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Abstract

Mathematical optimization is increasingly employed to solve chemical pro-
cess design tasks. Process design and process analysis tasks typically yield
non-linear problems with many continuous decision variables like operating
parameters and discrete decision variables like structural degrees of freedom.
Solving these mixed-integer nonlinear programs (MINLP) is very hard, in gen-
eral. Most often, heuristic or local optimization methods are employed to find
good solutions for MINLP. However, finding a global solution is not guaran-
teed with those methods, making process insight or design decisions prone to
error due to bad local solutions. In contrast, global optimization algorithms
like branch-and-bound-methods are able to prove that solutions are globally
optimal but require more computational effort, in some cases prohibitively so.
In this work, capabilities for process analysis and process design using global
optimization are extended for several applications. Suitable model formula-
tions for solving the considered problems with standard software are provided,
exploiting properties of according models. A method for evaluating compu-
tational effort of solving global optimization problems is proposed, providing
comparability of results through statistical analysis. Multistage separation is
covered in the first set of applications. While standard approaches focus on
countercurrent designs, such restrictions are removed here to allow more gen-
eral configurations. Melt crystallization for a binary mixture is studied as a
benchmark process for multistage separation networks. The parameter depen-
dence of globally optimal solutions is studied and used to derive simple gener-
alized design rules for multistage separation. The initial results are extended
to multistage solution crystallization and multistage filtration, demonstrating
the generalization of results to different separation technologies. As the sec-
ond application, globally optimal flowsheet selection for conceptual process
design is studied with an exemplary process combining distillation and melt

crystallization units.



Zusammenfassung

Mathematische Optimierung wird zunehmend fiir die Prozessentwicklung in
der chemischen Verfahrenstechnik eingesetzt. Dabei fithren kontinuierliche Ent-
scheidungsvariablen wie Betriebsparameter und diskrete Entscheidungsvaria-
blen wie strukturelle Freiheitsgrade oft zu nichtlinearen Optimierungsproble-
men. Gemischt-ganzzahlige nichtlineare Optimierungsprobleme (MINLP) sind
in der Regel sehr schwierig zu 16sen. In den meisten Féllen werden heuristische
oder lokale Optimierungsmethoden verwendet, um gute Losungen fiir MINLP
zu finden. Allerdings konnen solche Methoden nicht garantieren ein globales
Optimum zu finden, wodurch Prozessverstindnis und Entwicklungsentschei-
dungen fehleranfillig gegeniiber schlechten lokalen Losungen werden. Im Ge-
gensatz dazu ermoglichen Algorithmen fiir globale Optimierung, beispielswei-
se sogenannte Branch-and-Bound-Methoden, den Nachweis, dass eine Ldsung
global optimal ist. Dies erfordert jedoch einen deutlich héheren, in manchen
Fillen nicht vertretbaren, Rechenaufwand. In dieser Arbeit wird die Anwend-
barkeit von globaler Optimierung fiir Prozessanalyse und Prozessentwicklung
verschiedener verfahrenstechnischer Prozesse erweitert. Fiir die entsprechenden
Anwendungen werden Modellformulierungen bereitgestellt, die durch Ausnut-
zung der jeweiligen Modelleigenschaften einen vetretbaren Rechenaufwand fiir
globale Optimierung mittels Standardsoftware erlauben. Eine Methode zur Be-
wertung des Rechenaufwands fiir die globale Optimierung verschiedener Mo-
dellformulierungen wird vorgeschlagen. Vergleichbarkeit zwischen den Modell-
formulierungen wird durch statistische Analyse der Ergebnisse erméglicht. Als
erstes Anwendungsgebiet werden mehrstufige Trennprozesse betrachtet. Ge-
genstromkonfigurationen stellen den {iblichen Ansatz fiir diese Aufgabe dar.
Diese Beschriankung wird hier aufgehoben, um auch allgemeinere Konfigura-
tionen zu ermdglichen. Als Benchmark-Prozess fiir mehrstufige Trennprozesse
wird die Schmelzkristallisation von Zweistoffgemischen betrachtet. Die Para-
meterabhingigkeit von global optimalen Losungen wird untersucht und ge-
nutzt, um einfache, allgemeine Entwurfsregeln fiir mehrstufige Trennprozesse
abzuleiten. Die Ergebnisse des Benchmark-Prozesses werden auf mehrstufige
Losungskristallisation und mehrstufige Filtration erweitert. Das zweite Anwen-
dungsgebiet ist die Fliekbildauswahl fiir den konzeptionellen Prozessentwurf
mittels globaler Optimierung anhand eines Beispielprozesses, in dem Destilla-

tion und Schmelzkristallisation verwendet werden.
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Chapter 1

Introduction -
Hierarchical Design Frameworks

and Global Optimization



Mathematical optimization is increasingly used to solve chemical process syn-
thesis and process design tasks. At the same time, complex process design
and process intensification tasks typically lead to optimization problems that
are very difficult to solve due to non-linearity as well as many continuous
and discrete decision variables. Continuously increasing capabilities of both
computers and algorithms have led to many new design methods based on
mathematical programming beside the more traditional methods employing
heuristics and shortcut evaluation. Careful consideration is required on which
method to apply to a given task due to the specific strengths of each method.
Heuristics and shortcut evaluation are computationally easy to solve but often
require restrictive assumptions resulting in limited model validity. Mathemat-
ical programming methods generally require more computational effort but
can be applied to more detailed problems. However, except for specific model
classes, they do not provide a measure for the quality of solutions or guarantee

to find the best solution to a given optimization problem.

Hierarchical Design Frameworks The engineering effort of complex de-
sign tasks may be addressed by combining methods with different degrees of
accuracy and modeling detail [Douglas, 1985, Grossmann, 1985|. Solving de-
sign problems on a low level of detail for the most fundamental decisions allows
for discarding poor designs on that level and significantly reducing the design
space. The problem is then solved again in subsequent steps for successively
smaller design spaces but with added layers of detail. Thereby, the effort of
making needlessly detailed decisions for poor designs is avoided. This con-
cept of a hierarchical decision procedure for process design was proposed in
[Douglas, 1985, 1988|, stating therein that it followed similar ideas from the
artificial intelligence literature [e. g., Sacerdoti, 1974].

Various research groups later followed the hierarchical approach to process de-
sign |e.g., Sargent, 1998, Daichendt and Grossmann, 1998, Kravanja et al.,
2005]. The advantages of using differently detailed variants of a model for
their respective purposes within hierarchical design approaches are discussed
in [Sargent, 2005|, emphasizing that “there is no such thing as a perfect model,
and all that we can hope to do is predict the evolution of a limited set of prop-

erties of the system of interest with reasonable accuracy”.



More recently, the focus shifted from a hierarchy of decisions to a hierarchy of
modeling detail as the approach was formalized in a general process synthesis
framework [Kossack et al., 2006, Marquardt et al., 2008, Kossack et al., 2008].
This is still matching previous work due to the appropriate modeling detail
being determined by the purpose of a model and vice versa. Process alter-
natives are screened quickly based on low-detail models and poor designs are
discarded. The remaining problem is much smaller allowing it to be solved with
more detailed models to further reduce the search space for the best design.
This work is summarized in the context of conceptual design of distillation-
based hybrid separation processes in a recent review [Skiborowski et al., 2013].
A similar approach is used in [Franke et al., 2004, 2008| for the design of hy-
brid separation processes based on distillation and melt crystallization and in
|[Kaspereit et al., 2012] for the design of hybrid processes for the production of
pure enantiomers.

Hierarchical design methods offer the potential of significantly reducing the
effort of solving engineering problems. However, using models with different
levels of detail may change the values of optimal design and operating param-
eters. In other words, decisions based on simple models in early steps of a
hierarchical design framework may not be valid when moving to more detailed
models. Strategies for model simplification that conserve optimal designs |[e. g.,
Daichendt and Grossmann, 1998| and optimization under uncertainty are pos-
sible ways to consider model inaccuracies. A second way decisions in hierarchi-
cal design frameworks are adversely affected is by failing to identify the best
solution of optimization problems with multiple local optima. Optimization
algorithms terminating in poor local solutions may lead to good design op-
tions being discarded, also see [Nallasivam et al., 2013]. The problem of poor
local optima is addressed in this thesis by making decisions based on globally
optimal solutions. However, as outlined below, applying deterministic global
optimization to process design tasks as demonstrated in this work requires

additional consideration due to significant computational effort.



Deterministic Global Optimization Process design and process synthesis

tasks typically correspond to optimization problems of the form

min  f(x)

g(x) <0 (1.1)

with objective function f : X — R, constraints g : X — R and set X C R"
that often include integer restrictions. The aim is to find globally optimal

solutions x* such that
f(x*) < f(x) for all x € S. (1.2)

where S = {x€ X : g(x) <0} is the feasible set.
It should be noted that Equation (1.1) includes problem classes in which any

local solution &
f(®) < f(x)forallz e S:||& —x|2<e, €>0, (1.3)

also represent a global solution, e.g. linear or convex optimization. A simple
example for a convex optimization problem is depicted in Figure 1.1. Efficient
algorithms for solving optimization problems for local solutions are widely
available |Biegler and Grossmann, 2004, Grossmann and Biegler, 2004].

In contrast to that, the scope of global optimization is solving problems with
multiple local optima as sketched in Figure 1.2a, which typically is a diffi-
cult task. Methods for global optimization strongly depend on the structure
of the problem. Specialized algorithms for finding solutions of various highly

structured optimization problems are described in [Locatelli and Schoen, 2013,
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Figure 1.1: Convex function f(z) on convex set S with global minimum (dot).
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(a) Calculation of lower bound (solid line) of objective function f(z) (dashed line)
for original set S and a known feasible or locally optimal solution (dot). Objective

function values are unknown except for selected points.
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(c) Updating best known feasible solution (dot). Discarding subsets not able to

improve best known feasible solution further.

Figure 1.2: Illustration of selected branch-and-bound algorithm steps with tree-like
representation for subdivisions of set S. Solid lines represent underestimators for
objective function f(x) (dashed line). Objective function values are unknown except

for selected points.



Horst and Tuy, 1996]. A commonly applied method for solving more general
optimization problems is given by branch-and-bound (BB) algorithms [Lo-
catelli and Schoen, 2013|, e.g. BARON [Tawarmalani and Sahinidis, 2005,
ANTIGONE [Misener and Floudas, 2014] and SCIP [Achterberg, 2007]. A
graphical representation of selected BB steps is given in Figure 1.2. In short,
BB algorithms calculate feasible solutions and lower bounds of f(x) for sub-
sets of S (Figure 1.2a). Those subsets are successively subdivided in order to
improve the quality of the bounds (Figure 1.2b). Subsets are discarded if their
lower bound is equal to or larger than the best known feasible solution, i. e. if it
is guaranteed that those subsets do not contain better solutions (Figure 1.2¢).
This is repeated until all subsets are discarded and the best feasible solution
is returned as a global optimum. Note that function values are only evaluated
and known at a limited number of points although fully depicted in Figure 1.2.
Lower bound computation is an essential step and therefore an extensive topic
in BB algorithms. For a detailed description, the reader is referred to [Lo-
catelli and Schoen, 2013|. In general, an original problem that is hard to solve
is replaced by a more simple problem to obtain a globally valid lower bound
to the original optimal solution. A common method is to replace nonconvex
objective functions by convex underestimators (e.g. solid line in Figure 1.2a)
and nonconvex sets by convex relaxations. Resulting convex problems are then
solved globally with available algorithms. Underestimators and relaxations are
more accurate on smaller subsets, allowing to discard suboptimal or infeasi-
ble subsets sooner. Therefore, BB algorithms usually apply domain reduction
strategies to reduce the size of subsets in addition to the subdivision strat-
egy illustrated in Figure 1.2b. Choosing constraints that require less variables
may also result in smaller subsets and thus less computational effort. A third
option to reduce subset size is adding redundant constraints, i.e. constraints
that do not change the original feasible set S but are easy to evaluate (e.g.
adding n <2 to a"+b" = ¢" with a,b,c,n € Z* according to Fermat’s Last
Theorem). General branch-and-bound software may not recognize the special
structure or specific properties of a given optimization problem. Therefore,
problem specific properties may be exploited to improve the computational
performance of standard branch-and-bound algorithms.

It should be noted that high complexity, and consequently computational ef-



fort, prevents many problems from being solved with BB algorithms [Locatelli
and Schoen, 2013]. In practice, such problems may be approached by searching
for good local solutions with heuristic methods, e. g. multistart heuristics. Al-
though these methods may find good solutions, they do not give global bounds
to evaluate the quality of solutions or guarantee to find a global solution. A
brief introduction of widely-used methods for such problems is given in [Biegler
and Grossmann, 2004, Grossmann and Biegler, 2004|. Heuristic methods are
not studied further here, since the scope of this work is to extend capabilities

to globally solve engineering problems with deterministic methods.

Outline of the Thesis As discussed above, it is computationally expensive
to solve complex design tasks directly for all necessary decisions. The direct
approach is currently only tractable, at best, for local or stochastic algorithms.
As an alternative strategy, hierarchical design frameworks allow utilizing de-
terministic global optimization whenever it is computationally feasible and
switching to other methods when the computational effort becomes too exces-
sive. With this approach, it is guaranteed that the most fundamental decisions
for design tasks are not adversely affected by poor local optima. In particular,
identifying global optima renders repeated optimization for the same problem
obsolete since, by definition, no better solution exists.

In this thesis, the application of deterministic global optimization to concep-
tual, first principles process models within hierarchical design frameworks is
proposed. By exploiting problem specific properties, model formulations are
provided that allow analysis and design of selected processes based on glob-
ally optimal solutions with more detailed models than previously published.
Chapter 2 covers the topic of evaluating model formulations with regard to
suitability for branch-and-bound algorithms. The methods developed in that
chapter are used in following chapters for model evaluation. In Chapter 3,
multistage separation networks are analyzed based on globally optimal solu-
tions. Usual restrictions to countercurrent configurations are removed to allow
for alternative network designs. Suitable model formulations are provided and
results are compared for three different separation processes. Chapter 4 com-

prises a case study for the process design task of flowsheet selection, again



based on globally optimal solutions. Conclusions and future perspectives fol-

low in Chapter 5.

Parts of this work are published in the following contributions:
[Ballerstein et al., 2011, 2014, Kunde and Kienle, 2015, Kunde et al., 2016,
Mertens et al., 2016].



Chapter 2

Evaluating Computational Effort
of Global Optimization
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2.1 Introduction

In the following chapters, model formulations suitable for global optimization
will be provided and evaluated. A measure for computational performance
is required for evaluating model formulations and may be given by the CPU
time needed for an optimization task. The CPU time needed for a given task
depends on many parameters, starting with the hardware and software config-
uration of a computer system. In context of branch-and-bound algorithms, the
properties of an optimization problem are also important. The dimension and
solution landscape of the optimization problem, the applied algorithm as well
as desired numerical accuracy will influence the required CPU time. Keeping
all other influences fixed still leaves random effects like memory access times.
In this chapter, the suitability of the CPU time as a measure for computational
performance is assessed. GAMS 24.6.1 (Linux, 64bit) is applied with the global
solver BARON 15.9.22 utilizing CPLEX 12.6.3.0 and CONOPT 3.17A as sub-
solvers on a standard desktop computer with an Intel(R) Core(TM) i7-3770
CPU @ 3.40GHz. The CPU time used in the following studies is the CPU
time reported by BARON.

Note that quantitative results presented in this work are only expected to be
comparable to results obtained with identical or very similar hardware and

software configurations under equal conditions.

2.2 Reproducibility

The capability to reproduce results keeping the entire setup constant is checked
by repeatedly solving the nonlinear problem “gsg 0001” from MINLPLib2
[MIN, Bussieck et al., 2003|, a library providing benchmark problems for
mixed-interger nonlinear programming and nonlinear programming. A global
solution to the optimization problem is calculated beforehand and provided
as an initial point. Solver options are kept at default values except for re-
served memory (GAMS option “m.workspace=2%1024"), relative gap between
primal and dual solution (GAMS option “opter=0.0001") and local search be-
fore branching (BARON option “NumLoc 07).

Since prior information on the distribution of required CPU times is not avail-
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able, information on percentiles of this distribution is evaluated. A short
overview on this method is given in [Schmid and Huber, 2014|. The probabil-
ity of some percentile P, lying between two values of a sorted list of random
samples x;, i =1,..., N is described by a binomial distribution. The confi-
dence P that a percentile P, lies above (or below) a sample z,, for a number

of measurements N is then calculated as

P{xm < Pp} = P{xN—m—&-l > Pl—p}

m-1 2.1
=1-> (ZZ) p* (1 =p)N*. =0

k=0
2.2.1 Single Core Operation

In Figure 2.1, the distribution of 500 samples for the CPU time required for
solving “gsg 0001” [MIN, Bussieck et al., 2003] is plotted together with 99 %
confidence intervals for the median M = Py 59, Fy.2275 and Py 7705 of the true
CPU time distribution. This means, with 99 % confidence, less than 5% of the
distribution lies outside the range of 223.51 s to 225.3s. These error bounds are
small compared to the median value. CPU time measurements for a constant

setup are therefore considered reproducible.

0.04¢
0.03¢

0.02¢

0.01}

o LI ”'”” 00 0 A0 01

223.5 224 224.5 225 225.5
CPU time reported by BARON / s

relative frequency / 1

Figure 2.1: Sample distribution of CPU time reported by BARON for solving
“gsg 0001”7 and 99 % confidence intervals for the median (white box), Py 2275 and
Py.o7725 (whiskers) of the true CPU time distribution.

Note that P 2075 and Py 97705 correspond to p— 20 and p+ 20 for a normal dis-

tribution, with mean value p and standard deviation o. However, the sample
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distribution does not resemble a normal distribution and therefore calculations
based on that assumption are not expected to be accurate. A larger sample

size would be necessary to validate this observation.

2.2.2 Multi Core Operation

The CPU of the utilized computer has four processor cores. This can be facil-
itated to reduce computational effort by spreading calculations over different
cores. To study the influence of multi core operation on the CPU time distribu-
tion, instances of “gsg 0001” [MIN, Bussieck et al., 2003] are solved repeatedly
in four parallel queues. Only instances of the first queue are taken as samples,
so no pair of samples is calculated at the same time.

In Figure 2.2, the distribution of 500 samples for the CPU time required for
solving “gsg 0001” in parallel with three other instances of the same task
is plotted together with 99 % confidence intervals for the median M = P 50,
Po.02275 and Py g7725-

The median CPU time is higher for multi core operation than for single core

0.05

0.04}
0.03¢

0.02¢

0.01¢ A
o L ?””W\nﬂn L. 0 I

236 236.5 237 2375 238 2385
CPU time reported by BARON / s

relative frequency / 1

Figure 2.2: Sample distribution of CPU time reported by BARON for solving
“gsg 0001”7 in parallel with three other tasks and 99 % confidence intervals for the
median (white box), Py 2275 and Py gr7es (whiskers) of the true CPU time distribu-

tion.

operation. However, in both cases the range of values deviates little from the
respective median. Therefore, solving optimization tasks in parallel is deemed

suitable for comparing CPU times as long as the number of active queues is
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constant.

It should be noted that there is a BARON option to utilize parallelization for
solving linear subproblems, which is generally the step with the highest overall
CPU time demand. This option is not further studied here, since only cases
which allow running entirely parallel instances of GAMS are considered in this

work.

2.3 Influences of Solver Characteristics

Beside obvious factors such as hardware, software, solver parameters, dimen-
sion of the problem and characteristics of the solution landscape, the computa-
tional performance of branch-and-bound algorithms also depends on seemingly
performance neutral properties. For instance, branching requires prioritiz-
ing variables over others. Insufficient information for distinguishing possible
choices may be resolved with information from the programming code. Thus
the order in which variables are declared in the programming code may influ-
ence branching decisions and therefore computation time significantly although
it does not change the optimization problem itself. So whenever some perfor-
mance indicator like total number of iterations or CPU time is used to evaluate
the computational effort for an optimization problem, the result is also influ-
enced by those seemingly neutral properties. In [Koch et al., 2011], this be-
havior, called “performance variability”, is described for solving mixed-integer
programs. An indicator for the performance variability is introduced in [Koch
et al., 2011] by the standard deviation divided by the average. To take non-
normal distributions into account, percentiles as defined above are used in this
thesis also for characterization of performance variability. Performance vari-
ability is illustrated in the following for random permutations of the order of
declaration for equality and inequality conditions of “gsg 0001”, solved in four
parallel queues. Solver options are kept at default values except for reserved
memory (GAMS option “m.workspace=2%1024"), relative gap between primal
and dual solution (GAMS option “opter=0.0001”) and, for BARON only, local
search before branching (BARON option “NumLoc 0”). Initial solutions are

global optima as calculated using the respective solver combination.
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2.3.1 BARON/CPLEX/CONOPT

Figure 2.3 shows the distribution of 800 samples for solving “gsg 0001” with
random permutations of the equation order using BARON with CPLEX and
CONOPT as subsolvers. Based on the given samples, a normal distribution
is unlikely. The interval including 95% of the true distribution with 99 %
confidence according to Equation (2.1) stretches from approximately 60s to

850 s, over one order of magnitude.

o
=

o
o
®

©
o
=

]

H”MMWM{LMM, S
0 500 1000
CPU time reported by BARON / s

relative frequency / 1
o
o
(e}

o
o
V)

o

Figure 2.3: Distribution of CPU time reported by BARON for solving 800 instances
of “gsg 0001” with random permutations of equation order and 99 % confidence
intervals for the median (white box), Pyo2e7s and Pygrres (whiskers) of the true
CPU time distribution.

