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Abstract

A two-component non-isothermal model of linear chromatography is formulated

to study heat effects and interference between components in thermally insulated

columns. The Laplace transform and decoupling techniques are jointly applied to

solve the model equations analytically. The first and second analytical temporal

moments are derived which simply vectorized the moments of a single-solute non-

isothermal model. To confirm ranges of applicability of the derived analytical so-

lutions, a high resolution finite volume method is additionally applied to solve the

nonlinear non-isothermal model equations numerically. Various test problems are

considered. The influence of heat transfer on the retention times and shape of the

profiles are studied, as both the thermodynamics and kinetics of adsorption processes
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are functions of temperature. The enthalpy of adsorption essentially influences the

thermal behavior of the column. It was found that the ratio of specific heat times

density of solid and liquid phases has a significant influence on the magnitude and

speed of the thermal waves. The results obtained could be helpful to understand and

optimize competitive adsorption chromatography.

Introduction

The chromatography has gained an enormous popularity as a separation and purification

technique in the group of chemists pursuing pure and applied research, such as chemistry,

biochemistry, as well as clinical and environmental sciences. This popularity is due to its

capability to separate components of complex mixtures rapidly, completely, and inexpen-

sively, even though separations of these mixtures are desired at laboratory and industrial

scales. In this technique, the separation of components relies on their distinct adsorptivi-

ties to a particular adsorbent packed inside the chromatographic column. The batch liquid

chromatography is the most simplest technique that involves a single cylindrical column fed

periodically with the pulses of mixtures. While migrating along the column, the strongly

adsorptive component stays longer inside the column as compared to the weaker adsorptive

component and, hence, leaves the column afterwards.

The quantification of chromatography is complicated. When the sample is concentrated

or its volume is large and the mass transfer kinetics, such as adsorption-desorption or

association-dissociation with the solid phase, are rate limiting, a junk of complex problems

have to be handled simultaneously and it is difficult to find out which of them control the

response of a column to a change in the composition of the mobile phase.

Multi-component models are extensions of the single-component models and the coupling

of mass balances are mainly responsible for further complexity in the problem. The systems
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remain linear and uncoupled only for low concentrations. The interference due to equilib-

rium isotherms has been investigated by numerous authors.1–4 Also, the interference due

to both isotherms and diffusion has been studied.5

Since adsorption is an exothermic process, the accompanying heat transfer can be very im-

portant in certain situations. Typically, the adsorption process has been assumed isother-

mal in liquid chromatography.6–8 There are only a few research articles available in the lit-

erature which deal with the non-isothermal conditions.9–11 When an eluent passes through

a chromatographic column, viscous heat is generated due to friction that increases temper-

ature to a significant degrees along the column.12 Significant effects can be due to changes

in solvent viscosity or losses of column efficiency caused by radial temperature gradients.

Carslaw and Jaeger13 have investigated conduction of heat in solids by deriving explicit

solutions of many problems through the Laplace transformation method. Thermal effects

have mostly been considered for gas chromatography14–17 and only a few contributions

are devoted to the study of non-isothermal liquid chromatography.9–11,18–25 Some of the

authors have made studies based on temporal moment analysis. The effects of pressure

on liquid chromatography have also been discussed.26 That study showed that the effect

of temperature on the constant of equilibrium must be examined under constant inlet

pressure rather than at a constant flow rate to reduce the coupling effect of pressure and

temperature via the temperature dependency of the viscosity.

The analytical solutions of linear models can be derived by means of Laplace transfor-

mation.25,27–31 Such solutions are only possible, when the equilibrium isotherm is linear.

Although, the enhanced computing power of digital computers and the availability of accu-

rate numerical solution techniques have reduced the significance of analytical solutions up

to certain level, they still advantageously provide greater insight to the underlying physical

process and can be routinely used as a design tool. Such solutions are helpful to analyze and

understand the process without doing expensive and time-consuming experiments. These
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analytical solutions are helpful tools for estimating free parameters appearing in the model

equations. Finally, the analytical solutions can also be used to validate the performance of

newly developed numerical algorithms for more complex scenarios.

