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Irradiation of a medium by short intense pulses from x-ray (XUV) free-electron lasers can result in saturated
photoionization of inner electronic shells. As a result an inversion of populations between core levels appears.
The resulting fluorescent radiation can be amplified during its propagation through the inverted medium and
results in intense, quasi-transform-limited radiation bursts. While the optical counterpart of this phenomena,
known as superfluorescence, was intensively investigated, a generalized treatment is needed in the x-ray (XUV)
domain, where the dynamics of pumping and evolution due to fast decay processes play a crucial role. To
provide a general theoretical approach, we start from the fundamental, quantized minimal coupling Hamiltonian
of light-matter interaction and after a series of approximations arrive at a closed system of equations for
the two-point correlation function of atomic coherences and the two-time correlation function of the emitted
field. The obtained formalism enables us to investigate collective spontaneous emission in various regimes. It
is extended consistently to include incoherent processes that are relevant in the x-ray (XUV) domain. These
processes are introduced into the formalism by corresponding Lindblad superoperators. The connection to other
approaches is discussed and numerical examples related to recent experiments are presented.
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I. INTRODUCTION

The interaction of x-rays with matter has been providing
unique information about the structure of matter at Angstrom
length-scale for more than a century. One of the reasons for
its success is the weak interaction between x-rays and atomic
systems: The overwhelming majority of x-ray laboratory and
synchrotron experiments can be described within linear re-
sponse approaches. However, if a population inversion for
transitions in the x-ray range is created by some means,
nonlinear stimulated emission processes will take place. Such
a population inversion can, for example, be obtained by
inner-shell photoionization, as was proposed in Ref. [1]. The
power needed to sustain the population inversion scales un-
favorably with the radiation frequency [2], hence the scheme
was first demonstrated for transitions in the optical domain—
pumped by soft x-rays from a laser produced plasma [3].
There are a number of different schemes that were shown
to produce population inversion for transitions in the XUV
or soft x-ray domains, e.g., electron collision ionization in
plasma [4], recombination of ions stripped by optical field
(tunneling) ionization [5], and others; see Refs. [2,6,7] for
further discussions. However, the stability and reproducibility
of the population inversion was quite poor in many cases, and
in addition, the amount of photons generated by stimulated
radiation was quite low. The situation changed dramatically
after the advent of x-ray free-electron lasers (XFEL). The
inner-shell photoionization by XFEL pump and subsequent
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stimulated emission was demonstrated first in gases [8] and
then in solids [9] and solutions [10]. The emitted bursts of
radiation were shown to have large photon numbers and a
bandwidth much narrower than the pumping XFEL pulse.
Hence, they are promising both for stimulated x-ray spec-
troscopy [10,11] and for use as dedicated x-ray photon sources
with unique characteristics that can be employed for further
(pump-probe) experiments.

The process described above has been referred to as x-ray
lasing in many cases [8,9,12]. The shape of the gain region
is determined by the overlap of the pumping x-ray beam and
the driven medium. Focusing the x-rays into a target results
in an elongated, cylindrical shape. Comparing the process to
traditional lasing in the optical regime, there are a number of
marked differences: (i) the x-ray pumping is applied in form of
a short pulse propagating through the medium, (ii) there is no
feedback system employed, (iii) there can be numerous loss
and decay processes that act on timescales comparable to the
emission process, resulting in transient gain. Each emission
starts from noiselike spontaneous radiation. The portion of
radiation emitted along the axis of the beam is amplified
during a single-pass propagation through the inverted medium
and, if the number of involved inverted atoms is large enough,
the stored energy is radiated within a short, intense pulse.
A comparable phenomenon in the optical domain is referred
to as superfluorescence, and has seen extensive experimental
investigation; see Refs. [13–16] for early examples. Notably,
the term superfluorescence is often used synonymously with
superradiance. Furthermore, the crossover from superfluores-
cence to amplified spontaneous emission is not sharp [16].
Hence, theory becomes essential for the interpretation of
experimental results.
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Theoretical modeling of the phenomena described above,
which we will generally refer to as superfluorescence, is
an involved problem and has been studied extensively (cf.
Refs. [17–20] and references therein). The complexity of
the problem was described in Ref. [18], p. 336, as follows:
“The problem of superradiance in free space is in general
a problem of three-dimensional nonlinear diffraction theory,
further complicated by the quantum nature of the radiated field
at the early stage of the emission process.” Hence, theoretical
models used to describe experimental data typically have to
rely on a number of approximations to reduce the complexity
of the problem. The range of validity is conditioned by the
parameters of the system under study. In many cases, a one-
dimensional semiclassical Maxwell-Bloch model is used for
the description of x-ray (XUV) experiments based on XFEL
pumping [10–12,21,22] or plasma-based pumping [23–27].
The reduction to a one-dimensional problem is justified by the
shape of the excited medium, which resembles an extensively
elongated cylinder. The nonlinear nature of the stimulated
process can also be captured in the Maxwell-Bloch formalism.
However, while having a clear interpretation and being com-
paratively easy to simulate numerically, the semiclassical 1D
Maxwell-Bloch equations are not able to describe the initial
stage of the amplification process. Namely, the semiclassical
1D Maxwell-Bloch equations form a homogeneous system of
differential equations. Thus if all atoms are initially in the
inverted state and neither field nor polarization is present at
that moment, there will also not be any field or polarization
at later times. Here, accounting for the quantum nature of the
radiated field is an unavoidable ingredient as only this will
allow the system to relax by means of spontaneous emission.

Several approaches have been proposed to extend the
semiclassical Maxwell-Bloch formalism to account for spon-
taneous emission. One way is to assume a fixed, small value
of the polarization at the initial time. In terms of a Bloch
sphere representation, this corresponds to the introduction of
a small tipping angle of the Bloch vector from North pole.
In the 1970s, multiple ways to calculate the actual value
of this tipping angle were proposed [28–32]; in Ref. [15],
these approaches were compared and an experimental con-
firmation for the values obtained in Refs. [29,32] was given.
However, even though such a tipping angle approach can be
sufficient to reproduce the general shape of the emitted pulses,
some important features of the superfluorescent emission are
missing in this approach. In particular, it fails to account
for the strong fluctuations in shape and arrival times that
superfluorescent pulses exhibit as a consequence of their
origin in quantum fluctuations. These can be described more
adequately in a framework such as proposed in Ref. [33].
There, the observables are obtained from an ensemble of
solutions to the Maxwell-Bloch equations corresponding to
random initial polarizations. The distribution of the initial
polarization is obtained from properties of the polarization
operator assuming all atoms to be in the excited state. In this
approach, the process that excites the atoms is explicitly sep-
arated from the superfluorescence dynamics. However, for x-
ray (XUV) experiments the timescales for processes initiated
by pumping and the timescale for the superfluorescence dy-
namics can in general be of the same order. The simultaneous
description of evolution due to pumping and superfluorescent

emission can be achieved, if random noise terms are con-
sidered in the equations for polarization or polarization and
field instead of random initial conditions. These noise terms
have been derived from first principles using phase space
approaches in Refs. [34,35] and give contributions to both
the polarization and the emitted field. The noise has a mul-
tiplicative structure and—in general—can lead to unstable
numerical behavior of simulations after finite propagation
times. In Ref. [23], the noise terms for the polarization
were derived semiphenomenologically. Here, we avoid the
phenomenological introduction of terms into the Maxwell-
Bloch equations and instead start from a quantum-mechanical
Hamiltonian. Following a series of approximations, we ar-
rive at equations of motion for the correlation function of
atomic coherences and the field correlation function. In this
formulation, the spontaneous and stimulated emission enter
on the same footing, hence the crossover between them can
be analyzed straightforwardly.

The paper is organized as follows: in Sec. II, we start
from the basic Hamiltonian that describes the interaction of
two-level atoms with the electromagnetic field arriving at a
system of integrodifferential equations for the level popula-
tions, the correlation function of atomic coherences, and the
correlation function of the field. In Sec. III, these equations
are generalized to include a number of incoherent processes,
which are introduced by means of Lindblad superoperators. In
Sec. IV, we discuss the crossover to spontaneous emission and
to the semiclassical Maxwell-Bloch equations. Furthermore,
we compare our approach to the Maxwell-Bloch equations
with stochastic noise terms and present a modeling example of
a realistic system. Details of the calculation that were skipped
in the main text are presented in Appendices A–F. SI units are
used throughout this article.

II. DERIVATION OF EVOLUTION EQUATIONS
OF THE CORRELATION FUNCTION

To study the fundamental features of collective sponta-
neous emission, we employ the following model. Consider
an elongated, roughly cylindrical medium consisting of a
large number of two-level atoms. We assume an ideal swept-
gain pumping of the system, that is a population inversion
is created quasi-instantaneously by a pump-pulse front that
transverses the medium with speed of light [36–38]. The
temporal evolution of the atomic ensemble in interaction with
(vacuum) electromagnetic field modes is determined by the
well-known Hamiltonian [39]:

Ĥ =
∑

a

h̄�σ̂ (a)
z +

∫
d3�k

∑
s

h̄ω�kâ
†
�k,s

â�k,s

+
∫

d3�k
∑
a,s

h̄[g�k,se
i�k�ra σ̂

(a)
+ â�k,s + g∗

�k,s
e−i�k�ra â

†
�k,s

σ̂
(a)
− ].

(1)

Here, � denotes the frequency of the transition between the
ground |g〉 and excited |e〉 state of each atom. The operators
σ̂

(a)
z,+,− correspond to observables of two-level atom a: σ̂z

corresponds to the population inversion,

σ̂z = 1
2 (|e〉〈e| − |g〉〈g|), (2)
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and σ̂+,− corresponds to atomic coherences,

σ̂+ = |e〉〈g|, σ̂− = |g〉〈e|. (3)

The operators â
†
�k,s

, â�k,s are creation and annihilation op-
erators for photons in the electromagnetic field mode with
wave vector �k, frequency ω�k , and polarization s; �ra gives the
position of atom a and g�k,s is the coupling constant for an

atom and the electromagnetic field due to the �A · �p interaction
term. It is given as

g�k,s = e

m

√
1

2(2π )3ε0h̄ω�k
�p · �e�k,s , with �p = 〈e| �̂p|g〉, (4)

where �e�k,s is a unit polarization vector. Notably, the interaction
Hamiltonian in Eq. (1) implies the rotating wave approxima-
tion. Furthermore, the dipole approximation was invoked in
Eq. (4), which is valid for core-shell excitations in the x-ray
domain; see Ref. [40].