2.3.2 Other Solvers

Figure 2.4a shows the distribution of 800 samples for solving “gsg 0001” with
random permutations of the equation order reported by BARON using CLP
instead of CPLEX. SCIP 3.2 with CPLEX 12.6.3.0 and IPOPT 3.12 is used for
Figure 2.4b. The results show that large variations of the CPU time for random

permutations of the equation order also occur for those solver combinations.

2.4 Conclusion

The computational effort for an optimization task strongly depends on param-

eters like equation order and order of variables. Those parameters can not be
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kept constant when the computational performance of two different formula-
tions of the same optimization problem is compared, e. g. for adding redundant
equations or eliminating intermediate variables. Therefore, comparing single
measurements gives only weak evidence on whether some problem formulation
requires less computational effort or not. More reliable results are achieved by
statistically evaluating influences on the computational performance, which is
applied in subsequent chapters of this thesis. All tested solver combinations
show the same behavior, thus only the combination of BARON with CPLEX

0.1¢
—
> 0.08
(8]
c
S 0.06
2 0.
g
004y o oy
g ‘ ‘ ‘
© 0.02 S RETERIEEETRERTRTRIEEREE
anh'mmTMmrhmnm o o i o d
500 1000 1500 2000
CPU time reported by BARON / s
(a) BARON using CLP and CONOPT
—
< 0.06}
(8}
c
(O]
=]
g 0.04 ¢
o .
= 1
F 0.02} S
g ‘ ‘ ‘
O HH“]'I'””HH odlm  mo oo I
100 200 300 400

solving time reported by SCIP / s

(b) SCIP using CPLEX and IPOPT

Figure 2.4: Solver comparison. Distribution of CPU time and “solving time” for
solving 800 instances of “gsg  0001” with random permutations of equation order and
99 % confidence intervals for the median (white box), Py.g2275 and Py 97725 (whiskers)

of the true distribution.
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and CONOPT will be applied throughout the rest of this work.



Chapter 3

Analysis of Multistage Separation
Networks

17
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3.1 Introduction

Process synthesis and design aims at reducing operational and investment costs
of industrial processes. Product separation and purification is an essential step
in chemical processes and responsible for a significant part of the overall costs.
Multistage separation is applied if a single separation step does not fulfill yield
or purity requirements. Standard approaches to multistage separation focus on
countercurrent configurations. However, due to the restricted process topol-
ogy, this process configuration may be suboptimal. Relaxing restrictions on
process topology also allows new and possibly more efficient process config-
urations. Global deterministic optimization is used to identify novel process
configurations that are guaranteed to achieve the best objective values and to
analyze the behavior of globally optimal solutions of the model with regard
to parameter values. Based on this insight, promising candidates or design
strategies are provided for higher steps of hierarchical design frameworks with
more detailed process models.

This chapter is structured as follows. First, melt crystallization for a binary
mixture is studied as a benchmark process for multistage separation networks.
The mathematical description of this process is chosen sufficiently simple to
enable detailed parameter studies of globally optimal multistage separation
designs. The results obtained for melt crystallization are then extended to
multistage solution crystallization and multistage filtration, demonstrating the

generalization of results to different separation technologies.

3.2 Melt Crystallization

Crystallization processes are based on generating supersaturation in a liquid
phase as a driving force for crystal growth. Resulting crystals generally have
a composition different from the original melt, enabling the separation of the
components of a mixture. The solubility of components in a mixture and there-
fore supersaturation depends on factors such as composition, temperature and
pressure. The process class of melt crystallization refers to crystallization in
liquid mixtures without a dedicated solvent by means of a temperature de-

crease. Melt crystallization is used for product purification and separation
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in chemical processes, with solid layer melt crystallization being a subclass
of crystallization in which melt flows over cooled surfaces to generate crystal
layers. This process often requires large equipment sizes for corresponding sur-
face areas. However, product separation can be implemented just by draining
remaining melt from the crystal layer before melting and collecting it sepa-
rately. An overview on different processes using solid layer melt crystallization
is given in [Ulrich et al., 1996].

3.2.1 Process Model
Single Units

The phase behavior of the mixture considered in the following model, see Fig-
ure 3.1, is that of a binary eutectic system. The crystal layer is assumed to
incorporate impurities from the liquid melt, preventing the process from gen-
erating a pure crystal product in a single step. During solid layer melt crystal-
lization, the melt is cooled down to the crystallization temperature (Figure 3.1:
1) at a surface and a solid layer starts to form. The solid layer has a differ-
ent composition than the melt, resulting in selective removal of one of the
components from the melt. As the crystal layer grows, the composition and
therefore also the crystallization temperature of the melt successively change
(Figure 3.1: 2). Due to increasing impurity concentration in the melt, newly
formed crystal product has more impurity inclusions than previously formed
layers (Figure 3.1: 3), resulting in a non-uniform composition of the overall
crystal layer.

The model applied here is based on the distribution of impurities between crys-
tals and remaining melt for constant process conditions, e.g. for very small
amounts of crystal product, using the differential distribution coefficient kqig
[Lewis et al., 2015]. It is defined as

Wimpurity
ki = —22 (3.1)
Timpurity

with the molar fraction of impurity in the crystal product wimpurity and in the
melt Timpurity. Lhe differential distribution coefficient k4;g needs to be less than

one for a reduction of impurity in the crystal product compared to the melt.
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Figure 3.1: Exemplary phase diagram for an eutectic system with progression during
crystallization due to cooling. The dashed line marks impurity inclusions in the solid

phase instead of ideally pure component B.

Note that the distribution coefficient can also be defined using weight fractions,
as in [Wellinghoff and Wintermantel, 1991].

Due to the non-uniform crystal layer composition, the overall distribution of
impurities deviates from the differential distribution coefficient and is given by

the integral distribution coefficient

mean

W: .

o Impurity

kint —  .feed ) (32)
impurity

with the average molar fraction of impurity in the overall crystal product
i?f;&lrity

feed
impurity *

w and the mass fraction of impurity in the melt before crystallization

x The integral distribution coefficient describes the separation efficiency
of solid layer melt crystallization without explicitly calculating the transient
behavior of the process.

In this thesis, the impurity distribution is described by a constant differential
distribution coefficient as in [Wellinghoff and Wintermantel, 1991] and [Micovic
et al., 2013]. For kgg = const., the integral distribution coefficient depends
solely on the yield Y, i.e. the ratio of crystal product amount to amount of
melt before crystallization, and is calculated as follows, see Appendix A.
1—(1—Y)han

Y

kint - (33)

For a yield Y approaching zero, the integral distribution coefficient ki, ap-
proaches the differential distribution coefficient kq;¢. The integral distribution
coefficient increases with yield, up to ki, (Y'=1)=1. This means separation is
most efficient for low yields and there is no separation if the entire feed is crys-

tallized. Note that the integral distribution coefficient does not comprise any



21

temperature dependence and therefore restrictions due to the eutectic point
are implemented separately as outlined further below.
The model equations describing the separation according to Wellinghoff and

Wintermantel [1991] for each single stage n = 1,...,n*"

.

as in Figure 3.2 read

zimp,n

L, 1
Ximp,n

Figure 3.2: Single melt crystallization unit with feed molar flow F},, crystal product
molar flow .S, and liquid remainder molar flow L,, with corresponding impurity molar

fractions.

Sn = YnFna Wimp,n = kint,nzimpr
Ln = Fn - Sn7 ximp,nLn = Zimp,nFn - wimp,nsn; (34)
kint,n Yn =1- (1 - }/n)kdiﬂ P

with crystal yield Y,, € [0,1] and integral distribution coefficient iy, € [0, 1].
The molar fraction of impurity in the feed is denoted by zimp.n, in the crystal
product by Winp,, and in the liquid remainder by Zimp,. Molar flows are de-
noted as F;, for unit feeds, 5, for crystal product and L,, for liquid remainder.
Physical restrictions due to the eutectic point and technical restrictions due
to a minimum cooling temperature pose additional model constraints. The
minimum cooling temperature is equivalent to a maximum molar fraction of
impurity based on the solid-liquid equilibrium. The more restrictive of both,
eutectic composition and temperature-based maximum impurity concentra-

max

tion, gives an upper bound z** for molar fractions of impurity in the melt

imp
Timp,n ON each single stage n =1,... ,nCr.
max Cr
Tip > Timpn, N =1,...,n (3.5)

The yield Y is further restricted for non-zero feed impurities. Rewriting Equa-

tion (3.4) gives
Timp = (1 — Y )kt 5 . (3.6)

If the molar fraction of impurity in the liquid remainder iy, is bounded from

above, e.g. by the eutectic composition, the yield Y is also bounded from
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above by a value less than one. However, Y =1, i.e. total crystallization, is
feasible for this model since L=0 in that case and therefore x;,,, is not defined.
The crystallization model comprises Equation (3.4). Equation (3.5) is imple-

mented as bounds to the respective variables.

Network of Crystallizer Units

A crystallizer network with stages n=1,...,n% numbered downwards as in

Figure 3.3 is considered. Recall that each stage n separates a molar feed flow
F, into crystal product S,, and liquid remainder L,, with molar fractions of the
impurity denoted as Zimpn, Wimp,n and Timpn, respectively. The feed of each
stage F), is the sum of all crystal product flows S and liquid remainder flows
L connected to that stage and, if applicable for that stage, the crystallizer
feed flow F™mcr. The distribution of the feed flow and connections between
stages are implemented using binary variables e e {0, 1}, Blsm e {0,1}
and G, € {0,1}, n=1,...,n%, I=1,...,n%. The variables g’ 37 and
Bﬁn attain a value of one if and only if the feed enters at stage n, the crystal
product output of stage [ is fed to stage n and the liquid remainder output of

stage [ is fed to stage n, respectively. The mass balance equations for the feed

of each stage n = 1,...,n"" then read
nCr nCr
Fn — FIncrﬁglnCr + Z Slﬁls,n + Z Llﬁl%n? (37)
=1 1=1

n n
Incy ping, glncy S L
Zimp,n Fn = 1m(;) Fe /8 o+ E Wimp,l Slﬁlm, + § Limp,l Llﬁlm- (38)

It is ensured that the feed enters exactly one stage by

nz Blner — 1, (3.9)

n=1
The output flow of each stage is connected to exactly one stage input or one

crystallizer product output by

Zﬁln +BS Outle: 1, 1=1,... ,nCr, (310)

Zﬁln + 6L Out2c: ’ [ = 17 o ’nCr’ (311)
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with ﬂls’ouucr € {0,1} attaining a value of 1 if and only if the crystal product
output of stage [ is connected to output Outle, and with BZL’OUQCY € {0,1}
attaining a value of 1 if and only if the liquid remainder output of stage [ is
connected to output Out2c,. The product flows are then calculated as

nCr

FOUtlcr — Z BS,Outlcrsvn7
=l (3.12)

nCr

Out2c, __ E L,Out2¢c;
F = Bn c L?’H

n=1

nCr

Outlc Outlcy _ S,Outlc
Zimp "F f= Zﬁn 1r’wimp,n Sn;

n=1
" (3.13)
Out2¢y Out2c, L,Out2¢,
Zimp F - Z 571 Timp,n Ln
n=1

It is required that each stage has at least one input.

nCr

S+ BE) + B> 1, n=1,.. 0" (3.14)

=1

By definition, the stages are ordered in terms of purity of the stage feed.
Zimp,n < Zimp,n+1, N = 17 oo ’nCr —1 (315)

Recall that a process for separating mixture with two components is considered
here. Therefore, the crystal output flow of each stage has a smaller impurity
concentration compared to the respective feed flow and the liquid remainder
an increased impurity concentration. Since remixing of already purified flows
reduces efficiency, possible connections for crystal outputs are limited to stages

closer to the respective overall product outlet by additional constraints.

st,’n:() forall 1<i<n, n=1,...,n% (3.16)

ngn:O forall n<1<n®, n=1,...,n% (3.17)

All potential connections within the crystallizer network used in this work
are illustrated in Figure 3.3 (a) for a fixed number of stages n“* = 3. The
countercurrent cascade depicted in Figure 3.3 (b) will serve as the benchmark

for any other configuration within this superstructure.



24

FOuﬂC,TzimlSnC,

,:Ouﬂcr Zi%;ﬂC’ _— =1
e n=1
b [
F'nr
o n=2
n=2 Zimg"
l
Fl:cr = 7 [~ T l
Zimgr ) :
3 L]
N= 1
|
] <]
—] n=n®
-
( ) FOutZC,I zi%;tz(;, (b) FOmZC,l zi?]gtzc,
a

Figure 3.3: (a) Crystallizer network consisting of n®" = 3 stages with arbitrary
configurations. (b) Countercurrent crystallizer cascade with n®* stages and arbitrary

feed stage (BZSJ_I =1,1=2,...,n°, 5h+1 =1,1=1,...,n% —1, Bf’OUtlcf =1,

L,Out2¢c,
BnCr

= 1). |Reprinted from Kunde et al., 2016, with permission from Elsevier|

Material balances for the overall separation network are included implicitly
in all material balances for the single units and the connections between units.
The overall material balances are added to the model as redundant equations

to tighten the model description.

F1Incr — FOutlcr + FOUtQCr (318)
Incy pIng, _ . Outley 770Outlc, Out2¢cy Out2c,
Zimer = Zimp L + Zimp (3.19)

The separation network model comprises Equations (3.8)-(3.15) and (3.18)-
(3.19). Equations (3.16)-(3.17) are implemented as bounds to the respective

variables.

Objective Function

Process costs are determined according to correlations from [Towler and Sin-
not, 2008]. The cost function accounts for annualized installed investment
costs of the crystallizer vessel as a heat exchanger, a storage tank for each
crystallization stage with the same capacity as the crystallizer and for the en-
ergy costs of the process. The capacity of the crystallizer is calculated as in
[Franke et al., 2008] and the required cooling according to [Wellinghoff and
Wintermantel, 1991, Franke et al., 2008]. The resulting total annualized cost
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function is written in a condensed form as

nCr nCr
Jrac = (a1 Z S, s mol™ + ay + ncr(ag(z S, s mol™)™ +az)) $a’. (3.20)
n=1 n=1

Note that economic cost functions in the conceptual phase of a hierarchical de-
sign framework describe the qualitative behavior of process costs with respect
to model variables and give an estimate of the order of magnitude of the actual
costs. More detailed process models in higher steps of such a framework allow
for more detailed cost estimations.

The cost function Jrac is monotonically increasing with 2221 Sp. Therefore,

C

for fixed values of stages n®* and feed flow F'™¢r, economic cost is minimized

by minimizing crystallization effort Js [Mersmann, 2001].

Cr
D one1 S
Js = # (3.21)
The optimization problem is solved first with respect to the crystallization ef-
fort Js for each total number of stages n® = 1,...,n°"™%_ Then the total

number of stages with the lowest total annualized cost Jrac is selected as a

globally optimal solution for the original cost function.

3.2.2 Reformulation

Branch-and-bound algorithms rely on calculating globally valid bounds to the
optimal objective value in each region of the search space. Such strong state-
ments to optimality of solutions compared to local optimization coincide with
increased computational effort. The computational effort for branch-and-
bound algorithms scales with the number of variables and nonlinearities as
well as the types of nonlinearities. Models written for specific purposes other
than global optimization usually have different requirements, e.g. variables
are chosen for readability or explicit equations are preferred for simulation
tools. Model formulations efficient for simulation may be inefficient for global
optimization, which offers potential for model reformulations. A reformulation
of the crystallization model with simpler and less nonlinear terms than in the

the original version is supplied in this section.
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The main idea for this reformulation is using molar flows of impurities defined
by

Simpm, = wimp,nsna Limp,n = Iimp,nLna Rmp,n = Zimp,nFna (322)

instead of molar fractions.

Single Unit
Using Equation (3.22), the distribution of impurities is given by
Simp,n = kint,n Yn Emp,n = (1 - (1 - Yn)kdiﬂ) Emp,n' (323)

A new variable Y, € [0, 1] is introduced as

Y,=1-Y, (3.24)

to write the set of equations for the crystallizer that replaces Equation (3.4).

C

For each stage n =1,...,n"", we have

_ Vkai —
Limp,n - Yn dlﬁEmp,n; Simp,n - Emp,n - Limp,na

(3.25)
L,=YF, S, = F, — L,.

Il
~h

Note that these definitions correspond to a yield for liquid remainder Y and the
distribution of impurities to the liquid remainder. So for a yield Y =1 we have
no crystal product and all impurity stays in the liquid. Corresponding to the
crystal yield in the original model formulation, the yield for liquid remainder
is restricted by upper bounds to the molar fraction of impurity in the liquid.
However, the case of Y =0, i.e. total crystallization with no liquid remainder,
is feasible for this model although it is not reasonable for a real process.

Equation (3.5) is rewritten in terms of molar flows as

T [0 > Limpm, n=1,...,n%. (3.26)

imp

Network of Crystallizer Units

Molar fractions in Equation (3.8) are substituted using Equation (3.22) to

obtain

nCr nCr
Emp,n = F’iﬁgrﬁincr -+ Z Simpylﬁls’n + Z Limp,lﬁll:n (327)
=1 =1
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for each n =1,...,n"", and in Equation (3.13) to obtain
nCr
Fowler = gooutleng oo (3.28)
.
Fn?er =N = L0 Ly, (3.29)
n=1

Incy
imp

Molar fractions are still used for the inlet composition z

Outlcy Out2c,

mp - and z 7. Quantities at the inlet of the separation

and the product
specifications for z
network are constant parameters. The impurity molar flow at the inlet is

calculated by

Flncr _ ZInCrFInCr. (3.30)

imp imp

Additional equations for the outlet compositions are introduced as

Outlcy _ _Outley pOutla,

Emp - zimp F ) 331)
Out2¢,y _ _Out2¢, pOut2¢,

FOuer — ;Out2er pOuizer, (3.32)

Equation (3.15) is rewritten in terms of molar flows as

Fupn Frni1 < Fapmg1 Fny, n=1,...,n% —1. (3.33)

3.2.3 Redundant Configurations

The melt crystallization model used in this work allows that different net-
work configurations have the same optimal objective value. This includes
redundant configurations not meaningful for process design as well as sets of
meaningful configurations that can not be discerned using the given level of
modeling detail. Some of the most simple cases of redundancies are excluded
from the search space by additional constraints, e.g. Equation (3.14) prevents
isolated stages without any incoming connections. For larger separation net-
works, redundant structures become more complex, e.g. isolated groups of
stages without connections to the feed or the product outlets of the separation
network. Complex constraints to address such structures increase the model
size and thus may increase the computational effort for global optimization.
In this work, instead of removing all redundant configurations from the search

space, possible sources of redundancy are discussed and according solutions
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are removed from optimization results.

One source of redundancy considered are inactive stages, i.e. stages with zero
crystal yield. Adding inactive stages to a configuration does not change flows
between the original stages. Therefore, the crystallization effort is the same
as without additional inactive stages, creating redundant globally optimal so-
lutions when using the crystallization effort as objective function. This type
of redundancy is treated by solving the problem for each possible number of
stages and selecting the globally optimal solution with the lowest number of
stages.

Economic cost of the process according to Equation (3.20) increases with in-
creasing stage number. Therefore, adding inactive stages does not introduce
redundant globally optimal solutions when minimizing economic cost.

A second source of redundant solutions are groups of stages isolated from the
overall feed or overall product outlets, e. g. Figure 3.4. If isolated stages have
nonzero crystal product flows, according solutions are suboptimal due to in-
creased economic cost as well as crystallization effort and therefore are not
included in the set of globally optimal solutions. If isolated stages have zero

crystal product flow they are treated the same as inactive stages.

fn=1

n=2

ey

n=4

|

Figure 3.4: Example for redundant configurations. Group of stages n=1{2,3} does

not have an overall feed.

Another source of redundancy is that a single crystallizer stage can be re-
placed by two stages with the same overall product flows and crystallization

effort as shown in Figure 3.5. Both configurations are equivalent with regard
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n=1

e ]

(a) by

Figure 3.5: Equivalent (sub-)configurations when optimizing crystallization effort:

(a) Single crystallizer stage. (b) Two-stage crystallizer cascade.

to crystallization effort and product flows for
Y/l ?2 = Y/single (334)

with the liquid yield of the single crystallizer f/single and the liquid yields of
the two crystallizer stages 17172. This is verified for equal overall feed flows
Fy = Fyinge as follows.

The liquid product flows Ly and Lgpgle are equal according to
L2 = 372 F2 = }72 Ll = Y/l Y/Z Fl = Y/'single Fsingle = Lsingle (335)

Correspondingly, equality is shown for the liquid impurity flows Liype and

Limp,single .

_ vkaim _ Vvkaig vkais _ vkais _
Limp,2 - sz Emp,2 - le YQ Emp,l =Y, Emp,single - Limp,single (336)

single

The crystal product flows then have to be equal due to mass conservation.

Finally, crystallization efforts S| + Sy and Sgingle are equal according to
Sl + S2 = Fl - L2 = (1 - Y/l }72) Fl = (1 - {/single) Fsingle = Msingle- (337)

This type of redundancy is also treated by identifying the globally optimal so-
lution with the lowest number of stages and does not occur when minimizing
economic cost.