The moment generating property of the solutions in the Laplace domain can be used to

obtain analytical expressions for temporal moments. Since long time, it has been found

relevant and important to match analytically and experimentally determined moments

for estimating model parameters. Several contributions can be found in the literature on

moment analysis.3,8,28,29,32–41 The chromatography community already knows that the first

two moments can be used to evaluate heights equivalent to theoretical plate (HETP) as

a function of flow rate which measures the column efficiency.8 Recently, we have done a

systematic study of moments of temperature responses for the single-solute elution.25

This research work extends and generalizes our recent work on the analysis of a single-solute

model of non-isothermal chromatography.25 Here, we analyze a two-component EDM of

non-isothermal liquid chromatography. The analytical solutions are determined by apply-

ing the Laplace transformation and eigen-decomposition technique jointly. Also, the ex-

pressions of first and second temporal moments are deduced from the Laplace-transformed

solutions. Such moments are merely vectorizing those, obtained for a single-solute non-

isothermal model of our previous article.25 The numerical Laplace inversion is utilized to

retrieve solutions in the time domain, as analytical Laplace inversion is not feasible in this

case.42 A detailed discussion about the influence of temperature on the process, inside the

column is presented. The concentration and temperature profiles are presented and key

parameters that influence the gradients of temperature are analyzed. Finally, a high res-

olution finite volume scheme (HR-FVS) is extended to solve the nonlinear non-isothermal

model of liquid chromatography numerically. Both analytical and numerical results are

compared to find the ranges of parameters for which our linear assumptions are held.24,43

Several practically applicable test problems are considered.
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The contents of this paper are arranged as follows. In Section 2, a two-component non-

isothermal EDM is presented. The analytical solutions of the model are determined in

Section 3. In Section 4, the analytical temporal moments are deduced from the Laplace

domain solutions. While, in Section 5, various test problems are presented. Lastly, Section

6 gives conclusions.

The mathematical model

Assume that a two-component mixture flows along with an inert carrier through a chro-

matographic column homogeneously packed with spherical particles of adsorbent. The

column is initially equilibrated and changes in the concentration along the radial coor-

dinate of the column are neglected. Further, the fluid is assumed incompressible and

interaction between the carrier (solvent) and stationary (solid) phases are not considered.8

The adsorption equilibrium relationships are linearized. Generally such relationships are

nonlinear, however, the considered linearization is practical for small changes in the sample

and can provide simple characteristic results. Here, we assume that the temperature has no

effect on the physical properties like density, heat capacity, viscosity, and transport coeffi-

cients like axial heat conductivity and axial dispersion. Further, the flow rate is assumed

to be independent of axial dispersion and axial heat conductivity coefficients. Because of

the considered linearization of isotherm described below, the whole model is intended to

be sufficiently accurate only in a limited temperature range. Thus, the physical properties

are considered not to depend on temperature.

In the case of equilibrium dispersive model (EDM), equations for the mass balances in the

mobile phase are given as

∂ci
∂t

+ u
∂ci
∂z

= Dz
∂2ci
∂z2
− F ∂q

∗
i

∂t
, i = 1, 2. (1)
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Neglecting the effects of friction and mixing, the balance law for energy in a differential

volume element of a thermally insulated column is given as

(ρLcLp + FρScSp )
∂T

∂t
+ uρLcLp

∂T

∂z
= λz

∂2T

∂z2
+

2∑
j=1

F (−∆HA,j)
∂q∗j
∂t

. (2)

In Eqs. (1) and (2), ci and q∗i represent the ith component concentrations in the liquid

and solid phases, respectively. Moreover, T stands for bulk temperature, F = (1 − ε)/ε

shows phase ratio in terms of the total porosity ε, u exhibits interstitial velocity, Dz de-

notes the coefficient of axial dispersion which is assumed same for both components, λz is

conductivity coefficient, ∆HA,j is for enthalpy of adsorption, cp stands for heat capacity,

and ρ represents density per unit volume. The superscript L is used for liquid phase, the

superscript S is for solid phase, whereas, t and x denote the time and axial coordinates.

