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ABSTRACT: We provide evidence that the classical scattering of two spinning black holes is
controlled by the soft expansion of exchanged gravitons. We show how an exponentiation
of Cachazo-Strominger soft factors, acting on massive higher-spin amplitudes, can be used
to find spin contributions to the aligned-spin scattering angle through one-loop order. The
extraction of the classical limit is accomplished via the on-shell leading-singularity method and
using massive spinor-helicity variables. The three-point amplitude for arbitrary-spin massive
particles minimally coupled to gravity is expressed in an exponential form, and in the infinite-
spin limit it matches the stress-energy tensor of the linearized Kerr solution. A four-point
gravitational Compton amplitude is obtained from an extrapolated soft theorem, equivalent
to gluing two exponential three-point amplitudes, and becomes itself an exponential operator.
The construction uses these amplitudes to: 1) recover the known tree-level scattering angle
at all orders in spin, 2) match previous computations of the one-loop scattering angle up to
quadratic order in spin, 3) lead to new one-loop results through quartic order in spin. These
connections map the computation of higher-multipole interactions into the study of deeper
orders in the soft expansion.
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1 Introduction

In 2014 Cachazo and Strominger [1] showed that the following universal relation holds for
tree-level gravitational amplitudes in the soft limit
(i &) (e J™) 1 (ke T2

_n (Pi‘E)Z_. L 2
Mnﬂ—;[m‘k i — 2 ok M, + 0. (1.1)

Here the soft momentum k corresponds to an external graviton, and we have constructed
its polarization tensor as €,, = €,&,. The sum is over the remaining external particles with
momenta p;, and the operators J; correspond to their total angular momenta, whereas the
first term in the equation is simply the standard Weinberg soft factor [2]. The realization [3]
that soft theorems correspond to Ward identities for asymptotic symmetries at null infinity
has led to many impressive developments [1, 4-9] in that area, see [10] for a recent review.
Extensions of these relations to arbitrary subleading orders are known [7, 11-13] but are not
universal and depend both on the matter content and the type of couplings considered [14, 15].

In particular, a classical version of the soft theorem up to subsubleading order in k has
been used by Laddha and Sen [16] to derive the spectrum of the radiated power in black-
hole scattering with external soft graviton insertions. This relies on the remarkable fact that
conservative and non-conservative effects of interacting black holes can be computed from
scattering amplitudes for massive point-like particles [17-20]. Moreover, rotating black holes
admit a spin-multipole expansion in their effective potential, the order 2s of which can be
reproduced by scattering spin-s minimally coupled particles exchanging gravitons [21], as
illustrated in figure 1la.
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Figure 1: (a) Four-point amplitude involving the exchange of soft gravitons, which leads to
classical observables. The external massive states are interpreted as two black-hole sources.
(b) Comparison between the HCL and the non-relativistic limit in the COM frame [21-23].
Spin effects require subleading orders in the NR classical limit, but can be fully determined
at the leading order in HCL through the soft expansion.

Here we present a complementary picture to the one of [16] for the conservative sector
(i.e. with no external gravitons) focusing on spinning black holes. It was shown by one
of the authors in [24] that the classical (h-independent) piece of the spin-s amplitude can
be extracted from a covariant Holomorphic Classical Limit (HCL), which set the external
kinematics such that the momentum transfer &k between the massive sources is null. On
the support of the leading-singularity (LS) construction [25], which drops O(h) parts, the
condition k? = 0 reduces the amplitude to a purely classical expansion in spin multipoles
of the form ~ k™S"™, where S carries the intrinsic angular momentum of the black hole
(see figure 1b). This precisely matches the soft expansion once the momentum transfer
is recognized as the graviton momentum and the classical spin vector S is identified with
the angular momentum J; of the matter particles. On the classical side, these amplitudes
have been shown to reproduce the effective post-Newtonian (PN) potential associated to the
collision of two rotating black holes [21, 22, 24].

To see the soft expansion more explicitly, consider the energy-momentum tensor of a
single linearized Kerr black hole, which has recently been written down in an exponential
form by one of the authors [26]:

TH (k) = 6(p - k)p'* exp(—ia x k) ,p° + O(Q), (1.2)

where (a * k)*, = €",,,a’k?, and a* = S*/m is the rescaled spin vector of the black hole.
The magnitude a is exactly the radius of its ring singularity. Here we have performed a
Fourier transform of the worldline formulas (18) and (32a) of [26]. Now, the interaction



vertex between a graviton and a massive source corresponds to the contraction —h,, T*".
After taking the graviton to be on-shell and replacing h,, by €., = €,¢,, this becomes

1
R T — 6(k*)8(p - k)(p - €) eppy | 0" — ie" P kpa, + in“”(a k)?+ Ok |, (1.3)

where we have used the support of the delta functions. This expression can be written in a
simple form by introducing the spin tensor

SH = MP9pay, (1.4)

satisfying S**p, = 0, after which it becomes
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The term inside the parentheses is precisely the exponential completion of the expansion
in eq. (1.1). Note that the prefactor (p-¢)? corresponds to the contribution of the energy-
momentum tensor of the linearized Schwarzschild solution [27].

Even though the fact that classical gravitational quantities can be reproduced from QFT
computations has been known for a long time, the precise conceptual foundations of the
matching are still lacking.! The goal of one of the authors in [24] was simply to show the
agreement of the LS method with the previous computations of [21-23]. Moreover, in [24] the
new massive spinor-helicity variables of Arkani-Hamed, Huang and Huang [29] were imple-
mented to construct operators carrying spin multipoles. These operators were then matched,
trough a change of basis, to those constructed in [21-23] in terms of polarization vectors
and Dirac spinors, enabling a systematic translation between the LS and the standard QFT
amplitude in the A — 0 limit. It is only after computing the effective potential from this
amplitude that one matches the post-Newtonian potential of general relativity.

The computation of the classical piece of the amplitude was made direct, through the
leading singularity, for arbitrary spin and all orders in the center-of-mass energy F. Both
the tree-level and one-loop versions of this computation correspond to a single order in the
post-Minkowskian (PM) expansion (see e.g. recent discussion in [20, 26, 27, 30-34] and many
more references therein), i.e. at a fixed power of G. However, the explicit match to the
standard QFT amplitude was only performed up to spin-1 and leading order in E (which
corresponds to the standard PN expansion). Moreover, the computation of the PN effective
potential through the Born approximation suffers some problems [19, 22]. Such potential is
not gauge-invariant, i.e. not an observable, and can undergo canonical and non-canonical
transformations that become cumbersome when spin is considered as part of the phase space.
Moreover, at one loop the Born approximation itself requires the subtraction of tree-level
pieces and suffers from some (apparent) inconsistencies already at spin-1 [23]. For these
reasons a more direct conversion from the LS into a gravitational observable is evidently

Very recent progress on relating classical observables to quantum amplitudes has been made in [28].



needed. Very recently, a direct approach was proposed in the amplitudes setup to evaluate
the scattering angle of classical general relativity [20], i.e. the deflection angle of two massive
particles in the large-impact-parameter regime. It was demonstrated that for scalar particles
the scattering angle computed by Westphal [35] can be obtained via a simple 2D Fourier
transform of the classical limit of the amplitude.

Here we will show that the natural extension of the scattering angle, for aligned spins as
in [26, 34], can be computed with spinning particles directly from the LS. The building blocks
needed for this computation are the three-point amplitude and the Compton amplitude for
massive spinning particles interacting with soft gravitons. We will use the soft expansion with
respect to the internal gravitons to write the building blocks in an exponentiated form, which
fits naturally into the Fourier transform leading to the first and second post-Minkowskian
(1PM and 2PM) scattering angles in a resummed form.

Summary of Results

In section 2.2 we show that the three-point scattering amplitude between two massive particles
of spin s and one graviton is given by
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where the exponential operator is generated by the angular momentum J*¥, as appearing in

the soft theorem (1.1). This operator acts naturally on the product states |1)%* and [2)2,
which are constructed from the new spinor-helicity variables introduced by Arkani-Hamed,

Huang and Huang [29]. Denoting the operator by /\;1(35) we write this as

A kyey, JH
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where Méo) corresponds to the amplitude for a massive scalar emitting a graviton. In sec-

tion 2.3 we extend this result to the distinct-helicity Compton amplitude, showing that,
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up to corrections of fifth order in J (appearing only for s > 2). In the operator form, k and
can be chosen from either particle three or four, which simply amounts to a change of basis.
The soft theorem (1.1) in this case is extrapolated in an exponential form, and corresponds to
the simple statement of factorization of the Compton amplitudes into three-point amplitudes
given by eq. (1.7) and its plus-helicity version.

