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1 Introduction

Scattering amplitudes in string theories have become a rewarding laboratory to encounter
modern number-theoretic concepts in a simple setup. String amplitudes are derived from
integrating over moduli spaces of punctured Riemann surfaces whose genus matches the
loop order in perturbation theory. Accordingly, the low-energy expansion of string am-
plitudes provides generating functions for the periods of the relevant moduli spaces —
multiple zeta values at tree level [1-4] and various elliptic generalizations at loop level.

At genus one, a variety of mathematical structures have recently been revealed in
maximally supersymmetric open- and closed-string amplitudes. For one-loop amplitudes
of the open superstring, elliptic multiple zeta values (eMZVs) [5] were identified as the
natural language to capture the expansion in the inverse string tension o’ [6, 7]. Closed-
string amplitudes of type-II superstrings in turn introduce an intriguing system of non-
holomorphic modular functions known as modular graph functions [8].

One-loop closed-string worldsheets are toroidal with complex modulus 7 on which the
modular group acts. Modular graph functions are invariant under this action and depend on
a graph on the worldsheet describing the contractions of the punctures related to external
states. The properties and relations of modular graph functions have been studied from
various perspectives [9-22]. For open strings at genus one, eMZVs result from integration
over the punctures on the boundary of a cylindrical open-string worldsheet at one-loop
level, where 7 is treated as the modulus of the cylinder.

This work is dedicated to one-loop amplitudes of the heterotic string, where the moduli-
space integrals are constrained by only half of the supersymmetries as compared to the
type-1I setup. Accordingly, the o/-expansion of heterotic-string amplitudes admits a larger
class of integrals over torus punctures which we will evaluate in terms of modular graph
forms in representative four-point examples. Modular graph forms have been introduced
as generalizations of modular graph functions [15] by allowing a non-trivial transforma-
tion under the modular group action that is expressed through non-vanishing modular
weights (w,w). They can often be related to modular invariant functions by differential
equations in 7.

In this article, we will simplify the four-point amplitude among gauge bosons in a way
such that the integrals over the punctures at any order of the o’-expansions manifestly
evaluate to modular graph forms. Explicit results are given for both the single-trace and
the double-trace sector up to the third subleading order in o’. Moreover, we give general
arguments that modular graph forms capture the integrations over the torus punctures
in the n-point heterotic-string amplitude involving any combination of gauge bosons and
gravitons. Earlier work on the correlation functions and integrations over the punctures
in multi-particle amplitudes of the heterotic string includes [23-25]. Furthermore, the
subleading order in the o/-expansion of four-point amplitudes involving gravitons has been
recently studied in [26, 27].

A major motivation for this work concerns the connection between open- and closed-
string amplitudes at the level of their low-energy expansion. At genus zero, the multiple
zeta values (MZVs) from open- and closed-string scattering on a disk and a sphere, re-



spectively, are related by the single-valued map [3, 28-32].! The latter refers to the origin
of MZVs from polylogarithms, where the defining property of single-valued MZVs is their
descent from single-valued polylogarithms [33, 34]. The notion of a single-valued map ap-
plies to a variety of periods [35], and it is natural to expect loop-level relations between
open- and closed strings on these grounds. An ambitious long-term goal is to completely
sidestep the moduli-space integrations of closed-string amplitudes at various genera and to
infer their results from suitable maps acting on open-string quantities.

In particular, by comparing the eMZVs and modular graph functions in one-loop am-
plitudes of open and closed strings, a conjecture for the explicit form of an elliptic single-
valued map has been made in [22]. This conjecture is based on a graphical organization
of the open-string o/-expansion, but it has been limited to the scattering of abelian gauge
bosons on the open-string side and modular invariant functions of 7 on the closed-string
side. As one of our main results, we extend the proposal of [22] to non-abelian open-string
states, where the conjectural elliptic single-valued map reproduces substantial parts of
modular graph forms of modular weight (2,0). The integration cycles for four open-string
punctures on a cylinder boundary are proposed to relate to certain elliptic functions of the
closed-string punctures through a Betti-deRham duality [36, 37].

In the mathematics literature, a general construction of single-valued eMZVs has been
given by Brown [38, 39]. So far, it remains conjectural that modular graph functions or
modular graph forms are contained in the image of this elliptic single-valued map. The
real-analytic functions in Brown’s construction [38, 39] include modular forms of various
holomorphic and antiholomorphic weights. Hence, our extension of the string-theory moti-
vated conjecture for an elliptic single-valued map to modular graph forms should be helpful
to identify the missing link to the setup of [38, 39]. Given that the heterotic string relaxes
the maximal supersymmetry of type-II superstrings, its extended set of moduli-space in-
tegrals (as investigated here at four points) is hoped to give a more general picture of an
elliptic single-valued map.

As another consequence of the half-maximal supersymmetry of the heterotic string,
the coefficients of a given modular graph form in massless one-loop? amplitudes usually
mix different orders in . In superstring amplitudes in turn, the order in the o/-expansion
correlates with the transcendental weights of the accompanying iterated integrals — (el-
liptic) multiple zeta values or modular graph functions [3, 4, 6, 10]. This property known
as uniform transcendentality can also be found in the context of dimensionally regularized
Feynman integrals with the regularization parameter ¢ taking the role of o/ [42-46]. We
decompose the four-point gauge amplitude of the heterotic string into integrals that are
individually believed to be uniformly transcendental — both in the single-trace and the
double-trace sector. The non-uniform transcendentality of the overall amplitude is then
reflected by the coefficients of these basis integrals. The classification of uniformly transcen-
dental moduli-space integrals is expected to give important clues about the mathematical
properties of the underlying twisted cohomologies [47].

!The conjectures of [3, 28, 29] have been proven recently in [30, 32]; see also [31] for a derivation where
certain transcendentality conjectures on MZVs are assumed.

2See [40, 41] for the analogous phenomenon in tree-level amplitudes of the heterotic string, where the
coefficients of a given multiple zeta value are usually geometric series in o'.



In summary, the main results of this work are the following:

e a general argument and explicit four-point examples that modular graph forms cap-
ture the integrals over the punctures in massless one-loop amplitudes of the heterotic
string

e relating an integral of modular weight (2,0) in the four-point gauge amplitude of
the heterotic string to a cylinder integral of the open superstring by applying the
tentative elliptic single-valued map of [22] order by order in the o/-expansion

e an explicit decomposition of the four-point one-loop gauge amplitude of the heterotic
string into integrals of conjecturally uniform transcendentality

This paper is structured as follows. We first review the worldsheet building blocks for
constructing one-loop heterotic-string amplitudes in section 2. Then we develop the notion
of modular graph forms and review their salient properties in section 3. In section 4, we
bring the two concepts together and show how the integrands of one-loop amplitudes of
the heterotic string can be expressed as modular graph forms. In particular, we explicitly
perform the analysis of the leading planar and non-planar contributions to four-point gauge
amplitudes in the o/-expansion. We also reorganize the integrals in terms of representatives
of uniform transcendentality, determine the integrated amplitude to second order in o’ and
comment on general n-point amplitudes and their relation to modular graph forms. In
section 5, we investigate the relation between open-string amplitudes and heterotic strings
and develop the conjectural notion of single-valued map relevant in this context. Section 6
contains concluding remarks. Several technical details needed in the analysis have been
relegated to a number of appendices.

2 Basics of heterotic-string amplitudes

In this section, we introduce the basic building blocks for correlation functions in heterotic-
string amplitudes at one loop and how they combine to produce modular forms after
integration over the punctures corresponding to the external states.

2.1 Kronecker-Eisenstein series and elliptic functions

The relevant heterotic-string correlation functions are defined to live on a worldsheet of
torus topology that will be parametrized by the parallelogram in figure 1. The homology
cycles of the torus are mapped to the periodicities z = z 4+ 1 and z = z + 7 for the torus
coordinate z € C, and the modular parameter 7 € C is taken to be in the upper half plane
Im7 > 0.

In this setup, a universal starting point for constructing elliptic functions and iterated
integrals is the following definition of the Kronecker-Eisenstein series [48, 49]

_0(0,7)0(2 + B, 7)
F(z,B8,1):= 01(z,7)01(B,7)

(2.1)



Im(z)
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Figure 1. Throughout this work, toroidal genus-one worldsheets are parametrized through the
depicted parallelogram with discrete identifications z = z+1 and z = z+7 corresponding to the
A-cycle and B-cycle, respectively.

involving the odd Jacobi theta function

[e.o]

01(z,7) := 2¢"/%sin(72) H(l — ") (1 = XmE) (1 — e 2T (2.2)

n=1

and its z-derivative. The formal parameter /5 appearing in definition (2.1) will be used
below to define an infinite family of doubly-periodic functions. The Kronecker-Eisenstein
series itself is quasi-periodic with [50]

F(+1,8,7) = F(2,8,7), F(z+7,8,7)=¢ > F(2,8,7), (2.3)

but its monodromies around the B-cycle cancel from the following doubly-periodic com-
pletion

I
Q(z,B,7) :=exp (27riﬁ ﬂ) F(z,8,7). (2.4)
Im 7
When viewing [ as a bookkeeping variable, a Laurent expansion of (2.4) introduces doubly-
periodic but non-meromorphic functions f(*) [6]

o0

Q(Zaﬁﬂ_) = Zﬁw_lf(w)(zaT)a (25)

w=0

starting with f(O)(z,7) = 1 and fMV(z,7) = 9. log 0y (z,7) + 2mi 2 From the Kronecker-
Eisenstein series (2.1), one can see that the only singularity among the f () functions is
the simple pole f1)(z,7) = 1+ O(z,2) at the origin (and its translates by Z + 7Z).

The non-holomorphic exponentials of (2.4) drop out if several Kronecker-Eisenstein
series are combined to cyclic products with first arguments z;; = z; —z;: a formal expansion

in the bookkeeping variable 3 defines a series of elliptic functions V,, [25]?

F(2127677)F(22371677-)"'F(Z’Vle/BuT) = 9(21276,7')9(223,,6,7')...Q(an,ﬁ,'r)

oo
= B> BVu(1,2,...,n). (2.6)
w=0
3Since (2.6) is at the same time an elliptic function of 8, the coefficients Vi, (1,...,n), w < n of the
singular terms in 3 determine the coefficients Vi, (1,...,n), w > n of the regular terms i [25].



Here and in later places of this work, the dependence of V,,(1,2,...,n) = Vi,(1,2,...,n|7)
on the modular parameter is left implicit. The definition (2.6) and F(—z,—f,7) =
—F(z,,7) immediately manifest the following dihedral symmetry properties

V(1,2,...,n) = Vip(2,...,n, 1), V(non—1,...,2,1) = (=1)"Vi(1,2,...,n) (2.7)

under cyclic shifts and reversal. The V,, functions can be conveniently expressed in terms
of the doubly-periodic coefficients f(*) in (2.5), for instance (with cyclic identification

Zn+1 = Zl)

V(1,2,...n)=1,  W(L2...,n) =Y fO(z-21,7) (2.8)
j=1

n

Va(1,2,...,m) =Y [P =z, m) + D> D> P i—zi, ) M (z=201,7)

j=1 i=1 j=i+1

The modular properties of the Kronecker-Eisenstein series (2.3) [50] give rise to the SLa(Z)

transformations
wy(_* __ ar+B\ _ w p(w)
N ) = Om 0 ) (2.9)
V(1,2 5 _ )V (1,2
”LU(7 7"'7”) T*}m.%g_(’w——i_ ) w(v 7"'7n)7
YT+
ap

where ) € SLy(Z). The purely holomorphic modular weight (w, 0) of the V,, functions

)
will be later on seen to resonate with modular invariance of the heterotic string.

2.2 One-loop gauge amplitudes of the heterotic string

In this work, we will be interested in one-loop scattering of gauge bosons in the heterotic
string. Up to an overall normalization factor, the prescription for the four-point function
reads [51-54]

4

d?r 1
M —// d%/ d%/ d?z V% (25 ei ki), 2.10
Y 22 Jry ey vy IV k) (2:10)

J=1

where F denotes the fundamental domain of the modular group SL2(Z), the integration
domain T'(7) for z9, 23, z4 is the torus in the parametrization of figure 1, and translation
invariance has been used to fix z7 = 0. Moreover, the inverse factors of the Dedekind
eta function

o0
n(r) =g/ [[-a, q=e" (2.11)
n=1

arise as the partition function of the 26 worldsheet bosons in the non-supersymmetric
sector, and V%(z, €, k) denotes the vertex operator for an external gauge boson [51]

Voz €, k) = J(2)Vsusy (2, €, k)X (2) (2.12)



with polarization vector e, lightlike momentum % and adjoint index a. The correlation
function (...)” in (2.10) is evaluated on a torus of modular parameter 7 and allows factoring
out the contribution from the Kac-Moody currents J(z). The leftover correlator involving
Vsusy (Z, €, k) and % X(%2) matches a chiral half of type-II superstrings, and its four-point
instance is completely determined by maximal supersymmetry [55],

4 4
(TT Veusy (), €, k)™ X EmNT = (ky - ko) (kg - k) AGY34(1, 2,3, 4)(J ] e X Ga%))7
j=1 j=1

(2.13)

The permutation invariant combination of polarizations ¢ and momenta k on the right-
hand side has been expressed through a color-ordered tree-level amplitude Atsr\?fv[(l, 2,3,4)
of ten-dimensional super-Yang-Mills. The manifestly supersymmetric calculation in the
pure-spinor formalism [56] leads to the same conclusion for any combination of gauge
bosons and gauginos. The left-over correlator over the plane waves

n n

(LM Y =exp (3 s5035(n) (2.14)

j=1 1<i<j

will be referred to as the Koba-Nielsen factor and involves the bosonic Green function
Gij (1) == G(z;—=z;,7) as well as dimensionless Mandelstam invariants in the exponent,

01(z,7) 2
n(7)

7(2—%)? o
— 9 T~ y Sij = —Ekz . k?j . (215)

G(z,7) := —log

Note that this representation of the Green function relates it to the function f()(z,7)
defined in (2.5) via

FV(z,7) = -0,G(z,7). (2.16)

We shall now focus on the correlation function of the Kac-Moody currents J%, see (2.10)
and (2.12), that carries all the dependence on the adjoint indices aq,...,a4 of the exter-
nal gauge bosons. In a fermionic representation J%(z) = t%wiwj (z) of the currents, the
correlators receive contributions from different spin structures — the boundary conditions
for the worldsheet spinors under ¥7(z + 1) = £17(2) and /(2 + 7) = £’ (2). We will
be mostly interested in the gauge group Spin(32)/Zy with Lie-algebra generators ti; and
fundamental indices i,j = 1,2, ...,32.

For four-point functions, the only contributions come from the even spin structures that
we label with an integer v = 2, 3,4, and the corresponding fermionic two-point function or
“Szegd kernel” [57] can be brought into the universal form

Sy(z, 1) = —F—T—~—"—= (2.17)



where the even theta functions analogous to (2.2) read

o
02(2,7) := 2q"/% cos(mz H (1= ¢™)(1+ e¥¢")(1 4 e 2m2g")

O3(z7) = [L (1= ) (14 e V/2) (14 e 2z 1/2) (2.18)

n=1

94(277_) — H(l _ qn)(l - e27rizqn71/2)(1 o 6727rizqn71/2) )
n=1

In the fermionic realization of Kac-Moody currents, the contribution of a given spin struc-
ture to the correlation function reduces to (sums of products of) Szegd kernels (2.17),
g. [25]

Jal (Zl)Ja2 (22)> Tr(talta2)SV(Z12,T)Sy(Zm,T) (2.19)

(
(J(21) % (22) I (23));, = Tr(t“thQt“‘"’)Sy(zlz, 7)Sy (223, 7) Sy (231, T) (2.20)
<Ja1 (Zl)Ja2 (ZQ)Ja (Zg)Ja4 (Z4)>T = TH‘r(t“lt”t%t“)S,,(zlg, T)Sl,(2’23, T)Sl,(234, T)S,,(Z41, 7')
+ Tr(t*¢%2)Tr(t*3t*)S, (212, 7) Sy (221, T) Su (234, T) Sy (243, T) + cyc(2,3,4) ,
(2.21)

where we use the following shorthand for parity-weighted traces relevant for n > 3 currents,
<~
Tr(e® 2 .. g% ) o= Te(t* 2 . t%) + (= 1) Tre(t ... t*2t™) . (2.22)

The sum over cyclic permutations refers to both lines of (2.21), and it acts on both
the adjoint indices as, a3, as and the punctures z9, z3, z4. Furthermore, each of the spin-
structure dependent current correlators is weighted by the fermionic partition function of
the Spin(32)/Zs model,

Zb (1) == 2¢30.5(0,7) . (2.23)
Since we do not track the overall normalization of the amplitude in (2.10), the prefactor

2¢? is introduced along the way for later convenience. The end results for the current
correlators in (2.10) are proportional to the spin-summed expressions,

4

(JU(21)J % (22) ... " (2))" = Z ZR () (T (21) T (22) . .. T (2))], (2.24)
v=2

and we will next construct convenient representations of (2.24) from the elliptic functions
of section 2.1.
2.3 Spin-summed current correlators

By the form of the spin-structure dependent correlators (2.19) and (2.21), we will decom-
pose the spin sums (2.24) according to the traces of Lie-algebra generators. For n gauge



currents we get in general both single- and multi-trace contributions
Hio. n(7) == (J(21)J*?(22) ... J" (2p))" ‘Tr(taltaz...tanfltan) (2.25)
= i ZBEt<T)SV(Z12, T)SV(223, T) N Sl,(zn_Ln, T)Sl,<2n1, 7')
v=2
Mz pipin(7) 7= (T (20) o T ) Lononpimymginss gony (2:26)
= 24: ZBet(T)SV(le, T)Su(223,T) ... Su(2p—1,p, T) S0 (2p1, T)
v=2
X Sy(Zp_;_Lp_;_Q, T)SZ,(ZP+2,],+3, 7') R Sl,(zn_Ln, T)Sy(zmp_;_l, 7’) .

The dependence of the Szegd kernels (2.17) on the spin structure v can be simplified by
relating them to Kronecker-Eisenstein series (2.1) with one of the half-periods

1+7
2 )

1
W = E, w3 = Wy = (2.27)

-
2
in the second argument 8. Given that the 6,—;1 234 functions can be mapped into each
other by a half-period shift in the first argument,* we have S, (z;;,7) ~ F(2j,w,,T) up to
phase factors that drop out from the cyclic products of Szeg6 kernels in the spin sums (2.25)
and (2.26) [58]

Sy(z12,7)Su (223, 7) ... Su(2n1,7) = F (212, w0y, T)F (223, w0, T) . .. F(2p1, wp, 7). (2.28)

This naturally introduces the elliptic functions V,, generated by the cycles of Kronecker-
Eisenstein series in (2.6). Given that the right-hand side of (2.28) defines an elliptic function
of w,, all the spin-structure dependence can be absorbed into Weierstrass invariants

8301 (07 T)

+ 30,007 (2.29)

e(r) = plwy, 7),  p(z,7) = —02logb1(z,7)

The vanishing of 9,p(z,7) at 2 = w, and the differential equation 82p(z,7) = 6(p(z,7))* —
30Gy4 then lead to a polynomial appearance of the Weierstrass invariants which carry the
entire v-dependence [58, 59]

SV(2127T)SV(2217T) = ‘/2(]"2)_’—67/
Sl/(zl27T)SV(2237T)SV(Z317T) = V3(17273)+61/‘/1(1>27 3) (230)
S,/(Zlg,T)S,,(Zgg,T)S,/(2’34,T)S,/(Z41,T) = ‘/21(1,2,3,4)—#6,,‘/2(1,2,3,4)+612/—6G4 .

“More explicitly, the theta functions defined in (2.2) and (2.18) are related by 62(z + %,7) = —6:1(2,7)
and

0s(z+ Z,7) = ie ¢ 301(2,7), Oa(z4L,7) =0s(2,7), Os(z435,7) = e g P05(z2, 7).



We are using the following normalization conventions for holomorphic Eisenstein series,”

Gi(7) == Z 1 2¢; + 2(2mi)* i mb=tgmn k > 4 and even
(mt +n)k (k—1)! &~ ’ - ’

(m,n)#(0,0) m,n=1
(2.31)
where (m,n) # (0,0) is a shorthand for the summation domain (m,n) € Z?\{(0,0)}. Since
the Weierstrass invariants are furthermore related by e3 — 15Gye, — 35Gg = 0, the spin
sums of the n-point current correlators in (2.25) and (2.26) can be reduced to the three

inequivalent cases® [53]

4 4 4

7 49 5
D Zt =Gl Y Ze, = —5CuCs, Y Zel= G+ 5G] (232

v=2 v=2 v=2

As a bottom line, (2.30) and (2.32) lead us to the following representations

7
Hio = G3Va(1,2) — 5GaGe (2.33)
Muzg = GAVA(1,2,3) — L GuGeVi(1,2,3) (234
) 7 13 5 49 ,
H1234 = G4‘/;l(1) 2y374) - §G4G6‘/2(17 2) 3)4) - §G4 + FGG (235)
7 5 49
Higze = G3Va(1,2)V5(3,4) — 5(;4G6 [Va(1,2) + Va(3,4)] + gG;”; + EG% (2.36)

for the spin sums in (2.25) and (2.26) which enter the trace decomposition of the four-point
correlator,

s
(J(21) % (22) I3 (23) J " (24))" = Tr(t %2t ) H 1234 (2.37)
+ T‘I'(taltGQ)T‘I'(ta3ta4)H12|34 + CyC(2, 3, 4) .
As before, the sum over cyclic permutations refers to both lines of (2.37).