The redundancies discussed above only create multiple globally optimal so-
lutions if the crystallization effort Jg is used as the objective function, since
the number of stages increases for those redundant configurations. In con-
trast, multiple globally optimal solutions with regard to economic cost Jrac
require that the crystallization effort as well as the number of stages are equal.
Multiple solutions of this type are discussed together with the results of the

following computational studies.
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3.2.4 Computational Studies

This section deals with computational results based on the model formulations
for multistage melt crystallization given above. In the first part, the compu-
tational effort for solving the original model formulation and the reformulated
model is evaluated. The more efficient of both model formulations is used
in the second part for a comprehensive analysis of model behavior based on

parameter studies of globally optimal solutions.

Computational Effort

The CPU time required using the original formulation and the postulated
reformulation for fixed n®" is evaluated by minimizing the crystallization effort
Js for 800 model instances with random permutations of equation order, binary
variable order and positive variable order, similar to Chapter 2. Parameters
used for this test are given in Table 3.1. Solver options are kept at default
values except for reserved memory (GAMS option “m.workspace=2%1024"),
relative gap between primal and dual solution (GAMS option “opter=0.0001")
and local search before branching (BARON option “NumLoc 0”). A globally
optimal solution for each formulation is calculated beforehand with the same
solver and options and provided as an initial point. Doing this reduces the
optimization task to calculating lower bounds to prove global optimality of
the provided solution. Finding good local solutions as upper bounds to the
objective function is thereby removed as an influence on the computational
effort.

Table 3.1: Parameter and domain specifications for comparison of computational

effort between original model formulation and reformulation.

parameter value variable domain
kag 0.3 oo [0,0.01]
Zmor 0.7 ZowZer[0.89, 1
Fer 1molst 2z Y,k [0,1]
R 0.9 S,L,F [0 mol s’ 20 mol s
nC 4 3 {0,1}

As depicted in Figure 3.6, the median CPU time required for solving the
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reference case is reduced by one order of magnitude by using the reformulation.

Thus, the reformulated model is used in the following parameter studies.

Parameter Studies

Model parameters affecting the optimal configuration of a crystallizer network
are the differential distribution coefficient kg, the feed concentration of im-

Outlor ,Out2er and, if applicable, the

purity z™cr, the product specifications z
parameters of an economic cost function. The eutectic composition is implic-
itly included in this set of parameters by limiting feasible values for the feed
composition and product specifications. A comprehensive characterization of
optimal solutions for the considered melt crystallization model is given in this
section using parameter studies for the differential distribution coefficient and
the feed composition for both low and high product yield and purity. For each
case, the optimal design of countercurrent cascades is discussed as a reference
for potentially better alternative designs. Then, alternative designs with bet-
ter objective values than the countercurrent design are analyzed. Based on the
results, simplified criteria for optimal design of multistage melt crystallization
processes are given.

In Case 1 and Case 2, optimal configurations with regard to economic cost are
presented for mixtures of isomers 2-methylundecanal and n-dodecanal. Physi-
cal data of this mixture and some analysis of modeling approaches and model
behavior based on local optimization is available in [Beierling and Ruether,
2012, Micovic et al., 2013, Beierling et al., 2014]. Weight fractions used in
these publications are equivalent to molar fractions used here since mixtures
of isomers are considered. Economic cost parameters comprise information
about specific physical parameter values of a mixture and equipment restric-
tions. Here, it is assumed that the same set of parameters, given in Table 3.2,
can be applied to the whole range of feed and product specifications as well as
separation efficiencies.

Determination of accurate economic cost is highly dependent on many, proba-
bly uncertain, problem-specific parameters. For instance, the ratio of operating
cost to investment cost in Case 1 and Case 2 depends on energy prices, which
are not related to any process variables but depend on the country a plant

is operated in. Therefore, more general performance indicators are needed
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Figure 3.6: Distribution of CPU time reported by BARON for solving 800 instances
of the crystallizer model with random permutations of equation and variable or-
der and 99 % confidence intervals for the median (white box), Py 2275 and Py o772
(whiskers) of the true CPU time distribution.
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Table 3.2: Parameter specifications for economic cost function.

parameter value  parameter value

a; 86849 ay 0.7
ay 5215 as 21232
as 1605.7

to compare optimization results for different processes. The total amount of
crystal product required to separate a given feed according to yield and purity
specification is a suitable measure of the required processing effort for this task.
The crystallization effort influences both operational cost and equipment size,
and it has comparable counterparts in other separation technologies. Thus, in
Case 3, multistage crystallizer networks that are optimal with regard to the

crystallization effort are analyzed.

Case 1: Low Product Yield and Purity The optimal multistage crystal-
lizer configuration is determined by minimizing crystallization effort Jg for each
number of stages n®* = 1,2, 3, 4 and selecting the number of stages with lowest
economical cost Jrac, see Section 3.2.1. This is repeated for each considered
pair of differential distribution coefficient and feed composition. Parameter
specifications and domain specifications for variables are given in Table 3.3.
The configuration with the lowest objective value is chosen from each set of op-
timal configurations with different numbers of stages and otherwise identical
parameter values. If configurations with equal objective values are encoun-
tered, the configuration with the lowest number of stages is chosen. Objective
values within 1% of the value of the chosen configuration are considered equal
to account for numerical imprecision. Solver options are kept at default values
except for reserved memory (GAMS option “m.workspace=2%1024") and rel-
ative gap between primal and dual solution (GAMS option “opter=0.0001").
Feasible initial solutions are not provided.

In the following figures, each differently colored region represents a different
globally optimal configuration of a crystallizer cascade or some property value
of such a configuration, e.g. feed stage or number of stages. Each white dot

represents a set of parameters for which a global optimum is determined. The
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Table 3.3: Case 1. Parameter and domain specifications for influence of parameters

on globally optimal configuration.

parameter value variable domain
kae  {0.01,0.02,...,0.5}  zpw'er [0,0.05]
zms {0.06,0.08,...,0.84}  zowZer [0.85,1]
Fmer 1 mol s z, Y,k [0,1]
e 0.9 S,L,F [0 mols*, 20 mol s
n“ {1,2,3,4} g {0,1}

feed composition is normalized to the product specifications according to

ZIHCr —u (ZQUtlcr)
Jnee . Cimp P imp_ (3.38)
norm t2¢r tlopy © .
10(Zignp ") — uP(Zigm )
The molar fraction of impurity in the feed flow zilflfj is limited by the normalized

feed impurity 2c: € [0,1]. Outside of that interval the feed already fulfills
product specifications and crystallization is not necessary.

First, the optimal design of countercurrent crystallizer cascades is discussed.
Values of binary variables are restricted according to Equations (3.39)-(3.42)

to limit the search space to countercurrent cascades.

6ls,l—1:17 l:2a"'7ncr7 (339)
6l1:l+1:17 l:]-a"'7ncr_ 17 (340)
oo = 1, (3.41)
e =1 (3.42)

The configuration of a countercurrent cascade is fully characterized by the
number of stages and the feed stage position.

In Figure 3.7, parameter regions with different optimal numbers of stages are
depicted. Sufficiently low product purity requirements (i.e. crystal product
specification close to the feed composition) and high separation efficiency (i. e.
small values for the differential distribution coefficient) allows separation of a
mixture with one crystallization step. This case is represented by the lower
left region of Figure 3.7. With increasing purity requirements and decreasing
separation efficiency, more stages are necessary for a separation task. The

optimal number of stages increases accordingly with increasing normalized
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feed impurity and distribution coefficient, up to four stages in the upper right
region of Figure 3.7. As an example, the optimal number of stages for a
normalized feed impurity 2¢: =0.4 is described. One stage is optimal up to
a distribution coefficient kgg of approximately 0.1. Two stages are optimal for
approximately 0.1 <kgg <0.3, and three stages for 0.3 < kqig <0.4.

The optimal position of the feed stage is treated in the same way as the
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Figure 3.7: Case 1. Globally optimal number of stages of countercurrent crystal-
lizer cascades. The dotted line shows the optimal number of stages for fixed feed

concentrations and varied distribution coefficient values.

optimal number of stages. In Figure 3.8, regions with different optimal feed
stages are depicted. The cost of multistage crystallization processes according
to the model used in this work can be minimized by minimizing the sum of
crystal product flows over all stages. If the feed enters the first stage counted
from the top, i.e. the stage connected to the overall crystal product outlet,
the amount of overall crystal product has to be crystallized at least once.
If the feed enters the second stage of a countercurrent cascade the product
amount has to be crystallized at least twice, and so on, potentially increasing
process costs. However, larger differences of impurity concentration between
feed and feed stage necessitate larger recycle flows, making higher feed stage
numbers more favorable for higher purity requirements and lower separation

efficiency. The resulting optimal feed position is on the first stage counted



36

from the top for low purity requirements and high separation efficiency. The
optimal feed stage number increases with increasing normalized feed impurity
and distribution coefficient, up to the fourth stage in the upper right region
of Figure 3.8. For a fixed value of the normalized feed impurity z¢ =0.4,
the first stage is the optimal feed position for a distribution coefficient kqig
of up to approximately 0.16. The second stage is the optimal feed position
for approximately 0.16 < kgig < 0.31 and the third stage for 0.31 < kqg <

0.45. Globally optimal configurations of a countercurrent crystallizer cascade,

o
0

o
o

©
~

o
[N

normalized feed impurity zIn¢r /1

0 0.1 0.2 0.3 0.4 0.5
distribution coefficient kg / 1

Figure 3.8: Case 1. Globally optimal feed stage position of countercurrent crystallizer
cascade, counted from top. The dotted line shows the optimal feed position for fixed

feed concentrations and varied distribution coefficient values.

characterized by number of stages and feed position, are depicted in Figure 3.9.
It is a combination of Figure 3.7 and Figure 3.8, with each differently colored
region representing a unique combination of number of stages and feed position.

For example, for a distribution coefficient of k4 =0.2 a single crystallizer stage

Incy
norm

is optimal for a normalized feed impurity z below approximately 0.05, a

crystallizer cascade with two stages and the feed on the first stage is optimal
for approximately 0.1 < z¢r < (.3 and a crystallizer cascade with two stages

norm

and the feed on the second stage is optimal for 2/"C: above approximately 0.35.
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Figure 3.9: Case 1. Globally optimal configuration of countercurrent crystallizer
cascade defined by number of stages and feed stage. Each patch represents a con-
figuration with a different combination of number of stages and feed stage according
to Figure 3.7 and Figure 3.8. The dotted line shows optimal configurations for fixed

distribution coefficient values and varied feed concentrations.

Next, optimal alternative configurations are discussed with regard to the re-
sults for countercurrent cascades. General configurations are characterized
by the number of stages, the feed stage position and the transport of crystal
product and of liquid remainder between stages. Recall that for countercurrent
cascades the crystal product is always transported to the stage with the next
lower number, and liquid remainder is transported to the stage with the next
higher number. For general configurations, connections between stages are not
limited to neighboring stages.

Parameter regions with optimal configurations different from the countercur-
rent cascade are shown in Figure 3.10a. Regions with identical configurations
except for liquid remainder connections 3" are represented as single patches
in that figure. Regions where the countercurrent cascade is the optimal con-
figuration are not drawn for the sake of clarity. In Figure 3.10b, the objective
value Jrac of optimal alternative configurations relative to the countercurrent
cascade is given.

The results show large parameter regions with alternative configurations better
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(a) Parameter regions with optimal alternative configurations.
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(b) Relative cost of alternative configurations.

Figure 3.10: Case 1. (a) Globally optimal configuration of general crystallizer net-
work determined by stage number, feed stage and crystal product transport. Only
regions with optimal solutions that are different from the countercurrent cascade are
shown. The region with the largest differences is marked with A. (b) Relative cost

of alternative configurations compared to the countercurrent cascade.



39

than the countercurrent cascade. Those regions are located around boundaries
between the regions depicted in Figure 3.8, i.e. regions with different optimal
feed stage positions for the countercurrent cascade. This is valid regardless of
the optimal number of stages. The largest improvements, with over 20 % less
cost for alternative configurations, are achieved in region A, which is also the
parameter region where the optimal feed position of a two-stage countercurrent
cascade switches from first to second stage, see Figure 3.9. Differences between
optimal alternative configurations and optimal countercurrent cascades are less
pronounced for larger numbers of stages and feed stage numbers.

Region A, the parameter region with the largest possible improvements, is now
considered in more detail. Located where the optimal countercurrent cascade
has two stages and the feed position switches from first to second stage, this re-
gion represents three different globally optimal alternative configurations. All
optimal configurations, depicted in Figure 3.11, have three stages, the same
feed position and the same crystal product connections. However, the lig-

uid remainder from the first stage is transported to a different stage for each

_’1 n=1 _’1 n=1 _’l n=1
n=2 J n=2 n=2

configuration.

(a) I (b) I (c)

Figure 3.11: Case 1. Equivalent globally optimal configurations for region A in
Figure 3.10.

Repeating the parameter study for each fixed configuration verifies that the
same objective function values are reached within region A. Only configuration
(c) is infeasible in a part of region A and has different optimal objective values
if the configuration is close to being infeasible.

Optimization results for a selected set of parameters are given in Figure 3.12

as an example for the interpretation of the entire parameter region A. Config-
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uration (b) is used for this example due to being a direct extension of coun-
tercurrent design (see Figure 3.12c).

For all three optimal configurations in parameter region A, the second stage is
used as the feed stage. This feed stage generates crystal product with purity
below specification. The liquid remainder of the feed stage is then purified
to above specification by the remaining two stages. The crystal product with
purity above specification is mixed with the crystal product of the feed stage
to exactly meet the product specification. Using this structure avoids crys-
tallizing the whole product amount twice, as is the case for countercurrent
configurations with two stages and the second stage as feed position (Fig-
ure 3.12b). It also avoids large recycles from a stripping stage in the case of
the first stage being the feed position and the feed composition being far from
the product specification (Figure 3.12a). Instead, there is a “pre-treatment”
stage that removes as much product as possible below the purity specification

so that the specification is still met by mixing with product from a two-stage

crystallizer.
0.337 mol s™ 0.325 mol s™
0.05 0.019
1mols’
058 > n=1 n=1
0.371 mol s™ 1.033 mol s 0.345mol s™ 0.020 mol s™!
0.069 0.570 0.070 0.901
1mols?!
n=2 058 n=2
0.663 mol 5! l 0.675mol s”
0.85 0.85
(a) (b)
0.337 mol s™

0.05
0.229mol s’ 4 0.109 mol s”'

0.065 0.018
n=1
0.120 mol s 1 l 0.011 mol s
n=2 0.079 0.698
1mols’

—t N=
058 0.772mol s 3
0.733
l 0.663 mol s™
0.85
(c)

Figure 3.12: Case 1. Optimal operating parameters for selected configurations with
ke = 0.1 and zlor = 0.6625, corresponding to region A in Figure 3.10. Pairs of

numbers represent molar flows and molar fractions of impurity. Configuration (c),

equal to configuration (b) in Figure 3.11, is rearranged for better readability.

The computational effort for characterizing globally optimal designs for sepa-
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ration networks using parameter studies is significant. If a suitable measure for
inefficiency is available, alternative configurations only have to be determined
for inefficient countercurrent cascades, thus reducing computational effort. In
the following, re-mixing of purified intermediate products is studied as a pos-
sible measure of inefficiency in crystallizer networks.

The production rate of entropy of mixing o, is a measure for mixing ineffi-
ciencies. The entropy of mixing in crystallizer networks is determined by the
entropy difference between all molar flows connected to each mixing point and
the resulting mixed flows. The total entropy production rate o, of a crystal-
lizer network, assuming mixing of ideal liquids [Stephan et al., 2010], is then

calculated as

nCr

Omix = RZ Ln (ximp,n ln(ximp,n) + (1 - mimp,n) ln(l - ximp,n))
n=1
Cr

+RZ Sn (wimp,n ln(wimp,n) + (1 - wimp,n) ln(l - wimpm))

n=1

+RFIncr (ZInCr ln(ZInCr> + (1 - Z.InCr) 111(1 — Z.InCr)) (343)

imp imp imp imp

nCr
_RZ Fn (Zimp,n ln(zimp,n) + (]— - Zimp,n) lIl(]_ - Zimp,n))
n=1

_1:{FWOutlcr (ZOutlc,. 1n<ZOutlcr) + (1 . ZOutICr) ln(l _ ZOUthr>)

imp imp imp imp
—RFOut2c: (zi%‘;f%r ln(z&‘g%r) +(1-— 2811;;20’) In(1 — zi%g?cr)) )

The results in Figure 3.13 show increased entropy production for countercur-
rent cascades at boundaries of regions with constant optimal feed position ac-
cording to Figure 3.8, indicating that increased re-mixing reduces the efficiency
of one configuration up to the point where another configuration becomes more
efficient. In contrast to countercurrent cascades, entropy production for opti-
mal alternative configurations is significantly lower. According to Figure 3.10a,
increased entropy production for countercurrent cascades is only encountered
where alternative configurations are globally optimal. Large values of entropy
production are found close to boundaries of regions with constant optimal feed
stage position, on the side of smaller feed position values. Re-mixing is suitable
to identify these inefficient countercurrent configurations, allowing for faster
screening for improved alternative configurations. However, there are also pa-

rameter regions where both the globally optimal alternative configuration and
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the countercurrent cascade have low entropy production. Thus, identifying
the whole region of optimal alternative configurations still requires according

parameter studies.
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(b) Alternative configurations.

Figure 3.13: Case 1. Entropy production rate for cost-optimal configuration as a

measure for inefficiency caused by re-mixing.
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Case 2: High Product Yield and Purity In the previous parameter
study, all model parameters except for purity requirements and cost coeffi-
cients in the objective function are varied. In this parameter study, increased
purity requirements are considered. Results are generated in the same way as
for low product yield and purity and compared to that case. Parameter and
domain specifications for this case are given in Table 3.4. The parameter study
is done for countercurrent cascades according to Equations (3.39)-(3.42) and

for general configurations.

Table 3.4: Case 2. Parameter and domain specifications for influence of parameters

on globally optimal configuration.

parameter value variable domain
kae  {0.01,0.02,...,0.5}  zgwler [0,0.01]
Zmor {0.02,0.04,...,0.88}  zpw?er [0.89, 1]
Flie 1 mol s7! 5 Y,k [0,1]
Timp 0.9 S,L,F [0 mol st 20 mol s
n {1,2,3,4} 3 {0,1}

Optimal number of stages and feed stage positions for countercurrent cas-
cades, depicted in Figure 3.14 and Figure 3.15, are qualitatively the same as
for low product yield and purity. Increased purity requirements lead to a larger
number of required stages and a larger feed stage number for the same sepa-
ration efficiency. Accordingly, regions representing certain numbers of stages
in Figure 3.14 are shifted to lower distribution coefficient values compared to
Figure 3.7. Regions representing certain feed stage positions in Figure 3.15 are
also shifted to lower distribution coefficient values compared to Figure 3.8.
Globally optimal configurations different from the countercurrent cascade are
found at the boundary of regions with constant countercurrent feed position,
compare Figure 3.15 and Figure 3.16. The number of regions with different
optimal configurations and their relative position to each other is identical to
Case 1. Similar to Case 1, the largest improvements are found in region A,
where the optimal feed position for two-stage countercurrent cascades switches
from first to second stage. The region of interest is shifted to lower distribution
coefficient values due to increased purity requirements and the cost reduction

compared to countercurrent cascades is slightly higher than in Case 1.



44

1
i
~
LE
é”g' 0.8
N
z
2 06
E
3 4
QL 04
o]
0}
N
[¢]
g 0.2
o
c
0
0 0.1 0.2 0.3 0.4 0.5

distribution coefficient kg / 1

Figure 3.14: Case 2. Globally optimal number of stages of countercurrent crystallizer

cascade, from one stage in the lower left region to four stages in the upper right region.
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Figure 3.15: Case 2. Globally optimal feed stage of countercurrent crystallizer cas-
cade, from first stage in the lower left region to fourth stage in the upper right

region.
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(b) Relative cost of alternative configurations.

Figure 3.16: Case 2. (a) Globally optimal configurations of general crystallizer sepa-
ration network determined by stage number, feed stage and crystal product transport
between stages. Only regions with optimal configurations that are different from the
countercurrent cascade are shown. The region with the largest differences is marked
with A. (b) Relative cost of alternative configurations compared to the countercur-

rent cascade.
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Case 3: Crystallization Effort as Objective Function In melt crys-
tallization, the amount of crystal produced by a single stage determines the
energy consumption and equipment size of that stage and thus the cost. Con-
sequently, process costs for multistage crystallization networks are determined
by the crystallization effort, i.e. the amount of crystal produced on all sin-
gle stages, see Equation (3.20). In general, lower crystallization effort for
a given separation task indicates more energy efficiency and less equipment
size. Therefore, the crystallization effort allows for rating multistage melt
crystallization processes and comparing them with other multistage separa-
tion processes using equivalent objective functions. Results for optimal melt
crystallization networks with the crystallization effort as the objective function
are given below.

Note that the previous cases are already generated by minimizing the crys-
tallization effort for fixed numbers of stages and then selecting the number of
stages with the lowest economic cost. Results for the present case are gener-
ated by re-evaluating the optimization results of Case 1 for the crystallization
effort as the objective function, i.e. from optimization results with fixed num-
bers of stages n®* = 1,2, 3,4 the result with the lowest crystallization effort
is chosen. Recall, if the same objective value is achieved within 1% tolerance
with different numbers of stages, the lowest number of stages is reported. Pa-
rameters for Case 3 are given in Table 3.3.

The resulting regions with globally optimal alternative configurations and their
relative objective values compared to countercurrent cascades is given in Fig-
ure 3.17.