The formulas (1.7) and (1.8) are the two bulding blocks needed to compute the scattering
angle. In order to recover the classical observables we introduce and compute the generalized
expectation value (GEV)

T TN Z e 7N s
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Here we focus on integer-spin particles for simplicity, therefore we use polarization tensors
for spin-s. We first show that, with h,, — €,,8(k?),

By T = 8(k?)3(k - p) Tim (M), (1.10)

where T" on the LHS is the linearized stress-energy tensor of the Kerr black hole (1.5). We
then construct the aligned-spin scattering angle as in [20, 36, 37],

—FE 0 d’k
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(see section 3.2 for definitions of the prefactors). Here M(5%%) corresponds to the 4-pt am-
plitude of figure 1a, with masses m, and m; and spins s, and s. We compute this amplitude
at both tree and one-loop levels using the LS proposed in [24]. The Fourier transform can
be performed using the exponential forms (1.7)-(1.8). We find the following expression for
the aligned-spin scattering angle x as a function of the masses m; and ms, the rescaled spins
(ring-radii, intrinsic angular momenta per mass) a; and ag, the relative velocity at infinity v,
and the (proper) impact parameter b,

_GE [ (1+v)? (1—wv)?
9_212<b+a1+a2+b—a1—a2 (1.122)
0

— WGZE% (mgf(al, CLQ) + mlf(ag, a1)> + O(Gg), (1.12b)

where E = \/m3 + m3 + 2mymay with v = (1 — v?)~1/2, and
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with

j=vb+o+a, k= /7 — dva(b+vo). (1.12d)

This agrees with previous classical computations for two spinning black holes performed up
to spin-squared order in [32, 34], and resums those contributions in a compact form, including
higher orders. We have indicated in (1.12c) that this expression is valid up to quartic order
in one of the spins (but to all orders in the other spin), according to the minimally coupled
higher-spin amplitudes.

2 Multipole expansion of three- and four-point amplitudes

2.1 Massive spin-1 matter

We start our discussion of the multipole expansion by dissecting the case of graviton emission
by two massive vector fields. The corresponding three-particle amplitude reads?

1

Ms(p1,p2, k) = —2(p-€) [(p ce)(e1-eg) — 2k#6,,5[1“612/]], p= §(p1 —p2), (2.1)

*We omit the constant-coupling prefactors —i(x/2)" ™2 in front of tree-level amplitudes, we use x = v/327G.



where p is the average momentum of the spin-1 particle before and after the graviton emission
and the polarization tensor of the graviton e,, = €., (with momentum k = —p; — po) is
split into two massless polarization vectors. The derivation of eq. (2.1) from the Proca action

(V]

is detailed in appendix A, which also motivates that the term involving e{'c5’ can be thought

of as an angular-momentum contribution to the scattering. In other words, we are tempted
to interpret the combination 5[1“ 612/] as being (proportional to) the classical spin tensor.

However, we now face our first challenge: as explained in [21-23], the spin-1 amplitude
contains up to quadrupole interactions, i.e. quadratic in spin, whereas only the linear piece
is apparent in eq. (2.1). To rewrite this contribution in terms of multipoles, we can use a
redefined spin tensor

v 1 v
S = {25[1“52] - Wp[“((k ce9)er + (k- €1)e2) ]}- (2.2)

N €1 €9
It is introduced in appendix B via a two-particle expectation value/matrix element, which we
call the generalized expectation value (GEV)
E15 37 €T
R (2.3)
51062

Here M is constructed as an angular-momentum operator shifted in such a way that its
GEV satisfies the Fokker-Tulczyjew covariant spin supplementary condition (SSC) [38, 39]

puS* = 0. (2.4)

In this paper we find this condition to be crucial for the matching to the rotating-black-hole
computation of [26], as the classical spin tensor S*¥ (1.4) satisfies the above SSC by definition.
The purpose of this SSC is to constrain the mass-dipole components S of the spin tensor of
an object to vanish in its rest frame. In a classical setting it puts the reference point for the
intrinsic spin of an spatially extended object at its rest-frame center of mass.

Inserting this spin tensor in eq. (2.5), we rewrite the above amplitude as

2 V2 (k-e1)(k - e2)

V2
k) = —m222(e1- £2) |1+ ~—kye, S 25
M3(p17p27 ) m-r (81 62) + max 'uE S * m2(51'52) ( )

where for further convenience we also expressed scalar products p - € by a helicity variable x
first introduced in [40]
€
z=v2E 5 (2.6)
m

Now, in the GEV of the amplitude,

o 37 T k v m k- k-
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, (2.7)

we recognize the dipole coupling of eq. (1.5) as the term linear in both k£ and S. Indeed,
particles with spin couple naturally to the field-strength tensor of the graviton F),,, = 2k},



analogously to the magnetic dipole moment F},,,S # 3 Following the non-relativistic limit, the
third term was identified in [21-24] to be the quadrupole interaction o (F ,WS"”)2 for spin-1.
It may seem a priori puzzling that the interaction (k- e1)(k - €2) is regarded as the square of
F,,S*. This is because the statement is true at the levels of spin operators, but not at the
level of the (generalized) expectation values, i.e. (F,,3#)2 # ((F I )2> In order to expose
the exponential structure described in the introduction and construct such spin operators at
any order, we are going to recast the multipole expansion in terms of spinor-helicity variables.

2.1.1 Spinor-helicity recap

This subsection can be skipped if the reader is familiar with the massive spinor-helicity for-
malism of Arkani-Hamed, Huang and Huang [29],* which is well suited to describe scattering
amplitudes for massive particles with spin. Much like its massless counterpart, this formalism
allows to construct all of the scattering kinematics from basic SL(2, C) spinors that transform
covariantly with respect to the little group of the associated particle. The massive little group
is SU(2), so the Pauli-matrix map from two-spinors to momenta

Py = Py = canlp”Valp"l5 = [P")alpaly = AR (2.8)
involves a contraction of the SU(2) indices a, b, ... = 1,2 (not to be confused with the spinorial
SL(2,C) indices o, f,... = 1,2 and o B,... =1, 2). This is in contrast to the massless case,

where the little group is U(1), so its index is naturally hidden inside the complex nature of
massless two-spinors

ko= kuUZB = [k)alkls = Aarg. (2.9)
Now just as A\, and :\B are convenient to built massless polarization vectors (2.11), we can

use the massive spinors A\ and A b to construct spin-S external wavefunctions. For instance,
massive polarization vectors are explicitly

@y D) P =0,
p\oulp PuD.
EZZ = 7< \|/§l;r|L ] = Engpyab = N — ;:LQV (210)

€p11'€11,1 = €p22'€1272 = 26p12'611)2 = 1,
where the symmetrized little-group indices (ab) represent the physical spin-projection num-
bers 1,0, —1 with respect to a spin quantization axis, as chosen by the massive spinor basis.
Note that the dotted and undotted spinor indices themselves must always be contracted and
do not represent a quantum number.
Let us also point out here that the massless polarization vectors and hence the associated
helicity variable (2.6) can be written in terms of massless spinors as

_ Grlot o) G bl 1
et = V2(rk)’ e V2[rk] = * m(rk)’ - m|rk] xy
(2.11)

3We thank Yu-tin Huang for emphasizing to us the analogy to the electromagnetic Zeeman coupling.
4The spinor-helicity conventions used in the present paper are detailed in the latest arXiv version of [41].



where z is independent of the reference momentum r on the three-point on-shell kinematics.

2.1.2 Spin-1 amplitude in spinor-helicity variables

We can now obtain concrete spinor-helicity expressions for the amplitude (2.1). Choosing he
polarization of the graviton to be negative, we have

gmon. hibe _ _ L ((aglhn) [<1a2>2b2>> - 1<1“2>k><k262>>], (2.12a)
m mx
(o1 e2)ley 7] = ——— 1k [<1“2>2<"1> - 27}m<1a2>k><k2<bl>] (k2")), (2.12b)
m
1
(ke ) (k- 65) = — o (1 k) 1k (k2 (62°)), (2.12¢)

where we have reduced all [1?| and |2°] the chiral spinor basis of (1¢| and |2°) using the
following identities for the three-point kinematics,’

[1%] = 271 (1%%), [2%k] = —z1(2%), [192%] = (192°%) — %uakxmb). (2.13)
We also use = for x_ henceforth, i.e. it carries helicity —1 unless stated otherwise. From
eq. (2.12) we can see that going to the chiral spinor basis has both an advantage and a
disadvantage. On the one hand, the multipole expansion becomes transparent in the sense
that the spin order of a term is identified by the leading power of |k)(k|. On the other hand,
the exponential structure of the vector basis is spoiled by a shift by higher multipole terms.
However, this is just an artifact of the chiral basis, and we should see that the answer obtained
from the generalized expectation value is the same.

The main advantage of the spinor-helicity variables for what we wish to achieve in this
paper is that now we can switch to spinor tensors (1(%1|® (192)| and |2(1) ® |2%2)), as represen-
tations of the massive-particle states 1 and 2. Introducing the symbol ® for the symmetrized
tensor product, we can rewrite eq. (2.12a) as

S —%m@? []I@]I— T;]I@\k)(k]] 12)9? — —% [(12)@2 - 1(12>®<1k><k2)}, (2.14)

mx
Here the operators have their lower indices symmetrized, i.e. (A@B)zfgf = A(B;IBg z), and the

notation assumes that the reader keeps in mind the spins associated with each momentum.
Combining all the terms in eq. (2.12) into the amplitude, we obtain

me m2x2

Ms(p1,p2, k™) = 22 [(12)92 — i<12>@<1k:><k2> + ! <1k:)®2(k:2>®2]. (2.15)

Now in the multipole expansion of the Kerr stress-energy tensor (1.5), the quadrupole
operator is of the simple form (k,e, S )2, whereas in our amplitude (2.5) it has the form

®The transition between the chiral spinors [p®) and the antichiral ones |p®] is always possible [29] via the
and p,4p"1” = m[p*)a.

