9,Cry. (3.18)

Furthermore, using equations (2.32) and (2.20), we find that the terms involving C{ then
simplify to
-int
6I§non in )’0{

which is a total derivative term and can thus be ignored.

= —D;(sCy j6C1), (3.19)

terms

Lastly, the only terms left to consider are those involving only C7;. Using equa-
tion (3.18), the only contributing terms are

non-in 1
gzinonint) TIGSDIC?D 700" 4350, D1CM D 6C7 (8D —0,Dry) 6C*

1 1 1 1
+s auD[J—gC[JauCZ+§C[JDKDLCKL+33D1DJ02+§D[CKLDJCKL scl,

(3.20)
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Substituting the Cr; terms in 6Dy and 0, Dy from equations (2.32) and (2.20), respec-
tively, and using equation (3.15), gives

non-in 1 1
gzimonint) — p, ([16511]02 + 250JKDLCKL] 50”) , (3.21)

i.e. it reduces to a total derivative, which vanishes when integrated over the 2-sphere.
Hence, we conclude that for s an £ = 0 or £ = 1 spherical harmonic,

gzimonint) — g, (3.22)

Therefore, §75 is now integrable and hence we can read off the (unintegrated) charge from
equation (3.12)

1
Io=s D;Dy (—DIJ + E C2CIJ> . (323)

Up to total derivatives, the charge at this order is equivalently obtained by integrating
1
T, = D;Dys <—D” + 76 0%7”) : (3.24)

Equation (3.15) and the trace-free property of C7; and Dyy then implies that in fact
I = 0. (3.25)

In conclusion, there is no non-trivial integrable charge at this order. This result is similar
in spirit to that obtained at the previous order, where we found that, while integrable,
71 = 0 if we assume strong enough fall-off conditions for the matter fields.

3.4 BMS charge at O(r—3)

Finally, we consider the next subleading term, which we shall later relate to the NP charges
in section 4. A long but straightforward calculation gives that

_ 3

3 3
$I5 =6 (—2F3 —3D;C5 + 2085 + 465 + 50{011 + =D(C*CY) 256

CQ 2
3 (C*)
1 IJ 1 IJ 1 I NnJK 3 IJ
— 50 ODry + §D OCry + §D D (4DKCIJ — 3D[CJK) + §D Cry
+im(02)2 + Bprerper 4 iC2DICJK(3D Cix —4DgCry)
512 512 ! 64 K KL
1 1
+5 (2 [0uE1,6C" +0Er;0,C] + 2 F16C? — 201 D16Cy 5 — 46C D7 Cyy
IJ I nJ 3 2 I 17 2 I 3 I 2
—30C1" D;Cy ;- 5CED6CT; — ZC D6CT — E50 Dol — 5(SchIC
15 1 5
- §C{D15C2 + icleCJKchlK + iClKC’”DuSCJK + C{KéC”DICJK
1 K IJ 3 K ~I1J 5 I1J 3 I1J
+ 501 0C"" D Cry+ 5501 C“D;Cyg + 150 Dy + ZC 0Dy

5 11 15
+ gD“Dé(}u — ZDIDJKDKMJU + ZDIDJKDléCJK +3D7CyDSD'E
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3 3 1 3 1
—*DIJ v DIJ _ 2D 2 2‘:' 2 = 1J K 2
1 0Cry 25 Cry 160 oC 25650 C 450 Cyxk D" D;C

1 1
— 3302501JDKD10JK — G%CQCUDKD,(SCJK + 3—26020”D1DKCJK

+ 63402D101KDJ50JK — 3—720”DKC’JKD1502 — éC”DICJKDKéCQ

+ iéOQchJKD,(SOJK - g50’JD,O“‘DKOM - 1l50’JDKCZ‘DIOJK
64 64 64
_ Y 1D, 2D sCy . — et DR 2D 50 — —c2sc2 (3.26)
32 ! K™ 64 IP=IK = 998 ' '
Assuming that
Too = 0(7“_6), Tom = 0(7‘_6), Tor = o(r_ﬁ), Torm = 0(7‘_5), (3.27)

we obtain equations for £y (2.17), CZ (2.18), C4 (2.19), F3 (2.24) and 0, F; (2.21), re-
spectively. Inserting these equations into (3.26) gives the much simpler expression

