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Abstract

We present a complete solution to the problem of Formal Higher Spin Gravities —

formally consistent field equations that gauge a given higher spin algebra and describe

free higher spin fields upon linearization. The problem is shown to be equivalent to

constructing a certain deformation of the higher spin algebra as an associative algebra.

Given this deformation, all interaction vertices are explicitly constructed. All formal

solutions of the equations are explicitly described in terms of an auxiliary Lax pair, the

deformation parameter playing the role of the spectral one. We also discuss a natural

set of observables associated to such theories, including the holographic correlation

functions. As an application, we give another form of the Type-B formal Higher Spin

Gravity and discuss a number of systems in five dimensions.
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1 Introduction

Higher Spin Gravities describe dynamics of (usually) infinite multiplets that contain mass-

less fields of arbitrarily high spin. Generally they are AdS/CFT dual of free CFT’s [1–3].

Free CFT’s enjoy infinite-dimensional global symmetries manifested in higher spin algebras.

Interactions in Higher Spin Gravities are expected to be completely determined by gauging

these higher spin algebras. We show that taking into account higher spin symmetry, but

leaving aside locality, the problem of formally consistent and gauge invariant equations of

motion can be solved in full generality. Constructing classical Higher Spin Gravity turns

out to be equivalent to finding a one-parameter family of specific associative algebras that

deform a given higher spin algebra. The latter observation drastically simplifies the problem.

In particular, the equations can also be explicitly solved and a class of natural observables,

including the holographic correlation functions, can be described.

When understood as holographic duals of free CFT’s, Higher Spin Gravities should be

reconstructable from the free CFT correlation functions [4–7]. The latter are completely

fixed by global higher spin symmetries on the CFT side [8–11]. Therefore, in the context of

Higher Spin Gravities the only initial data is given by a higher spin algebra that is directly

extracted from its free CFT dual (or from the N → ∞ limit of an interacting one that

is related to the free one via a double-trace deformation). The CFT origin makes it clear

that higher spin algebras are associative algebras resulting from quotients of the universal

enveloping algebra of the conformal algebra U(so(d, 2)). Equivalently, higher spin algebras

result from the deformation quantization of the algebra of functions on the coadjoint orbit

associated with the free field as an irreducible representation of so(d, 2).

From the general point of view, a given higher spin algebra is just an associative algebra.

The equations of motion of Formal Higher Spin Gravities look schematically like

dΦ = V2(Φ,Φ) + V3(Φ,Φ,Φ) + . . . = F (Φ) , (1.1)

where the bilinear structure map V2(•, •) is completely determined by a given higher spin

algebra. The equations look very similar to those of String Field Theory, see e.g. [12, 13]

and, indeed, an appropriate mathematical framework to abstract gauging of higher spin

symmetries is that of L∞-algebras, Q-manifolds and closely related ones. The reason for the

qualifier formal is two-fold: first of all, there is a interesting relation to the formality theorems

[14] and deformation quantization [15]; secondly, due to locality not being imposed,1 usual

field-theoretical computations may be problematic [18–21], so the equations are formal in this

1or even not being possible to impose since the interactions are known be singular [6, 16, 17].
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sense too. It remains to be seen what kind of treatment higher spin theories are amenable

to since they are not quite conventional field theories.

A particular instance of the Formal Higher Spin Gravity problem was formulated in [22],

with some specific solutions obtained in [23–25]. We solve this problem in full generality

by showing that: (i) the first-order deformations V3 in (1.1) are specified by the Hochschild

cohomology of a given higher spin algebra, which is always nontrivial; (ii) as a result, there

exists a one-parameter family Au of associative algebras that deform the higher spin algebra;

(iii) the most important result is that all the vertices Vn can be expressed in terms of Au;

(iv) the equations are completely integrable and can be solved with the help of a Lax pair;

(v) there is a number of invariants and covariants that are associated with the equations. In

particular, there is a set of invariants that can compute the holographic correlation functions.

More generally, given any one-parameter family of algebras we can construct and solve certain

nonlinear gauge-invariant equations.

These results should be contrasted with other formal solutions [23–25], aka Vasiliev equa-

tions. The advantages of our approach are full generality and simplicity: one can construct

Formal Higher Spin Gravities directly, avoiding resolutions [14, 26–28] which are highly am-

biguous, cumbersome and may not capture the relevant observables. The new approach

also clarifies the algebraic structures involved in the construction. As an application, we

give another realization for the Type-B theory that was constructed by different means in

[29]. Also, we discuss a number of systems in five dimensions with and without propagating

degrees of freedom.

The paper is organized as follows. In Sect. 2, we formulate the problem of gauging

higher spin symmetries and solve it by explicitly constructing the deformation, describing

the solution space and observables. In Sect. 3, we work out an example of the Type-B

Formal Higher Spin Gravity. In Sect. 4, we discuss two novel systems in AdS5.

2 Formal Higher Spin Gravities

The plan is to briefly recall the definition of Q-manifolds, L∞-algebras and Free Differential

Algebras (FDA) and how they can be used to formulate formally consistent equations. Next,

we formulate problem of Formal Higher Spin Gravities, following essentially [22], but in full

generality. Then, we solve it in a constructive way for any higher spin algebra, i.e., for any

free CFT dual. We explicitly describe the solution space of the associated formal equations

of motion by constructing the Lax pair. Lastly, we list some invariants associated with the

nonlinear equations.
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2.1 Q-manifolds, Free Differential Algebras and Formal Equations

There are three closely related objects (ranging them from more general to less general): Q-

manifolds [30], L∞-algebras and Free Differential Algebras (FDA’s) [31–33], see also [34, 35].

Q-manifold is a super-manifold equipped with an odd, nilponent vector field Q squaring

to zero. The simplest example, is the Q-manifold associated with a Lie algebra: the co-

ordinates xa on the Lie algebra are turned into odd ones wa and the odd vector field is

Q = lcab w
awc∂/∂wc. The condition Q2 = 0 is then equivalent to the Jacoby identity for the

structure constants lcab of the Lie algebra.

If p is a stationary point of Q, that is Q|p = 0, then the Taylor expansion of Q at p gives

an infinite collection of numerical coefficients:

Qa = lab w
b + labc w

bwc + . . . . (2.1)

The integrability condition Q2 = 0 leads then to a set of quadratic relations for the l’s that

can be recognized as the definition of an L∞-algebra with the structure constants {lab1···bn}
∞
n=1.

It is important to note that Q-manifolds are globally defined, while every stationary point

leads to an L∞-algebra, which is a local object in this sense.

We define Free Differential Algebras as L∞-algebras whose underlying graded space has

only non-positive degrees.2 Since FDA’s is the main subject of the paper, let us unfold the

definition in a bit more detail. Let WA be the coordinates on some graded space V . The

degree of WA is denoted by −|A| and we assume that |A| ≥ 0. Given some base manifold

M with coordinates x, we can consider maps Ω•(M) → V from the space of differential

forms on M to V , which we also denote by WA ≡ WA(x). Hence, WA can be viewed as a

differential form of degree |A| on M. The associated formal equations are

dWA = FA(W ) , (2.2)

where d is the de Rham differential on M, d2 = 0. The odd vector field FA(W ) has the

Taylor expansion of the form

FA(W ) =
∑

n

∑

|B1|+···+|Bn|=|A|+1

fA
B1...Bn

WB1 ∧ . . . ∧WBn . (2.3)

2The restriction to non-positive degrees is chosen to match the one later in the text. It is well-known that

the BV-BRST formulation of gauge theories and Q-manifolds, L∞-algebras are closely related to each other

[36]. FDA corresponds to some kind of minimal classical formulation with ghosts and anti-fields excluded,

see [37, 38] for more detail.
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The associated vector field is Q = FA∂/∂WA. The nilpotency of Q or the formal integra-

bility of (2.2) coming from d2 = 0 imply that

FB ∧
δFA

δWB
≡ 0 . (2.4)

The formal equations are defined up to field-redefinitions, which correspond to different

choices of coordinates in the target space V . The formal equations are also invariant under

the gauge transformation

δǫW
A = dǫA + ǫB∂BF

A , (2.5)

where the gauge parameter ǫA has form degree |A|−1. In particular, there is no ǫA associated

with WA of degree zero, |A| = 0.

The Q-manifolds associated with the simplest higher spin theories have two coordinates:

odd, degree-one, ω and even, degree-zero, C, both taking values in a given higher spin

algebra. It is important to stress that Eq. (2.2) may not be a well-defined PDE unless

certain further constraints, e.g. locality, are imposed; hence, the qualifier formal. It is easy

to come up with examples of equations that are troublesome as field theories/PDE’s, see

e.g. [20–23]. For dimension d sufficiently small the equations turn out to be well-defined,

e.g. for d = 1 one is left with ODE’s. There can be some critical d∗ (equal to the functional

dimension of the target space) where the problem of well-posedness is subtle. For d > d∗ the

equations become over-determined.

2.2 Problem

Let us now formulate the problem of Formal Higher Spin Gravities. It is useful to explain the

ingredients from the AdS/CFT perspective. The problem is to write down formal equations

(2.2) that would gauge the higher spin algebra associated with any given free CFT. We take

some free field ϕ. The higher spin algebra is, roughly speaking, the algebra of all linear

transformations of the space of the on-shell states of ϕ. Let us denote this space S, which

is obviously an so(d, 2)-module. Heuristically, the higher spin algebra hs is then3 S ⊗ S∗.

It is infinite-dimensional and contains the conformal algebra so(d, 2) as a subalgebra. By

construction, the algebra hs results from the universal enveloping algebra U(so(d, 2)) upon

factoring out certain two-sided ideal I that annihilates S (in the field-theoretical language,

the ideal contains, e.g., the wave-operator for ϕ). The field ϕ being free, hs is not only a

Lie algebra, but an associative one. The spectrum of single-trace operators O1 ∼ ϕ∂ · · ·∂ϕ

3Dealing with such expressions may be subtle since S is an infinite-dimensional vector space, see e.g. [39].
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built out of ϕ is given by S ⊗ S. These operators are dual to the on-shell states of the AdS

dual. Here we assume that ϕ takes values in the vectorial representation of some symmetry

group, e.g. U(N), that is then weakly gauged. Therefore, the only single-trace operators are

bilinears, i.e., S ⊗ S. Since ϕ is free the set O1 includes infinitely many conserved tensors,

which are dual to massless fields in AdSd+1.