2.4 The key integrals over torus punctures

We shall now pinpoint the integrals over torus punctures that need to be performed in the
four-point gauge amplitude (2.10) and whose low-energy expansion will be the main topic
of the later sections. After factoring out the polarization dependent parts (2.13),”

d2
M4_(kl.k2)(k2-k3)Agr§§\4(1,2,3,4)/( u My(T), (2.38)
].‘

®Note that our normalization conventions in the expression (2.31) for holomorphic Eisenstein series Gay,
differ from (3.11) in [15] by a factor of ™. The style of the letter G and the number of subscripts
distinguishes the holomorphic Eisenstein series Gy in (2.31) from the bosonic Green functions Gi;(1) =
G(Zz - Z]',T) in (2.15).

SThese identities are a consequence of the relations ez + es + es = 0, ezes + eses + eses = —15Gy
and ezeses = 35Gg among the Weierstrass invariants as well as the connection with theta functions via
72(04(0,7))* = e2 — e3, 72(02(0,7))* = e3 — eq and 72 (03(0,7))* = €2 — ea.

"In order to reproduce the normalization conventions for the four-point gauge amplitude in [53], the
right-hand side of (2.38) needs to be multiplied by ﬁ (%)2, where g denotes the gauge coupling. The

inverse factor of 2¢; compensates for our choice of normalization of the partition function in (2.23).



we will be interested in the following integral over the punctures,
4
My(7) = / dpig (J¥(0).J%2 (22) % (23) T (24))" exp | > 545Gi(7) | - (2.39)

1<i<j

We use the following notation for the modular invariant integration measure,

1 d?z;
duy = / L (2.40)
/ g 7(r) Im T

and have used translation invariance on the torus to fix the first coordinate z; — 0 such that

the integral is only over the remaining three punctures. The dimensionless Mandelstam
invariants s;; obey the following constraints by momentum conservation and the mass-shell
condition kJQ = 0 for external gauge bosons j = 1,2, 3,4,

834 = S12, 514 = 523, 513 = 894 = —S12 — $923 . (2.41)

With the results for the current correlators (2.37) in terms of the spin sums (2.35)
and (2.36), the right-hand side of (2.39) boils down to five inequivalent Koba-Nielsen inte-
grals Z(:0) gver elliptic functions,

o 7 13 49
Miy(7) = Tr(t®¢024934%4) [Gizggﬁf _ §G4GGI{§£E _ 5(}?@ 0,0 4 g(}gz “W} (2.42)

40 7 20) O 49
(191492 Te(1994%4) [G?megi 5 CaCoTyyg) + 5 GHT 00 +6G§I(°’O)] +eye(2,3,4).
The notation ‘+cyc(2,3,4)" refers to cyclic permutations of both lines w.r.t. the adjoint
indices as, a3, a4 and the Mandelstam invariants s;;. Two of the integrals in the single-trace
or ‘planar’ sector of (2.42) are defined by a cyclic ordering in the subscript

4
iy (515 7) = / dpaVi(1,2,3,4) exp | S s4iGis(7) (2.43)
1<
4
Igégf(sijﬁ)¢=/dM4V2(1,2,3,4) exp | D 5ijGij(7) | - (2.44)
1<i<j

Furthermore, the permutation-invariant integral
4
O (55, 7) = /dM4 exp | > siGi(7) (2.45)

1<i<j

is universal to the single- and double-trace sectors of (2.42), and it furthermore occurs
in the four-point one-loop amplitude of type-II superstrings [55]. In the double-trace or
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‘non-planar’ sector of (2.42), we have further instances of Z(%9 and

4

IS’\?J,ZL(SUJ) = /dN4V2(1,2)V2(374) exp Z 5ijGij (T) (2.46)
1<i<j
4
2,0
I§2‘3i(32’j,7) = /du4 [Va(1,2) + Va(3,4)] exp Z si;Gij(T) | - (2.47)
1<i<j

In all of (2.43) to (2.47), translation invariance has been used to fix z; = 0.

The superscripts in the notation for the integrals keep track of their modular weights:
by the modular properties (2.9) of the elliptic V,,-functions, the integrals are easily checked
to transform as modular forms of holomorphic weights (w, 0),

200 (55, 2T ) = 7 4 0T s5,1). (249
where the ellipsis may represent any permutation of 1234 and 12|34 (or be empty to incor-
porate modular invariance of Z(%9)). With the modular weight (k,0) of Gy, each term in
the four-point integral (2.42) is a form of weight (12,0). In the integrated amplitude (2.38),
this compensates the weight (—12,0) of the bosonic partition function n~2* in agreement
with modular invariance.

In the rest of this work, we will develop and apply methods for a systematic low-
energy expansion of the integrals (2.43) to (2.47) over the punctures. This amounts to
a simultaneous Taylor expansion in all the Mandelstam invariants (2.15) and will also
be referred to as o’-expansion. The modular weights (2.48) apply to each order in the
o/-expansion of the integrals Z(*:0). For all of (2.43) to (2.47), the coefficients of any
monomial in s;; will be shown to line up with modular graph forms [15] which we will
review in the next section. Hence, the Z(*:9) are generating series for modular graph forms
of weight (w,0), and the modular invariants obtained from Z( are known as modular

graph functions [8].

3 Basics of modular graph forms

In this section, we introduce some basic material and notation for modular graph functions
(that are invariant under the modular group) and modular graph forms (that transform
covariantly under the modular group).

3.1 Modular graph functions

One of the main goals in this paper is to perform the integrals over the punctures zs, 23, 24 in
the low-energy expansion of the 7-integrand (2.42) of the heterotic-string amplitude (2.38).
We will start with a review of the techniques that apply to the simplest integral Z(%:0) (8i5,7)
in (2.45) known from the type-II superstring [55]. While a closed-form evaluation of
I(O’O)(s,-j, 7) is currently out of reach, its Taylor expansion in the s;; has been thoroughly
investigated in [8-11, 20]. As explained in the references, the o/-expansion of I(O’O)(sij, T)
probes low-energy effective interactions at the one-loop order of type-II superstrings and
has important implications for S-duality of the type-IIB theory [60—64].

- 11 -



Gi(1) & ie—oj > /dM4G23G24G§4 >

le 4

Figure 2. Graphical representation of a bosonic Green function G;;(7) and a sample integral in
the low-energy expansion of Z(%:0),

However, by keeping 7 fixed in this calculation, one cannot detect the logarithmic de-
pendence of the full amplitude on s;; which arises from the 7 — oo region of the later
integration over modular parameters, cf. (2.38). As explained in [10], Taylor expansion
of (2.45) amounts to isolating the analytic momentum dependence of the one-loop ampli-
tude as opposed to non-analytic threshold contributions including factors of log s;; that are
determined from the tree amplitude via unitarity. The analytic momentum dependence of
graviton and gauge-boson amplitudes in turn can be used to identify curvature and field-
strength operators in the low-energy effective action. Still, a subtle interplay between the
analytic and non-analytic sectors has to be taken into account [10, 11].

After Taylor expanding the exponentials in the integrand of (2.45), the leftover chal-
lenge is to integrate monomials in Green functions H%Si <j GZ-” with n;; € Ny over the
torus. This kind of order-by-order integration is most conveniently performed by means of
the lattice-sum representation [9]

e2mi(mu—nu)

G(z,7) = ImTT Z

(m,n)#(0,0)

- = 3.1
pm—Ca z=ut+v, (3.1)

where (m,n) # (0,0) is again a shorthand for (m,n) € Z?\{(0,0)}, and we use the following
real coordinates u,v € [0,1) for the torus puncture z = ur +v in (3.1) and later equations,
Imz Imz Rer

u= v=Rez — —. (3.2)

~ Im7’ ImT

Note that the lattice-sum representation (3.1) of the Green function requires a summation
prescription as the sum is not absolutely convergent. We shall use the Eisenstein summation
prescription defined in (A.4). The lattice sum exhibits the modular invariance of the Green
function, i.e. the integral Z(®:0) (sij, 7) is modular invariant term by term in its /-expansion.

By the absence of the zero mode (m,n) = (0,0) in (3.1), a single Green function inte-
?]}J
vanishes for the same reason, and the conditions on the exponents n;; € Ny can be

grates to zero under the measure dyuy in (2.40). A large class of integrals over H%Si <G

characterized by the following graphical organization: assign a vertex for each puncture
zj, 7 = 1,2,3,4 and draw an undirected edge between vertices 7 and j for each factor of
G;j = Gj; in the integrand, see figure 2. The contributions from disconnected graphs fac-
torize in this setup, and trivial graphs with just one zero-valent vertex evaluate to one by
fT(T) % = 1. Furthermore, a monomial in G;; integrates to zero whenever the associated
graph is one-particle reducible, i.e. whenever it can be disconnected by cutting a single line.

- 12 —
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Figure 3. One-loop graphs due to a length-%k cycle of Green functions G12Gas...Gr—1,kGr1
correspond to non-holomorphic Eisenstein series Ej, defined in (3.3).

The simplest non-vanishing integrals admitted by this graphical selection rule turn out
to be non-holomorphic Eisenstein series

m@y:<%r)k > _r k>2. (3.3)

2k 7
(a0 ™7 7

One can check from the lattice-sum representation (3.1) of the Green functions that closed
cycles G12G23 ... Gi—1 Gy, associated with one-loop graphs as depicted in figure 3 inte-
grate to Eg(7), e.g.

/du4 G%y =B, /du4 G12G23G31 = E3, /dm G12G23G34Gyn =By, (3.4)

In the graphical organization of the o/-expansion of I(O’O)(Sij,’T), the denominators
in (3.3) can be interpreted as Feynman propagators of a scalar field on a torus. The
discrete momenta m7 + n arise from the Fourier coefficients of the G;; associated with
the edges, see (3.1), and integration over the z; imposes momentum conservation at each

vertex. The results of integrating more general monomials ]}, j Gij” over the measure

2,.
H;’V:Q ?mzj for N punctures are dubbed modular graph functions [8]. Modular invariance of
modular graph functions is a direct consequence of the modular invariance of the integration

measure and the Green function.

Modular graph functions as the ones depicted in figure 3 with one loop on the toroidal
worldsheet involve only a single lattice sum. Modular graph functions with more than
one loop on the toroidal worldsheet as e.g. the ones depicted in figure 4 involve several
lattice sums. In order to avoid cluttering notation, we shall use the shorthand Zp £0 for
the lattice sum Z(mm)#(ﬂ,O) over the discrete momenta p = m7 + n (instead of writing out
p € (ZT+7Z)\{0}). In this way, the expression (3.3) for one-loop graph functions condenses

ImT

to Ej, = (ImT)k Zp £0 \M%’ and the two-loop graphs depicted in figure 4 give rise to double

"8
Cape(T) := (m>a+b+c > - : (3.5)

lattice sums

™ |p1]2%|p2|?|p1+pa|?

P1,P27#0
p1+p2#0

SWithout the notation for discrete momenta p; = m;T 4 n;, (3.5) takes the lengthier form

Cuntr = () |

wel(m) === > :

@ T (g1 (s 2(0.0) |7 4+ n1|?|mat 4 na|??|(m1+ma)7T + (n1+n2)|?
(mq,n1)+(mg,n2)#(0,0)

~13 -



#(edges) = a { ““““
#(edges) = b { 6 """" 9 < Cape
#(edges) = ¢ { ________

Figure 4. Two loop graphs associated with the modular graph functions C, ; . defined in (3.5).

The modular invariant functions Cy ;. can be viewed as a generalization of non-holo-
morphic Eisenstein series, and many of their properties including Laplace eigenvalue equa-
tions and Fourier zero modes w.r.t. Re7 have been studied for generic a,b,c¢ > 1 [11, 21].
Their simplest examples in the o/-expansion of the integral (2.45) are

/du4 Gl =Ciaa, /d,u4 G1yG23Gs1 = Co1 1 . (3.6)

One of the fascinating properties of modular graph functions is their multitude of relations
which often involve multiple zeta values (MZVs) and mix different loop orders [11, 12, 19].
For instance, the simplest two- and three-loop modular graph functions turn out to reduce
to lower-complexity objects [11, 12]

0171,1 =E3+ (3, D, = /d,u4 G%Q = 24027171 — 18E4 + 3E% . (3.7)

In general MZVs (u; ns,....n, are defined by the conical sums

T

Cny g,y = > ™Mk, kT, n €N, one > 2, (3.8)
0<ki<ko<...<kp

where 7 and ni+no+ ... +n, are referred to as their depth and weight, respectively.
With the above input, the leading orders in the o’-expansion of the integral (2.45)
read’

I(O’O)(Sij, T) =1+ 2E2(8%3 — 512823) + (5E3 + C3)812523813 (3.9)
+ 2(2027171 + E% — E4)(8%3 — 812323)2 + O(Ck/5) R
and we will later on give similar expansions for the additional integrals that enter the
heterotic-string amplitude (2.42).
3.2 Modular graph forms

The lattice-sum representations of holomorphic Eisenstein series G in (2.31) and their non-
holomorphic counterparts E; in (3.3) can be unified in the framework of modular graph

9Note that the relation s12 4+ s13 + s23 = 0 among the Mandelstam variables in (3.9) has been used to
attain compact expressions in the o’-expansion. Elimination of si3 leaves 79 to be function of S12, S23
and 7.
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(a1,b1)

1 (az2,b2)
Zpaﬁb o e (ah) — Cloy by " on ] ¢ ; ;
p#0 '

(G’Ry bR)
Figure 5. Graph associated to a single lattice sum (left panel) and the general dihedral modular
graph form C[y, 37 . 3%] (right panel). The holomorphic and antiholomorphic decorations of the
edges are denoted by (aj,b;). The arrows indicate the directions of the momenta whose relative

orientation is important for the momentum-conserving delta function.

forms [15]. The idea is to study lattice sums of the type Zp 20 pa—lﬁb, where the holomorphic
and antiholomorphic momenta p = m7+4n and p = m7+n may have different integer powers
a # b with a +b > 2. Generalizations to multiple sums 3
the following dictionary to one-particle irreducible graphs: associate powers of momenta

20 arise naturally from

p~p~Y with an edge decorated by the two integers (a,b) as depicted in figure 5 and take
vertices to impose momentum conservation as before. Under a change of direction p — —p,
the term p~ % changes sign if a+b is odd, hence odd values of a+b give rise to directed
edges, while even values of a+b give rise to undirected edges. Flipping the direction of
a directed edge flips the sign of the associated modular graph form. It will be shown in
section 4.1 that the o’-expansions of the integrals Z(*:9) defined in (2.43) to (2.47) are
expressible in terms of modular graph forms.

For the dihedral graphs with two vertices and R decorated edges (a1,b1), (az,b2), ...,
(agr,br) depicted in figure 5, the associated modular graph form is

R b
C[al a2 ...aR]._ Im7 i b (5(p1—|—p2+...+pR) (3 10)
by bo ... bpl — T a1 =b1 a2 =ba aR =br ’ ’
prp2,..pr#0 PL PL P2 Py - PR PR

which matches the notation of [15] up to overall powers of 7 and Im7. The normaliza-
tion conventions in (3.10) with holomorphic and antiholomorphic momenta entering on
asymmetric footing are chosen for later convenience.'® The momentum-conserving delta
function is introduced to manifest the invariance of (3.10) under permutations o € Sg of
the edges and their decorations (a;, b;),

A5 (1) Ao (2) -+ Ao (R)
Cloi b = o) = Closy) boy o bm ) ¥ 0 € Sk (3.11)

After resolving the delta functions, the remaining summation variables p; # 0 in

C[al QR] (ImT)Z?—Ibi Z (_l)aR+bR
by bpl =\ — — — . .
' " T 0 pllpil ‘..p(};%llpl;ill (p1+...+pPr-1)*R(P1+...+Dr-1)R

p1+...+pr_17#0

(3.12)

"The quantities which are denoted by C[j, 5 I Zg}, CH5r s Zl’:] and C7 [} 4 Zg} in [15] are
i 3 3 Im 7\ % (a—b) (Im )2 %(a—b) 1(a-b) .
obtained by multiplying (3.10) by factors of (=T)2 , (7) and ( )2 , respectively,

1
s U
R R
where a = > ;—qpa; and b= > g bi
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are additionally constrained by p;+pa—+...+pr_1 # 0, and similar expressions are obtained
upon eliminating a different momentum. Hence, a single summation variable is attained
from (3.12) by formally starting with a two-edge graph,

b
CM8}==<h§T) > (3.13)

p#0

and the two classes of Eisenstein series G, and Ej are recovered via

Ge=C[§0],  Exn=CIf0]. (3.14)

[l

Note that we require a; + b; + agp + bg > 2 for all ¢ = 1,..., R—1 in order to ensure
absolute convergence of the series.!! If a; + b; + ar + br = 2 for some i, the sum is only
conditionally convergent, as e.g. in the case of Gy. We define Gy using the Eisenstein
summation prescription ZE (cf. appendix A.3 and in particular (A.4)),

=3 Z‘ﬁ+232 (3.15)
p#0 p neZ\{0} meZ\{0} neZ

which gives rise to a holomorphic but non-modular expression. One can also obtain a
modular but non-holomorphic version Gg via [65]

Go(r) i=lim  H° ! = Gy(r) — —— . (3.16)

20 0o (m7 +n)? |m7 + n|* ImT
For some of these conditionally convergent lattice sums, regularized values Creg[ﬁ ZS - Zg]
will be given in section 4.3.

By definition, modular graph functions are special cases of modular graph forms, where
the edges have decorations of the form (a,a), i.e. where the holomorphic and antiholomor-
phic momenta always have the same exponents. For instance, the two-loop graph function
in (3.5) and the three-loop graph function in (3.7) line up as follows with the notation
of (3.12):

Ca,b,c:C[Zgi], D4:CH%%H (3.17)

3.2.1 Relations among modular graph forms

The momentum-conserving delta function in (3.10) gives rise to a variety of algebraic
relations among absolutely convergent modular graph forms [15]. By inserting the vanishing
momenta Zle pj or Zle pj into the numerators for dihedral graphs, one finds

R
-1 ... al az ... i e a
=Y Clym % D Clo v ot enl- (3.18)
J=1

Jj=1

1Gince the columns in the matrix (Zi %; - bR %) can be rearranged arbitrarily by (3.11), this is equivalent

to the criterion that a; + b; + a; +b; > 2 for any i,7 =1,2,..., R.
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Whenever an edge in a dihedral graph carries the trivial decoration (a;,b;) = (0,0), one
can reduce the number of summation variables via

R—1
10 i 0 ay as ... aR_
Cloy b pn i o) = H C[Z; ol = Cloy o —oni ], (3.19)
j=1

where the last term stems from the constraint Z;%:_f pj # 0 on the left-hand side. With
R = 3 edges, one can use the R = 2 identity C[} 3] = (—1)C+dC[ZI§8] to reduce the
right-hand side to the simplest lattice sums (3.13),

Cle g0l =cledlclgdl — (=nelpranl. (3.20)

By combinations of (3.18) and (3.19), one can often reduce the number of summation
variables as in

1
]7 C[%%%]:_,C[%

21171 — 4
C[Oll]ic[Q 2

I, (3.21)

[elen]
oo

and a variety of similar identities is spelled out in appendix A.1.

3.2.2 Holomorphic subgraph reduction

Another opportunity to reduce the number of summation variables in a modular graph form
arises for graphs that have closed subgraphs of only holomorphic momenta [15, 66]. By
the methods of [15], in the dihedral case, such “holomorphic subgraphs” can be expressed
in terms of subgraphs without closed loops with coefficients Gy>4 or Gs. Given collective
labels A = (ay,ag,...,ar—2) and B = (by,ba,...,bgr_2) for the decorations and ay+a_ > 3,
we have

Cliy 5 al=crg S ledl- (5 ) et

+Z+ a++a_—1—k G C[a++a_ka] (322)
a_,_—k k 0 B .
k=4

" /a +a_—1—-k ot —
+Z< ' a_ — >ch[ T Bl
k=4

a++a_—2 A ar+a_—2 A ay+a_—1 A
+< ap —1 ){GQC[++0 plt Cl B]}’

where the entry —1 of the last term can be resolved via momentum conservation (3.18).
at+a_—1 A]

-1 B
in the last line stem from Eisenstein-regularized sums which cancel from certain linear

As detailed in [15] and reviewed in appendix A.3, the contributions of Gy or C[

combination of terms with the same value of a4 + a_, e.g.

41+3G4C[4 (3.23)
A
B

]
] =3GaClg 5]
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Figure 6. Graph associated to a trihedral modular graph form.