1 1
§Ts =56 <—D1DJEU + §D(D”OU) — 325(02)2>

1 1 1
+s (2 [0,E150C1 + 6E1;0,017] — ZDf(clK C1YsC i + chK C"D;6Cyx

1
+ ZdCIJDKD[DJK + ZDJKDIDKdC” + D]DJKDK5CIJ

5

BN N 2
+16(50 D™ (CyxDrC*) o

[(5CIJDK(C2D[CJK) + CJKDI(CQDK(SCIJ)}
1
—160”(01021)%0“) . (3.28)

In deriving this equation from (3.26), simple applications of the identity (B.5) are required,
as well as the fact that the covariant derivatives in the round 2-sphere metric satisfy

[Dr, Ds)Vic = Rij“Vy, RrjkL = Wik Wi — WiL WJiK- (3.29)

As with §7Z5 in section 3.3, we find that in general there exist non-integrable terms.
As before, one may consider whether there exists some choice or choices of the parameter
s such that the non-integrable part of §Z3 vanishes. We note that there are no Einstein
equations for Fy, C’ll , Dry or Cry, and therefore we can consider terms involving each one
of these fields in isolation, without loss of generality.

First, consider terms involving Fp. Inspecting equation (3.28) and equations (2.33)
and (2.21), we find that the only terms containing Fy are

non-in 1
6I?E & |Fo terms — 58 |:8UEI‘]50[J T 5E[Jauc]J:|

Fy terms

= —%SCQFO wrJj [(5CIJ + s@uCU} . (3.30)

Since C7s is trace-free, it follows that the terms involving Fy vanish.
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Next, we consider terms involving C{. These come from

non-in 1 1
6:[?() ’ t)‘C{ terms — 9 <2 [8UEIJ(SCIJ + 6EIJauC[J] - ZDI(ClKCIJ)(SCJK

J&C{{ C”D;dC'JK)

C 11 terms

—_

= —Dg (sC{C755Cy,)

B

+ % (DIDJS - ;DS(,UIJ> [DK (SClKCIJ) — D] (SC{(CJK)] s
(3.31)

where we have used equations (2.33), (2.21) and (2.30). Notice that the first term in the
final equation above is a total derivative and can therefore be ignored. Furthermore, up to
total derivatives, the second set of terms is equivalent to

non-in 1 1
g = —sckey (DKD[DJS — 50k D'0s - 51‘?1318) : (3.32)

where we have made use of equation (3.29). Now, if this expression is to vanish for arbitrary
CE and symmetric trace-free Cy;, the symmetrisation on (I.J) of the terms in the bracket
would need to be proportional to the round 2-sphere metric wy;. Contracting over the I.J
indices determines the function of proportionality. In summary, we find that s must satisfy

1 1 1
DKD([DJ)S — §wK(1DJ)Ds — ZCL)IJDKDS — wK([DJ)S + §CU[JDKS =0. (333)

As discussed in appendix C, this equation is satisfied if s is any ¢ = 2 spherical harmonic
(see equation (C.8)). In particular,
Os = —6s, (3.34)

and equation (3.33) reduces to the simpler equation (C.7)
DKDIDJs:—QwUDKs—QwK(IDJ) S. (335)

