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Abstract

We compute the two- and four-point holographic correlation functions up
to the second order in the coupling constant for a scalar ¢* theory in four-
dimensional Euclidian anti—-de Sitter space. Analytic expressions for the anoma-
lous dimensions of the leading twist operators are found at one loop, both for

Neumann and Dirichlet boundary conditions.
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1 Introduction and Summary

When exploring quantum field theory (QFT) in curved geometries, de Sitter (dS) and anti-
de Sitter (AdS) are the obvious space-times to consider since they are maximally symmetric,
having the same number of isometries as Minkowski space-time. While dS is perhaps better
motivated in cosmology as an approximation to the early [1], and late time accelerated [2]
Universe, AdS has received much attention in mathematical physics due to the relation to
conformal field theory (CFT) on its conformal boundary, as exemplified by the AdS/CFT
correspondence [3-5]. On the other hand, progress in QFT on curved space-times has been
hampered, in particular, by the absence of a momentum representation for which the Feyn-
man amplitudes can be represented as elementary integrals. The absence of such a repre-
sentation is particularly limiting at loop level. Indeed, while the short-distance properties of
quantum field in curved space-times can be analyzed systematically, little is known about
the influence of curvature at distances of the order of the curvature scale. Consequently, to
date, explicit tests of the AdS/CFT correspondence have, to a large extent, been limited
to classical fields on AdS; that is, CFTs in the leading order in the 1/N expansion with
a handful of examples and new techniques having just begun to appear to tackle the loop

corrections, see for instance [6-14].

Moreover, since the coupling of the CF'T stress tensor to the graviton is present almost
universally, one is confronted, when considering the bulk theory beyond the classical level,
with the quantization of gravity together with its perturbative pathologies in the ultraviolet.
Of course, when embedded in string theory, these singularities should be resolved, but world

sheet calculations of string theory in AdS are mostly beyond reach at present [15].

Another class of conjectured dualities, that was supposed to be simpler than the usual
string-like dualities, is between CFTs with matter in vector representations of gauge groups
and theories with massless higher spin fields in the bulk [16, 17]. The simplest example of
such a duality is given by a free O(N)-vector model, i.e., a bunch of free scalar fields ¢*(z), i =
1,..., N with the O(N)-singlet constraint imposed. This duality involves an infinite number
of massless higher spin fields in the bulk that are dual to higher spin conserved tensors Js ~
©d®p in the free scalar CE'T. Other options include the critical vector model, the free fermion
CFT, the Gross—Neveu model [18, 19] and, more generally, Chern-Simons matter theories
[20]. The problem here is twofold. Firstly, higher spin theories reveal some pathological
nonlocalities [21-23] that prevent them from having a bulk definition that is independent of
their CE'T duals (but can be defined as anti—holographic duals of the corresponding CFTs).



Secondly, for massless higher spin fields, ultraviolet pathologies of gravity are amplified with
increasing spin, see [24]. At present, it is unclear how they can be resolved, except for the
conformal [25-27] and chiral [28] higher spin theories where the nonlocalities are absent and

quantum corrections can be shown to vanish [29, 30].

One possible way to get around these problems, in the case of AdS, is to use the confor-
mal bootstrap, in particular, crossing symmetry, to determine the coefficients in the operator
product expansion (OPE) and the anomalous dimensions of the corresponding operators in
CFT, to make predictions for loop-corrected boundary-to-boundary correlation functions of
the dual bulk theory in AdS [10-12, 31]. Here, the input is the first-order anomalous dimen-
sions for the “double-trace operators” inferred from the tree-level bulk amplitudes which,
using crossing symmetry, lead to an equation for the second-order anomalous dimensions of
the latter. This has led to explicit results for a class of dual bulk theories in AdS; and AdSs
[10-12]. However, this approach does not naturally generalize to AdS,, which is the focus of

the present work.

In the present paper we propose to compute loop-corrected correlation functions on the
Poincaré patch of AdS without using any particular properties of a CF'T dual on the con-
formal boundary [32]. More precisely, we consider the bulk theory in a loop expansion in
position space. There is a convenient representation for loop diagrams in AdS in terms of
Mellin amplitudes [6]. A related approach, followed in [7], is to reduce loop diagrams in global
coordinates in AdS to a sum over tree-level diagrams using a discrete Mellin space Kallén-
Lehmann representation with weight function inferred from the OPE in the dual CFT.!
Alternatively, one may exploit the fact that the data defining the Mellin representation of

the loop diagram is already contained in the tree-level data [10].?

Here we will not follow this path. Instead, we simply evaluate the loop diagrams in an
adapted representation in terms of Schwinger parameters with refinements due originally to
Symanzik [33]. In order to avoid pathologies associated to spin-2 and above, we will consider
a simple interacting scalar bulk theory. Concretely, we consider an interacting bulk scalar
field with action

2
s= [ vi(5er+ 50 5ot)
AdSy :
on the Poincaré patch of Euclidean AdS,. This theory is perturbatively renormalizable and

thus we will not have to deal with any of the pathologies mentioned above. In particular,

"'We are not aware of an analogous construction on the Poincaré patch.
2We would like to thank E. Perlmutter for pointing this out to us.



we do not quantize the bulk metric but instead treat it as a background. From the point of
view of QFT on curved space-time this is a natural truncation. On the other hand, this may
not seem so natural to a reader familiar with the AdS/CFT literature where the graviton
appears naturally as the bulk field dual to the stress tensor of the CFT. However, if we do
not insist on locality on the CFT side, there are many CFTs that do not possess a local stress
tensor. Among them, the critical point of Ising-like models with long distance interactions,
see, for example, [34]. Such CFTs should also admit an AdS dual description where gravity

is frozen to a classical background.

The idea of truncating the bulk theory to an interacting scalar field is not new even in the
context of the AdS/CFT correspondence. In particular, this model was considered in [31]
as a bulk dual to a CFT with just one low dimensional single-trace operator. The simplest
such CFT is the generalized free field [35], which is characterized by the property that the
correlation functions of operators factorize similarly to those of the fundamental fields in
the Gauflian model. The corresponding bulk dual is just that of a free scalar field ¢ in AdS
[5]. If we denote by Oa the generalized free field of conformal dimension A, then, using the

standard AdS/CFT dictionary, its two-point function is given by

(Oa(E)Oa(e2)crr = (Hen)3l2)) ass = . (1)

12

where ¢ is the scalar field dual to Oa, ¢ is its restriction to the boundary of AdS, ris = |21 —
xo| and Ny is a normalization constant. Similarly the four-point function of the generalized
free field will be given by
Ny N, :
(Oa(x1)Oa(23)Oa(24)Oa(22))cFT = 73—272—2 + permutations. (1.2)
12 731
Crossing symmetry of the left hand side will be automatically satisfied and it then has an
expansion in conformal blocks of the double-trace operators OA0"9'O, of the corresponding
CFT.

Next, we consider a deformation of the generalized free field that does not preserve the
factorization property. The simplest such renormalizable deformation, already present in
Ref. [31], is the ¢* theory on hyperbolic space. This deformation should correspond to an
interacting CFT with a scalar operator Oa, m? oc A(A—d), but without a local stress tensor.
It is clear that any interaction term in an action for the bulk theory will give a crossing-
symmetric contribution to the correlation functions on the CFT side by construction. At

present, we will take the conformally coupled scalar field in AdS,. There are two possible

3



choices of boundary conditions for ¢: A = 2 and A = 1, both being within the unitarity
window [36]. Due to the extremality of the A = 1 case we expect some subtleties at the
quantum level. For the same reason we do not include the ¢* interaction. We will discuss

this in more detail throughout the text.

The first prediction for the CFT that is computable at tree-level in AdS is the anoma-
lous dimensions and OPE coefficients of double-trace operators appearing in the OPE of Ox
with itself. This can be extracted from the exchanges and quartic contact interactions, see,
for instance, [31, 37, 38]. We then compute the first quantum corrections to the two- and
four-point functions, which includes one- and two-loop diagrams in AdS;. At a conceptual
level, an important implication of this is that the actual loop calculation in the bulk the-
ory is consistent with the duality [32]. In addition, this allows us to extract further CFT
data. In particular, we can extract higher order corrections to the anomalous dimension of
double-trace operators, as well as their OPE coefficients at next-to-leading order in both
the deformation parameter A and the dimension of the double-trace operators. One result,
already noted in [31], is that, while the conformal block expansion of the four-point function
of the generalized free field involves primary double-trace operators® of all even spin and
even dimensions, only the OPE coefficients and dimensions of such operators with spin 0
are affected by the interaction at tree-level. At loop level, however, their dimensions are
corrected (see also [10] for AdS3 and AdSs).

One of the main results of this paper is the anomalous dimensions Ag; of the operators
of the leading Regge trajectory, i.e., having the form Oard'Oa. These are the lowest-twist
double-trace primaries appearing in the OPE of O with itself. For A = 2 we find

g for [ =0,
Aoy =4+1+700+7 . (1.3)
RO for [ > 0,
where v = —A\r/167% and Ay is the renormalized coupling. For A = 1 we have, in turn,
2 —4 , | —4 for [ =0,
Doy =2+14+2v0+7v=——¢"V (1 +1)+~ (1.4)
20+1 — ity for1>0,

where (1) (14-1) is the trigamma function. Anomalous dimensions for higher twist operators

are also computed but they do not seem to have such a simple [-dependence.