&

Dirac equations p®?|p®)s = m|p?]



(k- e1)(k - e2) oc (1k)®2(k2)®2. One then could wonder if in some sense the latter is the
square of (k,e,S5""). We know show that this is precisely the case if the angular momentum
is realized as a differential operator.

In appendix C we construct the differential form of the angular-momentum operator in
momentum space starting from its definition

JH = ip! 0 _ ip” v 9 + intrinsic, (2.16)
Opy apu
which involves the standard orbital piece and the “intrinsic” contribution dependent on spin.
This operator admits a much simpler realization in terms of spinor variables, similar to the
one derived in [42] for the massless case. For a massive particle of momentum p,, 5= Apa )\p fa
we find that the differential operator for the total angular momentum is given by

0

J <
ox)"

ac,BB —

5 + Eaﬁj\ a

6 )\g) €4 p(c

We can now act with the operator ke, J*” on the product state [p?)©? = |p®) @ |p®2).
For the negative helicity of the graviton, we have

8a>\g>’ (k aib”“ |k)og.  (2.18)

ke JH = ———_)\a BBy ‘ kp®)(k
ueu 4\f ad,B8 = \@< )

Applying the spinor differential operator above we find®

e

v N2 — T RN (kp®) | p® 2.19
(Pt )2 = = 2 e, (2.190)
ik, JN? L 2 o ao

—r e = — k) (kp® 2.19b
(B ey = (2.190)
ik e JHV J

<Zg€”8j) p)2 = 0, j>3. (2.19¢)

Although it is the differential operator that is realized by the soft theorem, its algebraic form
is very easy to obtain on three-particle kinematics. Indeed, if we take a tensor-product version
(o" @T+1® o) of the standard SL(2, C) chiral generator o/ = icl#5"1/2 and use it as an
algebraic realization of J*¥, it is direct to check that it acts in the same way as the differential

operator above:
kye, J¥  ilk)(k k) (k
MEV Z’ >< | ® H ]I ® 7/| >< |

p-e” m m

(2.20)

SMore explicitly, we have

Ve ) = et [0 e | o)+ s [ o
= [k)(kp®*)®|p*2) + [p*) k) (kp) = 2|k)(kp") O |p®),

with similar manipulations for higher powers.



These identities allow us to reinterpret the last two terms in the amplitude formula (2.15)
as the non-zero powers of this dipole operator acting on the on the state |2)2:

-2 Rk = i (P oy, (2210)
ﬁ<1k‘>2<k2>2: <1‘2(w>2’2>2’ (2.21b)

and rewrite the amplitude as

Ms(p1,po,k7) = <1|2{1 + i (W> - 1(W>2}|2>2. (2.22)

p-E 2\ p-e

It is now clear that these terms are (1) precisely the differential operators of the soft expan-
sion (1.1) and (2) the scalar, spin dipole and quadrupole interactions in the expansion of the
Kerr energy momentum tensor (1.5). In this way, we interpret the three terms in the am-
plitude (2.15) as the multipole contributions with respect to the chiral spinor basis, despite
the fact that they do not equal the multipoles in eq. (2.5) individually. Furthermore, as the
operator (k,e, J*)7 annihilates the spin-1 state for j > 3, the three terms can be obtained
from an exponential

_ ke, J
Map, o) =21 exp (55220 ) 22 (2.23)

It can be checked explicitly that acting with the operator on the state (1|2 yields the
same result, i.e. in this sense the operator k e, J*” is Hermitian. On the other hand, choosing
the other helicity of the graviton will yield the parity conjugated version of eq. (2.23), where
the parity-odd terms in the exponential switch sign, that is

1 kuebJ
Malpn, 1) = Sy l1Pexp ~i 22 o (2:24)

In the next section we extend this procedure to arbitrary spin. Let us point out that the
explicit amplitude can be brought into a compact form by changing the spinor basis. In fact,
the three-point identities (2.13) imply that the amplitude formula (2.15) collapses into

Ms(p1,p2, k™) = [12]%2>. (2.25)

However, let us stress that this form completely hides the spin structure that was already
explicit in the vector form (2.5). The purpose of the insertion of the differential operators is
precisely to extract the spin-dependent pieces from the minimal coupling (2.25), which will
then be matched to the Kerr black hole.

,10,



2.2 Exponential form of three-particle amplitude

In this section we generalize the previous discussion to arbitrary spin. The starting point in
this case is the three-point amplitudes for massive matter minimally coupled to gravity in the
little-group sense [29]:

[12]2S$2

<12>23x72
m2s—2 '

m2s—2 ' MgS)(ppr,]{_) =

As explained in the previous section, in such a compact form all the dependence on the

M) (p1, p2, kF) = (2.26)

spin tensor is completely hidden. In order to restore it, we need to write the minus-helicity
amplitude in the chiral basis

=0 N7
(2.27)
Here we have taken advantage of the symmetrized tensor product ® that enables us to perform
the binomial expansion (we have omitted the identity factors in the tensor product). Even
though this already corresponds to an expansion in the “spin operator” of [24], here we recast
this into exponential form by inserting the differential angular momentum operator

kue, JH 1 0 0
—i—t— = —(kp){k =—— kp){k — = k){kp). 2.28
= —{kp) mp% (kp)( 8)\p>lp> k) (kp) (2.28)
Indeed, it is easy to generalize the formulae (2.19) to product states of spin-s, namely
N 2s)! AR kDY
k £, JHYNT (7 2s—j [ 1M/ \VE) <9
(- i = s () == am
p 0 . j>2s

In other words, in general the operator (2.28) is nilpotent of order 2s.” Of course, this also
admits an algebraic realization, which is the trivial extension of the formula (2.20). From

this we can derive the formal relations®
) - 2)! [ |k)(k|\* S
k,es JJW (O] ( H®23 7 <9
(‘ ) = 1§ (25— j)! < me ) 00T IS (2.30)
p 0 , J>2s
Therefore, we can rewrite eq. (2.27) as an exponential
2s ] o) ]
s 2s ) RN | o 2s sx L (e TN o
ap [Z () 2 = a2 30 L (R Y g2
: j m il p-e
3=0 3=0 (2.31)

ke JH
— (12 exp  i-Er ) [2),
p-e

"Interestingly, due to its property (2.29) the spinorial differential operator (2.28) can be regarded as a
ladder operator for a spin-s representation.

8For j = 1, eq. (2.30) corresponds to the operator k - S used in [24] to perform the matching with the
standard QFT amplitude. We note, however, that the classical quantity k,.c,S*”/(p - €) matches the quantity
k- S used in [24] only when the spin tensor satisfies the SSC (2.4), as can be seen by squaring both terms.
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where we note that the exponential expansion, albeit valid to all orders, becomes trivial at
order 2s. It can be read from eq. (2.27) that the spin operator |k)(k| of [24] corresponds
precisely to k e, J*”. Moreover, in the formal limit s — oo the exponential can be realized
as a linear operator that does not truncate! However, let us stress that even for finite spins
the exponential operator in

- ey JH

Mz(as)(]?lym,k*) = Méo) exp <z>7 M:())S) _

P APz (232)

1
m2s
is still present and can be mapped to classical observables such as the scattering angle. This
framework will be particularly useful at order G2, since the arbitrary spin version (and hence
the s — oo limit) of the Compton amplitude is not yet known.

The transition to the positive helicity should amount to exchanging angle brackets with
square brackets. However, this procedure maps the massless polarization vectors to minus

each other (see eq. (C.7)), while the field-strength-like combination
1
K UV'k‘[MEIj} = 7>‘0‘)‘56dﬁ" o

aa” BR \/§ ﬁ

does not have a relative minus sign between the helicities. The combination ke, J* /(p - €)

hoov. AaAz€ap (2.33)

g ad” BB

k?['ué:j] =

thus develops an additional minus sign upon a helicity flip, as in egs. (2.23) and (2.24):

17

M (o1, 0, k) = MY exp(—ikfif ) MY = s @

The form (2.32) makes explicit the fact that the higher-spin amplitude is non-local [29].
However, despite the appearance of the factor p- e in the denominator, the exponential factor
is gauge-invariant due to the three-particle kinematics. We further recognize in the argument
of the exponential the same structure as the one appearing in the Cachazo-Strominger soft
theorem. In fact, as will be made explicit in the next section, the extended soft factor of
Cachazo and Strominger is just an instance of a three-point amplitude of higher-spin particles.
The poles present in the extended soft factor (1.1) simply arise when gluing these three-point
amplitudes.

The formula (2.32) is our first main result. Note that this holds for the full three-
point amplitude with no classical limit whatsoever. This formula matches precisely the Kerr

energy-momentum tensor (1.5), with M:go) = m2x?

corresponding to the scalar piece (the
Schwarsczhild case). In section 3 we will use this compact form to compute the scattering

angle of two Kerr black holes at linear order in G.