The higher spin algebra hs is a global symmetry on the CFT side and it should be

gauged on the AdS side, hence, one-form connection ω of hs is an appropriate object. A

special feature of higher spin theories is that the bulk on-shell states are formally equivalent

to the algebra hs itself, S ⊗S ∼ S ⊗S∗, but we need to account for the map between S and

S∗ in doing so [40]. This map is the inversion automorphism on the CFT side or, on the AdS

side, is the automorphism that flips the sign of the AdS translations π(Pa) = −Pa and leaves

the Lorentz generators invariant, π(Lab) = Lab.
4 The degrees of freedom can be described

by a zero-form C with values in hs provided the action of the algebra on it is twisted by π.

Given these data, the simplest system of equations reads

dω = ω ⋆ ω , (2.6a)

dC = ω ⋆ C − C ⋆ π(ω) . (2.6b)

Here ⋆ denotes the product in hs. The simplest exact solution is to take ω be a flat non-

degenerate connection of the anti-de Sitter algebra so(d, 2). Such ω describes the empty

AdSd+1-space. Then, C describes the right set of degrees of freedom. For the practical

purposes, the elements of hs can be understood as functions f(Pa, Lab) modulo some relations

implied by the ideal I. The first few Taylor coefficients in

ω = ω(Pa, Lab) = A 1 + eaPa +̟a,bLab + . . . , (2.7a)

C = C(Pa, Lab) = φ 1 + F a,bLab +W ab,cdLabLcd + . . . , (2.7b)

can be identified with the spin-one gauge potential A (dual of the current ϕ∂ϕ, if present),

vielbein ea, spin-connection ̟a,b, scalar φ (dual of ϕϕ), Maxwell field strength F a,b, Weyl

tensor W ab,cd and higher spin generalizations thereof.

Eqs. (2.6) describe free fields. The central problem of Formal Higher Spin Gravity is to

construct consistent deformations of the trivial system (2.6):

dω = ω ⋆ ω + V3(ω, ω, C) + V4(ω, ω, C, C) +O(C3) = F ω(ω, ω|C) , (2.8a)

dC = ω ⋆ C − C ⋆ π(ω) + V3(ω,C, C) +O(C3) = FC(ω|C) , (2.8b)

4The AdS algebra commutation relations are

[Lab, Lcd] = Ladηbc + 3 more , [Lab, Pc] = Paηbc − Pbηac , [Pa, Pb] = Lab .

It is obvious that π is an automorphism. It extends to the automorphism of the higher spin algebra.
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where we simply added all possible terms based on the form-degree counting. Clearly, it is

C that is responsible for the non-triviality of the deformation.5 The odd vector field with

components F ω, FC is, of course, required to be nilpotent, which is the only restriction

on the vertices V. The ‘expansion parameter’ here is C and in this sense we are trying to

observe the higher spin Q-manifold from the point C = 0 (it is not actually a point as ω is

not restricted to be small and it would be interesting to understand the global structure of

this Q-manifold). Deviation from flatness is thus controlled by C, which is supposed to be

small. Therefore, the problem is to relate the vertices V to the higher spin algebra hs that

underlies the free equations (2.6).

2.3 Solution

The above problem of constructing the vertices of the Formal Higher Spin Gravity (2.8) can

be solved in full generality and the solution presented below is based on the ideas from (non-

commutative) deformation quantization and slightly-broken higher spin symmetries studied

in our recent paper [15]. The applicability of our approach goes beyond the higher spin

algebras as it is clear that (2.8) requires very little data. Therefore, we assume that we are

given some associative algebra hs and a finite group Γ of its automorphisms (in our case

Γ = Z2 = (1, π) with π2 = 1).6

The main claim is that everything (vertices, solutions, invariants) can be obtained from

a certain associative algebra constructed out of a given higher spin algebra. The first step

is to realize [14, 15] that a nontrivial deformation of (2.8) is induced by

V3(ω, ω, C) = φ(ω, ω) ⋆ π(C) or π(C) ⋆ φ(ω, ω) , (2.9)

the two forms being equivalent and we stick to the first, i.e., the left form. Here, φ(a, b) is a

nontrivial Hochschild two-cocycle with values in the adjoint representation twisted by π:

(δφ)(a, b, c) ≡ a ⋆ φ(b, c)− φ(a ⋆ b, c) + φ(a, b ⋆ c)− φ(a, b) ⋆ π(c) = 0 . (2.10)

It must be a nontrivial δ-cocycle for the φ to induce V that cannot be removed by field

5Suppose that we have only ω, then the only deformations one can add dω = ω ⋆ ω + Ψ(ω, ω) would

correspond to the deformation of the higher spin algebra as a Lie algebra and usually there are none.
6The system (2.8) seems to take the advantage of the Lie part of hs only (via commutators), but we

should also keep in mind that it is easy to extend the dual free CFT to another one with global symmetries,

say u(M), which would correspond to gauging the Lie part of (appropriate real form of) hs ⊗ gl(M). The

latter encodes the full associative structure on hs for a sufficiently large M . Our solution will be applicable

for hs⊗ gl(M) as well.
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redefinitions.7 Note that if we drop π in (2.10) we get a usual Hochschild two-cocycle that

would induce a deformation of hs as an associative algebra (usually higher spin algebras are

rigid and there are none). The observation is that while φ does not induce any deformation of

hs, it does so for its simple extension that we introduce below, thereby reducing the problem

to that of associative algebras.

The second step is to eliminate any explicit π. We take a bigger algebra, called smash

product algebra,8 Γhs = hs⋊ Γ, with Γ being a finite group of automorphisms of hs. In our

(the simplest) case, Γ = Z2 = {1, π} and, abusing notation, we can write elements of Γhs as

a = a′1+ a′′π, a′, a′′ ∈ hs. Next, we enlarge the set of fields as to make ω, C be elements of
Γhs. This trick allows us to get rid of any explicit automorphisms:

dω = ω ⋆ ω + V3(ω, ω, C) + V4(ω, ω, C, C) +O(C3) = F ω(ω, ω|C) , (2.11a)

dC = ω ⋆ C − C ⋆ ω + V3(ω,C, C) +O(C3) = FC(ω|C) . (2.11b)

The truncation back to the initial field content corresponds to ω = ω′ 1, C = C ′′π. We can

also pack the fields into a single ‘string field’ Φ = ω+ ǫC, where ǫ2 = 0 is a formal ghost, as

to write a much more concise

dΦ = V2(Φ,Φ) + V3(Φ,Φ,Φ) + V4(Φ,Φ,Φ,Φ) +O(Φ5) = F (Φ) , (2.12)

where

V2(ω, ω) = ω ⋆ ω , V2(ω,C) = ω ⋆ C , V2(C, ω) = −C ⋆ ω , V2(C,C) = 0 . (2.13)

That (2.10) involves π means that we deform Γhs ‘in the direction of’ π ∈ Γhs, i.e., φ π is a

Hochschild two-cocycle of the smash product algebra Γhs. For genuine higher spin algebras

it is important to have π in (2.6) and, hence, in (2.10). From the viewpoint of deformation

theory there is no conceptual difference between various elements of HH2(A,A): all of them

induce infinitesimal deformations of the algebra A. It can further be shown that for a large

class of higher spin algebras the first-order deformation can always be extended to all higher

orders [14, 15, 26, 27]. Therefore, from now on we assume that we have an associative algebra

7The deformation (2.9) is actually a generic one, whose existence we can prove for any higher spin alge-

bra. Let us note, however, that nontrivial V3(ω, ω, C) belongs to HH2(hs,M), where M = Hom(hs, hs) is

endowed with a natural bimodule structure over hs. Also, the matrix extension, mentioned in footnote 6,

makes the Chevalley-Eilenberg problem equivalent to the Hochschild one for matrices large enough. There-

fore, we cannot exclude exceptional solutions that belong to HH2(hs,M) and are not given by (2.9), or are

Chevalley-Eilenberg cocycles that are not obtainable from the Hochschild ones.
8Its elements are pairs (a, π), a ∈ hs, π ∈ Γ and the product is (a, π) ◦ (a′, π′) = (aπ(a′), ππ′), where

π(a′) is the action of the automorphism π on hs.
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A = Γhs that can be deformed into a one-parameter family of algebras Au with a formal

deformation parameter u. The associative product in Au is given by

a ∗ b = a ⋆ b+
∑

k>0

φk(a, b)u
k ≡ µ(a, b) , φ1 ≡ φ π . (2.14)

As a consequence of associativity, the maps φk obey certain nonlinear relations, which will

be important below.

The main statement [15] is that all the vertices Vn can now be constructed (up to equiv-

alence) in terms of the bilinear maps φk above. For example,

V4(ω, ω, C, C) = φ2(ω, ω) ⋆ C ⋆ C + φ1(φ1(ω, ω), C) ⋆ C , (2.15)

and, even more ambitious,

V5(ω, ω, C, C, C) = φ1(φ1(φ1(ω, ω), C), C) ⋆ C + φ2(φ1(ω, ω), C) ⋆ C ⋆ C+

+ φ1(φ2(ω, ω), C) ⋆ C ⋆ C + φ1(φ2(ω, ω)C,C) ⋆ C + φ3(ω, ω) ⋆ C ⋆ C ⋆ C .
(2.16)

Therefore, the ‘wild’ nonlinear equations of Formal Higher Spin Gravities are completely

determined by a one-parameter family of associative algebras Au. The latter describes a de-

formation of a given higher spin algebra hs extended by the automorphism π, the deformation

happening along π. Clearly, associative algebras are more tame and easier to construct than

L∞-algebras underlying (2.8). In order to systematically describe the vertices Vn we have to

refer to the concept of A∞-algebras.

2.3.1 Vertices from A∞-algebras

We first define strong homotopy associative algebras or A∞-algebras [41, 42] along with

certain higher operations on them and then present the equations that generate the vertices

Vn. Let V be a graded vector space and W = Hom(TV, V ) denote the space of all multi-

linear maps on V . The space W inherits naturally the grading from V . The Gerstenhaber

product ◦ is a non-associative product defined by

(f ◦ g)(a1, a2, . . . , am+n−1)

=
n−1∑

i=0

(−1)|g|
∑i

j=1
|aj |f(a1, . . . , ai, g(ai+1, . . . , ai+m), . . . , am+n−1)

(2.17)

for all homogeneous maps f ∈ Hom(T nV, V ), g ∈ Hom(TmV, V ) and the vectors ai ∈ V .