Assuming henceforth that s is an £ = 2 spherical harmonic, we proceed to investigate
the terms featuring D;;, which appear in the following terms

non-in 1 L
61-3() t)‘DIJ terms — S <2 [aUEIJ(SCIJ + 5E[J8UCIJ] + EDKDIDJK(SCIJ

)
+ZDJKD[DK(5CIJ + D[DJKDK5CIJ>

Dy terms
= ZD[ (SDJKDK5C[J) + DX (S(SCIJD[DJK — Z(SCIJD[ (SDJK)>

1

1
5 <DIDJ8 — 2Dsw”) DX [sDrDji + 5Dy Drs],

(3.36)
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where, as before, we have used equations (2.33), (2.21) and (2.30). The first two terms in
the final equation here are total derivatives, and so when integrated over the sphere they
will give zero. Up to total derivatives, the remaining terms then give

non-in 1 1
JI§ on-int) _ §DK <DIDJ3 — §Ds w”) [sDrDjg + 5Dk Dys]. (3.37)

Using equations (3.34) and (3.35), one can show that
1
DK <DIDJ5 — 5[]5 w”) = 2V DKls — WK DL, (3.38)

Given that the above combination is contracted with terms that are symmetric and trace-

free in (JK) in equation (3.37), this implies that the terms involving D;; vanish in
¢3«1-(11011—int)
s .
Finally, we are left with terms involving only Cy

non-in 1 1
gyt = 5 (2 [0uB1,6C" +0E1,0,C"] + 156C" DX (Cyxc D1 C?)

—634 (61 DX(C?*D;Cy) + Cyre D1 (C2DX5CH)] — ;SCJKDI(J*?DK(;CU)
= 65—4DK (C*Dy(sCyx)6C) — 65—4D1 (sC?Cyx DR 501
— %DK (sCyx DrC*6C17)
— é (DIDJS — ;Dswu> DE [SCJKDIC2 — iCQDI(sCJK)] : (3.39)
where we have used equations (2.33), (2.21) and (2.30). Up to total derivatives,
o) = éDK (Df D75~ %Ds wU) [sc 7K DrC? — ZC2D1(SCJK)] . (3.40)

Equation (3.38), and the fact that Cjx is symmetric and trace-free, then imply that
gT{rom ) — g, (3.41)

In summary, we find that the non-integrable terms in §Z3 vanish if and only if s is
an ¢ = 2 spherical harmonic. Thus, we have an integrable charge, whose integrand can
be read off from equation (3.28). Using equation (2.7), this gives, for any ¢ = 2 spherical
harmonic s,

1
I3 = sD;D; (—E”—i—2trE w”), (3.42)
which, up to total derivatives, is equivalent to
I3 =— (D[DJS + 3s wIJ) EIJ, (343)

where we have used equation (3.34). Hence, we have found a new integrable charge that is
generally non-vanishing for arbitrary field Ey;. In the next section, we shall demonstrate
that this charge has a precise correspondence with the NP charges.
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4 Relating the BMS charges to the NP formalism

In this section, we relate the tower of BMS charges found in section 3 to the formalism
developed by Newman and Penrose in refs. [16, 17]. In particular, we show that the BMS

-3

charges at order r—° are the non-linear NP charges discovered in ref. [16]. Throughout

this section, we use the notation of the Newman-Penrose formalism, which can be found
in ref. [17].7

The Newman-Penrose formalism begins with a choice of complex null frame {¢, n,m,m}.
We choose the null frame defined in equation (2.10). Once a null frame has been chosen,
we can form scalars by contracting tensors onto null frame components. Hencewith, 12
complex spin coefficients are formed by contracting covariant derivatives of the null frame
vectors onto null frame components. The spin coefficients constitute information about the
connection. For example,