2.3 Exponential form of gravitational Compton amplitude

The task of this section is to extend the construction presented in the previous one to the
Compton amplitude, without the support of three particle kinematics. In particular, we will
show that for the distinct-helicity amplitude the following holds

~ (s _ ke, JH 1
Mz(l )(p17 k;a k3 7p4) - MELO) exXp <2Mpa) ) P = 5(101 _P4) (235)
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Here the momentum k and the polarization vector € in the exponential operator can be
associated to either of the two gravitons. The only difference comes from the choice of the
spinor basis. Explicitly, we have

kopcon JH k3, JH
[1]% exp (Hf@) 14]2% = (1] exp <zf”*§?€3> |4)s. (2.36)

Analogously, J* can be associated to either of the massive particles. As we explain later,
the polarization vectors may be chosen such that p; - e = —p4-€ = p - €, so the denominator
is also universal.

The importance of this amplitude (as opposed to the same-helicity case) is that it controls
the classical contribution at order G2, as was shown directly in [20, 24]. In [24] the classical
piece was argued to lead to the correct 2PN potential after a Fourier transform. In the new
approach of [20] the classical contribution in the spinless case was identified by computing the
scattering angle. In section 3 we will use the Compton amplitude as an input for computing
the scattering angle with spin up to order S*, agreeing with previously known results at order
S2. We will see that this exponential form is extremely suitable for the computation of the
latter as a Fourier transform.

Our strategy is the following: we first consider the action of the exponentiated soft factor
acting on the three-point amplitude, as an all order extension of the Cachazo-Strominger
soft theorem. We have checked that this agrees with the known versions of the Compton
amplitude [29, 43], at least for s < 2. We leave the problem of s > 2 for future investigation,
but we will comment on its origin at the end of this section.

The proof of eq. (2.35) starts by considering an all-order extension of the soft expan-
sion (1.1) with respect to the graviton ks = |3)[3|:

{(pl - e3)? exp (Z k3u53ujfy> n (ps - €3)? exp (Z k3u€3quy>

p1 - k3 P1 €3 P4 - k3 P4 - €3
(kg . 63)2 < ,L,k3“€3y¢]§y
kQ . k‘3 P k‘Q * €3

(2.37)

)}Més)(pl,k;,m).

As stated in the introduction, two main problems arise when trying to interpret eq. (1.1)
as an exponential acting on the lower-point amplitude. The first is that gauge invariance
of the denominator p; - £3 is not guaranteed. Here we simply fix e5 = v/2|3)[2|/[32], so the
last term in eq. (2.37) vanishes, as we will show in a moment. The second problem is that
one still has to sum over two exponentials, which would spoil the factorization of eq. (2.35).
The solution is that in this case both exponentials give the exact same contribution. In the
language of the previous section, this is the fact that one can act with the operator k3,3, J*”
either on (1|2 or |2)2%, giving the same result.

Let us first inspect the three-point amplitude entering eq. (2.37),

0) <14>25

s 1]2]2 1]4/3)2
M = (BI12]%  (3|1]43)

0 _, 2.2 _ _
Mz’ =mTx; = 32 T 3y (2.38)

m2s ’
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where we used e = /2|3)[2|/(32). As explained in [1], in order for the action of the dif-
ferential operator to be well defined, we need to solve momentum conservation and express
./\/lgo) in terms of independent variables. Solving for |2] and |3] yields the last expression in
eq. (2.38). Now to evaluate the first term, we recall from appendix C

i 0
—(32)(3=—). 2.39
\/5< )351-) (2.39)

0o
As the only place where (2| appears in eq. (2.38) is in the contraction with |3), we see that
)

Jself-dué}l _ 27;)‘2(04

w
208,63 = /CgMEgVJQ =

—— €.
ap
oY)

the above differential operator annihilates the scalar three-point amplitude M:(,)O . Moreover,
since the prefactor (14)2* in the spin-s amplitude ./\/l:(f) does not depend on |2), we conclude
that the third term in the expansion (2.37) vanishes to all orders, as promised.

Let us now look at the angular momenta of the massive particles. A similar inspection of

(3]114|3) = (31%)[1,4](4%3) shows that the scalar piece Még) is in the kernel of the operators
i d i 15}

ks, e3,J1" 31%)(3 , k3ues, JiY = 34%)(3 . 2.40
Therefore, eq. (2.37) is simplified to
. 2 k VJHV . 2 k VJHV 14 2s
./\/léo) [(pl £3) exp <z 3uc3v /] > + (ps - €3) exp <z 334 )] < 2 . (2.41)
p1-ks p1- €3 pa- ks D4 €3 m=*
Moreover, our choice of the reference spinor for €3 implies p; - €3 = —p4 - €3 = p - €, where

p = (p1 — pa)/2 is the average momentum of the massive particle before and after Compton
scattering.

From the discussion of the previous section on the action of the angular-momentum
operator on (1|%* and [4)2¢, we also have

I ke JhY [ (1
exp <13“€31> (14)%° = exp (ﬁm) (14)2° = (1|* exp (ﬂ’“‘”’) 4)25. (2.42)
Pp1-€3 P4 - €3 p-e3

Hence we obtain

1 - e3)2 - e3)2 k3,e3, JH
: Méo)[(pl 3) . (pa - €3) ]<1]23exp<z‘ 3uE3 >‘4>25’ (2.43)
m=s p1 - ks pa - k3 p-es

where we recognize the scalar Weinberg soft factor. Recall that in this gauge ps - €3 = 0, so
there is no contribution from the second graviton. As an easy check, we observe that the
scalar Compton amplitude, written e.g. in [29, 43], can be constructed solely from this soft
factor:

MO _ g © [(pl -e3)° L (P e3)? (3[1]2)* (2.44)

T L ks pa- ks ] ~ (2p1 k) (2pa - k) (22 ky)
This proves (2.35) can be obtained from the all-order extension of the soft theorem (2.41).

Finally, the property (2.36) is checked by repeating the computation the opposite-helicity
graviton ko.
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2.4 Factorization and soft theorems

In view of the exponentiation formulas, we now show how factorization is realized in this
operator framework. For the pole (k3 + k4)> — 0 it is evident, so we will focus on the
pole (p1 - k2) — 0. In that limit the scalar part factors as Mflo) — Mgongogz/(Qpl - ko)
corresponding to the product of the respective three point amplitudes. Let us denote the
internal momentum by p; = p; + ka. Unitarity demands that the operator piece in (2.35)
behaves as

‘ k3uad ™\ nos . 1 s Koo, I N 2 o
(1% exp (13“53) 42 = — 1 exp (—22“;?52) L2 (19)2° exp G“”ff”gg) |4)2s.

p-e3
(2.45)
Here the insertion of p; = |I,](I?| is needed since the exponential operators act on different
bases. In order to show the above property, it is enough to write the left factor in the chiral
basis, as in section 2.2, which is possible on the three-particle kinematics of the factorization
channel:

1 ) k L JH ) ) k o L )
1 enp (T o (50T g
™m

p-Ea p-es
1 ksyes, JM ks,e3, JJHY
_ ]-Ia 2s g 2s - W3puc3v 4 2s _ 123 - V3pc3v 4 28.
o (L0 2 oxp (25 g — 12 o (152522
(2.46)

On the other hand, we could have inserted the resolution of the identity in the right factor

iz ny
[1|23 exp _ikQMEQV‘] |Ia]23 <Ia|23 exp Z-k3HE3VJ ‘4>2$
p-Eg pb-es

m2s

1 kop€a, JHY kop€on JHY (247)
e e L e T e
m=s D- €2 D- €2
Putting this together with the scalar piece we can write, for instance,
M) M), Kgpea, JH
M) y ST R 28 o <i3“ v )4 25 2.48
T T (117 exp o |4) (2.48)

(0) v
M3 (.k3;¢63uﬂf
exp | i—=£=2274
2p1 - ko D-E3

where we used M:(,)O) (p1,pr1,ky) = 2(p1 - €2)?. This recovers the extension of the soft theorem,

2s _ (1 - £9)? exp (ik3u53uc7ffy)M(s)

MO (14 ,
> 1) p1 - ko p-es SR

that we used as a starting point of this section, in the limit p; - €2 — 0. The origin of the
exponential soft factor in this case is nothing but the three-point amplitude of spin-s particles,
written as a series in the angular momentum. Therefore, in our case the statement of the
subsubleading soft theorem (1.1) follows from factorization of amplitudes of massive particles
with spin.

Let us remark that, in analogy to the three-point case, the exponential factor can be
brought into a compact form using spinorial identities. For example, one can check that

v 2s 2s
e [ ] o (2 8

(2.49)
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which converts the Compton amplitude into the form

) (=1)FT3Ja|2)tes

2s
Mi (2p1 - k3)(2p4 - k3) (2ky - k3) ([12] (34) + <13>[24]) (2.50)

that is given in [29]. We remark, however, that this expression completely hides the spin
dependence that is needed for the classical computation.