3In the present context, based on the identification obtained in the original AdS/CFT conjecture, we

denote by double-trace operators all operators which are not dual to a bulk field.
4This may come as a surprise since the higher spin primaries do not correspond to conserved currents as

they do not saturate the unitarity bound.



Our results have a direct bearing on higher spin theories in AdS; as well. Indeed, all
these theories contain a scalar field corresponding to A = 1,2 and need to have a van-
ishing ¢ bulk coupling.® The quartic vertices begin with ¢* and contain infinitely many
(6 V k)" (¢ V *) vertices [21]. Therefore, our results present a meaningful contribution of
the ¢* interaction to the anomalous dimensions and OPE coefficients of higher spin theories

and show how to deal with ultraviolet and infrared divergences in the bulk.

An important question that requires clarification at loop level in AdS concerns the de-
pendence on the renormalization scheme. In this paper we use an ultraviolet cut-off regular-
ization, which manifestly preserves covariance, followed by a nonminimal subtraction. For
A =1, there are additional infrared divergences. A convenient covariant regularization of
the latter is provided by continuation in A. Another issue related to this is the lack of a
simple quantum AdS experiment that determines the renormalization conditions in terms of
measurable quantities such as the mass of particles, for instance. In the present context we
replace the latter by the dimensions of the operators of the dual CFT which seems to be an

appropriate replacement in the context of AdS/CFT [32].

In section 2 we specify our conventions and review the construction of the scalar propaga-
tor on AdS. In addition, we list the various bulk correlation functions that will be calculated

later on.

In section 3 we derive the one- and two-loop corrections to the bulk-to-bulk two-point
function in position space using a Schwinger parameterization. Here we also specify the
ultraviolet regularization employed in this paper. For A = 1, we will encounter in addition

infrared divergencies whose regularization is also discussed there.

Section 4 contains the computation of the four-point function. The tree-level contribution
is well known (e.g., [31, 38]), so that we will just recall the result. The one-loop contribu-
tion requires a ingenious use of Schwinger parameters. The ultraviolet divergences can be
absorbed in the renormalized ¢* coupling as expected. For A = 1, the integral is superfi-
cially infrared divergent as well, but these divergences cancel out. Nevertheless, the A =1
calculation differs from that for A = 2 by an extra contribution, which is computationally

tedious but manageable as a short-distance expansion on the boundary.

In section 5 we then compare the short-distance expansion of the bulk four-point func-

°In higher spin theories one should add boundary terms in order to obtain the correct (OOQO) correlator
[39]. We will not consider these in the present paper. The interplay between bulk and boundary terms can

lead to interesting effects for loops.



tion with the conformal block expansion in conformal field theory. At zeroth order in the
bulk coupling it is possible to read off the spectrum of double-trace operators. At order A
one determines the anomalous dimensions which vanish for all but the spin-0 double-trace
operators at that order. At order \? things become more interesting. Still, for the leading

Regge trajectory we are able to derive a closed formula for the anomalous dimensions.

Section 6 contains the conclusions. An extensive list of anomalous dimensions and OPE

coefficients for various spins and twists are referred to the appendix.

2 Preliminaries

We briefly review the kinematical ingredients that are used throughout the paper. The
(d + 1)-dimensional Euclidean anti-de Sitter space, Ha41, can be embedded into a (d + 2)-
dimensional flat Minkowski ambient space My 5. The space Hyi1 is then one of the sheets of
the two-sheeted hyperboloid

1
X% = apXAXP = (XO2 + .+ (X2 — (X2 = — = (2.1)

a?’
where A = 0,...,d + 1. Given two points X and Y on the hyperboloid, there is a simple
relation between the geodesic distance p and the scalar product of X with Y

coshap = —a’X - Y. (2.2)

A useful parameterization which, however, covers only half of the space, is given by the

Poincaré coordinates

1 72 2
X0= — (-2 %
2az 2 2
. xi
xi=" 2.3
et (2.3)
1 7 2
x4 1+ 42,

where z > 0 and 7 = 1,...,d. In these coordinates the metric makes the conformal flatness
explicit
1 i2
d52 = W<d22 + dz ) (24)
We then introduce a dimensionless O(d + 1, 1)-invariant quantity, related to the geodesic
distance (2.2), K := — 3~ which, when expressed in Poincaré coordinates, reads
2zw

K =— , 2.5
(28 —y)? + 22 4 w? (2:5)
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where 7# = ¥ = (z,2') and y* = y = (w,y’). The points at 2 = 0 are said to be “at the
boundary” of anti—de Sitter space, and for further reference we note that in the limit where

z approaches 0 we have
K ~ 2K, (2.6)

where
2w

({Ei _ yz)Z + w2
is the usual bulk-to-boundary propagator [5].

K= (2.7)

The flat space limit is obtained by letting a — 0. By introducing spherical coordinates
with the radial coordinate defined by r = /X2 4+ X3 1, K can be shown to have expansion
K = L 1- 1a27"2 + O(a%). (2.8)
a?r? 41 2
In order to evaluate the Feynman bulk-to-bulk diagrams we need the bulk-to-bulk prop-
agator A(x,y;m) for the scalar field. By definition, A(x,y;m) satisfies

(=0 + m?) Az, yim) = L sy, (2.9)

9]
where m is the mass of the scalar field. Making use of the fact that A is a function of the
geodesic distance (or equivalently K'), we find that
O0=aK*(1- K2)8—2 —2a’°K(1+ KQ)i. (2.10)
0K? 0K
The properly normalized solution to (2.9) is well-known (e.g., [40]) and for d = 3 it reads

@T[3)[45]

47T2F[2A271}

A A+1 201
2’2 2

A(K;m) = K?|, (2.11)

K2 3F, [

where A corresponds to the conformal dimension of the dual operator:

3 4/9+4%
A=+ (2.12)

2 2
Bearing in mind the above relation, let us henceforth express the propagator by A(K;A)
as a function of K and A. In the flat space limit, A(K;A) reduces (up to a sign) to the

well-known scalar propagator in R*

AE:A) = —— 1 0(a?), (2.13)

Ar2y2

7



Our model is a conformally coupled scalar field with a quartic self-interaction propagating
on a static Hy background, described by the action
¢4

5= [ eyl (30m0u00u0) + 10+ 25 ), (214)

where A > 0 is a dimensionless coupling constant and R is the Ricci scalar. Therefore, in
what follows we consider m? = —2a?, which corresponds to the dimensions A = 1,2. Then,
the propagator simplifies to
a’?K4
ANKA)= ———— for A=1,2. 2.15
W8 =iy (2.15)
Before closing this section let us express schematically the expansions for the two- and

the four-point function respectively,

2 o ———0
T3 Zs ) T3 To T3
)\2 1 4 T T4 X1 Ty
+— 16X +3 X Q +6 %
4 o ———O0 o —0
T2 T3 To T3 ) T3

/\2 1 T4 1 1 T4 I Ty
5[4 +6x 2 + 3 % + O(N?),

To T3 L2 T3 T3 T3

G

(2.17)

where we adopted the following Feynman rules:



e cach line ,»~——=, corresponds to the free two-point function A(x,y; A),

e cach four-vertex » stands for an integral [ d*z+/|g| over the vertex point z.

One of the purposes of this work is to calculate all the above diagrams. In the following two
sections (3 and 4), we will focus on the one-particle irreducible diagrams, since all above
diagrams are simple products and/or permutations of the latter. At the beginning of each
of these sections, there will be a figure displaying all the computed diagrams in the given

section.

3 Two-Point Function

In this section we compute the one-particle irreducible diagrams that contribute to the two-

point function (2.16), or explicitly

X1 X2 X1 X2 X1 E }

T X2

4
7, Ho Lo Ko
(3.1)

As a warm-up we compute the mass shift diagram Z,, and proceed afterwards in the calcula-
tion of the tadpole diagram Hs and the double tadpole diagram L,. Eventually, we discuss
the technically more challenging sunset diagram . For A = 1 we will encounter infrared

divergences which are absent for A = 2.

3.1 The mass shift diagram

Strictly speaking, this diagram is not needed in our analysis. Nevertheless, it will appear
as a counterterm in other diagrams. It is therefore convenient to have its form in order to
identify such terms. The mass shift diagram Z, depicted in (3.1) corresponds to the following

integral
I, = /d4x\/|g(x)|A(x1,x; A)A(xo, z; A). (3.2)

Using the global AdS symmetries we can move the two points x1, 2y to x; = (21,0), 29 =

(22,0) (the covariant form will be restored later). By further denoting 2% = z%°, the integral

9



is then

1-2:

(4z129)2 /d4:c( — 22874 (22 4 22+ 22) 28 (a? 4 22+ 22)2 A (3.3)
x

(472)2 z2—z21)2) (224 (2 4+ 21)?) (22 + (2 — 29)?) (2% + (2 + 22)?)’

where we have used that \/|g(z)| = .

A =1. Asalready mentioned, the integral (3.3) features an infrared divergence for A = 1.
A covariant regularization of this divergence can be obtained by continuation in A, for
instance. However, for noninteger values of A the scalar propagator on AdS is complicated.
Still we can proceed, using the fact that for any covariant infrared regularization, Z, has to

obey the inhomogenenous differential equation
(=0 — 2(12) T, = A(z1, 29; A). (3.4)

For A =1, the most general covariant solution is

n K? n 1 K | K? n K? | 1-K
C O 0}

T
2 1— K2 82 |1—-K2?2 °1—-K? ' 1—-K?

K
_ 3.5
a1 ke (35)
where the homogeneous part with constants cq, co corresponds to free A = 1,2 propagators.