In fact, some of the integrals in the heterotic-string amplitude will involve the Eisenstein-
regularized contributions, namely

Cl2431=3C[58] - G2C[3 ] — Ga
C[331] = —6C[3 8] +2G2C[F 8] +2Ca (3.24)
Cl41=—4C[3 9]+ G2Cl3 8]+ Ga
and
Cl311] =GBy —4C[§ 11+ GaC[3 1 1] —2¢} 4 1)
Cl3311] = GaEa —6C[§1 1] +2G2C[3 1 1] —4C[3 1] (3.25)

The right-hand sides of the identities (3.25) can be further simplified using the rela-
tions (3.21) and (A.1) as well as the holomorphic subgraph reductions (3.24).

3.2.3 Trihedral modular graph forms

We will also need modular graph forms descending from the trihedral topology. As depicted
in figure 6, trihedral graphs are characterized by three vertices and three sets of edges each
of which connects a different pair of vertices. We will denote the decorations for the Ri, Rs
and R3 edges in the first, second and third set by (a;, b;), (¢;,d;) and (e;, f;), respectively.

By gathering the decorations ay,as, ..., ag, in a collective label A (and a similar convention
for B,C, ..., F), the most general trihedral modular graph form can be written as
leiwr . (TmryBHPHE o( LM pi = S k)6 (F2 ki - I )
ClslplF] = <7r> Ry a;_b; Ry 1.¢i7.45 Ry geipfi)’
PP PRy #0 (szl P;’P; )(szl ki’ k; )(szl U )

k1kg,. kR, 70
(3.26)

where |B| := 2?:11 b; and similarly for |D| and |F|, and the delta functions in the nu-
merator enforce that each of the three sets of edges carries the same overall momentum,
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S =2 k= 528 ;. Bach vertex is taken to connect with more than two edges
since the graph would otherwise be dihedral rather than trihedral. Accordingly, the sim-
plest trihedral modular graph function contributing to (2.45) requires integration over five

Green functions,
D32y = /dlM G1,G33Ga = C[1 111111, (3.27)

whereas in the remaining integrals Z(*\9) in (2.42), trihedral graphs arise from fewer Green
functions. The ideas of momentum conservation and holomorphic subgraph reduction can
be applied to generate identities between trihedral modular graph functions and more

general graph topologies [66]. Examples and further details can be found in appendix A.4.

3.2.4 Modular properties

@ and 5% in the summand of modular

Under SLy(Z) transformations, each factor of p~
graph forms contributes modular weight (a,0) and (0, b), respectively, and Im 7 contributes

modular weight (—1,—1), i.e. for dihedral graphs

C[é](j:j_?) — (g7 + 8415 e[ 4)(r) (3.28)

is a non-holomorphic modular form of weight (]A|—|B|,0). Here, we again use the notation
|A| = Zf:l a; of (3.26). In the trihedral case, the analogous transformation is,

cl515]F] ((f;: i ?) — (y7 + §)AHICIHIBIIBI-IDI-IFl o[ 4 | ET (7). (3.29)

3.3 Differential equations and iterated Eisenstein integrals

A major motivation for the introduction of modular graph forms in [15] is their descent
from modular graph functions under Cauchy-Riemann derivatives

V= 2@'(Im7')22 , V = —2i(ImT)

27
- = (3.30)

2 according to V :

These operators shift the weights of a non-holomorphic modular form!
(0,w) = (0,w—2) and V : (w,0) = (w—2,0). By repeated action of V on modular graph
functions, their relations including (3.7) can be elegantly proven based on properties of
holomorphic modular forms up to integration constants [15]. Moreover, Cauchy-Riemann
equations of this type are instrumental to generate the expansions of various modular graph

forms around the cusp 7 — ico [22].

3.3.1 Cauchy-Riemann derivatives of modular graph forms

Cauchy-Riemann derivatives of the above lattice sums can be computed from
Imr7 ImT

v(—) — (m7r)? L, v(f) = (Im7)? L2 (3.31)

P p D p?’

20ne can extend V to a map between modular forms of weights (wi,ws) — (w1, we—2) by adding
weight-dependent connection terms.
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which for instance relate non-holomorphic Eisenstein series to

b _ (atk—1)! (Im7)e* 1 (a+k=1)! Tm7)% 0
V'Ea = (a—l)! Ta ; pa—l-kﬁa—k o (a—l)! 1k C[atk 0] . (332)
p#0

In particular, setting k = a reproduces holomorphic Eisenstein series by (3.14),

(2k—1)!
(k—1)!

(7V)*Ey, = (Im 7)*Coy . (3.33)

The simplest examples of these identities include

TVEy =2(Im7)2C[3 9], aVE3;=3Im7)2C[49], (7V)’E3=12(Im7)*C[3Y]

as well as
(7V)?Eq = 6(Im 7)%Gy, (7V)3Ez = 60(Im 7)%Gg . (3.35)

For more general modular graph functions, iterated Cauchy-Riemann derivatives introduce
combinations of holomorphic Eisenstein series and modular graph forms of lower complex-
ity. For instance, the simplest irreducible two-loop graph function (3.5) obeys

9
EQ’Q = 02’171 — T0E4 s (WV)SEQQ = —6(Im T>4G4 WVEQ s (3.36)
where G4 on the right-hand side stems from holomorphic subgraph reduction [15], and the
subtraction of E4 has been tailored to simplify the differential equation [22].
More generally, the Cauchy-Riemann derivatives of dihedral modular graph forms as

defined in (3.10) are given by [15]

R
_ _ ai a2 ... a;+1 ... a
Wv((ImT)lA‘ 1Bl C[g]) = (ImT)lA‘ 1Bl+2 Z%‘C[bi bj b;—l bﬁf]
j=1

R
Vel =73 biCl b bl (3:37)
j=1
where the appearance of 7 and Im7 is due to our normalization convention (3.10) with
holomorphic and antiholomorphic momenta entering on asymmetric footing. Negative
entries bj—1 < 0 on the right-hand side of (3.37) can be avoided using momentum conser-
vation (3.18) if the left-hand side has already been simplified using holomorphic subgraph
reduction (3.22) [15]. Similar differential equations for trihedral and more general modular
graph forms are a straightforward consequence of (3.31).

3.3.2 [Iterated Eisenstein integrals

Given that repeated 7-derivatives of modular graph forms introduce factors of Gg, it is
natural to attempt to express modular graph forms in terms of iterated Eisenstein integrals
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with k1, ko, ..., k- € 2Ny,

[ G%(TT)
Eolkr b, Ki7) = 2m/ n, i Eolka b i) (3.38)
= (-1 dgy dgy  dgr G, (m) G, () Gi,(m)
a g g (2mi)k (2mi)k: 77T (27i)kr

The recursive definition in the first line is based on & (;7) := 1, and we have subtracted
the zero modes in the ¢g-expansion of the Eisenstein series G with even weight k # 0,

2(2mi)F & o
Q) =G —2¢ = (;1))! d>oomFlgm k£0,  GYi=-1. (3.39)

m,n=1

In this way, iterated Eisenstein integrals (3.38) are convergent if k1 # 0, and their expansion
around the cusp can be inferred from straightforward integration [67]

T

1
Eolkn, 07~ ko, 077k, 07 m) = (<2 (T] =) 3.40
ol ? " n=02 H (k;—1)! (3:40)
y i mllﬁl 1 kz—l o k,«—l qmlnl—l—mgng—&—...—&—mrnr
i (mynq)Pr ( m1n1+m2n2) . (miny+mang+ ... +myn, )P’
where k; #0V j =1,2,...,r, and 0” is a shorthand for p successive zeros. The number

r of non-zero entries on the left-hand side of (3.40) is also referred to as the depth of an
iterated Eisenstein integral as in (3.38). With these definitions, (3.33) can be integrated'?
to the following representations of non-holomorphic Eisenstein series [8, 22, 68]

6
o Z5 + 9 ~ 12Reffo(4,0)] — ; Reféa(4,0,0)],
2y 3g5 180 90
E —= —12 - — - —
3 = 945 + 4 0Re[£0(67070)} y Re[EO(G,O,O,O)] y2 Re[£0(6>0>07070)]
4
Y 5C7 5040
E 7—1680R58000 — —— Rel&p(8,0,0,0,0 3.41
4 = 4725 + 8 e[ 0( » Uy Uy )] y e[ 0( )] ( )
6300 3150

[€6(8,0,0,0,0,0)] — y—Re[é:o(é; 0,0,0,0,0,0)] .

Here and in later equations, we are using the shorthand
y:=mImr, (3.42)

and the Riemann zeta values in (3.41) arise as integration constants whose coefficients
can be determined from modular invariance. The modular transformations of the iterated
Eisenstein integrals (3.38) has been discussed in [22, 69].

13n performing these integrations, it is useful to note that [22]

ﬂV(y”) :nyn+l7 WV(Eo(k‘l,kQ,...,k‘,,.)) =< _*r
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For instance, integration of (3.36) yields the following representation of the simplest
irreducible two-loop graph function [22]

Eoo = v + Yes | 56 G <2—y — %) Re[&0(4,0,0)]

20250 45 12y  4y?2 \15 42
9Re[&y(4,0,0)]? 1
_ 9Re| 0;2’ 0) —72Re[50(4,4,0,0)]—5Re[€0(4,0,0,0)] (3.43)
_ 36Re[£0(4,0,4,0,0)]  108Re[£0(4,4,0,0,0)]  Re[o(4,0,0,0,0)]
y y 10y ’

where the coefficients of the zeta values are again fixed by modular invariance. The cor-
responding &-representations of the first Cauchy-Riemann derivatives 7VE_ are spelled
out in (5.31) below.

All the modular graph forms C[I'] that will be encountered in the o'-expansions of
section 4 have been reduced to iterated Eisenstein integrals with Laurent polynomials in y
as their coefficients. In these cases, the g-series representations (3.40) of iterated Eisenstein

integrals give rise to an expansion

Cl= Y cnn)d™a", (3.44)

m,n=0

where T' may represent the labels of the dihedral and trihedral cases (3.10) and (3.26) or a
more general graph. The coefficients cfn’n (y) are Laurent polynomials in y, and the terms
in (3.41) and (3.43) without any factor of Re&y reproduce the zero modes cf (y) of the
simplest modular graph functions [10].

From the methods of [15], an expansion of the form (3.44) is expected to exist for
any modular graph form, and a proof has been given in [14, 70] for the special case of
modular graph functions. Indeed, the proof of the references can be adapted to general
modular graph forms,'* including global bounds (which only depend on the graph I' but
not on m and n) on the highest and lowest powers of y in the above cam(y). Note that, for
modular graph functions, the Laurent coefficients within cgln(y) are proven to be Q-linear
combinations of cyclotomic MZVs and conjectured to be single-valued MZVs [14, 70].

A major motivation for expressing modular graph forms in terms of iterated Eisenstein
integrals is the connection with open-string amplitudes. As will be detailed in section 5, the
o/-expansion of the iterated integrals over open-string punctures yields elliptic multiple zeta
values [6, 7] which are in turn expressible in terms of the & in (3.38) [5, 67]. The represen-
tations (3.41) and (3.43) of modular graph functions have been connected with open-string
quantities through a candidate prescription for an elliptic single-valued map [22]. In sec-
tion 5, we will find a similar correspondence between open strings and the integral Ig’z,&)
in (2.44) which enters the 7-integrand (2.42) of the heterotic-string amplitude.

1YWe are grateful to Federico Zerbini for discussions on this point.
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4 o’-expansion of the heterotic-string amplitude and modular graph

forms
This section is dedicated to the low-energy expansion of the four-point integrals I.(f”’o)
defined in (2.43) to (2.47) which arise in the gauge sector of the heterotic string. We will
give general arguments in section 4.1 that each order in their o/-expansion is expressible via

modular graph forms. The low-energy expansion of the modular invariant integral 7(0.0) jg

I(wvo)
1234
from the planar and the non-planar sector of (2.42) are expanded in sections 4.2 and 4.3,

well-studied in the literature, see (3.9) for the leading orders. The integrals I{;ﬂég) and

respectively. We will elaborate on their transcendentality properties in section 4.4 and
perform the integrals over 7 in the amplitude (2.38) up to the order of o’ % in section 4.5.
Finally, it will be explained in section 4.6 why the integrals over the punctures in all
massless n-point amplitudes boil down to modular graph forms.

4.1 o'-expansions from modular graph forms

Our constructive method to extract modular graph forms from the o/-expansions of (2.43)
to (2.47) starts from the double Fourier expansion of the non-holomorphic Kronecker-

Eisenstein series (2.4),
627ri(mv—nu)

AUz, B,7)= Y

m,nel

_ 4.1
mr+n+ 3’ (4-1)
where again z = ur+v. After removing the contribution 3~! due the origin (m,n) = (0,0),
a geometric-series expansion in F implies the lattice-sum representation of the doubly-
periodic functions in (2.5),

e2mi(mv—nu)

T =Dt Yy
(m,m)£(0.0)

- >1 4.2
(m7 +n)w’ W= (4.2)

which exposes their modular properties (2.9). The lattice sums at w = 1,2 are not abso-
lutely convergent on the entire torus, and we will comment on regularization prescriptions
in section 4.3. Still, the sum at w = 1 is formally consistent with (2.16) by taking the
holomorphic derivative

627ri(mv7nu) eZﬂ’i(mvfnu)

= 4.3
T |mT+nl? mT +n (43)

Imr

of the summand of the Green function (3.1). The single pole of f(!)(z, 7) at z = 0 mentioned
below (2.5) is not obvious in the lattice-sum representation (4.2) since the limit z — 0 does
not commute with the sum.

The lattice-sum representation (4.2) manifests that the holomorphic Eisenstein series
Gy, in (2.31) are recovered when evaluating the even-weight f(*) at the origin,

1
POn== 3 GosG, kxd (4.4)
(m,n)#(0,0)

At w = 2, however, the limit u,v — 0 introduces conditionally convergent sums, and one
can obtain a holomorphic but non-modular expression (3.15).
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4.1.1 Fourier expansion of the V,, functions

The elliptic integrands Vj, of Z(*%) are defined by cyclic products of Kronecker-Eisenstein
series, see (2.6). Hence, the dependence of V,, on the punctures can be brought into the
same plane-wave form (4.1) as the Green function (3.1). In the planar cases Igég) with
w = 2,4, for instance, the Fourier expansion (4.1) propagates to

V(1,2,3,4) = > !

it ien (MATFN14B) (MoT 412+ B) (M3 T+n3+8) (MaT+na+B) 3w
ni,m9,n3,n4 €L
« 2™ [(ml —ma)vi2+(mz—ma)vaz+(ms—ma)vzs—(n1—na)uiz—(n2 _n4)u23—(n3—n4)u34] (4.5)

with z; = u;7 + v; as well as u;; = u; — u; and v;; = v; — v;. With the following notation
for the scalar product involving discrete momenta p; = m;7 + n;,

<pi, Zj> = mivj — niuj N (4.6)

the representation (4.5) of the V,, functions shares the lattice sums of modular graph forms,
see section 3.2,

V(1,2,3,4) = >

Pp1,P2,P3,P4

e2mi((p1—p4,212)+(p2—pa,223)+(P3—P4,234))

(p1+8)(p2+8)(p3+8) (pa+05) ‘ﬁw_4'

(4.7)

Laurent expansion in 8 will generate arbitrary powers of inverse holomorphic momenta,

1 ﬁ /6’ ﬁ
Zp+ﬂ B Z +B B Z( p* ) +§;; - 18)
which correspond to decorated edges (a,0) in the discussion of modular graph forms.
However, in contrast to the lattice-sum definition of modular graph forms, the sums
over p; in (4.7) include the origin and must be decomposed according to ij f(p;) =
f£(0) + ij 20 f(p;) before making contact with modular graph forms.
The integrands in the non-planar sector of (2.42) boil down to Va(4, j) with the even
simpler Fourier expansion

VQ(ivj) = _p(zij’T) = GQ - agijG<zij7T)

— G _ m Z m% + n e27ri(mvi]~fnuij) (4 9)
Im T mr+n '
(m,n)#(0,0)
p 27rz Zi
=Gy— —— (przig)
ImT Z
psﬁﬂ

4.1.2 Heterotic graph forms

By (4.9) and (4.7), each term in the Taylor expansion of the integrals Z(*9) in (2.43)
to (2.47) boils down to straightforward Fourier integrals over z; = u;7 + vj,

3 1 1
/ dus =[] / dujt1 / dvjjp = / dpag P12 bRz HE20) — §(p)5(k)5(0)
=10 0

(4.10)
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which collapse some of the above sums over p; through the delta functions on the right-hand
side. Hence, integrals of this type over (4.9) and each term in the Laurent expansion of (4.7)
w.r.t. 8 line up with the framework of modular graph forms: different types of decorated
edges arise from the Green functions Gj; of the Koba-Nielsen factor, the Laurent-expanded

pj}'rﬁ in (4.7) and the ratio g in (4.9). Moreover, the integrations (4.10) yield momentum
conserving vertices.
In order to track the different contributions from the expanded Koba-Nielsen factor to

Igég), we introduce the following function of 3 for each monomial in Green functions G;,

H1234|:1;[Gz] ) :| :/d/ﬁ4Q(2’12,B,T)Q(Zgg,ﬁ,T)Q(234,IB,T)Q(Z41,ﬁ,T) IJGZZ]
1<J 1<J
e2mi((p1—Pa,212)+(p2—P4,223) +(P3—P4,234))

B Z /dﬂ4 (p1+8) (p2+8)(p3+B) (patB) HG” (4.11)

P1,P2,P3,P4 i<j
i (2,0 ; (4,0 ;
—H1234 [HGn]]ﬁ4+H1234)[HGn]] 1234)[HGn]]+O(52)
1<J
Since Hia34]...; ] is an even function of /3, odd powers of  are absent in the Laurent

expansions in the third line. The latter define the contributions ngg’g)[. ..] relevant to
15234) (with w = 0,2,4 and V(1,2,3,4) = 1),

n [[1er] = [amvaa.2s TT65 (1.12)

i<j 1<j

0)

With the above definitions, the leading orders of the o/-expansions of Ig}g’ll read

4
0 1 0 3
18)34)(5ij> T) = 1234 0] + Z sijH 1234 Gyl + B Z Sijslegm) [GijGr] +O(”).

1<i<y 1<i<j
1<k<l

(4.13)

Analogous definitions can be made in the non-planar sector, where the bookkeeping variable
B can be bypassed from the simple form (4.9) of Va(4, j),

[ TIew] = [ e 2mae. T[ay (4.14)

i<y i<j
13331“_[6’””} = /du4 [Va(1,2) + Va(3,4)] [] G7
i<j i<j

and (4.13) with 1234 — 12|34 applies to the o/-expansions of the non-planar integrals £2|?? 4?

By analogy with the definition of modular graph functions through the o/-expansion of
7(09) in (2.45), we will refer to the above H{;U?)g) [...] and H{;SOZE[ .| as heterotic graph forms.
They are modular graph forms of weight (w, 0), as one can see from modular invariance of
Gi; and dpg and the weight (w, 0) of Vi,. Modular graph functions are recovered from the

weight-zero instances H fg’?&) [...]
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Order Inequivalent planar heterotic graph forms

o’ H{30 [0
ot H{5)[Gho), Higs)[Gha)
w,0 w,0 w,0
0/2 H§234) [G%QL H1(234) [G13G24] 9 H£234) [G12G13]

w,0 ,0 w,0

HED 1G], HY [GraGadl, H [Gr2Gas)

o HSVG], Ha[G%Godl, Hiss [G12GosGaal, Himgy [G12GasGai
H{p[Gh], Hig) [G2Ga), Hyyy [G12Gr3Ga), Hisy [G12Gr3Gad]

s w,0 w,0 w,0
Hiy [G3,G13], Hipsy[G12G3s), Hips) (G Gas), Higsy [G12G13Gad]

Table 1. Inequivalent planar heterotic graph forms with respect to the dihedral symmetry.

Note that similar techniques have been applied in [24]'® to evaluate certain integrals
over the punctures in five- and six-point gauge correlators at exp (Zl <j sijGij) — 1 that

demonstrate the absence of Tr(F°) and Tr(F°) operators in the one-loop effective action.

4.2 Planar heterotic graph forms

In this section, we compute and simplify the planar heterotic graph forms that arise from
the Koba-Nielsen integrals over V,,(1,2,3,4) at the leading orders in o and w = 2,4.
These results follow from Laurent expansion of (4.11), but one can equivalently employ
the representation of the Vj, functions in terms of the doubly-periodic f*) with Fourier
expansion in (4.2). In a shorthand with fgv) = f(®)(2;—2;,7), the relevant integrands are

V2(1727374):f1(; (1)+f23 fzﬁ)—"_ [f12 +f12 f23 +CYC(1,273 4)] (415)
1) 3 2) A(2 3) ,(1

V4(1,2,3,4):ff2 23 f34 f41 +f12 f34 +f12 f34 +f12 f34 +f23)f461)+f2(3)f461)+f2(3)f451)

(1 155 1504 1) 155 10+ 15 153 150+ 15 1)+ 115 1554 1) 135+ 115 +eve(1,2,3,4)]

By permutation symmetry of the Koba-Nielsen factor, the dihedral symmetry (2.7) of the
Vi functions propagates to the integrals (w = 2,4),

,0 ,0 ,0 0
I¥2U34) = Izgm) ) I£12U34) = 1%)41) : (4-16)

On these grounds, only a small fraction of heterotic graph forms at a given order in o/ are
inequivalent under dihedral symmetry, see table 1. In the remainder of this subsection, we
will restrict our attention to the heterotic graph forms in the table.