Kk =m0V, o= —m*m’Vyl, (4.1)

parameterise geodesicity and shear, respectively, of the null vector congruence associated
with £. Moreover, we have scalars representing the ten degrees of freedom in the Ricci
tensor, and the five complex Weyl scalars

vy = gambecmdcabcd’ vy = n bec dCabcda Uy = eambmcndcabcda
Uy = Eanbmcnd(]abcd, Uy=n mbncdeabcd. (4.2)
With the fall-off conditions (2.2) and (2.14), we find that
1 _ _
‘IIO —% ‘Hﬂo +0( 6)7 \Ill =¢? ﬁ—i-O(T 4)a % +¢2 O(T 4)1
1
Uy =1y 772 +o(r?), Uy = ot o(r™1). (4.3)
The above property of the Weyl tensors is known as peeling [8, 9, 17]. Moreover,
1 _
o=o" 2 +o(r2). (4.4)
In terms of the functions that define the metric components (2.2) and (2.5),
141 .
o= U0 gy 1 igy). (45)
Defining the differential operators & and d acting on a scalar of spin n [17, 29]8
2 80 sind d¢ ) \sin™ 0
- (1—14) 1 0 v 0 .
on=— — — "0 4.6
" 2 s 6 \20 " smaag) I (4.6)
Y = —0%25°, Y =00,6°, 9 -9 =500 - 0°9,5" + %" — 3%5°. (4.7)

"In ref. [17], they use negative signature convention, whereas we use positive signature conventions. This
simply means that the scalar product of the null frame vectors and the definition of the Newman-Penrose
scalars is different by a minus sign.

8The spins n of the Weyl scalars Wy, Wy, Wy, U3, Wy are 2, 1, 0, -1 and -2, respectively, while o has spin
2. Complex conjugation reverses the sign of the spin: n — —n.
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Furthermore,

W + Y = Fy — 0]0°)? (4.8)
and?
1+4+14) o 1—1

v =F + ( "QH) B(CY —isind CY) — ( i i) 9(CY +isind CY)

_ §5(&0800) + 9 05550 + 1850800, (4.9)
4 4 4
) = 3(1: ) (¥ —isinf C?) + %5]00]2 + 30%35", (4.10)
. . . 1—1 ,

o = —=3(1+14)(fo +ig2) — i(f§ +g5) + ( 4 2 (fo +igo)®, (4.11)
Y = —6(1 +1)(fs +igs). (4.12)

Now that we have defined all the quantities in the language of Newman and Penrose
we are ready to compare to the tower of BMS charges derived in section 3.

4.1 Zy and BMS charges
The standard BMS charge is defined by

1

Prpp=———
&m 221G

dQ Yo (95 + 0°8,5°), (4.13)

where Yy, are the usual spherical harmonics. Setting 0 < |m| < £ < 1 gives the usual
Bondi-Sachs 4-momentum vector. In fact, in this case, from the last equation in (4.7)

S(¢h + 0°0,5%) = $(8%0”) (4.14)
is a total derivative. Thus,

1
me:

- 0 09 =0
7 e dQ Yy, R(s +070,0°), e {0,1}. (4.15)

Defining the integrable part of equation (3.5) to be

1
=—— [ dQ Yy, (—2F 4.16
Q= 7 [ 4 Yin(-2F) (4.16)
with s = Yy, and rewriting the above expression in terms of Newman-Penrose quantities
gives
1 0 09 =0

Comparing with equation (4.13) we find that the charge above is the real part of the
BMS charge as defined by Newman-Penrose (see equation (4.15) of ref. [16]). However, for
¢ =0,1, they are equal as can be seen from equation (4.15).

“Note that (C{ — isinHCf’) is a spin 1 quantity.
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The integrability property of Qg in the language of Barnich-Brandt translates to its
conservation along null infinity in the language of Newman-Penrose. The Bianchi identities,
which are non-trivial in the Newman-Penrose formalism, imply that

0,08 = —0%9,5° — 0°9%5°. (4.18)
Using this equation
Ou(—2Fy) = —40,R (WY + 06°9,5°) = R(9%0,5°) — 4|9,0° % (4.19)
Note that for £ < 1, the first term is a total derivative since'®
0?Yym = 0%y, = 0, (4.20)
i.e. it is a soft graviton term [3], while in terms of functions of the metric components
10,0°)? = éaucuauc”, (4.21)
i.e. the obstacle to the conservation of Qy is
S0uC10.C1 . (4.22)
which matches precisely with the non-integrable term in equation (3.5).
4.2 77 and 1,b?