Now consider the boundary limit:

log K

ET)K + 0K+ O(K). (3.6)

Ig ~ (Cl +

The divergent term, whenever an AdS invariant IR regulator is available, should enter in
¢1 or ¢g. The term proportional to ¢; produces a fall-off behaviour corresponding to the
A = 2 boundary condition. For A = 1, we set ¢ = 0. The divergent part should thus be
parameterized by ¢;. Therefore,

1 K 1 K K? K? 1-K

- logd — 2+ — 1 1
2= g [T g lo8 R TR iy ol oA ke b

(3.7)

where o is the IR-regulator and where we made a suitable field redefinition in order to write

the boundary limit as

K 1 —log2K

T~ [y —
2 27 8n2o 472

K + O(K?). (3.8)

10



A =2. For A = 2 there are no IR issues and the evaluation of (3.3) can be carried
out straightforwardly. Performing the z-integral and then integrating over z using three-

dimensional spherical coordinates yields

22129 9 9 (21 — 22)? 162222
Iy =— log ——= +2 log ———— 3.9
R e R I e SERRTTE = - D
corresponding to the covariant expression
1 K? K 1-K K? K?
Iy =——— log 4 1 1 . 3.10
2 8w2[1—K2 B T TR BT K T 1oK? Og1—K21 (310)

This solution features two properties. Firstly, it solves as well the differential equation (3.4).

Secondly, its behavior at the boundary exhibits a clear similarity to the regular part of (3.8):

1 —log2K

Lo~ b= Ar?

K* 4+ O(K?). (3.11)

In particular, the leading terms of both (3.8), (3.11) are of the order K2,

3.2 The tadpole diagram

The tadpole diagram Hs given in (3.1) has the integral expression

Ho = /d4x\/|g(x)|A(x,x1;A)A(x,x2;A)A(x,x;A). (3.12)

The expression A(z,z; A) is clearly ultraviolet divergent, and needs to be regularized. In
principle, we can set it to zero by hand, but we would like to introduce the regulator that we
systematically use later on. In position space, UV divergences result in the limit of colliding
points, where K — 1. The following “rescaling” is AdS-invariant and resolves the short

distance singularity of 1/(1 — K')-like expressions

K

K — .
1+¢

(3.13)

With the help of (2.8), we find that in the flat space limit the e regularization takes the form

2,2
K e te

o — 4
= S+ 0, (3.14)

From this it becomes clear that the above regularization carves out a small e-ball around

the point and then rescales it by 1/(1 4 €). This regularization procedure will be used

11



systematically on every UV-divergent integral encountered in this work. More precisely, for

propagators representing internal lines we rescale each K as in (3.13), i.e.,

2 70A
a K,

4m2(1+ Kpy +€)(1 — Ky +¢)

Az, y; A) = (14 ¢)* 4 (3.15)

while for propagators representing external legs, only those K’s appearing in the numerator

are rescaled. Here K, stands for K as a function of the points x and y.

Returning to the tadpole diagram, the propagator at coincident points is given by

a2 (1+¢€)?? 2
A A= ————— 3.16
(i) = 1 (3.16)
Therefore, the tadpole diagram reduces to the mass-shift diagram (3.2) times a divergent
prefactor
o= (L2 ) mt 0 (3.17)
T2 \e 2 2 < '
After sending x; and x5 to the boundary, (3.17) simplifies to
a> (1 3
~Hy=—|-4+=--3A)1 1
Ha 2= 33 (e +2 3 > 2+ O(e), (3.18)

where I, is given in (3.8), (3.11).

3.3 The double tadpole diagram

The double tadpole diagram L, in (3.1) corresponds to the following integral

L =/d456\/|9(1’)|/d4y\/Ig(y)|A(w1,x;A)A($2,x; A)A(w,y; APAy,y; D), (3.19)

which, containing two loops, requires again a regularization. Adopting the regularization
described in section 3.2, L, takes the form
A
2 Ka2cy

G € 5 0 Nl : : dly
L= o a1 RN GRS I EINY o

Let us first consider the integral over y. By the substitution (w,y") — (w, y'+ %), it displays
manifest independence on the “nonradial” coordinates . Then, a simple rescaling argument
can be used to show that the integral also does not depend on the radial coordinate z. Indeed,

any rescaling z — 0z, 6 > 0 can be undone by a substitution of the form y* — 0y, w — Ow.

12



In particular, we can set z to any value zy > 0.° Thus, the nested integral (3.19) factorizes

as
@ (14

(4m2)3  €(2+¢€)

where 7, is the mass shift computed in section 3.1 and where

M= d4y KgoAy (220)2A 0o d4y Q4’2A[y2+(w—zo)2+eQ]’2
2_/_[(1+6) -Kz2, 2 2 / w2 [P 4 (w+ 20)% + €Q)?

oy

Ly = My x Ty, (3.20)

In the above formula we define Q = y* + w? + 22 and use the w — —w symmetry of the
integral. For A = 1 this integral exhibits again an IR divergence. We regulate this integral

in terms of a parameter o,

(2202 [ dy o2
My = 2 / (w2 + 0222)272 [y + (w + 20)2 + €Q)2[y2 + (w — 20)% + €Q]?’ (3.21)

Implemented this way, not only the IR-regulator does not affect the A = 2 case but addi-

tionally it does not break the rescaling symmetry of zy discussed above.

A =1. For A =1, (3.21) becomes

9.2 e d4y Q?
Mo =22 /_OO w? + 0222 [y2 + (w+ 20)? + €Q[y? + (w — 20)2 + €Q]?’ (3.22)

or equivalently My = M3 + M; where

+ % > dy 1
M (1+¢)” / w2 4 0222 [y? + (w + 20)? + €Q][y? + (w + 20)? + Q)] (3.23)

In the last step we use the w — —w symmetry and the identity

2(1+€)Q B 1 N 1
12 + (w4 20)2 + €Qly? + (w — %) + Q] [y + (w+20)> +€Q]  [y? + (w — 20)* + €Q]

The easiest way to deal with integrals of this form is to implement the, in quantum field
theory ubiquitous, Schwinger parameters. Introducing one Schwinger parameter for any of

the three factors in the denominator, the integral (3.23) reads

+

;= (1 - dtldthtg e—(t1+t2)(1+E)Q—(t1:|:t2)2’wzo—t3(’w2+0'228)‘ (324)

d4y

6We might as well set zy = 1, but since the integral has to be regularized for A = 1 we keep zp and show

that the scaling symmetry survives regularization.

13



Now, the spatial integral is a straightforward Gaussian integral resulting in

t4to)?
(t1+t2+t3>2*(&Tiz)ﬂﬂfl)tg(ﬁﬁzﬂzs)

2.2 00 —z%(l—i—e) t1 b0+t
ME= T2 / dtdtpdts o , (3.25)
0

(1+4¢)3 (t1+t2)%\/t1+t2+t3

where we substituted t3 — (1 + €)t3. Let us introduce the following coordinates: t; =

ss;, which simply correspond to a rescaling of our original coordinates ¢; by a factor s.

Accordingly, one can rewrite the measure as

I, dt; =117, ds; / ds s" 71 §(1 — Zsi), Vn €N, (3.26)

0 i=1

assuming that the condition s = ). ¢; is satisfied. Hence, (3.25) becomes

2
—sz2(14¢€) (1—%-‘1—(0’2—1)83)

N 22 [ e
M5 = dsidsadssds 0(1 — Z Si) , (3.27)
0 ;

(1 + 6)3 i=1 (Sl + 82)%

where we already integrated over ss. Integrating over s yields

7T2 5(1—51—82—83)

MF = —/ ds;dssdss , (3.28)
A+t Jo (51 -+ 52)3 [1 = S22 4 (02— 1)y

which further leads in the limit ¢ — 0 to

2
I Lo arccoth(1 + €)
ME = (0 242 +0(0) (3.29)
and ) (2401
_ o T €(2+€)log 35
M, = aror (U 1+ 20+ o) > + O(0). (3.30)

Eventually, the full double tadpole diagram is given by

Ly =

2

a’m? <—3+%’r —log § T €
€

11
11— — 4+ —log-|Z . 31
2(a)8 + > + 5 108 ) 2+ O(e,0) (3.31)

Note that here, in contrast to the mass shift diagram in section 3.1, the infrared regulator o
appears in the final result. However, it does not spoil covariance. This is because it merely

enters (3.31) as a multiplicative factor.
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A = 2. By setting A = 2 and rescaling zy to 1, (3.21) becomes

Mi=s | T T .

Again, it is favourable to introduce Schwinger parameters. This results in
My =38 / d'y / dtydty tity e~ (1T IHIQ=(—t2)2w (3.33)
—00 0
which allows for a simple spatial integration, yielding

> 1o Q=) Y1)
M:82/ dtydty ———— ¢ ttiz T : 3.34
=8 J e G e .