Here |g| and |ai| stand for the degrees of the map g and of the element ai, respectively. Using

the Gerstenhaber product, one can define the Gerstenhaber bracket

Jf, gK = f ◦ g − (−1)|f ||g|g ◦ f , (2.18)
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which is graded skew-symmetric and obeys the graded Jacobi identity:

Jf, gK = −(−1)|f ||g|Jg, fK , JJf, gK, hK = Jf, Jg, hKK − (−1)|f ||g|Jg, Jf, hKK . (2.19)

The structure of an A∞-algebra on V is defined by a degree-one element m ∈ W satisfying

the condition:9

Jm,mK = 0 . (2.20)

Expanding m into the sum of homogeneous multi-linear maps as

m = m1 +m2 +m3 + . . . , mn ∈ Hom(T nV, V ) ,

and substituting back into (2.20), one gets an infinite collection of quadratic relations on

mn’s known as the Stasheff identities [41].

We also need a simple generalization of the Gerstenhaber product, called braces [43–

45]. The brace operation substitutes given k maps g1, . . . , gk as arguments into another

multi-linear map f yielding a new map

f{g1, . . . , gk}(a1, . . .) =
∑

±f(a1, . . . , ai1, g1(ai1+1, . . .), . . . , g2(. . .), . . . , gk(. . .), . . .) .

The sign factor is a product of the sign factors for each gi. The latter is given by |gi| times

the sum of the degrees of all a’s that are to the left of gi, i.e., |gk|
∑i=ik

i=1 |ai|. This is the

standard Koszul sign convention. The Gerstenhaber product is the brace operation with

one argument, f ◦ g = f{g}. The braces have a number of remarkable properties, which

we will not present here referring the reader to [45]. It follows from (2.20) and the Jacobi

identity (2.19) that the operator D = Jm, •K defines a differential of degree one in the space

W . Indeed,

D2f = Jm, Jm, fKK =
1

2
JJm,mK, fK = 0 ∀f ∈ W .

So, it makes sense to speak about the cohomology of D. Furthermore, D differentiates the

two-brace m{•, •} by the rule

D(m{f, g}) = −m{Df, g} − (−1)|f |m{f,Dg} .

Among other things, this implies that the two-brace m{f, g} of D-cocycles f and g is again

a D-cocycle, see [46] for more details. In such a way m{•, •} gives rise to a multiplication

operation in D-cohomology.

9Usually, in the literature, one shifts the original degrees on V by one, by going to its suspension V [1],

and then applies the definition to V [1]. We prefer to avoid this step and grade V appropriately from the

very beginning.
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We now define an auxiliary family A(t) of A∞-algebras, which will generate, in a while,

the desired vertices Vn. As a vector space A(t) consists of two components, V = V−1 ⊕ V0,

each being isomorphic to Au (to become ω and C later). At t = 0 we set

m2(a, b) = a ∗ b ≡ µ(a, b) , m2(a, v) = a ∗ v , m2(v, a) = −v ∗ a , m2(v, w) = 0 ,

where a, b ∈ V−1 and v, w ∈ V0. Here the product (2.14) on Au is used. At u = 0 the

structure of A(0) manifests the initial data V2, (2.13), for the deformation. The higher

structure maps in the expansion m(t) = m2 + tm3 + t2m4 + . . . can be generated by solving

the evolution equation supplemented by two algebraic constraints that are consistent with

the evolution:

∂tm = m{m′, ∂} , Jm, ∂K = 0 , Jm,mK = 0 , (2.21)

where m′ = ∂um and ∂ is a somewhat trivial degree (−1) differential that maps V0 identically

to V−1 and annihilates V−1. Essentially, this is a formal way to identify the module V0 with

the algebra V−1. It is not hard to show [46] that the system (2.21) is in involution. The

explicit formula for all the vertices Vn is now obtained by restricting all mn’s to the diagonal

and setting u = 0

Vn(ω, ω, C, . . . , C) = mn(ω, ω, C, . . . , C)
∣
∣
∣
u=0

, etc. (2.22)

The rule is that all arguments from V−1 should be replaced by ω, while the arguments from

V0 by C.

Restriction to the diagonal effectively antisymmetrizes the arguments of the structure

maps mn’s producing an L∞-structure from an A∞ one. This antisymmetrization procedure

is completely analogous to the construction of the Lie bracket as the commutator in an

associative algebra. A general lesson to learn is that some of L∞-algebras are more easily

deformed in terms of the underlying A∞-algebras.

Let us illustrate that the evolution equation (2.21) reproduces the first few vertices. At

the lowest order we need to find m3 from m2{m
′
2, ∂}, with m2 being given by the product

µ, (2.14), in the deformed algebra Au. We find

m3 = m2{m
′
2, ∂} −→







+µ(µ′(ω, ω), ∂(C))
u=0
= +φ1(ω, ω) ⋆ C ,

+µ(µ′(ω,C), ∂(C))
u=0
= +φ1(ω,C) ⋆ C ,

−µ(µ′(C, ω), ∂(C))
u=0
= −φ1(C, ω) ⋆ C ,
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where on the right we evaluated the map on the left for various triplets of arguments, all

other orderings resulting in identically vanishing maps.10 At the second order in t we find

2m4 = m3{m
′
2, ∂}+m2{m

′
3, ∂} , (2.23)

and hence, for example,

m4(ω, ω, C, C) = µ(µ′(µ′(ω, ω), ∂(C)), ∂(C)) + 1
2
µ(µ(µ′′(ω, ω), ∂(C)), ∂(C)) , (2.24)

which results in the following vertex:

V4(ω, ω, C, C) =m4(ω, ω, C, C)
∣
∣
∣
u=0

= φ1(φ1(ω, ω), C) ⋆ C + φ2(ω, ω) ⋆ C ⋆ C , (2.25)

This is in agreement with (2.15). Note that the evolution parameter t behaves as a dimen-

sionless coupling constant that accompanies expansion in powers of C. We conclude that

the evolution equation (2.21) reconstructs the equations of the Formal Higher Spin Gravity

associated to a given higher spin algebra hs, whose deformation in the direction of π is deter-

mined by Au. We note that it is not necessary to set u = 0 at the end of all calculations in

order to get formally consistent equations. It is only needed to fulfill the boundary condition

(2.13) that the deformation starts out from the higher spin algebra. Finally, our construct

allows one to convert any one-parameter family of algebras (not necessarily of higher spin

origin) into highly nontrivial gauge-invariant equations.

2.4 Solution Space and Lax Pair

We have constructed a Formal Higher Spin Gravity for any given higher spin algebra, pro-

vided that the deformation Au of Γhs is known (proven to exist, at least). In practice, it

is easy not only to prove that Au exists, but even to construct it. The equations we are

interested in are obtained by constructing maps m(t) according to (2.21) and setting u = 0

at the end. It is interesting to look at these equations at u 6= 0. The first few terms are11

dω = ω ∗ ω + t(ω ∗′ ω) ∗ C + t2 1
2
(ω ∗′′ ω) ∗ C ∗ C + t2((ω ∗′ ω) ∗′ C) ∗ C + . . . , (2.26a)

dC = ω ∗ C − C ∗ ω + t(ω ∗′ C) ∗ C − t(C ∗′ ω) ∗ C + . . . , (2.26b)

where the fields ω ≡ ω(u; x), C ≡ C(u; x) take values in Au. The fact that the equations are

completely determined by an associative algebra Au allows us to explicitly construct formal

10This is a particular choice, all other orderings are canonically equivalent, i.e., they are related by formal

redefinitions in [15].
11We use the short-hand notation a ∗′ b ≡ ∂uµ(a, b), a ∗′′ b ≡ ∂2

uµ(a, b).

12



solutions in terms of a rather trivial system

dω = ω ∗ ω , (≡ ω ⋆ω + uφ1(ω,ω) + . . .) , (2.27a)

dC = ω ∗C −C ∗ ω , (≡ [ω,C]⋆ + uφ1(ω,C)− uφ1(C,ω) + . . .) , (2.27b)

where ω ≡ ω(u; x), C ≡ C(u; x) take values in Au. One can see that (2.26) is satisfied by

ω = ω + tω′ ∗C + t2 1
2
ω′′ ∗C ∗C + t2ω′ ∗C ′ ∗C + t2(ω′ ∗′ C) ∗C + . . . , (2.28a)

C = C + tC ′ ∗C + . . . , (2.28b)

provided ω and C obey (2.27). The fields (ω,C) satisfying (2.27) may be thought of as

defining a Lax pair for (2.26) with the identification between the fields given by (2.28). Upon

this interpretation the deformation parameter u plays the role of the spectral parameter. In

a topologically trivial situation, Eqs. (2.27) can be solved in a pure gauge form, namely,

ω = g−1 ∗ dg, C = g−1 ∗C0 ∗ g. Eqs. (2.26) are defined for all u and setting u = 0 gives

back the equations of the Formal Higher Spin Gravity.