10 1

4.2.1 Leading orders o’" and o’

In the absence of any G;; in the integrand, we obtain the simplest heterotic graph forms

290 =0, B0 =G4, (4.17)

15The integrations in [24] are performed before summing over the spin structure (2.24), based on a double
Fourier expansion of the Szegd kernel similar to (4.1).
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where the Eisenstein series G4 on the right-hand side can be traced back to the contribution
of fl(;) fQ(;,) éi) fﬁ) in (4.15), see [23]. At first order in ¢/, the two inequivalent heterotic
graph forms in table 1 are found to be

2,0 2,0
Hi3 () = —Cl30]. Hi)[Gha] = 2[35). (4.18)
as well as
4,0 4,0
Hi3pi[Gol = —C33 11 - 4Ci8),  HillGu] = CI331l+6CI78],  (419)
see (3.10) for the dihedral modular graph forms C|[...]. The modular graph forms associ-

ated with three-edge graphs can be simplified via holomorphic subgraph reduction (3.24),
and the H SE&) [Gi;] can be expressed solely in terms of single lattice sums (just like the

HOWGi)),
HGG) = —GoC[39] — @ HGP[Gs) = 2G2C[39] 4 2G 4.20
1234 [G12] 2C[7 0] 4, 1234 [G13] 2C[1 0] +2Gy. (4.20)

4.2.2 Subleading orders o’ and o3

At the order o 2, the six inequivalent heterotic graph forms in table 1 evaluate to

H3 G = —C[311]
HE G =2¢[211]
1(234)[013%4]2 —-2C[39] (4.21)
1234 [G13G12] = C[%g] - C[% % (1)]
133(2[012034] = C[39]
1234 [G12G23] = C[% 8] )
as well as
Hi[Gh) = —4C[§ 1 1] = CI§ 41 1)
H{y3 (G =6C[3 111+ C[33 1]
H{33) [G13Gaa] = —2C[§9] — 4C[22 3] +8C[33 8] + Cuet (4.22)
Hiy3[G13G1a) = —C[§8) + C[32 1) — Cl4 18]+ Cl3 11T a14] - (Cc[38])°
Hiy3[G12Gaa] = 3C[§9) +4C4 1] —2€[33 1]+ (CL381)° + ClL 411 813]
H{33 [G12Gas] = 3C[§9) +4Cl4 18] —2¢[33 1]+ (C[381)° + ClL 411 813] -

At this order, the contribution of fl(%)féé)féi)fﬁ) to Vi(1,2,3,4) introduces trihedral mod-
ular graph forms (3.26) as well as the following tetrahedral representative in H. S’:&) [G13G24]

Imr 1
Ct t - — () E . 4.23
° 7T [p12[p2|?p3(p1 + p3)(p2 + p3)(p1 + p2 + p3) (4.23)
P1,p2,p370

p1+p3#0
p2+p3#0
p1+p2+p3#0
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Similar to (4.20), the complexity of the lattice sums in H 1(;3’2) [Gi;Gri] can be considerably

reduced: the three-edge sums at w = 2 boil down to C[3 ] via (3.21), e.g.
1
2
Using the techniques of the appendices A.4 and A.5, the trihedral and tetrahedral topologies

HEO G = —cl49], HE[G13Go) = —= C40]. (4.24)

at w = 4 can be expressed in terms of single lattice sums as well,

3 1 1. A
CI3HITE18] =5 (CI381)" = 5 CI88] = 5G2CI38] +3C[3 8] — GaCI7 §] - Ga
CIEEIT818) = —2(CIF81)° +2CI§§) + G2C[48] — 6CF§] + 262 C[3§] +2Ga (4.25)

3 6
1 2
Cier = 4(C[§])* — 2C[88] — 2G2C[4§] + 12C[] §] — 4G C[{ §] — 4G
Furthermore, the identities among C[¢ Y ¢] in appendix A.1 and holomorphic subgraph
reduction as in (3.25) reduce all the dihedral modular graph forms in H S’:&) [Gi;Gri] to the
simplest class C[¢ ] of lattice sums. For instance,
H{33) (6] = GaBy — GoC[48] — 8CT 9] +2GaC[3 8] + 2G4 (4.26)
H{33) [GraGaa] = GoC[38] — 6C[3 8]+ 2G2C[3 §] + 2C (4.27)
Once this simplification is performed for all heterotic graph forms in (4.22), the remaining
Hg’?&) [Gi;Gr] are found to be related to (4.26) and (4.27) via
4,0 4,0
H{234) [G%:s] = 3G4E; — 2H1(234) [G%z]
H{33)[G13Ga1] = —2H134} [G12Giad] (4.28)

1
H{33 [G13G 2] = —iHSQ [G12Gi34]

HG0)[G12Gas] = Hiy) [Gr12Gaa)

Furthermore, the contributions of Gy C [$8] and G4 turn out to cancel when assembling

the complete a/? order of Igéoz , see (4.33) below.

We have also evaluated the o/>-order of the integral Ig’;&), see appendix B.1 for the

occurring modular graph forms and appendix B.2 for their simplifications. Their specific

combination selected by applying momentum conservation to Ig}&) will be given below.

4.2.3 Checking and assembling the results
The symmetry properties of the V, functions [25]

Va(1,2,3,4) + Va(1,3,4,2) + Va(1,4,2,3) = 0 (4.29)
Va(1,2,3,4) + Va(1,3,4,2) + V4(1,4,2,3) = 3Gy

impose the following constraints on heterotic graph forms

HEIL 1+ HE)L 1+ HEIL =0 (4.30)
4,0 4,0 4,0 0,0
HOQL 1+ HEQL . 1+ Ha9)l . ] = 3GaHON . ],
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where the ellipses represent arbitrary monomials in Gj; (the same ones in each term of the
respective equation), and all of our results for H 1(;)3;2) [...] have been checked to satisfy these
consistency conditions. Examples for the modular graph functions on the right-hand side

of (4.30) include
HOOW0 =1,  HYG =0,  HS)GH =E,. (4.31)

(7)[

With the results for the planar heterotic graph forms H;53 [...] at orders o/ <3 and H 1(4213,21) [...]

at orders /=%, we arrive at the low-energy expansions (cf. (4.13))

Ti3) (i, 7) = 6513 C[3 §] + 2(s%5 + 2512523) C[4 ] (4.32)
+4s13(sty — s12823) (BC[F 1 1] — 4C[3 9]+ 3E2C[3§)) + O(a?)
{531 (51, 7) = Ga + 6513 (G4 +GoC[3 ) +2(s73 — s12523) Ga B (4.33)

+ 2(s13 + 2512523) (C[i’ 0]+ G2 C[4 8]) +0("?)

after applying the Mandelstam identities (2.41). One can use the equivalent form of (3.34)'6

C[SO]: TVEs [40] wVE3 6[50] <7TV)2E3
LO3 2(Im )2 2007 3(Im )2’ LO2 12(Im )4
TVE4 8 TVE2 2
C[gg]:W, C[zf H 5 [28]: (Im 7)2 (4.34)

to express these expansions via Cauchy-Riemann derivatives of modular invariants E__,
2
(Im T)2I£234) (8137 ) = 3s13mVEs + 5(8%3 -+ 2812823)7[’VE3 (435)

4
+ 813(8%3 — 812323) <5’/TVE4 + 1271'VE272 + 6E27TVE2> + O(O/4)

G2 7TVE2
(Im )2
(7V)2Es  2Gy7VEs
6(Im7)*  3(Im7)?

ZSB(Q(SU? 7) = Gy + 3513 (2G4 + ) + 2(s13 — s12523)G4Eo (4.36)

+ (835 + 2512323)< ) + 0,

see (3.36) for the definition of Eg 5 and (3.9) for the analogous expansion of Z(00),

4.3 Non-planar heterotic graph forms

We will now adapt the strategy of the previous section to the low-energy expansion of the
Koba-Nielsen integrals I£2|3 4) in the double-trace sector. The non-planar heterotic graph
forms (4.14) in the o/-expansion take the most compact form when we compute them from
the Fourier expansion (4.9) of Va(7,j). However, some of the resulting lattice sums turn
out to be conditionally convergent or even divergent. We define a regularization scheme by

demanding that (4.9) and the alternative Fourier expansion due to insertion of (4.2) into
. 2 1
Vali. ) =21 — (13}))" (4.37)

16We have also employed 7VCy 11 = 2(ImT)2(C[? 111+ cl331]) and C[311]+2CI33 1] -2C(58) =
in deriving (4.34).
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Order Inequivalent non-planar heterotic graph forms

o H{y 10
w,0 w,0
o! H£2\34) G2, H£2|34) [G13]
O/Q Hi;’&) [G%QL Hl(;u\é&) [G12G34]7 Hfg)'éoi [G13G24]

HRGR), By GiGual, HU)GraGay

12|34

,0 w,0 w,0 w,0
o ng\gzz[G?Q], H1(2|34)[G%2013], H§2|34)[G12G13G34], H1(2|34)[G12G13G24]

Hf;ﬁfﬁ[Gi”g], Hl(;}?i[Glszg]a H§121)|23041)[G12G13G14]7 Hl(;}?i[G13G14G34]

w,0 w,0 w,0 w,0
H{2\34)[G%2G34]7 H£2|34) [GaGhal, H£2\34)[G%3G24]’ H1(2|34) [G13G14G2s]

Table 2. Inequivalent non-planar heterotic graph forms with respect to the symmetries

(w,0) _ gyp(w,0) _ 77(w,0)
Hygjsq = Hypsy = Hay)ys-

yield the same expression for each heterotic graph form. Again, we exploit the symmetries

(w,0)  +(w,0)  +(w,0)
Ligi3a = Lorjza = L3z (4.38)

of the integrals at each order in o/ to reduce the number of heterotic graph forms that need
to be calculated independently, see table 2.

0 1

4.3.1 Leading orders o’" and o’

In the absence of Green functions in the integrand, only the zero mode G of the Fourier
expansion (4.9) of V(i, j) contributes,

HGOW0 =2Gy,  Ho 0] =G, (4.39)

At first order in o, the representation (4.9) of V5(i,j) yields conditionally convergent
lattice sums

2,0 4,0 A
H1(2|321 [GlQ] = Creg[(Q) 8] ’ Hl(Q‘gzl[Glﬂ = _GZ creg[% 8] . (440)

The regularized value of Creg[2 9] and similar lattice sums will be determined by repeating
the above calculations with the representation (4.37) of V5(i, j) in terms of f(*) functions,

2,0 2,0
HEO0 =2C[38],  HGO[G) = —2C[{8] - Cegl5 411, (441)

By imposing these results to match (4.39) and (4.40), we can determine both Creg[2 3] and
another regularized value Creg[$ § 1] relevant to a later step,!”

Cresl3 8] = G2, Crealp§ 1] = G2 —2C[3], (4.42)

"Note that the expressions in (4.42) cannot be reproduced from an extension of momentum conservation
(say 0= Creg[$ 5 1]+ 2Creg[2 §3]) and (3.20) to regularized values.
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see also [23] for the first result. A more general class of identities between regularized
627ri<p,zij>

] against the two

values can be generated by integrating the lattice sum Zp £0
representations (4.9) and (4.37) of Va(i, 5),'8

Creal 6 3] = Crea[3 11 5] — 2C[*}2 7], (4.43)

where Creg[ 4] := C[#] whenever the entries of A and B yield absolutely convergent sums.
With the above regularized values, the inequivalent heterotic graph forms at the first order

in o read
8@1 (Gr2] = —Ga, Séi [G13] =0 (4.44)
40 A 4,0
£2|321 [G12) = —G3, £2|321 [G13] =

4.3.2 Subleading orders a’?, o’> and beyond

At the second order in o, we exploit the expressions for Creg[3 ] and Creg[{ § 1] in (4.42)
to determine the 1nequ1valent heterotic graph forms

Hg\gi[G o] = 2GaEy + 2Gy — 4C[} §]

(2.0) 12,1 _ of
H{G0 1G] = 2GoF,

H{5)[G13Gas] = — C[i” 0 (4.45)

Hf2|321[G12G13] 12‘ [G12G34] $|321[G13G24] =0

and
HE[62,)] = G2E, + 2G2 — 4G5 C[3 Y H 20 [G12G13] = 0
12|34[ ] otg + 2 2 [1 0] ) 12|34[ 12 13]
1(2|32;[G13G24] Gy, f2|321[G 5] = G2E, (4.46)
H1(2|32;[G12G34] = @3, H1(2|321[G13Gz3] =-G2C[3]].

On top of (4.43), the third order in o’ involves the regularized value
Cregl§ 6111 = —2C[5§] +4C[3§] — 2G2 — GoEy (4.47)
which has been inferred by evaluating H. 1(2|321 [G2,] with both representations (4.9) and (4.37)
of V5(i,7). The inequivalent heterotic graph forms at order o/® from table 2 are given in
appendix C. The four-point gauge amplitude only requires a specific combination of them
that simplifies and is given below.
For higher orders in o/, we speculate that the above method can be used to assign
a regularized value to all the conditionally convergent or divergent sums in the non-
planar heterotic graph forms: the idea is to integrate suitably chosen lattice sums (such
as D, % in case of (4.43)) against Va(,7) or Va(i, j)Va(k,l) and equate the re-
sults that arise from different use of (4.9) and (4.37). In particular, this technique has
been checked to yield unique regularized values for the most challenging contributions at

4
order o/".

8Note that (4.43) is inconsistent with a naive extension of the holomorphic subgraph reduction (3.22)
to ay = a— =1 and regularized values.
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4.3.3 Assembling the results

With the results for the non-planar heterotic graph forms at order o/ S?’, the low-energy

expansions of the integrals Ig}l’??i are found to be

WVEQ
(ImT)?2 (ImT)?2

(1+2E2)G2> (4.48)

~ 7I'VE2 2 ﬂ'VEg 14
2 2E E ——
+2512513523 (( 2+5 3+§3)G2+(Imr)2 3 (ImT)Q> O(a’™)

Igigzl =2G, —2512@}2—1—25%2 (G2(1+2E2) _

A VE
)—2513523 <2G2E2+ Ut )

0 g3 TVEq _2 mVE;3 _
2\ (Im7)2 3 (Imr7)2

4 A A
Ty = G3—251,G3

2@2 WVEQ

GQ 7TVE2 )
(ImT)2

2 42 _
+ 53 (Ga+G3(3-+2E,) Ty

) —28135923 <G4 —|—G%E2 +

. 7V)2E; GorVEs 4 GonVE
+ 512513523 ((4E2+5E3+63)G§—2G4+((Im)T):’—F (§m7)22_§ (im);’) (4.49)

o (o aciim, (FVVEs 1GurVE, 4GarVEL)
+8”( PG ey T e 3 (w2 ) O

after applying momentum conservation. Similar to the representations (4.35) and (4.36)
of the planar integrals, we have used the substitutions (4.34). Together with the planar
results and the expression (3.9) for Z(00) (4.48) and (4.49) complete the ingredients for
the 7 integrand (2.39) of the heterotic-string amplitude.

Note that (4.48) and (4.49) have been reproduced from the alternative method in

(w,0)
I12|34

convergent or divergent sums in intermediate steps. This adds further validation for the

appendix D.2, where the o/-expansion of is performed without any conditionally

assignment of regularized values described above.

4.4 Uniform transcendentality and o’-expansions

As mentioned in the introduction, one of the remarkable features of type-II amplitudes is
that they exhibit so-called uniform transcendentality at each order in . In this section,
we will study the transcendentality properties of the heterotic string by restricting to the
salient points that require a rewriting of the basis integrals Z(*:?); additional details can
be found in appendix D.

In analogy with the superstring, we associate transcendental weights to the various
objects appearing in the low-energy expansion of the heterotic integrals over the punctures
as follows. The Kisenstein series G and Ei as well as (; are assigned transcendental
weight k, i.e. m has transcendental weight one, whereas 7 and V have transcendental
weight zero. Accordingly, one finds transcendental weight one for both 7V and y = wIm T,
i.e. weight k+p for (7V)PEy, and weight 4+p for (7V)PE22. A more general definition
of transcendental weight in terms of iterated integrals is given in appendix D, but the
assignment above suffices for the discussion of this section.
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Inspecting the o/-expansions of the planar single-trace integrals Z(%:0) and Igggl) of (3.9)

and (4.35), one sees that their k" order consistently involves modular graph forms of
weight k and k+2, respectively. Thus, these two integrals are referred to as uniformly

transcendental.

By contrast, ZS’?&) in (4.36) violates uniform transcendentality since the same type

of transcendental object appears at different orders in the o’-expansion. For instance,
G4 of transcendentality four appears with 1 4+ 6s13 + ... and thus at different orders in

/. Similarly, the integrals I§12U|7??4) in (4.48) and (4.49) from the double-trace sector violate

uniform transcendentality. This can for instance be seen from the terms ~ (14-2E3) along

with s2, in Ig"gi and ~ (3+2E2) along with s2, in Igigi, respectively.

This violation of uniform transcendentality can be traced back to the following phe-

nomenon. For the planar integral ISE&) we see from (4.13), (4.12) and (4.15) that there is

a leading contribution with a closed cycle of the form fl(%) fQ(?l)) féi) fﬁ). This cycle exhibits
purely holomorphic modular weight (4,0) and is thus amenable to holomorphic subgraph
reduction discussed in section 3.2.2. As is evident from the explicit examples in (3.24),
the reduction produces various terms of different transcendentality: C[? 9] carries tran-
scendental weight 5 by (4.34) whereas G4 carries weight 4. Moreover, the formula (3.22)
™

for dihedral holomorphic subgraphs generically produces explicit factors of Gy =Gy — ==

which are clearly not of uniform transcendental weight. We therefore expect that all clolgéa
cycles fl(;) 2%) . f,g) in the n-point integrand break uniform transcendentality, including
those with k=n. This is in marked contrast with the genus-zero situation where only closed
subcycles (212293 . . . zkl)_l in the integrand with & < n—2 violate uniform transcendental-
ity [40, 71-73].1 The subcycles flg) fQ(P in the integrands of the non-uniformly transcen-
dental integrals Ig"gi and Igigzl

At genus zero, any non-uniformly transcendental disk or sphere integral over n punc-

in the non-planar sector confirm the general expectation.

tures can be expanded in a basis of uniformly transcendental integrals, see [47] for a general
argument and [40, 73, 74] for examples. This basis, known as Parke-Taylor basis, consists
of (n—3)! elements [74, 75] and spans the twisted cohomology defined by the Koba-Nielsen
factor made out of |z;;| %4 [47].

At genus one, the classification of integration-by-parts inequivalent half-integrands —
i.e. chiral halves for torus integrands — is an open problem. While genus-one correlators
of the open superstring exclude a variety of worldsheet functions by maximal supersym-
metry [55, 56], Kac-Moody correlators such as (2.37) give a more accurate picture of the
problem: it remains to find a minimal set of integrals that span all the above Z(*9) (and

possibly other torus integrals from different massless one-loop closed-string amplitudes)

9This point can be illustrated by considering a four-point integral at genus zero over closed subcycles
with an integrand of the form (Z12Z21)71(Z34Z43)71. Integrating by parts in z leads to the cyclic factor
(2’12223234241)71 subtending all four punctures that is called a Parke-Taylor factor (see section 5). The
integration by parts also generates the rational factor 1?531 S in Mandelstam invariants that mixes differ-
ent orders in o’. Genus-zero integrals over Parke-Taylor factors subtending all the punctures are known

to be uniformly transcendental (which is for instance evident from their representation in terms of the
Drinfeld associator [4]). Hence, the original subcycle expression with (212221)71(234243)71 must violate
uniform transcendentality.
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via integration by parts. These equivalence classes are again referred to as twisted coho-
mologies, where the twist is defined by the Koba-Nielsen factor exp(}_, j 5i;Gj) with the
Green function in (2.15).

Therefore we shall now re-express the planar and non-planar integrands in a basis of
uniformly transcendental integrals, hoping that this will also shed light on the question of
a basis for twisted cohomologies at genus one. We present below candidate basis elements
f.(f”’o) of conjectured uniform transcendentality that appear suitable for the four-current

correlator (2.37). Our explicit expressions at leading orders in o and their different modular
weights can be used to exclude relations among the Z(®-0),

However, it is beyond the
scope of this work to arrive at a reliable prediction for the basis dimension of uniform-
transcendentality integrals at four points.

(w,0)

In the relation between the new quantities 7 and the genus-one integrals 1{3’30),

Igiggl and Igigi all terms that break uniform transcendentality are contained in simple

explicit coefficients like Gy or (14s12)~!. The manipulations necessary to arrive at the
I(f”70) are given in detail in appendices D.1 and D.2 and driven by integration by parts,

resulting again in series in modular graph forms which
e bypass the need for holomorphic subgraph reduction

e avoid the conditionally convergent or divergent lattice sums caused by integration
over Va(i,7), see section 4.3 for our regularization scheme.