After the substitution t; — ss;, the integral becomes

ol — s — _(s1+s9)% (1402 —(s1—s9)?
88182(31(+325)12 83) —slrt(tdiotnon . (3.35)

My = 87r2/ ds;dsyds
0

Then, by removing the Schwinger parameter s and subsequently integrating over ss, one gets

1
51(1 — 51)
=8 [ d : 3.36
MQ ™ /0 S1 [(1 + 6)2 _ (281 _ 1)2}2 ( )
Eventually, the evaluation of the last integral yields
2l +¢e)+ (2+€2+¢€))log 5=
2 24€
=— . 3.37
MZ s 2(1 + €>3 ( )
For small €, the full solution for the double tadpole diagram reads
a*n? 14+ 13logs 1+logs
Lo = 2 _ 21T, + O(e). 3.38
2 2(47‘(‘2)3 ( 2 B ) 2+ (6) ( )

We close this subsection with a comment on the renormalization scale. When analyzing
QFT in AdS typically one encounters a separation of scales into a UV scale which is related
to the scale of local physics and an IR scale given by the AdS radius. In the present context,
however, we will be interested in boundary-to-boundary correlation functions for which the
AdS radius is the only relevant scale and the UV scale is absent. This is also implicit in the
choice of the dimensionless regulator € in (3.13), which is related to a dimensionful cut-off A
through A = ¢/a.
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3.4 The sunset diagram
The sunset diagram K, in (3.1) instructs us to compute
Koy = /d4ym/d4xmA(a:1,x;A)A(:p,y; AP A (zg,y; A). (3.39)
Let us split it into two parts, the first one being
Jo = /d“y\/mf\(x,y; A)*A(ws, y; A). (3.40)

As we are eventually interested in the anomalous dimensions of the operators on the boundary

we can already take the boundary limit for xo. Then, (3.40) takes the following form

K3A
Y K2 . 3.41
Ry T P T Ky e s (34D

adz
To~ Jy = (1+ 6)6‘5Aﬁ /d4y\/ l9(y)] =

In the last step we also introduced the UV regulator, cf. (3.15). Using translation symmetry,

we can shift z and z, by (0, —%), which leads to

a®zp
h= (0 2 [l =

(4m

KBA
z'y A
K., 3.42
ley + 6)3(1 + Kaj’y —+ 6)3 Ta¥ ( )
where 2, = (0,0). Next, as was done in Ref. [41], we use inversion symmetry’ to simplify
the above expression. In particular, we invert every point by itself, which therefore results

in sending x, to infinity. For the propagators, this gives
Koy = Konyr, Ky = 25" Koy = 20", (3.43)

where we denoted the inverted points by double primes. Note that the measure of the
integral does not change under the inversion. A subsequent variable substitution (w”,y"") =
(w, " + 2" eventually gives

6_5A CL4<16ZQ)AZ”3A /oo w4A—4 Q6—3A(y2 + (Z” - U))2 4 6Q)—B

3
2{4r2) d’y dw

2= (140 ~ (y2 + (2" + w)? + €Q)?

. (3.44)

where Q = y?+2"?+w? and we used the fact that the integrand is symmetric under w — —w.

"The inversion operator I acts on conformal coordinates as I(z) = T (z) =

z
12+Z2’ CE2+Z2'
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A =1. For A =1, (3.44) becomes

Jo = (1+ )8“4Z22/'3 / By d Q’ (3.45)
= €)———— w . )
’ @) ) P w0 QU () Q)P
A decomposition in partial fractions yields
atzy" > 1 1 3
Jo=——" d3y d 3.46
= Gyt | v Lﬁ e wrrQ s rarta) - B0
Using the w — —w symmetry, one can write J, = J¢ + J¢, where
2a*252" o 1
Jy=—— d3y d 3.47
= i | [ gg e 347
and
6@4222//3 o0 1
Jb= = d3y d ) 3.48
27 (4n2)i(1 1 e)2 /_OO YT T 00 + 221 + 0Q — 220 (348)

The computation of J¢ is rather simple. Indeed, the introduction of one Schwinger parameter

yields
a a, ZQZ € Z//w
J§ = TS NIETE / dt t2/ d®y dw e~t1F9@-2 (3.49)
allowing for the integratlon over space,
2.4 "3 00 ’ 4 " 2
Jo— A r / gt o 1G] _ 422 il . (3.50)
(Ar2)H 1+ e)* Jy (4m2)4 (1 +€)3e(2+¢€)
For small values of €, this simplifies to
m2atz (10T
Jo=——|=——- O(e). 3.51
2 (4m2)* <26 4) +0(¢) ( )
For the calculation of J2, the introduction of two Schwinger parameters is more convenient,
6(14222”3 00 ) .
Jb T eee dt-dts t d3 d —(t1+t2)(1+€)Q—(t1—t2)22 w 3.52

Integration over space is now viable and results in

6m2atzy 2" t
= — dtdty ————
(47r2)4(1+e>4/ 12 G )2 €

Notice that the integral does not change if we swap t; and t5. Therefore one can replace the

_ n2|q_ (t—t2)?
T e ] (3.53)

t1 in front of the exponential with (¢; + t3)/2. After introducing new coordinates t; = ss; as

done above, the integration over s, leads to

b a ZQZ 1+€ 12 [1 (1(1-’2_9)12) :|
= o .H4
Jy = 47r2 (L / ds / ds, e (3.54)




Removing the Schwinger parameter s allows one to integrate over s;. Therefore, the final

result for J3 is given by

3m2atzy " 2+¢ 3m2atze2" €
Jb = 1 =— log = + O(e). 3.55
27 9Um) (1ot P e 2z 083 O (3:55)

A = 2. The integral (3.44) is instead given by

(162 )2 116 w4

Oo 3
2(47T2) (1+€)4 /Ood ydw [y2+(z”+w)2—|—eQ]3[y2+(z”—w)Q—i—eQP'

Jo = (3.56)

As usual, let us introduce the Schwinger parameters

(162 )2 "6 > 2 3 (t1+t2)(1+6)Q (t1— t2)2z”w
8(47‘(‘2) (1 i 6)4 dtldtg (tltg) d Yy dw UJ (&
0 —00

B (162 )2 16 | ) /oo dt,ditsy (t1t2)2 /OO dSy duw e_(tl—i-tz)(1+e)(y2+’yw2+2”2)—(t1—t2)22/lw
C8UTI 1+ T Sy (i) ) ’

Jy =

where in the last step we introduced an auxiliary parameter v > 0 in order to get rid of the

factor w* in the numerator. The spatial integration yields

(162 )2 "6 /
dt;dty ———
8(47r2)( +e)B 0= YA U+ 1)

Let us now apply the substitution t; = ss;. After integrating over sy, we get

(162 )2 16 —s(14€)2"2 (172:1:2
J2_8(47r2) T EOh TR \r Cas d518511—51> ] s

t1t2)2 —(t1+t2)(1+e)z”2{ (ty —t9)?

Jy = <t1+f2>2“+6>27} . (3.57)

Integrating over the Schwinger parameter s gives

B (162 )2 "2 a0 1 51(1 . 51) 2
Jo = 8(471'2) (1 + 6)6 *y”Y—l Y / /0 ds; |:[(1 n 6)2’)/ — (1 — 251)2:| . (359)

Differentiating twice by 7, setting v = 1, and subsequently integrating over s;, yields

Jy =

atm?222" {1

— L 15610 g)] +Ole). (3.60)

T3
Recovering the full covariance. In order to get back the explicit covariant form, let us

first note that undoing the inversion and restoring the translation invariance instructs us to

replace
27" = Kyn,, (3.61)
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which is manifestly covariant. Therefore, it follows that one can write Jy as

a*m? 1 € 13
Jo=—K2 [ Z4+3(=1)*log= — — +3A ). 3.62
2 4(471‘2)4 T2 (6 + ( ) og 9 9 + ) ( )

Furthermore, due to the covariant form of J in (3.40), it has to correspond to the above

result modulo some function of K,,,. Considering also the symmetry between x; and z, in

(3.39), one concludes

a’r?

P2 = Jay

1 1
Az, z9; A) (E +3(-1)% logg — ; + BA) : (3.63)

Attaching the missing leg. The full sunset diagram can be obtained by attaching one

more leg to J> we just extracted the most singular part of, i.e.,
Ko = /d4x\/ lg(z)|A(z1, 23 A) Ta. (3.64)
Then the final result can again be expressed in terms of the mass shift Z,

a2 1 € 13
= — | - —1)?log - — — A Z,. .
Ko rSE (e +3(—1)"log 573 +3 > 9 (3.65)

4 Four-Point Function

In this section we compute the diagrams that contribute to the four-point function. Up to

the second order in the coupling constant A, the one-particle irreducible diagrams are

X1 Xyg X1 Ly

X, X

T2 x3 T2 x3

7, Ka

The contact cross diagram Z is well-known in the literature, see, for instance, [42], and we

just quote the result. Afterwards, we compute the one loop diagram /Cj.