There is an apparent paradox here since we can construct solutions of a clearly nontrivial

system of equations (2.26) and, hence, (2.11) in terms of a trivial system (2.27). The

resolution of the paradox is that the map (2.28) involves the derivatives of fields with respect

to the spectral parameter u. Therefore, we cannot express solutions of (2.26) at u = 0 in

terms of (2.27) at some other fixed u. What is happening is that we are mapping the

whole u-family of solutions to (2.27) into solutions of (2.26). Obviously, this is not a field-

redefinition.12

After packing ω and C into the string field Φ = ω+ǫ C, the complete map between (2.27)

and (2.26) can be reconstructed by solving another evolution equation [46]:

DtΦ = m{Du, ∂}(Φ) ,
(
≡

∑

k

m{Du, ∂}(Φ, . . . ,Φ
︸ ︷︷ ︸

k

)
)
. (2.29)

Here Dt(•) and Du(•) are t and u derivatives understood as linear maps of degree-zero (this

is useful in order to write very short m{Du, ∂}(Φ) with all arguments hidden). The initial

value at t = 0 is Φ = ω + ǫC. At the first order we have

Φ1 = m2{Du, ∂}(Φ0,Φ0) = ω′ ∗C + ǫC ′ ∗C , (2.30)

12This might look similar to the ‘integration flow’ discussed in [24] for a particular realization of the 3d

higher spin system, and in [47] for the 4d case. However, the idea is right the opposite. In [24], one maps

solutions of one trivial system of type (2.27) to another trivial system of type (2.27), the map taking place

in a much bigger space of certain resolution of the higher spin algebra (the so-called z variables). Here, we

construct solutions of the nontrivial system (2.26) in terms of a one-parameter family of solutions to the

trivial system (2.27).
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which coincides with the order O(t) terms in (2.28). At the second order we find

2Φ2 = m3{Du, ∂}(Φ0,Φ0,Φ0) +m2{Du, ∂}(Φ1,Φ0) +m2{Du, ∂}(Φ0,Φ1) =

= 2(ω′ ∗′ C) ∗C + 2ω′ ∗C ′ ∗C + ω′′ ∗C ∗C + ǫ(C ′′ ∗C ∗C + . . .) ,
(2.31)

which coincides with the order O(t2) terms in (2.28). To summarize, the equations of motion

of the Formal Higher Spin Gravity are equivalent to the Lax equation (2.27). This also allows

us to write down the most general solution of the equations.

2.5 Higher Spin Waves

The results above have a simple spin-off that shows that appropriate multiplets of higher spin

fields can consistently propagate over much more general backgrounds than just maximally

symmetric spaces (flat space and (anti)-de Sitter spaces). Indeed, it has long been thought

that massless higher spin fields do not propagate on general gravitational backgrounds. A

classical argument of [48] is that upon replacing ∂µ in the Fronsdal equations with the

covariant derivative ∇µ associated with a generic metric gµν , one finds the full four-index

Riemann tensor Rµν,λρ as an obstruction to gauge invariance. This does not happen for

s ≤ 2 and is the simplest sign of the numerous troubles that usually accompany higher spin

(s > 2) massless fields.

It is clear that the most symmetric backgrounds in any higher-spin theory are given by

flat connections of a given higher spin algebra hs:

dΩ = Ω ⋆ Ω . (2.32)

The global symmetries of such backgrounds are isomorphic to the higher spin algebra hs.

Anti-de Sitter space is just the simplest representative of the maximally-symmetric back-

grounds (in the higher spin sense). The linearized equations

dω = Ω ⋆ ω + ω ⋆ Ω + φ(Ω,Ω) ⋆ π(C) , (2.33a)

dC = Ω ⋆ C − C ⋆ π(Ω) , (2.33b)

are consistent thanks to φ being a two-cocycle of the higher spin algebra (2.10). The equa-

tions are invariant under the gauge transformations

δξω = dξ − [Ω, ξ]⋆ , δξC = 0 , (2.34)

so that C are gauge invariant curvatures. The global symmetry parameters ǫ0 obey

dǫ0 = Ω ⋆ ǫ0 − ǫ0 ⋆ Ω . (2.35)
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When Ω describes AdSd+1 (higher spin components are turned off), ǫ0 is a set of Killing

tensors. Global symmetries act as

δ0ω = ǫ0 ⋆ ω − ω ⋆ ǫ0 + φ1(ǫ0,Ω) ⋆ π(C)− φ1(Ω, ǫ0) ⋆ π(C) , (2.36a)

δ0C = ǫ0 ⋆ C − C ⋆ π(ǫ0) . (2.36b)

Note that the term with the Hochschild cocycle is present even for the anti-de Sitter back-

ground. Equations (2.33) for higher spin waves can also be solved with the help of Sect. 2.4.

To summarize, higher spin fields can consistently propagate on higher spin flat backgrounds

[14, 29, 49]. This result illustrates the physical meaning of the, otherwise quite abstract,

Hochschild two-cocycle. Another appealing feature of Eqs. (2.33) is that they should not be

affected by the nonlocalities of higher spin interactions.

2.6 Observables

A general expectation is that the symmetries of higher spin theories are rich enough as to

fix any meaningful physical observable. If this is true, then the nonlocality problem can, to

large extent, be avoided. An important set of such observables are holographic correlation

functions. Indeed, it is known [8–11] that unbroken higher spin symmetries, i.e., higher spin

algebra itself, fix all holographic correlation functions and imply that they are those of a free

CFT (obviously, of the same free CFT that determines the higher spin algebra). This could

be the end of the story if one would be able to show that boundary conditions preserving the

full amount of higher spin symmetry can be imposed and are not destroyed by the nonlocality

of interactions and by quantum corrections. Alternative and mixed boundary conditions are

also sometimes possible [50–52] and should inherit a part of the nontrivial structure of the

deformed higher spin symmetry [15, 53]. In any case, it makes sense to ask what are the

quantities, observables, at our disposal that behave nicely (invariant or covariant) under the

deformed higher spin symmetries.

We assume that all observables have a smooth limit when interactions are removed and

everything is reduced to a higher spin algebra hs. Therefore, the first general question is

about the cohomology of higher spin algebras. The next question is whether the relevant

cohomology groups deform smoothly when interactions are turned on. The observation of

Sect. 2 allows us to reduce these questions to the cohomology of the deformed higher spin

algebra Au (since the information hidden in the full equations is the same). This is a great

simplification: instead of classifying invariants of the nonlinear equations of motion, we can

study the cohomology of the deformed higher spin algebra Au.
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There are two nontrivial cocycles that any higher spin algebra hs comes equipped with.

The two-cocycle φ in the twisted representation, (2.10), and the trace Tr.13,14 The two-

cocycle is a necessary prerequisite for higher spin gravities to exist. The existence of the

trace is inherited from the universal enveloping U(so(d, 2)) realization. There are two natural

operations on cohomology: the cup product and the Gerstenhaber bracket.15 Since the

associativity of Au implies Jφ1, φ1K = δφ2, the Gerstenhaber bracket does not give anything

new, cf. (2.10). The cup product generates the sequence of higher cocycles φ(k) = φ1 ∪

φ1 ∪ · · · ∪φ1. Remembering that the original cocycle is in the twisted-adjoint representation

φ1 = φπ, we see, for example, that there may exist a nontrivial four-cocycle φ ∪ π(φ) with

values in the adjoint representation. In theAdS4 case, where the higher spin algebra is related

to the Weyl algebra A2, the four-cocycle above was found in [55]. In general, we expect φ(k)

to be trivial for k large enough, so that we have cocycles of degrees 2, 4, . . . , 2[d/2]. These

cocycles can be uplifted to the cocycles of the deformed algebra Au. Indeed, the u-derivative

of the deformed product a ∗ b ≡ µ(a, b), (2.14),

φu(a, b) = ∂uµ(a, b) (2.37)

is a nontrivial Hochschild two-cocycle of Au reducing to φ1 at u = 0.

The trace leads to a number of interesting invariants. First of all, there are scalar

invariants given by the on-shell closed zero-forms16

In(u) = Tr[C ∗C ∗ · · · ∗C
︸ ︷︷ ︸

n

] . (2.38)

These are the usual integrals of motion associated with any Lax pair. Zero-form invariants

were discussed in a number of papers [56–60], but those, in general, differ from the invari-

ants above.17 The zero-form invariants are the candidates for the holographic correlation

13Trace can be viewed as a zero-cocycle in the module dual to the adjoint one.
14Whenever a given higher spin algebra admits a realization via the Weyl algebra, one can use the results

of [54]. In general, the cohomology of the Weyl algebra is very sparse.
15We do not discuss higher operations like Massey products.
16When the functional class includes generalized functions [56–60] one can map between adjoint and

twisted-adjoint modules, which allows to extend the number of invariants even further.
17A natural idea has been [56, 57] to compute invariants of type tr(B ⋆ B ⋆ ... ⋆ B), where B = B(Y, Z|x)

is a master field of [61]. Such invariants, when computed on the solutions of the free equations, are known

to reproduce free CFT correlation functions [57–60]. However, they lead to infinite results beyond the linear

approximation [57]. Our findings show that finite zero-form invariants do exist. The apparent paradox can be

explained as follows. The master field B takes values in some resolution of the Hochschild complex [14, 26].

The resolution is well-suited to give an explicit formula for the Hochschild two-cocycle (and higher orders

as well). The trace, however, is a different cohomology and the same resolution may not be appropriate to
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functions. Indeed, at u = 0, i.e., in the free field limit, they were shown [57–60] to give

correlation functions of higher spin currents in the dual free CFT.

Another set of invariants is given by the on-shell closed (2n+ 1)-forms18

J2n+1 = Tr[ω ∗ ω ∗ · · · ∗ ω
︸ ︷︷ ︸

2n+1

] , n = 1, 2, . . . . (2.39)

One can also combine cup products of φu (or φ1 = φu=0 for the hs approximation to Au)

with the trace:

J2n,m = Tr[φu(ω,ω) ∗ · · · ∗ φu(ω,ω)
︸ ︷︷ ︸

n

∗C ∗C ∗ · · · ∗C
︸ ︷︷ ︸

m

] . (2.40)

These are some of the local invariants (it seems to be a complete list though). Nonlocal in-

variants include Wilson lines (see [56] for a related discussion) and, possibly, other quantities

that are gauge invariant up to a total derivative.

2.7 Comments

The main result is that a seemingly complicated problem of constructing formally consistent

equations that gauge a given higher spin algebra hs boils down to a much simpler problem

of deforming hs in the direction of the π-automorphism. The complexity of the L∞-algebra

underlying the nonlinear field equations gets reduced to the usual deformation problem for

associative algebras. The latter deformation can be proven to exist for a large class of algebras

[14, 15, 26, 27]. In practice, any such deformation is very easy to construct. Our approach

also allows one to avoid all additional structures introduced in [61], e.g. the z-variables and

additional fields. More generally, given any one-parameter family of associative algebras we

can write formally consistent and gauge invariant equations following Sect. 2. Let us briefly

discuss some special cases that are already covered in the literature.