Writing Z; from equation (3.7) in terms of Newman-Penrose quantities gives

I = 2R(B9] — ¢y). (4.23)
The Bianchi identities imply that
Wy = 0y (4.24)
Hence,
7, = 0. (4.25)

4.3 Z5 and 1,08

In section 3.3, we found that choosing s to be an ¢ = 0 or £ = 1 mode, the non-integrable
part vanishes and we are left with a candidate charge of the form (3.23). In terms of
Newman-Penrose quantities,

DDy <—D” + % C2C”> = %3% (3%¢)) . (4.26)

Hence,
2 _
Ty =3 Yim NGREY) (4.27)

with ¢ = 0,1. Using equation (4.20), we reproduce the result in section 3.3 that the
integrable charge is in fact zero.

'0This result comes from standard properties of spin-weighted spherical harmonics (see e.g. ref. [16])

5(5)/lm) - (l—S)(l+S+1) s+1Y'lm, 8(5}/lm) - — (l+5)(l_3+1) sflx/lm-
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4.4 Z3 and NP charges

In section 3.4, we found an integrable charge at order r—3 as long as s is chosen to be an
¢ = 2 spherical harmonic. Translating the main result of that section, equation (3.42), into
Newman-Penrose language, and using the fact that

D;D; (—EU + %w” [DKLCKL — 116(02)2D = %5)% (0%5) , (4.28)

gives

_ 1 Y =211
Q3 = e /dQ Ya.m®R(0°4). (4.29)
Integrating by parts gives

0s 40 [J@,m Y+ (D)™ 5Ya w‘g] (4.30)

1
467G /
Notice that the first term in the integrand above corresponds to the NP charges (see
equation (4.19) of ref. [16]). The second term is not quite the complex conjugate of the
first. However, the combination means that we only have half the number of NP charges.
Perhaps an easier way to see this is that in equation (4.28), only the real part of 521/16
appears on the right-hand side.

5 Discussion

In this paper, we have established concretely the relation of the NP charges to the BMS
group of asymptotic symmetries at null infinity and its associated charges. While the
relation of the NP charges to the BMS group was argued for in ref. [16], even an explicit
demonstration of the supertranslation invariance of the non-linear NP charges has been
missing (see, however, ref. [30]). In particular, interestingly, we find that the NP charges
appear at subleading 1/r3 order in a 1/r-expansion of the Barnich-Brandt charge, which
defines the standard BMS charge at leading order.

We have used the Barnich-Brandt definition of asymptotic charges, but this is not
unique. For example, the Iyer-Wald definition [12] differs by a term of the form

! /5 (@2)as /=G (T + V€)M g0a. (5.1)

167G

In fact, as discussed in ref. [26], the above expression, with an arbitrary coefficient, repre-
sents a one parameter family of ambiguities. Our results in this paper are not affected by
the inclusion of this term.

Curiously, we only obtain half the number of NP charges, owing to the fact that the
Barnich-Brandt charge is real. It would be interesting to understand whether the Barnich-
Brandt integral could ever give all ten NP charges and, if so, how. It seems unlikely that
the SL(2,C) part, or indeed its generalisation involving superrotations, could account for
the remaining five charges.

Another slightly puzzling feature of the Barnich-Brandt charge definition is that in it
s plays the role both of the supertranslation parameter and also as a function used in order
to define the charge. Thus, for example, in section 3.4, when we show that Z3 is integrable
if s is an £ = 2 harmonic, showing that the variation of Z3 with such a parameter s vanishes
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clearly does not prove that the integrable charge is invariant under the full action of the full
supertranslation group. Rather, it only demonstrates that Zg is invariant under the action
of those supertranslations where the supertranslation parameter s is an £ = 2 harmonic.
We do, however, prove the complete invariance of the NP charges under the full action of
the supertranslation group in appendix A.