4.1 The cross diagram
The cross diagram leads to
Ty = /d4x\/|g(a:)|A(x1,x;A)A(xg,a:; A)A(z3, x; A)A(xg, T A), (4.2)
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With all external legs on the boundary the integral reduces to

42A 4H4 z
I4 ~ WI% (43)
with a4
I = / d*z <. (4.4)
i (2 — ) + 27]

As opposed to the rest of this paper, note the extra factor between Z, and I, which we

introduced in order to conform with the literature. The result for I, is [42]

ir(2A—3 2 %0 > 4sinh?
=T ( 2) : / dz o F) A,A;QA;l—(n+g) iy
0

D@A) (o Mooy} % %
(4.5)
with the conformal invariants defined as
77:7"147‘237 C:T147“23. (4.6)
12734 13724
For our purposes a more convenient form for I is given by [43]
, el (24 - ) i Y™ T(n4 AP (n+m + A)?
LT T(A) (r1a7r34)%2 , mi(nl)? L(2n+m+2A)
(4.7)
1
X |(n+1) - §logv—1/1(n+A) —¢p(n+A+m)+Y2n+2A+m)|,
where we introduce the new invariants
1 1

4.2 The one loop diagram

The one loop diagram K4 depicted in (4.1) is given by the double integral

- / d'z/Jg(@) / Ay /T A (o1, 75 A)A (2, 73 AYA(z, 33 A A, 35 A)A (s, 5 A).
(4.9)

Let us first consider the sub—integral

_ / dty/Tg @A, y; APA(zs, 5 A)A (24,4 A), (4.10)
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which, by sending 23 and z4 to the boundary, takes the form

8 K?A
~ I = (1 4-6A T \2324)" (2324 /d4 /— zy KA A
Ja 4 ( +€) (4 Yy 1_ny+€)2(1+ny+€) x3yT ey’

As before, the UV divergences are regularized with the help of e K,, — K,,/(1 + ¢).
Furthermore, since the divergence is logarithmic in €, we can safely ignore the prefactor

(14 €)*7%2 in what follows. Translating the points z, 3, 74, by (0, —z%) yields

a8(2324 A Kg@ A A
J4: (4 /d y\/ 1_ Kx/snyily’ (411)

Kpy+€)2(1+ Kpy + €)?

where z/; = (0,0). As detailed in Ref. [41], we use the inversion trick to simplify the above

expression. For the K'’s this gives

_ 1 1 _ _
K:E’y = Kx”y”7 Kxgy = K 1o = r K 1o Kwﬁ;y — $Z2KZ’Z?/" = 2/11)//’ (412>

X xT )
33'3 i 34 i

where the inverted points are denoted by double primes. One more substitution (w”, yi") =

(w,y’ + 2'") eventually yields

5 a4(162324)A2”2A /oo d3y dw w4A—4 Q4—2A[($g/ o y>2 + w2]—A (4 13)
T 2umm ) (24 (2" —w)2+ Q)12 + (2" + w2+ Q)2

,Z://

with 28 = 2z — 2", Q = y*> + 2" + w?. Again, we used the symmetry of the integrand

under w — —w.

A =1. For this value, (4.13) takes the form

QQ[( no__ ) +w2]—1

8atz3242"

o 3
1=t | e ap e s e 9
The () in the numerator can be written as
201+ €)QP* =[y* + (2" —w)* + Q> + [v* + (2" + w)* + Q]? (4.15)

+ 207 + (2" +w)? + Q[ + (2" —w)* + €qQ)],

which allows for a splitting of the integral in a divergent part and a regular part: J; = Jé+JJ.

Explicitly, one gets

datzg2,2" * 1
G

Ji = (4.16)
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and

datzg2,2" 1

T, |0 G el G P

where for the latter integral, being regular, we already set ¢ — 0. Additionally, the regular

Ji =

(4.17)

integral can be further simplified to

datz5242"% [ 1
J = d3y d 4.18
1T )i, /_oo R P B3 e ey vy R )

by using
2Q) B 1 N 1
(2 + (2 —w)?[y? + (2" + w)?] - Y2+ (2 —w)? Y+ (2 4 w)?

(4.19)

and the symmetry w — —w of the integrand of (4.17). The computation of J¢ is rather

simple. Introducing the Schwinger parameters gives

4@423242”2 o o " 2 7 2 2 "2
Jd _ dtdts t d3 d —t1(1+e)y?—ta(zf —y) 2 —t1 (2" —w)? —(tre+t2)w? —t1ez
t )i (1t / o / e

Rescaling the t; parameter by the factor 1 4+ € and integrating over space yields

o0

"2 "2
3

Am2at 2 242" © _titgrg?  ta(tatof "
Ji = (472)472,(1 + €)* dtydty ty e 0z e GFaTm e TN (4.20)
72)4r €

After the change of variables t; = ss;, one then finds

12
s1(sat+1Ees1)z
_5[5152953;'2"‘ (115) +1res12?

4 2 4 "2 e e}
Jf — T4 Z3Z4Z ] / dsidsads s10(1 — 51 — s9) €
0

(472)4r2,(1 + €)*

"2
log [ — 2 €@te)
- 47T a 23242 "2 og ((1+6)2( '”2-{-2”2)
_ (47_‘_2)47,34(1 + 6)2 ///2<€ + 1) 4 Z”2 )

which for small values of € reduces to

Jd — 47T aiz3242" 108 (m) + log(e) Lo (4.21)
4 (47].2)47034 xg& 4 o2 ) )

The same steps done above, applied on Jj, lead to

3
Am2atzazy2"? [ 1
"2 12 12
J = W dsidsydss O g Si) 81 + 59)83%5 - + (S2 + 83)812"7 + S22 ]
34 Jo P
(1—s3)2""2
47T atzzz2” 1 arctanh, /-~ P

@43, Jy V(1 = 55) (55252 + 272

(4.22)
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Then, the substitution

(1 — s3)2""
=\ s (4.23)
yields a simpler form of the integral
8n2atz32z4 1 . arctanht
Jp = | dt———, 4.24
L (4m2)4rg, /0 a?t? +1 (424)

where we defined a = |z4'|/2". This integral admits a closed-form solution in terms of the

Ar2atzg2z, 1 i —1
Jy=— —1 Li . 4.25
= Ger e (5 429

However, in order to compute the complete four-point function (4.9), the integral form (4.24)
will be better suited.

dilogarithm Lis:

A =2. For A =2, (4.13) becomes instead

om U ™ wt{(af — ) + 0]

204724y, oo (12 + (2" —w)? + Q) (¥ + (2" + w)? + €Q)]*

(4.26)

As usual, let us introduce the Schwinger parameters:

4 2. 14 [ee) 0
a*(16z324)°2 p
7, = > 1)4 / dtydtydts tytats / Py dw wt e~
2(4m2) '3y Jo —o0 (4.27)
—t1 (2" —w)2—ta (2" +w)? —(et1+eta+t3)w? — (t1+t2) (1+e)y? —t3(zfy —y)? )

X e

Integrating over the nonradial coordinates, and subsequently substituting t; = ss1,t, =

$89,t3 = (1 + €)sss, yields

4 3 2 14 3 o0 ~
2(16 1 2
P ( Z3243 f 4( +e) 3’2y|7:0/ ds;dssdssds 5%/ 815283/ dw 5(1 - ZSZ')
2(4m2)4rs, 0

o i=1

> 675(51+52)53(1+e)x.’3”2fs(s1 (2" —w)2+s2(2" +w) 2+ (e+s3+7)w?) —s(s1+52)ez"?

Additionally, we also introduced above an auxiliary parameter v > 0 to get rid of the w*

factor. Then, further evaluation of the integral leads to

a'n?(162324)%2" (1 + €)2 &) 1 /1 1 /1_53
)T S
2(4m?)4ry, T e o s
4s1(1—s1—s3) + (1 —s3)(e+s3+ 7)2//2
I+vy+e

Jy =

d81 8183(1 — 81 — 83)

—2
+ (1 — s3)ez™

x | (1 — s3)s3(1 + €)a” +
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Differentiating twice by ~, setting v = 1, and integrating over s, yields

160472 2 114 1 1— 1
5= 2= [ Losnllt) a2
(472) T34 0 (s3(x /”2(1 +€)?+2") + 22+ ¢))

Eventually, after integrating over s3 and taking only the leading orders in €, one gets

160472 (2524)2 2" 2 + log (W) +loge

Jy=—
4 (472)4rd, (22 + 22)?

+ O(e). (4.29)

Recovering the full covariance. To get back the explicit covariant form, let us first note

that o .
R Piaa K vy Koy = eI (4.30)
which is manifestly covariant. Therefore, it follows that
Jy = (Z; i SKo K2 (log(o® + 1) — log 2 + AJy(a?)), (4.31)
where
AJy(a?) = 2(a? +1) f dt argttgjhlt for A =1, (432)

-2 for A = 2.

Attaching the missing legs. In order to obtain the the complete one loop diagram K4

given in (4.9), we still need to perform the remaining integral

= /d4x\/|g(x)|A(x1,a:,A)A(@,x,A)ﬂ(m,m,x, A). (4.33)

Let us send zq, 25 to the boundary, reducing K4 to

1o K at(1621292324) 22 & L (108; 4 AJ4(042)) 134
o= SR [ e 0
In analogy to what was done above, let us translate x;, k = 1,...,4 by (0,—z%) (denoted

by primes), invert all points (denoted by double primes), and then make the substitution

(2" ") = (z,2" + 2%). Then, the above expression further simplifies to

K a*(1621202324) 272 /°° ZAA (105%( +1) —log2e + AJ4(§_;)>
4 p—

d*z d
D AN (e N IR .
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. N 1! 1! 111 1! 1 .
with i = 27 — 2% and 2, = 24 — 25 . In order to solve Kj, let us first introduce a

generating function with parameters ~,t > 0:

t 1 o AA-4+2y
..
OA _QxIQA PA 728 /ood z dz (27— 2)2 + 22]5[(2 — 2)2 + 225222 + 225+ (4.36)
comprising all different cases in (4.35). Indeed, (4.35) can be written as
a*(16 IT}_,z;) 7 t=1 € y=0,t=1
K, — s [—@WA =0 —log 5 617" + AK4], (4.37)
with
2 [+ dt ¢} arctanht for A =1,
AK, = Jo ar o3 (4.38)

—20% 5 for A = 2.
Introducing Schwinger parameters, integrating over spatial coordinates and making the usual

substitution t; = ss;, yields

it _ m*20(A)'T(2A + 9 — 3) /OO (I3, ds; ) 53 si)2 AT 6(1 — i 8)
DA+ ) (¢ igyry) 32 Joo (515258) 78 (14 s5(12 — 1))3° B[+ t253(% + 59)]2

where we reintroduced the conformal invariants already defined in (4.6). Making another

?

substitution s; — ss1, So — $S9, 53 — s and integrating over s further simplifies the integral

to

¢77t —

320(A)IT(2A —3) [> A-1 32A—y
T A I +7) 2)/ dsydss ( (s15)77 (1 + 51+ 55)° . (4.39)
0

2T (A +7)(n¢ Tieyryy) 5™ 12+ )+ 59)2" A2+ 2(B + 52

The change of variables s; = t2sr, s, = t?s(1 — r) compactifies one integration region, which
leads to

¢’77t —

mPD(A) T T(2A 4+ v — 2 / ds/ (sr(1 —r)) L(1 + t25)3 7287

2I'(A +7)(n¢ H1<JTU 3728 (1+ 5) s (}7271) + zt+1l- r]a
(4.40)

Note that, as one might expect, (4.40) is invariant under the exchanges x1 <+ x5 and x3 <> 4.