A. Heisenberg-Langevin equations

Our aim is to obtain a closed system of equations for
the atomic and field observables. To accomplish this, we
need the generic equation of motion for these quantities
first. Following the usual derivation of Heisenberg-Langevin
equations [39,41], we arrive at (see the detailed derivation in
Appendix A)

dσ̂
(a)
− (t )

dt
= − i�σ̂

(a)
− (t ) − �sp

2
σ̂

(a)
− (t )

+ 2ie

mh̄c
σ̂ (a)

z (t ) �p · �̂A(a)
+ (t ) + F̂

(a)
− (t ), (5)

dσ̂ (a)
z (t )

dt
= − �spσ̂

(a)
+ (t )σ̂ (a)

− (t ) + ie

mh̄c
[ �p∗ · �̂A(a)

− (t )σ̂ (a)
− (t )

− σ̂
(a)
+ (t ) �p · �̂A(a)

+ (t )] + F̂ (a)
z (t ), (6)

�̂A(a)
+ (t ) = − iec

16π3mε0

∫
d3�k

∑
s

1

ω�k
�e�k,s (�e∗

�k,s
· �p∗)

×
∫ t

0
dt ′

∑
b �=a

ei(�k( �ra− �rb )−ω�k (t−t ′ ))σ̂
(b)
− (t ′). (7)

Here, �̂A(a)
+ is the positive-frequency part of the vector potential

at the position of atom a due to all other atoms, F̂
(a)
z,±(t ) are

stochastic Langevin terms due to interaction with vacuum
field (see the details in Appendix A), �sp = e2�| �p|2

3πε0 h̄m2c3 is the
spontaneous emission rate.

Up to this point, no approximations were made regard-
ing the emitted electromagnetic field. Due to this generality,
Eqs. (5)–(7) are non-Markovian with respect to interaction
among the atoms: the evolution of a given atom a is condi-
tioned by operator values of all other atoms at all previous
points in time. These operator equations, however, are still of
limited use for treating a large number of atoms. To proceed,
let us make the following approximations: i) omit the polariza-
tion properties of the radiation and ii) restrict the description

of the field to one dimension. The first approximation is
equivalent to the assumption that all atoms have the vector of
their dipole transition matrix element oriented along the same
(fixed) direction. This direction is assumed to be orthogonal
to the propagation direction of the pump field and is further
considered as the polarization direction of the induced field.
This assumption is not crucial for the developed formalism,
but it essentially simplifies the equations. To perform the
reduction to a 1D model let us take into account that only
those modes of the field that have their wave vectors roughly
aligned with the axis of the cylindrical medium will interact
with large number of atoms and thus will be amplified. Based
on this consideration, let us assume that all waves with a
wave vector oriented along the system z axis within a small
solid angle �o have the same magnitude. Waves with a
wave vector outside �o are neglected. In particular, waves
are neglected that would be counterpropagating to the swept
pumping field. These assumptions correspond to the following
way of calculating the integral over wave vectors in Eq. (7):∫

d3�k → �o

∫ ∞

0
dω

ω2

c3
. (8)

The actual value of �o to be used in calculations can be
estimated from geometrical considerations as �og ∼ πR2/L2

where R is radius of the medium and L is its length. However,
if �og exceeds the solid angle �od ∼ λ2/R2, diffraction
effects become important and one can expect that the emission
decomposes into independently radiating regions of size �od ,
see Ref. [18] for further discussion.

With help of (8), performing similar steps as in the deriva-
tion of (A8), and omitting the vectorial properties of the field
one obtains

Â
(a)
+ (t ) = − i�oep∗�

8π2ε0mc2

∫ t

0
dt ′

∑
b �=a

δ

[
t − za

c

−
(

t ′ − zb

c

)]
σ̂

(b)
− (t ′). (9)

Due to the assumption of swept-gain pumping, which
propagates with speed c through the medium, the non-trivial
evolution of atom a starts at the time za/c. Hence, all atomic
operators σ̂ (a) have a time dependence of the form σ̂ (a)(t −
za

c
). Let us change variables to the retarded time τ , defined

for each atom a as τ = t − za

c
. In terms of this variable one

obtains from Eq. (9)

Â
(a)
+ (τ ) = − i�oep�

16π2ε0mc2

∑
b<a

σ̂
(b)
− (τ ). (10)

Here,
∑

b<a means that one has to sum over atoms b

positioned before (with respect to pump propagation) the
considered atom a. With the help of Eq. (10), Eqs. (5) and
(6) take the form

dσ̂
(a)
− (τ )

dτ
= − i�σ̂

(a)
− (τ ) − �sp

2
σ̂

(a)
− (τ )

+ 3�o

8π
�sp

∑
b<a

σ̂ (a)
z (τ )σ̂ (b)

− (τ ) + F̂
(a)
− (τ ), (11)
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dσ̂ (a)
z (τ )

dτ
= −�spσ̂

(a)
+ (τ )σ̂ (a)

− (τ )

− 3�o

16π
�sp

∑
b<a

[σ̂ (a)
+ (τ )σ̂ (b)

− (τ ) + σ̂
(b)
+ (τ )σ̂ (a)

− (τ )]

+ F̂ (a)
z (τ ). (12)

B. Equations for atomic observables

The operator Eqs. (11) and (12) can be used to obtain
equations for their mean values. In the following we will
obtain equations for the expectation values of the atomic
coherences, population inversion and we will also introduce
a correlation function of atomic coherences.

1. Coherences

The mean value of atomic coherences is given by 〈σ̂ (a)
− 〉 =

Tr(σ̂ (a)
− ρ̂ (a) ) = ρ (a)

eg , 〈σ̂ (a)
+ 〉 = ρ (a)∗

eg , where ρ̂ (a) denotes the
one-atom density matrix for atom a. Assuming factorization
of the operators acting on different atoms (this is valid at the
initial moment of time) and taking the mean value of Eq. (11),
we end up with a homogeneous equation for each 〈σ̂ (a)

− 〉. If
initially there is no coherent excitation in the system 〈σ̂ (a)

− (τ =
0)〉 = 0, it will remain the same during the evolution:

〈σ̂ (a)
± (τ )〉 = 0. (13)

2. Population inversion

We define the population inversion to be 〈σ̂ (a)
z 〉 = 1

2 (ρ (a)
ee −

ρ (a)
gg ), where ρ (a)

ee and ρ (a)
gg are the populations of the ground

and excited states of atom a. From Eq. (12) one obtains

d〈σ̂ (a)
z (τ )〉
dτ

= − �spρ
(a)
ee (τ ) − 3�o

16π
�sp

∑
b<a

[〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉

+ 〈σ̂ (b)
+ (τ )σ̂ (a)

− (τ )〉]. (14)

Here, we have taken into account the property
〈σ̂ (a)

+ (τ )σ̂ (a)
− (τ )〉 = ρ (a)

ee (τ ) of the coherence operators, which
follows immediately from Eq. (3). The noise term F̂ (a)

z (τ ) has
disappeared due to the property Eq. (A11). Hence, Eq. (14)
is a nonstochastic c-number differential equation, as well as
other equations for observables.

Notably, Eq. (14) involves the quantity 〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉,
which we shall subsequently consider in more detail.

3. Correlation function of atomic coherences

The value of 〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉 quantifies the joint probabil-
ity for atoms a and b to exhibit coherence. It is related to the
two-atom density matrix ρ̂ (ab) as

〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉 = Tr[ρ̂ (ab)(τ )σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉] = ρ (ab)
gaeb,eagb

.

(15)

Similarly to the quantity 〈Ê−(�r1, t1)Ê+(�r2, t2)〉 =
Tr[ρ̂ (F )Ê−(�r1, t1)Ê+(�r2, t2)]—being named correlation
function of the field [39,42] we can refer to Eq. (15) as the
correlation function of atomic coherences. Since the two-level
atom polarization is proportional to the atomic coherence, the
quantity Eq. (15) gives the correlation of atomic polarizations
up to a factor |p|2.

The equation of motion of Eq. (15) can be obtained based
on Eq. (11), see the details in Appendix B:

d〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉
dτ

= − �sp〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉

+ 3�o

8π
�sp

[∑
c<a

〈σ̂ (c)
+ (τ )σ̂ (a)

z (τ )σ̂ (b)
− (τ )〉

+
∑
c<b

〈σ̂ (a)
+ (τ )σ̂ (b)

z (τ )σ̂ (c)
− (τ )〉

]
. (16)

Equations (14) and (16) do not yet form closed system
of equations, because of the triple operator products on the
right-hand side of Eq. (16). It should be noted that similar
equations for triple operator products would couple to quartic
operator product and so on. The hierarchy of these equations
would reflect the BBGKY hierarchy of reduced density ma-
trix equations [43]. To obtain a finite and closed system of
equations, we factorize triple operator products as〈

σ̂
(a)
+ (τ )σ̂ (b)

z (τ )σ̂ (c)
− (τ )

〉 ≈
b �=a,c

〈
σ̂ (b)

z (τ )〉〈σ̂ (a)
+ (τ )σ̂ (c)

− (τ )
〉
. (17)

The triple product factorization generally enables the de-
scription of a large class of phenomena and form the ba-
sis for most important kinetic equations [43]. With respect
to superfluorescence type of problems, it was demonstrated
numerically that dropping third-order cumulants (equivalent
to the factorization (17)) does not affect the solution of the
steady-state superradiance problem [44,45]. Performing the
factorization (17) and treating the terms with c = b or c = a

on the right-hand side of Eq. (16) separately, we obtain

d〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉
dτ

= − �sp〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉 + 3�o

8π
�sp

⎡
⎣ ∑

c<a,c �=b

〈
σ̂ (a)

z (τ )
〉〈
σ̂

(c)
+ (τ )σ̂ (b)

− (τ )
〉 + ∑

c<b,c �=a

〈
σ̂ (b)

z (τ )
〉〈
σ̂

(a)
+ (τ )σ̂ (c)

− (τ )
〉⎤⎦

+ 3�o

8π
�sp

[〈
σ̂ (a)

z (τ )
〉
ρ (b)

ee (τ )�(za − zb ) + 〈
σ̂ (b)

z (τ )
〉
ρ (a)

ee (τ )�(zb − za )
]
, (18)

where �(z) is the Heaviside function. Equations (14) and
(18) form a closed set of equations for the evolution of the
electronic degrees of freedom.

C. Equations for field observables

In most of the experiments dealing with x-ray (XUV)
collective emission, the measured observables are related to
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the properties of the emitted electromagnetic field. Hence, we
consider in more detail properties of the emitted field.

1. Slowly varying amplitude of the vector potential

The vector potential is given by Eq. (10); due to Eq. (13)
one straightforwardly obtains

〈Â(a)
± 〉 = 0. (19)

This implies that the ensemble average emitted field cannot
be described by a classical amplitude. Instead, the description
should be given in terms of statistical properties of the field.