Type-A in arbitrary dimension. The higher spin algebra hsA is the symmetry algebra of

the free conformal scalar field [62]. There are several realizations of hsA [25, 62, 63]. The

realization19 of [25] is as the Weyl algebra A2(d+2) = A2(d+1) ⊗ A1

[yaα, y
b
β] = 2iηabǫαβ , [yα, yβ] = −2iǫαβ , (2.41)

get it (the super-trace on the Y, Z-algebra does not descend to a well-defined trace that would be the one

on the deformed higher spin algebra). It may well be that there is some regularization that still allows one

to reproduce the right trace from the resolution.
18For n = 1 at the lowest order, J1 is the spin-one gauge potential since to the lowest order in C, dω|s=1 = 0.
19α, β, . . . = 1, 2 are the sp(2) indices. Our convention is that ǫαβǫαγ = δβγ , y

α = ǫαβyβ and yαǫαβ = yβ .

a, b, . . . = 0, ..., d are indices of the Lorentz algebra so(d, 1).
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with an sp(2)-subalgebra gauged. The sp(2)-generators are tαβ = − i
4
{yaα, yaβ} +

i
4
{yα, yβ}.

The higher spin algebra hsA is generated by the simplest sp(2)-invariants: the AdS trans-

lations P a = i
4
{yaα, y

α} and the Lorentz generators Lab = i
4
{yaα, y

bα}. The π-map can be

taken simply as π(yα) = −yα.
20 Therefore, the Z2-extension, which we need to deform, can

be realized by adding one more generator k such that k2 = 1, {k, yα} = 0, and [k, yaα] = 0.

Essentially, the yaα oscillators do not participate in the deformation. The deformation of

the smash-product algebra A1 ⋊ Z2 generated by yα and k is well-known as the deformed

oscillator algebra Aq(u) [64–66]:

[qα, qβ] = 2iǫαβ(1 + uK) , {qα, K} = 0 , K2 = 1 . (2.42)

Therefore, one simply replaces yα by qα everywhere to get the deformed higher spin algebra,

which completes the study. The equations of motion are generated by the algorithm of Sect.

2 and should be equivalent to the ones that can be extracted from [25] and [49].

Four dimensions. This is one of the most interesting cases. The simplest higher spin algebra

is the even subalgebra of theWeyl algebraA2 = A1⊗A1 [67, 68]. The group of automorphisms

is given by the Klein group Z2×Z2, see [15] for more detail. Applying the Künneth formula

shows that the Hochschild cohomology is two-dimensional in this case. Hence, there is an

additional deformation parameter, which is in accordance with the conjectured duality [69]

involving Chern-Simons Matter theories. The deformed higher spin algebra results from

Au = Aq(ueiθ)⊗Aq(ue−iθ), where u and θ are related to the microscopical parameters, the

number of fields N and the Chern-Simons level k. The large-N correlation functions should

be given by (2.38), [15]. The equations associated with Au should be equivalent to the ones

extractable from [23].

Three dimensions. Unfortunately, this is the case, where formal deformations do not seem

to capture much of the dynamics. Higher spin fields do not have physical degrees of freedom

in 3d. The higher spin algebra is hs(λ) ⊕ hs(λ), see e.g. [70]. The zero-form C is in the

bi-fundamental of hs(λ) (instead of the twisted-adjoint) and describes a scalar field [24]. It

is clear from the field theory point of view that there are no nontrivial deformations that

are linear in C (no mixing between higher spin fields and the scalar at the free level) and

quadratic in C (all stress-tensors are formally exact [20, 21, 71]). Mathematically, the even

subalgebra Ae
1 of the simplest Weyl algebra A1 is a particular case of hs(λ) for λ = 1

2
and

A1 is known to have no relevant cohomology. Therefore, the complete system of equations

is just

dA = A ∗ A , dB = B ∗B , dC = A ∗ C − C ∗B , (2.43)

20One could also try π(yaα) = −yaα, but this realization cannot be deformed.
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where ∗ is the product in hs(λ). The only possible formal deformation of this system is the

shift of λ, which has nothing to do with interactions. It is this deformation that is described

in [24] (up to some decoration by matrix factors). As is clear from the minimal model

holography [70], the r.h.s. of the field equations should be altered by various interactions,

e.g. by the stress-tensor of the scalar field. The simplest current interactions were added in

[72] using the compatibility of the global symmetries of (2.43) with the deformations of the

gauge symmetries induced by the usual Noether interactions.

Lastly, let us point out that all the deformations discussed above are based on particular

realizations of various higher spin algebras as (subquotients) of the Weyl algebra (oscillators).

The π-automorphism happens to be realized as the sign flip of one pair of the oscillators,

π(yα) = −yα, leaving the other oscillators and matrix factors intact (if any). This means

that hs = A1 ⊗ B (possibly modulo some relations), where B is some associative algebra

inert to the π-map. As a consequence, the deformed algebra can be realized as Aq(u)⊗ B.

This explains the appearance of the deformed oscillator algebra in [61]. Mathematically,

all equations of [61] are based on one and the same resolution of the Hochschild complex

[14, 26], the one that leads to Aq(u).

In this regard it is worth mentioning that the Type-A,B theories of [29, 49] seem to

have nothing to do with the deformed oscillators and are based on some other resolution of

the Hochschild complex. Below we briefly discuss another realization of the Type-B theory.

In order to break the vicious circle of the deformed oscillators we also construct two new

systems in five dimensions that are based on a different deformation/realization of higher

spin algebras.

3 Type-B

As one more application of the general construction described above, let us discuss the formal

Type-B theory — the dual of the free/critical fermion CFT in dimension d. It has recently

been worked out in [29] by using completely different techniques.21 Since the field theory

aspects were already discussed in [29], we will present the deformed algebra only.

At present there are several realizations of the Type-B higher spin algebra hsB: (i) as a

symmetry of the free Dirac equation [73]; (ii) oscillator realization [74]; (iii) quasi-conformal

realization [63]; (iv) universal enveloping realization [75]. While it has been shown in [15]

that the universal enveloping realization of any higher spin algebra admits the deformation

21The parent approach [37] used in [29] is well-suited for the formulation of PDE’s, while the present study

illustrates the algebraic aspects of the problem.
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we are looking for, the realization (ii) is the most amenable to an explicit construction of

the deformation. hsB can be embedded into the super-Weyl algebra A = A2(d+2) ×Cld+2 as

a certain subquotient [74]. It is convenient to define the generators of A as

[Y A
α , Y B

β ] = 2iηABǫαβ , {φA, φB} = 2ηAB . A, B, . . . = 0, ..., d+ 1 (3.1)

The crux of the matter is the Howe dual pair so(d, 2)⊕ osp(1|2) ⊂ A, whose generators are

TAB = +
i

4
ǫαβ{Y A

α , Y B
β }+

1

4
[φA, φB] , (3.2a)

tα =
1

2
Y A
α φA , tαβ = −i{tα, tβ} = −

i

4
{Y A

α , Y B
β }ηAB . (3.2b)

The commutation relations manifesting the statement above read

[TAB, TCD] = TADηBC + 3 more , (3.3a)

[tαβ , tγδ] = tαδǫβγ + 3 more , [tαβ, tγ ] = tαǫβγ + tβǫαγ , (3.3b)

[TAB, tα] = 0 , [TAB, tαβ] = 0 . (3.3c)

hsB is defined by gauging the osp(1|2) subalgebra, which can consistently be done thanks to

the fact that osp(1|2) commutes to so(d, 2). In more detail, an element of hsB is the function

f(Y, φ) that commutes with osp(1|2) and is defined modulo osp(1|2) gauge transformations:

hs ∋ f(Y, φ) : tα ⋆ ρ(f) = f ⋆ tα , f ∼ f + gαβ ⋆ tαα + gα ⋆ tα . (3.4)

Here, the automorphism ρ is defined as ρ[f(Y A, φA)] = f(Y A,−φA). Alternatively, following

[29], one can take the super-commutator of tα instead of the ρ-twisted commutator, as above.

Notice that the gauge parameters gαβ and gα are functions of Y ’s and φ’s transforming by

appropriate representations of osp(1|2).

The so(d, 2)-generators TAB can be split into the Lorentz and translations generators:

P a = +
i

4
{yaα, y

α}+
1

4
[φa, φ] , Lab = +

i

4
{yaα, y

bα}+
1

4
[φa, φb] , (3.5)

where we split φA = (φa, φ), Y A
α = (yaα, yα). The π-automorphism needs to be defined as to

flip the translations and leave all other generators intact:

π : π(P a) = −P a, π(Lab) = Lab, π(tα) = tα π(tαβ) = tαβ . (3.6)

There are several options to achieve that, e.g.

π1 : π(yaα) = yaα , π(yα) = −yα , π(φa) = +φa , π(φ) = −φ , (3.7a)

π2 : π(yaα) = yaα , π(yα) = −yα , π(φa) = −φa , π(φ) = +φ . (3.7b)
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As it has been already noted for the Type-A case, different implementations of the twist

map in a particular realization of the algebra may result in different deformations or none

at all. Let us denote a nontrivial element of the π-center of the Clifford algebra as Γ, Γ2 = 1

(depending on dimension d and realization π1,2 of the twist there can be different options

for Γ: φ or φ0 · · ·φd). By definition, it realizes the twist map on φA: ΓφAΓ = π(φA). The

Z2-extension of hsB is defined as (the first two relations are just [k, yaα] = 0, {k, yα} = 0)

kyaαk = π(yaα) = yaα , kyαk = π(yα) = −yα , kφAk = π(φA) , (3.8)

where for the action on φA we have the two options π1,2. The deformed algebra is defined as

[yaα, y
b
β] = +2iǫαβη

ab , [qα, qβ] = −2iǫαβ(1 + ukΓ) , k2 = 1 , (3.9a)

{φa, φb} = 2ηab , {φ, φ} = −2 , {qα, k} = 0 . (3.9b)

Some additional relations, which may not be obvious include

[yaα, φ
A] = [k,Γ] = [kΓ, φA] = [yaα, qα] = [Γ, qα] = [qα, y

a
α] = [qα, φ

A] = [Γ, yaα] = 0 . (3.10)

Next, we define the deformed osp(1|2) generators

tαβ = −
i

4
{yaα, yaβ}+

i

4
{qα, qβ} = −i{tα, tβ} , tα =

1

2
yaαφa −

1

2
qαφ . (3.11)