The temperature varies the amount of solute adsorbed on the solid surface that can be

expressed through a van’t Hoff type relation considering the enthalpy of adsorption. There-

fore, the nonlinear phase equilibrium relation of the competitive Langmuir type is expressed

as

q∗i (ci, T ) =
arefi cie

(−∆HA,i
Rg

(
1
T
− 1

Tref

))

1 +
2∑
j=1

brefj cje

(−∆HA,j
Rg

(
1
T
− 1

Tref

)) , i = 1, 2. (3)

Here, arefi denotes the reference equilibrium (Henry’s) constant for ith component at the

reference temperature Tref , Rg represents the general gas constant, and brefj is the coefficient

of nonlinearity for jth component at the reference temperature.

In order to write the mass and energy balances in a unified manner, which in turn facilitates
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our analysis, the following new variable transformations are introduced:

c3 = T − Tref , q∗3 =
ρScSp
ρLcLp

(T − Tref) +
1

ρLcLp

2∑
j=1

∆HA,jq
∗
j . (4)

Moreover, the following dimensionless quantities are introduced to reduce the total number

of variables:

x =
z

L
, τ =

ut

L
, Pec =

Lu

Dz

, P eT =
LuρLcLp
λz

, (5)

Pek =

 Pec , if k = 1, 2 ,

P eT , if k = 3 .
(6)

Here, L denotes length of the column , Pec and PeT are the respective Peclet numbers for

the concentration and temperature. On using Eqs. (4), (5) and (6) in Eqs. (1) and (2), we

get

∂ck
∂τ

+
∂ck
∂x

=
1

Pek

∂2ck
∂x2
− F ∂q

∗
k

∂τ
, k = 1, 2, 3. (7)

Assuming small variations in the concentration and temperature, the isotherm function in

Eq. (3) can be easily linearized by taking its Taylor’s expansion up to first order. It is

given as

q∗i (c1, c2, T ) ≈ q∗i (c1,ref , c2,ref , Tref) +
2∑
j=1

(cj − cj,ref)
∂q∗i
∂cj

∣∣∣∣
(c1,ref ,c2,ref ,Tref)

+ c3
∂q∗i
∂T

∣∣∣∣
(c1,ref ,c2,ref ,Tref)

,

(8)

where i = 1, 2. After some manipulations in Eqs. (4) and (8), we obtain the following
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linear system of equations

q∗k = A0,k +
3∑
l=1

Aklcl, k = 1, 2, 3. (9)

The coefficient used in Eq. (9) can be expressed in tensor forms as

A0,k =


aref
k ck,ref

G

2∑
j=1

brefj cj,ref , if k = 1, 2 ,

1
ρLcLp

2∑
j=1

A0,j∆HA,j , if k = 3 ,
(10)

where G = (1 +
2∑
j=1

brefj cj,ref)
2. Moreover, for i = 1, 2

Aii =
arefi
G

(1 +
2∑
j=1
j 6=i

brefj cj,ref). (11)

Aij =
−arefi brefj ci,ref

G
, i 6= j. (12)

Ai3 =
arefi ci,ref∆HA,i

RgT 2
refG

− 1

RgT 2
ref

2∑
j=1
j 6=i

Aijcj,ref(∆HA,i −∆HA,j). (13)

A3i =
1

ρLcLp

2∑
j=1

Aji∆HA,j, A33 =
ρScSp
ρLcLp

+
1

ρLcLp

2∑
j=1

Aj3∆HA,j. (14)

After introducing the values of q∗k (k = 1, 2, 3) given by Eq. (9) in Eq. (7), we get the

following system of equations:

1

Pek

∂2ck
∂x2
− ∂ck
∂x

=
3∑
l=1

αkl
∂cl
∂τ

, k = 1, 2, 3, (15)

where

αkl = δkl + FAkl, k, l = 1, 2, 3. (16)
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Here, δkl denotes the Kronecker delta function. The initial conditions for a column that is

initially equilibrated are defined as

ck(x, 0) = ck,init, k = 1, 2, 3. (17)

Note that, c3,init = Tinit − Tref . Here, ci,init (i = 1, 2) along with Tinit stands for initial

concentrations and temperature within column. However, for a regenerated (cleaned)

column the initial concentrations are zero, i.e. ci,init = 0 (i = 1, 2). In addition, the

Dirichlet boundary conditions (BCs) are applied at both ends of the column:

ck(0, τ) =

 ck,inj , if 0 ≤ τ ≤ τinj

0 , τ > τinj

,
∂ck
∂x

(∞, τ) = 0 , k = 1, 2, 3. (18)

Note that

c3,inj = (Tinj − Tref), τinj =
utinj
L

. (19)

Here, tinj stands for injection time, ci,inj reveals the ith component concentration in the

injected pulse, and Tinj represents the injected sample temperature. Generally, the values

of mass and energy Peclet numbers are larger in liquid chromatography, i.e. the axial

dispersion and heat conductivity coefficients are small. Therefore, the considered Dirichlet

BCs are well applicable.
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Derivation of analytical solutions

The Laplace transformation can be applied to solve the suggested linearized non-isothermal

EDM analytically as defined below

w̄(x, s) =

∫ ∞
0

e−sτw(x, τ)dτ, τ ≥ 0, (20)

where w ∈ {c1, c2, c3}. By applying the above Laplace transformation on Eq. (15) and

utilizing the initial conditions of Eq. (17), we obtain

1

Pek

∂2c̄k
∂x2
− ∂c̄k
∂x

=
3∑
l=1

αkl(sc̄l − cl,init), k = 1, 2, 3. (21)

Eq. (21) contains a system of coupled equations. Therefore, our first aim is to decouple

this system by applying the eigen-decomposition approach. The coefficient matrix D on

the right hand side of Eq. (21) is given as

D =


α11 α12 α13

α21 α22 α23

α31 α32 α33

 . (22)

The above matrix will be diagonalizable if all the three eigenvalues are real and distinct.

We get the following cubic equation:

λ3 + bλ2 + cλ+ d = 0, (23)

where

b = −
3∑

k=1

αkk, c =
1

2

3∑
k=1

3∑
l=1
l 6=k

(αkkαll − αklαlk), d = − detD. (24)
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Let us define

p =
3c− b2

3
, q =

2b3 − 9bc+ 27d

27
, r = 2

√
−p/3, w = cos−1

(
3q

rp

)
, ξ = − b

3
. (25)

Then, a condition for all roots being real is p < 0 which is actually true in our case. These

roots are given as

λk = r cos

(
w + (k − 1)2π

3

)
+ ξ, k = 1, 2, 3. (26)

The corresponding three different eigenvectors are given as

xk =


λk(λk−α22)+α12(α33−λk)+α33(α22−λk)−α32(α13+α23)

α32(α11−λk+α21)−α31(α22−λk+α12)

α31(α13+α23)+(λk−α33)(α11−λk+α21)
α32(α11−λk+α21)−α31(α22−λk+α12)

1

 , k = 1, 2, 3. (27)

Based on the above eigenvectors, the transformation matrix A can be expressed as

A =

(
x1 x2 x3

)
. (28)

This transformation matrix linearly relates the actual and transformed dependent variables

through the following relation

c̄ = Ab̄ , (29)

were c̄ = (c̄1, c̄2, c̄3)
T and b̄ = (b̄1, b̄2, b̄3)

T . After applying the above transformation on Eq.

(21), we arrive at

1

Pek

∂2b̄k
∂x2
− ∂b̄k
∂x
− sλkb̄k = −λkbk,init, k = 1, 2, 3. (30)
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Here

binit = A−1cinit, (31)

where binit = (b1,init, b2,init, b3,init)
T and cinit = (c1,init, c2,init, c3,init)

T .

