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ABSTRACT

The structure of the Osborn (“Local Renormalization Group”) Equation in the presence
of integer dimensional irrelevant operators is studied. We argue that the consistency of
the anomalous part of the generating functional requires a beta-function for the metric.
The modified form of the Weyl anomalies is calculated.
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1 Introduction

Integer dimensional primary operators in Conformal Field Theories (CFT) give rise to
conformal anomalies [1]. While at separate space-time points the correlators of these
operators are well defined, at coincident points the singularity needs a regulator. As
a consequence there is an irremovable violation of the conformal Ward identities. The
singularities involved are typically logarithmic, leading to the so-called “type B” conformal
anomalies [2]. In particular situations involving identities valid in special space-time
dimensions, the logarithms are converted into integer power singularities without a scale
(“type A” conformal anomalies) [3].

Higher order correlators of integer dimensional operators produce increasing powers of
logarithms. The recursive nature of the correlators related to their analytic structure in
momentum space reduce the higher powers of logarithms to the independent, universal
information contained in the single logarithm term in each correlator.

This structure is summarized in the Osborn Equation. While the equation can be used
to describe the perturbative renormalization group flow in a CFT perturbed by relevant
operators, in the present paper we will use it strictly in the CFT: the space-time dependent
couplings will be considered as sources of the primary operators. The coefficients of the
Taylor expansion of the partition function around zero sources are the CF'T correlators.

We give now a brief description of the Osborn Equation [4].! Consider in a CFT relevant
and marginal primaries O; with integral dimensions A;. The operators O; are coupled to
space-time dependent sources J;(z). In the list of primary operators we include the energy-
momentum tensor 7, (x) coupled to the background metric g, (x). All other operators
which we will consider in this work are scalars. The connected generating functional W
depends on J;(x) and g,,(z). The local Weyl variation operator acts on W as

0 W = / dx {2 U(fc)guu(x)ﬁ + Zﬁi({Jj}vQM U)%@)} 4 (1.1)

where the first term represents the canonical Weyl transformation of the metric and the
second term involves the local “beta-functions” of the sources (couplings) linear in the
infinitesimal Weyl parameter o(z) and its derivatives.

We remark that the non-classical part of the beta-function, i.e. the part which contains
information about logarithms in correlation functions, arises from the action of the Weyl
transformation on the anomalous part of the generating functional. Equivalently, the
correlation functions satisfy the SO(d,2) (the conformal group in d dimensions) Ward-
identities, as long as all operators are inserted at separate points.

The Osborn Equation states that the Weyl variation of W gives the Weyl anomalies

5, — / diz/Go () A({J:}. g) (12)

For further discussions and applications see also [5-7].



where A is the local anomaly polynomial. The generating functional can be chosen to re-
spect diffeomorphism symmetry. Then there are two cohomological structures underlying
the Osborn Equation which are related to the realization of the abelian Weyl symmetry:

1. Since the Weyl transformation should obey
[6017602] =0 (13)
the transformation of the sources implied by (1.1)

S0 G =20 G (1.4a)
50Ji = ﬁz ({Jj}aguu; U) (14b)

should obey the integrability condition following from (1.3). While (1.4a) obviously
obeys it, for (1.4b) we get the non-trivial constraint

5ozﬁi({Jj}aguu§Ul) = 50151'({*])'}79#1/;02) (15)

where the second variations are calculated using (1.4).

The integrability conditions have trivial solutions corresponding to local changes of
variables of the sources

Ji(x) = n({ 5} gw) (1.6)

such that J/(x) transforms just following the dimension, i.e. without a non-trivial
beta-function:

5o () = o(z) (A — d) J/(x) (1.7)

The solutions of (1.5) modulo (1.6) define the cohomologically nontrivial beta-
functions.

Once these non-trivial beta-functions are found, the Weyl anomaly, i.e. the r.h.s.
of eq.(1.2), is the solution of a second cohomology problem:

2. The anomaly should obey

502/ddx\/§01(1’).4({]i},gw) :501/ddx\/§02(x)A({Ji},gW) (1.8)

where the variations are calculated using (1.4a) and (1.4b). This is the Wess-
Zumino (WZ) consistency condition. Cohomologically nontrivial Weyl anomalies
are solutions of (1.8) modulo variations of local diffeo-invariant functionals of {J;}
and g,

When the beta-function reduces to the classical term (1.7), the Osborn Equation pro-
duces the ordinary Weyl anomalies related to single logarithms in the generating func-
tional. The universal information contained in the beta-function is the coefficient of the



single logarithm in the correlator corresponding to each power of the source in the ex-
pansion. The presence of the nontrivial part of the beta-function is related to multiple
logarithms in the generating functional: due to the recursive relations incorporated into
the equation (1.2) the logarithms in the left hand side of the equation are cancelled pro-
ducing at the end the anomaly.