2. Intensity

The statistical property of primary interest is the intensity
of the emitted field. Let us quantify this by the number of
photons emitted per solid angle �o per cross section of the
system per unit time. Thus, for the intensity at the position
of atom a, we can take the value of the Poynting vector and
normalize by �oh̄ω. Applying normal ordering, we obtain

I (a)(τ ) = 2ε0ω

�oh̄c
〈Â(a)

− (τ )Â(a)
+ (τ )〉

= 3�o

32πλ2
�sp

∑
b<a,c<a

〈σ̂ (b)
+ (τ )σ̂ (c)

− (τ )〉. (20)

Here, we have used Eq. (10) to obtain the second equation,
employing also the spontaneous emission rate �sp Eq. (A8)
and the radiation wavelength λ.

Hence, we can directly evaluate the intensity as soon as the
correlations between atomic coherences are known.

3. Field correlation function and spectral intensity

Another important field characteristic is its spectral in-
tensity. According to the Wiener - Khinchin theorem, this
quantity can be obtained from the Fourier transformation of
the field correlation function. Using the same normalization as
for the intensity Eq. (20) and expressing the field correlation
function in terms of atomic variables, we find

G(a)(τ1, τ2) = 2ε0ω

�oh̄c
〈Â(a)

− (τ1)Â(a)
+ (τ2)〉

= 3�o

32πλ2
�sp

∑
b<a,c<a

〈σ̂ (b)
+ (τ1)σ̂ (c)

− (τ2)〉. (21)

The two-time correlation function of atomic coherences
〈σ̂ (b)

+ (τ1)σ̂ (c)
− (τ2)〉 cannot be related straightforwardly to the

one-time correlation of atomic coherences Eq. (15) as
obtained from the solution of Eq. (18). The quantum regres-
sion theorem, that is typically employed for establishing the

connection between one-time and two-time correlations, re-
quires the solution for one-atom averages [39]. In our case, the
equations for one-atom averages that follow from Eq. (11) are
nonlinear and the analytical solution is not straightforward.

In an alternative approach, we reformulate the problem
of obtaining the field correlation function Eq. (21) into the
problem of propagating it in space. For the difference between
the field correlation function at position za of atom a and
the position za+1 of neighboring atom a + 1, we obtain the
following expression within the approximation Eq. (17) (see
details in Appendix C):

G(a+1)(τ1, τ2) − G(a)(τ1, τ2)

= 3�o

8π
�sp

(∫ τ1

0
dτ ′

1e
−(−i�+ �sp

2 )(τ1−τ ′
1 )〈σ̂ (a)

z (τ ′
1)〉G(a)(τ ′

1, τ2)

+
∫ τ2

0
dτ ′

2e
−(i�+ �sp

2 )(τ2−τ ′
2 )〈σ̂ (a)

z (τ ′
2)〉G(a)(τ1, τ

′
2)

)

+ 3�o

32πλ2
�spρ

(a)
ee (0)ei�(τ1−τ2 )e− �sp

2 (τ1+τ2 ). (22)

D. Representation in continuous variables

The set of Eqs. (14), (18), and (22) forms a closed system
of equations that enables us to derive the intensity and spectral
properties of the emitted superfluorescence field. Since we are
interested in macroscopic systems involving large numbers of
atoms, it is advantageous to represent the obtained equations
in terms of continuous quantities. With this aim, we introduce

ρinv(z, τ ) := 1

n�z

∑
a:z<za<z+�z

2〈σ̂ (a)
z (τ )〉,

S(z1, z2, τ ) := 1

(n�z)2

∑
a : z1 < za < z1 + �z

b : z2 < zb < z2 + �z

〈σ̂ (a)
+ (τ )σ̂ (b)

− (τ )〉,

G(z, τ1, τ2) := 1

n�z

∑
a:z<za<z+�z

G(a)(τ1, τ2). (23)

Here, n = nvπR2 is the linear concentration of atoms (nv

is volume concentration, R is radius of cylindrical excited
medium), ρinv is the population inversion, S is the correla-
tion function of atomic coherences, and G is the correlation
function of the field. As before, knowledge of the correlation
function of atomic coherences is only required explicitly for
different atoms a �= b. In terms of these new variables, the
system of Eqs. (14), (18), and (22) can be represented as the
following system of integrodifferential equations:

∂ρinv(z, τ )

∂τ
= −2�spρee(z, τ ) − 3�o

4π
�spn

z∫
0

dz′S(z, z′, τ ), (24)

∂S(z1, z2, τ )

∂τ
= − �spS(z1, z2, τ ) + 3�o

16π
�spn1

[
ρinv(z1, τ )

∫ z1

0
dz′

1S(z′
1, z2, τ ) + ρinv(z2, τ )

∫ z2

0
dz′

2S(z1, z
′
2, τ )

]

+ 3�o

16π
�sp[ρinv(z1, τ )ρee(z2, τ )�(z1 − z2) + ρinv(z2, τ )ρee(z1, τ )�(z2 − z1)], (25)
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∂G(z, τ1, τ2)

∂z
= 3�o

16π
�spn

[∫ τ1

0
dτ ′

1e
(i�− �sp

2 )(τ1−τ ′
1 )ρinv(z, τ ′

1)G(z, τ ′
1, τ2) +

∫ τ2

0
dτ ′

2e
−(i�+ �sp

2 )(τ2−τ ′
2 )ρinv(z, τ ′

2)G(z, τ1, τ
′
2)

]

+ 3�o

32πλ2
�spnρee(z, 0)ei�(τ1−τ2 )e− �sp

2 (τ1+τ2 ). (26)

Here, the occupation of excited states ρee(z, τ ) can be related
to the population inversion as ρee(z, τ ) = [1 + ρinv(z, τ )]/2
for a pure two-level system. Equations similar to Eqs. (24)
and (25) were obtained in Ref. [46] in the frame of the
unrestricted Markovian master equation. Such an approach,
however, is only capable to provide single-time observables.
The two-time field correlation function, which is needed to
investigate spectral properties, requires special treatment as
in our case by Eq. (26). Provided one is interested only in
intensity profiles, then instead of solving Eq. (26) one can also
express the intensity directly in terms of solutions of Eqs. (24)
and (25). Namely, one can use Eq. (20), separate terms with
b = c and express the result in terms of Eq. (23):

I (z, τ ) = 3�o

32πλ2
�sp

[
n2

∫ z

0
dz′

1

∫ z

0
dz′

2S(z′
1, z

′
2, τ )

+ n

∫ z

0
dz′ρee(z′, τ )

]
. (27)

III. INCLUSION OF PUMP PROCESS
AND INCOHERENT PROCESSES

A. Incoherent processes relevant in x-ray (XUV) domain

The system of Eqs. (24)–(26) is capable of describing
collective spontaneous emission from a medium that consists
of pure two-level atoms. It also accounts for the swept in-
stantaneous pumping of the atoms into their excited states.
It is also possible to treat more general cases, where the
excited state occupation resulting from the pump is position
dependent through the use of any function ρee(z, 0) as the
initial condition. So far, however, we have always assumed
that the condition ρee(z, t ) + ρgg (z, t ) = 1 is satisfied, which
is insufficient for describing most of the experiments on
collective spontaneous emission in x-ray (XUV) domain.
There, the levels, between which the population inversion
occurs, are populated and/or depleted as a result of mul-
tiple incoherent processes. Most significantly, this includes
photoionization and can include Auger decay. Depending on
the actual parameters of the system, the timescales of these
processes can be comparable to the timescale of collective
spontaneous emission. A strong point of our approach is that
it can be generalized in a regular way to include processes
of incoherent pumping, depletion, and coherence decay, all of
which affect the dynamics of the considered transition.

To provide a formalism that can be coupled to further rate
equations describing the evolution of atoms in the field of a
strong XFEL pulse (cf. rate equation codes like Ref. [47]), we
consider two levels of interest (|e〉, |g〉) under the influence of
several incoherent processes. A general scenario is outlined
in Fig. 1, including the following effects: (i) pumping of
the ground and excited levels with rates rg, re. Examples of
pumping include photoionization by an XFEL pulse [8–10,12]

and Auger decay [48–50]; (ii) nonradiative transitions from
|e〉 to |g〉 with a rate γn; (iii) decoherence between levels
|e〉, |g〉 with a rate q, as caused—for example—by collisions
[49,50]; and (iv) depletion of the levels with rates γg, γe, e.g.,
through further photoionization by the XFEL pump or decay
processes like Auger decay; besides these processes, radiative
decay from |e〉 to |g〉 and induced transitions between |e〉
and |g〉 are already modeled within our current approach. The
quantity that determines the coupling between the levels and
the emitted radiation is �sp. Note that the rates rg, re, q, γg, γe

may be conditioned by the external XFEL pulse or the local
atomic density, hence they can depend on position and time
explicitly.

B. Description of incoherent processes in terms
of Lindblad superoperators

Incoherent processes are modeled as an interaction of the
system with an appropriate reservoir. We assume that the
reservoirs for all processes and for all atoms are indepen-
dent and furthermore that these incoherent processes can
be described in the Markovian approximation. In this way,
we can eliminate the reservoir’s variables and describe the
transitions between the levels of interest with the help of a
master equation [51,52],

∂ρ̂ (a)

∂t
= 1

ih̄
[Ĥ , ρ̂ (a)] + L(a){ρ̂ (a)}. (28)

Here, L(a){ρ̂ (a)} denotes the nonunitary part of the evolution,
which describes transitions due to the incoherent process of
interest. It can be considered as a Lindblad superoperator
acting on the density matrix. For the processes depicted
in Fig. 1 we use Lindblad superoperators of the following
form [52]:

L
(a)
r,l {ρ̂ (a)} = 1

2 r̃l (za, τ )
[
2σ̂

(a)
+,xl ρ̂

(a)σ̂
(a)
−,xl

− σ̂
(a)
−,xl σ̂

(a)
+,xl ρ̂

(a) − ρ̂ (a)σ̂
(a)
−,xl σ̂

(a)
+,xl

]
, (29)

|g

|e

rg

re

Γsp qγn

γg

γe

FIG. 1. Sketch of the two levels of interest subject to pumping
with rates re, rg , nonradiative decay with a rate γn, depletion with
rates γg, γe, decoherence with a rate q, and radiative transitions,
which are treated self-consistently within our approach—the typical
value determining the evolution rate being �sp.
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L
(a)
γ,l{ρ̂ (a)} = 1

2γl (za, τ )
[
2σ̂

(a)
−,xl ρ̂

(a)σ̂
(a)
+,xl − σ̂

(a)
+,xl σ̂

(a)
−,xl ρ̂

(a)

− ρ̂ (a)σ̂
(a)
+,xl σ̂

(a)
−,xl

]
, (30)

L(a)
n {ρ̂ (a)} = 1

2γn[2σ̂
(a)
− ρ̂ (a)σ̂

(a)
+ −σ̂

(a)
+ σ̂

(a)
− ρ̂ (a)−ρ̂ (a)σ̂

(a)
+ σ̂

(a)
− ],
(31)

L(a)
q {ρ̂ (a)} = 1

4q(za, τ )
[
4σ̂ (a)

z ρ̂ (a)σ̂ (a)
z − ρ̂ (a)

]
. (32)

With l = e, g, Eq. (29) corresponds to pumping and Eq. (30)
to depletion of level |l〉, r̃l denotes the pumping rate nor-
malized to the occupation of the state, from which pumping
takes place (see details in Appendix D). Analogously, γl is the
depletion rate. Nonradiative decay with a rate γn is described
by Eq. (31) and decoherence with rate q is described by
Eq. (32). The operators σ̂

(a)
±,xl account for transitions of atom

a between an auxiliary level |x〉 and level |l〉:
σ̂+,xl = |l〉〈x|, σ̂−,xl = |x〉〈l|. (33)

Finally, the total Lindblad superoperator in Eq. (28) be-
comes

L(a) = L(a)
r,e + L(a)

r,g + L(a)
n + L(a)

q + L(a)
γ,e + L(a)

γ,g. (34)

The modification of Eqs. (14), (18), and (22) due to
Eq. (34) can be derived with the help of quantum Einstein
relations [39] (see the derivation in Appendix D for details).
In Sec. III D, we give a summary of the ensuing changes.