The three decoupled steady-state advection-dispersion equations in Eq. (30) can be solved

independently to get the following explicit solutions:

b̄k(x, s) = Ake
mk

1x +Bke
mk

2x +
bk,init
s

, k = 1, 2, 3, (32)

where

mk
1,2 =

Pek ±
√
Pe2k + 4sPekλk

2
. (33)

The boundary conditions in Eq. (18) are utilized to find the constants of integration Ak

and Bk for k = 1, 2, 3.

The Laplace transformations of BCs in Eq. (18) are given as

c̄k(0, s) =
ck,inj
s

(1− e−sτinj) ,
∂c̄k(∞, s)

∂x
= 0 , k = 1, 2, 3. (34)

The transformation of above equations into b̄-domain gives

b̄(0, s) = A−1c̄(0, s) ,
∂b̄(∞, s)
∂x

= 0. (35)

Using Eq. (35), the values of Ak and Bk in Eq. (32) take the following forms

Ak = 0, Bk = b̄k(0, s)−
bk,init
s

, k = 1, 2, 3. (36)
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After plugging these constants Ak and Bk in Eq. (32), we get

b̄k(x, s) = b̄k(0, s)e
mk

2x +
bk,init
s

(1− emk
2x) , k = 1, 2, 3. (37)

Finally, on using Eq. (37) in Eq. (29), we arrive at the following Laplace domain solutions

c̄(x, s) = Ab̄(x, s) . (38)

The analytical Laplace inversion is not possible in the current situation. However, it is

easy to apply the numerical Laplace inversion by approximating the integral of the inverse

Laplace transformation by Fourier series.42

Moments analysis

In this section, temporal moments are calculated by means of Laplace domain solutions.

Moment analysis is an impressive tool to gain information which are very helpful to esti-

mate kinetic parameters and to predict the shapes of elution profiles in a chromatographic

process. In this paper, the analytical expressions of first two temporal moments are de-

rived. The zeroth moment gives information about the peak area, while the first and

second moments provide information about the retention time and variance (spreading) of

the elution profile.

The following relations are used to derive moments from the Laplace domain solutions

considering rectangular pulses injections. Let w̄ ∈ {c̄1, c̄2, c̄3}, then we have

m0
w =

L

u
lim
s→0

(w̄(x = 1, s)), mn
w =

(
−L
u

)n
lim
s→0

dn(w̄(x = 1, s))

dsn
, n = 1, 2, · · · . (39)

For simplicity, it is assumed that Pec = PeT and that column is regenerated initially
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having a reference temperature Tref . Thus,

ck,init = 0, k = 1, 2, 3. (40)

Zeroth moments: The zeroth moments are given as

m0
k = ck,injtinj, k = 1, 2, 3. (41)

First moments: The expressions of first temporal moments are:

m1 = [µ]m0. (42)

Here, m0 = (m0
1,m

0
2,m

0
3)
T , m1 = (m1

1,m
1
2,m

1
3)
T and the matrix [µ] is given as

[µ] =


µ11 µ12 µ13

µ21 µ22 µ23

µ31 µ32 µ33

 =
tinj
2

[I] +
L

u


α11 α12 α13

α21 α22 α23

α31 α32 α33

 , (43)

where [I] stands for 3 × 3 identity matrix and αkl (k, l = 1, 2, 3) are given by Eq. (16).

Moreover, µij demonstrates the mean-retention time of ith component because of the input

variation of jth component.

Second central moments: The expressions of second temporal moments are:

m′
2

= [σ]m0 =
(
[µ2]− [µ1]2

)
m0, (44)
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where

[σ] =


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 = [I]
t2inj
12

+
2DzL

u3


α11 α12 α13

α21 α22 α23

α31 α32 α33


2

. (45)

Here, σij reveals the mean-variance of ith component because of the input variation of jth

component.