Aspects of the computational complexity when using the Z(*9) versus the f(f”’o) can be

found in appendix D.3.

4.4.1 The planar results in terms of uniform-transcendentality integrals

As derived in appendix D.1, a decomposition of the single-trace part of the four-point gauge
amplitude that exhibits uniform transcendentality is

=(4,0 A 7 2,0 49 10
M) ooy = GRS + G (G 560 ) 780 + (P68 - et 700,
(4.50)
In this expression we introduced the following combination of modular weight (4, 0)
(4,0 4,0 0,0 2 (2,0
551 (51, 7) = Zio) (51, ™) — GaTioi] (i3, 7) — GaZ{33) (535, 7)
(7V)*E3

m + O(O/S) 5 (4.51)

= 6513G4 + (8%3 + 2512523)

that manifestly respects uniform transcendentality to the order given. In (D.13), we provide
a closed integral form of f%zgl)(sij, 7) that we conjecture to be uniformly transcendental at
every order in o/, with weight k+3 at the order of o/ P As argued above, Zg’ggl) and Z(00)
are uniformly transcendental and all non-uniformly transcendental terms in the above way
of writing the planar amplitude are in the coefficients of the basis integrals. The coefficient
of s13 in (4.51) may also be written as 6G4 = (TV)°Es ¢, highlight the parallel with the

(Im 7)%
modular graph form (67212232 at the subleading order o’ 2,
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Note that the coefficient of Z(°%) in (4.50) can be recognized as

49 10 128712 ,,

2 —

At the level of the integrated amplitude (2.38), this cancels the factor of 724 due to the
partition function. Hence, one can import the techniques of the type-II amplitude [10, 11]

to perform the modular integrals [ (Ifj:)gl(o’o) arising from the terms ~ Z(®9) in (4.50)
as we shall see in section 4.5.
Similar to (4.52) the coefficient of Igggl) in (4.50) exhibits a special relative factor in
the combination G4Gg — %G(; that can therefore be written as a 7-derivative®’
7 m dG4

GyGy — 5G6 = ———Gy+7%

4.53
ImTr dg ( )

Hence, the only contribution ~ ¢° to (4.53) stems from the non-holomorphic term — 177 Ga.

4.4.2 The non-planar results in terms of uniform-transcendentality integrals

Similarly, we can also rewrite the non-planar part of the amplitude in terms of combinations
that exhibit uniform transcendentality as follows

M G4[ };gi%m( §;4()3)+G2I§§4()3))+525( S;l)-i-Gngg)] 454
a(7) ‘Tr(t“thQ)Tr(ta?rtM) (1+512)2 (4.54)
Gié2 7G4Gs =(2,0) Gzégﬂ-Gi(S%g-f—S%g) G4G6G2 9 (0, 0)

A — A
N ((1+812)2 (1+812)> 12|34+ (1+512)? 7 1+s12 *3 G4+ G

The details of the derivation of this result are given in appendix D.2. On top of a contribu-
tion from the planar integral given in (4.51), (4.54) contains the non-planar integrals of con-

Tlw,

jectured uniform transcendentality Z. 9 with modular weights (w,0) and leading orders

12|34
~ mVE mVE
Igigl = —2(3%2 + Slgsgg)ﬁ — 4(8?2 + 812313823)m + O(a/4)
7V)2E
Il(;gzl (535 + 3s512513523) ;(Inz T)z + (9(0/4) ) (4.55)

For definitions of the If;l}':?zl) to all orders in o/ via z-integrals, see (D.21) and (D.27).

4.5 The integrated amplitude and the low-energy effective action

Our main focus of this paper lies on the structure of the 7-integrand My(7) appearing in
the four-point gauge amplitude (2.38). However, using the results of [9-11, 23, 26, 76, 77|
on the integrals of certain combinations of modular graph forms and Eisenstein series, it
is possible to perform the integral over 7 analytically up to second order in o/ both in the
single-trace and the double-trace sector. We present the resulting values, keeping in mind
that these have to be considered in our normalization (2.38), see also footnote 7.

20We are using the Ramanujan identities

dGz  G3 —5Gy dGs  2G2Gs — 7Ge le6 _ 21G2Gg — 30G3
q d¢ =~ 4mz q dg 272 ’ dq - 1472
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4.5.1 Planar amplitude up to second order in o’

Upon collecting all terms of the same structure in Mandelstam invariants up to quadratic
order from (4.50) we have to evaluate the integrals appearing in

d?r 49 5 10 4
M4‘Tr(t“1t“2t“3t“4)~/}_(ImT)2nz4 <6G6_3G4

d?r 5 omaa TVEy 21 mVE,
o | (g (0O HOGHGe - S GG
d?r 49 20
2 2 3
— — = Ey— —G3E
+(813 312823)/]:_ (Im7‘)21724 ( 3 G4G6 2 3 C‘}4 2>
d?r 2 oa mVE3 7 7VEs 1 _,(7V)?E;3
2 2 2
2 Z T T G2
it 312323)[?(11117)%24 <3 22 737 2 T <Irm>4>
+0(’?). (4.56)

These integrals can be done using the following observations. The combination of G} and
G2 appearing in the first and third line is that of (4.52) leading to n?%, making the first
line proportional to the volume of F that equals § while the third line is proportional to
the integral of Eg over F that vanishes [9]. Using furthermore the results of [23, 26] for the

remaining lines, we end up with the integrated planar amplitude

256713 32713 /25 9
M }Tr(talt’l2t“3ta4) ~ 6075 + 513 6075 <6 +9E +logm — 2(4)
27‘(’13

+ 0. (4.57)

— (53 + 2s12523) 355

The appearance of terms logm and dlog( is due to the method of cutting off the fun-
damental domain F as in [26]. Note that these terms as well as the Euler-Mascheroni
constant g cancel at the second order in o/, a feature that we shall discuss in more detail
in section 4.5.3.

From the point of view of the low-energy effective action, the terms above correspond
to single-trace higher-derivative corrections of the schematic form Tr(F*), Tr(D*F*) and
Tr(D*F*), respectively. The lowest-order term in the one-loop scattering amplitude was
already analyzed in [23, 52, 53, 78, 79]. The structure of higher-derivative invariants in
super Yang-Mills theory was studied for example in [80-82] and the three operators above
are of 1/2-, 1/4- and non-BPS type, respectively. General references on the effective action
of heterotic string theories include [24, 26, 27, 83-89].

4.5.2 Non-planar amplitude up to second order in o’

The integrated contribution from the double-trace sector can be determined by similar
methods by starting from (4.54). The 7-integral to be performed to quadratic order in
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Mandelstam invariants is

M ’Tr(talt“Q)Tr(t“St’M) ~ /J_E Im7)27

d*r A 2A2
+ 512 L W <7G4G6G2 - 2G4G2>

d? . . b 49
T - <G§G§ — 7G4GgGo + gei + 6G§>

d?r A 2G,G2rVE A
+ 8% / T (Gi’; + G3G(3 + 2E,) — 7(2157)2 2 — 7G4GeGa(1 + 2Ey)
F
ﬂ'VEg 10 49

Gi GQWVEQ

(Im 7_)2 + 14G4G6G2E2

d?r R
+ 513523 /}_ (Tm )22t <—2Gi — 2G2G3E, — 2
G4GerVE2 10

praen vt 1Y
+ (Im )2 3

49
G3E, — 3G§E2> +0O?).  (4.58)
These integrals can again be performed using the results of [11, 23, 26], and we obtain the
integrated double-trace amplitude to second order in o/ as
128713 o, 64713 /91 ¢
M ‘Tr(t“lta2)Tr(ta3ta4) ~ T e07s S12 TS <_30 + g +logm — 2<4>
256713 < 11 ¢

M —7+’}/E+10gﬂ'—2

— 513523
6 G4

) + 0. (4.59)

We note that there is no lowest-order term in the non-planar sector. As pointed out in [24],
this is in agreement with the duality between the heterotic string and the type-I string [90],
where (Tr(F?))? is absent at tree level. The first non-trivial correction term for double-
trace operators is then (Tr(DF?))?, and the eight-derivative order admits two independent
kinematic structures.

4.5.3 Consistency with tree-level amplitudes

Given the expressions (4.57) and (4.59) for the integrals over 7, the appearance of g +
log m — 2% signals an interplay with the non-analytic momentum dependence of the respec-
tive amplitude at the same o’-order, cf. [10, 11]. The non-analytic part of the four-point

gauge amplitude can be inferred to comprise factors of log s;;

e in the planar sector at the order of o’ but not at the orders of o/° or o/?, see (4.57)

/1

)

e in the non-planar sector at the order of o > but not at the orders of o/ or «a
see (4.59)

These patterns in the discontinuity of the one-loop amplitude are consistent with the o/-
expansion of the respective tree amplitudes of the heterotic string [83]

r 5
M ’Tr(taltazt%tu) ~ 1+ 2(3512513523 + O(a”) (4.60)

tree 2 14
My ‘Tr(talt%)Tr(taSt%) ~ s23 — S12893 + STa823 + O
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where a polarization-dependent factor Ag%‘i‘fv[(l, 2,3,4) has been subsumed in the ~. Uni-

tarity relates the (s;;)"-order of (4.60) to the non-analytic terms in the one-loop amplitudes
that are signaled by the (s;;)“!-order in (4.57) and (4.59). In particular, the absence of a
subleading order o/ Uin the planar sector of MY ties in with the absence of g +log m— 2%
at the a’*-order of (4.57). This is analogous to the discontinuity structure of the massless
type-II amplitude [10, 11], where unitarity relates the o/ **-order beyond the one-loop
low-energy limit to the o/“-order of the tree amplitude beyond its supergravity limit.

4.6 Modular graph forms in the massless n-point function

Although the main focus of this work is on the four-point amplitude involving gauge bosons,
we shall now explain how the above techniques can be extended to higher multiplicity and
to external gravitons. As we will see, the integration over the punctures in n-point one-loop
amplitudes of the heterotic string involving any combination of gauge bosons and gravitons
boils down to (heterotic) modular graph forms — at any order in the o/-expansion.

4.6.1 n external gauge bosons

For the n-point generalization of the amplitude (2.10) among four gauge bosons, the struc-
ture of the correlation functions in the integrand is well known. The supersymmetric chiral
halves of the vertex operators (2.12) exclusively contribute (complex conjugates of) fi(;”)
and holomorphic Eisenstein series Gy to the n-point correlators [6]. This has been mani-
fested in this reference by expressing RNS spin sums?! of the worldsheet fermions in terms
of the V,, functions (2.6) and Gy, also see [93] for analogous results with two external
gauginos and [24, 94] for earlier work on the spin sums. The contributions from the world-

sheet bosons 0; X (z, z) are even simpler, they can be straightforwardly integrated out using

Wick contractions that yield fi(jl) or 0Oz fi(jl). Likewise, the Kac-Moody currents of (2.12)
exclusively contribute V,, functions and Gy, to the complementary chiral half of the n-point
correlators [25].

Given these results on the m-point integrands, it is important to note that Gy are
modular graph forms and that fi(;v) functions admit the same type of lattice-sum represen-
tation (4.2) as the Green function (3.1). Then, the Fourier integrals over the n punctures
yield momentum-conserving delta functions similar to (4.10), and one is left with the kinds
of nested lattice sums that define modular graph forms [15].

Starting from the five-point function, the singularities fi(jl) ~ % + O(z,2) in the
supersymimetric correlators introduce kinematic poles into the integrals over the punctures.
Still, the residues of these kinematic poles reduce to lower-multiplicity results and therefore
give modular graph forms by an inductive argument.

On these grounds, one-loop scattering of n gauge bosons in the heterotic string boil
down to modular graph forms at each order in the o’-expansion after integrating over the
punctures at fixed 7.

21 Also see [91, 92] for recent examples of f (*) functions in manifestly supersymmetric higher-point am-
plitudes in the pure-spinor formalism.
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4.6.2 Adjoining external gravitons

The vertex operators of gravitons and gauge bosons in heterotic string theories have the
same supersymmetric chiral half. That is why for mixed n-point amplitudes involving ex-
ternal gauge bosons and gravitons, the supersymmetric half of the correlator is identical to
that of n gauge bosons. Only the non-supersymmetric chiral half of the correlators is sensi-
tive to the species of massless states in the external legs since the graviton vertex operator
involves the worldsheet boson 9,X (z,z) in the place of the Kac-Moody current [51].

" These additional worldsheet bosons of the gravitons contribute (sums of products of)

f;;’ and 9, fi(jl) due to Wick contractions and decouple from the current correlators of the

gauge bosons. Moreover, they admit zero-mode contractions 9., X (2, Z;)0z, X (25, Z;) —

_m
ImT

cross-contractions are specific to amplitudes involving gravitons, and the resulting factors

between left and right movers, known from type-IT amplitudes [95-98]. These kinds of

of -— have the same modular weight (1,1) as the contributions fi(jl) f,gll) due to separate
Wick contractions of the left and right movers.

Hence, the additional contributions due to 9,X(z, z) in the graviton vertex operator
boil down to fi(jl), 0y, fl(;) or rm—. All of these factors line up with the above statements on
the correlators of the supersymmetric chiral half and the currents: the n-point correlators
for mixed graviton- and gauge-boson amplitudes in heterotic string theories exclusively
depend on the punctures via lattice sums

D

p#0

e2mi(p:zij)

g mij,nij > —1 (4.61)
that may be accompanied by powers of 7— and yield simple Fourier integrals w.r.t.
29,...,2n. Each term in the o/-expansion of the Koba-Nielsen factor is bound to yield
modular graph forms upon integrating over the z;. By the arguments given for n gauge
bosons, the kinematic poles do not alter this result. "

Note that cases with m;; = n;; = —1in (4.61) are due to the spurious factors of 0, f; y

and 0z fl.(jl) in the left- and right-moving contributions to the correlators. One can always
remove any appearance of 0, fi(jl) and 03, fi(jl) via integration by parts and thereby improve
the bound in (4.61) towards m;;, n;; > 0.

The o/-expansion of four-point amplitudes involving gravitons has been studied beyond
the leading order in [26, 27]. Moreover, selected terms in the five- and six-point gauge
amplitudes that are relevant to Tr(F®°) and Tr(F°) interactions have been studied in [24].

The comparison of (n > 5)-point o’-expansions with open-string results is left for the
future [99].

5 Heterotic strings versus open superstrings

In this section, we point out new relations between open-superstring amplitudes and the in-
tegral Ig}&) over the torus punctures in the planar sector of the heterotic-string amplitude,
cf. (2.42). The observations of this section can be viewed as generalizing the genus-zero re-

sult that closed-string amplitudes are single-valued open-string amplitudes [3, 28-32]. That
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is why we motivate the genus-one discussion by a brief review of the tree-level connection
between moduli-space integrals in open- and closed-string amplitudes.

5.1 Review of the single-valued map in tree amplitudes

The single-valued map sv : Guy ny,.ne = Gy g..m,. Of MZVs [33, 34],
k=0, Gkt1 = 2Ck41, kEN (5.1)

(3% =—10G3Cs, (3% = 2353 — 2C3C35 — 10(3¢5,  ete.,

relates moduli-space integrals over punctured spheres to single-valued disk integrals at the
level of their low-energy expansion. Open-string tree amplitudes boil down to disk integrals
that can be characterized by an integration domain for the punctures on the boundary

D(1,2,...,n):={(21,22,...,2n) ER" 1 —00< 21 <20 <...< 2y, <00} (5.2)
and a cyclic Parke-Taylor factor (212223 ...2,1) " in the integrand [40, 41, 74, 75],
dzydzs ... dz, H?q |25 =%

Z 1,2,... 1,2,... = . (5.3
tree (P( T 7n) ‘ B 7n) / VOl SL2 (R) 2122923 ... anlmznl ( )
D(p(172,,7’b))

The ordering of the punctures on the boundary does not need to coincide with that of the
contractions giving the Parke-Taylor factors and this is included in the formula above by
the permutation p € S,.

The sphere integrals arising for the closed string do not admit a similar notion of
cyclic ordering of the punctures but instead involve Parke-Taylor integrands in both the
holomorphic and the antiholomorphic variables,

d%z; d22y ... d?z, TT7 |21 25
73 vol SLo(C) 212293 - .. 2n1 p(Z12293 - - - Zn1)

(5.4)
where the permutation p € S, is understood to act as p(Zi2...) = (Zo()p(2) - - .). The

Jiree(p(1,2,...,n)[1,2,...,n) ::/
(Cn

inverse volumes of SLg instruct to fix any three punctures to (0,1, 00) with the standard
Jacobian [100, 101], and the numerator factors |z;;|~*% and |z;;|2% stem from the genus-
zero analogues of the plane-wave correlator (2.14).

For any choice of p, the low-energy expansions of (5.3) and (5.4) are related by the
single-valued map (5.1) [3, 28-32],

Jiree(P(1,2,...,m) [ 1,2,...,n) = sV Zee(p(1,2,...,n)|1,2,...,n). (5.5)

Hence, the cyclic ordering of the integration domain (5.2) on the disk boundary is passed to
the antiholomorphic Parke-Taylor factor p(Z122o3...Z2,1) ! under the single-valued map,
following a Betti-deRham duality?? [36, 37].

*2Tn the context of graphical hyperlogarithms in [37], inequalities z; < z; and factors of (z; — z;)~" are
represented by (directed) Betti edges and deRham edges, respectively. By exchanging the roles of these
edges, one converts the Parke-Taylor factor (Zi2Z23. .. an)fl into a disk ordering —oco < z1 < 22 < ... <
Zn < O0.
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The single-valued relation (5.5) at tree level allows to extract the complete closed-
string low-energy expansions Jiee from the open-string input Zie (see e.g. [4, 102] for
recent methods for open-string o/-expansions at n points). In particular, the expressions
for single-valued MZVs in (5.1) expose the absence of certain MZVs (including (o, (3 5, also
see [103]) in closed-string amplitudes which is obscured in the Kawai-Lewellen-Tye rela-
tions [104]. Obtaining a loop-level analogue of the single-valued map (5.5) would similarly
allow extracting the closed-string one-loop amplitudes from open-string calculations.

A first hint for the existence of such loop-level relations has been given in [8], where
modular graph functions were identified as special values of infinite sums of single-valued
multiple polylogarithms. The infinite sums in the reference are proposed to be single-valued
analogues of elliptic multiple polylogarithms. Moreover, an explicit connection between
open- and closed-string data at genus one has been found in [22], relating symmetrized
integrals over open-string punctures®? to the permutation-invariant integral Z(%:9) in (2.45).
The proposal for an elliptic single-valued map “esv” [22] and the open-string setup will be
reviewed below, and we will identify the closed-string counterpart to more general four-
point open-string integrals.

5.2 Open-superstring integrals at genus one

In the same way as the one-loop four-point amplitude of type-II superstrings boils down to

(0,0)

a single integral Z'%") the single-trace sector of the corresponding open-string amplitude

is governed by [55]

4
331 (56, 7) 1= / dzpdz3dzy exp <Z sijG?]Pen(T)> : (5.6)

0<z2<23<24<1 <j

The integration domain for the punctures zo, 23, 24 corresponds to a particular parametriza-
tion of a cylinder worldsheet, where the unit interval (0, 1) represents one of the boundaries.
We have again fixed z; = 0 by translation invariance, and although the open-string ampli-
tude only involves 7 = it, t € Ry, we will study the integral (5.6) for arbitrary 7 in the
upper half plane. The open-string counterpart to the closed-string Green function (2.15)
can be chosen as

GEen(r) = — /0 dw fO(w,7), (5.7)

where all z; and w are taken to be on the real axis, and the regularization of the endpoint
divergence is discussed in [6]. Given that the Taylor expansion of (5.6) boils down to
iterated integrals over the expansion coefficient f(!) in the Kronecker-Eisenstein series (2.4),
each order in o is expressible in terms of elliptic multiple zeta values (eMZVs) [6]. More
precisely, the parametrization of the cylinder boundary in (5.6) gives rise to the A-cycle

23The symmetrized integrals of [22] would correspond to scattering of abelian gauge bosons which do not
appear in the spectrum of the type-1 superstring with gauge group SO(32). While the physical interpretation
of the symmetrized open-string integrals is an open question, the results of this section relate the esv-image
of more general four-point open-string integrals compatible with SO(32) to closed-string quantities.
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eMZVs of Enriquez [5]

wny,ng,...,n.|1):= / £ (21, 7)dzy f2) (29, 7) d2g ... f) (2, 7) d2r
0<z1<2z<...<2%:<1
(5.8)
where the number r of arguments n; € Ny and the sum ny 4+ ny + ... 4+ n, are referred
to as length and weight, respectively. The differential equations of eMZVs in 7 and their
degeneration at the cusp can be used to infer a Fourier expansion [5, 67]
o0
w(ni,ng,...,n.|7) = cr(ni,ng, ..., n.)q", (5.9)
k=0
where the 7-independent coefficients cg(n1,...,n,) are Q[(27i)~!]-linear combinations of
MZVs. The dependence of the eMZVs on 7 will usually be suppressed for ease of notation.
See [105] for a comprehensive reference on eMZVs.
As exemplified by the leading low-energy behavior of (5.6) [6],

1
I (sij, 7) = 5 2513w(0,1,0,0) + 2 (s7, + s35) w(0,1,1,0,0) (5.10)

4
— 2512803w(0,1,0,1,0) + s13(s%5 — 512523) B5 + s125023513 a3 + O('")

the order in o is in one-to-one correspondence with the weight of the accompanying eMZVs,
Le. ITbs) (sij,7) is said to be uniformly transcendental. We have introduced the following
shorthands for the coefficients at the third order in ¢/,

4

Bs = 3 [w(O, 0,1,0,0,2) + w(0,1,1,0,1,0) — w(2,0,1,0,0,0) — ¢ow(0, 1,0, 0)] (5.11)
(8 5
52,3 = 12 + SCQW(Ov 17070) 18w(07 370’0) (512)

In the same way as MZVs descend from multiple polylogarithms, eMZVs are special
values of elliptic multiple polylogarithms [49]. Various representations of elliptic multiple
polylogarithms have recently found appearance in the evaluation of Feynman integrals, see
e.g. [46, 106-117] and references therein.