It was pointed out in [29] that the formula (2.50) is only valid up to s < 2. For higher
spins, one has to eliminate the spurious pole (3|1|2] that appears at the fifth order by the
addition of contact terms. From our perspective, this spurious pole corresponds precisely to
the contribution from p - €3 appearing at higher orders in the soft expansion. Let us remark,
however, that our result (2.35) non-trivially extends the Cachazo-Strominger soft theorem
in the case of the Compton amplitude for spinning particles. This is because for s = 2 the
exponential is truncated only at the fourth order in the angular momentum, whereas only
the second order was guaranteed by the soft theorem. This extension is what enables us in
section 3 to obtain the scattering angle at order S*, by means of a Fourier transform acting
directly on the exponential. We leave the study of the contributions from contact terms at
higher spin orders for future work.

3 Scattering angle as Leading Singularity

3.1 Linearized stress-energy tensor of Kerr Solution

In section 2 we have shown that the three-point and Compton amplitudes can be written in
an exponential form. We have also motivated the definition of a generalized expectation value
of an operator O acting on two massive states, represented by their polarization tensors,

1eeafbg, V1.0V
(0) = s O o s (3.1)
N € ght-ts ' '
Lpt...ps=2

Let us first show how to apply this definition to match the form of the stress-energy
tensor of a single Kerr black hole, derived in the introduction:

BT () = )00 ) <) exp (722 ), (3.2
where we have flipped the sign of k. There is a subtle but important point already present in
this classical matching that will guide us in the following subsection on a path to the classical
scattering angle. A crucial difference between the angular momentum operator J*” appearing
in the soft theorem and the classical spin S*¥ appearing in the expansion of TH” comes from
the SSC satisfied by the latter. Following section 2.1 (see also appendix B) we relate the two
by

JH = S + %p“paJm’ — %p"paJQ“, (3.3)
m m
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which implies that the soft operator reads, at k% = 0,

k,e,J*  k,e,S* 1 y
Mp-& == Mp-& + Wkup,ﬂ]'u . (34)

The key observation is that this operator acts on a chiral representation. That is, the
states are built from the spinors |1)2* and |2)%* and therefore the operator is algebraically
realized by J* = igl#"1/2, which is self-dual. This means that

1 P P .
mk:upw]“” = WEWP kupyJpe = WEW’) kupySps = ia - k. (3.5)

On the three-point kinematics, one can show that i(a - k) = k,e,5"/(p-¢€), so eq. (3.4)
becomes

kue, JH _ QkNEVS‘“’.
p-e p-e
It can be checked that this relation is independent of the helicity of the graviton. To compute

(3.6)

the generalized expectation value, we will also need to consider the product Egs) -Egs). To that
end we use the following representation of polarization tensors, obtained as tensor products
of the spin-1 polarization vectors (2.10)

s i 23/2 s < 25/2 s
e =efr = (D)™, &) =eft= ——(12)02l)™, (3.7)

where py is now outgoing, so |2) is minus that of section 2. This leads to

lim m?ey,, .eht " = lim (12)°[21]°

5—00 §—+00

oy RGIY
= Jim (1 (1 P e
. 2 (3 kugyj HrN© 23
= Jim P (14 5 BT Y (39)

i ke, JJH
-1 128 o vptv ) 2s
tim (1 exp (5525 ) 2
uv

G [

where we used the s — oo limit of (2.30) and in the last line we extracted the operator as a
GEV. The same manipulation can be done for the three-point minus-helicity amplitude:

1% Vg . k Sulj
lim m?2 El,p1.. ng./\/li(f)”“"'“s’ e = m22? lim exp <2z“€l/> <12>25. (3.9)

5—00 5—00 p-€

Here we would like to emphasize a key point. Even though the exponential operator is
always present at finite spin, it is only in the infinite spin limit that the expansion does not
truncate. This leads to

n
lim <./\/lgs)> =2(p-¢)? exp( W), (3.10)

5—00 p-€
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which recovers eq. (3.2), this time with the SSC condition incorporated. One can also keep
the minus helicity and redo the computation in the antichiral basis:

Sli)lglo m28817ulmusMés)vul...us,Vl...l/sEQ’Vlmys — m2$2 Sli)rgo[12]28, (3113)
ke, S*
; 2s Hlofbs _ 1: _ ey 2s
Slggom E1,01...1sED = Sllg)lo exp( lip . >[12] . (3.11b)

Therefore, the GEV is invariant with respect to the choice of the spinor basis.

Finally, we notice that the self-dual condition is natural when considering a definite-
helicity coupling, e.g. ke, J* projects out the anti-self-dual piece. However, we should keep
in mind that this is just an artifact of our choice of chiral spinor basis to describe that coupling.
It would be interesting to find a non-chiral form, analogous to the vector parametrization of
section 2.1, in such a way that the amplitude already contains the covariant-SSC spin tensor
built in.

3.2 Kinematics and scattering angle for aligned spins

We now consider scattering of two massive spinning particles, one with mass m,, spin (quan-
tum number) s,, initial momentum p;, and final momentum ps, and the other with mass my,
spin sp, initial momentum ps, and final momentum py,

pi = p3 =m2, p3 =p; =mg, (3.12)

following here the conventions of [24]. The total amplitude
P2 P4
Mglsavsb) — (313)
b1 b3

is a function of the external momenta and the external spin states (polarization tensors). We
define as usual
2 2
S = ptOt’ t= k} 5 (3.14)

where piot is the total momentum, and & is the momentum transfer,

Ptot = P1+ D3 = D2 + D4, k=ps —p1 =p3 — pa. (3.15)

The Mandelstam variable s, the total center-of-mass-frame energy F, the relative velocity v
(between the inertial frames attached to the incoming momenta p; and ps, with v > 0), and
the corresponding relative Lorentz factor v — each of which determines all the others, given
fixed rest masses m, and my—are related by

. 1
s =E*=m?2 +mi + 2mamyy, Pps _ V= . (3.16)

meMp Vv1-— v2
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Figure 2: Tree-level singularity for one-graviton exchange

At t = 0, it is convenient to fix the little-group scaling of the internal graviton (for
tree-level one-graviton exchange). Following [24], we can choose it as

_ V2ps e

=1. 3.17
3 o (3.17)
This implies
-1 V2py et [r|p1]k) V2p1-e” [k|p1[r)
1 Mg ma[rk] v +v), 1 Ma mq (kr) 71 —v)
(3.18)
We consider the case, in the classical limit, in which the two particles’ rescaled spin
vectors,
1 - 1
% = 2m3€#1/p0p555 ) ay = 2m; ypoly Sy (3.19)

are aligned with the system’s total angular momentum. They are orthogonal to the constant
scattering plane, and are conserved. The scattering plane is defined containing all the mo-
menta, see e.g. [26]. Here p, is the average momentum p, = (p1 + p2)/2 = p1 + O(k) =
p2 + O(k), similarly for p,. In this “aligned-spin case”, up to order G2, we will find that the
classical scattering angle 6 by which both bodies are scattered in the center-of-mass frame, is
given by the same relation as for the spinless case [20, 36, 37],

0100 =2smt = —L 0 / Ph kb oy Gy 1 O(GY), (3.20)
2 (2mgmyyv)? 0b ) (27)2 Sa,5p—00 ’ '

where <M5f“’sb)> is the generalized expectation value of the amplitude (3.13), and the momen-
tum transfer k is integrated over the 2D scattering plane, with b being the vectorial impact
parameter with magnitude b.

3.3 First post-Minkowskian order

At 1PM or tree level, the leading-singularity prescription reduces to a t-channel residue equiv-
alent to one-graviton exchange [25]. The reason that this leads to classical effects is that the
O(t°) piece, which is dropped, is ultralocal after a Fourier transform [19, 44]. In contrast to
the one-loop case, the HCL defined as the leading order in ¢ is trivially implemented from the
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fact that the computation is done under the support of the factorization channel. Following
sections 3.1 and 4.2 of [24], the LS for the amplitude (3.13) with one graviton exchange is
obtained by gluing two massive higher-spin three-point amplitudes at minimal coupling, see
figure 2. These amplitudes are now given in the exponential form by egs. (2.32) and (2.34)
in the chiral basis. Summing over helicities, we have

A Sa,S 1 ~ Sa — (s
MZ(,L ) - |:M£(’) )(p1>_p27k )®Mg b)(p3a_p47_k+)

t
+ MS (p1, —pa, k) @ MY (ps, —pa, k_)] (3.21)
2,,2 2 — éw 2 k _J;u/
= 8nG e %exp ZM + %’exp —i”e”% .
—t z3 p1-€ 7 p3 - €

Here we will take the limit where both massive particles’ spin quantum numbers (s, and sy)
go to infinity. After using eq. (3.6) in the first equalities below, it follows from the three-
point kinematics and from egs. (3.16) and (3.27) that the exponents can be rewritten in the

following forms independent of the polarization vector,

ke, J&Y ke, S Hpk

i 0 T D0 i pe— S kPaT = +2ik X P - aq, (3.22a)
p1-¢ p1-€ MMy YV
ke, J ke, SH Hpk

e Th O 9 e —PIP3 kPaf — _9ik x b - ay, (3.22b)
ps-€ ps-e MMy

where P is the unit vector in the direction of the relative momentum in the center-of-mass
frame. Finally, using egs. (3.18) and (3.17) for the z-factors, and dividing by the normalization
factor arising from the generalized expectation value as in eq. (3.8),

(e1-£2)(e3 - £4) — exp (zk X P (ag — ab)> (3.23)

(with the relative sign due to the direction of k), we obtain
m2m?
(M) = 8TGe 2 S (1 v) exp <1Fz'kz XD (ag+ ab)). (3.24)
+
Inserting this into the scattering-angle formula (3.20) gives

2
Otree = _GE (1 = U)28/ - exp (_ik ’ [b +p x(aq + ab)])
+

02 ob | 2nk?
GE 0 N
= (1iv)28b[log‘bipx (aa—kab)’ =log (b+ (aa+ab))] (3.25)
+
_ GE (1+0v)?