Numerical case studies

This section presents some test problems for generating and analyzing concentration and

temperature profiles obtained through the derived analytical solutions. A high resolu-

tion finite volume scheme (HR-FVS) is also used to numerically approximate the model

equations for nonlinear isotherms given by Eqs. (1)-(5).43 The numerical and analyti-

cal results are compared with each other to gain confidence on the analytical results and

to find the applicability ranges of the considered linearization. The proposed HR-FVS

scheme has been thoroughly analyzed in our previous articles.24,25,43 The Matlab software

was used for implementing both analytical and numerical methods in the computer. Prin-

cipally, the two ∆HA,i (i = 1, 2) can be distinct. However, from now on, we will take

∆HA,1 = ∆HA = ∆HA,2. Table 1 summarizes the reference parameters of the case studies.

The selected parameters lie in the ranges of parameters typically used in HPLC applica-

tions.
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Influence of the enthalpy of adsorption ∆HA for Tinj = Tref (“match-

ing” injection)

Figure 1 depicts the effects for an isothermal condition (considering ∆HA = 0) and for

three non-isothermal conditions (taking ∆HA = −2,−10,−40 kJ/mol). Further, the inlet

temperature of the sample has the defined reference value (Tinj = Tref). Figure 1a indicates

that when the enthalpy of adsorption is zero, no change in the temperature profile occurs.

On the other hand, as visible in Figures 1b, 1c & 1d; the enthalpy of adsorption signifi-

cantly effects the temperature profile c3 = T −Tref , without making pronounced changes in

the concentration profiles c1 and c2. It can be seen that moderate values of the adsorption

enthalpy (∆HA − 2 kJ/mol and ∆HA − 10 kJ/mol) produce considerable rise in the tem-

perature profile (> 0.08K and > 0.4K). One can further observe in Figure 1d that rise

in the temperature profile is much higher (> 1.7K) for the larger value of the enthalpy of

adsorption (e.g. ∆HA = −40 kJ/mol). Afterwards, desorption of each component occurs

which is connected to the reduction of temperature. At last, after passing the profiles, the

temperature profile comes back to its reference value.

Figures 2 and 3 depict the comparison of analytical solutions for linearized isotherms

(c.f. Eq. (38)) and numerical solutions of HR-FVS for nonlinear isotherms (c.f. Eq. (3))

at different values of ∆HA which is assumed identical for both components. It can be

noticed that analytical and numerical solutions start moving away from each other when

the magnitude of enthalpy of adsorption, |∆HA|, exceed 10 kJ/mol. Thus, large values of

the enthalpy of adsorption are mainly responsible for prominent temperature variations.

All the figures clearly support our linear assumptions for moderate values of the enthalpy

of adsorption. For the enthalpy of adsorption −40 kJ/mol, one can see large temperature

deviations (Figure 3). An overestimation can be seen in our analytical results as compared

to the numerical results in those parts of the solution which show deviation from the
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isothermal behavior.

Influence of ratio ρScSp /ρ
LcLp

Figure 4 depicts the influence of ratio ρScSp /ρ
LcLp on the shapes of concentration and tem-

perature profiles. In Figure 4a, for ρScSp /ρ
LcLp = 1, the adsorption peak of temperature

profile is moving slightly faster as compared to the concentration profiles. In Figure 4b,

for the ratio ρScSp /ρ
LcLp < 1, the concentration profiles are moving much slower than the

temperature profile. The decoupled adsorption peak of the temperature profile is moving

faster than the adsorption peak of concentration, while the desorption peaks of temperature

are coupled with concentration profiles, i.e. they are moving at the same speed. In Figure

4c, for the ratio ρScSp /ρ
LcLp > 1, the speed of temperature and concentration profiles are

almost the same. Both temperature and concentration profiles leave the column at almost

the same time.

Affect of nonlinearity coefficients bi

Figure 5 gives a comparison of analytical solutions for linearized isotherms (c.f. Eq. (38))

together with numerical solutions of HR-FVS for nonlinear isotherms (c.f. Eq. (3)) for

two distinct values of bi (i = 1, 2). It can be seen in Figures 5a, 5b that analytical and

numerical solutions agree with each other for small values of bi, i.e. for b1 = b2 = 0.01.