Optimal configurations found for Case 1 are also the optimal configurations
for Case 3 and vice versa in corresponding parameter regions, e.g. region A
in Figure 3.17 has the same optimal configurations as region A in Figure 3.10.
This means, the crystallization effort is a suitable objective function for char-
acterizing optimal multistage configurations on this level of modeling detail.
However, the boundaries of optimal parameter regions are shifted. There are
also some additional regions with alternative configurations that show only

negligible improvements compared to countercurrent cascades.
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Figure 3.17: Case 3. (a) Globally optimal configurations of general crystallizer sep-
aration network determined by stage number, feed stage and crystal product trans-
port. Ouly regions with optimal configurations that are different from the counter-
current cascade are shown. The region with the largest differences is marked with
A. (b) Relative crystallization effort of alternative configurations compared to the

countercurrent cascade.
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3.2.5 Conclusion

All results are generated using deterministic global optimization ruling out
non-optimal local solutions as a possible source for misinterpretations. Pa-
rameter studies on melt crystallization networks reveal that alternative config-
urations are significantly more efficient than countercurrent cascades in certain
regions of process parameters, with up to 35 % economical cost reduction ob-
served for considered cases. Process cost is reduced by decreasing the overall
crystallization effort through introduction of an additional stage. The cost
of this additional stage is compensated by reduced crystallizer sizes due to re-
duced re-mixing of purified intermediate product and by avoiding to crystallize
a part of the final product twice.

The parameter regions of interest are easily found by investigating counter-
current configurations, which require low computational effort to solve. The
search for alternative configurations should be considered at boundaries of re-
gions with constant optimal feed position for countercurrent cascades. A quick
screening for inefficient countercurrent cascades is also possible by testing for
increased re-mixing. This will not identify configurations that are inefficient
in some other way.

Possible cost savings for alternative configurations are largest where optimal
countercurrent cascades have two stages and the feed position switches from
first to second stage. For that case it is sufficient to consider one alternative
configuration beside countercurrent cascades. This lowers computational or

experimental effort for finding the optimal configuration even further.
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3.3 Solution Crystallization

Solution crystallization is used to separate components of a mixture dissolved
a solvent. Supersaturation of the solution and thus crystallization is induced
by solvent removal. Theoretically, pure crystals can be achieved in one crys-
tallization step for eutectic mixtures. However, as discussed in the previous
section, impurity inclusions may require repeated crystallization to achieve
desired product purity or yield. The same is valid for mixtures forming solid
solutions, i.e. solids in which components form a single homogeneous phase. A
phase diagram for components A and B forming a solid solution without addi-
tional solvent is depicted in Figure 3.18. Each composition in the liquid phase
corresponds to a unique equilibrium composition in the solid phase. Therefore,

it is not possible to produce pure crystals from a mixture in one crystallization

step.
liquid
£ ﬂ
S
©
(]
(o]
=
2
solid
A composition B

Figure 3.18: Exemplary phase diagram for solid solutions without an additional
solvent. The horizontal line represents corresponding equilibrium compositions in

the solid and liquid phase.

Dissolving the mixture of A and B in an additional solvent leads to a phase
diagram with three components, e.g. potassium sulfate and ammonium sul-
fate in water in Figure 3.19. Corresponding equilibrium compositions in the
liquid and solid phase are different from each other, allowing for separation of
the binary mixture by repeated crystallization and dissolving.

In a recent study [Miinzberg et al., 2016], a countercurrent stage-wise crystal-
lization process was found to be an efficient means to separate a solid solution.
The considerations in that study are extended here to include configurations
different from the countercurrent cascade. The influence of parameters on op-

timal design of multistage solution crystallization processes is shown in com-
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(NH,),S0,  Wweight fraction K504 — K504

Figure 3.19: Phase diagram of potassium sulfate, ammonium sulfate and water at
65 °C, with potassium sulfate and ammonium sulfate forming solid solutions. Corners
represent pure components and edges binary mixtures. Gray lines depict correspond-
ing equilibrium compositions in the solid and liquid phase. Model from |[Miinzberg

et al., 2016], based on experimental data.

parison to the results for melt crystallization in Section 3.2.4.

3.3.1 Process Model
Single Units

The following crystallization model is taken from [Miinzberg et al., 2016]. The
model describes batch-wise operated crystallization units. Each crystallization
unit performs the steps depicted in Figure 3.20. The feed to a unit consists
of a liquid mixture potentially also including crystals. Solvent is added to the
mixture to dissolve any crystals. In the actual crystallization step, solvent
is removed to induce crystallization. Finally, crystals and mother liquor are
separated and transferred to other units.

In [Miinzberg et al., 2016], the production cycle is repeated to allow for semi-
continuous production and thus the compositions of feed and product mass in
each unit change from cycle to cycle. The original model is adapted here for

the limiting case of steady state operation of the process, i.e. compositions in
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Figure 3.20: Steps in each crystallization unit.

each unit are constant between cycles. In steady state, averaged mass flows
are defined as ratios of feed or product masses and a given production cycle
time. The following model is given in terms of averaged mass flows for better
comparability with the results in Section 3.2. Mass flows of component “A”
enriched in the solid phase and cumulated mass flows of both components “AB”
are used as variables. Mass flows for solvent “S” are calculated when required.
The original model is further adapted to reduce the number of variables and
nonlinearities.

Crystallization units as in Figure 3.21 are numbered by n=1,...,n%, with
feed mass flow F;,,, crystal product mass flow .S;,, and liquid remainder mass

flow L; ,, for components i=A, AB, S. Calculating the feed flow for each unit by

f o

L,-?:‘l

Figure 3.21: Single solution crystallization unit with feed mass flow F;,,, crystal
product mass flow S;,, and liquid remainder mass flow L;, for components i =

A,AB,S.

mixing product flows from other units is covered by the network model given
further below. The solvent content of the overall feed is adjusted to dissolve
any crystals and keep the solution in a saturated state. Since, by definition,
there are no crystals, the required solvent mass is calculated by assuming that
the solution is in equilibrium with a virtual solid phase. The phase equilibrium
is given by polynomial fits to experimental data using mass fractions z;, in

the feed mass flow L;“n and in the virtual solid phase w;,, with according index
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of components i. Resulting equations for the dissolution step are given below.

LA n ‘rgl,n ( iAnB,n + ISrjn) (344)
3

xig,n - Z aA,k (wxl,n>k (346)

xg, = Z as . (wy,) (3.47)

Solvent is removed to induce crystallization. Crystallization proceeds until
the solution is in equilibrium with the solid phase, i.e. the crystals. Solvent
content after the crystallization step is determined in the same way as for the
dissolution step. The superscript “cryst” denotes the state at the end of the

crystallization step.

Lcryst $cAr§:t (LX]}_;,S:Z + LCFYSt) (348)
T = e, + 1) 319
3
A= ann (i (3:50
k=0
3
B = s (Wi (8:51)
k=0

Filtration is used to separate crystals from mother liquor. However, some
mother liquor may stick to the crystals. With zero solvent content in the
crystals themselves S ** =0, the crystal product including adherent mother

liquor proportional to the crystal mass Scryst

is calculated as follows, with ratio
parameter x and superscript “out” denoting the state after filtration. Note that

the composition of the mother liquor does not change in this step.

ngt _ Scryst + KSX%SZ cryst7 1=A AB,S (3'52)
wfn =ai”, i=AABS (3.53)

Product mass flows and compositions directly after crystallization are not re-
quired for evaluation of the objective function. The desired outputs after

filtration are calculated directly by using Equations (3.52)-(3.53). The phase
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equilibrium after crystallization, i.e. Equations (3.50)-(3.51), still applies.

K

Sout _ 1 — Cl"ySt (SXL]IBtn + SOUt) (354)
1 K

Sxn = <1 W TR ﬁf) (SRE. + S8m) (3.55)

Lout _ ZE(X}St (Lguém + Lout) (3.56)

Lgtlfl _ <S:rzzlst (L(X};n Lout) (357)

In addition, the mass balance equations for the whole crystallization unit read

L, = L34+ 500, i = A,AB. (3589)

,Mm

Note that the mass balance of solvent is not used here due to addition and
removal of solvent in intermediate steps.

The implicit equation system for calculating a single crystallization unit has
one remaining degree of freedom. The amount of solvent removed during
crystallization determines purity and yield of the product of a unit, enabling
optimization of the process.

The crystallization model comprises Equations (3.44)-(3.47), Equations (3.50)-
(3.51) and Equations (3.54)-(3.58). Note that a version of the crystallization
model adapted for scalable separation efficiency is introduced for the parameter

studies in subsequent Section 3.3.2.

Network of Crystallizer Units

In [Miinzberg et al., 2016], crystallization units are interconnected to form a
separation network. In particular, countercurrent operation is studied, i.e.
mother liquor and crystals of each unit are transferred to neighboring units to
be further processed. Here, a network for separating a mixture of two compo-
nents equivalent to that in Section 3.2, with crystallization stages n=1,...,n°"
numbered downwards, is considered. Adjustments are made to the model of
the separation network to account for using solution crystallization instead of
melt crystallization, particularly adding a solvent component to the model.
Each stage n separates a feed flow into crystal product and liquid remainder.
The feed of each stage LI, is the sum of all crystal flows 5P and mother liquor
flows L;?V‘l‘t connected to that stage and, if applicable for that stage, the crystal-

lization network feed flow Filncr with ¢ = A, AB, S. The distribution of the feed
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flow and connections between stages are implemented using binary variables
piner € 40,1}, ﬁlsm €{0,1} and ﬁgjn €{0,1},n=1,...,n I=1,...,n°". The
variables Bl'cr, 7 and (3, attain a value of one if and only if the feed enters
at stage n, the crystal flow of stage [ is fed to stage n and the liquid remainder

flow of stage [ is fed to stage n, respectively. Feed mass balance equations for

each stage n=1,...,n°" then read
L;? FIncr ﬁlncr + Z Lout ﬁl - + Z out 6”” i — A, AB. (359)
The solvent mass after mixing for each stage n=1,...,n°" is calculated as

nCr

S = L3 B+ Z S8 Bin- (3.60)

=1

It is ensured that the feed enters exactly one stage by

nCr

> e =1. (3.61)

n=1
The output flow of each stage is connected to exactly one stage input or one

crystallizer product output by

Zﬁln + BS Outle: | = 17 o ’nCr’ (362)

Zﬁln + ﬁL ,Out2c; _ | = ]_7 o 7nCr’ (363)

with BZS’OH“CY € {0,1} attaining value 1 if and only if the crystal product
output of stage [ is connected to output Outlc, and with ﬂlL’O“wcr € {0, 1} at-
taining value 1 if and only if the liquid remainder output of stage [ is connected

to output Out2¢,. The product flows are then calculated as

nCr

FOutler — Z pSOutlerg = A AB, (3.64)
nCr

EOthCr —_ Z Bl othCer’ i = A, AB. (3.65)
n=1

Solvent is completely removed from the products. Product specifications are

Outlcy

given as bounds to mass fractions of component A at both outlets, 2z, and
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Out2cy .
ZA :
Outlcy Outlce, Outlcy
ZA,min Fyg < Fy ) (3.66)
Out2¢c, mOut2cy, Out2¢c,
ZA,max FAB = FA : (367)

It is assumed that the stages are ordered in terms of feed composition. The
solid mass fraction of component A, enriched in the solid phase, is denoted as

WA -
wi, >wh, .y, n=1...,n"-1 (3.68)

Crystals are enriched in component A and mother liquor in component B.
Therefore, crystals are always transported in one direction of the crystallizer

cascade and mother liquor in the opposite direction.
Br,=0 forall 1<i<n, n=1,...,n" (3.69)
Blljn:O forall n<1<n®, n=1,...,n% (3.70)
All potential connections within the crystallizer network used in this work
are illustrated in Figure 3.22a for a fixed number of stages n®" = 3. The
countercurrent cascade depicted in Figure 3.22b serves as the benchmark for
any other configuration within this superstructure.

The overall mass balances for the whole process are added to the model to

improve computational performance.
Ffror = pOvtlor L pout2er i — A AB. (3.71)
Mass flows at the outlet are bounded by inlet mass flows according to
up(Finutlcr) _ ancr, up(FiOUtQC") _ Filnc'", i = A, AB. (3.72)

The separation network comprises Equations (3.59)-(3.68) and Equation (3.71).
Equations (3.69)-(3.70) and Equation (3.72) are implemented as bounds to re-

spective variables.

Objective Function

Both equipment size and energy consumption of solution crystallization pro-

cesses scale with the amount of solvent that needs to be evaporated. The
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n=1

Filnc,

n=2

F,-I N

n= nCr

F,~°“‘20r

(b)

Figure 3.22: (a) Crystallizer network consisting of n®" = 3 stages with arbitrary
configuration. (b) Countercurrent crystallizer cascade with nC" stages and arbitrary

feed stage (5?’1_1 =1,1=2,...,n°, 6lel+1 =1,1=1,...,n%—1, 5IS’OUtlcr =1,
BL,OthCr — 1)

nCr
evaporation effort Jey, is defined in [Miinzberg et al., 2016] as the ratio of
total evaporated solvent to total feed without solvent. The objective function
accounts for solvent evaporated on each crystallization stage Vs, as well as
solvent that needs to be removed from the products.
Cr
S X Ve B SE + B LG
evap — FIHCr
AB

The mass of evaporated solvent is determined by the solvent content before and

(3.73)

after crystallization. The solvent content before crystallization is the maximum
of the solvent content directly after mixing and after the dissolution step. This
covers the case that, after mixing, there is already enough solvent to dissolve all

crystals. Since the evaporation effort Jeyap is to be minimized, the evaporated

solvent Vg, for each stage n=1, ... ,n°" is implemented as
Vs > Ly — LSy, — SSi, (3.74)
Vs = Lg, — L), — gy (3.75)

The objective function model comprises Equations (3.73)-(3.75).

3.3.2 Computational Studies

This section deals with computational results based on the model for multistage

solution crystallization given above. The model behavior is analyzed below
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based on parameter studies of globally optimal solutions.

Selectivity Scaling

The following parameter studies include variation of the separation efficiency
of the process. The original model from [Miinzberg et al., 2016] does not
contain this option in a straight-forward way. An analogy between separation
efficiency of distillation and solution crystallization drawn in [Miinzberg et al.,
2016] is used here to enable scaling of separation efficiency. The separation
of species A and B is characterized regardless of solvent content by using dry

mass fractions in the liquid phase x?ry and in the solid phase w?ry defined as

dry |

W o— o, i=A,B (3.76)

o= T = AB. (3.77)
rA + 2B

w.

Similar to phase equilibrium diagrams used in binary distillation, an equi-
librium diagram for solution crystallization is depicted in Figure 3.23. The
figure shows how the composition of a solid phase in equilibrium with a liquid

phase depends on the composition of that liquid phase. Phase equilibrium

Figure 3.23: Influence of relative selectivity a on the solid-liquid phase equilibrium.

Increasing « increases the equilibrium concentration of B in the solid phase.

lines farther from the diagonal mean larger differences between crystal and
liquid composition and therefore better separation efficiency. In ideal binary
distillation, the equilibrium line is determined by the relative volatility of both
components. A measure for separation efficiency analogous to the relative
volatility is defined for crystallization as

dry

w](_i)ry = b :CB dry?’ (378)

dr
ap Ty + ap ap
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with relative selectivity for the component enriched in the solid phase ap =
1 and relative selectivity for the component depleted in the solid phase ag.
According to Equation (3.76) and Equation (3.77), dry mass fractions are
substituted to obtain

wg = __94BTB (3.79)

TA +apTp
Rewriting Equation (3.79) allows for calculating ap from actual solid-liquid
phase equilibrium data.

wB TA

(1 — ZUB) IB

(3.80)

aB =

Small values of apg imply an equilibrium line close to the lower right corner
of the phase diagram and correspondingly strong separation. Values close to
one indicate that there is little or no separation. Values above one mean that
B is enriched in the solid phase instead of A. Scaling of separation efficiency
for solution crystallization is therefore possible through scaling of the relative

selectivity ag.
O~éB = ka ap (381)

The equilibrium solvent fraction in the liquid is not supposed to change with

scaling for a given crystal composition. Therefore,
TaA+ I :=xA + TR (382)

holds for the new mass fractions in the liquid 5 and Zg.
Combining definitions in Equations (3.80)-(3.82), the new equilibrium liquid
mass fraction of component A for a given composition of the solid phase is

calculated as

T (iu oA — z5) H«A) — (1 - 28) 7. (3.83)

The unscaled x4 is substituted by Z in Equation (3.44) and Equation (3.56).
Two according instances of Equation (3.83) are added to the model.

The additional variables and equations required for selectivity scaling may
adversely influence computation time. For a scaling factor k, = 1, solutions

found by optimizing models with and without scaling are identical, allowing
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(b) Model with selectivity scaling.

Figure 3.24: Distribution of CPU time reported by BARON for solving 800 instances
of the solution crystallization model with random permutations of equation and
variable order and 99 % confidence intervals for the median (white box), Py g2275 and
Py.o7725 (whiskers) of the true CPU time distribution. Four samples with CPU time

more than 300s are outside the axes in (b).
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Table 3.5: Parameter values and domain specifications for Figure 3.24.

parameter value parameter value
(ap0,an1) (0,0.1949) (ap2,aa3) (—0.2905,0.2474)
(aso,as1) (0.5149,0.3131) (as2,as3) (—0.9066,0.9268)
Fnor 1kgs™! Zyor 0.85
K 0.01 kg 1
Zpmior 0.99 Zguior 0.3
ner 3
variable domain variable domain
w [0,1] 15} {0,1}
S, L,V [Okgs™, 20kgs™!] Ta [0,0.1518]
xs [0.5149, 0.8482] TA [0,0.1518]

direct comparison of different model formulations. Parameters and domain
specifications for the computations are given in Table 3.5. The evaporation
effort of a countercurrent cascade with three stages is minimized for the original
model and the model including selectivity scaling. The according effect on the
computational effort for global optimization is shown in Figure 3.24. The
computation time for the model with scaling approximately doubles compared
to the model without scaling. This is a significant increase but still feasible for

parameter studies.

Parameter Studies

Parameter studies are conducted to analyze the influence of key model parame-
ters on globally optimal separation network configurations. Model parameters
affecting the optimal configuration of the crystallizer network are the phase

equilibrium coefficients, selectivity scaling k., the proportion of mother liquor

adhering to crystals s, the inlet composition ZXICY and the product purity re-
quirements zgj;;}gr and zg}rﬁf{". The focus here is on selectivity scaling and

feed composition for comparison with corresponding studies in Section 3.2.4.
Mother liquor adhering to crystals and purity requirements are chosen such
that low numbers of stages are sufficient for the separation. Physical data for

the considered mixture of potassium sulfate (“A”) and ammonium sulfate (“B”)
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in water (“S”) at 65°C is taken from |Miinzberg et al., 2016]. The according

polynomial coefficients are given in Table 3.6.

Table 3.6: Polynomial fit coefficients for potassium sulfate (“A”) and ammonium

sulfate (“B”) in water (“S”) at 65°C |[Miinzberg et al., 2016|.

parameter value
(CLA’Q, aA 1, AA2, CLA,g) (O, 01949, —02905, 02474)
(asp,as1,as2,as3) (0.5149,0.3131, —0.9066, 0.9268)

0 0.2 0.4d 0.6 0.8 1
xBry /1

Figure 3.25: Range of scaled selectivity used in parameter study.

The phase equilibrium and its range of variation for the following parame-

ter study is depicted in Figure 3.25. Selectivity varies strongly over the whole
concentration range. Note that the equilibrium line crosses the diagonal for
selectivity scaling k,=2.8 and values above, i.e. selectivity reverses for large
concentrations of B. In the following parameter studies, appropriate purity
requirements are chosen to avoid the region of selectivity reversal and account
for the reduced range of feasible compositions.
Parameter values and domain specifications for the parameter studies are given
in Table 3.7. Computational effort for solving the solution crystallization
model is very high for general configurations with more than three stages,
so the number of stages is limited to n" <3.

The feed composition is normalized to the product specifications for the fol-
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Table 3.7: Parameter values and domain specifications for solution crystallization

parameter study.

parameter value parameter value
Flnes lkgs™! Zpcr {0.35,0.4,...,0.85}
K 0.01 ke {0.1,0.2,...,2.8}
Zpuior 0.9 gz 0.3
nr {1,2,3}
variable domain variable domain
w 0,1] Ié] {0,1}
S, L,V [Okgs™,20kgs™] Ta [0,0.19]
xs [0.5149, 0.8482] Ta [0,0.1518]

lowing figures according to

Outlcy Inc,
—Z
A

z .

Incy A, min

Znorm Outle,  Out2c, - (384)
A,min A, max

The normalized feed composition is higher for higher concentrations of com-
ponent B, depleted in the solid phase. The definition of zI¢: is equivalent to
the respective definition in Section 3.2.4.

Countercurrent configurations are generated by fixing variables BIS,H =1,1=
2,....n%, Bl =1,1=1,...,n0—1, gyote = 1, ghO"2 = 1. Figure 3.26
shows parameter regions for globally optimal configurations of countercurrent
crystallizer cascades. Increasing the value of £, increases the equilibrium con-
centration of B in the solid, thus reducing selectivity. Consequently, more
stages are needed for the given separation task for higher values of k.. More
crystallization steps are required to achieve a given purity if the selectivity
is low or the feed impurity is high. Therefore, the optimal feed position is
further away from the crystal product for increased values of k, and increased
normalized feed impurity. Consequently, the feed stage number is larger in
the upper right corner in Figure 3.26b. These results are in accordance with
results for multistage melt crystallization in Section 3.2.4.