5.2.1 Decomposition into symmetry components

By the properties of the integration cycle and the open-string Green function in (5.6), the
open-string integral exhibits the same dihedral symmetries w.r.t. its labels 1,2, 3,4 as the
V functions at even values of w,

IVysy (sij, ) = Ighyy (sijy 7) 5 Iy (i, 7) = 1133y (Sij, T) (5.13)

cf. (2.7). In order to explore further connections with the V,, functions, we decompose

€ 1mtegra = = + mto components wi 1rerent symmetry properties 1n
the integral Iher = 120 4 Z(3)  ing ts with different symmetry ties i

1,2,3,4,

AUCTRIED DR CID (5.14)
o€ES3
2 1 open open open
Z§22%4(Sz‘j77') = 3 [211534 (8ij,T) — 11542 (8ij,T) — [1523 (si5, 7')] :
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While the permutation symmetric component Z(© of the open-string integral has been
studied in [22], we will here investigate the o/-expansion of the second component Z(2)

subject to

2 2 2
Z£2?&4(Sijv T) + Zf:azm(sij? T) + Z£4)23(5ij7 7)=0. (5.15)

The symmetry properties of the Z(® and Z? tie in with those of V5(1,2,3,4) = 1 and
Va(1,2,3,4), respectively, see (4.29).

By inserting the o’-expansion (5.10) along with momentum conservation s12 + s13 +
s93 = 0 into (5.14), we arrive at the following representation in terms of eMZVs?

Z(O)(Sij; T) =1+ (8%3 — 812823) (2w(0, 0, 2) <2> + 681282381352 3+ O( ) (5.16)
9
Z3) (51, 7) = —2s130(0,1,0,0) — §(533 + 2519823) [w(0,1,0,1,0) + w(0,1,1,0,0)]

+ s13(s25 — s12823) 65 + O(a'). (5.17)

Note that the coefficient 55 3 in (5.10) drops out from the definition of Zgé4 in (5.14), and
we are only left with a specific linear combination of w(0,1,0,1,0) and w(0,1,1,0,0) at
order o/?.

5.2.2 Modular transformation

A connection between the symmetrized open-string integral Z(® in (5.14) and closed-string
integrals [22] is based on the modular S transformation 7 — —1 of the contributing eMZVs.
Otherwise, the g-series representation (5.9) of the A-cycle eMZVs in (5.16) and (5.17) would
not exhibit any open-string analogue of the expansion (3.44) of modular graph forms around
the cusp, more specifically of the Laurent polynomials cfn,n(y) iny=nlmr.

In order to determine the modular S transformation of the Z(*) integrals in (5.16)
and (5.17), we express the A-cycle eMZVs in terms of iterated Eisenstein inte-
grals (3.38) [67, 118]

Z(O)(Sij, 7') =1+ (812823 — 8%3) [1250(4, 0) — CQ]

5
— §12523513 1250(4, 0, 0) + 30050(6, 0, 0) C3

+0(d ) (5.18)
5%3 + 2519593

3313 [
272

Zg?),zx(Sij»T) = [12080(6, 0,0,0) — g4}

s13(s33 — 812823)
272
+403260(8,0,0,0,0) — 2165 (4, 0)E(4,0,0) + 36¢3E0 (4, 0) — 5¢5] + O(a').

60(4,0,0) — (3] +

[129680(4,4,0,0,0) + 432y(4,0,4,0,0) + $&(4,0,0,0,0) (5.19)

24We have used the following relations among eMZVs in simplifying (5.16) [67]

w(0,1,1,0,0) = %+w(00002) w(0,1,0,1,0) = %+ ~w(0,0,2) — 4w(0,0,0,0,2) .
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The modular properties of the holomorphic Eisenstein series give rise to S-transformations
such as [22, 69]

T2 i mt i
E0(4,0; 1) = - Eo(4,0; —&0(4,0,0;
0(4.0: =) = Tos0 * 216 ~or 36072 T 00T+ 7é0(4,0,0:7)
im?T (3 it w2 (3 imd 2
E0(4,0,0; 1) = S — E(4,0,0;
0(4,0.0=2) = T+ 6 ~ 1087 ~ 672 T 52078 T 720! 7)
iT? it Gs im0
£0(6,0,0; —1) = — — 5.20
0(6,0,0:=%) = =226800 T 216007 T 2077 2268077 (5.20)
3 3
+ £0(6,0,0;7) + :£0(6,0,0,0;7) — —£0(6,0,0,0,0:7)
2T2 4 6 .2 8
80(670707O;_l) = : + T + T 5 o C5 — il 1
7/ 7 226800 ' 64800 ' 2160072 6073  45360T
w2 2
+ 73€0(6,0,0,0;7) + Z55-£0(6,0,0,0,0; 7).

T

and similar to (3.42), we have absorbed powers of 7 into®®

T:=nT. (5.21)

The remaining modular transformations relevant to (5.19) are displayed in appendix E.1.

These expressions for & (k1,...;—1) yield the following modular 7 — —1 image of (5.18) [22]

T? 7% 2is
Z(O)(Sij,—%) = 1+(8%3—812823) < 90 + +— T +30T2 12&y(4, 0)—750(4 0, 0))
i ir’T G Timt 27r2§3 15¢s 17in5 1272

— — — 4 .22

+812823813<756 5 2 tart e o e e o400 (522
9001 900

—300&(6,0,0)— 7150(6 0,0,0)+ =&(6,0,0,0 0)) Lo

and the following result for (5.19)

iT 3¢z in?  int 9
iy, 4,0,0)
60 2712 127 6078 | 12 ol )

2
Zipha(sij, -1)= 815(

T s 7 m 6 60 120i

2

P ( _ %5 _ 1 )
+(s73+25125923) 375075 216 36072~ TreTi T 73€0(6,0,0,0)+—5-£0(6,0,0,0,0)
+513(s%5— s512523) 85 (—2) +O(a'), (5.23)

where the modular S transformation of 85(7) is given by

1 iT3  Aim?T (3 it B w2z 29in® iz 3¢ in®
55(_ ):_ T o0 o2 T 5 T + 1t
7560 540 20 120T 272 1272 1134073 6074 T4 180075

iT iw? 18 in 3 2 4
+( (3

s s

—§+?+ﬁ_@)50(4 0)+ (E_ﬁ_loﬂ)&ﬂ 0,0) (5.24)

108 216 | £0(4,0,0,0,0)
— 7 €0(4.0)€0(4,0,0)+ 5 (50(4 0,4,0,0)+3E(4,4,0,0,0)+ T)
2016 10080 15120

+ 7 €0(8,0,0,0,0)+ %5(800000) ~1€0(8,0,0,0,0,0,0).

#5Note that this convention for T agrees with the first arXiv version of [22] but not with later versions of
the reference, where another factor of ¢ will be absorbed into the definition of T'.
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The &(...) on the right-hand sides of (5.22) to (5.24) are understood to be evaluated at
argument 7 rather than —%. Note that from the results of [6], any order in the o/-expansion
of (5.22) and (5.23) is expressible in terms of the B-cycle eMZVs of Enriquez [5]. A general
discussion of the asymptotic expansion of B-cycle eMZVs around the cusp can be found
in [5, 22, 70, 119].

5.3 A proposal for a single-valued map at genus one

After modular transformation, the open-string expressions (5.22) to (5.24) resemble the ex-
pansion (3.44) of modular graph forms around the cusp: the Laurent polynomials of (5.22)
in T = n1 parallel the Laurent polynomials of modular graph forms in y = w#Im7. For
instance, with the representations (3.41) of Ej, in terms of iterated Eisenstein integrals, the
o/-expansion (3.9) of the closed-string integral Z(%9) takes the following form,

6
IO (545, 7) = 14 2(sty — 51253) < Tt 93 ~ 12Rel€0(4,0)] - - Relo(4,0, 0)])

2y° 15(5
45+ G+ — SO0 Re[£0(6.0.0)] (5.25)

45
- 920Re[50(6 0,0,0)] — yQORe[SO(&O,O,O,O)]) +0?h.

+ 812823813(

Moreover, the leading low-energy orders Z(90) = 1 +0(s? ;) line up with the symmetry com-

ponent Z(©) of the open-string integral, cf. (5.16), whereas the expansion of Z£2%4 starts

at O(si;). That is why the expression (5.25) was compared with the modular S transfor-
mation of the symmetrized open-string integral in (5.22) [22]. In fact, the coefficients of
the Mandelstam polynomials 3%3—312323 and s12823513 on the open- and closed-string side
were observed to be related via [22]

esv T—>2iy, go(kl,kiz,...,kr) —>2Re(€0(/€1,]{32,...,k’7~), Qu,...,nr — .

(5.26)
with k1 # 0. The single-valued MZVs of depth one can be found in (5.1), and the first
part 7 — 2iIm7 of the esv map in (5.26) does not apply to the exponents in the series
representation (3.40) of iterated Eisenstein integrals in ¢ = €2™". The factors of 2i and 2
in (5.26) ensure that the holomorphic derivatives of 7 and &y(...;7) are preserved under
esv, and they were engineered in [22] to obtain

esv Z(O) (Si]‘, —%) = 1+2(8%3—812823) <45 +9_12Re[80(470)] _SRG[SO(47070)]>
2y3 15
+812523513<139+C3+;5 —600Re[&(6,0,0)] (5.27)
900

—TRe[é’o(t} 0,0,0)]— yfRe[so(ﬁ,o,o,o,O)]> +0(™h

which exactly matches (5.25) to the orders shown,

I(O’O) (Sij’ T) = esv Z(O) (Siju —%) . (528)
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In fact, this correspondence has been checked to persist up to and including the order of
/% and is conjectural at higher orders [22].

The relation (5.28) between open- and closed-string o’-expansions at genus one strongly
resembles the tree-level relation (5.5) between disk and sphere integrals. Hence, the rules
in (5.26) were proposed [22] to implement an elliptic analogue of the single-valued map (5.1)
of MZVs.

However, the formulation of the esv rules in (5.28) is in general ill-defined as it is not
compatible with the shuffle multiplication of iterated Eisenstein integrals (3.38) [22]. For
instance, applying the esv rules to the right-hand side of

£0(4,0,0)2 = 264(4,0,0,4,0,0) + 6&(4,0,4,0,0,0) + 126(4, 4,0,0,0,0) (5.29)

yields a different result than the square of esv&y(4,0,0) = &(4,0,0) + £(4,0,0). The
ambiguity in applying esv to (5.29) is proportional to the cross-term &y(4,0,0)E(4,0,0)
which is of order O(q ) by the g-expansion (3.40). More generally, terms of the form ¢"¢"
and ¢°¢q" with n € Ny in the output of the esv rules (5.26) are well-defined, i.e. independent
of the order of applying shuffle multiplication and esv. We will later on encounter a similar
restriction on the powers of ¢ and ¢ in the expansion (3.44) of modular graph forms that
can be reliably predicted from open-string input.

For the iterated Eisenstein integrals of depth one in (5.22), the convergent &(k,0,...,0)
with k>4 cannot be rewritten via shuffle multiplication without introducing divergent
examples £y(0,...). By restricting the esv rules (5.26) to convergent iterated Eisenstein
integrals, the ambiguities due to shuffle multiplication are relegated to depth two. The
relation (5.28) has been established to the order of o/ (including & of depth three) by
picking an ad hoc convention for the use of shuffle-multiplication in the open-string input,
see section 4.3.3 of [22] for details.

Note that a reformulation of the esv action on &y(...) that bypasses the issues with the
shuffle multiplication and should make contact with the equivariant Eisenstein integrals
of [39] will be discussed in [120].

5.4 The closed-string integral over V3(1,2,3,4) versus esv Zme

Given the above significance of the symmetrized open-string integral Z(®, we will next
apply the esv rules (5.26) to the symmetry component Zg)34 in (5.14). Starting from the
low-energy expansion (5.23) and (5.24) of its modular S transformation, one arrives at

3 9
esv Z (15, —1) = s13(— g5+ 1o — 5.3 Rel€0(4,0,0)])

30
(5% + 2510809 (— %+&—— €[€0(6,0,0,0)] = 2% Re[£(6,0,0,0,0)) )
3
+s13(s3s—s125m) (— 2 — T+ pr o+ | 2= et Rel€o(4,0)]+ Rel€o(4,0,0)]
—@Re[so(zl 0,4,0,0)+30(4,4,0,0,0)+ 515 £0(4,0,0,0,0)]
+@Re[50(4 0)] Re[€o(4,0, 0)] 1008 g [€0(8,0,0,0,0)]
2520 e[€5(8,0,0,0,0,0)] — [50(8,0,0,0,0,0,0)])+0(o/4), (5.30)

which will now be related to the o’ —expansion of closed-string integrals.
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5.4.1 The closed-string expansion in terms of iterated Eisenstein integrals

Given that the symmetry properties (5.15) of Zg;4 have been tailored to match those

of V2(1,2,3,4), it is natural to compare (5.30) with the integral Ig’g(zl) from the heterotic

string. The low-energy expansion (4.35) of Ig’gi) is written in terms of Cauchy-Riemann
derivatives of modular graph functions and can therefore be expressed in terms of iterated
Eisenstein integrals. More precisely, the representations (3.41) and (3.43) of Ej and Es 2

yield [22]

9 3
TVEy = 4% — 34+ 2492E0(4) +12yE0 (4,0) + 6 Re[€o (4, 0,0)]
_ 2y4 3¢5 2
TVE; = 1z — 5+ 2405°0(6,0)+ 360y (6,0,0) + 180£(6,0,0,0)

180 Re[£(6,0,0,0,0)]

+180Re[&(6,0,0,0)]+ y

4P 1
TVE, = Fy% - SZC;+3360y2€0(8,02)+10080y5’0(8, 03)+12600&(8,0%) (5.31)
N 6300&(8,09) 12600 Re[&o(8,05)] N 9450 Re[&o(8,09)]

y2

+5040Re[Ey(8,0M)]+

20°  yPG 5G ¢, (4P 2y* | 6C3
Eoo=— o8O 8y (2 4,0)— (2L 423 4
VB =TT B 12 +2y+< 15 653)50( ,0) (15 Ty )Re[&)( ,0,0)]

2 2 1 4 2
+%80(4,0,O)+36y50(4,0)2—1—366’0(4,0)Re[€0(4,0,0)]—|— SRe[goy( .0,0)]

+144y%E0(4,4,0)+ 72y (£0(4,4,0,0) + 555£0(4,0,0,0))
+36Re[£(4,0,4,0,0)+3E0(4,4,0,0,0)+ 555E0(4,0,0,0,0)]

which can be used to cast the leading orders of (4.35) into the following form

2 3¢ 18
Igé%(sz'jvT):W%l?)( b3

36
4y? (5 120 120
o5 gt Re[50(6,0,0,0)]+—y3 Re[&y(6,0,0,0,0)]

24;)50(6,0,0)+1;2050(6,o,0,0>) +O.

+7T2(S%3+2812823) (

+160&(6,0)+

A similar expression for the o/ 3_order is displayed in appendix E.2. There is a notable
difference between the terms involving real parts of iterated Eisenstein integrals Re[&p] and
the terms without real parts. The real parts Re[&] and the pure y-terms match the esv
image of the open-string integral in (5.30) up to a global rescaling of esv Zggﬂ(sij, —%)
By contrast, the iterated Eisenstein integrals without real part — specifically, the above
728)(4) and %50(4,0) as well as the last line of (5.32) — do not have any open-string
counterpart in (5.30). The same mismatch also arises at the third order in o/, cf. (E.3).
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5.4.2 The Pre projection

We shall now give a more precise description of the commonalities and differences of the
expressions (5.30) and (5.32) for esv Zggﬂ(sij,—%) and Iggoi(sijm). The contributions
to (5.32) which do not have any obvious open-string correspondent will be isolated by
defining a formal projection Pre via

PRe(gO(kly--';kr)) = 2Re[50(k1,...,kr)] y PRe(go(kl,...,kr)) =0 (533)

with k1 # 0 which acts factor-wise on a product. The projection Pge is designed to only
keep the real parts of iterated Eisenstein integrals, i.e. the cases where holomorphic and
antiholomorphic terms pair up. Moreover, Laurent polynomials in y and MZVs are taken

to be inert

PRe (yanl,ng,...,n»,-) = yanl,ng,...,nr . (534)

Similar to the esv rule (5.26), the action of Pre on &y(ki,..., k) is incompatible with
shuffle multiplication and necessitates ad-hoc conventions for the presentation of its input
when two or more of the entries k; are non-zero. By the expansions &y(k1,...)=0(q) and
Eo(k1,...)=0(q) for ki # 0, the ambiguity in evaluating Pre has again at least one factor
of both ¢ and . Based on their representation given in (5.31), the modular graph forms
relevant to the expansion (4.35) are mapped to

) 3
Pre(7VEy) = 4% —(34+6Re[€(4,0,0)]
2t 3 180Re[£y(6,0,0,0,0
PRe(wVEg):;l%—;;+180Re[50(6,0,0,0)]+ el O(y )
497 15
Pre(rVEy) = Fy% - 8;274—5040Re[50(8,0,0,0,0)] (5.35)
12600 Re[€0(8,0,0,0,0,0)] 9450 Re[Eo(8,0,0,0,0,0,0)]
+ + 5
y y
20  y*s BG G /2% 6(3 18Re[€y(4,0,0)]?
Pre(7VEg) = — Y58 955, 5 (24 258 4,0,
Re(TVE22) = 10195+ 15 12 T2y (15 Ty )Re[a’( 0,0)]+ Y

+36Re[E0(4,0,4,0,0)+3E0(4,4,0,0,0)+555E0(4,0,0,0,0)].

The expression (3.41) for Eg is invariant under the projection (5.33), so it naturally extends
to the product

20 PG G 8y° 12¢5 292
Pre(BenVEz) = 5iom 2t =20+ (1263— =% ) Reléo(4,0)]+ (7—17) Re[€0(4,0,0)]
—72Re[Eo(4,0)] Re[€o(4,0,0)] — 3; Re[€o(4,0,0)]2. (5.36)
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5.4.3 The relation between ZS?M and Igsoél)

When applied to the low-energy expansion (5.32) and (E.3) of Z(29)_ the projection Pgre
removes all standalone instances of & but preserves the real parts Pre Re[€y] = Re[&):

2% 3
Pro(Z{351 (515, 7)) = ns13( 12 _ 3% —R €0(4,0,0)])

15 32
42 ¢ 120 120
+ 72(s%5 + 2519593) [ —= — = +—R £0(6,0,0,0)] + — Re[&y(6,0,0,0,0
(st + 21252) (g — 3 £9(6,0,0,0)] + 5 Reféo )
4y 203 5C 3(r 72¢3 16y
2 2
+ ms13(sT3 — S12523) (% + 5 ? - 27y4 + (? - ?> Re[&y(4,0)]
— 5 Rel£o(d,0,0)] = 2 Rel€(4,0)] Refé(4.0.0) (537

432
+ =2 Re[€0(4,0,4,0,0) + 36(4,4,0,0,0) + 555E0(4,0,0,0,0)]
y?

4 1
052 Rel€0(8,0,0,0,0)] + o0

[€6(8,0,0,0,0,0)]

+ 7260 Re[€,(8,0,0,0,0,0 0)]) + O™,

Up to a global prefactor (27i)2, this expression agrees with the esv image (5.30) of the
open-string integral Zg)34. Hence, we have checked to the order of o 3 that

Pre(ZU3) (537, 7)) = (2m)2 esv Z{ah (sij, — 1) , (5.38)

and conjecture this relation between open- and closed-string integrals to hold at higher or-
ders as well. In the order-a/> contribution (5.24) to Zggﬂ(szj, —%), the product in the third
line is understood to be mapped to esv (Ey(4,0)E(4,0,0)) = (esv Ey(4,0))(esv Ey(4,0,0)),
see (5.30), i.e. without shuffle multiplication prior to the application of esv. Similar ad-
hoc convention are expected to be possible at higher orders of Igfi) and ZS)M such as to
satisfy (5.38).