The role of the beta-function can be made explicit in the lowest non-trivial order. Con-
sider the correlator of three integer dimensional operators O;, O;, O which has a double
logarithm corresponding to a nonvanishing structure constant (the simplest realization of
this situation is for three marginal but not truly marginal operators). This means that at
least for one choice of the indices the OPE (operator product expansion) of two operators
contains the third one with a logarithmic singularity:

Oi(2)0;(y) = cijelz =y~ 272 Ou(y) (1.9)

Together with the logarithm in the (O (y)Ok(z)) correlator this produces the double loga-
rithm in the three point function or equivalently in the appropriate term in the generating
functional:?

W = ...+ cijudid;(log(T/p?)) 2 dy, + .. + Ji log(T/p?) i + ... (1.10)

where we made explicit also the contribution of the Oy two point function and we left out
the powers of O implied by the dimensions of the operators. The singularity in the OPE
is translated into the first nontrivial term in the beta-function of the source Jj:

50Jk = Bk = UciijiJk + ... (111)

Now we can follow the cancellation of the single logarithm in (1.2) corresponding to (1.10):
the action of the Weyl variation of the metric on the covariant Laplacian in the first term
cancels the variation of the second term when acted upon by Bk% .

The recursion relations which are underlying the perturbative validity of the Osborn
Equation are a consequence of the analytic structure of the CFT: in momentum space
the correlators obey (subtracted) dispersion relations and a finite number of subtractions
depending on the dimensions of the operators control all correlators. This is of course
valid provided the operators are relevant (A; < d) or marginal (A; = d).

For integer dimension irrelevant operators (A; > d) the number of subtractions needed
increases with the order of the correlator, but we expect that for any finite number of
irrelevant operators the general structure of the Osborn Equation will be still valid since
one needs a finite number of subtractions to control the logarithms.

We will see, however, that in the presence of irrelevant operators a rather basic fea-
ture of eq.(1.1) is changed: we have to introduce a non-trivial beta-function also for the
transformation of g,,. This changes the definition of the Weyl transformations but it is
necessary since correlators of irrelevant operators with energy-momentum tensors acquire

2the exact position of the double logarithms is not essential for the following argument.
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an increasing number of logarithms. This feature becomes evident already for the terms
in the generating functional involving only two irrelevant operators when as for relevant
or marginal operators the beta-function does not contribute. The sources transform just
following their dimension and the Osborn Equation should produce a unique local Weyl
anomaly. There is, however, a general proof that such a local expression with the required
cohomological properties cannot exist for two irrelevant operators. We correlate this fea-
ture with the existence of multiple logarithms in correlators involving energy-momentum
tensors and we argue that a “metric beta-function” should be introduced, which modifies
the transformation rule of the metric under a Weyl transformation. The non-classical
contribution contains information about logarithms and acts on the anomalous part of
the effective action, in analogy to the beta-function of the scalar operators which we
have discussed before. We analyze in detail the consistency of this assumption in lowest
non-trivial order through the OPE involving the energy-momentum tensor and through a
general cohomological analysis. We discuss the physical consequences of this generaliza-
tion, in particular the implications for the RG transformation properties of the geometry
dependence when the CFT is formulated on a compact manifold.

In Section 2 we review the Weyl anomaly involving two relevant or marginal operators
and the mathematical results determining its form. Similar expressions for two irrelevant
operators are proven not to exist. We study the OPE involving the energy-momentum
tensor and two irrelevant operators generating a metric beta-function to lowest non-trivial
order.

In Section 3 we examine in detail the cohomological structure of the metric beta-function
and corresponding anomaly in d = 4. The explicit expression is worked out for the lowest
irrelevant dimension, i.e. A = 5.

In Section 4 we discuss the peculiar features produced by irrelevant operators in d = 2,
in particular the interplay with type A Weyl anomalies.

In the Conclusions we discuss the general structure of Weyl anomalies involving an ar-
bitrary maximal number of irrelevant operators and energy-momentum tensors. We also
point out the implications for the dependence of the partition function on the metric when
the theory is formulated on a compact manifold: in the presence of an irrelevant deforma-
tion the background geometry is “running” under a RG transformation. The relevance of
the irrelevant operator anomalies for the structure of the chiral ring in supersymmetric
gauge theories is indicated.