Results for general crystallizer configurations are depicted in Figure 3.27.
Based on results in the previous Section 3.2.4, improved alternative config-

urations are expected in parameter regions where the optimal feed position
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(b) Optimal feed stage position counted from top.

Figure 3.26: Globally optimal countercurrent crystallizer cascade configurations.

switches. This region is also found for the solution crystallization model con-
sidered here and marked as region A in Figure 3.27a. Alternative configurations
of the type found in region A require one more crystallizer stage than the cor-
responding optimal countercurrent cascade. Due to alternative configurations

being limited to a number of stages n®" < 3 in this study, there is only one
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(b) Relative evaporation effort of alternative configurations.

Figure 3.27: (a) Globally optimal configuration of general crystallizer network deter-
mined by stage number, feed stage and crystal product transport. Only regions with
optimal solutions that have at least 10 % less evaporation effort than the countercur-
rent cascade are shown. (b) Relative evaporation effort of alternative configurations

compared to the countercurrent cascade.
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such region, associated with two-stage countercurrent cascades. Parameter re-
gions where optimal countercurrent cascades have three stages are therefore
excluded from more detailed considerations.

Region A offers the most improvement of alternative configurations compared
to countercurrent cascades. Alternative configurations in region A require as
low as 82% of the evaporated solvent that is used by optimal countercurrent

cascades. The optimal configurations in region A are depicted in Figure 3.28.

(a) ‘ (b) ‘ (c)

Figure 3.28: Equivalent globally optimal configurations for region A in Figure 3.27.

These are the same configurations as in the corresponding parameter regions
discussed in Section 3.2.4 This allows for applying the same strategies to find
optimal configurations for melt crystallization also to solution crystallization
processes. Configuration (a) in Figure 3.28 is optimal in the entire region A.
Configurations (b) and (c) are only equivalent to configuration (a) in parts
of region A. Additionally to region A, there are two other parameter regions
with significant advantages of alternative configurations over countercurrent
cascades. The optimal configurations found in region B and C are depicted in
Figure 3.29. Figure 3.29b represents repeated partial solvent evaporation and
subsequent removal of crystals from the vessel. That structure is also formed
by stages n={1,2} in configuration Figure 3.29 (a). This type of structure is
discussed for melt crystallization in Section 3.2.3 as a redundant configuration
equivalent to a single stage. However, for solution crystallization, equilibrium
concentrations and therefore separation characteristics in subsequent crystal-
lization steps are shifted by intermediate removal of crystals. In fact, this

improves separation efficiency for the mixture considered in this section, as



66

Figure 3.29: Globally optimal configurations for (a) region B and (b) region C in
Figure 3.27.

illustrated for a small example in Table 3.8. Table 3.8 compares a single crys-
tallization stage with two stages connected such that the mother liquor of the
first stage is the feed of the second stage. For equal overall crystal mass flow
and evaporation effort, the two-stage configuration has higher purity products,
i.e. the fraction of impurity component B in the overall crystal product is less
for the configuration with two stages. Distributing the crystal yield over sev-
eral stages actually allows separation without recycles in parameter regions
where a single stage is not feasible. Given a suitable technique to remove
crystals from the solution, this configuration can be implemented as a batch
process in a single vessel with continuous evaporation and intermittent crystal

removal.

3.3.3 Conclusion

Deterministic global optimization is applied to find the best configuration for
multistage solution crystallization. Reductions of evaporation effort over 20 %
where observed when using alternative configurations instead of countercur-
rent cascades. This is lower than the crystallization effort reduction observed
for multistage melt crystallization processes in the previous section. However,
potential evaporation effort reductions strongly depend on the phase equilib-
rium and larger reductions are expected when considering different mixtures.
The same configurations found for melt crystallization in the previous sec-

tion are also encountered for solution crystallization in the same parameter
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Table 3.8: Comparison of single crystallization unit with two connected units.

single crystallization unit two connected crystallization units

L <

iy gl
| |

S =0.6 kgs™! S =03kegs™!, Sy,=03kgs™!
2gter = 0.6482 Zp™er = 0.6297
Jevap = 1.7744 Jevap = 1.7744
shared parameters
parameter value parameter value
Fner 1kgs™! P 0.75
K 0.01 ke, 1

regions, allowing for generalization of corresponding design rules. Addition-
ally, repeated crystallization and crystal removal without recycle was found to
be an efficient structure in large parameter regions. This structure generates
higher purity products than a single crystallization step for solution crystal-
lization, whereas in melt crystallization a single crystallizer stage and repeated
crystallization are equivalent. Based on these results, it is recommended to test
for both types of configurations in addition to the countercurrent cascade for

finding optimal multistage separation networks.
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3.4 Filtration

Separating components of a mixture using a semi-permeable membrane is
called filtration. A driving force, e.g. a pressure difference between both
sides of a membrane, causes permeation through the membrane. The flow
of substances with high permeability with regard to that membrane is higher
than that of substances with low permeability. Consequently, components with
high permeability are concentrated in the permeate and components with low
permeability are concentrated in the retentate, see Figure 3.30. Different phys-
ical properties can be used to separate or purify products via filtration, e.g.
solubility or molecule size. Filtration does not require phase changes to sepa-
rate components of a mixture and is therefore potentially more efficient than
e.g. distillation. Membrane fouling poses a possible disadvantage for filtration

processes. An overview on filtration processes is given in [Wijmans and Baker,
1995].

3.4.1 Process Model
Single Units

The model describes permeation through a dense membrane based on the
solution-diffusion model described in [Wijmans and Baker, 1995] and used
more recently in [Micovic et al., 2014]. The driving force for permeation is
a chemical potential difference between both sides of a membrane, which is
induced by a pressure difference. The resulting diffusive flow is determined
by the permeability of participating substances. Substances with high per-
meability are enriched in the permeate flow. Large permeabilities result in
large permeate flows, while large differences between permeabilities of differ-
ent species imply high selectivity.

The specific permeate flow j; according to the solution-diffusion model [Wij-
mans and Baker, 1995] is

Ji = P xz,feed xz,perm €exXp RT .

with the molar fraction of component ¢ on the feed side z; feeq and on the per-

meate side Z; perm, pressure difference AP and temperature 7'. The parameter
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kp ; specifies the permeability of the membrane with regard to component 7. It
is dependent on the considered species, membrane type, membrane geometry
and temperature. The molar volume of a species is denoted as v;. For binary
mixtures i=A, B as studied in this thesis, component A is considered to have
a better permeability compared to B and thus is enriched in the permeate.
Component B is considered to be an impurity being enriched in the retentate.
In this work, the membrane is assumed to be in contact with a one-dimensional
plug-flow feed side according to Figure 3.30. The feed side is assumed to be
ideally mixed in directions other than the flow direction. Note that this ne-
glects additional concentration polarization due to a boundary layer at the

membrane. The retentate is collected on the feed side at the end of the unit

retentate impurity >

_r’ewmate
2R 2/ permeate

I permeate impurity

z

Figure 3.30: Purified permeate flows through a membrane due to a pressure differ-

ence, increasing the impurity concentration in the retentate.

and the permeate over the whole length of the membrane. Permeate is re-
moved from the feed stream, so the impurity concentration on the feed side
increases from inlet to outlet. Consequently, the permeate impurity concen-
tration also varies over the length of the unit. The overall permeate flow for
a filtration unit is calculated by integrating the specific permeate flow j; over
the membrane area Ay in flow direction z.

ZM

| [ oA, oA |
Am 0 0

The integral is solved approximately by assuming a linear profile for j;:
M
/ jide (0.5 5170 4+ 0.5 ;=) 2. (3.87)
0

With Ay = %zM, the integral permeate flow for each membrane unit n =
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1P,
A

Figure 3.31: Single membrane unit with feed molar flow Fj,, permeate molar flow

-n
B}

P; ;, and retentate molar flow R;,, for components i=A, B.

1,...,nM separating a feed molar flow F;,, into a permeate molar flow P, ,, and
a retentate molar flow R;,, for components i =A, B as in Figure 3.31 is then

calculated as

Pip = Ay (0.5 Gin]™" 4 0.5 jia |77, (3.88)
_ _ _ i AP
ji,n‘z_o = kP,i (xi,n,feed’Z_O - xi,n,perm’Z_O exp <_ VRT )) 9 (389)
_ _ _ i AP
ji,n‘szM - kP,i (xi,n,feed’ZZM - xi,n,perm’Z7ZM eXp<_VRT )) 9 (390)

with the molar fraction of component ¢ =A,B on the feed side z; feeq and on

the permeate side x; perm defined by
=0 =
Ii,n,feed|z Z Fi,n - E,na xi,n,feed|z ™ Z Rz’,n - Rz’,m (391)
i i

z=0 . z=0 __ . z=0 Z=2ZM . Z=zM __ - Z=2ZM
xi,n,perm| ]z,n| - ]z,n| ) xi,n,perm| jz,n| - ji,n| .

3 2

(3.92)

The composition on the feed side at the inlet is equal to that of the overall feed
of the membrane unit, and at the outlet it is equal to that of the retentate.
Concentration polarization due to a boundary layer at the membrane surface is
neglected for this level of modeling detail. The composition at the membrane
surface on the permeate side is equal to the permeate composition due to the
flow direction being strictly from feed side to permeate side.

The mass balance equation for the whole membrane unit reads

Rin=Fin— P, i=AB, n=1,...2" (3.93)

)

The permeation model comprises Equations (3.88)-(3.93). Note that the re-

sulting equation system for calculating the permeate flow is implicit.
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Network of Filtration Units

M humbered downwards is con-

A filtration network with stages n=1,...,n
sidered. Note that the structure of this network is equivalent to that in Sec-
tion 3.2. Recall that each stage n separates a feed flow into permeate and
retentate. Molar flows of all species i = A, B for feed Fj,, permeate P, and
retentate R;, are used as variables. According to Section 3.2.4 using molar
flows is suitable for global optimization of separation networks. Additionally,
P, ,, occurs in the following permeation model. Also using it in the separa-
tion network model reduces the number of required variables. The feed of
each stage I; , is the sum of all permeate flows P; and retentate flows R; con-
nected to that stage and, if applicable for that stage, the membrane network
feed flow F™v, The distribution of the feed flow and connections between
stages are implemented using binary variables g™ € {0,1}, 6, € {0,1} and
AR, e {01}, n=1,....nM [ =1,...,nM. The variables g™, g/ and g}
attain a value of one if and only if the feed enters at stage n, the permeate

flow of stage [ is fed to stage n and the retentate flow of stage [ is fed to stage

n, respectively. The mass balance equations for each stage n = 1,...,nM then
read
oM M
Fip=2 F™ 3™ 4N Py 8L +> Riyflh, i=AB (3.94)
=1 1=1

It is ensured that the feed enters exactly one stage by

nM
> g =1 (3.95)
n=1

The output flow of each stage is connected to exactly one stage input or one

network output by

nl\/I
STAh B =1, 1=1,...0M, (3.96)
n=1
nI\/I
STAR ApO =1, 1=1,. 0N, (3.97)
n=1

with 5lp’0u“M € {0,1} attaining value 1 if and only if the permeate of stage [

is connected to output Outly and with 87" e {0,1} attaining value 1 if
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and only if the retentate of stage [ is connected to output Out2y;.

The product flows are calculated as

nM

FUb =% BrOMp,,,  i=AB, (3.98)
n=1
M

FiOUtQM — Z BTIL%,OutZM Ri,n7 i=A,B. (399)
n=1

The mass balance for the whole separation network reads

ZgnMFInM — FiOUth + EOUt2h{7 Z:A, B’ (3100)

Inyg
7

with total molar flow F™v and molar fractions z at the inlet and molar

flows at the outlets FiOuth and F’iOUtQM‘

The product specifications are given as bounds to molar fractions zguth and
Z](_D))thM:
o o FOuth
utly utly B
up(ZB >) > %B - Fguth + Fv]_g))uth7 (3101)
o o FOthM
ut2yg ut2n B
lo(zg ™)) < zp = FOWE | 0w (3.102)
This is written as linear inequalities
(1= up(="44)) F™4 < p(= 4 FQ™ I, (3103)
(1 — lo(zg™2M)) FQU2M > Jo(zgmi2m) poutzu (3.104)
It is assumed that the stages are ordered in terms of feed composition.
ZAm > Zani1, n=1...nM~1 (3.105)
2B < 2B, n=1,...,nM—1 (3.106)

Permeate gets enriched in one component of a binary mixture and retentate
in the other. Therefore, permeate is always transported in one direction of the

membrane cascade and retentate in the opposite direction.

ﬁfn:() forall 1<1<n, n:1,...,nM (3.107)

ﬁi{n:() forall n<li<nM, n=1,... " (3.108)
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Figure 3.32: (a) Membrane network consisting of n™ =3 stages with arbitrary con-
figuration. (b) Countercurrent membrane cascade with n™ stages and arbitrary

feed stage (551_1 =1,1=2,....,nM Bll,%lﬂ =1,1=1,....nM—1, 5f’ouﬂM =1,
ﬁR,OthM — 1)

nM
All potential connections within the membrane network used in this work
are illustrated in Figure 3.32a for a fixed number of stages n™ = 3. The
countercurrent cascade depicted in Figure 3.32b will serve as the benchmark
for any other configuration within this superstructure.

Following restrictions for molar fractions at the outlets are known.

legnM < 1O(Z]C3)Ut2M) < Z]CB)UtQM <1 (3109)

0 < zg™™ < up(2Q"M) < g (3.110)

This is used to calculate additional bounds for the molar flows at the outlets
based on Equations (3.100)-(3.102).

1-— lo(zout2M)
Ou n n In
FA th ZZLM FiM _WFBM7 (3111)
B
1— lo(zOUtQM)
Fout2y B plo 3.112
A — 1O(Zgut2M) B ( )
Outlyg
Out2y n n up(z ) In
F' > g™ Fg™ — 1 up](BZOuth)FA ", (3.113)
B
Outlyg
FBOuth < up(ZB 5 tl) FXIM' (3114)
1 —up(zg™™)

The separation network model comprises Equations (3.94)-(3.100) and (3.103)-
(3.106). Equations (3.107)-(3.108) and (3.111)-(3.114) are implemented as
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bounds to the respective variables.

Objective Function

Both dimension of the unit and energy consumption required for a separation
task scale with overall permeate flow. Therefore, the permeation effort, i.e.
the ratio of overall permeate flow to feed flow, is used as the objective function

that is minimized.

M

2 n=1 P

The permeation effort Jp is analogous to the crystallization effort Jg in Sec-
tion 3.2, both penalizing the required amount to be processed for a given feed
mass. In the following parameter studies, optimization results with regard to

these objective functions will be compared.

3.4.2 Computational Studies

This section deals with computational results based on the multistage filtration

model given above.

Redundant configurations

The separation networks considered in this section are analogous to those in
Section 3.2 for crystallization. Consequently, the same kinds of redundancies
are expected. Additionally, simplifications in Equation 3.87 introduce some
unrealistic model behavior. Approximation of the actual concentration profile
along the length of the membrane unit leads to the results shown in Table 3.9.
A membrane unit operated at a given pressure difference and temperature is
arbitrarily split in two units with the same overall area. The retentate of the
first unit is fed to the second unit and the permeate of both units is collected
as the overall product. If operated at the same pressure difference and tem-
perature, the setup of two units generates the same amount of permeate with
the same composition as the single membrane unit does. However, Table 3.9
shows that the numerical results for both setups are different, favoring two
membrane units. The single unit has less permeate flow and a higher per-

meate impurity concentration than two connected units. Approximating the
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concentration profile along the membrane underestimates the effective driving
force for the separation of the mixture. Implementing the same membrane
area with two units allows a closer approximation of the concentration profile
and thus a more efficient separation. This undesired numerical effect is treated
by defining an offset for rating alternative configurations as better than coun-
tercurrent cascades. Alternative configurations with only minor improvements

compared to countercurrent cascades are thus removed from the results.

Table 3.9: Comparison of single membrane unit with two connected units.

single membrane unit two connected membrane units

RS il
-t —+t

AP = 35-10° Pa

T =313.15K
F' — 1mols™!
o™ = 0.05

kpa = 0.5411mols™ ' m™2, kpp = 0.02104 mols~' m~2
va = 1.95446-10"*m3 mol !, vg = 4.69981-10~* m? mol~*

A =6m? A =3m? Ay =3m?
25 = 0.01454 25 M = 0.01392
FOutlm — (56039 mols~* FOutlv — (56629 mol s+

Parameter Studies

Parameter studies analogous to those in Section 3.2 are carried out to allow
for comparing globally optimal multistage separation processes based on dif-
ferent technologies. A mixture of decane (species A) and hexacosane (species
B) is considered with parameter values taken from [Micovic et al., 2014]. Con-
centrations of hexacosane in the parameter studies below are limited to the
same range as in the experiments carried out in [Micovic et al., 2014]. The
feed composition and the permeability coefficient of component B are varied

for following parameter studies. The feed composition is normalized to the
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product specifications according to

Iny Outlyg
Invg zp ™ —up(zp )

B,norm lo(zgthM) o up(zguth) .

(3.116)

The permeability coefficient of component B is normalized to a reference value

as

_hep (3.117)

kP,B,norm = L .
P,B,ref

Decreasing this value decreases permeation of component B, thereby increas-
ing selectivity of the desired permeation product A.

Parameter and domain specifications are given in Table 3.10. Pressure and
temperature are fixed to constant values. The membrane area Ay, for each
stage n is a decision variable that determines the permeate yield. The remain-
ing decision variables are the binary variables 8 determining the configuration

of the multistage separation network.

Table 3.10: Parameter and domain specifications for multistage membrane parameter

studies.
parameter value variable domain
kp Baorm {0.05,0.1,...,2} 25" 10, 0.005]

z]g“M {0.01,0.015,...,0.095} zg‘JtQM [0.1,1]
nM{1,2,3,4} z [0,1]
AP 35-10° Pa P R,F [0mols™! 10mols™!]

T 313.15K g 40,1}
F'™ 1mols™! Ay [0m?,100 m?]
kpa 0.5411mols™tm=2" Ji [0mols™ m™2 kp,]

kP,B,ref 0.02104 mol s~ ' m—2"*
VA 195446 10—4 m3 mol_l *

vg  4.69981-10~*m3 mol 1"
* [Micovic et al., 2014]

Figure 3.33 shows the results for globally optimal countercurrent membrane
cascades. The optimal number of stages is depicted in Figure 3.33a and the
optimal feed stage position in Figure 3.33b. The optimal number of stages

decreases for lower permeability of the impurity component and, to a smaller
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Figure 3.33: Globally optimal countercurrent membrane cascade configurations.

degree, lower feed concentration of impurity. In particular, if the permeability
of component B is reduced by 50 % - 80 % compared to the reference value,
one stage instead of two is sufficient for the given separation. The optimal feed
stage position is further away from the permeate product outlet Outl if the

impurity concentration in the feed or the impurity permeability is high. Thus,
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for impure feed and low desired product selectivity, the feed stage number,
counted from top, is higher.

Qualitatively, these are the same results as in Section 3.2 for varying feed com-
position and selectivity for a melt crystallization process. However, possible
generalization of design rules proposed in that section requires the results for
general multistage configurations to also be comparable. Figure 3.35 depicts
parameter ranges were alternative configurations are better than countercur-
rent cascades and their relative optimal objective function value. Note that
only regions with at least 10 % improvement are shown in Figure 3.35a to ex-
clude solutions that are predominantly based on numerical effects as discussed
in Section 3.4.2. Regions with improved alternative configurations are located
were the optimal feed position for countercurrent cascades switches from one
stage to the next. Largest improvements are found were the optimal counter-
current feed position switches from the first stage to the second. In region A in
Figure 3.35a, the region with the largest improvements, there are three equiv-
alent optimal configurations. These configurations, depicted in Figure 3.34,
are the same as in the corresponding parameter region for multistage crystal-
lization. In summary, this leads to the same design rules as for multistage
crystallization. It is sufficient to analyze optimal countercurrent membrane
cascades and only search for alternative configurations close to were the opti-

mal feed position changes.

o n s

n=2 J n=2 n=2
n=3 J n=3 n=3 J

(a) I (b) I (c)

Figure 3.34: Equivalent globally optimal configurations for region A in Figure 3.35.
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Figure 3.35: (a) Globally optimal configurations of general filtration network de-
termined by stage number, feed stage and permeate transport. Only regions with
optimal configurations that use at least 10 % less permeate than the countercur-
rent cascade are shown. (b) Relative permeation effort for alternative configurations

compared to the countercurrent cascade.
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3.4.3 Conclusion

Deterministic global optimization is applied to find the best configuration for
multistage filtration processes. Reductions of evaporation effort over 35 %
where observed when using alternative configurations instead of countercurrent
cascades similar to corresponding values for multistage melt crystallization.
The same configurations found for melt crystallization and solution crystal-
lization in the previous sections are also encountered for filtration in the same
parameter regions. This allows for generalizing corresponding design rules
also to a separation process different from crystallization. Repeated partial
filtration, analogous to repeated partial melt crystallization, is supposed to be
equivalent to a single filtration step but behaves differently due to model sim-
plifications. According configurations are removed from optimization results.
The findings in this and the previous sections shows that only a small set
of configurations needs to be tested to determine optimal separation network

configurations if the cost is proportional to the amount being processed.
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4.1 Introduction

Distillation is the most widely applied unit operation for separation, but it is
an inherently energy-intensive process due to the heat required for vaporizing
liquid streams |Gorak and Sorensen, 2014|. A possible way to reduce energy
consumption and cost is by combining distillation with other separation pro-
cesses such as melt crystallization or filtration, exploiting advantages of each
process. One such application is combining high capacity of distillation and
high selectivity of melt crystallization for separating close boiling mixtures and
azeotropes. These processes already have various industrial applications, see
[Franke et al., 2008].