For example, x1 <> x5 yields n — C —> =, and then invariance of the above formula follows

after a change of variables in 7.

Term-by-term computation. Setting v = 0,¢ = 1 in (4.39) should lead to the four-point
function at tree level, which was computed earlier. Indeed, integrating over s; yields
¢fy=0,t:1 _7T3/2F<2A - %) Pece /OO dsy  (1+ 52)_A
2T (2A) (¢ Miejriy)58 Jo 52 (nPs2+ ()2

X oF {A A;2A:1 — <UL }
S B G e )

(4.41)
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corresponding to I given in (4.5) up to a Pfaff transformation of the hypergeometric function.
This result, together with (4.37), confirms the expectation that the UV divergence can be
completely absorbed in the coupling constant A. The first term in (4.35) is given by

3 > . w3 T(2A — 3,

-0, o= 1 (0 - vea - D)+ T A e,

2
where 9 (x) denotes the digamma function and where

La(n,¢) = / ds/ dr I_T))A log(1ts) (4.43)
’ (UC H’L<j/r’lj % ST(; r) + >+ 1-— 7“]

In the A =1 case, (4.35) contains also the term

2/ dt arctanh t ¢} = 7°L}(n,¢), (4.44)
0
where
arctanh ¢
Ly(n,¢) = / dt/ ds/ dr i
HC%W VAT e 4 51—
(4.45)

By means of the relation

g/ldt arctanh ¢ g/ood)\ log(1+)\s) __llog(1+s)
tvV1+2s  Os IWT+As 4 syTvs)

which holds for all s > 0, one can rewrite L) (7, () as

log(1+ A
Lin,¢) =——— / d)\/ ds/ dr og(1 + 18)
77C Hz<]rm § 4)\\/ + S 1 + )\5>[ srd—r) _|_ >+ 1— 7«]

(4.46)

(4.47)
Putting everything together, we find that (cf. (4.37))
a*4?A (T2, z;) w2 3 € s D(2A — 2)
K, = o A) =28 = S) —log - | Ii + 12—t Ly + AK
= (v -vea =D -t ) 1wl S ok
(4.48)
with
2L (n, for A =1,
AR, = 3" Ll d) (4.49)

—21 for A = 2.
The quantities Ly(n,() and L)(n, () are given respectively in (4.43) and (4.45,4.47). The

above result, together with the loop-corrected two-point functions given in section 3, are the
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key new results of this paper. Equation (4.48) contains the complete s-channel contribution
to the one-loop four-point function in AdS for A = 1 as well as A = 2. The latter was
briefly reported in [32]. The t-channel can be simply recovered by an exchange z; <> x4,
which turns out to be equivalent to n <> (. Analogously, the u-channel corresponds to the
exchange x5 <+ x4, which, in terms of 1 and (, translates to n — %, ¢ — % In the next
sections we will relate these results to the conformal block expansion which, in turn, defines
the dual conformal field theory. This will be done with the help of a short-distance expansion

of (4.48).

5 Conformal Blocks and Anomalous Dimensions

In this section we would like to compare the results of the explicit AdS computations with
the general expectations arising from the operator product expansion. First of all, let use

summarize the final result of the bulk computation. The Witten two-point function is given

by?®
- - N,
(Blan)te) - @ - 5.)
D)
_a?(er?_ z)” . _
where N, = ——5=—. To continue we take z; = z for all external legs. Then, for the

values A = 1,2, the Witten four-point function reads (cf. (2.17))

(30 2) Bz @ +® ' @

)\2
+ A +3 + + + 0 (%)
(5.2)
N? vA v2(2A — 1)
¢ A

= —2 1 A I

(rara ) + 0% + 175 + = 0

3o v2(2A — 1) v (2A — 1)
N N Ko + O (YY),

8The remaining diagrams including tadpoles and sunset diagrams are proportional to the mass shift and
thus merely contribute to the relation between renormalized and bare mass of the bulk scalar, as explained

in section 3.4.



where

Yo =(A) ~ (28 - 5) ~log §

27
1
Yam =Y +1) = Slogv —d(n+A) =d(n+ A+ m) + (20 +2A+m), (53
= Y™ T(n+ AT (n+m+ A)?
]0: Z ] N2 ( ) ( ) ¢nm7
L= ml(nl) I'(2n +m+ 2A)
and
L yJ +2LI ’J f A: ]"
Ko=—12a-pn+ Y Rtk o (5.4

W(m,y,z) LO('ZC7 y? Z) fOl" A = 2
rz—v,y—1-Y,z—1

The above sum runs over the three cyclic permutations 7 of the variables x,y, z, namely

over the s-, u- and t-channel. The appearing quantities are defined as

(sr(1 —7))2 Llog(1 + s)
(2,9, 2 / ds/ dr (1+s)2sr(l—r)z+ry+ (1 —r)z]2 (5:5)

and

tanh ¢
Liy(z,y,2 / dt/ ds/ dr arctan . (5.6)
VA + )L+ 2s)[sr(l—r)z+ry+ (1 —7r)2]

or, equivalently,

/ log(1+ As)
Lole.y. 2 / d)\/ ds/ ar AN/ (1 +8) (1 + As)[sr(1 — )z +ry + (1 —7r)z] (5:7)

Note that, in this form, the Witten four-point function (5.2) explicitly shows covariance

under conformal symmetry.

The logarithmically divergent terms in Eq. (5.2) can be absorbed in the coupling con-
stant. Indeed, the renormalized coupling constant obtained through a nonminimal subtrac-

tion is given by

A=A 3A% ¥
= AR oo 2¢0+0( R)- (5.8)
Varying the coupling constant with respect to the square root of € leads to the beta function
O\ 3\
AN =Ve—==—"—+0N 5.9
BN = Vg oz = o + O (59)

known from standard QFT literature. In what follows, we will use the renormalized coupling

constant Ag. In addition, we will fine-tune the renormalized mass such that the renormalized
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bulk theory is conformally coupled to geometry. Since the mass has a nonvanishing bulk
beta function this is not an bulk RG-invariant statement. One might thus worry that such a
theory cannot be dual to a conformal theory on the boundary. This apparent contradiction is,
however, resolved by noting that three-dimensional scale transformations on the boundary

correspond to an isometry in the four-dimensional bulk.

5.1 Operator product expansion

Our final goal is to compare our results on the AdS side, that is, correlations functions
evaluated on the boundary, with the double OPE of the full four-point function on the
boundary itself. In order to do so, we have to consider the separate limits v, Y — 0 of the
whole holographic four-point function (5.2). For the cross diagram Iy, the required expansion
is already given to all orders in Eq. (5.3). On the other hand, for K, given in (5.4), the
computation is more elaborate. The adopted procedure is described in detail in Appendix

A.

The bulk scalar is dual to a real scalar operator O of weight A. In the leading approx-
imation, O is a generalized free field and the OPE of O with itself contains double-trace

operators O, ; of all even spins [ with conformal dimension 2A + 2n +[. Schematically, these
operators are of the form O, =:0,0"0'OA:. The OPE reads

ONOa =1+ A0, (5.10)
n,l

where A:L/ 12 are the OPE coefficients. The cubic vertex is absent in our model, and for this
reason O, itself does not show up in the OPE. In the leading approximation, the four-point
function is given by the disconnected contributions, coming from the product of two-point
functions

1 v
S 1—|—UA—|——), 5.11
(r12734)%% < (1-Y)2 (51)

where we drop N, 3) from (5.2), being an overall factor. On the other hand, the four-point
9

(OAOAOAOp) =

function has a conformal block expansion

(7”127”34)

1
<OAOAOAOA> = —x <G070 + ZAn,lGn,l) , (5.12)

n,l

9We use the recursion relations from Ref. [44]. The conformal block Ga ; of the spin-l operator with
weight A begins with v(2~0/2(Y!2-! 4 ..). See also Appendix B.
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where G is the contribution of the unit operator and the squares of the OPE coefficients
are given in the appendix B for any conformal weight A and any dimension d, see also Ref.

[45]. Below we consider separately the two cases of interest for us.

The connected bulk diagrams result in corrections to the OPE data: the OPE coefficients
and anomalous dimensions, which we would like to extract. It is useful to consider the squares

of the OPE coefficients A,,; as functions of spin and conformal dimension:

n lJ’Jyn l+’yn !