It is important that the osp(1|2) relations are preserved. The deformed Lorentz and trans-

lations generators are a bit more complicated, which is the main difference with the Type-A

case. The translations get additional corrections as compared to the naive replacement

yα → qα:

Pau = +
i

4
{yaα, q

α}+
1

4
[φa, φ] +

u

2
kφa , Lab = +

i

4
{yaα, y

bα}+
1

4
[φa, φb] . (3.12)

These generators are the simplest osp(1|2)-invariants. The new deformed translations have

correct commutation relations with the Lorentz generators:

[Lab, Pcu] = ηbcPau − ηacPbu . (3.13)

There is also another useful osp(1|2)-invariant

Kab
u =

i

4
{yaα, y

bα}φ− (Paφb − Pbφa)−
uk

4
[φa, φb] , {tα, K

ab
u } = 0 . (3.14)

The commutator of two translations can now be written as

[Pau, P
b
u] = Lab + ukKab

u . (3.15)
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The strange metamorphoses with the former so(d, 2)-algebra generators could have been

easily predicted from the structure of the free equations [29]. The Weyl tensor belongs to

the (2, 2, 1)-tensor of so(d, 2) at u = 0. Therefore, the commutator (3.15), being dual to the

first component of the Hochschild cocycle, is consistent with the free spin-two equations of

motion. The deformed hsB algebra can be defined as the algebra of osp(1|2)-invariants as

before. Applying the construction of Sect. 2 to the u-deformation gives the desired equations

for the Formal Type-B Higher Spin Gravity.

4 Five Dimensions

The case of five dimensions, AdS5, is of particular interest, see e.g. [76]. One feature that we

will take advantage of is that there is a one-parameter family of higher spin algebras hsλ(sl4)

[75, 77–79] interpolating between higher spin algebras of massless 4d conformal fields of

various spins. This was explicitly worked out in [79], including the structure constants. We

will apply the construction of Sect. 2 to this λ-deformation.

4.1 Higher Spin Algebra

The family of higher spin algebras can be embedded into the Weyl algebra A4, whose gen-

erators obeys the commutation relations

[aA, b
B] = i δA

B , A, B, . . . = 1, . . . , 4 . (4.1)

They are interpreted as (anti)-fundamental of su(2, 2), i.e., as 4 ⊕ 4̄. Ignoring the reality

conditions, the gl(4) generators

TA
B = −

i

2
{aA, b

B} , [TA
B , TC

D ] = δADTC
B − δBCTA

D , (4.2)

can be split into the central u(1) element N = TC
C and the traceless SA

B generators of

sl(4). The one-parameter family of algebras is defined by gauging the u(1). To be precise,

f(a, b) ∈ hsλ(sl4) : [N, f ] = 0 , f ∼ f + (N − λ)g , (4.3)

where the gauge parameter g is also a u(1)-singlet, [N, g] = 0. The u(1)-singlet constraint

means that f(a, b) can be decomposed into monomials with equal number of a’s and b’s

f(a, b) =
∑

k

fA(k)
B(k) aA · · · aA bB · · · bB . (4.4)
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Gauge symmetry with g allows one to make the Taylor coefficients traceless. Connections of

hsλ look like they should describe an infinite multiplet of totally-symmetric massless fields

with spins s = 1, 2, 3, . . ..

The Lorentz algebra is sp(4) ∼ so(4, 1) and we denote its invariant tensor CAB, which

is then used to raise and lower indices. It is convenient to introduce Y A
1 = (aA + bA) and

Y A
2 = −i(aA − bA) with the commutation relations

[Y A
i , Y B

j ] = 2iδijC
AB . (4.5)

The AdS5 Lorentz and translations (plus u(1)) generators are

LAB = −
i

4
{Y A

i , Y B
j }δij , TAB = −

i

4
{Y A

i , Y B
j }ǫij . (4.6)

The translations are given by the sp(4)-traceless part of TAB:

PAB = TAB −
1

4
CABTK

K . (4.7)

4.2 Topological Higher Spin Fields

We can combine the general construction of Formal Higher Spin Gravities from Sect. 2

with the one-parameter family of algebras hsλ ≡ hsλ(sl4). The general properties can be

inferred just from the very fact of existence of this one-parameter family. We use only the

λ-deformation and do not turn on the deformation along the π-direction. Therefore, this is

not the deformation that leads to the usual Higher Spin Gravities. Still we get a nonlinear

system with higher spin fields.

The fields are given by the one-form ω and zero-form K, both taking values in hsλ. The

construction of Sect. 2 allows us to write down equations whose lowest order terms look as

dω = ω ⋆ ω + φ1(ω, ω) ⋆ K + . . . , (4.8a)

dK = ω ⋆ K −K ⋆ ω + φ1(ω,K) ⋆ K − φ1(K,ω) ⋆ K + . . . . (4.8b)

One possible physical interpretation is as follows. Let us take Ω to be a flat connection and

reduce the system to its linear approximation, as in Sect. 2.5,

dω = {Ω, ω}+ φ1(Ω,Ω) ⋆ K , dK = Ω ⋆ K −K ⋆ Ω . (4.9)

If Ω is so(4, 2)-connection, then the K-equation describes a set of AdS5 Killing tensors

(starting from constants). Indeed, the only nontrivial equations in the K sector are

∇a1Ka2···as + permutations = 0 , (4.10)
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where the totally symmetric traceless tensors above result fromKa2···asPa2 · · ·Pas components

ofK(Pa, Lab). For a given flat Ω the ω-equation (4.9) describes a fixed configuration of higher

spin fields whose curvature is determined by the Killing tensors K.

If we take K = c, where c is just a constant, then the K-equation (4.8b) is obviously

satisfied, while the ω-equation (4.8a)

dω = ω ⋆ ω +
∑

k>0

φk(ω, ω)c
k = ω ∗c ω (4.11)

describes a flat connection of hsλ+c algebra, which is expanded over that of hsλ. In the

general case we keep K non-singlet and the system is more interesting. The higher spin

fields do not propagate any degrees of freedom, but acquire certain nontrivial values that are

parameterized by Killing tensors K. This theory is not obstructed by the locality problems

of higher spin theories.

4.3 Quasi-topological Higher Spin Fields

Let us propose another system that is still heavily based on hsλ, but does have propagating

degrees of freedom. We need to realize the π-automorphism and this requires a doubling

of the algebra. The reason is that, in the dual CFT picture, the automorphism is realized

as the inversion map mixing the positive and negative chirality fields. Note that hsλ is the

symmetry algebra of one irreducible free field (the precise relation between λ and helicity is

not important right now).22 Therefore, the first step is to double the algebra, which can be

done by adding an idempotent element φ that commutes to the oscillators:

[Y A
i , Y B

j ] = 2iηijC
AB , φ2 = 1 , [φ, Y A

i ] = 0 . (4.12)

The projectors on the two isomorphic copies Π±f(Y, φ) are obtained with the help of Π± =
1
2
(1± φ). The u(1) generator is defined as before N = −1

8
{Y A

i , Y B
j }ǫijCAB. We first restrict

to u(1) singlets. Next, we we take the quotient with respect to the ideal I generated by

Jλ = N − λφ , (4.13)

which for Π+f corresponds to N − λ and for Π−f corresponds to N + λ. Therefore, the

quotient algebra is isomorphic to hs+λ ⊕ hs−λ, as required. In order to incorporate the twist

we add a new generator k that obeys

k2 = 1 , k(Y A
i )k = π(Y A

i ) , {k, φ} = 0 . (4.14)

22We are grateful to Karapet Mkrtchyan for the very useful discussion around this point.
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Here π(Y A
i ) = τ i

j Y A
j and τ preserves δij and flips the sign of ǫij , i.e., it is any element of

o(2) with det τ = −1. That the initial algebra is hs+λ ⊕ hs−λ makes the generator of the

ideal well-defined in the presence of the π-map, kJλk = −Jλ. It was shown in [15] that, on

general grounds, such an algebra admits a deformation along the π-direction and belongs

to a one-parameter family of algebras. Together with λ we have a two-parameter23 family

of algebras hsλ,ν . Applying the construction of Sect. 2 to the parameter ν gives rise to the

expected five-dimensional higher spin equations.

Let us turn off the π-deformation and apply the machinery of Sect. 2 to the λ-parameter

only. Even with φ and k the structure constants of the algebra are directly related to those

of hsλ, given in [79]. The fields ω, C take values in the algebra of u(1)-singlet functions

f(Y A
i , k, φ) quotiented by the ideal generated by Jλ. Thanks to the dependence on k the

field C contains zero-forms both in adjoint and twisted-adjoint representations of the higher

spin algebra. Therefore, even without turning on the π-deformation, the resulting system

of equations describes propagating degrees of freedom.24 What is missing is the two-cocycle

that glues the part of C in the π-twisted module to ω, while the two-cocycle in the adjoint

representation is present thanks to the λ-deformation. This gives another example of a

higher spin system in five dimensions.

Acknowledgments

We are grateful to Maxim Grigoriev and Karapet Mkrtchyan for the very useful discussions.

The work of E.S. was supported by the Russian Science Foundation grant 18-72-10123 in

association with the Lebedev Physical Institute.

Bibliography

[1] B. Sundborg, “Stringy gravity, interacting tensionless strings and massless higher

spins,” Nucl. Phys. Proc. Suppl. 102 (2001) 113–119, arXiv:hep-th/0103247.

[2] E. Sezgin and P. Sundell, “Massless higher spins and holography,”

Nucl.Phys. B644 (2002) 303–370, arXiv:hep-th/0205131 [hep-th].

[3] I. R. Klebanov and A. M. Polyakov, “AdS dual of the critical O(N) vector model,”

Phys. Lett. B550 (2002) 213–219, arXiv:hep-th/0210114.

23If we reinstall the ~ that controls the star-product, then we have a three-parameter family of algebras.
24We need to restrict to those discrete values of λ that correspond to the 4d free conformal fields.