In this chapter, the computational feasibility of globally optimal flowsheet se-
lection for conceptual process design is studied with an exemplary process
combining distillation and melt crystallization units. For that goal, suitable
models for both unit operations as well as flowsheet and objective function
are established. Furthermore, certain properties of the distillation model are
discussed and used to further reduce the computational effort for global opti-
mization.

Deterministic global optimization of separating a binary mixture with distil-
lation and melt crystallization was first considered with a simplified model
version in |Ballerstein et al., 2014| and extended in [Kunde et al., 2016] to in-
clude multistage nonideal crystallization, an improved model formulation for
distillation and a more detailed objective function. The discussion is extended
here with an analysis of model properties and comparisons with related distil-
lation models from the literature. With respect to [Kunde et al., 2016], process
models are updated to better comply with Section 3.2. Although changes are

minuscule, according numerical results were recalculated.

4.2 Process Model

In [Miiller et al., 2011, Schiifer et al., 2012|, a new type of process utilizing
thermomorphic solvent systems for the hydroformylation of long-chain olefines
based on renewable resources is presented. Among other measures, the reaction

product of the process considered there requires the separation of a mixture of
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the closely boiling isomers n-dodecanal and 2-methylundecanal, which is ex-
emplary also for a large class of other binary isomeric mixtures. The mixture
of n-dodecanal and 2-methylundecanal is zeotropic and close to ideal in the
liquid phase and the vapor phase. Due to a relatively low separation factor
for closely boiling components, stand-alone distillation may not be economical
for this separation task. Therefore, this case study evaluates flowsheet options
combining a distillation unit with a second separation process: melt crystalliza-
tion. The solid-liquid phase diagram of n-dodecanal and 2-methylundecanal
resembles the simple eutectic type. Due to the eutectic composition being close
to pure 2-methylundecanal, only crystallization of n-dodecanal is practicable.
Liquid inclusions and liquid adherent to crystal layers reduce the maximum
possible purity achieved in one crystallization step. For more details on the
properties of mixtures of n-dodecanal and 2-methylundecanal, see |Beierling
and Ruether, 2012, Micovic et al., 2013, Beierling et al., 2013, 2014]. In this
chapter, flowsheet selection using a level of modeling detail corresponding to
early stages in hierarchical design frameworks is considered. Results obtained
by analyzing those models based on mathematical optimization may be ad-
versely affected by poor local solutions. Stochastic or local optimization does
not provide a measure to evaluate the quality of local optima and generally can
not guarantee to find globally optimal solutions. Therefore, globally optimal
solutions obtained with deterministic global optimization software are used for
flowsheet selection in this case study. Computational feasibility is achieved by
providing suitable model formulations for distillation and melt crystallization.
Globally optimal objective function values are used to rate available flowsheet
options. In context of hierarchical design frameworks, the flowsheet options
with the best rankings are deemed most promising for further study with more
detailed process models in subsequent design steps. The following model em-
ploys total molar flows and molar flows or molar fractions of 2-methylundecanal
as variables. 2-methylundecanal represents the low-boiling component in dis-
tillation and the impurity component in crystallization.

It should be noted that in a recent publication [Nallasivam et al., 2016|, deter-
ministic global optimization of multicomponent distillation networks is consid-
ered for minimum reflux conditions. This restriction to minimum reflux allows

using the much less complex Underwood equations for ideal or near-ideal mix-
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tures instead of a full tray-to-tray model. Using a tray-to-tray model allows
any reflux rate and potentially enables the extension of methods to nonideal

separation.

4.2.1 Distillation Column

The separation of isomers n-dodecanal and 2-methylundecanal by distillation is
considered. The steady-state distillation model employs the assumption of con-
stant molar overflow due to similar enthalpies of vaporization for n-dodecanal
and 2-methylundecanal. This assumption is used instead of implementing a
full enthalpy balance. Each stage of the distillation column is assumed to be
in thermodynamic equilibrium, which is described sufficiently accurate with
constant relative volatilities.

FOuﬁ Col

Figure 4.1: Balance envelopes for the distillation column model with rectifying sec-
tion (top), feed section (middle), and stripping section (bottom). [Reprinted from

Kunde et al., 2016, with permission from Elsevier|

The distillation column comprises three sections as illustrated in Figure 4.1.
The stages of the stripping section including a total reboiler are labeled down-
wards by [, €{1, ..., "™}, The stages of the rectifying section including a total
condenser are labeled upwards by [; € {1,...,1**}. The distillation column
superstructure allows for varying lengths of rectifying and stripping section.
The maximum number of stages in the rectifying and stripping section are

given by ["** and [I"**, respectively. As explained further below, actual re-
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alizations of the superstructure generally have less stages than the maximum
number. The feed stage with saturated liquid feed flow is labeled with “feed”.
The vapor flow entering the feed stage from the stripping section is labeled
with “feed+1” and the liquid flow entering the feed stage from the rectifying
section is labeled “feed —1”. The molar fraction of the low-boiling component
in internal liquid molar flows is denoted as x € [0, 1], in internal vapor molar
flows V as y € [0,1] and in external molar flows F as z € [0,1], with molar
flows being nonnegative. The distillate is labeled “Outlc,”, the bottoms as

“Out2co” and the feed as “Ing,”. The overall material balances for the column

then read
Fncer — pOutlcal + P’OUtQCM7 and (41)
FInCol ZIncol — FOutlcol ZOutlcol 4 FothCol ZothCOI. (42)
. . V_FOutICOI o \v4
Internal flow ratios v, = “oarg.— € [0,1] and vs = TIFowIes € [0, 1] are used

as variables for internal material balances and implemented as
0=(1—1)V — FOlca (= —y (V 4 FOM2cor) 1V, (4.3)

This allows writing internal material balances entirely without molar flows as

Yt = vt (1 — 1) 200 =1, I (4.4)
0= Vs yfocd—l—l — v, yfocd + v, v, xfocd—l o xfecd + (1 — Vs) ZInCm, (45)
R T e e A TN e (4.6)

Note that each set of values for v, and v5 uniquely determines this set of equality
conditions. Using internal molar flows instead would allow for different sets of
values to result in the same set of equality conditions (see also Equation 4.3),
rendering the solution landscape more complex.

The phase equilibrium equations based on constant relative volatilities read

(] + (1 — 2}°) y;* = aa]*, 1 =1,..., 1", (4.7)
(axfeed + (1 o xfeed)) yfeed — a/xfeed’ (48)
(oles:rip +(1-— x?:rip)) ylsstrip = ozxzmp, ls=1,..., 5%, (4.9)

Due to using the assumption of total reboiler and total condenser, the mo-

Outlcol

lar fractions of the low-boiling component in the product outlets z and
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ZOut2col are given as

i
ZOUt]-Col yll"ect’ ZOUt2Col _ l’i I"lp' (410)

The column superstructure allows variable lengths of both stripping section
and rectifying section. The actual number of active stages is fixed by additional
constraints as in [Ballerstein et al., 2014], labeled as coupling conditions. As an
example, for a rectifying section with length [,, the coupling conditions enforce
equality of the liquid flow leaving the stage with number [, and the liquid
flow entering the feed stage labeled with “feed—1”. The total molar flows are
equal due to the assumption of constant molar overflow, reducing the coupling
condition to equal molar fractions x}*" = xfeed=1  The stripping section is
treated analogously to the rectifying section. Binary variables 3;°* € {0,1},
L,=1,...,[™* and @imp €{0,1}, ls=1,...,I™* are introduced to implement

variable lengths of column sections as

lmax lmax
feed—1 __ rect rect feed rect rect
xr E , B, E Lit1s
lmax lmax (4 1 1)
feed+1 ﬁstrlp strip feed Bstrlp strip
ls ) l +1»
ls=1 ls=1
lmlx lHlaX
rect rect strip 5tr1p
D o Betaety = B, (4.12)
=1 ls=1

Equation (4.12) is derived by combining Equations (4.11) and is added to the
model for improved computational performance.

The number of stages in the rectifying section is fixed to [, by setting §;°* =1
and the number of stages in the stripping section is fixed to Iy by setting

;’mp 1. The numbers of stages in both sections are uniquely determined by

lrn ax llnax

Z grect = and Z B = (4.13)

=1

The total number of stages in the column [“°! including rectifying section,
stripping section and feed stage is calculated as

lrﬂdX lmdx

100 = " et + Zﬁ;t“pz +1. (4.14)

=1
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The distillation model comprises Equation (4.1)-(4.14). In the following sec-
tion, properties of the distillation model are discussed and used to add further

constraints to the model.

4.2.2 Properties of Distillation Model

The molar fraction profile of the low-boiling component in this distillation col-
umn model is monotonically increasing from reboiler to condenser. Although
this is well-known, there seems to be no mathematically formal proof for this
behavior in the literature. Therefore, a proof is given below for the monotonic-
ity of the molar fraction profile of 2-methylundecanal in the stripping section
of the distillation column model as introduced in Section 4.2.1. The proof for
monotonicity in the rectifying section can be done analogously and is therefore
not shown here. Superscripts indicating the stripping section are omitted in
this section for better readability.

The mass balance for 2-methylundecanal, Equation (4.6), reads

T = vy(e,) + (1= v)o = flx,),

with the vapor molar fraction y(xz,,) being a function of the liquid molar frac-

tion z;,. It will be shown that
Tj+1 > 2y, holds for all Iy =1, ..., " —1.

For this, basic properties of the function for the vapor-liquid-equilibrium y(z;,)

are considered first.

Observation 1. Let y:[0,1] — [0,1] be defined by y(x,) == =527, with

parameter a>1. Then,
(a) y is strictly increasing on [0, 1], and

Proof. Statement (a) follows from the fact that the partial derivative

0
—y(xl) = < 5 >0, forall ;, €0,1].
Oz, ((a=1)ay, +1)
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As (a — 1)z, + 1>0 is satisfied for each x;, €0, 1], the Statement (b) holds if
and only if avay, > (o — 1) xf + 24, holds for all z;, €[0,1]. As o —1>0, the
latter statement is equivalent to 0 > 7 — @y, =y, (x;, — 1) for all z;, €[0,1],

which is true. O

In particular, the proof shows that y(z; ) >z, holds for all z;, € (0,1). Now note
that the recursive formula f(x;,) is a linear function in y;, with non-negative
slope v. As a direct consequence of Observation 1, the following properties of
f(z;,) are obtained.

Observation 2. Let v € [0,1] and x, € [0,1] be given. Then, the function
satisfies the following properties:

(a) f(x1) > 21,

(b) f(z1,) is monotonically non-decreasing on [0, 1],
(¢) f(x) €10,1] holds for all x;, € [0,1].

Proof. Using y(x1) > 21 from Observation 1 leads to f(z1) = vy(xi) + (1 —
v)xy > vax + (1 —v)xy =z, which proves Statement (a).

Statement (b) follows from Observation 1 as %(I[S) = y%(xls) > 0.
Statement (c) is true as the value f(z;,) is a convex combination of the number

x1 € [0, 1] and the number y(z;,) € [0, 1]. O

The proof of Statement (b) implies that f is strictly increasing on [0, 1] if
v>0.
Iteratively applying the results of Observation (2) finally leads to

1 < f(x1) = 22 < f(ag) = x3

< S f(@imax o) = Tpmaxy < f(Tymax 1) = Tpmax.

Note that the properties discussed above are given implicitly by the model
equations, but are not necessarily recognized or exploited by general optimiza-
tion algorithms. Therefore, corresponding explicit constraints are added to

the model to improve the convergence rate of branch-and-bound algorithms.
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Based on the monotonicity of molar fraction profiles, following constraints are
added to the distillation model.

a;?:“f’ > f“_lf;, yltp > yftff, lg=2,..., 1™ (4.15)
2fet < et yret <ot =2, e (4.16)

Molar fractions in consecutive stages of the rectifying and stripping section
are calculated by the recursion formulas defined in Equation (4.4) and Equa-
tion (4.6). Due to monotonicity, the fixed points yr°c, zIect ¢strip gstrip ¢ [ 1]
of that recursion are bounds to the molar fractions on each stage. The def-
initions of the fixed points are added to the model as Equation (4.17) and

Equation (4.18).

strip __ strip OthCol
.flf* - Vs y* + (1 )
strip . strlp strip __ strlp (4 1 7)
(T™ + (1= 239)) i = aa
rect rect Outl
y* =l ZE —’- ]_ — )z C017
S (4.18)

<a$rect + <1 o rect)) yiect — .TieCt.

The fixed points are used in the following constraints to implement bounds to

molar fractions in each column section.

x?:rip S xstrip’ ylstrip S ystrip’ ls — 1’ o l;nax (419)
:L,lect > l,rect yrect > yrect ls — 17 o l;nax (420)

Recall that the coupling conditions in Equation (4.11)-(4.12) ensure that molar
fractions in different sections associated with each other are equal. Therefore,
feasible ranges for molar fractions in rectifying and stripping section are re-

quired to overlap, leading to

mrect < mstrip

* = Yx )

yiect S yitrip. (421)

The distillation model defined in Section 4.2.1 is expanded by Equations (4.15)-
(4.21).

Note that in [Ballerstein et al., 2014] and [Mertens et al., 2016|, the recursion
formulas in Equation (4.4) and Equation (4.6) are used to propagate bounds
on molar fractions from one stage to the next, starting from the outlets. This

leads to regions comprising all possible molar fraction profiles in the column
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sections as well as possible feed stage positions as illustrated in Figure 4.2.
Monotonicity of molar fraction profiles, as discussed above, is one of the key
requirements for this bound propagation. The technique is used to reduce the
domain in each node of a branch-and-bound algorithm, significantly reduc-
ing computational effort. However, this technique requires alteration of the

optimization algorithm itself, which is outside the scope of this work.

/\ - /\ - /\ b
X X X X X X
0 A 1 3 0 A 1 3 0 A 1 A
A+B [Ty P ) ) I A+B
—>
x5ot xBot xBot
> > s

a) ~—— b ~— —  (¢) ~— —

Figure 4.2: Regions of all possible molar fraction profiles and feed stage positions
for (a) loose bounds on outlet molar fractions, (b) tighter bounds and (c) infeasible

conditions.

Remark on Non-Ideal Phase Equilibria Monotonicity in binary distil-
lation columns also holds for general functions y, provided that all proper-
ties of Observations (1) and (2) are valid in [2%° 2%], 0 < 2'° < 2% < 1 and
w1 € [2'°,2%]. This allows for applying monotonicity-based techniques for
a large range of binary mixtures. In particular, this also includes binary

azeotropic mixtures.

Remarks on Multicomponent Mixtures Monotonicity of molar fraction
profiles in distillation columns does not hold in general for multicomponent
mixtures. However, for ideal phase equilibria, monotonicity holds for pseudo-

components £ and gy defined as

J J
‘%j,n = in,nv gj,n = Zyi,nv .] = ]-7 S 7NC_17 (422)
=1 i=1
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with N¢ being the number of components in the mixture.

Given mass balances for the stripping section of a distillation column

strip strip + (1 . Vs) ZOthCol ystrip _

_ Out2¢o
Tiger1 = Vs Yi, z; (4.23)

i ) i1 i )

and an ideal phase equilibrium with relative volatilities oy > e > ... >an, =1

Ne—1
(3 (o= Daii® + 1y = aall® (124)

i=1
forall i =1,...,[™—1and j=1,..., No—1, it is shown in [Mertens et al.,

2016] that

FUP > &P holdsforall lo=1,... "™ —1 j=1,... Ne—1 (4.25)

Note that this also implies monotonicity in the rectifying section. Conse-
quently, the bound tightening technique developed in [Ballerstein et al., 2014|
for binary mixtures is extended in [Mertens et al., 2016| to ideal multicompo-
nent mixtures.

However, monotonicity is actually not necessary for the bound tightening tech-

nique, but rather

B> S holds for all [o=2,.. " j=1,.. No—1, (426)

which is true for general phase equilibria with

~strip ~strip
Uit =T, - (4.27)

This allows for extending the bound tightening strategy from [Ballerstein et al.,
2014] to non-ideal mixtures with according properties. The proof for Equa-

tion (4.26) is given in Appendix B.

4.2.3 Countercurrent Crystallizer Cascade

This section describes a crystallization process for the separation of n-dodecanal
and 2-methylundecanal. The solid-liquid equilibrium of the considered mix-
ture is of the simple eutectic type. The eutectic point is close to pure 2-
methylundecanal. Therefore, only crystallization of n-dodecanal with impu-
rities of 2-methylundecanal is considered. Crystal product impurities are de-

scribed by a constant differential distribution coefficient as in [Wellinghoff and
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Wintermantel, 1991, Micovic et al., 2013|. The according experimental data
is published in [Micovic et al., 2013] and [Beierling and Ruether, 2012|. Based
on the conditions outlined above, the model presented in Section 3.2 is applied
in this section as well. The configuration is fixed to a countercurrent cascade
with two stages, depicted in Figure 4.3.

[FOutic

| Out1
Fimp cr

n=1

F Ingy
,_-InCr 1 l

imp

n=2

FOUIZCr
Out2
Fimp Cr

Figure 4.3: Countercurrent two-stage crystallizer with arbitrary feed stage. Molten
crystal product is transported upwards. Liquid remainder is transported downwards.

|[Reprinted from Kunde et al., 2016, with permission from Elsevier|

Mass balances for the input of each stage read

4.28
4.29
4.30
4.31

1 r I T
Fy = Fepior + .5,
— Inc, plney
Emp,l = F, Bl + Simp,Q

imp
F2 — FInCr/B;nCr + Ll

_ pIng; plne
F1imp,2 =F 2 "+ Limp,la

imp

(4.28)
(4.29)
(4.30)
(4.31)

with the feed stage being determined by binary variables 8;"°", 35" € {0,1}.

The following constraint ensures that exactly one of the stages is appointed as

feed stage.
e 1 giner — 1 (1.32)
Model equations describing separation by melt crystallization read for each
stage n=1, 2:
Limp,n = }jnkdiﬁﬂmp,ny Simp,n = Emp,n - Limp,na (433)
L,=YF,, S, =F,—L,.
Output flows of the crystallizer unit are defined as
u [ Ou r
FO tlor — Sla Emptlc - Simp,la (434)
u r Ou r
FOUe = Ly, FO%20 = Linyo. (4.35)
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Molar fractions of impurity in the liquid remainder are constrained to values
below its eutectic value z°"* due to eutectic-type solid-liquid phase behav-
ior. Practical limitations to the minimum cooling temperature may further
restrict feasible values for the molar fraction of 2-methylundecanal. For simple
eutectic-type solid-liquid phase behavior, each equilibrium temperature corre-
sponds to a uniquely determined equilibrium composition on each side of the
eutectic point. Therefore it is sufficient to determine a maximum molar frac-

tion of 2-methylundecanal x2®* to cover both eutectic point and temperature

imp
limitations, whichever is more restrictive. Physical data of 2-methylundecanal
and n-dodecanal from [Micovic et al., 2013] is used here. The constraint is
implemented as

T Ly > Limpn, n=1,2. (4.36)

imp

4.2.4 Flowsheet Options

A straight-forward approach is used to generate flowsheet options for this case
study. More complex process engineering tasks may require a systematic gen-
eration of flowsheet options as covered by the literature [e.g., Holtbruegge
et al., 2014, Quaglia et al., 2015].

Flowsheets comprising up to two melt crystallization units and one distillation
column are considered. Distillation is capable of separating the binary mixture
of n-dodecanal and 2-methylundecanal into pure substances, while crystalliza-
tion is practically only suitable to produce pure n-dodecanal due to the position
of the eutectic point, thus reducing the number of feasible flowsheets. Further
flowsheet options are excluded by forbidding streams previously enriched in n-
dodecanal from mixing with those enriched in 2-methylundecanal. Each flow is
directed to exactly one unit or alternatively collected as one of the two overall
product flows, stream splitting is not considered. The resulting six flowsheets
are listed in Figure 4.4, with the mixture feed flow labeled as “N,iso”, product
concentrated in n-dodecanal labeled as “N” and product concentrated in 2-
methylundecanal labeled as “iso”. Model parameters and specifications of the
separation task determine the feasibility and optimality of those remaining
flowsheets, which will be identified using deterministic global optimization.

Note that flowsheet candidates for this process are also studied in [Micovic
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iso iso iso

T N T liso N
(a) (b) (©)

Figure 4.4: Flowsheet options. The square symbol represents a countercurrent crys-
tallizer cascade with two stages and arbitrary feed stage. Unit outlets assigned with
“N” are collected at product outlet “Outlsys” and unit outlets assigned with “iso”
are collected at product outlet “Out2gys”. [Reprinted from Kunde et al., 2016, with

permission from Elsevier|

et al., 2013] using stochastic optimization. However, flowsheet option (b) in

Figure 4.4 is not included there. The following mass balances are added to

2

model the different flowsheet options, with system feed inlet “Ing,” and sys-

tem product outlets “Outlgy” and “Out2gy”.