1
Ay ifte., = Ana 200+ (G20 4 360242) . G1)

where it is assumed that ’y,(L’) is of order )\ 5, while A,(fl) are just numbers. Therefore, the

conformal block expansion, up to second order in the coupling constant, reads

(0202050a) = Goo + ZAMGM + ny(” (ANGrs + AniG, ) +
! ]‘ 1
- Z {77(121) (AnaGhy + AS}GW) 2(’77(11;)) (A( VGt + A G Vi 2A )} +O(\g),
n,l

where G, ; and G, | are the derivatives with respect to the conformal dimension evaluated at
the free-field value of the double-trace operator’s conformal dimension, i.e., at 2A + 2n + [.
In what follows we perform the conformal block expansion of the bulk results and extract
the OPE data. We first discuss the A = 2 case and only afterwards the A = 1 case, since

the former leads to simpler results.

A =2. The result of the bulk computation is obtained from (5.2) by setting A =
The zeroth-order OPE coefficients correspond to the disconnected part and follow from the

general result discussed above

A _2_l_4nr(l+%)F(”+g)r(n+2)F(l+n+2)F(Z+n+g)F(Z+2n+3)
DL+ UT(n+ 12T (It t 370 (14201 2) |

The first order anomalous dimensions are easy to extract from [; in (5.2):

A
1 R 1
’YT(I,Z):O =7== 167T2 ) 77(1 l)>0 0 (514)

Only the scalar operators :OAL"Oa: receive anomalous dimensions and, for the simplest
quartic interaction as considered here, the anomalous dimension does not depend on n, see

also [31]. It is known that such an interaction does not induce anomalous dimensions for

30



the operators with [ > 0. The OPE coefficients are not so illuminating. Furthermore, for

operators with spin, they can be determined only at the second order since 7(1) =

mi>0 = 0, as is
clear from (5.13).

At second order the first few anomalous dimensions read (see Appendix B for a more
detailed table)

@ _ 9 o @ _ 1 5 @_ L 4 @_ L 5
’}/0,0 3’}/7 70,2 2077 ’}/074 1407 Y 7076 5047 ?
(2) _ 46 , 2 _ 107 , @_ 19 4

71,0 157 ) 1,2 12607 ) V1,4 12607 )

2 _ 113 9 2 _ 269 9

Note that the loop correction results in nonvanishing anomalous dimensions for spinning
operators as well. Indeed, since there is no operator which saturates the unitarity bound, in
our model no local stress tensor and not even a conserved current appears. Therefore, none

of the operators is expected to be protected.

While most of the anomalous dimensions are quite complicated, by comparison with
the expansion of (5.2) we found a simple formula for the leading-twist operators, i.e., for
:0p0'On: (being in the first Regge trajectory):

Wepds o =0 (5.15)

(S for [ > 0.
The general pattern is that all operators with nonzero spin have negative anomalous dimen-
sions, which should correspond to binding energies in the AdS dual picture. Only the scalar
operators have positive anomalous dimensions, which is, however, a second-order effect as

compared to ’yﬁil):o.

From (5.15) we can easily work out the conformal spin expansion of the anomalous
dimensions of the operators belonging to the leading trajectory and see the latter to be

consistent with the general expectations [46—48]

. fﬁ, P (42072 1) =+ +1),  (5.16)

where the twist 7 corresponds to 4.

A =1. Here we set A =1 in the result of the bulk computation (5.2). The zeroth-order
OPE coeflicients are then given by
272D (1 4+ )T (n+3) Tl +n+ DI+ 20+ 1)

Ant = TU+ DT+ ([ +n+3)T (1 +2n+3)
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The first-order anomalous dimensions are found to be

1 1 1
77(1 )Ol 0= 27, ’77(z>)071:0 =7 77(17z)>0 =0. (5.17)

We observe a similar pattern as for A = 2, except that the anomalous dimension of the very

first operator in the OPE, :O0%:, jumps from 7 to 27.

At second order our results are more limited as compared to the A = 2 case, the reason
being that we did not find an efficient expansion for the integrals Ly[z,y, 2] in (5.6) at high
orders in v and Y. Nevertheless, the anomalous dimension of the operators on the first Regge
trajectory can be determined to all orders in the spin

2 2
= [+1)+ 5.18
Tn=0 7 20 + 1?/) ( ) 7 1(121)7 for [ > 0, ( )

where ¢! is the digamma function, which can be rewritten also as

1 272
Wi+1)= —— 4H(2) 1
TR 2z+1( K (5.19)

where H. 1(2) = 22:1 k=2 are the generalized harmonic numbers. It is actually in this latter
form that the anomalous dimensions emerge from the OPE expansion of the bulk integrals.
The last term of (5.18) results from all channels of Ly[z, y, 2] and the s-channel of Lj[z,y, z].

In the large spin limit the anomalous dimension behaves as
o/ = =4/ + 4/ —10/(31Y) + O(1/). (5.20)

It can also be seen that the anomalous dimension admits an expansion in terms of the

conformal spin. We expect to find a series of the form [46-48)]
Wi = Zﬁk, Jr=U+7/2)(1+7/2-1)=1(1+1), (5.21)

where the twist 7 is 2 and @), are coefficients to be determined. The last term in (5.18)
contributes with —2 to ();. It is interesting that the first term can also be expanded and the
coefficients are related to the Euler-Ramanujan’s harmonic number expansion into negative

powers of the triangular numbers

k
[k
Q) = (—)FHigl-2 (Z(_zl)ﬂ (j)ng(%) + 1) , (5.22)
j=1
where Bs;(z) are Bernoulli polynomials.

The anomalous dimensions of the operators belonging to the subleading Regge trajecto-

ries do not have any 72 (or polygamma) contributions and are listed in the Appendix B. All

of them are negative for [ > 0 and positive for [ = 0.
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6 Conclusions

In this paper we gave an analytic derivation of the two-loop correction to bulk- and boundary
two-point functions for a conformally coupled interacting scalar field in Euclidean AdS, as
well as the one-loop correction for the four-point boundary-to-boundary correlation function,
by generalizing the usual flat space Feynman perturbation theory to AdS. The final result can
be reduced to a single integral expression which is not given by elementary functions. The
remaining integral can either be evaluated numerically or, more importantly, be evaluated
analytically in a short-distance expansion on the boundary. We have then shown that the
corresponding expansion coefficients fix uniquely the data for the conformal block expansion
of the dual conformal field theory on the boundary of AdS and no contradiction arises despite
subtleties with UV and (sometimes) IR divergencies. The structure of the dual CFT turns
out to be that of a deformed generalized free field of dimension A =1 and A = 2. The OPE
of the CFT contains an infinite number of further primary double-trace operators which have
anomalous dimensions and anomalous OPE coefficients that we are able to compute from
our boundary correlation functions. This is the AdS equivalent of determining the masses
and branching ratios in flat space-time. In order for the interpretation of our result to work
out correctly in terms of a dual CFT our loop corrected boundary correlations function have
to pass some nontrivial consistency tests. For example, the first order anomalous dimension

enters not just at tree-level, but also in the bulk four-point function at one loop multiplying

log(v)?.

behavior of the anomalous dimensions for large spin. All of these conditions are fulfilled by

Similarly, conformal spin expansion [46-48] implies a certain asymptotic fall-off

our bulk correlators. In addition, our bulk calculation gives manifestly finite results for all
anomalous dimensions in terms of the renormalized bulk coupling, something that is more

difficult to achieve in an approach that reconstructs the bulk correlators from the boundary
CFT (e.g., [10-12]).
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A Expansions in the conformal invariants

In this appendix we explain how to evaluate the expansion of the integrals Ly and L given
in (5.5-5.7) in powers of v and Y, that is'®

= Z L™ (logv) v™Y™, (A.1)
m,n=0
and analogously for L{,. Here, the coefficient functions L( )(log v) and L (log v) are

to be determined. It is possible to obtain these coefficient functions analytically up to
reasonably high order with the help of Mathematica. For L, the implementation of the code
is quite straightforward and works efficiently to high orders. For Lj, however, this turns out
to be a much more difficult task. Nevertheless, we able to provide a code which works up to
a sufficient order for our purposes. In this setting, the upper bound of computable orders is

set by the t- and u-channel of Lj, as will be explained later.

The integral Ly. We first discuss the simpler integral L, given by

(sr(1 —7))2 Llog(1 + s)
ol2,y,2 / ds/ dr (1+s)2sr(l—r)z+ry+ (1 —r)z]> (A.2)

The s-channel: The s-channel is given by Lg(v,1 —Y,1). Let us denote the associated
integrand by ls(s,7;v,Y). Then, for each of the cases A = 1,2, the steps to follow are:

1. Expansion in Y: L(s,r;0,Y) = 3% 15 (s, 0) Y™
2. Integration over s: lgm)(r; v) = [ ds lgm)(s,r; v)
3. Expansion in v: i (r;v) =21 nm)(r; logv) v™
. (n,m) 1 (n,m)
4. Integration over 7: L™ (logw) = [, dr I5"™ (r;logv)

10To do so one has to substitute the variables x,, z with the conformal invariants v,1 —Y and 1 for each
channel in (5.5-5.7). In order to simplify the notation we will simply take the subscript in Lo and Lj as a

placeholder for the different channels s, t, u.
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The t- and u-channels: For both the t- and u-channels of Ly, although the integrals
being different, the employed procedure is the same. The integrals are respectively given by
Lo(1 =Y, 1,v) and Lo(1,v,1 —Y"). Here, the steps to follow are similar as above, but with

the order of integration interchanged:
1. Expansion in Y: Liw(s,ru,Y)=3" ZEZ)(S, ryv) Y™
2. Integration over r: l%)(s; v) = fol dr l%)(s, r;v)

l(m)(s v)=> " Ol(nm (s;logv) v"™

3. Expansion in v:

4. Integration over s: L m)(log v) = [ ds lg;’m)(s; log v)

The integral Lj. The case L{ brings along various difficulties, most of them associated

to the s-channel. The integral to solve is given by

/ arctanh ¢
Lolay.2 / dt/ ds/ ar VA F )1+ 28)[sr(1 —r)z —ry + (1 —7)z] (4.3)

or, equivalently, by

/ Y > 5 ! - log(1 + As)
LO(w’y’z)_/l dA/o 4 /0 T T —ne—rgt (= Y

The s-channel: The code associated to the s-channel integral Lj(v,1 — Y, 1) is not as
simple as the ones above, but leads to a comparable performance when implemented in
Mathematica. The basic idea is the following: The s-integral can be split in two parts, an
integral from 0 to o and an integral from a to co, with a > 1. Then the integrand to the
former integral can be expanded immediately in v and subsequently integrated over, since
for v = 0 the integral (A.4) only diverges at s — oo. The integrand of the latter integral is
instead expanded for large s (bear in mind that the product s x v does not have a defined
limit), and then integrated over. Eventually, from the sum of the two results a drops out in

the limit @ — oo, yielding the final result.