_UT I b:l:(aa+ab)’

having used p x @ = ab/b for both spins in the aligned-spin configuration. This precisely
matches the result for the 1PM aligned-spin binary-black-hole scattering angle found in [26].
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Finally, let us emphasize that, as stated in the introduction, this already differs from the
strategy implemented in e.g. [21, 22|, where the full tree-level amplitude for s = {%, 1,2}
was computed in first place. Only then it was expanded in the NR limit £ = (0,k) — 0
under the COM frame. The evaluation of spin effects requires tracking subleading orders
in the momentum transfer k (denoted there by §), which in general contain both classical
and quantum pieces, depending on whether they include the corresponding power of the spin
vector. This is precisely what the LS singles out by dropping the (quantum) contraction
t = k? in favor of the (classical) tensor structures ~ k™S™. At tree level this is equivalent to
set the HCL ¢ = 0, but at one loop the HCL is needed to drop further quantum contributions
from the LS, as we shall explain in the next subsection.

3.4 Second post-Minkowskian order

In this section we derive a compact form for the 2PM (or O(G?)) aligned-spin scattering
angle. This is obtained from the one-loop version of the previous 4pt amplitude, through
the triangle LS proposed in [24] for computing its classical piece. The LS now consists in a
contour integral for a single complex variable y remaining in the loop integration after cutting
the three propagators of figure 3:

Cly)=mj, (p3—Ly)*>=0, (pa—Ly)*=0. (3.26)

It was argued in [24, 25, 45] that for the spinless case the Compton amplitude for same
helicities leads to no classical contribution. This fact is also true for arbitrary spin, as will
be proven somewhere else. This implies that only the opposite helicity case treated in 2.3
is needed, together with three-point interactions. The derivation is thus valid (to describe
minimally coupled elementary particles) at least up to O(a2) and to all orders in a,, where a, is
the rescaled spin of the particle that will appear in the Compton amplitude, and a; the other.
As explained already in [24, 29] and emphasized in section 2.3 the Compton amplitude needs
the introduction of contact terms for s, > 2. Nevertheless, the exponential structure found
already for s, < 2 very nicely fits into the Fourier transform and leads to a compact formula
for the scattering function, which can be computed directly once the multipole operators
have been identified. The final formula resums all orders in both spins, but is not justified
starting at O(a2). We finally expand in spins and find perfect agreement with the linear- and
quadratic-order-in-spin results of [32] and [34]. The computation of the possible contributions
to the LS from contact terms arising in the higher-spin Compton amplitude is left for future
work.

Our strategy is to identify the spin-multipole-coupling operators k X p-a, and k X p - ay
in the exponential form of the three and four point amplitudes entering the triangle leading
singularity, see figure 3. This is done under the support of the Holomorphic Classical Limit”
which accounts for a null momentum transfer k% = 0 and recovers the three point kinematics

9The name “Holomorphic Classical Limit” is due to the external momenta being complex at that point.
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Figure 3: Triangle leading-singularity configuration

studied in section 2. The soft expansion in k accounts for a simultaneous expansion in both
powers of spin.

Let us first recap the triangle leading singularity, also introducing a more economic for-
mulation of it. This consists of a contour integral obtained by gluing three-point amplitudes
with the Compton amplitude. Our starting point is the expression

k2 my Ay~ (sa)

NG (e, —p3e kg k) © MEY (05, —,—k3) |02 (25 M5 (—pit £, —kT),
s R k) © N~ P it 6 )

(3.27)
where we have inserted the operator |[¢](¢| in-between the three-point amplitudes to denote
operator multiplication, in the same way as in section 2.1. Here I'yg is the leading-singularity
contour which can be obtained at either |y| = € or |y| — oco. The loop momenta, together
with their corresponding spinors, are functions of y given by equation (3.17) of [24]. Here we

( ) Jeg) = —21y(k](1+y)+()<g)7
k) = *|1€ (1 -y ( ), |k‘4>=1<k\(1y)+0<ﬁ>7
(ksks) = C+o( m)) (3.28)

2
(halpr es] = mayy/—f2Y =297 +y°) +o(<vt)>.
2y

will only need the following limits:

|ks] = *lk A +y) +

mp

Recall that at ¢ = 0 the momentum transfer reads k = |k)[k| and the scaling of the
spinors |k), |k] is fixed by the condition (3.17). In turn, this fixes the little-group scaling of
both internal gravitons k3 and k4. We can now insert the exponential expressions (for s, < 2)
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and evaluate the scalar pieces, obtaining

2

K d _ _
ﬁ r ﬁMd(LO) (pla —P2, kgra k4 )Mi(i()) (p3a _67 _k3 )M§O)(_p4a Ka _k“4+)
LS
kel JH ks,ea, JHY
X exp iM ® exp i?’ug?’i”_” (3.29)
+
P1-€&4 p3 - &3

_ i m [ dyRy o))t ( kwiﬂc’f”) © exp ( kguegyJé‘”>

26 =t Jris vl —y?)? p1-Ef p3-ez )

to leading orders in .

Before proceeding to compute the GEV, let us clarify an important point. Recall that
in the tree-level case the exponential operator was truncated at order 2s in the expansion.
The infinite spin limit did not alter the lower orders in the exponential but simply accounted
for promoting such finite number of terms to a full series. We assume such condition still
holds for the Compton amplitude, that is, the first five orders reproducing the exponential
expansion are not spoiled in the infinite spin limit. The reason is that at arbitrary spin, the
introduction of contact terms is only needed to cancel the spurious pole coming from the
exponent, which appears as a pole in the amplitude only at fifth order.

With the previous consideration, the above operator formula in the infinite spin limit is
fourth order exact in the expansion of the left exponential and fully exact in the expansion of
the right exponential. Let us now proceed to evaluate the exponents of both. The exponential
factor on the right can be obtained straight at ¢t = 0 kinematics. In fact, using

(1+y)°
ks = ——""k 3.30
R T (3:30)
we find
ks, ez JtY 1 2 kues, Ji 1 2
exp(i?’“g?’b> _ exp(—i( +y)* kuesv > _ exp(i“y)k x p.ab>7 (3.31)
D3 - €3 4y D3 - €3 2y

where the vector €5 can be taken as a polarization vector for £, up to a scale that cancels. We
have again identified k e, J}" /(p3-€3) = 2k xp-ay, (with a sign flip due to the negative helicity)
as the classical operator that will enter the GEV, whereas the y dependence contributes to the
contour integral. Now, recall that the left exponential corresponds to the Compton amplitude
and was fixed in section 2.3 using k3 - EZ =0, i.e.

el = ﬂ'f;’zgj; (3.32)

which is singular at ¢ = 0. In order to evaluate it we will need the following trick. First note
that at t # 0 the numerator is gauge invariant, hence we can write

kapeg, I8 = kauél, I, (3.33)
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where

|7) [ka
\/47<rk4> (3.34)

and |r) is some reference spinor such that (ksr) # 0. This means that in the limit we have

: k4H8j1rVJ#V +)~1
%141;% W (k4N84VJ )t -0 1141)1[1) (p]_ “€y ) . (335)

The limit can be evaluated directly using eq. (3.28). We find

lim (p1 - €f) = 2\[ 22y —v(l+y )] (3.36)

t—0

Now recall that at t = 0 we recover three particle kinematics for py, po and k. This means
that the combination

_ (r|p1|kd] y (rlp:|k]
p1-€ T === (3.37)
=0T k) o V2 (1)
is independent of the choice of r and hence can be identified with
+ YMq,
-eT) = 14 wv), 3.38
ypr-e") =y 7 (1+0) (3.38)
as follows from (3.13). Putting all together, and using k4 = a 3)2, we have
. kg €4VJIW " 2\/> 1
oy = e = U i) o 2y — o+
k 22 _
- (PE) ) ) 2y G0
p1-€d, /o TMa
1 kuet Ji" 1—-y)%(1
( )( +v)<l1«€l/‘]+ ):( y)( +;})k><f)'ab.
Ty —200+)\ pr e 2y —v(1+y?)

Attaching the same normalization from the previous section in order to compute the
GEV, we write the leading order (i.e. dropping O(t") terms) of our contour integral as

/ dy’y 2y —v(1+y?)* p( 1+9y2% —2vy & x 1+ 92 .
I's

2mi 8v2y3(1 — y?)? 2y —v(l+y?) Pagts kxp'ab>,

(3.40)

As already explained, I',g can be chosen as a contour around zero or infinity. This inversion

accounts for a parity conjugation of the amplitude, and the equivalence follows from parity

invariance of the triangle diagram [25]. Here let us unify both descriptions by means of the
change of variables

1+y?