Inc, _ rIng Cr Out2ce RCr

Flhor = pliss gon 4 frOu2co gan 4.37
Incr _ _Ingys rIngys RCr Out2co 7Out2¢o RCr

Fimp = g leys [iltsy s T 2 F Bcaa 4.38
Incol Insys 2Col Outlc, pCol Out2¢c, pCol

Fricet = Sys + F 501‘1 +F 5(}1‘2 4.39

Incol Incer . Insys rIngys gCol Outlc, pCol Out2¢cr »Col
Y e sys +‘Firnp Cr1+‘Fimp Cr2

Outl _ Outlcol Out2¢, psysl

F sys — F o + F r/Bcr2
Outlgys ;nOutlsys . ,Outlcol pOutlcel Out2c; psysl
z F ==z oF o+ Fjimp Cr2

Out2sys __ 1Out2¢,) sys2 Outlg, gsys2
F v =F 50012 + F BCrl

Out2sys ;7 Out2sys _ ,Out2¢e ;0ut2c0 28ys2 Outlc, psys2
< F ==z oF ° BCO]2 + Emp Crl

Binary parameters [ are used to fix different flowsheet variants. Parameter

values for according flowsheet options are given in Table 4.1.
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Table 4.1: Parameter values defining flowsheet options in Figure 4.4.

flowsheet option | S A5 BS BN BGh B Boon B
(a) 1 0 0 1 1 0 1 0
(b) 1 0 0 1 1 0 0 1
(c) 1 0 1 0 0 1 1 0
(d) 0 1 0 0 0 0 1 0
(e) 0 1 0 1 0 1 0 1
(f) 0 1 0 1 1 0 0 1

Each feasible process variant needs to satisfy product purity requirements,

Outlsys and a lower bound

which is implemented by setting an upper bound to z
to 29"2sys. In addition to the equations above, an overall mass balance for the

entire separation network is included in the model as follows.

ZInSyS FIHsys — ZOutlsys ‘FOutlSys 4 ZOut2sys FothSyS (445)

4.2.5 Objective Function

An economic objective function adopted from [Micovic et al., 2013, Franke
et al., 2004, 2008| and used in [Kunde et al., 2016] is also used here to evaluate
the different flowsheet options. The main features of the cost model, which is
mostly based on estimations from [Douglas, 1988|, are described below. The
original publications are referred to for more details on the cost model.

Total annual costs (TAC) of the process are used as the objective function.
The objective function comprises operating costs and annualized investment
costs for both the distillation column and the melt crystallization units. Cal-
culating the contributions of shell and packings of the distillation column to
the investment costs requires knowledge of the column diameter. The flooding
point model from [Mackowiak, 2010] is adapted here to estimate the column
diameter. Approximating the required column cross section area for 80 % of
the critical vapor flow velocity as a linear function of liquid and vapor molar
flows assuming constant physical properties leads to a sufficiently accurate es-
timation with low computational effort. Of course, this measure also implies
that coefficients in the cost model need to be adjusted accordingly for different

case studies. Providing heat through steam for the desired vapor flow and
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cooling water for heat removal at the condenser determine the operating costs
of the distillation column. The crystallizer units require a heat exchanger as
well as a storage tank for each stage as investments. The equipment size is
designed for crystallization in a single vessel and using tanks for intermediate
storage to enable multistage operation. The capacity of the storage tanks is
the same as the maximum capacity of the crystallizer. The cooling required for
producing a desired amount of crystal is used to calculate the operating costs
for the crystallizer units according to [Wellinghoff and Wintermantel, 1991].

The cost model employed in this work contains many parameters specific to
the design task of the considered case study, reducing comparability to other
design tasks. However, computational feasibility as one of the main topics of
this case study requires first and foremost reproducible computational results.
Therefore, the complete objective function written in the condensed form that

was used for implementation is provided below.

Jrac =
( 17544V smol "
+2364.5 (0.219°" + 4)°%2 (0.2378 V smol " + 0.0221 FO"2cl smol )
+2009.71°" (0.2378 V smol " + 0.0221 FO*2¢! s mol )
—171.41%" (0.2378 V smol ! + 00221 FOU2eat g ol 1)

0.533

nCr nCr
+173.61°° + 42030 ()~ S, smol )% 4+ n 3186.8 (Y~ S, smol )"
n=1 n=1

Cr

+23465 Z S,smol ™' )€a!
n=1

(4.46)

4.3 Computational Results

This section deals with computational results for the flowsheet selection prob-
lem defined above. First, the effect on computational performance of adding
redundant equations to the model is evaluated. The computationally more
efficient model formulation is then used to calculate optimal cost values for

each flowsheet option.
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4.3.1 Effect of Monotonicity Constraints on Computa-

tion Time

Additional constraints may be used by a solver to more efficiently reduce the
search space during optimization, but they also increase model size. The effect
of including redundant constraints on the computation time for solving the dis-
tillation column model is evaluated in this section. The distillation model in
Section 4.2.1 is solved with regard to objective function Equation (4.46) with
and without the monotonicity constraints developed in Section 4.2.2. Prod-
uct purity constraints are applied directly to the column outlets compositions
zOutlca and zOutlco Results are obtained by using BARON 15.9.22 (GAMS
24.6.1, Linux, x64). CPLEX 12.6.3 and CONOPT 3.17A are facilitated as
subsolvers for BARON. The solver options are left at default values except for
the BARON option “NumLoc 0” and the termination condition “optcr”, the rel-
ative difference between upper and lower bound, which was set to 0.0001. The
processes are run consecutively in a virtual Linux environment on a standard
desktop computer (Intel@® Core™ i5-6500 @ 3.20 GHz). The memory allocated
to each process is 2048 MB. Global solutions as calculated beforehand by the
solver are provided as initial solutions. This reduces the task of the solver
to proving global optimality of the initial solution and thus removes search-
ing for good local solutions as an influence on computation time. Parameter
and domain specifications are given in Table 4.2, the resulting computation
time is depicted in Figure 4.5. Including the monotonicity constraints Equa-
tions (4.15)-(4.21) leads to a reduction of the median computation time for
solving the optimization problem from over 100s to less than 50s. Therefore,

monotonicity constraints are also used in the following calculations.

Table 4.2: Monotonicity constraints: Parameter and domain specifications for com-

putation time comparison.

parameter value variable domain variable domain
Fnsys 1mols™! <o [3,50] V' [0mols™!, 20mols™]
J z0ut2col [0, 0.01] F [0mols™', 1mols™]
[max 5() ZOutlear 10,99, 1] B3 {0,1}
[

e 50 z,y,v [0,1]
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(a) Distillation column model without monotonicity constraints.
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(b) Distillation column model with monotonicity constraints.

Figure 4.5: Distribution of CPU time reported by BARON for solving 500 instances
of the distillation column model with random permutations of equation and variable
order and 99 % confidence intervals for the median (white box), Py 2275 and Py 97725

(whiskers) of the true CPU time distribution.
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4.3.2 Comparison of Mixed-Integer Design Models

There are numerous ways to implement models for distillation column opti-
mization [Barttfeld et al., 2003, Grossmann et al., 2005]. One such imple-
mentation is selected for comparison of computational performance with the
model presented in this work. The same setup as in Section 4.3.1 is solved for
the well known distillation model formulation described in [Viswanathan and
Grossmann, 1993]. This reference model uses liquid molar flows instead of flow
ratios and a different superstructure to implement variable column configura-
tions, illustrated in Figure 4.6. Monotonicity constraints like Equations (4.15)-
(4.21) in Section 4.2.2 can not be implemented in a straight-forward way for
the reference model and are thus not included. Using the reference model,
the optimization problem is not solved in ten hours of computation time for
a single run. The lower bound for the objective value of the reference model
calculated after this time is 57.2 % of the global optimum. Even considering
statistical variation of computation time, this is orders of magnitude slower
than solving the optimization problem using the model formulation proposed
in this work. The full equations of the reference model as well as parameter

and domain specifications are listed in Appendix C.

N\ [FOutica

——— ___ZOU“COI
]
|
=—— ——
|
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F'"col o —_
ZIncol 1
. ___:
| |
- — ]
| |
| |
-- -—-
| |
L__ __J FOU‘ZCM
r———
\_/ ZouEeo

Figure 4.6: Column model superstructure as presented in [Viswanathan and Gross-

mann, 1993] with variable feed position and distillate reflux position.
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4.3.3 Comparison with Fenske-Underwood-Gilliland

Short-cut methods are often applied to obtain first estimates for distillation
column designs in early steps of design frameworks. One of the most prominent
methods is based on the work of Fenske, Underwood and Gilliland, see Ap-
pendix D for a detailed description. The so called Fenske-Underwood-Gilliland
(F-U-G) method provides a correlation between number of stages and reflux
ratio for a given separation task, which is used for economical evaluation and
optimization. It does not require a full tray-by-tray column model and there-
fore allows faster calculation. However, the F-U-G method deploys an empiri-
cal correlation in addition to the assumptions made for the tray-by-tray model
in Section 4.2.1, introducing deviations from the exact solution. Figure 4.7
shows two example calculations comparing the F-U-G method and results ob-
tained from the model given in Section 4.2.1. The results are calculated for
fixed product specifications, obtaining a feasible solution for the vapor flow for
each fixed number of stages with GAMS/BARON. Figure 4.7 demonstrates
that the F-U-G method fits the exact solution well in some cases, but may
also express deviations over 20 % in both number of stages and vapor flow in
other cases. Therefore, it should be followed up by more rigorous methods

when deployed as a first step in hierarchical design frameworks.

60 60
— i
P P
3 40 > 40
i &
(%] [%2]
© ©
320 SRR 3 20 SENRSSNRE
= tray—-by-tray IS tray—by-tray
2 — F-U-G 2 — F-U-G
0 : : 0 : :
0 5 10 0 5 10
vapor flow / mol st vapor flow / mol st
(a) Case 1: 2™ =0.5, F" =1mols™!, (b) Case 2: 2=0.9, F®=1mols™,

a=1.3, 20" =0.95, 20u2=0.05, ¢g=1 «a=1.3, 20" =0.95, 20"2=0.01, ¢=1

Figure 4.7: Correlation between number of stages and vapor flow for binary separa-

tion tasks.
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4.3.4 Optimal Flowsheet Results

In this section, flowsheet options for the separation of n-dodecanal and 2-
methylundecanal using distillation and crystallization units are evaluated based
on globally optimal solutions of a conceptual process model. Utilizing deter-
ministic global optimization prevents results from being adversely affected by
poor local optima. Hierarchical design frameworks profit from this strategy as
later design steps rely on optimization results from prior steps.

The deterministic global optimization software BARON 11.5.2 (GAMS 23.9.5,
Linux, x64) is applied for minimizing the objective function of the process
model described above. CPLEX 12.4.0.1 and CONOPT 3.15G are chosen as
subsolvers required by BARON for linear programming and non-linear pro-
gramming. Solver options are set to default values except. Only the termina-
tion condition “optcr”, the relative difference between upper and lower bound,
is set to 0.0001. Note that only one global optimum is identified using these
options even in the case of multiple global optima. The GAMS processes are
executed consecutively with 2048 MB of memory allocated to each process. A
standard desktop computer (Intel®) Core™ i5-6500 @ 3.20 GHz) with a vir-
tual Linux environment is used for the computations.

There is no initial solution provided to the solver. Finding good local solutions
early allows for more efficient bounding and thereby influences the overall com-
putation time. Therefore, the complete evolution of upper and lower bound
to the objective function during branch-and-bound is reported Table 4.3 lists
the parameters and domains of variables used in this case study.

GAMS reports the size of the optimization problem as 1008 equality and in-
equality conditions and 525 variables with 156 of these being binary variables.
The model has 3640 nonzero elements with 1816 being non-linear. The su-
perstructure for the distillation column allows approximately 3200 possible
configurations and the operating parameters correspond to two real-numbered
degrees of freedom. The superstructures for the distillation units each allow
two possible configurations with two real-numbered degrees of freedom for the
operating parameters.

The computational results are given in Figure 4.8. The computation time
ranges in the order of over twelve minutes to under five hours, which is feasible

for this optimization task also considering the size of the problem. Flowsheet
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Table 4.3: Parameter and domain specifications for the hybrid separation process.

|[Reprinted from Kunde et al., 2016, with permission from Elsevier|

parameter value variable domain

F™sys 1.8 mols™ 1“1 [3,80]

Zsys (.1 zOutlsys [0, 0.01]
kag  0.086% ZOutZsys 10,99, 1]

Z™nT (0.9 w,x,y, 2, Y, kv [0,1]

a 1.37 S,L,V,F [0mols™' 64.8mols']

[rex 80 g {0,1}
[rex 80

2|Beierling and Ruether, 2012, Beierling et al., 2013]

option (b) (see Figure 4.4 for the graphical representation) is identified as the
globally optimal flowsheet. The optimal cost of flowsheet option (b) is ap-
proximately 2% lower than the optimal cost of flowsheet option (a), which is
essentially the same flowsheet without feedback loops. The feedback flow in
flowsheet option (b) is small resulting in a correspondingly small difference of
the objective function values for both flowsheets. However, the modeling detail
of conceptual process models used in this design step does not cover possible
undesired effects of feedback loops that may arise in later design steps with
more detailed models. Therefore, both flowsheet options (a) and (b) should
be included in further investigations. The stand-alone distillation column (d)
is better than flowsheet options (c¢) and (e) despite added crystallizer units.
Note that parallelization is expected to significantly increase computational
performance as is already implied in Chapter 2. As a second note, good local
optima are quickly determined by BARON. The majority of time is spent on
identifying solutions within the range of the termination conditions and on
converging the lower bound to prove that no better solution exists. Recall,
lower bounds to the objective function for evaluation of the quality of local
solutions are not provided by local or stochastic methods, potentially leading
to wrong results for the design task.

It should be noted that the computational performance may strongly depend
on the software version of BARON and utilized subsolvers. Figure 4.9 depicts
the computation time for solving flowsheet option (c) with selected GAMS
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Figure 4.8: Optimization progress and globally optimal objective function for each

flowsheet option. Same order as in Figure 4.4.

versions and according versions of BARON and subsolvers. Hardware, soft-
ware and options are the same as for Figure 4.8. A globally optimal solution is
provided as initial point. The resulting computation time varies over one order
of magnitude, with newer software versions not being strictly faster than older
versions. Regardless of this variation, the model formulation presented in this
work provides a feasible method for obtaining globally optimal solutions for

conceptual design of combined distillation/melt crystallization processes.

4.4 Conclusion

Flowsheet selection is a fundamental step in process design that is adversely
affected by poor local optima. Application of deterministic global optimization
for reliable flowsheet selection is demonstrated for a process combining distil-
lation and melt crystallization units. Providing suitable model formulations
allows for globally solving more complex models than previously published.
This enables using tray-by-tray distillation models instead of or subsequent
to shortcut methods, e.g. Fenske-Underwood-Gilliland, in hierarchical design

frameworks, increasing model validity for the cost of increased model complex-

ity.
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Hierarchical design frameworks allow to apply deterministic global optimiza-
tion when computationally feasible and only switch to other methods when
it becomes necessary. Thereby the most fundamental choices for design tasks
solved in hierarchical frameworks can be guaranteed not to suffer from poor lo-
cal optima. In this work the application of deterministic global optimization to
conceptual process models originating from early design stages or lower steps
of a hierarchical design framework is demonstrated. Suitable model formula-
tions are provided that allow analysis and design of selected processes based
on globally optimal solutions.

The work presented here allows to extend the application of global optimization
to new processes. As one of the results, design rules for multistage separation
processes are derived from analyzing the influence of process parameters on
globally optimal configurations. In more detail, multistage configurations for
three separation processes, namely melt crystallization, solution crystallization
and filtration, are studied using global optimization. The findings are qualita-
tively the same in all three cases, allowing for generalization of corresponding
design rules.

The complexity of problems solved globally is increased by exploiting problem-
specific properties. Most notably, specific monotonicity properties for distil-
lation column models are proven and exploited to reduce the computational
effort of global optimization.

Furthermore, a method based on statistical analysis for evaluating the compu-
tational effort of solving optimization problems with branch-and-bound algo-
rithms is proposed.

Process design tools based on global optimization require suitable problem for-
mulations and solution methods to at least partly compensate the increased
computational effort compared to local optimization. Model formulations
adapted to the applied algorithm and solution methods exploiting problem-
specific properties enable significant reduction of the computational effort for
global optimization. However, general solvers are not guaranteed to identify
all beneficial properties of a problem. As a future perspective, this may be
addressed by a database compiling suitable problem formulations and accord-
ing specialized solution algorithms. Such a database may provide the means

to determine global solutions to commonly encountered problems.



Appendix A

Integral Distribution Coefficient
for Melt Crystallization

The differential distribution coefficient is a measure for the efficiency of separa-
tion by crystallization processes. It is used in this work for melt crystallization
of eutectic mixtures with impurity inclusions in the crystals. The differential
distribution coefficient is defined as the molar fraction of impurities in the crys-
tal wimp divided by the molar fraction of impurities in the liquid iy, [Lewis
et al., 2015]:

by 1= e (A.1)
Limp
Note that kqig is defined for infinitely small amounts of crystal produced, i.e.

a constant composition of the liquid during the crystallization.

The definition of kgig can be rewritten as

DS L
L e A2
oS diff I ) ( )

with S and L being the amounts (or cumulated molar flows) of the crystal and
the liquid, respectively.

The integral distribution coefficient is defined as

end Gend ] start

WS
. %imp _ Mimp
kmt T start - Gend ] start’ (Ag)
imp imp

With superscripts “start” and “end” describing conditions before and after crys-

tallization, respectively.
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Two intermediate steps are needed to determine k.. Firstly, S is obtained

from the definition of the crystal yield Y.

Send
Y -

= [ start

(A4)

Secondly, the cumulative amount of impurity in the crystal Sﬁﬁg is calculated,
starting from the equation for kgys. In this context, the crystal amount S
can be interpreted as the crystallization progress, with S = 55" = () meaning
zero progress and S = S meaning completed crystallization. Reordering
Equation (A.2) leads to

L O 1
[start _ Simp oS — Nvdiff [ start _ S’

imp

(A.5)

which is integrated over the crystallization progress S from S5 to S with
the assumption of kgig :=constant to obtain

[ start ] start kaif
w ( | ) . (A.6)
] start _ Spnd [ start _ Send

imp imp

Note that if kqir depends on the crystallization progress, this integration gets
more complicated and may only be solved analytically for special choices of
kair(S). Rearranging this result and using the definition in Equation (A.4)
leads to the formula for calculating the cumulative impurity in the crystal
Send as a function of the yield Y:

imp

St = Lt (1= (1 = v)for). (A.7)

imp imp

Recall the definition for ki, in Equation (A.3). The intermediate results in
Equation (A.4) and Equation (A.7) are used to rewrite ki, for constant differ-

ential distribution coefficients in terms of kq;¢ and Y only.

1— (1Y)
Y

kint - (A8)



Appendix B

A Property of Multicomponent
Distillation

In this section, it is shown that
Tj, > T (B.1)

holds for pseudo-components defined as

j
Tjl, = Z Tils; Yite = Z Yiles (B.2)
: i=1

in mixtures of N¢ species with invariable order of relative volatilities
ap>a>. . >an, =1 (B.3)
for the stripping section of a distillation column with mass balance equation
Tjtr1 = VY0, + (L —v) 250 (B.4)

for all species j=1,..., Nc—1 and stages [;=1, ..., . Superscripts indicat-
ing the stripping section are omitted in this section for better readibility.

First, a property of the phase equilibrium is discussed in Observation 3. Then,
Equation (B.1) is proven in Observation 4. Note that this proof also implies
a corresponding property in the rectifying section of a distillation column.
Also note that relative volatilities do not need to be constant, rendering Equa-

tion (B.1) valid for a class of non-ideal multicomponent mixtures.
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Observation 3. Let a € RYe, x,y € [0,1]Y¢ and &,y € [0,1]V¢7L be given,

with
o >ag > .. >ang >
N¢
=1
J J
T=) @ =Yy Jj=l...,No-1,
=1 =1
then the function
;T
g:[0.% = RY, @i yi= o, i=1,...,No,
D e QT

satisfies the property
y; >x; forall j=1,...,Nc—1.

Proof. Let z; € [0,1], 7; = Zfiﬂﬂ z;, and relative volatilities &; € [a;, 4],

a; € [ang, aj41] be defined by

; N,
J C .
~ i=1 il _ Ei:jJrl Qi
&J o j—7 J «— T.
i=1 Li D imj1 Ti
Then gy; satisfies
- agry S R 7 L
YiTaE +am; — i+ agm; a;(Z; + ;) —
3%j 3T 3 3T g\Tj T L
forall j=1,..., N¢c—1. O

Observation 4. Let v € [0,1] and &1 € 0,11V be given. Then, the iteration
defined by

00,0 S RY &y &gy = vy(@,) + (1 - v) @

satisfies the following property:
Tj, > xj1 holds for all j=1,...,Nc—1, Is=1,... 1]
Proof. Observation 3 is used to show that
Tjo=vy1+ 1 —v)Tj1 >vijn+(1—v)Tj =T

Now suppose Z;;,_1 > Z;1, then

T, =Vl + 1 —v)T ...

>vijaa+(1—v)Tj1>vin+ (1 —v)T =351,

which completes the proof. ]



Appendix C

Reference Distillation Model

Given below is an implementation of a distillation model with variable length
and variable feed stage given in [Viswanathan and Grossmann, 1993]. Param-
eter and domain specifications are listed in Table C.1. The feasible solution
space of this model is equivalent to that of the model used in Section 4.3.1
except for restrictions on the domain of liquid flows L. Liquid flows L do not
appear in the latter model and therefore no domain is defined.