C. Absorption of the emitted field

Another important process that should be taken into ac-
count for a realistic treatment of collective spontaneous emis-
sion in x-ray (XUV) domain is nonresonant absorption of
the emitted radiation. It can be accounted for by adding an

imaginary part to the field wave vector: �k → �k + i κ
2
�̂k, where κ

is absorption coefficient. Incorporation of this factor in Eq. (7)
after performing the 1D approximation modifies Eq. (10) to

Â
(a)
+ (τ ) = − i�oep∗�

16π2ε0mc2
e− κ

2 (za−zb )
∑
b<a

σ̂
(b)
− (τ ). (35)

D. Equations of motion for atomic system and field radiation

Collecting the results from Appendix D and adding the
absorption factor that appeared in Eq. (35) we arrive at the
following system of equations:

∂ρee(z, τ )

∂τ
= re(z, τ ) − �ee(z, τ )ρee(z, τ ) − 3�o

8π
�spn

∫ z

0
dz′A(z, z′)S(z, z′, τ ), (36)

∂ρgg (z, τ )

∂τ
= rg (z, τ ) + (�sp + γn)ρee(z, τ ) − γg (z, τ )ρgg (z, τ ) + 3�o

8π
�spn

∫ z

0
dz′A(z, z′)S(z, z′, τ ), (37)

∂S(z1, z2, τ )

∂τ
= − 1

2
[�(z1, τ ) + �(z2, τ )]S(z1, z2, τ ) + 3�o

16π
�spn

[
ρinv(z1, τ )

∫ z1

0
dz′

1A(z1, z
′
1)S(z′

1, z2, τ )

+ ρinv(z2, τ )
∫ z2

0
dz′

2A(z2, z
′
2)S(z1, z

′
2, τ )

]
+ 3�o

16π
�sp[ρinv(z1, τ )ρee(z2, τ )A(z1, z2)�(z1 − z2)

+ ρinv(z2, τ )ρee(z1, τ )A(z2, z1)�(z2 − z1)], (38)

∂G(z, τ1, τ2)

∂z
= − κ (z)G(z, τ1, τ2) + 3�o

16π
�spn

[∫ τ1

0
dτ ′

1e
i�(τ1−τ ′

1 )D(z, τ1, τ
′
1)ρinv(z, τ ′

1)G(z, τ ′
1, τ2)

+
∫ τ2

0
dτ ′

2e
−i�(τ2−τ ′

2 )D(z, τ2, τ
′
2)ρinv(z, τ ′

2)G(z, τ1, τ
′
2)

]
+ 3�o

32πλ2
�spnei�(τ1−τ2 )

{
D(z, τ1, 0)D(z, τ2, 0)ρee(z, 0)

+
∫ min τ1,τ2

0
dτ ′D(z, τ1, τ

′)D(z, τ2, τ
′)[re(z, τ ′) + (

�(z, τ ′) − �ee(z, τ ′)
)
ρee(z, τ ′)]

}
. (39)

Here, decay rates �(z, τ ′),�ee(z, τ ′) have been introduced (see Appendix D for derivations) and read

�(z, τ ) = �sp + γn + q(z, τ ) + γe(z, τ ) + γg (z, τ ), �ee(z, τ ) = �sp + γe(z, τ ) + γn. (40)

The term A is responsible for field absorption and is assumed to be position dependent; the term D is responsible for
decoherence due to spontaneous decay and other incoherent processes. The explicit expressions read

A(z2, z1) = e
− 1

2

∫ z2
z1

dz′κ (z′ )
, D(z, τ2, τ1) = e

− 1
2

∫ τ2
τ1

dτ ′�(z,τ ′ )
. (41)

The intensity of the emitted field expressed in terms of atomic variables is modified to

I (z, τ ) = 3�o

32πλ2
�sp

[
n2

∫ z

0
dz′

1

∫ z

0
dz′

2A(z, z′
1)A(z, z′

2)S(z′
1, z

′
2, τ ) + n

∫ z

0
dz′A2(z, z′)ρee(z′, τ )

]
. (42)

IV. DISCUSSION AND NUMERICAL EXAMPLES

The system of Eqs. (36)–(39) provides a unified
treatment of incoherent and coherent processes

taking place during the collective spontaneous
emission. Namely, as one limiting case it allows for
the description of incoherent spontaneous emission by
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individual atoms. In the opposite limit it includes the
propagation of coherent electromagnetic pulses in a medium
of two-level atoms, which can be reformulated in the terms of
semiclassical Maxwell-Bloch equations [39]. Let us consider
each of limiting cases in more detail.

A. Spontaneous emission

An important limiting case that should be reproduced by
our approach is the number of spontaneously emitted photons
per unit time into the solid angle �o. A reference for this
quantity can be calculated based on the usual quantum optical
formalism; see Refs. [39,41]. This employs the expression of
the emitted field in terms of atomic transition operators, see
[39] Ch. 10A, and results in

d

dτ
Nph,sp(τ, θ = π/2)

= 2ε0c

h̄ω
〈 �̂E−

(
τ, θ = π

2

)
�̂E+

(
τ, θ = π

2

)
〉nzr2�o

= 3

8π
�spρee(τ )nz�o. (43)

Here, we have used the value of the spontaneous emission rate
Eq. (A9); r is the distance from the atoms to a remote observa-
tion point; θ is the angle between the emission direction and
the vector of the atomic dipole moment, which we consider
to be θ = π/2 for forward emission; z is the length of the
system.

Within our approach, i.e., Eqs. (36)–(39) one can obtain
spontaneous emission rate if one neglects correlation between
atomic coherences. Then from Eq. (42) according to the used
convention for intensity Eq. (20) one obtains

dNph,sp(τ )

dτ
= I (z, τ )�oπR2 = 3

8π
�spρee(τ )nz�oξ, (44)

ξ = �oπR2

4λ2
. (45)

This expression is in agreement with the exact result of
Eq. (43) up to a factor ξ that appears due to the 1D approxi-
mation Eq. (8). The actual value of �o is subject to the detail
of the approximation, however, the typical estimate based on
diffraction �o ∼ λ2/R2 is in agreement with ξ ∼ 1.

The spectral properties could be obtained directly from
the expression for the two-time correlation function Eq. (26).
In the case of spontaneous emission one can drop the term
involving the field correlation function on the right-hand side
of Eq. (26) and obtain the time dependence of the form

ei�(τ1−τ2 )e− �sp
2 (τ1+τ2 ). This form agrees with the exact result

for a single two-level atom, see, e.g., Ref. [41], Eq. (10.14b),
and results in a Lorentzian spectrum.

B. Maxwell-Bloch equations

Under the conditions that a large number of photons has
been emitted and essential correlations between atomic co-
herences have been built up, one can expect that the behavior
of the system can be described semi-classically. This is typi-
cally done by means of Maxwell-Bloch equations, which are
widely used for the description of superradiance in the optical

domain [18,20] as well as for the description of collective
spontaneous emission in the x-ray (XUV) domain [12,23].
We shall subsequently outline the connection between our
correlation function approach Eqs. (36)–(39) and Maxwell-
Bloch equations.

A crude way to obtain semiclassical equations is to replace
operators by c-numbers in the Heisenberg equations of mo-
tion. If one carried out this replacement in Eqs. (10)–(12),
one would obtain equations that are similar to Eqs. (36)–(39)
except for the last term in both Eqs. (38) and (39). These last
terms are responsible for spontaneous emission. During the
derivation of them, we have essentially used quantum prop-
erties of operators (3)–in particular 〈σ̂+(τ )σ̂−(τ )〉 = ρee(τ ).
This property is crucial for the correct description of spon-
taneous emission and approaches based on the semi-classical
relation 〈σ̂+(τ )σ̂−(τ )〉 = σ+(τ )σ−(τ ) (sometimes referred to
as neoclassical theories) cannot reproduce the associated ex-
ponential decay [41].