However, as b1 and b2 increase to 0.05 both solutions start deviating form each other as

shown in Figures 5c, 5d. This proves that our current analytical solutions are only valid

for small values of nonlinearity coefficients.
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Affect of injection temperature (Tinj)

The case study in Figure 6 demonstrates that how a variation in the temperature of the in-

jected sample effects the profile of temperature during its propagation through the column.

One can clearly observe in Figure 6a that the faster peak of adsorption in the temperature

profile rises further with the hot injection (Tinj > Tref), whereas a mirror effect can be seen

on the same peak in Figure 6b for the cold injection (Tinj < Tref).

It is important to mention that both types of injection have no visible influence on the

concentration profiles due to small temperature amplitudes generated by low values of the

enthalpy of adsorption.

Affects of Henry’s constants (ai,ref)

Figure 7 shows the plots of concentrations and temperature profiles for distinct values of the

reference Henry’s constants ai,ref (i = 1, 2). As the values of Henry’s constants increases,

the retention times of concentration and temperature profiles attain larger values and

peaks become wider. The amplitudes of concentration profiles decreases and peak of the

temperature profile increases for larger values of ai,ref .

Affects of u on temporal moments

Figure 8 shows the effects of u on the first and second moments expressing retention times

and variances of the elution profiles. In these plots, we have taken ρScSp = 40 kJ/lK and

ρLcLp = 4 kJ/lK. It can be observed in Figure 8a that u has no effect on µ12 and µ21 which

means that the diffusion of one component is not influenced by other one, whereas µ11 and

µ22 show a decrease in retention time with increasing velocity u. Further Figure 8b shows

that u does not influences µ13 and µ23, however, µ31 and µ32 increases and µ33 decreases on

increasing the velocity u. On the other hand, Figure 8c shows that variances σ11 and σ22
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are decreasing with increasing u, whereas σ12 and σ21 are not effected or remain constant

throughout. Figure 8d shows that variances σ13 and σ23 are not effected or have constant

behavior, σ33 decreases with increasing u, whereas σ31 and σ32 increases with increasing

u. The trends observed in these moments plots agree well with those found in the elution

profiles shown in Figures 8a-d.

Conclusion

A two-component linearized non-isothermal equilibrium dispersive model (EDM) has been

analyzed analytically and numerically. The Laplace transformation, the eigen-decomposition

technique, along with the elementary solution technique of ODEs have been applied simul-

taneously to find the analytical solutions of the model equations. These analytical solutions

are important to analyze and understand the dynamics of concentration and thermal fronts

in chromatographic columns considering sufficiently small nonlinearity and deviations from

isothermal conditions. In order to get a detailed analysis, analytical expressions of the first

and second temporal moments were derived by utilizing the moment generating property

of the solutions in the Laplace domain. The derived analytical expressions of moments are

very helpful to understand the dynamics and shapes of outlet concentration and tempera-

ture profiles, as well as for estimating kinetic and thermodynamic parameters by equating

the experimental and theoretical moments. Although not exercised practically, application

would demand a careful recording of a small variations in the temperature. Some interest-

ing cases and differences in the retention times and variances of two-component adsorption

system have been discussed and shown graphically to understand and analyze the behav-

ior of the multi-component non-isothermal system. To validate their applicability ranges,

the analytical solutions for linearized model are compared with the numerical results of a

nonlinear model. It was found that these analytical solutions are well applicable for the
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small values of the enthalpy of adsorption and nonlinearity coefficients.

Abbreviations

BCs, boundary conditions; EDM, equilibrium dispersive model; HETP, height equivalent

to the theoretical plate; HR-FVS, high resolution finite volume scheme; ODEs, ordinary

differential equations; Pe, peclet number.