25

http://dx.doi.org/10.1016/S0920-5632(01)01545-6
http://arxiv.org/abs/hep-th/0103247
http://arxiv.org/abs/hep-th/0103247
http://dx.doi.org/10.1016/S0550-3213(02)00739-3
http://arxiv.org/abs/hep-th/0205131
http://arxiv.org/abs/hep-th/0205131
http://dx.doi.org/10.1016/S0370-2693(02)02980-5
http://arxiv.org/abs/hep-th/0210114
http://arxiv.org/abs/hep-th/0210114


[4] I. Heemskerk, J. Penedones, J. Polchinski, and J. Sully, “Holography from Conformal

Field Theory,” JHEP 10 (2009) 079, arXiv:0907.0151 [hep-th].

[5] R. de Mello Koch, A. Jevicki, K. Jin, and J. P. Rodrigues, “AdS4/CFT3 Construction

from Collective Fields,” Phys. Rev. D83 (2011) 025006, arXiv:1008.0633 [hep-th].

[6] X. Bekaert, J. Erdmenger, D. Ponomarev, and C. Sleight, “Quartic AdS Interactions

in Higher-Spin Gravity from Conformal Field Theory,” JHEP 11 (2015) 149,

arXiv:1508.04292 [hep-th].

[7] C. Sleight and M. Taronna, “Higher Spin Interactions from Conformal Field Theory:

The Complete Cubic Couplings,” Phys. Rev. Lett. 116 no. 18, (2016) 181602,

arXiv:1603.00022 [hep-th].

[8] J. Maldacena and A. Zhiboedov, “Constraining Conformal Field Theories with A

Higher Spin Symmetry,” arXiv:1112.1016 [hep-th].

[9] N. Boulanger, D. Ponomarev, E. Skvortsov, and M. Taronna, “On the uniqueness of

higher-spin symmetries in AdS and CFT,” arXiv:1305.5180 [hep-th].

[10] V. Alba and K. Diab, “Constraining conformal field theories with a higher spin

symmetry in d=4,” arXiv:1307.8092 [hep-th].

[11] V. Alba and K. Diab, “Constraining conformal field theories with a higher spin

symmetry in d > 3 dimensions,” arXiv:1510.02535 [hep-th].

[12] M. R. Gaberdiel and B. Zwiebach, “Tensor constructions of open string theories. 1:

Foundations,” Nucl. Phys. B505 (1997) 569–624, arXiv:hep-th/9705038 [hep-th].

[13] T. Erler, S. Konopka, and I. Sachs, “Resolving Witten‘s superstring field theory,”

JHEP 04 (2014) 150, arXiv:1312.2948 [hep-th].

[14] A. A. Sharapov and E. D. Skvortsov, “Formal higher-spin theories and

Kontsevich–Shoikhet–Tsygan formality,” Nucl. Phys. B921 (2017) 538–584,

arXiv:1702.08218 [hep-th].

[15] A. Sharapov and E. Skvortsov, “A∞ Algebras from Slightly Broken Higher Spin

Symmetries,” arXiv:1809.10027 [hep-th].

[16] C. Sleight and M. Taronna, “Higher-Spin Gauge Theories and Bulk Locality,”

Phys. Rev. Lett. 121 no. 17, (2018) 171604, arXiv:1704.07859 [hep-th].

[17] D. Ponomarev, “A Note on (Non)-Locality in Holographic Higher Spin Theories,”

Universe 4 no. 1, (2018) 2, arXiv:1710.00403 [hep-th].

[18] S. Giombi and X. Yin, “Higher Spin Gauge Theory and Holography: The Three-Point

Functions,” JHEP 1009 (2010) 115, arXiv:0912.3462 [hep-th].

[19] S. Giombi and X. Yin, “Higher Spins in AdS and Twistorial Holography,”

JHEP 1104 (2011) 086, arXiv:1004.3736 [hep-th].

[20] N. Boulanger, P. Kessel, E. D. Skvortsov, and M. Taronna, “Higher spin interactions

26

http://dx.doi.org/10.1088/1126-6708/2009/10/079
http://arxiv.org/abs/0907.0151
http://arxiv.org/abs/0907.0151
http://dx.doi.org/10.1103/PhysRevD.83.025006
http://arxiv.org/abs/1008.0633
http://arxiv.org/abs/1008.0633
http://dx.doi.org/10.1007/JHEP11(2015)149
http://arxiv.org/abs/1508.04292
http://arxiv.org/abs/1508.04292
http://dx.doi.org/10.1103/PhysRevLett.116.181602
http://arxiv.org/abs/1603.00022
http://arxiv.org/abs/1603.00022
http://arxiv.org/abs/1112.1016
http://arxiv.org/abs/1112.1016
http://arxiv.org/abs/1305.5180
http://arxiv.org/abs/1305.5180
http://arxiv.org/abs/1307.8092
http://arxiv.org/abs/1307.8092
http://arxiv.org/abs/1510.02535
http://arxiv.org/abs/1510.02535
http://dx.doi.org/10.1016/S0550-3213(97)00580-4
http://arxiv.org/abs/hep-th/9705038
http://arxiv.org/abs/hep-th/9705038
http://dx.doi.org/10.1007/JHEP04(2014)150
http://arxiv.org/abs/1312.2948
http://arxiv.org/abs/1312.2948
http://dx.doi.org/10.1016/j.nuclphysb.2017.06.005
http://arxiv.org/abs/1702.08218
http://arxiv.org/abs/1702.08218
http://arxiv.org/abs/1809.10027
http://arxiv.org/abs/1809.10027
http://dx.doi.org/10.1103/PhysRevLett.121.171604
http://arxiv.org/abs/1704.07859
http://arxiv.org/abs/1704.07859
http://dx.doi.org/10.3390/universe4010002
http://arxiv.org/abs/1710.00403
http://arxiv.org/abs/1710.00403
http://dx.doi.org/10.1007/JHEP09(2010)115
http://arxiv.org/abs/0912.3462
http://arxiv.org/abs/0912.3462
http://dx.doi.org/10.1007/JHEP04(2011)086
http://arxiv.org/abs/1004.3736
http://arxiv.org/abs/1004.3736


in four-dimensions: Vasiliev versus Fronsdal,” J. Phys. A49 no. 9, (2016) 095402,

arXiv:1508.04139 [hep-th].

[21] E. D. Skvortsov and M. Taronna, “On Locality, Holography and Unfolding,”

JHEP 11 (2015) 044, arXiv:1508.04764 [hep-th].

[22] M. A. Vasiliev, “Consistent equations for interacting massless fields of all spins in the

first order in curvatures,” Annals Phys. 190 (1989) 59–106.

[23] M. A. Vasiliev, “Properties of equations of motion of interacting gauge fields of all

spins in (3+1)-dimensions,” Class. Quant. Grav. 8 (1991) 1387–1417.

[24] S. Prokushkin and M. A. Vasiliev, “Higher spin gauge interactions for massive matter

fields in 3-D AdS space-time,” Nucl.Phys. B545 (1999) 385,

arXiv:hep-th/9806236 [hep-th].

[25] M. A. Vasiliev, “Nonlinear equations for symmetric massless higher spin fields in

(A)dS(d),” Phys. Lett. B567 (2003) 139–151, arXiv:hep-th/0304049 [hep-th].

[26] A. A. Sharapov and E. D. Skvortsov, “Hochschild cohomology of the weyl algebra and

vasiliev’s equations,” Letters in Mathematical Physics 107 no. 12, (Dec, 2017)

2415–2432, arXiv:1705.02958 [math-ph].

[27] A. A. Sharapov and E. D. Skvortsov, “A simple construction of associative

deformations,” Letters in Mathematical Physics (Jul, 2018) ,

arXiv:1803.10957 [math-ph].

[28] A. A. Sharapov and E. D. Skvortsov, “On deformations of A∞-algebras,”

arXiv:1809.03386 [math-ph].

[29] M. Grigoriev and E. D. Skvortsov, “Type-B Formal Higher Spin Gravity,”

JHEP 05 (2018) 138, arXiv:1804.03196 [hep-th].

[30] M. Alexandrov, A. Schwarz, O. Zaboronsky, and M. Kontsevich, “The Geometry of

the master equation and topological quantum field theory,”

Int. J. Mod. Phys. A12 (1997) 1405–1429, arXiv:hep-th/9502010 [hep-th].

[31] D. Sullivan, “Infinitesimal computations in topology,” Publ. Math. IHES 47 (1977)

269–331.

[32] P. van Nieuwenhuizen, “Free graded differential superalgebras,” Invited talk given at

11th Int. Colloq. on Group Theoretical Methods in Physics, Istanbul, Turkey, Aug 23-

28, 1982 .

[33] R. D’Auria, P. Fre, and T. Regge, “Graded Lie Algebra Cohomology and

Supergravity,” Riv. Nuovo Cim. 3N12 (1980) 1.

[34] N. Boulanger, C. Iazeolla, and P. Sundell, “Unfolding Mixed-Symmetry Fields in AdS

and the BMV Conjecture: I. General Formalism,” arXiv:0812.3615 [hep-th].

[35] S. Li and K. Zeng, “Homotopy Algebras in Higher Spin Theory,”

27

http://dx.doi.org/10.1088/1751-8113/49/9/095402
http://arxiv.org/abs/1508.04139
http://arxiv.org/abs/1508.04139
http://dx.doi.org/10.1007/JHEP11(2015)044
http://arxiv.org/abs/1508.04764
http://arxiv.org/abs/1508.04764
http://dx.doi.org/10.1016/S0550-3213(98)00839-6
http://arxiv.org/abs/hep-th/9806236
http://arxiv.org/abs/hep-th/9806236
http://dx.doi.org/10.1016/S0370-2693(03)00872-4
http://arxiv.org/abs/hep-th/0304049
http://arxiv.org/abs/hep-th/0304049
http://arxiv.org/abs/1705.02958
http://arxiv.org/abs/1705.02958
http://arxiv.org/abs/1803.10957
http://arxiv.org/abs/1803.10957
http://arxiv.org/abs/1809.03386
http://arxiv.org/abs/1809.03386
http://dx.doi.org/10.1007/JHEP05(2018)138
http://arxiv.org/abs/1804.03196
http://arxiv.org/abs/1804.03196
http://dx.doi.org/10.1142/S0217751X97001031
http://arxiv.org/abs/hep-th/9502010
http://arxiv.org/abs/hep-th/9502010
http://dx.doi.org/10.1007/BF02905929
http://arxiv.org/abs/0812.3615
http://arxiv.org/abs/0812.3615


arXiv:1807.06037 [hep-th].