Given that the o/-expansion of Ig:&) is expressible in terms of modular graph forms,
its expansion around the cusp is expected to be of the type (3.44),

I§234 SZ]v Z ]mn 31,]7 . (539)

m,n=0

The coefficients jp, n(sij,y) are series in s;; such that each o/-order comprises Laurent
polynomials in y. Since the ambiguities in the evaluation of esv and Pre were pointed out
to be O(q q), one can turn (5.38) into a well-defined conjecture by dropping terms ~ g,

To) (sij, 1) = (2m0)2 esv Z{aha (s, — 1) + O(q) - (5.40)

This form of our conjecture predicts all the coefficients jo ,(sij,y) of ¢°7" in (5.39) with
n € Ny including the zero mode joo(sij,y) from the open-string quantity ZS?M. The
omission of O(q)-contributions in (5.40) bypasses both the need for the Pre projection
in (5.38) and the incompatibility of esv with the shuffle multiplication.
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The modular weight (2,0) of Ig’?&)(sij, 7) is not at all evident from the relations (5.38)

and (5.40) with open-string integrals. Hence, it should be possible to infer the coefficients
Jmn(Sij,y) in (5.39) with m > 1 that do not have any known open-string counterpart from
Jon(sij,y) via modular properties. This approach is particularly tractable as long as an
ansatz of modular graph forms of suitable transcendental weight is available for a given
order in o/: for instance, suppose the o’ 3 order of IS}&) is known to involve a Q-linear
combination of TVEy, EanVEg and mVEg 9, cf. (4.35). Then, the coefficients ¢, c2,¢3 € Q

in an ansatz

_ s13(8%5 — 512893)
a’ (Im )2

2,0
i

(c17mVE4 + coEonVEy + 637TVE272) (5.41)

are uniquely determined to be (c1, c2, c3) = (%, 6,12) by (5.38) and (5.40). At the o/*-order
of Igggl), one could envision a (4+4)-parameter ansatz comprising nVEs, EonVE3, EsnVEy
and mVEg 3 (see section 4.2 of [22] for the modular graph function Es 3) along with both
S12893535 and siy — 489953, + s33. A more systematic single-valued map extending our

present approach involving Pge will be discussed in [120].

5.4.4 Integration cycles versus elliptic functions

It is amusing to compare the single-valued relation between genus-zero integrals in (5.5)
with our present evidence for an elliptic single-valued correspondence between open and
closed strings. At tree level, the single-valued map of MZVs was found to relate integration
cycles (5.2) on a disk boundary to Parke-Taylor factors (212223 . ..2,1) L. At genus one,
the two links (5.28) and (5.38) between open- and closed-string o/-expansions suggest
that integration cycles on a cylinder boundary translate into combinations of the elliptic
functions V,, in (2.6).

It would be interesting to explain the correspondence between symmetrized open-string
cycles and Vj(1,2,...,n) = 1 as well as the four-point cycles of Zg%4 and V5(1,2,3,4)
from the viewpoint of Betti-deRham duality [36, 37]. The general dictionary between
Vw(1,2,...,n) functions in a closed-string integrand and formal sums of integration cycles
{(z1,..,2n) € R", 0<z1<29<...<2z,<1} on the open-string side will be explored in a
sequel of this work [99].

One might wonder if the integral ISE,&) over the elliptic function Vj(1, 2, 3,4) also admits
an open-string correspondent along the lines of (5.28) and (5.38). However, the independent
permutations of V(1,2,3,4) = 1 and V5(1,2,3,4) already exhaust the three combinations
of four-point cycles that share the invariance under reflection z; — 1 — z; of the even-
weight Vo, (1,2, 3,4). Moreover, since IS‘E&) = Gy(1 + 6s13) + %#ZE? + O(a’?) violates
uniform transcendentality, it might be hard to identify a suitable open-string integral with
the same property. But it might be a more tractable problem to identify open-string
counterparts for the conjecturally uniformly transcendental integrals fgéo)’ 720 and 70

1234 12/34
in (D.13), (D.21) and (D.27), respectively.
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6 Conclusions

In this work, we have developed techniques to systematically determine low-energy expan-
sions of one-loop heterotic-string amplitudes. At each order in ¢/, the integrations over the
punctures are performed at the level of the Fourier modes in a lattice-sum representation of
the correlation functions. Consequently, the coefficients in the o/-expansion are identified
to be modular graph forms for any combination of external gravitons and gauge bosons.
Explicit results are given for the 7-integrand of the four-point amplitude of non-abelian
gauge bosons up to the third subleading order in o/ — both in the planar and in the non-
planar sector. The integral over the modular parameter up to the second order in o’ have
also been carried out in both cases.

We have furthermore pointed out a striking relation between a specific integral in the
planar four-gauge-boson amplitude and a corresponding open-string integral over cylinder
punctures. In this way, we provide another incarnation of the idea that closed-string
integrals follow from open-string quantities via suitable formal operations — single-valued
maps of the periods in the respective o/-expansions. Our results support a recent proposal
for an elliptic single-valued map which arose from inspecting the eMZVs in open-string
o/-expansions and modular graph functions in closed-string o/-expansions at one loop [22].
The proposal in the reference only applies to situations where the open-string punctures
are symmetrized, i.e. independently integrated over the entire cylinder boundary. The
heterotic-string integral in this work, by contrast, relates to generic (i.e. non-symmetrized)
cyclic orderings on the open-string side under the tentative elliptic single-valued map.

These new connections between four-point open- and closed-string integrals point to-
wards the n-point systematics of relating Koba-Nielsen integrals over cylinder and torus
punctures. Integration cycles on the cylinder boundaries should translate into elliptic func-
tions in closed-string integrands via Betti-deRham duality [36, 37]. Since we have identified
the open-string integration cycles dual to the elliptic V5(1,2,3,4) function (4.15) of mod-
ular weight (2,0), one can expect a similar dictionary for various elliptic V,, functions at
higher multiplicity [99].

Still, the proposal for an elliptic single-valued map [22] raises several open questions:
first, the empirical prescription (5.26) to replace iterated Eisenstein integrals by twice their
real parts is incompatible with shuffle multiplication and awaits some reformulation to be
given in [120]. Second, it remains to make contact with Brown’s construction of single-
valued eMZVs via equivariant iterated Eisenstein integrals [38, 39]. Third, the conjectural
relation between open- and closed-string integrals in this work only predicts certain subsec-
tors when expanding closed-string data around the cusp, see (5.40) for details. Given that
the main results in this work concern modular graph forms of non-zero modular weights,
we hope that they harbor new input on the above open questions.

Some of the Koba-Nielsen integrals in the four-gauge-boson amplitude are found to
violate uniform transcendentality in their o/-expansion. These integrals are rewritten using
integration-by-parts relations such as to alleviate certain technical challenges in their o/-
expansion — repeated holomorphic subgraph reduction or regularization of non-absolutely
convergent lattice sums. Our integration-by-parts manipulations yield combinations of
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integrals which are individually believed to have a uniformly transcendental o’-expansion
beyond the lowest orders where we have checked this explicitly. On these grounds, our
rewritings should be instrumental in constructing a uniform-transcendentality basis for the
twisted cohomology for four-point Koba-Nielsen integrals at genus one.

It would be particularly exciting to explore higher-genus generalizations of the present
results. Recent progress in the low-energy expansion at genus g > 2 has been initiated by
the identification [121] and the computation [122] of the Zhang-Kawazumi invariant in two-
loop amplitudes of type-II superstrings at the subleading order in o’. Moreover, a higher-
genus definition of modular graph functions has been recently proposed in [123, 124], along
with a comprehensive investigation of their degeneration limits. It would be interesting
to extend the analysis of the references to higher-genus modular graph forms, to establish
their appearance in heterotic-string amplitudes at g > 2 loops and to connect with the
respective open-string o’-expansions.
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A Relations among modular graph forms

In this appendix, we present the relations among modular graph forms which are necessary
to simplify the heterotic graph forms in the sections 4.2 and 4.3 and comment on some
general properties of identities between modular graph forms.

Note that up to the first order in ¢, the identities (3.21) and (3.24) given in the main
text are sufficient to simplify the planar heterotic graph forms to single lattice sums. These
are also sufficient to simplify the order o/ 2 of Ig}&). For the non-planar heterotic graph
forms one needs also the identity (3.7) on top of (3.21) and (3.24), but these relations are

then sufficient for all simplifications up to third order in «’'.
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A.1 Relations among dihedral graphs at weight (4,0) and order o’ 2

The following identities are instrumental in evaluating the o/ 2 order of the integral ISE,&)

in (2.43) and can be derived by applying the momentum-conservation identities (3.18)
along with (3.20),

Clital=—ScCIs8]+ 5 (CLI8D?,  clatil=3c[88] - (Cl18))’
cl331=0, Cli3l=5Cl88] - 5 (CIIBD®  (A)
ClI3i]=—5CI88]+ 5 (CLIED?,  clizl=0.

A.2 Relations among dihedral graphs at weight (2,0) and order o’ 3

In order to perform simplifications at the third order in o/ of Igéoz;) , one needs the following

identities,
Clit1ol=-E2C[F8] —2C[311]+2C[5¢]
Clgi11]=38E2C[§8]+6C[}]1]-6C[3(]
Cliiil= (A.2)
1
cl3311 =~ cli 111+ Cl38)
1
Cl338] = 5Clitl- cl3g]
1
cl3ial=—5Clitl.

The first one of these can be verified up to a function of 7 of modular weight (0, —2) by
acting on both sides with the Cauchy-Riemann operator V in (3.30). The vanishing of
the constant follows from the corollary Hl(g’g(zl) [G12G13Ga3] = 0 of (4.30) as can be seen by
inserting a trihedral identity from (A.14) and one of the other identities of (A.2) into (B.1).
The remaining identities of (A.2) can all be derived from the momentum-conservation

identities (3.18) and (3.19).

A.3 Eisenstein regularized sums

The procedure of holomorphic subgraph reduction [15] is based on performing partial-
fraction decomposition on the summand of the lattice sum using the momentum of the
holomorphic edge. This produces sums of the form

1

> —, n>1. (A.3)
pn

p§0

p7q

These can be performed explicitly and hence the original graph is simplified. For n >
3, the sums (A.3) are absolutely convergent and evaluate to G, — qin. For n = 1,2,
however, (A.3) is not absolutely convergent and hence ill-defined. This ambiguity arises

because the original, absolutely convergent, sum was illegally distributed over terms which
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are not absolutely convergent. One can make this step well-defined by first committing to a
summation prescription for which all the sums (A.3) are convergent and then distributing
the sum. A summation prescription which satisfies this criterion is the so-called Eisenstein
summation ZE which is defined by [65, 125]

M
> o ) = lim > <ngnoo Z fm7'+n>—i— lgnoo Z fln (A.4)

#0 =M

Under Eisenstein summation we obtain (cf. (3.16))

> L > % ql+G2+IT. (A.5)

E
p#0 p 9
P#£q P#q

Note that the right-hand side for the sum over p~2 is not modular covariant since the

contributions 17— and Gs have different modular weights. As explained in the following,
these cancel from the final expressions for the present dihedral modular graph forms [15]
and also for more general cases of holomorphic subgraph reduction [66]. In the partial-

fraction decomposition of modular graph forms, also shifted sums of the form

1
o n>1 (A.6)

2" (a—p)
P#£q

appear. For n > 2, the shift (and sign flip) of the summation variable is irrelevant. For

n = 1, however, we obtain

™
I%IOE PR =D (A7)
p#q

The right-hand side is again not modular covariant due to the 7—¢ term. When assembling
the partial-fraction decomposition of modular graph forms, all the terms of the wrong
modular weight are found to cancel out, and we are left with modular covariant results.
The terms in curly brackets in (3.22) are due to the contributions from n = 1, 2.

Note that in deriving the general expression (3.22), it is convenient to use the functions

1 T

Ql(q) = _g - 2Im T

1 .
(¢—q), Qalg) = =5 + G + ﬁ (A.8)

and then to replace

Z — Q1(q ZL%QNQ)’ Z;%Qg(q). (A.9)

p?fO p#0 @b p#0
P#q P#q P#q

In the expressions obtained form partial-fraction decomposition of modular graph forms,
this is equivalent to performing the Eisenstein summation as outlined above.
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A.4 Relations among trihedral graphs

Also for trihedral modular graph forms there exist similar simplification identities as for
dihedral modular graph forms. The trihedral momentum-conservation identity is very
similar to its dihedral analogue (3.18) and given by [15]

Ry Ry

> e[ B[5]F] -2 cls|%]r] =0

=1 i—=1

Ry JRQ

Z}C[ﬁ %\?}—20[2\5 ?}20, (A.10)
1= j=1

where A = (ai,...,ag,) and similarly for B, C, D, E and F as in figure 6. Moreover,
we are using the shorthand A; = (a1,...,a;—1,a;—1,a,11,...,ar,) and similarly for B;, C;
and D;. Since the order of the blocks in the argument of C is irrelevant, (A.10) straight-
forwardly generalizes to any pair of blocks, i.e. with (C,D) < (E,F) or (A,B) < (E,F)
interchanged.

As in the dihedral case (3.19), whenever an edge carries the trivial decoration (0,0),
one summation variable can be removed [15]

ClA8151F] = 0 Plerg BT cts o] - c[315]
=1

ot

]. (A.11)

For trihedral graphs of the form C[$|%|%] one can use (A.11) with the empty product
set to one and the replacement

clIg| 7] = clpIclE]. (A.12)
If two blocks carry just one edge, the trihedral graph simplifies to a dihedral one,?¢

Cle]a|E] = (-nertretdcipre 7). (A.13)

To simplify the third order in o of H 1(3:’3(2, we need the trihedral identities

Clitliolol=Cliiil+ClTi16]+EC[T0]
1 1 1
Clioliolil=5Cli11]+5CT1106]+ 5ECIE5], (A.14)

which can be derived from the identities (A.10) and (A.11).
As in the dihedral case, holomorphic subgraph reduction is also possible for trihedral
graphs [15]. In this case, the holomorphic subgraph can be either two-valent (i.e. the lattice

sum is of the form C[aol G g S 1%]) or three-valent (so that the lattice sum has the form

**Note that when specializing (A.11) to C[¢§| 5|5 7 ] and using (A.13), there appears to be an overall
(—1)*¢ difference compared to (7.12) of [15]. This is due to the reversed sign in the (c,d) column used in
this section of [15], cf. (7.8) therein.
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eralization of dihedral holomorphic subgraph reduction (3.22) and given explicitly in [66],

]) While the reduction of two-valent subgraphs is a straightforward gen-

the decomposition of three-valent holomorphic subgraphs yields new sums of the form

> in n>1 (A.15)
p

p#0
PFq1,92

generalizing (A.3). As in the dihedral case, one can perform a replacement

> ;—>Q1(Q1,Q2), > = Qg a—a), Y p12—>Q2(Q1,Q2) (A.16)

qn—p
p#0 p#0 p#0
PFq1,92 PFq1,92 PFq1,92

of the conditionally convergent sums by suitably defined functions [66]

1 1 T _ _
Qi(q1,q2) = “a 31mr<q1 + ¢ — 0 — @)
1 1 A T
Q2(q1,q2) i =—— — 5 + G2+ ——. A.17
(@1, 2) @ 4 Im 7 (A.17)

Once the expressions (A.17) are known, an explicit (though combinatorially involved) for-
mula for trihedral three-valent holomorphic subgraph reduction can be obtained, see [66]
for details. Again, the terms of incorrect modular weight due to Q1 and Q2 in (A.17) cancel
out in the final expression.

Using this explicit formula for the trihedral modular graph forms appearing at order

o'? in 11(35304)7 we obtain
CI3L1518]=—GaCl38] = GaC[21 4] - CI5 0]
+4C[§8]-cCldsil - Cldzil+3Ci1d]
Cl1EITE13] =2GoC[48]+2GoC[3 L 4] +2C[3 8] (A.18)
—6C[801+2C[351]+2C[Pgi]—6C[116]-

Simplifying these using the identities from section A.1 as well as the dihedral holomorphic
subgraph relation (3.24) yields the trihedral decompositions of (4.25).

A.5 Tetrahedral holomorphic subgraph reduction

The tetrahedral graph Ciey defined in (4.23) can be decomposed using tetrahedral holo-
morphic subgraph reduction. It is convenient to employ the following partial-fraction
decomposition of the sum (4.23) w.r.t. ps,

Im7 2 1 - -
Ct ;= ( ) _|_Cp1—P2 _|_Cp1— P2
’ L p;m Lo 1117 I2PPps(p1-4ps) (potps) (01 +patps) T

p1+p37#0

p2+p37#0
p1+p2+p37#0

p1£+p2

ImT 1 1 1
_ (1m7 Z — _ (A.19)
T Ip112|p2|? | p1 (P1—p2)p2 (P1+p3) 1 (P1—Dp2) P2 (D2+D3)
P1,p2,p370

p1+p37£0
p2+p3#£0 1 1 B B
p1+p2+psA0 4 CPL=P2 4 oP1="P2

+ )
P1#Ep2 p1p2 (p1+p2) (p1+p2e+ps)  pipe (pi+p2)ps| et
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where CP1=*P2 is the sum (4.23) with p; set to ps. The terms CP-=*P* involving fewer

momenta are of lower complexity and can be simplified using the techniques of section A.4.
The p3-sum in the remaining contributions to (A.19) can be performed by means of the re-

placements
1 1
Y = Qi) > —— > Qe ate ata),  (A20)
p pP+aq
p#0 p#0
P#41,92,93 PF—4q1,92,93
where [66]
1 1 1 T
Qilq,q2,q3) == —— — — — — — (ql +a2+4q—q0 — 3@ —q). (A.21)

Putting everything together, (A.19) can be written in terms of dihedral modular
graph forms,

Cier = —2G2C[3§] +2C[§§] +4C[3 5 7] +4CIF 73] - 8C[3 6] (A.22)

After using (3.24) and the identities from section A.1, this simplifies to the last line in (4.25).

B The V,(1,2,3,4) integral at the third order in o’

In this appendix, we list the heterotic graph forms contributing to Ig’?&) at order o/>.

B.1 The twelve inequivalent heterotic graph forms

Table 1 lists the twelve inequivalent heterotic graph forms at order o’ 3 in the planar sector.
The contributions of modular weight (2,0) are explicitly given by

HEGh) = —C[2 1]
Hgs(i)[szs] = 26[3 % % H
H9 [GhGra) = —C[3 11— C3 1 18]+ BaCld )]
HEGHG] = Cl3 1] —EoC[3 ]
HE)GHGa] = C[311] —EoC[3 ]
HE9 GGl = —C[3 11+ Cl T 18] — B2 Cld ] (B.1)
HO (G33Gaa] = —2C[3 1 1] + 2E2C[3 )]
HO[G12G13Gra) = —C[23 1]
H{3 [G12G13Gas] = —C[32 1]+ C[1 41 4[1]
H1234[G12G13G24]=—C[§8J+C[%%H—%[%%%HC[%%%]
H [G12G13Gas) = —C[22 1]
H [G12G1aGas) = —C[30] —3C[3 1 4]
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B.2 Identities among modular graph forms at order o’ 3

Using the relations from appendix A, the heterotic graph forms (B.1) can be simplified.
We obtain e.g.

HGR[Gh] = —6C[311]+6C[59] — 3E2C[3 ]
HOW[GGis] = CI3 11 —2C[3 9] + 2E2 C[3 )] (B.2)
HEO)[G2,Ga) = C[3 1] — EoC[3 )]

3
HG)[G12G14Gas) = 20[? 11— Cl33].

Once this simplification is performed for all heterotic graph forms in (B.1), it is clear that
the remaining contributions in (B.1) are either related to those in (B.2) or zero,

720

Hy5sy [G 3] = —QHS&) [G ]
H{53 [GGa] = H4 (GG
H{34][G35G1a) = —H{33) [G1Ghs] — H{34) [G35G1d)
H{34 [G35Ga) = —2H (33 [G3,G 4] (B.3)
H{33[G12G13Goa) = —H 1(334) [G12G14G2s]
H [G12G13G14) = H{) [G12G13Gas] = Higy) [G12G13Ga] = 0.

Note that the expressions (B.3) are compatible with the symmetries (4.30).

C The V5(i,j) integrals at the third order in o’

In this appendix, we list the heterotic graph forms contributing to the double-trace sector
at order o/>.