Let us be more precise and redefine the integrand in Eq. (A.4) as
U(s,r, \;0,Y) = a(s, \)b(s,r;v,Y), (A.5)

where

log(1 4+ A 1

Og( hi S) ) b(57 v, Y) = ’
AN/ (1+s)(1+ As) sr(l—r)jv—rY +1

The procedure is as follows:

a(s,\) =
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1. Expansion in Y: b(s,r;v,Y) =30 b (s, r;v) Y™

m=0

2. Integration region s € [a, 00):

(a) Expansion in s: (s, A) = Zl 0aV(log s, A) s~(+D

(b) Integration over s: mD(\, 7, = [*ds a¥(log s, \)b™ (s, 7;v) s~
(c) Integration over A: ™D (r, o;v) f1 d\ AD(\ 7 a;v)

(d) Expansion in v: AmD(r ayv) =500 APmD (r a;log v) o™

(e) Integration in 7: A (o logv) = fl dr A™™ (r a:logv)

(f) Summation over : A (s logv) = ST Am™D (s log v)

3. Integration region s € [0, a] (after the variable substitution A = t/s):
(a) Expansion in v: b (5,5 0) = 3200 b (s 1) o
(b) Integration in r: BMmm) (s, t) = fo dr a(s,t)b™™) (s, r)
(c) Integration region (s,t) € [0, ] X [a, c0):
i. Integration in t:  B"™(s,a) = [ dt BM™m)(s,t)
ii. Integration in s: B"™(q) = Jy ds B"™ (s, a)
(d) Integration region (s,t) € [0,t] x [0, a:

i. Integration in s: B ™t a) = fot ds B™™ (s, t)
ii. Integration in t:  BY"™(a) = Jy ds BS"™ (s, a)

4. Summation over results: Cmm (a;log v) = A™™ (q; log v)+ B™™ (a) + B{"™ (a)
5. Elimination of a: L™ (logv) = lim C™™ (a;logv)
a—r00

In step (2f), the sum clearly runs over all natural numbers. However, for [ > n, the terms
A (q;logv) vanish in the limit o — oo and thus can be dropped. Furthermore, note
that after the variable substition A = t/s the integration region is (s,t) € [0,q] X [s,0),
which in turn can be divided in two smaller regions. This was done in step (3c) and step
(3d).

The t- and u-channels: The implemented code for the t- and u-channels of L{ is again
straightforward. The integrals are Ly(1 — Y, 1,v) and Ly(1,v,1 —Y'), but in this case we
start from Eq. (A.3).
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1. Expansion in Y: lo(s,mt0,Y) =32 lgzl)(s,r,t;v) ym

m=0
2. Integration over r: l;g;rl)(s,t; v) = fol dr l,/ff;n)(s, r,t;v)
3. Expansion in v: ZQSZI)(S, tv) =3 Ol (n,m) (s,t;logwv) v
4. Integration over s: ly (mm) (¢ 1log v) = J - ds ZQEZ’m)<S, t:logv)
5. Integration over t: LQEZ’m)(log v) = fol dt l;fZ’m) (t;logv)

Unfortunately, the Mathematica code does not run efficiently for these channels. How-
ever, by constraining oneself in the computation of solely the coefficients linear in logv in
LQSZ’m) (logv), the code performance improves drastically. Explicitly, after step (3) on pro-

ceeds as follows:

4. Expansion in log v: l;fsm (s,t;logv) = l 1m0 (5. 1) + log v l'(nm Vs, t)
5. Integration over s: l;EZ’m’l)(t) = [ ds ZQEZ’m’l)(s,t)
6. Integration over ¢: LQ(Zm b f dt l/(”m (1)

where L; mm) (log v) = Ly 1mm0) 4 Jog v Ly (mm-1) " The lack of knowledge of Ly (n:m.0) is not strin-
gently restrictive for us, since our main interest lies in the anomalous dlmensions. Indeed,
this only prevents us from deriving the OPE coefficients of higher weight primaries at second

order in the coupling constant.

B OPE Coefficients

The (squared) OPE coefficients for the disconnected contribution to the four-point function

of a generalized free field of weight A are!!

wr( %+l)2d_4A_l_4"+3F(— %+n+A+1)F(7d+n+2A+1)F(l+n+A)F(l+2n+2A71)F(7 4 +l+n+2A)

A =
wt F(A)2I‘(l+1)r‘(n+1)1"<f%+A+1)2F(%+l+n)1"(f%+n+A+%>F(l+n+Af%)F(7%+l+2(n+A))

where we recall that the conformal blocks are defined via the recursion relations given in

Ref. [44]. They have the general structure

A—l
Gag=v 2 (27W'4+Y" 4+ +oY724 0 +.),

UThe coefficients can be found in Ref. [45], but we adjusted them to our normalization of conformal
blocks.
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where only the first coefficient, 27, is displayed here, while the others are dropped. This fixes
the normalization of the conformal blocks. The recursion begins with the scalar conformal
block:

Gao = v%é(%,%,A), (B.1)
G0, 15) = m'v' = +S(— 5 +) ]-()f>(§)m(+2n . (B.2)

A = 2. Here we collect some of the OPE coefficients and anomalous dimensions for the

A = 2 case.

Table 1: Some OPE Coefficients at order Ar

=0 =2 =4 =6
—0 1 22 1066 1327184
3 25 1323 2760615
478 | _ 20834676 4866352 13064388928
735 22204105 7966035 43517414655
n — 9 | 11507 | _ 14077826 | _ 15701186862675 | _ 3223509567312
50820 60144903 107693096012359 47662730167195

Let us note that since most of the anomalous dimensions at first order vanish, the OPE
coefficients for [ > 0 are determined by matching the OPE expansion at order A\%. Only the

first column, [ = 0, comes from the OPE at order Ag.

At order A% the anomalous dimensions of the operators from the first Regge trajectory
have a very simple analytic form, see section 5. This seems not to be the case for the

subleading trajectories and we simply list some of them below

Table 2: Some Anomalous Dimensions at order \%

1=0| 1=2 —4 1=6 [=8 \zzlo
n =1 46 107 | _ 19 131 _ 301 _ 19
15 1260 1260 27720 154440 20020
113 269 | _ 6707 1973 3439
28 2520 311850 270270 1081080
_ 535 | _ 6697 | _ 19037 | _ 143581
- 112 55440 720720 15135120

Likewise, few OPE coefficients at order A% can be found (note that due to vanishing
of the first order anomalous dimensions of the spinning operators most of the second order

OPE coefficients will be fixed at order A%, and we do not have access to)
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Table 3: Some OPE Coefficients at order A%

‘nz()‘nzl‘nz?‘ n=3 ‘ n=4
=0 ‘ 20 ‘ 111392 ‘ 27588119 ‘ 6664117739 ‘ 54416659121622349
9 77175 | 70436520 | 96718146525 | 5688844669692344160
A=1.

Since the anomalous dimension of the operators with nonzero spin vanish at order
AR, only corrections to A, ;—g can be determined at this order:

Table 4: Some OPE Coefficients at order Ar
‘n:()‘nzl‘n:2 n=3 ‘ n=4
t=0] 2 [ =5 | it [ -t |

34519

722411620 | 695674980

Owing to the complexity of L), at order A% our results are more limited. At order Ag,
the OPE coefficients for [ > 0 can be found to be

Table 5: Some OPE Coeflicients at order Ap

[ =2 \ [ =4
—0 ‘ 144¢(3)=31 43 | 2(604800¢(3)—380209) 10714
n= 18(r2—5) 15 3675(120m2—863)

11025

Anomalous dimensions of the operators at n > 0 trajectories are purely rational (in terms
of 4?) and are given by

Table 6: Some Anomalous Dimensions at order \%

1=0|l1=2] 1=4 l:6\l:8
n—1| & | _2 | s | _381 [ _1m
2 60 420 504 3960
29 373 e 1693
6 1260 630 27720
367 | 641 | _ 15074
- 60 2520 155925
1
Due to 77(1 z)>0 =

0, only part of the OPE coefficients can be determined at order A%, and
the first few of them are

Table 7: Some OPE Coefficients at order \%

n =70 ‘nzl‘n:2
1=0 ‘ —4((3)+7T2/2+8‘ > ‘ FHie00
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