2y

Both contours around y = oo and y = 0 are mapped to z = oco. At the same time the

z =

(3.41)

polynomial structure gets reduced to at most quadratic, at the cost of introducing a branch
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cut in the integral. Now, after restoring overall factors, we have
G*m2m} dz Y2 (1 — vz)? exp A
V=t Jr 2miv2(22 — 1)3/2 "=

(M) = 4n°my, k XD-ag+izk xp- a,b)

(3.42)
Note that the branch cut singularity is induced by the massive propagators inside the Compton
amplitude and does not lead to classical contributions. The essential singularity z = 1/v is
induced by the unphysical pole p; - €% in the exponential expansion. We take the contour
around infinity to be I's = {|z| = R} for some large but finite radius, R > max{1,1}, for
reasons we will explain in a moment. Finally, the contribution to the scattering angle reads

d 2(vz — 1)* d’k —
0, = —7G*mpE— 0 9z 7 (vz ) / exp(—ik . [b —zZp X ap — 12 UZ P X aaD

Ob Jr, . 2mi 202(22 — 1)3/2 | 2n|k| —
0 dz (1 —wv2)? z—v -1
2
- _ oy B L S ? A U Al 4
mGEmy Ob Jr, 2mi 202(22 — 1)3/2 <b 20T T 0 ) (3.43)

having specialized to aligned spins. The total one-loop contribution to the scattering angle is
0. + 6., where 6, is obtained by exchanging m, <> m; and a, <> ap.

Let us now discuss the choice of contour I't,g. Denoting a, = ¢ and a; = a, we will argue
that the contour integral is given by

dz (vz—1)
— - , 3.44
L’z+|=eUz|%oo 2mi (22 — 1)3/2(2 — z4) (2 — 2_) (3:44)
where byt -
v+a+o Vo
= — 3.45
2+ +z av ) 242 av ) ( )

and we select z; by demanding z; — oo as a — 0. Now, for finite order in spin the
leading-singularity prescription simply grabs the pole at z = oo and drops the branch cut
contribution together with the pole at z = 1/v. We see that the infinite-spin limit resums
part of the contributions from both z = co and z = 1/v into finite poles located at z; and
z_, respectively. This can be seen by noticing that in the expansion around a,c — 0 we
have z; — oo and z4y — 1/v. This is the reason we considered a contour at finite radius in
eq. (3.42), which after the resummation encloses both z = oo and z = z.

With this contour prescription, evaluating the integral in eq. (3.43) yields the explicit
results given by eq. (1.12) in the introductory summary. Let us stress that the formulas (3.43)
and (1.12) can only be expected to be valid up to fourth order in o. Nevertheless, they
condense non-trivial information for the scattering angle up to that order into a simple contour
integral. We have checked that these results precisely match the linear- and quadratic-order-
in-spin classical computations of [32, 34].

4 Discussion

In this work we have presented a new connection between extended soft theorems and conser-
vative classical gravitational observables, in particular for scattering of spinning black holes.
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This extends the approach initiated in [24, 25] to construct such quantities in an economic
way through leading singularities. It also complements the general picture regarding the
extraction of classical results from on-shell methods, provided e.g. in [19, 33, 46].

It is clear that a more precise definition is needed for the generalized expectation value
that we used. Our construction can be thought as the average of an operator O as given
by two particle states in the scattering amplitude, which is mapped to the expectation value
of a classical observable O, = (O). Interestingly, this matches their effective counterpart,
as computed for instance in the worldline formalism, in the case where the operator O is
constant [26, 31]. An extension of the GEV may be needed to incorporate time dependence,
such as what occurs with classical momentum deflection or spin holonomy [32].

The natural desired extension of the leading-singularity method is the computation of
higher orders, both in loops and powers of spin. Examples of higher-loop leading singularities
were computed for gravitational theories in [25], so it would be interesting to see if these can
be also applied to compute classical observables. On the other hand, extending the range
of validity in powers of spin is now clearly related to the problem of understanding deeper
orders in the soft expansion. More precisely, it is known that these orders depend both on the
matter content and the coupling to gravity [14, 15], hence one could hope that such problem
is tractable at least for matter minimally coupled to gravity [29], thus describing black holes.

It was already pointed out in [21] that amplitudes for massive spin-s particles lead to
a classical potential for bodies with spin-induced multipoles such as black holes or neutron
stars. The amplitudes match the classical potential up to the 225-pole level, or up to order S2*,
where S is the body’s intrinsic angular momentum:

e a scalar particle corresponds to a monopole (with no higher multipoles);

e a spin-1/2 particle adds only a dipole o S, yielding the O(S') spin-orbit effects which
are universal (body-independent) in gravity;

e a spin-1 particle further adds a spin-induced quadrupole o< S2, specifically matching
the quadrupole of a spinning BH when constructed with minimal coupling. Note that
the quadrupole level corresponds to the order at which the soft theorem stops being
universal.

e a spin-3/2 particle adds a BH octupole oc S, etc.

The complete spin-multipole series of a BH is seemingly obtained by taking the limit s — oo
for a massive spin-s particle minimally coupled to gravity. This correlation was shown by
Vaidya [21] with explicit calculations at leading post-Newtonian orders, corresponding to the
nonrelativistic limits of tree-level amplitudes, up to the spin-2 or S* level. In this paper,
we have provided further evidence that this correspondence holds, fully relativistically, to all
orders in spin at tree level, and for at least the first few orders in spin at one-loop order. It
is, however, not yet clear why we should expect this correspondence between classical black
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holes and minimally coupled quantum particles with s — oo and A — 0, and to what extent
we should expect it to hold.

It was found in [47], by means of a BCFW argument, that in the MHV sector of gravity
amplitudes there is also a natural exponential completion of the soft theorem. A general
statement for gravity amplitudes is however still missing. There are a few evident problems
for the naive extrapolation of the formula (1.1) to higher orders. As we have seen, increasing
the powers of angular momentum, encoded in the gauge-invariant combination (k,e,J!"),
requires decreasing the powers of the numerator (p - ¢;), which generates unphysical poles.
Moreover, the first two orders enjoy gauge invariance thanks to fundamental conservation laws
corresponding to the linear and angular momenta of the scattering particles [1]. Reinserting
powers of (p - &;) in higher orders would then impose additional constraints that go beyond
these conservation laws. Therefore, when exponentiating the soft factor, a very specific choice
of the polarization vectors is required. This is precisely what is done in [47], where this choice
arises naturally from a BCFW deformation. A second problem that we dealt with here is the
sum over different particles, which destroys the realization of the exponential as an overall
factor acting on M,,_;. We showed that in the cases of interest for computing the scattering
angle at tree level and one loop, these two problems can be overcome by a judicious choice
of the polarization vectors.

An obvious question which arises from this construction is whether it is possible to
establish a link between BMS symmetries studied at null/spatial infinity [3, 4, 6, 8-10] (or
at the black hole horizon [48, 49]) and classical observables arising from massive amplitudes.
The natural candidate for such a connection is radiative effects [50-54], as explored in [16]
from the point of view of soft theorems. Finally, it would be also interesting to see a link
between the exponentiation presented here and the exponentiation of IR divergences that has
been known in QED for a long time [2, 10, 55]. The latter one has recently appeared in the
computation of tail effects from the EFT perspective [50, 56, 57].
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A Three-point amplitude with spin-1 matter

Here we compute the three-point amplitude (2.1) starting from the massive spin-1 Lagrangian

1 2
L= FuF" + %AMA“, (A.1)

where F* = gAY — 0¥ A*. In order to compute the minimal cubic vertex to gravity, one
needs to the extract the energy-momentum tensor sourced by this field. In principle, this can
be done by covariantizing this action, i.e. by promoting d,, — V,, and then inspecting the

2 0(V/—gL)

V—g Ogt¥
the energy-momentum tensor directly in flat space. The reason is that this procedure will

metric variation, T}, = . Let us, however, take an alternative route of computing
explicitly identify the contribution of the intrinsic angular momentum of the particle.
A textbook application of Noether’s theorem for translations yields the following tensor

T],I\I}V _ —F/anAg - n;u/[: = aMT]/éV = 0. <A2)

Its contraction with an on-shell graviton, EWT]‘\L,V, fails to give the correct three-point am-
plitude, as opposed to the one obtained from covariantization. The reason is that T%” lacks
symmetry in its indices (notice e.g. 9,T%” # 0), therefore its orbital angular momentum
LA = gh T — x"TJi‘,“ is not conserved. Let us fix that by generalizing T%” to a larger class
of tensors that are all conserved due to eq. (A.2):

TH =TL + 0\BMY, MY =_pmv = 9,TM =0, (A.3)

where the Belinfante tensor B#*” may be adjusted to yield a symmetric energy-momentum
tensor matching the gravitational one. To do that, we apply Noether’s theorem to Lorentz
transformations. The conservation of the total angular momentum L + S** then implies