Symbols

arefi , Henry constant; brefj , coefficient of nonlinearity; ci, concentrations of the ith compo-

nent solute in the mobile phase; cp, heat capacity; Dz, axial dispersion coefficient; ∆HA,

enthalpy of adsorption; L, length of the column; Pec, Peclet number for the concentration;

PeT , Peclet number for the temperature; q∗i , concentrations of the ith component solute

in the adsorbed phase; Rg, general gas constant; t, time coordinate; T , bulk temperature;

Tinit, initial temperature; Tinj, inlet temperature; Tref , reference temperature; u, interstitial

velocity; x, axial coordinate; ε, total porosity; ρ, density per unit volume; λz, axial heat

conductivity; δkl, Kronecker delta function; ρLcLp , heat capacity of liquid times density;

ρScSp , heat capacity of solid times density.
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Table 1. Reference parameters used in the case studies.

Parameters Values

Length of column L = 10 cm
Henry’s constants a1,ref = 1.4, a2,ref = 2.0
Nonlinearity coefficients b1,ref = b2,ref = 0.01
Interstitial velocity u = 1.0 cm/min
Porosity ε = 0.4
Heat capacity of liquid times density cLp ρ

L = 4 kJ/lK
Heat capacity of solid times density cSp ρ

S = 40 kJ/lK
Adsorption Enthalpy ∆HA = −2 kJ/mol
Dispersion coefficient Dz = 0.02 cm2/min
Heat conductivity coefficient λz = 0.08 kJ cm−1min−1

Initial concentrations ci,init = 0mol/l (i = 1, 2)
Inlet concentrations ci,inj = 1mol/l (i = 1, 2)
Initial temperature Tinit = 300K
Inlet temperature Tinj = 300K
Reference temperature Tref = 300K
Injection time tinj = 5min
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Figure 1. Effect of ∆HA on concentration profiles (c1 & c2), and on temperature profile (c3)
for Tinj = Tref = 300K, ρScSp = 40 kJ/lk, ρLcLp = 4 kJ/lk. All other parameters are given
in Table 1.
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Figure 2. A comparison of analytically and numerically calculated concentration profiles
(c1& c2) at different values of the enthalpy of adsorption ∆HA. Numerical solutions are
based on nonlinear isotherm (c.f. Eq. (3)) and analytical solutions are based on linearized
isotherm (c.f. Eq. (9)). Here, Tinj = Tinit = Tref , ρ

ScSp = 40 kJ/lk, ρLcLp = 4 kJ/lk, and all
other parameters are given in Table 1.
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Figure 3. A comparison of analytically and numerically calculated temperature profiles (c3)
at different values of the enthalpy of adsorption ∆HA. Numerical solutions are based on
nonlinear isotherm (c.f. Eq. (3)) and analytical solutions are based on linearized isotherm
(c.f. Eq. (9)). Here, Tinj = Tinit = Tref , ρ

ScSp = 40 kJ/lk, ρLcLp = 4 kJ/lk, and all other
parameters are given in Table 1.
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Figure 4. Effect of ρScSp /ρ
LcLp on concentration profiles (c1 & c2), and temperature profile

(c3). Plot (a) ρScSp = 4 kJ/lk and ρLcLp = 4 kJ/lk, plot (b) ρScSp = 4 kJ/lk and ρLcLp =
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Figure 5. A comparison of analytical solutions for linear isotherm (c.f. Eq. (9)) and nu-
merical solutions for nonlinear isotherm (c.f. Eq. (3)) for two different values of bi (= 1, 2).
Plots (a) and (c) show the effect of non-linearity bi on the concentration profiles (c1 & c2)
and plots (b) and (d) show the effect of non-linearity bi on temperature profile (c3). In
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Figure 7. The effects of Henry’s constants ai,ref for three different sets of values on concen-
tration profiles (plots (a) & (b)) and temperature profile (plot (c)). Here, ρScSp = 40 kJ/lk,
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Figure 8. Effect of velocity u on the concentrations and temperature moments. Here,
Tinj = Tinit = Tref , ρ

ScSp = 40 kJ/lk, ρLcLp = 4 kJ/lk and other parameters are given in
Table 1.
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