C.1 The inequivalent heterotic graph forms of weight (2, 0)

13

Table 2 lists the twelve inequivalent heterotic graph forms at order o/ in the non-planar

sector. Using the regularized values given in (4.43) and (4.47), the weight-(2,0) contribu-
tions are given by
2,0 A
{2\32;[G o) = G2(2(Es + (3 — 3) — 3E2) + 12C[3 9] — 6C[4 9]
2,0 A
Hfm?)i[G 3] = 2G2(Es + G3)
H3Y) [G2,Gl34] = —E2Go

12|34

H5iy[C12Ghy) = ~ExCa

HEO [G36ha] = —C[43)
Hg\gi[GlszGm] =—C[59]
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TR [G13G14G34] = 2E;Go + Cl3 8] — ,C[ ]

H i34
Hg\gi[G 2G13] = HS](QL[GquGu] = f2|334[G12G13G14]
1(2|321[G 3G2] = gigi[GBGMG%] =0. (C.1)

Note that the appearance of (3 is due to the modular graph function C1 11 in intermediate
steps, see (3.7).
C.2 The inequivalent heterotic graph forms of weight (4, 0)

Similarly to section C.1, the regularized values of the weight-(4,0) contributions are given by

§2|321[G o] = G3(E3 — 3Eg + (3 — 6) +12G2C[3 9] — 6G2C[4 9]

HGO1G33] = G3(Es + G)

Higj3y

Séi[G 3Gaa] = —(2 + E2)G2 + 4G, C[3 0]

£2|321[G12G%3] = —E,G3

£2|321[G 5G] = —G2C[49)] (©2)
£2|321 [G12G13Gh4] = Gs C(37]

H{y)[GGoa] = —2Ga — 2Go C[3 8] + 8C[§ 8]
H{E [GraGrsGo = 264 — GoCl1§] - Cacl38) + 6[T)
£2|331[G13G14G34] EgG2 + Go C[39] - géz C[4 9]
O [G1sGuaGas] = 2G4 +2Ga C[1§] — 6C[78)

4,0 4,0
£2|331[G 2G13] = H{Q\gi[G 2G13] =0.

D Decomposition into uniform-transcendentality integrals

In this appendix, we give more details on the rearrangements of the integrals in section 4.4
and in particular derive the expressions for the conjecturally uniformly transcendental
integrals f(f“’o) via integrations by parts.

The notion of transcendental weight for modular graph forms can be derived from the
terminology for eMZVs (5.8), where w(ni,na,...,n,) is said to have weight ni+na+... +n,.
This convention implies weight one for m, weight n1+no+...4+n, for (u, n,,.. n, and weight
r for iterated Eisenstein integrals &y(k1,k2,...,ky) in (3.38). This means that both types of
Eisenstein series Gy and Ej, have weight k& and that 7V as well as y = 7w Im 7 have weight one.
Similarly, (7V)PEy and (7V)PE; o are found to carry weight k+p and 4+p, respectively.

D.1 Planar integrals

In this section, we provide a decomposition of ZS’?&) defined in (2.43) into the integrals of
uniform transcendentality. In particular, we derive (4.50).
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D.1.1 Integration-by-parts manipulations

The idea is to exp101t the fact that total derivatives 9; = 8— of the Koba-Nielsen factor
(with 0;G;j = fw )

= Hexp (SijGij(T)> s azjn = _jn Z Smfz(]l) (D'l)

i<j J#i

integrate to zero. In order to relate this to the constituents f*) of the integrand Va(1,2,3,4)

of IS;SOZE, cf. (4.15), the total z;-derivatives have to furthermore act on suitably chosen

functions of modular weight three. As we will see, the identities of interest involve the

combination?’

3 1) (1) 1) 1 3 3 3y 1. 2 2
X§2?34 = f1(2)f2(3)f?54) + 6 (f1(2) + f:§4)) f( )+ *f2(3) (f1(2) + f§4)) (D.2)
2 .2 1 1 1
+§f2(3) (f1(2)+fz§4)) 5 ( ()f34 +flz f34> ;
whose derivatives in z1,..., 24 can be evaluated using
0.fD(z) = 2f)(2) ( (2)" = Gy

0. fP(2) = 3fF)(2) — fV(2) fP(2) — Gaf (2) (D.3)
0.fP(z) = 4fW(2) - f J(2) () — Gaf P (2) — Ga.

The virtue of the combination (D.2) is that it allows generating V4(1,2,3,4) and simpler

elliptic functions by means of total derivatives in the punctures as detailed below. Indeed,

by the symmetries ngm = _Xg)m and ng% + XQ(?:)M + Xég)m + Xégzu = 0 due to Fay

identities [6, 49], one can show that
XD L ax® 0y (xB) 4+ xO) ) = Gyt GaVh(1,2,3,4) — Vi(1,2,3, 4 D.4
1 X534 + 02X y30 — 05(X7yn3 + Xi943) 4+ GaV2(1,2,3,4) — Vy(1,2,3,4).  (D.4)

In order to relate this to the Koba-Nielsen integral IS}&), we extend (D.4) to the following
total derivative via (D.1) and V4(1,2,3,4) 4+ cyc(2,3,4) = 3Gy,

O4(X 1234~74) + 82(X§432~74) 03(X gi3~74) 53(X£423~74) (D.5)
- j4 [G2‘/2(17 27 37 4) - ( + 81234)‘/4(17 27 37 4) + G4 + 3(513 + 524)G4 + ‘/Zl(]w 2a 35 4)] )

using the shorthands sj234 := s12 + S13 + S14 + S23 + S24 + s34 and

Va(1,2,3,4) = s12Ryp3ap + s23R3141)2 + 534 Raj12)3 + 51411230
— 513(Ryj24i3 + Rijazps) — s24(Roj13a + Ra3114) (D.6)

comprising several permutations of

Ripga = f14 X {34 + Va(1,2,3,4). (D.7)

2708 would like to thank Carlos Mafra for collaboration on related topics, where the meromorphic version
of (D.2) with all the Im z; removed has been studied.

— 60 —



In the remainder of this subsection, we elaborate on some of the intermediate steps in (D.5):
when the derivatives act on the Koba-Nielsen factor Jy, they generate the terms

X (s1afy) + s0afs) + s3afsn) + X Do (s12f(5) — so3fiy) — s2afiy)

3 3 1 1 1
— (Xf5s + X{ths) 10115 + s2affy) — saafiy) (D-8)
= [314f14)X12?34 +eye(1,2,3,4)] - 313f13 (szzm + X§423) - 324f (X§134 + X§3)14)

where the symmetries XS?M = _Xg)m and X{gé4+X§1?34+X§3)14+X2(3211 = 0 have been used
in passing to the last line. However, we have refrained from using momentum conservation
in (D.5) or (D.8) so far. The term s1234V4(1,2,3,4) in the second line of (D.5) has been
generated by rewriting each term in (D.8) via permutations of (D.7). The coefficients of
s13 and sg4 in (D. 8) require the additional intermediate step

_f13 ( 1243 + X£4)23) ‘/21(17 2? 47 3) + V4(1a 4a 27 3) - R1|24|3 - R1\42\3
- 3G4 - V4(1, 2, 3, 4) - R1|24|3 - R1‘42‘3 (Dg)

in reproducing (D.5).

D.1.2 Uniform transcendentality decomposition

Using the representation (D.2) and (4.15) of its constituents XS?M and Vy(1,2,3,4), Ryj234
can be expanded as

R1|23|4=f§§>f§i’ff?+f8>f§i <2>+f12 £33 1D+ 15 f23 R S A S B A e
VIV - VA 1D S fD 1D -2 A Y AD - S D A 1D
—fflz i +f1§)f14 +f1§)f§§)+fli)f23 + 1A+ D D+ 2 £ (DA10)
iR (3)—ff14 =101 — 1S~ 1R 1S~ 1D 1D + 1D 1
+f23 f34 +f34 12 +f1;) ?Ei)"‘fg) 2(§)+f:§i) 2(§)+f1(3)+f1(3)+f(4)+f§3)-

Hence, all the terms of Rjjp34 involve at most three factors of fi(f , and none of them

exhibits a subcycle fi(]m) f](Zn ) or fl(]m f f . This means none of the resulting graphs
in the order-by-order integration against monomials in G;; contains closed holomorphic
subgraphs and hence the need for holomorphic subgraph reduction is removed.

Apart from Ryjp314 = Ry32)1, there are no further relations among the 12 reflection-
mdependent permutations of Rjja34 in (D.7). The reflection property is sufficient to show
that V4(1,2,3 4) 4+ cyc(2,3,4) = 0.

In the momentum phase-space of four particles with s13 = so4 and s1234 = 0, one can
solve (D.5) for

‘/4(17 2> 374) = GQVYQ(]" 27 3>4) + G4 + 6513G4 + ‘/}4(17 2> 3>4) ) (Dll)

~

where the equivalence relation 2 indicates that total derivatives 9;(...J4) have to be
discarded in equating (Jy times) the two sides of (D.11). At the level of the integrals,
this implies

4,0 0,0 A 2,0 Z(4,0
T (557, 7) = GaZioy) (51, 7) + CoTiom) (555, 7) + Ligay (565, 7) » (D.12)
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cf. (4.51), where we have introduced a new Koba-Nielsen integral

4
I%’g(?(sz'j, T) = /du4 exp ( Z SijGij(T)> {6813G4 + s12Rgj341 + 523 R31412  (D-13)
1<i<j

+ s34 Rapiog3 + s14Rijo3ja — 513(Rajo43 + Rijag)z) — s24(Rojizpa + R2\31\4)} ~

Given that the R;;; boil down to the f@®) with a lattice-sum representation (4.2), the
coefficients in the o/-expansion of (D.13) are guaranteed to be modular graph forms by
the arguments of section 4.1. By the absence of subcycles in the constituents (D.7), the
o’-expansion of fg’:&) is expected to exhibit uniform transcendentality with weight k+3 at

the order of o/*. This is confirmed by the leading orders in o/,
fgzﬁz (Sij, T) = 6513G4 + 2(8%3 -+ 2812823) C[i’ 8] + 0(0/3) R (D.14)

as can be seen from the form given in (4.51).
By inserting the decomposition (D.12) of the integral I{;ng into (2.42), we arrive at

the decomposition of the complete planar T-integrand as stated in (4.50).

D.1.3 Consistency check of the leading contributions to .’Z’S};O‘l)

The leading-order result (D.14) can not only been obtained from (D.12) but can also be
checked in an independent calculation based on an o’-expansion of (D.13) as follows. We
use the notation

Ra|bc|d |: H GZ”:| = /duél Ra|bc|d H GZZ] (D15)
1<j 1<j
analogous to (4.12). In the absence of closed subcycles in the expression (D.10) for R;34,
the leading order evidently vanishes,
Ra|bc|d[@] =0. (D.16)
At the subleading order in o, the same representation of Ryj93)4 yields

35
RijosjalGra] = =3C[3 3], RijasalGrs] = KC[‘? 01, RijesulGra] = —4C[7 §]

35
RijagjalGas] = =3C[3 0], RijosalGad] = EC[? 01, RipgulGaa) = =3C[38], (D.17)

and any other Ry q[Gi;] can be obtained by relabeling. Finally, the contribution of 6s513G4
in (D.13) integrates to 6s13G4Z(0 with 700 = 1 4+ O(«/?), completing the verification
of (D.14) to the orders shown.

D.2 Non-planar integrals

The non-planar integrals 739 and 74 in (2.46) and (2.47) admit integration-by-parts

1234 12(34
manipulations analogous to (D.11) to be rewritten in terms of (conjecturally) uniformly
transcendental integrals 709 In this section we derive these decompositions, given

1234
in (4.54) in the main text.
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In the non-planar cases, the total derivatives are simpler and boil down to iterations of
Do i3 Tn) = Ta[Ga = (1 + s12)Va(1,2) + 251015 = F5 (528185 + s20f81)] . (D18)
which can be used to solve for

(14 s12)Va(1,2) = Gy + 2512f1(§) - fl(;)(SQng(é) + 524f2(i)) . (D.19)

~

Again, = indicates that total derivatives 9;(...J4) have been discarded in passing to the
right-hand side. A similar identity can be derived by taking a zj;-derivative in (D.18), so
the right-hand side of (D.19) turns out to be symmetric under the simultaneous exchange
of (z1,515) ¢ (22, s25), at least up to total derivatives.

(20

D.2.1 Rewriting the integral 12]34

By applying (D.19) to both summands V5(1,2) and V5(3,4) of (2.47), one arrives at a

decomposition

26T (si5,7) + Iy, (515 7)

(2,0) _
Il2|34(5ij77-) = 1+ 510 (D.20)
involving a new integral that should be uniformly transcendental,
4
(2,0
I§2‘3Z(Sij,7') = /d,u4 exp Z SijGij(T) (D.21)

1<i<j

< (2810113 — 12 (s 35+ 50 £33 )+ 2850 57 = £33 (s £) +s1217) |

4
_2/du4 exp [ > siGi(7) (251233 — F13 (s23 33 +s2431)] -

1<i<j

In passing to the last line, we have used Mandelstam identities and the symmetries of the
Koba-Nielsen factor to obtain identities such as

4 1
/dﬂ4 exp | Y 5i5Gi; (7) so3fiy fiy) = /du4 exp | Y 5i;Gi;(7) sufi 1y
1<i<j 1<i<y

(D.22)

The expansion of i&gi

uniformly transcendental.

up to the third order in o' is given in (4.55) and verified to be

— 63 —



D.2.2 Rewriting the integral 70

12|34
Repeated application of (D.18) leads to a total-derivative relation for the integrand of Igigzv
(L+ s12)(1+ s3)Va(1,2)Va(3,4) = G3 + st iy fui) £i3) fir) + st £ 120 1Y
. 1
+ Gy (251213 + 2s3f5) + 5f1(§)(313f1(§) +s1fly) — soafsy — s2fsy)
1
+ ifg(i)(324f2(i) +s1afly) — snafly — s13f%))| + dsrasaaf S A7 (D.23)
+ s fsn 1) (5131 + s1afly) — soafsy — saafsy)
+s10f 5 ) (saafsy) + s1afly) — soafsy) — s135%)),
and therefore to a similar decomposition for the integral as in (D.20):
GQI(O’O)(3~ T)+ Ggf(m) (8ij,7) + 7% (8ij,T)
4,0 2 ijs 12(34\55> 12(34\ 55>
Ifz@l(sz‘jﬁ) = | | . (D.24)

(14 s12)?

Here, we have introduced the integral

4
IS’&(S@,T) :/d/’"l eXp( Z SijGij(T)) [4312834f1(§)f3§421)+4334f§z)f1(;)(313f1(;)+814f1(i))
1<i<j

st f3 VI Y st IS Y] (02s)

over the terms without Gy on the right-hand side of (D.23), where relabeling identities of the
form (D.22) were used to simplify the result. Again, we have independently verified (D.20)
and (D.24) to the order of o/ by expanding the integrals in (D.21) and (D.25) along the
lines of section D.1.3. Upon insertion into (2.42), we arrive at an alternative representation
of the non-planar sector of the four-point amplitude,

2\/(470) A
(7—) ‘ B G41.12|34 G3G2 B z G4Gg (2,0
Tr(te1492) Tr(t93494) — (1 4 g15)2 (1+512)2 21 +s1p) 12834

My (D.26)

< GIG3 . CaGoCy

5 3 49 2 0,0
0+ 5102 T + 3G4+6G6> 7(0,0)

D.2.3 Towards a uniform-transcendentality basis
However, this is not yet the desired uniform-transcendentality decomposition since the last

line in the integrand (D.25) of ﬁg'gi exhibits closed subcycles fi(jl) f](;) f’gll) l(il)_ One can

isolate a piece of uniform transcendentality from (D.25) by subtracting these subcycles via
Va(i, 3, k, 1), i.e. the integral

4
Tyioh(sigm) = / dpa exp( > SijGij(T)) [4812834f1(§)f§?+4834f§i)f1(§)(813f1(§)+814f1(i))

1<i<j

3 (PG A PG Y -va,2,4.3) + L (P A AV Y - va2.3,0) ) (2)
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is claimed to be uniformly transcendental. Then, by the decomposition (D.12) of integrals
over Vi(i,7,k,1), we can relate this to (D.25) via

~(4,0) 2(4,0 2(4,0) . A (2,0 2(4,0) . A (2,0
oD — 700 4 (sts + 5%3)(}41(0’0) + 5%3@%243) + GZI£243)) + 5%3@%234) + G2I§23 )) .

1234 = 12|34
(D.28)

Upon insertion into (D.26), we obtain admixtures of the planar integrals fg:r&) and Igé&)
defined by (D.13) and (2.44), respectively, and arrive at (4.54). Similar to section D.1.3, the
results for Zf;’?&) in (4.48) and (4.49) have been confirmed by performing an independent «’-
expansion of (D.21) and (D.27) and inserting into the above integration-by-parts relations.

D.3 Efficiency of the new representations for higher-order expansions

Given the Mandelstam invariants in the integrands (D.13), (D.21) and (D.27) of f{g’i&),

~

Igigzl and igigzu the k' order in their o/-expansion can be computed from less than k

factors of Gj; from the Koba-Nielsen factor. However, the variety of fi(]w) along with
the different sg; in the integrands increases the number of independent calculations w.r.t.
relabeling the punctures and momenta at a fixed order of the Koba-Nielsen expansion.
Hence, the combinatorial efficiency of the new representations (4.50) and (4.54) of My(T)
for higher-order o/-expansion should be comparable to the old one in (2.42).

Instead, the main advantages of the integrals ﬂgg&) , fg& and fgél are the following:

e The integrand of ﬂgg&) in (D.13) does not share the term fl(;)féé)f&)fﬁ) of the
Vi(1,2,3,4) function. Like this, expansion of IS}&) bypasses numerous holomorphic
subgraph reductions that introduced a spurious complexity into the calculations of

section 4.2.

e The o/-expansions of If;fi in section 4.3 were plagued by conditionally convergent
or divergent lattice sums. Lack of absolute convergence is caused by the terms ( fi(jl))2
or Y o %e%i(p’“ﬁ in the representations (4.37) or (4.9) of Va(i, 7). Both of them are

manifestly absent in the integrands (D.21) and (D.27) of fg'gzl and f{;gi

E The elliptic single-valued map at the third order in o’

In this appendix, we give some further explicit expressions necessary to relate the (a/)3-
order of open- and closed-string integrals through the tentative elliptic single-valued map
in section 5.

E.1 Modular transformation of iterated Eisenstein integrals

Modular transformations of the iterated Eisenstein integrals at the orders o’ and o
of (5.19) were given in (5.20). The order o/ also necessitates the modular transforma-
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tions [22, 69]

. 2T3 G} . 8 2 - 10
£0(8,0,0,0,0: 1y — - T M i Tl im
T 05256000 ' 136080007 ' 285768073 = 672T* 45360001
+7T25(80000)+5m25(800000) 15#28(8000000) (E.1)
T2 O ) ) )] ) T3 O ) ) ) ) ) 2T4 0 ) M M M M ) .
2T imiT
£0(4,0,4,0,0; — 1) + 385(4,4,0,0,0; — 1) + L £(4,0,0,0,0; — 1) = .~
0( y Uy F, Uy Uy 7—)+ 0( , 1, U, Uy Uy 7—)+ 360 0( , Uy, U, U, Uy 7—) 2016000 + 116640
2 15 6 2 4 - 8 s 22
+57C5_7TC3_ 91lim _57TC52_ 7r(32+ s 3+z7rg“§ (E.2)
432 7 6480 14580007 43272 120672 ' 3888073 ' 72T
6 - 10 2 4 - 2 6
77(34_ i 5+<7T n 7T2_’L7TC3_ 71'4)80(4’0’0)
21607% 32400075 ' \1080 ' 21672 613 3607

im? 2 £0(4,0,0,0,0)
o Eo(4,0,0)% + ﬁ(50(4,0,4,0,0) +360(4,4,0,0,0) + —)

360

E.2 The third o’-order of Iggoél) and iterated Eisenstein integrals

The first and second order of Ig’:gf in o/ were written in terms of iterated Eisenstein

integrals in (5.32). Similarly, the third order of the expansion in (4.35) can be written as

2,0
i

@jL%_%_&Jr(m@ _ 16y
945 5 y2 2yt y? 5

Re[€)(4,0,4,0,0)+3(4,4,0,0,0)+ 55:£0(4,0,0,0,0)]

2 2 2
o3 =T $13(8To+ 512523+ 533) (
432
y2

) Re[€5(4,0)]
— 2 Re[£0(4,0,0)]+

+ 4232 Re[€0(8,0,0,0,0)] + 10;380 Re[€0(8,0,0,0,0,0)] + 7230 Re[€0(8,0,0,0,0,0,0)]

— 92 Rl (4, 0] Rel€o(4,0,0) 4+ ( 2+ 1) £ (4) + 2140 (4,0) + 260(4,0,0)
+%50(4, 0)2— 1728 (4) Re[£o(4,0)] — %50(4, 0) Re[€0(4,0)] — %50(4) Re[€o(4,0,0)]
+172850(4,4,0)+% [50(4,4,0,0)+%50(4,0,0,0)} +26888(8,0,0)
+$€0(8,0,0,0)+ 10;28080(8,0,0,0,0)+ 52§0€0(8,0,0,0,0,0)> . (E.3)

As in (5.32), not all of these terms are reproduced by (27i)? esv Zg)gél(sij, —1)| 3, but only

the ones which are left invariant under the projection Pgre defined in (5.33). Specifically,

Pre maps the terms % + %) Eo(4) + ZyEn(4,0) + 2£(4,0,0) in the fourth line and

y
all terms in the following lines to zero.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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