At the linearised level, at each order in the 1/r expansion, there are conserved charges
associated to the tower of linearised Newman-Penrose charges. Conde and Mao [25] also
find only half of these charges, viz. the real parts. Linearising our extended BMS charges,
at each order we get the same form as Conde-Mao’s charges. At suitably low enough order
the Conde-Mao charges come from expanding F'(u,, 0, ¢), which we also have. Therefore,
at leading order our charges agree; see equation (3.5). However, at subleading orders, we
also get contributions from the expansion of D;C’(u,r,6,¢); see equations (3.7), (3.10)
and (3.26). Using equations of motion (2.22), (2.23), (2.18), (2.24) and (2.19), the Taylor
coefficients in the 1/r expansion of F(u,r,0,¢) and D;C!(u,r,0,¢) are proportional to
each other, hence the form of our linearised charges at each order is equal to the charges
of Conde-Mao. However, the coefficients are different. In particular, at the subleading
order the relative constant of proportionality between Fy(u, 6, ¢) and D;C¥ (u, 8, ¢) is such
that they cancel upon use of equation (2.22). The difference between our and Conde-
Mao’s linearised charges reflects the fact that at the linearised level there are a number
of independent supertranslation invariant quantities. However, at the non-linear level this
degeneracy is lifted and there is a unique combination that is supertranslation invariant,
which is what is found in this paper.

The fact that there are only ten non-linearly conserved NP charges has not been fully
understood in the context of the Newman-Penrose formalism. It remains an open question
whether the reframing of the charges in terms of the Barnich-Brandt formalism could
help with resolving this puzzle. Of course, a prerequisite to understanding this is first to
understand why half the NP charges are missing in this formalism.

In a future work, we will also investigate the tower of subleading BMS charges for
the more realistic fall-off conditions at infinity [31-33] that do not preclude some physical
processes, such as compact data close to spacelike infinity. These fall-off conditions are
most relevant for current gravitational wave observations and the hope would be that this
leads to the discovery of a quantity that is useful for gravitational wave analysis.

It would also be interesting to investigate the charge algebra at subleading order. In
particular, there will be a hierarchy of BMS algebras at each order with different modified
brackets, corresponding to the different fake news at each order, and field-dependent central
extensions. At the leading order, the algebra has no central extension for supertranslation
generators [15] and this is expected to be the case at subleading orders as well. However,
extending our charges to include rotations should give rise to new central extensions at
subleading orders. Furthermore, at O(1/73), there ought to be a subalgebra, given by the
generators corresponding to the Newman-Penrose charges, for which the modified bracket
is just given by the ordinary Dirac bracket. We will investigate the charge algebra hierarchy
in a future work.
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A Supertranslation invariance of NP charges

In this appendix, we demonstrate the supertranslation invariance of the NP charges in the

language of ref. [16]. The ten non-linear NP charges are given in terms of ¢6,

G = / 49 oV 0, (A1)

where
Yo =gr " + 45 r 0 +o(r 0). (A.2)

We would like to investigate the effect of a supertranslation on the NP charges. Note
that in terms of the metric components

(1—1)

vo = =3(1+i)(f2 +ig2) =i (f5 +90) + —— (fo+ig0)”, (A.3)
g = —6(1+1i)(f3 +ig3). (A.4)

Using the expression for ¢} above and equations (2.33), (2.32) and (2.30), a straightforward
yet slightly cumbersome calculation shows that

51 = s Outhy — 50 (g Os) — Ds Dy + 40s oy, (A.5)
Now, equation (4.12) of ref. [16] reads'!
Outh = —s0 (D0 — 40%¢7) . (A.6)
Substituting the above equation in equation (A.5) gives
51y = —0 (s Oy + 405 oY) — 50 (¢ Os) . (A7)

Therefore, from equation (A.1), the change of the NP charges under the action of a super-
translation generator is

G — / dS2 3,1 D (5 000 + 485 0% + 50 Ds) . (A.8)

" There is in fact a minor typographical error in equation (4.12) of ref. [16].
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Using the fact that
02Y9m =0 (A.9)

the expression above reduces to a total derivative. Thus,
0Gp, =0, (A.10)

i.e. we conclude that the NP charges are invariant under supertranslations.