[36] G. Barnich, F. Brandt, and M. Henneaux, “Local BRST cohomology in gauge

theories,” Phys. Rept. 338 (2000) 439–569, arXiv:hep-th/0002245 [hep-th].

[37] G. Barnich, M. Grigoriev, A. Semikhatov, and I. Tipunin, “Parent field theory and

unfolding in BRST first-quantized terms,”

Commun. Math. Phys. 260 (2005) 147–181, arXiv:hep-th/0406192 [hep-th].

[38] G. Barnich and M. Grigoriev, “First order parent formulation for generic gauge field

theories,” JHEP 1101 (2011) 122, arXiv:1009.0190 [hep-th].

[39] T. Basile, X. Bekaert, and E. Joung, “Twisted Flato-Fronsdal Theorem for

Higher-Spin Algebras,” JHEP 07 (2018) 009, arXiv:1802.03232 [hep-th].

[40] C. Iazeolla and P. Sundell, “A Fiber Approach to Harmonic Analysis of Unfolded

Higher- Spin Field Equations,” JHEP 10 (2008) 022, arXiv:0806.1942 [hep-th].

[41] J. D. Stasheff, “Homotopy associativity of H-spaces. I,” Trans. Amer. Math. Soc. 108

(1963) 275–292.

[42] H. Kajiura, “Noncommutative homotopy algebras associated with open strings,”

Rev. Math. Phys. 19 (2007) 1–99, arXiv:math/0306332 [math-qa].

[43] T. Kadeishvili, “The structure of the A(∞)-algebra, and the Hochschild and Harrison

cohomologies.,” Mat. Inst. Razmadze Akad. Nauk Gruzin. SSR (1998) .

[44] E. Getzler, “Cartan homotopy formulas and the Gauss-Manin connection in cyclic

homology,” in in quantum deformations of algebras and their representations, Israel

math. conf. proc. 7, pp. 65–78. 1993.

[45] Gerstenhaber, M., Voronov, A., “Higher operations on Hochschild complex,” Funct.

Anal. Appl. 29 (1995) 1–6.

[46] A. A. Sharapov and E. D. Skvortsov in preparation .

[47] V. Didenko and E. Skvortsov, “Elements of Vasiliev theory,”

arXiv:1401.2975 [hep-th].

[48] C. Aragone and S. Deser, “Consistency Problems of Hypergravity,”

Phys. Lett. B86 (1979) 161.

[49] X. Bekaert, M. Grigoriev, and E. D. Skvortsov, “Higher Spin Extension of

Fefferman-Graham Construction,” Universe 4 no. 2, (2018) 17,

arXiv:1710.11463 [hep-th].

[50] I. R. Klebanov and E. Witten, “AdS / CFT correspondence and symmetry breaking,”

Nucl. Phys. B556 (1999) 89–114, arXiv:hep-th/9905104 [hep-th].

[51] E. Witten, “Multitrace operators, boundary conditions, and AdS / CFT

correspondence,” arXiv:hep-th/0112258 [hep-th].

28

http://arxiv.org/abs/1807.06037
http://arxiv.org/abs/1807.06037
http://dx.doi.org/10.1016/S0370-1573(00)00049-1
http://arxiv.org/abs/hep-th/0002245
http://arxiv.org/abs/hep-th/0002245
http://dx.doi.org/10.1007/s00220-005-1408-4
http://arxiv.org/abs/hep-th/0406192
http://arxiv.org/abs/hep-th/0406192
http://dx.doi.org/10.1007/JHEP01(2011)122
http://arxiv.org/abs/1009.0190
http://arxiv.org/abs/1009.0190
http://dx.doi.org/10.1007/JHEP07(2018)009
http://arxiv.org/abs/1802.03232
http://arxiv.org/abs/1802.03232
http://dx.doi.org/10.1088/1126-6708/2008/10/022
http://arxiv.org/abs/0806.1942
http://arxiv.org/abs/0806.1942
http://dx.doi.org/10.1142/S0129055X07002912
http://arxiv.org/abs/math/0306332
http://arxiv.org/abs/math/0306332
http://arxiv.org/abs/1401.2975
http://arxiv.org/abs/1401.2975
http://dx.doi.org/10.1016/0370-2693(79)90808-6
http://dx.doi.org/10.3390/universe4020017
http://arxiv.org/abs/1710.11463
http://arxiv.org/abs/1710.11463
http://dx.doi.org/10.1016/S0550-3213(99)00387-9
http://arxiv.org/abs/hep-th/9905104
http://arxiv.org/abs/hep-th/9905104
http://arxiv.org/abs/hep-th/0112258
http://arxiv.org/abs/hep-th/0112258


[52] C.-M. Chang, S. Minwalla, T. Sharma, and X. Yin, “ABJ Triality: from Higher Spin

Fields to Strings,” J. Phys. A46 (2013) 214009, arXiv:1207.4485 [hep-th].

[53] J. Maldacena and A. Zhiboedov, “Constraining conformal field theories with a slightly

broken higher spin symmetry,” arXiv:1204.3882 [hep-th].

[54] J. Alev, M. Farinati, T. Lambre, and A. Solotar, “Homologie des invariants d’une

algbre de weyl sous l’action d’un groupe fini,” Journal of Algebra 232 no. 2, (2000)

564 – 577.

[55] B. Shoikhet, G. Felder, and B. Feigin, “Hochschild cohomology of the Weyl algebra

and traces in deformation quantization,” Duke Mathematical Journal 127 no. 3,

(2005) 487–517.

[56] E. Sezgin and P. Sundell, “Geometry and Observables in Vasiliev’s Higher Spin

Gravity,” JHEP 07 (2012) 121, arXiv:1103.2360 [hep-th].

[57] N. Colombo and P. Sundell, “Higher Spin Gravity Amplitudes From Zero-form

Charges,” arXiv:1208.3880 [hep-th].

[58] V. E. Didenko, J. Mei, and E. D. Skvortsov, “Exact higher-spin symmetry in CFT:

free fermion correlators from Vasiliev Theory,” Phys. Rev. D88 (2013) 046011,

arXiv:1301.4166 [hep-th].

[59] V. Didenko and E. Skvortsov, “Exact higher-spin symmetry in CFT: all correlators in

unbroken Vasiliev theory,” JHEP 1304 (2013) 158, arXiv:1210.7963 [hep-th].

[60] R. Bonezzi, N. Boulanger, D. De Filippi, and P. Sundell, “Noncommutative Wilson

lines in higher-spin theory and correlation functions of conserved currents for free

conformal fields,” J. Phys. A50 no. 47, (2017) 475401, arXiv:1705.03928 [hep-th].

[61] M. A. Vasiliev, “Higher spin gauge theories: Star-product and ads space,”

hep-th/9910096.

[62] M. G. Eastwood, “Higher symmetries of the Laplacian,”

Annals Math. 161 (2005) 1645–1665, arXiv:hep-th/0206233 [hep-th].

[63] S. Fernando and M. Günaydin, “Massless conformal fields, AdSd+1/CFTd higher spin

algebras and their deformations,” Nucl. Phys. B904 (2016) 494–526,

arXiv:1511.02167 [hep-th].

[64] L. M. Yang, “A Note on the Quantum Rule of the Harmonic Oscillator,”

Phys. Rev. 84 no. 4, (1951) 788.

[65] Y. Ohnuki and S. Kamefuchi, “Representations of Majorana fields with zero mode and

Klein transformation,” in Progress in quantum field theory, pp. 133–170. 1985.

[66] M. A. Vasiliev, “Higher spin algebras and quantization on the sphere and

hyperboloid,” Int. J. Mod. Phys. A6 (1991) 1115–1135.

[67] P. A. M. Dirac, “A Remarkable representation of the 3 + 2 de Sitter group,”

29

http://dx.doi.org/10.1088/1751-8113/46/21/214009
http://arxiv.org/abs/1207.4485
http://arxiv.org/abs/1207.4485
http://arxiv.org/abs/1204.3882
http://arxiv.org/abs/1204.3882
http://dx.doi.org/10.1007/JHEP07(2012)121
http://arxiv.org/abs/1103.2360
http://arxiv.org/abs/1103.2360
http://arxiv.org/abs/1208.3880
http://arxiv.org/abs/1208.3880
http://dx.doi.org/10.1103/PhysRevD.88.046011
http://arxiv.org/abs/1301.4166
http://arxiv.org/abs/1301.4166
http://dx.doi.org/10.1007/JHEP04(2013)158
http://arxiv.org/abs/1210.7963
http://arxiv.org/abs/1210.7963
http://dx.doi.org/10.1088/1751-8121/aa8efa
http://arxiv.org/abs/1705.03928
http://arxiv.org/abs/1705.03928
http://arxiv.org/abs/hep-th/9910096
http://arxiv.org/abs/hep-th/9910096
http://dx.doi.org/10.4007/annals.2005.161.1645
http://arxiv.org/abs/hep-th/0206233
http://arxiv.org/abs/hep-th/0206233
http://dx.doi.org/10.1016/j.nuclphysb.2016.01.024
http://arxiv.org/abs/1511.02167
http://arxiv.org/abs/1511.02167
http://dx.doi.org/10.1103/PhysRev.84.788


J. Math. Phys. 4 (1963) 901–909.

[68] M. Günaydin and C. Saclioglu, “Oscillator Like Unitary Representations of

Noncompact Groups With a Jordan Structure and the Noncompact Groups of

Supergravity,” Commun. Math. Phys. 87 (1982) 159.

[69] S. Giombi, S. Minwalla, S. Prakash, S. P. Trivedi, S. R. Wadia, and X. Yin,

“Chern-Simons Theory with Vector Fermion Matter,” Eur. Phys. J. C72 (2012) 2112,

arXiv:1110.4386 [hep-th].

[70] M. R. Gaberdiel and R. Gopakumar, “Minimal Model Holography,”

J. Phys. A46 (2013) 214002, arXiv:1207.6697 [hep-th].

[71] S. F. Prokushkin and M. A. Vasiliev, “Cohomology of arbitrary spin currents in

ads(3),” Theor. Math. Phys. 123 (2000) 415–435, hep-th/9907020.
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