Objective function:

Jrac =
( 17544V smol*
+2364.5 (0.219°" + 4)°%2 (0.2378 V smol ™" + 0.0221 FO"2cl smol )
+2009.71°°! (0.2378 V smol " + 0.0221 FO"?c smol )
—171.41% (0.2378 V s mol ! 4 0.0221 FOU2eat s ol 1)
+173.61°°" )€a™!

0.533

(C.1)
Mass balances for each stage:
0= B{nColFInCOIZInCol TV (y2 o yl) o Ll T+ B{_; Lreﬂux n (02)
0 = B Pz 1V (g — ) ©3)
+ Llfl Ti—1 — Ll x; + ﬁlL Lreﬁux Y1, l = 2, ey [mex—1 .
0 — ﬁlig)?lFInCOlzlnCOl + V L jmax — y max
l (i = Ytnes) (C.4)

L reflux
—|— leax_l l’lmax_l - leax ﬂjlmax + /Blmax L yl
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Mass balance for liquid flow:

0= 6{HCOIFIHC°1 . Ll + 5{4 Lreﬂux (05)
0= /BlInColFIncm + Ll—l _ Ll + BZL Lreﬂux’ | = 27 ol [max (06)

Phase equilibrium:
O=(-u(a—1)x+1)+ax), [=1,...,0™ (C.7)
Mass balance for condenser:
0 = L — 7 4 poutice (C.8)
Mass balance for whole column:

O _ FInCol o Foutlcol _ FoutZCol (Cg)
0= FIHCol ZInCol o FOUtlcol Y — FOthCol T pmax (C]_O)

Configuration constraints:

1= ;ﬁinw, 1= ;@L, 0< ;5}“@1 - ;ﬁ% (C.11)

Calculation of column length:

[max

0=~ 4™ 41— Bl (C.12)
=1

Table C.1: Alternative distillation model: Parameter and domain specifications.

parameter value variable domain variable domain
F™meo 1mols™! 1<t [3,50] z,y [0,1]
Zmee 0.1 Tpmax [0,0.01] V,L [0mols™! 20mols™]
[max 50 y1 [0.99,1] F [0mols™ 1mols™]

g {0,1}




Appendix D

Fenske-Underwood-Gilliland
Method for Global Optimization

This chapter describes an implementation of the distillation column design
method based on the works of Fenske, Underwood and Gilliland. The notation
is kept close to that of the distillation model in Section 4.2.1. The method
is given below for mixtures of N components since it is generally applied
to multicomponent mixtures. The Fenske-Underwood-Gilliland equations are
solved in GAMS with branch-and-bound solver BARON. In the following,
superscripts denoting the distillation column are omitted for simplicity.

The minimum stage number is determined via the Fenske equation [Fenske,

1932] using the pre-defined light key component iy and heavy key component

THK -

1Col

Oy i Outl ;Out2 Outl ;Out2
0=-— (Oé_ FiHK FiLK + FiLK FiHK : (Dl)
THK

In case of binary mixtures «;,, equals one. Note that non-key components are
not considered in the equation above, resulting in deviations from the exact
solution for multicomponent mixtures.

The minimum reflux ratio is calculated with the Underwood method, described
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in e.g. [Doherty et al., 2008]:

NC
0=—-(1—q)+> a;z"by, j=1,...,N°~1, (D.2)
=1
NC
0= Bay Brjst (~Van + > FO"byy), j=1,...,N°~1,  (D.3)
=1
0= —bj(;—p;)+1, i=1,...,N° j=1,...,N°~1, (D.4)

with variables ¢ obeying a3 >¢1>as> ¢ > .. ..

Equation (D.3) is only applied for distributing components, e.g. if and only if
corresponding binary control variables 8 € {0, 1} equal one, otherwise control
variables equal zero. Non-distributing components are determined by probing

for output flows with infeasible values. The control variables are calculated as

NC
0 = ~Vorobeanin + »_ & Fout i bij, j=1,...,N°—1 (D.5)
i=1
0 Z _51,]' Z;HFIH—FFSS&J’ j :iLKa"chu (DG)
0 S —617]' Z;n FIn‘i‘Z}n FIH‘FFSEéé,j, j :Z‘LK,...,]\[C7 (D?)
0 2 —527]‘ Z;HFIH—FZJI»HFIH— por(l)lf)le’jj ] = 1,...,’iHK, (DS)
0< —fojz  FP 422 F" —FOul o j=1,... iuk, (D.9)
e.g. if F}g(‘jﬁ;j <0 then 3 ;=0 and component j is non-distributing; otherwise,
if F]:g(l)lﬁi,j >( then ﬁl,j =1.
The control variables are used to set actual recovery rates for non-distributing
components.
0> =B, 2" F* + FP" j=ipg,...,N© (D.10)
In 7pIn In poln Ou . .
OZ—ﬂQ?jzj F +Zj F —F} tl, jzl,...,ZHK (Dll)

Note that auxiliary variables b;; may be unbounded when considering the equa-
tions given above, therefore they are artificially restricted to large values. Note
that a bilinear implementation of the Underwood equations is also given in
[Nallasivam et al., 2016 for the global optimization of near-ideal multicompo-
nent distillation at minimum reflux conditions.

The correlation between actual number of stages and reflux ratio in [Gilliland,
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1940] is applied in the version from [Eduljee, 1975] with vapor molar flow V

instead of reflux ratio:

0= —(19" — 1991y 1 0.75 (1 — q®5668) (19! 4 1),

min

0:(1—Q)V_Vmina

with auxiliary variable a €10, 1].

Mass balances for the distillation column read

0= _FIn Z}n + Fj()utl + };}Oth7 j — 1’ - '7NC’
NC

0= _FOutl 4 Z _Fvl'Outl7
i=1
NC

0= _FOut2 + Z FiOUtQ'

i=1
Additional restrictions for the distillate flow FO"! read

0 2 _Vmin + FOUtla
0 Z —V+ FOutl.

(D.14)

(D.15)

(D.16)

Product specifications are given as molar fractions of the respective desired

products at both outlets 20" and 2°"2:
LK
0= _ZOutl FOutl + 2 F;'Outl’
i=1
NC
0= _ZOut2 FOut2 4 § ,F;-OHtQ.
1=IHK

Table D.1: Fenske-Underwood-Gilliland: Domain specifications.

variable domain variable domain
1€°1 1€l 11, 200] V' [0mols™*, 100F™]
FQuit [=20F™, 20F™] F [0mols™', F'"]

—
a [0,1] 6 40,1}
b [~1-10°,1-10%]

(D.19)

(D.20)



116



Bibliography

MINLP Library 2. Revision: 327. URL http://www.gamsworld.org/minlp/
minlplib2/html/.

T. Achterberg. Constraint Integer Programming. PhD thesis, Technische Uni-
versitit Berlin (Germany), 2007.

M. Ballerstein, A. Kienle, C. Kunde, D. Michaels, and R. Weismantel.
Towards global optimization of combined distillation-crystallization pro-
cesses for the separation of closely boiling mixtures. volume 29 of Com-
puter Aided Chemical Engineering, pages 552 — 556. Elsevier, 2011. doi:
10.1016/B978-0-444-53711-9.50111-5.

M. Ballerstein, A. Kienle, C. Kunde, D. Michaels, and R. Weisman-
tel. Deterministic global optimization of binary hybrid distillation/melt-
crystallization processes based on relaxed MINLP formulations. Optimiza-
tion and Engineering, 16:409-440, 2014. doi: 10.1007/s11081-014-9267-5.

M. Barttfeld, P. A. Aguirre, and I. E. Grossmann. Alternative representations
and formulations for the economic optimization of multicomponent distil-
lation columns. Computers & Chemical Engineering, 27(3):363-383, 2003.
doi: 10.1016/S0098-1354(02)00213-2.

T. Beierling and F. Ruether. Separation of the isomeric long-chain aldehy-
des dodecanal/2-methylundecanal via layer melt crystallization. Chemical
Engineering Science, T7:71-77, 2012. doi: 10.1016/j.ces.2012.01.055.

T. Beierling, J. Osiander, and G. Sadowski. Melt crystallization of isomeric
long-chain aldehydes from hydroformylation. Separation and Purification
Technology, 118:13-24, 2013. doi: 10.1016/j.seppur.2013.06.023.

117


http://www.gamsworld.org/minlp/minlplib2/html/
http://www.gamsworld.org/minlp/minlplib2/html/

118

T. Beierling, J. Micovic, P. Lutze, and G. Sadowski. Using complex layer
melt crystallization models for the optimization of hybrid distillation/melt
crystallization processes. Chemical Engineering and Processing: Process
Intensification, 85:10-23, 2014. doi: 10.1016/j.cep.2014.07.011.

L.T. Biegler and I.E. Grossmann. Retrospective on optimization. Com-
puters € Chemical Engineering, 28(8):1169-1192, 2004. doi: 10.1016/j.
compchemeng.2003.11.003.

M. R. Bussieck, A.S. Drud, and A. Meeraus. MINLPLib—a collection of test
models for mixed-integer nonlinear programming. INFORMS Journal on
Computing, 15(1):114-119, January 2003. doi: 10.1287/ijoc.15.1.114.15159.

M. M. Daichendt and I. E. Grossmann. Integration of hierarchical decomposi-
tion and mathematical programming for the synthesis of process flowsheets.
Computers & Chemical Engineering, 22(1-2):147-175, 1998.

M. F. Doherty, Z. T. Fidkowski, M. F. Malone, and R. Taylor. Perry’s Chemical
Engineers’ Handbook, chapter Distillation. McGraw-Hill, 8th edition, 2008.

J. M. Douglas. Hierarchical decision procedure for process synthesis. AIChE
Journal, 31(3):353-362, 1985.

J. M. Douglas. Conceptual design of chemical processes. McGraw-Hill Book
Company, 1988.

H.E. Eduljee. Equations replace Gilliland Plot. Hydrocarbon Processing, 54
(9), 1975.

M. R. Fenske. Fractionation of straight-run pennsylvania gasoline. Industrial
¢ Engineering Chemistry, 24(5):482-485, 1932. doi: 10.1021/ie50269a003.

M. B. Franke, A. Goérak, and J. Strube. Auslegung und Optimierung von
hybriden Trennverfahren. Chemie-Ingenieur-Technik, 76(3):199-210, 2004.

M. B. Franke, N. Nowotny, E. Ndocko, A. Goérak, and J. Strube. Design and
optimization of a hybrid distillation/melt crystallization process. AIChE
Journal, 54(11):2925-2942, 2008. doi: 10.1002/aic.11605.



119

E. R. Gilliland. Multicomponent rectification. Industrial € Engineering Chem-
istry, 32(8):1101-1106, 1940. doi: 10.1021/ie50368a017.

A. Gorak and E. Sorensen. Distillation: Fundamentals and Principles. Aca-
demic Press, 2014. ISBN 9780123865472.

[.E. Grossmann. Mixed-integer programming approach for the synthesis of

integrated process flowsheets. Computers € Chemical Engineering, 9(5):
463-482, 1985.

[. E. Grossmann and L. T. Biegler. Part II. Future perspective on optimization.
Computers € Chemical Engineering, 28(8):1193-1218, 2004. doi: 10.1016/
j-.compchemeng.2003.11.006.

I. E. Grossmann, P. A. Aguirre, and M. Barttfeld. Optimal synthesis of com-
plex distillation columns using rigorous models. Computers € Chemical En-
gineering, 29(6):1203-1215, 2005. doi: 10.1016/j.compchemeng.2005.02.030.

J. Holtbruegge, H. Kuhlmann, and P. Lutze. Conceptual design of flowsheet
options based on thermodynamic insights for (reaction-)separation processes
applying process intensification. Industrial and Engineering Chemistry Re-
search, 53(34):13412-13429, 2014. doi: 10.1021/ie502171q.

R. Horst and H. Tuy. Global optimization: Deterministic approaches. Springer
Science & Business Media, 1996. doi: 10.1007/978-3-662-03199-5.

M. Kaspereit, S. Swernath, and A. Kienle. Evaluation of competing process
concepts for the production of pure enantiomers. Organic Process Research
and Development, 16(2):353-363, 2012. doi: 10.1021/0p200285v.

T. Koch, T. Achterberg, E. Andersen, O. Bastert, T. Berthold, R. E. Bixby,
E. Danna, G. Gamrath, A. M. Gleixner, S. Heinz, A. Lodi, H. Mittel-
mann, T. Ralphs, D. Salvagnin, D. E. Steffy, and K. Wolter. MIPLIB
2010. Mathematical Programming Computation, 3(2):103-163, 2011. doi:
10.1007/s12532-011-0025-9.

S. Kossack, K. Kraemer, and W. Marquardt. Efficient optimization-based

design of distillation columns for homogenous azeotropic mixtures. Industrial



120

and Engineering Chemistry Research, 45(25):8492-8502, 2006. doi: 10.1021/
ie060117h.

S. Kossack, K. Kraemer, R. Gani, and W. Marquardt. A systematic synthesis
framework for extractive distillation processes. Chemical Engineering Re-
search and Design, 86(7):781-792, 2008. doi: 10.1016/j.cherd.2008.01.008.

S. Kravanja, S. Silih, and 7Z. Kravanja. The multilevel MINLP optimization
approach to structural synthesis: The simultaneous topology, material, stan-

dard and rounded dimension optimization. Advances in Engineering Soft-
ware, 36(9):568-583, 2005. doi: 10.1016/j.advengsoft.2005.03.004.

C. Kunde and A. Kienle. Deterministic global optimization of multistage
melt crystallization processes in hydroformylation. volume 37 of Com-
puter Aided Chemical Engineering, pages 1061-1066. Elsevier, 2015. doi:
10.1016/B978-0-444-63577-8.50022-X.

C. Kunde, D. Michaels, J. Micovic, P. Lutze, A. Goérak, and A. Kienle. Deter-
ministic global optimization in conceptual process design of distillation and

melt crystallization. Chemical Engineering and Processing: Process Inten-
sification, 99:132-142, 2016. doi: 10.1016/j.cep.2015.09.010.

A. Lewis, M. Seckler, H. Kramer, and G. van Rosmalen. Industrial Crystal-
lization - Fundamentals and Applications. 2015.

M. Locatelli and F. Schoen. Global Optimization: Theory, Algorithms, and
Applications, volume 15. STAM, 2013.

J. Mackowiak. Fluid Dynamics of Packed Columns. Springer-Verlag GmbH,
Heidelberg, 2010.

W. Marquardt, S. Kossack, and K. Kraemer. A framework for the system-
atic design of hybrid separation processes. Chinese Journal of Chemical
Engineering, 16(3):333-342, 2008. doi: 10.1016,/S1004-9541(08)60084-1.

A. Mersmann, editor. Crystallization Technology Handbook. 2001.

N. Mertens, C. Kunde, A. Kienle, and D. Michaels. A reformulation strategy

for deterministic global optimization of ideal multi-component distillation



121

processes. volume 38 of Computer Aided Chemical Engineering, pages 691—
696. Elsevier, 2016. doi: 10.1016/B978-0-444-63428-3.50120-X.

J. Micovic, T. Beierling, P. Lutze, G. Sadowski, and A. Gorak. Design of hy-
brid distillation /melt crystallisation processes for separation of close boiling

mixtures. Chemical Engineering and Processing: Process Intensification, 67:
16-24, 2013. doi: 10.1016/j.cep.2012.07.012.

J. Micovic, K. Werth, and P. Lutze. Hybrid separations combining distillation
and organic solvent nanofiltration for separation of wide boiling mixtures.
Chemical Engineering Research and Design, 92:2131-2147, 2014. doi: 10.
1016/j.cherd.2014.02.012.

R. Misener and C. A. Floudas. ANTIGONE: Algorithms for coNTinuous /
Integer Global Optimization of Nonlinear Equations. Journal of Global Op-
timization, 59(2-3):503-526, 2014. doi: 10.1007/s10898-014-0166-2.

M. Miiller, V. A. Merchan, H. Arellano-Garcia, R. Schomicker, and G. Wozny.
A novel process design for the hydroformylation of higher alkenes. Com-
puter Aided Chemical Engineering, 29:226-230, 2011. doi: 10.1016/
B978-0-444-53711-9.50046-8.

S. Miinzberg, H. Lorenz, and Seidel-Morgenstern A. Multistage countercurrent
crystallization for the separation of solid solutions. Chemical Engineering
and Technology, 39(7):1242-1250, 2016.

U. Nallasivam, V.H. Shah, A. A. Shenvi, M. Tawarmalani, and R. Agrawal.
Global optimization of multicomponent distillation configurations: 1. need
for a reliable global optimization algorithm. AIChE Journal, 59(3):971-981,
2013. doi: 10.1002/aic.13875.

U. Nallasivam, V.H. Shah, AA. Shenvi, J. Huff, M. Tawarmalani, and
R. Agrawal. Global optimization of multicomponent distillation configura-
tions: 2. Enumeration based global minimization algorithm. AIChE Journal,
62(6):2071-2086, 2016. ISSN 1547-5905. doi: 10.1002/aic.15204.

A. Quaglia, C.L. Gargalo, S. Chairakwongsa, G. Sin, and R. Gani. Systematic

network synthesis and design: Problem formulation, superstructure genera-



122

tion, data management and solution. Computers and Chemical Engineering,
72:68-86, 2015. doi: 10.1016/j.compchemeng.2014.03.007.

E.D. Sacerdoti. Planning in a hierarchy of abstraction spaces. Artificial Intel-
ligence, 5(2):115-135, 1974.

R. W.H. Sargent. A functional approach to process synthesis and its applica-
tion to distillation systems. Computers & Chemical Engineering, 22(1-2):
31-45, 1998. doi: 10.1016,/S0098-1354(96)00350-X.

R.W.H. Sargent. Process systems engineering: A retrospective view with
questions for the future. Computers & Chemical Engineering, 29(6 SPEC.
ISS.):1237-1241, 2005. doi: 10.1016/j.compchemeng.2005.02.008.

E. Schéfer, Y. Brunsch, G. Sadowski, and A. Behr. Hydroformylation of 1-
dodecene in the thermomorphic solvent system dimethylformamide/decane.
Phase behavior-reaction performance-catalyst recycling. Industrial and En-
gineering Chemistry Research, 51(31):10296-10306, 2012. doi: 10.1021/
1e300484q.

H. Schmid and A. Huber. Measuring a small number of samples, and the
30 fallacy: Shedding light on confidence and error intervals. ITEEE Solid-
State Circuits Magazine, 6(2):52-58, Spring 2014. doi: 10.1109/MSSC.2014.
2313714.

M. Skiborowski, A. Harwardt, and W. Marquardt. Conceptual design
of distillation-based hybrid separation processes.  Annual Review of
Chemical and Biomolecular Engineering, 4:45-68, 2013. doi: 10.1146/
annurev-chembioeng-061010-114129.

P. Stephan, K. Stephan, K. Schaber, and F. Mayinger. Thermodynamik.
Springer, 2010. ISBN 9783540368557.

M. Tawarmalani and N.V. Sahinidis. A polyhedral branch-and-cut approach
to global optimization. Mathematical Programming, 103:225-249, 2005. doi:
10.1007/s10107-005-0581-8.

G. Towler and R. Sinnot. Chemical Engineering Design - Principles, Practice

and Economics of Plant and Process Design. Elsevier, 2008.



123

J. Ulrich, J. Bierwirth, and S. Henning. Solid layer melt crystalliza-
tion. Separation & Purification Reviews, 25(1):1-45, 1996. doi: 10.1080/
03602549608006625.

J. Viswanathan and I.E. Grossmann. Optimal feed locations and number of
trays for distillation columns with multiple feeds. Industrial & Engineering
Chemistry Research, 32(11):2942-2949, 1993. doi: 10.1021/ie00023a069.

G. Wellinghoff and K. Wintermantel. Melt crystallization - theoretical pre-
sumptions and technical limitations [Schmelzkristallisation - theoretische

Voraussetzungen und technische Grenzen|. Chemie-Ingenieur-Technik, 63
(9):881-888, 89, 1991.

J. G. Wijmans and R. W. Baker. The solution-diffusion model: a review. Jour-
nal of Membrane Science, 107:1-21, 1995.



	Introduction - Hierarchical Design Frameworks and Global Optimization
	Evaluating Computational Effort of Global Optimization
	Introduction
	Reproducibility
	Single Core Operation
	Multi Core Operation

	Influences of Solver Characteristics
	BARON/CPLEX/CONOPT
	Other Solvers

	Conclusion

	Analysis of Multistage Separation Networks
	Introduction
	Melt Crystallization
	Process Model
	Reformulation
	Redundant Configurations
	Computational Studies
	Conclusion

	Solution Crystallization
	Process Model
	Computational Studies
	Conclusion

	Filtration
	Process Model
	Computational Studies
	Conclusion


	Flowsheet Selection for Hybrid Distillation/Melt Crystallization Processes
	Introduction
	Process Model
	Distillation Column
	Properties of Distillation Model
	Countercurrent Crystallizer Cascade
	Flowsheet Options
	Objective Function

	Computational Results
	Effect of Monotonicity Constraints on Computation Time
	Comparison of Mixed-Integer Design Models
	Comparison with Fenske-Underwood-Gilliland
	Optimal Flowsheet Results

	Conclusion

	Conclusion and Future Perspectives
	Integral Distribution Coefficient for Melt Crystallization
	A Property of Multicomponent Distillation
	Reference Distillation Model
	Fenske-Underwood-Gilliland Method for Global Optimization
	Bibliography