If the dynamics is dominated by the emitted field, we can,
however, neglect the spontaneous terms in Eqs. (36)–(39)
safely. Using this approximation, Eqs. (36)–(39) reduce to
Maxwell-Bloch equations, if we also assume the correlation
functions to factorize:

S(z1, z2, τ ) = ρge(z1, τ )ρeg (z2, τ ), (46)

G(z, τ1, τ2) = 2ε0c

�oh̄�
ei�(τ1−τ2 )E−(z, τ1)E+(z, τ2). (47)

Here, ρge, ρeg are off-diagonal elements of the density
matrix (coherences). In Eq. (47), we have expressed the
field correlation function in terms of the slowly varying
electric field envelopes E±(z, τ ) to be compliant with typical
Maxwell-Bloch formulations [18,23]. Altogether, we obtain
from Eqs. (36)–(39) equations for the density matrix elements
and the field (see details in Appendix E):

∂ρee(z, τ )

∂τ
= re(z, τ ) − �ee(z, τ )ρee(z, τ )

− 2iμ

h̄
E−(z, τ )ρeg (z, τ ), (48)

∂ρgg (z, τ )

∂τ
= rg (z, τ ) + (�sp + γn)ρee(z, τ )

− γg (z, τ )ρgg (z, τ ) − 2iμ

h̄
E+(z, τ )ρge(z, τ ),

(49)
∂ρge(z, τ )

∂τ
= −�(z, τ )

2
ρge(z, τ ) + iμ

h̄
ρinv(z, τ )E−(z, τ ),

(50)
∂E+(z, τ )

∂z
= −κ (z)

2
E+(z, τ ) + i�

2ε0c
μn3ρeg (z, τ ). (51)

This system of equations agrees with the typically used
Maxwell-Bloch system of equations [18]. As stated before,
however, it shows essential weakness in the treatment of
collective spontaneous emission: Assuming the initial absence
of fields and coherences, neither of them will appear later
on according to Eqs. (50) and (51). This is an immediate
consequence of neglecting the spontaneous emission terms in
the transition from Eqs. (36)–(39) to Eqs. (48)–(51). There
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FIG. 2. (a) Simulation of emitted photon number versus system length (red line, correlation function calculation; blue line, Maxwell-Bloch
approach); (b) simulation of temporal intensity profiles for systems of different length z, calculation according to the correlation function
Eqs. (24), (25), and (27), dashed white line shows the position of the intensity maximum; (c) the same figure obtained from the Maxwell-Bloch
Eqs. (48)–(51) with noise terms Eqs. (52) and (F5), averaged over 100 realizations; (d) section of the same data taken at z = 0, the correlation
function calculation (red curve) coincides with e−�spτ , while the Maxwell-Bloch result averaged over 1000 realizations (blue curve) approaches
�spτe−�spτ e (dashed blue line).

are a number of semiphenomenological ways of reintroducing
spontaneous emission into the Maxwell-Bloch Eqs. (48)–(51).
For applications connected with spontaneous emission in the
x-ray (XUV) domain, the most widespread approach is to add
random noise term on the right-hand side of the equations for
the coherences [10,12,22–24,26,53,54]. In the frame of this
approach, the noise terms are assumed to have the following
properties:

〈s±(z, t )〉 = 0, 〈s+(z1, t1)s−(z2, t2)〉
= ρee(z1, t1)Fδ(z1 − z2)δ(t1 − t2), (52)

where 〈...〉 means statistical average over multiple realiza-
tions. The coefficient F is chosen to fit the value of the
spontaneous emission. This and the resulting temporal profile
of the spontaneous emission were recently discussed in detail
in Ref. [55]. As it was shown there, this kind of noise
model does not reproduce the expected exponential decay. As
an example, we consider simplified case without incoherent
processes and complete initial excitation in Appendix F. For
this scenario, the Maxwell-Bloch equations with noise terms
Eqs. (52) predict a temporal behavior as �spt e−�spt , which can
be tolerable for cases with a short decoherence time. However,
for any choice of parameters, the Maxwell-Bloch equations
with noise terms Eqs. (52) will produce an unrealistic, time-
delayed peak of the spontaneous emission.

A visual comparison of the temporal intensity profiles
based on the Maxwell-Bloch equations (using the noise term
correlation factor derived in Appendix F) with calculations
according to our correlation function Eqs. (24), (25), and (27)
is given in Fig. 2. Here, a case of instantaneous swept pumping
is considered, namely, a complete population inversion is as-
sumed at τ = 0. In Figs. 2(b) and 2(c), the radiated intensity is
plotted versus retarded time τ and the length of the medium z.
For each value of z, the intensity is normalized to the maximal
value. Figure 2(b) shows results based on Eqs. (24), (25), and
(27), whereas Fig. 2(c) is obtained from the Maxwell-Bloch
approach. From Eqs. (24), (25), and (27), one can see that if
one uses the dimensionless time τ�sp and the dimensionless
length 3�onz/8π , then the only parameter that defines the

temporal shape of the intensity profile of the system is the
solid angle �o. The value �o = 4 × 10−6 was used for the
simulations presented in Fig. 2.

At short length of the medium, the stimulated emission can
be neglected, hence the temporal evolution of the intensity
should have the form of spontaneous decay e−�spτ . Figure 2(d)
shows sections of Figs. 2(b) and 2(c) close to z = 0. As
we discussed above, our approach shows the expected expo-
nential decay behavior, while the Maxwell-Bloch approach
follows a time dependence like �spt e−�spt . The calculated
temporal profile shows noisy behavior even after averaging
over 1000 realizations. With increasing system length z, the
stimulated emission results in exponential-like growth of the
emitted photons number, see Fig. 2(a). During this process,
the temporal intensity profile transforms from exponential
decay (peaked at τ = 0) to a profile showing a delayed peak;
see Fig. 2(b). In the frame of the Maxwell-Bloch approach,
the temporal profile always shows a delayed peak, even at
infinitesimally small z. The position of this peak is strongly in-
fluenced by noise at small z and stays approximately constant
up to the onset of saturation; see Fig. 2(c). After the saturation
sets in (after 3�onz/8π ∼ 150), oscillatory behavior (ring-
ing) appears. These oscillations are smeared in the Maxwell-
Bloch approach due to the finite number of realizations. In
both models, the period of the oscillations decreases with
increasing system length z and the position of the peak tends
to shorter times.

C. Numerical examples

The correlation function Eqs. (36)–(39) can be used to
model various realistic systems, provided the 1D approxima-
tion is applicable. As a first example let us consider evolution
induced by an XFEL pulse in Neon gas. Calculations for
Fig. 3 were done at parameters corresponding to experiment
described in Ref. [8] and aim to compare with Maxwell-Bloch
calculations performed for the same system in Ref. [12]. In
particular, the Neon gas cell with density 1.6 ×1019 cm−3 and
length 15 mm is considered to be irradiated by a an XFEL
pulse with photon energy 880 eV, containing 2 × 1012 photons
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FIG. 3. Evolution of collective spontaneous emission induced by an XFEL pump in Ne gas. (a) Profile of emitted superfluorescence
intensity normalized to 1 for each z value; (b) population inversion; (c) profile of the XFEL pump pulse normalized to maximal value; (d)
diagonal part of correlation function of atomic coherences; (e), (f) values of correlation function of atomic coherences taken at time moments
55 and 70 fs.

within 40 fs FWHM Gaussian temporal profile, focusing with
2 μm radius is assumed. The photoionization of 1s electrons
with crossection 0.3 Mb results in population inversion be-
tween 1s12s22p6 and 1s22s22p5 states. The transition be-
tween these states results in emission at 1.46 nm wavelength,
the spontaneous lifetime is 160 fs, the competing process is
Auger decay with 2.4 fs decay time.

In Fig. 3(a) the temporal intensity profile normalized at
each value of z [similar to Figs. 2(b) and 2(c)] is shown. The
temporal position of the peak at small z values is determined
by excitation of atoms. The excitation is conditioned by the
pump pulse, its spatiotemporal evolution due to absorption
is shown in Fig. 3(c). Figure 3(b) shows the population
inversion. Before saturation (at ∼6 mm) the evolution of
population inversion is mainly determined by the pump, the
peak of intensity comes shortly after the peak of population
inversion. After saturation, oscillatory behavior can be seen
in the population inversion, the peak of intensity temporal
profile shifts to shorter times. The evolution of observables
presented in Figs. 3(a)–3(c) can be compared directly to that in
Figs. 5(a)–5(c) in Ref. [12]. To have qualitative agreement for
propagation distances above ∼2 mm the value of solid angle
�o was taken as 2πR2/L2. Despite of qualitative agreement
for larger propagation distances, the Maxwell-Bloch calcula-
tion of intensity profile below ∼2 mm of propagation show
fluctuating behavior due to stochastic noise terms. As we have
seen in Fig. 2, the Maxwell-Bloch approach with noise term
does not describe the initial amplification stage adequately.
The analytical treatment of this stage for the considered

system is complicated due to pumping and Auger processes
taking place on the same timescale as the emission. Therefore,
the application of analytical Bessel-function-based solutions
known for instantaneously pumped systems [18,32,33] is not
possible. Under these conditions, the presented approach is
the method of choice to trace the evolution from spontaneous
emission to amplified emission and superfluorescence.

The correlation function of atomic coherences S(z1, z2, τ )
can be considered as source of stimulated emission, see
Eq. (42). Several sections of this function are shown in
Figs. 3(d)–3(f). Specifically, Fig. 3(d) shows the correlation
function of the atomic coherence at infinitesimally close
points z1 = z2 = z at retarded time moments τ . Its peak at
∼60 fs, ∼6 mm corresponds to the onset of oscillations in the
population inversion [see Fig. 3(b)] and saturation. The two-
point correlation function S(z1, z2, τ ) for a fixed time moment
τ represents purely spatial correlation of the polarization
of the medium, and is represented for times τ = 55 fs and
τ = 70 fs in Figs. 3(e) and 3(f), i.e., for times before and
after the maximum of S(z, z, τ ). Before onset of saturation
(τ = 55 fs) the correlation function S(z, z, τ ) shows a single
maximum. After saturation, several local maxima and minima
(anti-correlation) are visible. Beyond saturation, the popula-
tion of the excited state drops below the population of the
ground state (negative population inversion) in some parts of
the medium. This results in the absorption of the emitted field
and corresponds to negative values of the correlation function
of atomic coherences, see Fig. 3(f), while other parts of the
sample show positive correlation (emission). This partitioning
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FIG. 4. Evolution of collective spontaneous emission induced by an XFEL pump in Xe gas. (a), (b) Evolution of the excited and ground
state populations; (c) temporal evolution of the correlation function of the atomic coherences taken at close spatial points z1 = z2 = z; (d)
profile of emitted superfluorescence intensity normalized to 1 for each z value; (e) spatial evolution of emitted radiation spectrum, normalized
to 1 for each z value; (f) correlation function of the atomic coherences at the time moment τ = 0.5 ns.

of the sample into positively and negatively correlated parts is
a direct manifestation of the temporal ringing in the spatial
domain.

As another example, we consider collective spontaneous
emission from Xe atoms pumped by a XFEL pulse at a mean
photon energy of 73 eV corresponding to conditions of a
recent experiment that was conducted at the soft x-ray free-
electron laser FLASH [56]. Namely, following parameters
were used: pump photon energy is 73 eV, pump pulse energy
is 50 μJ, emitted radiation wavelength is 65 nm, spontaneous
life time corresponding to transition from |e〉 to |g〉 level is 1
ns, Auger life time is 6 fs, Auger branching ratios are taken as
0.021 for |e〉 level and 0.0075 for |g〉 level, pump absorption
cross section is 5.2 Mb, emitted field absorption cross section
is 60 Mb, gas pressure is 7 mbar, for pump a Gaussian
temporal shape is assumed with 80 fs FWHM. To account
for the spatial pulse profile of a focused beam, we modeled
the intensity as a Gaussian beam with 2.0 mm Rayleigh range
and 61 μm waist size. The population inversion in this system
is created by Auger decay of a 4d hole state, which is in turn
created by photoionization due to the FEL pump [49]. In terms
of Eqs. (36)–(39), this scheme corresponds to the inclusion of
the following rates:

re,g (z, τ ) = be,gγAρc(z, τ ), (53)

γe,g (z, τ ) = J (z, τ )σi. (54)

Here, γA is the Auger decay rate; ρc(z, τ ) marks the pop-
ulation of the 4d state, which can be obtained from rate
equations for the population of atomic levels; be,g are the

branching ratios of the Auger decay into the levels |e〉 and
|g〉; J (z, τ ) gives the photon flux of the FEL. It is time
dependent due to the pulse shape and spatially varying due
to the position-dependent beam waist size and absorption; σi

denotes the cross section for ionization from the upper and
lower level. Inclusion of the dynamics of atomic occupations
described by rate equations and the spatial profile of the pump
is obligatory for the description of realistic systems. Notably,
it would be difficult to perform a similar analysis as in the
Appendix F and thereby obtain plausible effective noise terms
for Maxwell-Bloch equations under these conditions.