B Identities for tensors on the 2-sphere

For the calculation in section 3, it is useful to be aware of a number of identities satisfied
by tensors on the 2-sphere. These are ultimately derived from Schouten identities in two
dimensions. For example, for any symmetric traceless matrix X7z, such as Cry or Dy,

X1y = —ergeg X5, (B.1)

where €75 is the volume 2-form on the round 2-sphere. This can be derived from the
fact that

€EIKEJL — QWI[JLUL]K. (B2)
Now, consider
X106k = —erpean XMV ey p
= —ejnexp(0F XN — 5P xIN)
= 0F Xy +wig XEr —wrCly, (B.3)

where we have used equation (B.1) in the first equality and (B.2) a number of times in the
calculation above. Hence, we derive the 2-dimensional Fierz identity

wrgXkr +wrr X1y —wrin Xox —wik X =0, (B.4)

or contracting this equation with an arbitrary V%

X1Vi = Xy Vi + X Viwsg — X VViwry. (B.5)
Applying the above identity to the first three indices in XX ;% gives
X1 X% = X1y X™ + XPwry — Xgr X5, (B.6)
where X2 = X;;X!7. Using the fact that X7 is trace-free implies that
X XK = %XQ&{. (B.7)
Similarly,
D'X'8Di X = D' XK (D X1y + D*Xgcpwrs — DEXpjwik)
= D'X""Dg X1+ D' XDy X5 (B.8)
or
DIX'EDi X — D' XKDy X7 — DI XDy X75 = 0. (B.9)

One may derive many other equations from identity (B.4) or equivalently (B.5) in a similar
fashion to the derivations above.
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C £=0,¢=1 and £ = 2 spherical harmonics

The spherical harmonics Yy, (6, ¢) on the unit 2-sphere obey —[Yy,, = (¢ + 1)Yy,. The
¢ = 0 harmonic is of course just a constant.

Suppose ¥ is an £ = 1 harmonic, satisfying —[J = 21). It follows that ¢ satisfies the
equation

1
DDy = QW Oy, (C.1)

where wy s is the unit 2-sphere metric, and hence

D[D]¢ = —ijl/}. (02)

One can prove (C.1) by defining T7; = DDy — %wu [y, and observing that, after
integrating |T7s|? = T/ T1; over the sphere and performing some integrations by parts,

/|Tu!2d9 = ;/w(m +2)h dQ2. (C.3)

Thus if ¥ obeys —[h) = 21) then T7; must vanish, hence establishing (C.1).'2
Turning now to £ = 2 modes, let us define the tensor

1 1
Trjx = DgDiD i) — 3w D U — WK DUy (C.4)

Integrating |T7sx|> = T'/5 T over the sphere and performing some integrations by

parts, we find

5 12
/|TIJK’2dQ BT /¢D(D +6) (D + 5) Y dQd. (C.5)

Thus, if ¢ is an £ = 2 harmonic, meaning that it satisfies —[¢p = 6¢), then Tr;x = 0
and so'?

1 1
DgDiDjp = 3w Dy U + WK DUy (C.6)
It follows also that it obeys
DrDiDjp = =2wrj D —2wg (1 Dyt (C.7)
and 1 1 1
DKD(]DJ)S = §WK(IDJ)|:|8 + ZWIJDKDS + wK(]DJ)S — §WL]DKS. (CS)

It is interesting to note that the above identities generalise to higher dimensions, and
here we record these for the case of a unit n-sphere. The analogous hyperspherical har-
monics have eigenvalues —[1 = £(¢ +n — 1). The ¢ = 1 modes v, obeying —[Ji) = n 1,
satisfy

1
DiDj = Wi Oy = —wrg, (C.9)

120f course if (¢ = 0 then Ty again vanishes and (C.1) also holds, but trivially in this case since 1 is
then a constant.