8E
%% 14 A pv A pv . uv,o T AT NVUY AT
TN — TN = —-0\S , S = —27( N 0)2 .,.A = F EUTA . (A4)

Here %, are the Lorentz generators X7 . = i[nt?§2 — n*?6F] that will help us identify
the spin contribution inside the three-point amplitude. Imposing the corrected tensor to be
symmetric now yields the condition dyBM#¥! = %8»57)‘ # " which is solved by

B)\,uV — %[S)\MV + SNV)\ _ SV/\,U']‘ (A5)

Contracting the resulting energy-momentum tensor with a traceless symmetric gravi-
ton h,, and integrating by parts, we obtain the gravitational interaction vertex

— Ry TH = hyy FP7 0 Ay — i(O0hy )OS0 AT, (A.6)

where we suppress the coupling-constant factor x/2. Its momentum-space version in the
scattering amplitude gives the following contributions:

huF" 0" Ay — —(p2- €3) [(pl- e3)(e1-€2) — (p1-€2)(er- 83)] + (1< 2), (A.7a)
—i(@uh,,p)F”"EgZAT — ip3u€3,, [(pl' 63)(51'21“/-62) — (61' 63)(}91'Euy-€2)] + (1 > 2). (A7b)
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where the transverse polarization vectors €1 and €5 correspond to the massive spin-1 matter

and two copies of €3 belong to the massless graviton. Putting the above terms together

and using the three-point on-shell kinematic conditions p; - p3 = ps - p3 = 0, we obtain the
amplitude

Mg = 2i(p1-€)[(p1-€)(e1- €2) — 21?3#63116[1”6;}], (A.8)

T [n_v]

The second term in eq. (A.8) comes from ey -YH -7 = 2iei'cl’, which in appendix B we
interpret as a spin expectation value, so it can be regarded as the spin contribution to the

gravitational interaction.

B Spin tensor for spin-1 matter

Here we construct the spin tensor for a massive spin-1 particle for the three-particle kine-
matics of section 2.1. The starting point is the one-particle expectation value of the angular-
momentum operator in the quantum-mechanical sense:

<p’2,u1/‘p> E;UEMV,O'TET

Sh = = L = 2iexliel], ST = iphost — 78k, (B.l
p <p’p> 6;;' €p p ~p T [ T 7'] ( )

where for now we suppress the spin-projection/little-group labels of the states. We also used
the Lorentz generators 3*” in the vector representation. Due to the transversality of the both
massive polarization vectors, p - €, = 0, this spin tensor immediately satisfies the SSC (2.4).
Now a natural way to extend eq. (B.1) to the case of two different states (one incoming
with momentum p; and one outgoing with p9) is to introduce a generalized expectation value
such that it gives one for a unit operator:
(1[S)2) ey, SM7 e 2ieilel]

Sy = = = . B.2
12 (1]2) €] &2 €] €2 (B-2)

Since in section 2 we consider all momenta incoming, we suppress the conjugation sign'® and
rewrite the above as
St = 2i5[1“551/(51- €2), (B.4)

which is the (normailzed) angular momentum contribution obtained in appendix A from
Noether’s theorem. Now in a classical computation [26] it is desirable to consider a spin
tensor that satisfies the spin supplementary condition (2.4). Although eq. (B.4) is a legitimate

10The conjugation rule between the incoming and outgoing states in the massive spinor-helicity formalism
amounts to lowering and raising the little-group indices, as indicated by the completeness relation in eq. (2.10).
For instance, in the helicity basis [29, 41] of spinors for a massive momentum p* = (E,p) = (E, Pp), the
one-particle spin quantization is explicitly

= =1 — ~
spr a=b=1, p" = (E,p) = (E, Pp),

1
m(a")p’ = " (epan - Tur - €5 )pp = 0, a+b=3,

o (B.3)

1 "
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definition, it does not satisy the covariant SSC with respect to the average momentum p =
(p1 — p2)/2 of the massive particle before and after graviton emission:

Pt = 2 (k- e2)el + (k- c1)ef) /(er-22) £, (B.5)

where k = —p; — ps is the momentum transfer. However, the spin tensor is intrinsically
ambiguous, as the separation between the orbital and intrinsic pieces of the total angular
momentum is relativistically frame-dependent. In a classical setting, for instance, the refer-
ence point for the intrinsic angular momentum of a spatially extended body (as opposed to
its overall orbital momentum about the origin) is at its center of mass, but it gets shifted by
a change frame (see e.g. [58]). This ambiguity allows the spin tensor to be transformed as
Sk —y S 4 plip?l | wwhere the difference pltr?] for some vector 7 accounts for the relative
shift between S* and LM ~ p["@/apy]. Adjusting r” to accommodate for the SSC (2.4), we
obtain

v v 2 A v ] v 1 v
SHY = S1Y + Wp)\Sw[“p = 5 {25[“ ] Wp[“((k: ~e9)e1 + (k- 51)52) ]}, (B.6)

where we have used that p?> = m? for a null momentum transfer k. Finally, we note that in
the classical limit £ — 0 we retrieve the spin tensor (B.4) as the covariant-SSC one.

C Angular-momentum operator

Here we consider the total angular momentum

0
Juw = Loy + Sy, LES = 2wy, = (C.1)

V]
in terms of the spinor-helicity variables. The starting point is the momentum-space form of

the orbital piece

. .0
Ly = 212?[“@ = pUE,w/, 767%> (C.2)

in which we encounter the Lorentz generators ¥*” again.

Massless Case

Let us warm up with the case of a massless k# = (k|o#|k|/2. The spinorial version of the
orbital angular momentum (C.2) is

0 0
L' = | X% “”QB(W JFAC;WO‘BW , (C.3)
B
where the matrices
. B — L ( vAB _ SV B SHVG 1 ey _ YAy oM
o 4(0 o Ops 0 ) T 4(0 Jw a UVB) (C.4)
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are the left-handed and right-handed representations of the Lorentz-group algebra. Note that
the spinor map {Aq, Aa} — k* is not invertible for massless particles, but we can still use the
chain rule

0 Ok 1,30 8 1 5 O
g = —og". -, —_— = —g™ ,87
N~ O ke 278" gk Ng 2 Ok

to check the consistency between eqgs. (C.2) and (C.3). Namely, the action of spinorial gener-

(C.5)

ator on a function of momentum k* coincides with that of the vectorial one.
The generator (C.3), which can be more concisely written in spinor indices as

: 0 N
Log,pp = Taaggluw = 20| Magigy€45 + €apAa (C.6)

ONP) N |’
has more information than its momentum-space counterpart, as it cares about the helicity
of the massless particle. For instance, when we write the polarization tensors in terms of

spinor-helicity variables,

+ r)alkla - F)alrla
el =V2———, € . =—V2—— C.7
= V2 ae = V2L (©7)
we do not regard them as functions of k* but rather of its spinors A, and Aa. Of course, an in-
teger spin should not by itself depend on the auxiliary spinors. Fortunately, we can show that
the action of the differential operator (C.6) is precisely that of the algebraic generator ¥,

which constitutes the intrinsic angular momentum
(eS")r = g0 =20l = (5,4 5p)vs = 2ilEac€sr€sy — €areantagl. (C.8)

Specializing for concreteness to the negative-helicity case, we find

- - 2v/2i
Ladﬁ[agw = (e Sadﬁ,@)w + Weaﬁ[Q|o‘z[Q|g|k>'y’k>"y' (C.9)

Here the last term is a gauge term explicitly proportional to k.4, so it can be discarded in a
physical amplitude.

Therefore, we conclude that the spinorial differential operator (C.6) incorporates both the
orbital and intrinsic contributions and so serves as the total angular-momentum operator J**.

Massive Case

It is direct to generalize the above discussion to massive momenta p* = (p®|o*|py]/2. The

a 3b

angular-momentum operator in the space of massive spinors {\%, A } is given by

B
< y 0 0 v, O
nr aa _pv, B a =Hv,Q . =94 a . a__—
JH = [ XYt B + 50 585\% , Jaa,ﬁﬁ 21 )\(a a)\ﬁ)aeaﬂ + €a6)\(a 95|’

(C.10)

This operator is by construction invariant under the little group SU(2). Using the chain rule
H 1 ~ 1 .

9 — Ip ai — oM. gi7 (? — _,5/1»04/3/\&67’ (C.11)

o g ea gpt 2 aBf @ OpH OXL 2 Op+
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it is again easy to check that the action on a function of p 5= )\geabxg is the same as that
of eq. (C.2). Finally, the action on polarization tensors can be tested to be a Lorentz trans-
formation. The spin-s tensors are parametrized in terms of massive spinor-helicity variables
as
95/2 - -
gaigoa o= T @R . N1 ), (C.12)

Q10 ...0s Qg ms
with an obvious extension by an additional factor of Dirac spinor [29, 41] for half-integer

spins. Indeed, since J*” is a first-order differential operator, it distributes when acting on
g% %s and naturally expands into the left- and right-handed Lorentz generators:

95/2 - -
I, = ] [rma (A 0,9 R xR
(C.13)
3 ~ Vv. s— 3 5)
FA [/\‘;fa“ adQ}---/\gi e +}
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