The temporal field intensity profile, Fig. 4(d), shows trans-
formation from spontaneous emission with maxima at τ = 0
to peak-shaped temporal profiles that are characteristic for
superfluorescence. The peak appears earlier and becomes
narrower and more intense with increasing the propagation
length.

The field correlation function enables to obtain radiation
spectra by means of Fourier transform [39]. For parameters
used for modeling Fig. 4, one can see that the occupation of
the |e〉 and |g〉 levels is of the order of 10−3, nevertheless
after about 3 mm of propagation the ringing (or Rabi-like
behavior) takes place; see Figs. 4(a) and 4(b). It is hardly seen
in occupations; however, the correlation of atomic coherences,
Fig. 4(c), clearly show the oscillatory behavior in time. This
behavior is present in field correlation function as well, it
results in spectral broadening clearly seen in Fig. 4(e). This
spectral broadening can be used as a marker for the oscillatory
superfluorescence regime, and can be particularly helpful
when the direct measurement of the temporal pulse profile
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is not possible that is often the case for the x-ray (XUV)
domain. At time moments corresponding to ringing, the
correlation function of atomic coherences shows oscillatory
behavior in space as well, see Fig. 4(f). The number of
oppositely correlated regions in space (regions with opposite
sign of correlation function of atomic coherences) increases
with time, together with decreasing of correlation function
of atomic coherences it results in damping of intensity
ringing.

V. CONCLUSIONS

We have proposed a theoretical approach to collective
spontaneous emission that is based on integro-differential
equations for the correlation function of atomic coherences
and field correlation function. It enables us to obtain the
spatiotemporal profiles of level occupations and emitted in-
tensity as well as the spatial profile of the emitted radia-
tion spectrum. Our derivations start from a basic atom-field
Hamiltonian; the main approximations are the 1D modeling
of the field propagation and the swept pumping configuration.
A number of incoherent processes that can take place in
realistic systems, such as collisional quenching of coherences,
time- and space-dependent pumping and depleting of the
levels of interest or nonradiative decay are taken into account
systematically by means of the Lindblad formalism. Our ap-
proach allows for the treatment of spontaneous emission and
coherent phenomena—typically described by Maxwell-Bloch
equations—on the same footing. This gives advantage over
the widely used approach of modeling collective spontaneous
emission in the Maxwell-Bloch equations by means of noise
terms. In particular, we show the latter one to be unable to de-
scribe the temporal profile of spontaneous emission correctly.
As an application of our method, we presented calculations
corresponding to a recent experiment [56].
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APPENDIX A: DERIVATION OF
HEISENBERG-LANGEVIN EQUATIONS

From the Hamiltonian Eq. (1) we obtain the following
Heisenberg equations:

dâ�k,s

dt
= −iω�kâ�k,s − ig∗

�k,s

∑
a

e−i�k �ra σ̂
(a)
− , (A1)

dσ̂
(a)
−

dt
= −i�σ̂

(a)
− + 2i

∑
�k,s

g�k,se
i�k �ra σ̂ (a)

z â�k,s , (A2)

dσ̂ (a)
z

dt
= i

∑
�k,s

(g∗
�k,s

e−i�k �ra â
†
�k,s

σ̂
(a)
− − g�k,se

i�k �ra σ̂
(a)
+ â�k,s ). (A3)

Here, we use the normal ordering of operators: on the left side
come operators â

†
�k,s

, σ̂
(a)
+ followed by σ̂ (a)

z and on the right

side â�k,s , σ̂
(a)
− , see discussions in Refs. [41,57].

We formally integrate the equation for field operators
Eq. (A1),

â�k,s (t ) = â�k,s (0)e−iω�k t

− ig∗
�k,s

∑
a

e−i�k �ra

∫ t

0
dt ′e−iω�k (t−t ′ )σ̂

(a)
− (t ′), (A4)

and substitute it into Eq. (A2):

dσ̂
(a)
−

dt
= − i�σ̂

(a)
−

+ 2
∑
b,�k,s

|g�k,s |2
∫ t

0
dt ′ei[�k �(ra− �rb )−ω(t−t ′ )]σ̂ (a)

z (t )σ̂ (b)
− (t ′)

+ 2i
∑
�k,s

g�k,s σ̂
(a)
z (t )â�k,s (0)ei(�k �ra−ωt ). (A5)

The last term is determined by the vacuum field at the
initial time and can be interpreted as a stochastic Langevin
term:

F̂
(a)
− (t ) = 2i

∑
�k,s

g�k,s σ̂
(a)
z (t )â�k,s (0)ei(�k �ra−ωt ),

F̂
(a)
+ (t ) = −2i

∑
�k,s

g∗
�k,s

â
†
�k,s

(0)σ̂ (a)
z (t )e−i(�k �ra−ωt ). (A6)

Here, F̂
(a)
+ (t ) corresponds to the analogous term in the

equation for σ̂
(a)
+ . The statistical properties of these terms can

be obtained directly from their definition Eq. (A6) taking into
account that the field is initially in the vacuum state:

〈F̂ (a)
− (t )〉 = 〈F̂ (a)

+ (t )〉 = 0,

〈F̂ (a)
− (t )F̂ (b)

− (t ′)〉 = 〈F̂ (a)
+ (t )F̂ (b)

+ (t ′)〉=〈F̂ (a)
+ (t )F̂ (b)

− (t ′)〉=0,

〈F̂ (a)
− (t )F̂ (b)

+ (t ′)〉 = 4〈σ̂ (a)
z (t )σ̂ (b)

z (t ′)〉
×

∑
�k,s

|g�k,s |2ei[�k( �ra− �rb )−ω(t−t ′ )]. (A7)

The sum over atoms in the second term of Eq. (A5) can
be split into a part b = a that describes the action of the field
emitted by the atom a on itself, and a part b �= a that describes
the interaction of a given atom a with other atoms in the
system. Considering the first term, one can expect the action
of the field emitted by atom a onto itself results in spontaneous
decay:

d ˆ̃σ (a)
−

dt

∣∣∣
sp

= 2
∑
�k,s

|g�k,s |2
∫ t

0
dt ′e−i(ω−�)(t−t ′ )σ̂ (a)

z (t ) ˆ̃σ (a)
− (t ′)

= e2| �p|2
3π2m2c3h̄ε0

σ̂ (a)
z (t )

∫ t

0
dt ′

∫ ∞

0
dωω ˆ̃σ (a)

− (t ′)

× e−i(ω−�)(t−t ′ ) � −�sp

2
ˆ̃σ (a)
− (t ), (A8)

�sp = e2�| �p|2
3πε0h̄m2c3

. (A9)

Here, we made use of slowly varying function σ̃ : σ̂
(a)
− (t ) =

ˆ̃σ (a)
− (t )e−i�t ; in the last step we applied the approximation
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typically done in Weisskopf-Wigner approach, that is, we treat
the spontaneous emission of a single atom as a Markovian
process; �sp is the corresponding spontaneous emission rate,
where we neglected the Lamb shift. Note that the accepted
rule of ordering the operators results in the description of
spontaneous emission as an effect of radiation reaction alone.
Conversely, other ordering conventions would result in con-
tributions from vacuum fluctuations of the field, see Ref. [57],
Ch. 7 for further discussion and references.

Next, we consider the induced part of the second term in
Eq. (A5). This is responsible for the interaction of a given
atom a with other atoms in the system. It can be rewritten in
terms of the vector potential of the electromagnetic field at the
position of atom a due to all other atoms in the system:

dσ̂
(a)
−

dt

∣∣∣
ind

= 2ie

mh̄c
σ̂ (a)

z (t ) �p · �̂A(a)
+ (t ),

�̂A(a)
+ (t ) = − iec

16π3mε0

∫
d3�k

∑
s

1

ω�k
�e�k,s (�e∗

�k,s
· �p∗)

×
∫ t

0
dt ′

∑
b �=a

ei(�k �(ra− �rb )−ω(t−t ′ ))σ̂
(b)
− (t ′). (A10)

Combining Eqs. (A8) and (A10) we obtain Eq. (5). Similar
steps lead to Eq. (6), the corresponding Langevin term having
zero mean value:

〈F̂ (a)
z (t )〉 = 0. (A11)

APPENDIX B: EQUATION OF MOTION
FOR THE PRODUCT OF OPERATORS

The equation of motion for the product of two operators
can be obtained from the Heisenberg-Langevin equations of
motion for each of the operators with help of generalized Ein-
stein relations [39]. Namely, if two operators satisfy Langevin
equations with δ-correlated noise,

dÔ1

dt
= V̂1(t ) + F̂1(t ),

dÔ2

dt
= V̂2(t ) + F̂2(t ),

〈F̂1(t )〉 = 〈F̂2(t )〉 = 0, 〈F̂1(t )F̂2(t ′)〉 = D12(t )δ(t − t ′),
(B1)

then observable 〈Ô1(t )Ô2(t )〉 will satisfy (see Ref. [39], Ch.
9):

d〈Ô1(t )Ô2(t )〉
dt

= 〈V̂1(t )Ô2(t )〉 + 〈Ô1(t )V̂2(t )〉 + D12(t ).

(B2)

Applying this expression to Eq. (11) and its Hermitian
conjugate, while taking into account Eq. (A7), we obtain
Eq. (16).