13An £ = 0 mode (a constant) also trivially satisfies (C.6). A function satisfying —[i = %1/1 cannot be
smooth on S? and would violate the assumptions under which (C.5) was derived. Thus, such a function
does not obey (C.6).
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and the ¢ = 2 modes, obeying —Jv = 2(n + 1) v, satisfy

1 1
Dg DDy = ) Dy Uy + ST 1wKa DOy = =2wry D — 2wie( Dy
(C.10)

These identities can again be proven by integrating the squares of the analogously-defined
tensors 17y and 17 i over the sphere.

D Barnich-Brandt charge and the Einstein equation

In this appendix, we show that the Barnich-Brandt charge as applied to asymptotically-flat
spacetimes is zero upon use of the Einstein equations. Starting from equation (3.1) and
rearranging the terms gives that

#Qelo9,9 = 1o / ) ab v/~ { €29V 5 gea — €097V 0 geq — 96 gea V€]
V(90904 + 29°1590a€°) = V(9" 0gea) }-

Using
0gab = 2V (4&p), (D.2)

the above expression reduces to
$0:160.0) = 15 [ ()5 {3 260V V- VIV G- VVLE TV
TV (2 Vo2V VD) VIV AE V) | (D3)
where we have also used the fact that by symmetry,
viee vhlee = o. (D.4)
Now arranging the last two terms in the first line of equation (D.3) above, and also using
veeglew el =0, viewtle? = o, (D.5)
gives
$0cl39.9] = 5 [ (@ohnv/=3 {619, T +2VPVi(e76")
—2V, (Vg - 28V}, (D.6)
which simplifies to
$6109.9 = 15re; | (@hary=7 {617, Ve + 207", V%€
S

T2V (EVPET + V5 — E1VPE°) |
(D.7)
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For now we ignore the terms in the first line in the equation above and focus on the terms
in the second line. In fact, we shall demonstrate that these terms form a total derivative.
Performing explicitly the contraction in ab and using equation (3.3), the terms in the second

line become

T

2
2 [exor] ¢cu [uxoc] ¢r  eluxor] ee
7TG/Sdge vc{gvg+§vg 5v5}. (D.8)

8

The expression in the braces clearly vanishes when ¢ = w or ¢ = r. Hence, the above
equation reduces to

7“2
—— [ dQ ¥ v xTvr D.
g [ de e i, (D.9)

where

Xcab — fcv[béﬂ] 4 é‘[av‘c‘gb} — g[avb}gc' (DlO)

Note that as argued above X**" = X™" = (. Now,

VIXIur — alXIur + FfJXJUT + F}LCXICT + F;CXIuC
= O X 4 T X7 4 (T, + T, )X + T, XM — 17, xM. (D.11)

From the definition of X it can be shown that
x e — xalJ (D.12)
i.e. that X!7% = x[Jla Hence,
VX = gpxTr 4 (0h, + 1Y, +17,) X7 (D.13)
Inserting the expressions for the Christoffel symbols [1]
Iy, + 1%, + 7, = @], + 20,8, (D.14)

where (‘”)I‘f 7 is the Christoffel symbols associated with the round 2-sphere metric wy,
equation (D.9) simplifies to

7'2 2
— B xTur) = . D.1
47TG/SdQDI<e )=0 (D.15)

Thus, returning to equation (D.7) and using the definition of the Riemann tensor

[vaa vb]‘/c = Rabchda (Dlﬁ)
we obtain
JQ [5 ]_ 7“2/ A0 e?ﬂ f[uRT] {C _ 72/ dQ 62,8 g[uGr} 5c (D 17)
§g7g_27TG e c _27TG s cS - .
Hence, we find that on-shell
$Q¢[dg,9] = 0. (D.18)
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