APPENDIX C: DERIVATION OF THE PROPAGATION
EQUATION FOR THE FIELD CORRELATION FUNCTION

To obtain a spatial propagation equation for G(a)(τ1, τ2) we
consider the difference between the field correlation function
at position za of atom a and neighboring atom a + 1 at za+1.
From Eq. (21) we directly obtain

G(a+1)(τ1, τ2) − G(a)(τ1, τ2) = 3�o

32πλ2
�sp

[∑
b<a

〈σ̂ (b)
+ (τ1)σ̂ (a)

− (τ2)〉 +
∑
b<a

〈σ̂ (a)
+ (τ1)σ̂ (b)

− (τ2)〉 + 〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉
]
. (C1)

With the help of Eq. (10), we can express quantities like
∑

b<a σ̂
(b)
+ (τ1),

∑
b<a σ̂

(b)
− (τ2) in terms of the field and thus find:

G(a+1)(τ1, τ2) − G(a)(τ1, τ2) = ie

2h̄cmλ2
[p〈σ̂ (a)

+ (τ1)Â(a)
+ (τ2)〉 − p∗〈Â(a)

− (τ1)σ̂ (a)
− (τ2)〉] + 3�o

32πλ2
�sp〈σ̂ (a)

+ (τ1)σ̂ (a)
− (τ2)〉. (C2)

Next, we shall express atomic coherences in terms of the field. This can be achieved by formal integration of Eq. (11):

σ̂
(a)
− (τ ) =

∫ τ

0
dτ ′e−(i�+ �sp

2 )(τ−τ ′ )
[

2iep

h̄mc
σ̂ (a)

z (τ ′)Â(a)
+ (τ ′) + F̂

(a)
− (τ ′)

]
+ e−(i�+ �sp

2 )τ σ̂
(a)
− (0). (C3)

Substituting Eq. (C3) into Eq. (C2) we obtain

G(a+1)(τ1, τ2) − G(a)(τ1, τ2) = 3ε0�

4πh̄c
�sp

[∫ τ1

0
dτ ′

1e
−(−i�+ �sp

2 )(τ1−τ ′
1 )〈Â(a)

− (τ ′
1)σ̂ (a)

z (τ ′
1)Â(a)

+ (τ2)〉

+
∫ τ2

0
dτ ′

2e
−(i�+ �sp

2 )(τ2−τ ′
2 )〈Â(a)

− (τ1)σ̂ (a)
z (τ ′

2)Â(a)
+ (τ ′

2)

]
+ 3�o

32πλ2
�sp〈σ̂ (a)

+ (τ1)σ̂ (a)
− (τ2)〉. (C4)

Here, we took into account Eq. (A7) as well as 〈σ̂ (a)
+ (0)F̂ (b)

− (t ′)〉 = 0, 〈F̂ (a)
+ (t )σ̂ (b)

− (0)〉 = 0, 〈σ̂ (a)
+ (0)σ̂ (b)

− (0)〉 = 0 for a �= b.
Making approximation Eq. (17), which enables us to factor out 〈σ̂ (a)

z (τ )〉, we arrive at

G(a+1)(τ1, τ2) − G(a)(τ1, τ2) = δG(a)(τ1, τ2)stim + δG(a)(τ1, τ2)sp, (C5)

δG(a)(τ1, τ2)stim = 3�o

8π
�sp

[∫ τ1

0
dτ ′

1e
−(−i�+ �sp

2 )(τ1−τ ′
1 )〈σ̂ (a)

z (τ ′
1)〉G(a)(τ ′

1, τ2) +
∫ τ2

0
dτ ′

2e
−(i�+ �sp

2 )(τ2−τ ′
2 )〈σ̂ (a)

z (τ ′
2)〉G(a)(τ1, τ

′
2)

]
,

(C6)

δG(a)(τ1, τ2)sp = 3�o

32πλ2
�sp〈σ̂ (a)

+ (τ1)σ̂ (a)
− (τ2)〉. (C7)
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Here, Eq. (C6) describes the contribution to the field due to stimulated emission of atom a. This results in amplification for the
case when the atom is in an inverted state 〈σ̂ (a)

z 〉 > 0 and in absorption otherwise; Eq. (C7) describes the contribution to the
field due to spontaneous emission of atom a. Evaluation of the spontaneous emission requires the knowledge of the one-atom
two-time correlation function for atomic coherences. With the help of Eq. (C3), we can express it as

〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉 = 〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉free + 〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉stim, (C8)

〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉free = ρ (a)
ee (0)ei�(τ1−τ2 )e− �sp

2 (τ1+τ2 ), (C9)

〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉stim = 3�oλ2

2π
�sp

∫ τ1

0
dτ ′

1

∫ τ2

0
dτ ′

2e
i�(τ1−τ ′

1−[τ2−τ ′
2])e− �sp

2 (τ1−τ ′
1+τ2−τ ′

2 )
〈
σ̂ (a)

z (τ ′
1)σ̂ (a)

z (τ ′
2)

〉
G(a)(τ ′

1, τ
′
2). (C10)

Here, Eq. (C9) gives the value of 〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉 in the
case of a free atom unaffected by any external field, while
Eq. (C10) provides a correction due to the exposure to a
field with a given correlation function. Exact evaluation of
Eq. (C10) would require the knowledge of the single-atom
two-time quantity 〈σ̂ (a)

z (τ ′
1)σ̂ (a)

z (τ ′
2)〉, which would in turn

need a separate set of equations. However, the contribution
of this term only becomes important, once the field reaches
significant value, at which point the stimulated contribu-
tion Eq. (C6) already dominate over the spontaneous term
of Eq. (C7). Hence, there is no need to calculate the correction
Eq. (C10) to an anyway negligible term Eq. (C7).

The same conclusion can be drawn from the following
quantitative argument. Let us make an order-of-magnitude
estimate for Eqs. (C7), (C6), (C9), and (C10):

δGstim ∼ �o�spτGρinv, (C11)

δGsp ∼ �o

λ2
�spρee, (C12)

〈σ̂+σ̂−〉stim ∼ �oλ2�spτ
2Gρ2

inv, (C13)

〈σ̂+σ̂−〉sp ∼ ρee. (C14)

Here, G, τ, ρinv are typical values of the field correla-
tion function, evolution time and population inversion, re-
spectively. From Eqs. (C11)–(C14) we obtain the following
relation:

〈σ̂+σ̂−〉stim

〈σ̂+σ̂−〉sp
∼ δGstim

δGsp
�oρinv�spτ. (C15)

Accurate calculation of Eq. (C10) is important only while
Eq. (C6) is smaller than Eq. (C7), hence we can set

δGstim

δGsp
� 1 (C16)

in Eq. (C15). The typical time to build up the field that would
dominate over the spontaneous emission can be estimated
as the superradiance time τSR ∼ 1

�spρinvnL�o
, here nL is the

number of atoms in the medium. Hence, while we assume that
Eq. (C16) holds, we can take

τ � 1

�spρinvnL�o
. (C17)

In the frame of Eqs. (C16) and (C17) we straightforwardly
find with Eq. (C15)

〈σ̂+σ̂−〉stim

〈σ̂+σ̂−〉sp
� 1

nL
 1. (C18)

This shows that in the region, where Eq. (C7) is important,
we can neglect the contribution of Eq. (C10) with respect to
Eq. (C9). This conclusion was further supported by numerical
calculation of the ratio between Eq. (C9) and the estimate of
Eq. (C10). Another way of checking it is to calculate the inten-
sity directly from atomic variables Eq. (20) and alternatively
from the field correlation function I (a)(τ ) = G(a)(τ, τ ). In the
first case, no approximation with regard to Eq. (C10) is made
and its results agree with the approximate method. Hence, we
will make the approximation of dropping off the contribution
Eq. (C10) and arrive at Eq. (22).

APPENDIX D: MODIFICATION OF EQUATIONS FOR
ATOMIC AND FIELD OBSERVABLES DUE TO

INCOHERENT PROCESSES

Here, we consider how the expressions that were used to
derive Eqs. (24)–(26) change in the presence of incoherent
processes described by Lindblad superoperator Eq. (34).

The interaction with a Markovian reservoir can be de-
scribed within the frame of Heisenberg-Langevin equations
by the addition of a regular and a stochastic operator; see
Ref. [39], Ch. 9. Hence, equations of the form of Eqs. (11)
and (12) are transformed into

dÔ (a)
μ (τ )

dτ
=

(
dÔ (a)

μ (τ )

dτ

)
field

+ V̂ (a)
μ (τ ) + F̂ (a)

μ (τ ), (D1)

〈F̂ (a)
μ (τ )〉 = 0,

〈F̂ (a)
μ (τ1)F̂ (b)

ν (τ2)〉 = Dμν (τ1)δabδ(τ1 − τ2). (D2)

Here, Ôμ stands for some set of operators, e.g., σ+, σ−, σz;
the first term comprises the evolution due to spontaneous
decay and the interaction between atoms via their emitted
field; the second and the third terms are regular and noise
(Langevin) contributions due to the incoherent processes; the
Kronecker symbol δab in Eq. (D2) reflects our assumption that
noise terms are uncorrelated if they correspond to different
atoms (uncorrelated reservoirs).

If one knows the solution of master equation for one-atom
density matrix, the value of any one-atom observable can be
obtained directly from it; see Ref. [39], Ch. 9. Also, from the
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definition of quantum-mechanical mean we have

d
〈
Ô (a)

μ (τ )
〉

dτ
=

[
d〈Ô (a)

μ (τ )〉
dτ

]
field

+Tr

[
Ô (a)

μ (τ )

(
∂ρ̂ (a)

∂τ

)
incoh

]
.

(D3)

The last term can be presented as

Tr

[
Ô (a)

μ (τ )

(
∂ρ̂ (a)

∂τ

)
incoh

]
= Tr

[
Ô (a)

μ (τ )L(a){ρ̂ (a)}]
= Tr

[
V̂ (a)

μ (τ )ρ̂ (a)
]
. (D4)

We can now obtain V̂ (a)
μ (τ ) from the last equation using

the actual form of the Lindblad superoperator Eq. (34) and
taking into account that we can perform cyclic permutation of
operators under the trace.

1. Equations for ρee, ρgg

In this part, we outline how the equation for the population
inversion would modify. In contrast to the case of a pure
two level system considered in Sec. II, the identity ρ (a)

ee +
ρ (a)

gg = 1 is not satisfied in general case. Hence, we have to

obtain separate equations for ρ (a)
ee (τ ) = 〈σ̂ (a)

+ (τ )σ̂ (a)
− (τ )〉 and

ρ (a)
gg (τ ) = 〈σ̂ (a)

− (τ )σ̂ (a)
+ (τ )〉. Using these operators in Eq. (D4)

we obtain〈
V̂ (a)

ee (τ )
〉 = re(za, τ ) − (γe(za, τ ) + γn)ρ (a)

ee (τ ),〈
V̂ (a)

gg (τ )
〉 = rg (za, τ ) + γnρ

(a)
ee (τ ) − γg (za, τ )ρ (a)

gg (τ ). (D5)

Here, re,g (za, τ ) = r̃e,g (za, τ )ρ (a)
xx (τ ) is the pumping rate

of level |e〉 or |g〉, which is proportional to the occupation
of the state |x〉, from which the pumping takes place. Taking
into account that contributions due to spontaneous decay and
interaction with emitted field can be expressed as(

dρ (a)
ee (τ )

dτ

)
field

=
(

d〈σ̂ (a)
z (τ )〉
dτ

)
field

,

(D6)(
dρ (a)

gg (τ )

dτ

)
field

= −
(

d〈σ̂ (a)
z (τ )〉
dτ

)
field

,

we obtain as new equations for the continuous variables:

∂ρee(z, τ )

∂τ
= re(z, τ ) − (�sp + γe(z, τ ) + γn)ρee(z, τ )

− 3�o

8π
�spn

∫ z

0
dz′S(z, z′, τ ), (D7)

�ee(z, τ ) = �sp + γe(z, τ ) + γn,

∂ρgg (z, τ )

∂τ
= rg (z, τ )+(�sp+γn)ρee(z, τ )−γg (z, τ )ρgg (z, τ )

+ 3�o

8π
�spn

∫ z

0
dz′S(z, z′, τ ). (D8)

2. Equations for S(z1, z2, τ )

From expression Eq. (D4) applied to operators σ̂
(a)
± , we

find

V̂
(a)
± (τ ) = − 1

2 [γn + q(za, τ ) + γe(za, τ ) + γg (za, τ )]σ̂ (a)
± (τ ).

(D9)

Hence, in equations involving σ̂
(a)
± operators, such as

Eq. (11), the account of Eq. (D9) is equivalent to modifying
the decay term by changing the decay rate to

�(za, τ ) = �sp + γn + q(za, τ ) + γe(za, τ ) + γg (za, τ ).
(D10)

Equation (11) and its hermitian conjugate were used to
obtain the equation for the time-propagation of the correlation
function of atomic coherences Eq. (16). Taking into account
that the derivation was based on quantum Einstein relation
Eq. (B2), one can see that the inclusion of additional operators
Eq. (D9) results in the following substitution of the term
−�spS(z1, z2, τ ) in Eq. (25) by

−�spS(z1, z2, τ ) → − 1
2 [�(z1, τ ) + �(z2, τ )]S(z1, z2, τ ).

(D11)

Note that the term D12 in Eq. (B2) gives no contribution
due to our assumption that the reservoirs are independent for
each atom.

3. Equations for the field correlation function

Finally, we discuss, which modifications need to be intro-
duced to the derivation done in Appendix C. In Eq. (C3), we
have to take into account the additional terms from Eq. (D9);
this results in

σ̂
(a)
− (τ ) =

∫ τ

0
dτ ′e−i�(τ−τ ′ )e− 1

2

∫ τ

τ ′ dτ ′′�(za,τ
′′ )

×
[

2iep

h̄mc
σ̂ (a)

z (τ ′)Â(a)
+ (τ ′) + F̂

(a)
− (τ ′)

]

+ e−i�τ e− 1
2

∫ τ

0 dτ ′′�(za,τ
′′ )σ̂

(a)
− (0). (D12)

Retaining the damping term e− 1
2

∫ τ

τ ′ dτ ′′�(za,τ
′′ ) throughout

further derivations results in the factor D appearing in
Eq. (39).

Additional modifications affect the quantity
〈σ̂ (a)

+ (τ1)σ̂ (a)
− (τ2)〉, which is needed to calculate Eq. (C7).

Following the same reasoning as in Appendix C we consider
only contributions from 〈σ̂ (a)

+ (τ1)σ̂ (a)
− (τ2)〉free, i.e., evolution

only due to the spontaneous decay and incoherent processes
of individual atoms. To this end, we use Eq. (D12) omitting
the field and write

〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉 =
∫ τ1

0
dτ ′

1

∫ τ2

0
dτ ′

2e
i�(τ1−τ ′

1−[τ2−τ ′
2])e

− 1
2 [

∫ τ1
τ ′
1

dτ ′′
1 �(za,τ

′′
1 )+∫ τ2

τ ′
2

dτ ′′
2 �(za,τ

′′
2 )]〈F̂ (a)

+ (τ ′
1)F̂ (a)

− (τ ′
2)〉

+ e− 1
2 [

∫ τ1
0 dτ ′′

1 �(za,τ
′′
1 )+∫ τ2

0 dτ ′′
2 �(za,τ

′′
2 )]ei�(τ1−τ2 )ρ (a)

ee (0). (D13)
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To evaluate Eq. (D13), we need to know the value of the
noise correlation D+−(τ ); see Eq. (D2). It can be obtained
from the combination of the master equation and the general-
ized Einstein relation Eq. (B2), see Ref. [39] Ch. 9.4:

D+−(τ ) = 〈V̂ (a)
ee (τ )〉 − 〈V̂ (a)

+ (τ )σ̂ (a)
− (τ )〉 − 〈σ̂ (a)

+ (τ )V̂ (a)
− (τ )〉

= re(za, τ ) + [�(za, τ ) − �ee(za, τ )]ρ (a)
ee (τ ).

(D14)

With the help of Eq. (D2) and using Eq. (D14), Eq. (D13)
transforms to

〈σ̂ (a)
+ (τ1)σ̂ (a)

− (τ2)〉

= ei�(τ1−τ2 )
∫ min τ1,τ2

0
dτ ′e− 1

2 [
∫ τ1
τ ′ dτ ′′

1 �(za,τ
′′
1 )+∫ τ2

τ ′ dτ ′′
2 �(za,τ

′′
2 )]

× [
re(za, τ

′) + [
�(za, τ

′) − �ee(za, τ
′)
]
ρ (a)

ee (τ ′)
]

+ ei�(τ1−τ2 )e
− 1

2

[ ∫ τ1
0 dτ ′′

1 �(za,τ
′′
1 )+∫ τ2

0 dτ ′′
2 �(za,τ

′′
2 )
]
ρ (a)

ee (0).
(D15)

This constitutes the spontaneous emission part of Eq. (39).

APPENDIX E: DERIVATION OF MAXWELL-BLOCH
EQUATIONS FROM THE CORRELATION

FUNCTION EQUATIONS

Here, we consider how the correlation function Eqs. (36)–
(39) simplify if we assume the factorization of Eqs. (46) and
(47) and omit the spontaneous emission terms. Under these
assumptions, we can substitute Eq. (46) into Eq. (38) and
obtain the following expression:

ρge(z1, τ )
∂ρeg (z2, τ )

∂τ
+ ρeg (z2, τ )

∂ρge(z1, τ )

∂τ

= ρge(z1, τ )

[
−�(z2, τ )

2
ρeg (z2, τ ) + 3�o

16π
�spρinv(z2, τ )n

∫ z2

0
dz′

2A(z2, z
′
2)ρeg (z′

2, τ )

]

× ρeg (z2, τ )

[
−�(z1, τ )

2
ρge(z1, τ ) + 3�o

16π
�spρinv(z1, τ )n

∫ z1

0
dz′

1A(z1, z
′
1)ρge(z′

1, τ )

]
. (E1)

This itself can obviously be expressed in factorized form
as well. The integral in Eq. (E1) can be represented as the
solution of a differential equation and in this way, we can
introduce an electric field envelope that satisfies

∂E+(z, τ )

∂z
= −κ (z)

2
E+(z, τ ) + i�

2ε0c
μnvρeg (z, τ )ξ,

ξ = �oπR2

2λ2
. (E2)

Using this, we obtain from Eq. (E1)

∂ρge(z, τ )

∂τ
= −�(z, τ )

2
ρge(z, τ ) + iμ

h̄
ρinv(z, τ )E−(z, τ ).

(E3)

Here, we used the definition of the spontaneous decay rate
Eq. (A9), and the dipole moment μ that is related to the
momentum matrix element given in Eq. (4) as e p = im�μ.
Furthermore, nv is the three-dimensional particle density,
namely n = nvπR2, while E+ and E− are the positive and neg-
ative frequency parts of the field; they are complex conjugate
to one another. The way how to split the factor 3�o/(16π )�sp

into prefactors in Eqs. (E2) and (E3) is arbitrary at this stage.
The chosen factors comply with Eqs. (5) and (10). Since
these expressions are our basic expressions to obtain field
correlation function Eq. (39), the field propagation Eq. (E2)
should agree with Eqs. (39) and (47). Notably, the semiclassi-
cal Maxwell-Bloch equations could also be obtained directly
from Eqs. (5), (6), (10), and (D9) by replacing all operators by
c-numbers and omitting the operator noise terms.

The field Eq. (E2) differs from typically used Maxwell-
Bloch equations [18] by a factor ξ . This is result of the 1D
approximation Eq. (8), though within this approximation, it

can be taken as ξ ∼ 1. With this choice we obtain Eqs. (48)–
(51).

APPENDIX F: NOISE-TERM CORRELATION FACTOR
FOR MAXWELL-BLOCH EQUATIONS

To compare the present approach to Maxwell-Bloch equa-
tions with noise terms we derive the noise term correlation
factor F that is consistent with the approximations and con-
ventions used throughout this paper. We restrict ourselves to a
simplified scheme, assuming instantaneous pumping and the
absence of incoherent processes except for decoherence with
a fixed decoherence rate q. If no external field is present, then
from Eq. (E3) supplemented with the noise term s+(z, τ ) we
obtain

ρge(z, τ ) =
∫ τ

0
dτ ′e− �

2 (τ−τ ′ )s+(z, τ ′), (F1)

where � = �sp + q. Substituting this expression into
Eq. (E2) and considering the case without absorption, we find

E+(z, τ ) = i�μnv

2ε0c

∫ z

0
dz′

∫ τ

0
dτ ′e− �

2 (τ−τ ′ )s−(z′, τ ′), (F2)

with ξ ∼ 1.
The number of spontaneously emitted photons can be

obtained as

dNph,sp(τ )

dτ
= 2ε0c

h̄ω
〈E−(τ )E+(τ )〉πR2, (F3)

where 〈..〉 indicates the average over realizations of the
stochastic variables s±(z, τ ). Substituting Eq. (F2) into
Eq. (F3), taking into
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account Eq. (52), performing integrals with the δ functions
and using Eq. (A9), we arrive at

dNph,sp(τ )

dτ
= 3

8π
�spnznvFλ2

∫ τ

0
dτ ′e−�(τ−τ ′ )ρee(τ ′).

(F4)

We can now compare the obtained expression with the
exact result Eq. (43). If we assume that the decoherence time
is much shorter than the spontaneous emission time, we can

take ρee(τ ) out of the integral and obtain

F = 2�

n
ξ. (F5)

Here again, we can take ξ ∼ 1. However, if � = �sp, then
within the choice Eq. (F5) for the temporal dependence of
spontaneously emitted quanta we find

dNph,sp(τ )

dτ
= 3

8π
�spnz�oρee(0)�spτe−�spτ , (F6)

under the same approximation ξ ∼ 1. Clearly, Eq. (F6) differs
from the correct result by a factor �spτ .
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