2 Anomalies and beta-functions

Given a CFT in d dimensions, consider the two-point function of scalar primary operators
of dimension A. With a suitable normalization, conformal invariance fixes it to be

N
TS

(O(z) 0(0)) (2.1)



For A —d/2 = n € Ny this is singular, i.e. it has no Fourier transform. It needs regu-
larization and this necessarily introduces a scale. This is most easily done in momentum
space where one finds

N 7.‘.d/2

(©) O=p)) = (1" e (e +ena)  (22)

where the constants ¢, 4 are scheme dependent; they change if one rescales ;1. The explicit
scale dependence signals a type B conformal anomaly: the two-point function transforms
inhomogeneously under dilatations, i.e. rescaling of the coordinates z# — e*z* or, under
rescaling the momenta p, — e *p,. Equivalently

d N7/ o

—(O(p) O(—p)) = (—1)" 2.3
“d,f (p) O(=p)) = (-1) 22n—1r(n+1)r(n+g)p (2.3)
In position space this translates into
d
u@«?(fﬂ)o(o)) o 076 (x) (2.4)

Another way to express the anomaly, which was already used in the Introduction, is
based on the fact that Weyl invariance in curved space-time implies conformal invariance
in Minkowski space. One introduces space-time dependent sources for O and the energy-
momentum tensor, J(z) and g,,(x). The correlation function (2.2) then translates into a
term in the generating functional W proportional to

[ e /o) )T o 0/ ) (25)
and the anomaly as the non-invariance of W under Weyl rescaling the sources, i.e.
S W = /ddx ocJa"J (2.6)

We have dropped terms which vanish in flat space-time. In this basic form the anomaly
expresses a violation of the Ward identity which relates the correlator (7, O0) to the
two point function (QO).

Due to the nonabelian nature of the diffeomorphism group the Ward identity is extended
to correlators with any number of energy-momentum tensors and the anomaly expression
contains metric dependent terms constrained by diffeomorphism invariance. In the general
framework of the Osborn Equation this corresponds to the term in the expansion of the
effective action which is quadratic in the sources. To this quadratic order the non-trivial
part of the beta-function of the sources cannot contribute. The construction of these
terms, which depend on the space-time curvature, is well known in the case of relevant
and marginal operators, i.e. for A < d. Of course we assume A — %l =0,1,2... as
otherwise there is no anomaly. We will now review this case. We start with a marginal
operator and its source J. J is invariant under Weyl rescaling and the anomaly is

50W:/dd:p go JA.J (2.7)
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where in d =2, A, =0, and in d = 4,
A, =0%+2V, (R“” — %g‘“’R) V. (2.8)

Here [J is the covariant Laplacian and R the curvature. They transform as A, — e % A.,.
In d =4, A. is known as the Fradkin-Tseytlin-Riegert operator in the physics literature
and as the (critical) Paneitz operator in the mathematics literature. Higher dimensional
generalizations have been constructed; see [8] for a review. The above can be generalized
to an arbitrary number of marginal operators and their sources J! in such a way that
the anomaly is invariant under reparametrizations of the conformal manifold whose local
coordinates are J?. For explicit results in d = 2 and d = 4, see e.g. [9].

Relevant operators are also easily incorporated. For instance, the source of a dimension
two operator in d = 4 transforms as J — e~2°.J and one has A, = 1, while the source
of a dimension three operator in d = 4 transforms as J — e~ ?J. In this case one finds
A, =0- éR which transforms as A, — e 37 A.e’ under Weyl rescaling of the metric.

We now turn to irrelevant operators, i.e. A > d. From the structure of (2.5) we
conclude that the Weyl variation of the generating functional should contain a term (2.6)
with n > d/2 and the full expression in curved space-time should be Weyl invariant.
Assuming that the sources transform homogeneously according to their dimension, i.e.

0o G =20 G, and dod = (A—d)o J, (2.9)
this would require the existence of an operator
A, = 0" 4 curvature terms (2.10)
such that
A(e¥g) = e 27 A (g)e~BDe (2.11)
where, as before, n = A — d/2.

The construction of Weyl anomalies for irrelevant vs. relevant and marginal operators
is, however, quite different. This is made evident by a theorem of Gover and Hirachi
which excludes the existence of local operators with the simple transformation (2.11).
More explicitly, it states (see e.g. [8] for background, review and references to the original
literature):

On any (pseudo-)Riemannian manifold (M, g) of dimension d there exists a differential
operator of the form
A, =" 4 lower order terms (2.12)

such that ) )
Ac(e*g) = e~ GTMIA (g)et G (2.13)

with the restriction 1 < n < g for even d and no restriction for odd d.

This operator is natural in the sense that it is constructed from the metric and the
lower order terms vanish in flat backgrounds. Its construction is essentially holographic.
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In general the operator is not unique. For instance, for n = d/2 = 3 there is a two-
parameter family [10]. As there is no issue in odd dimensions, we will restrict to even d
in the following and, more specifically, to d = 2 and d = 4 and to integer A > d.

The theorem explicitly excludes the existence of such an operator for n > d/2. Since
a diffeomorphism invariant generating functional, whose anomaly reduces to JLI"J in a
flat metric should exist, and the analytic structure underlying the Osborn Equation is
valid for any finite number of terms in an expansion in the sources of irrelevant operators,
there has to be a way to avoid the conclusions of the theorem. This obviously requires a
modification in the structure of the equation. In view of the above theorem, the existence
of beta-functions for the sources .J¢, including those induced by the irrelevant operators,
is not sufficient to lead to a consistent equation. The novel feature, which is only possible
in the presence of sources for irrelevant operators®, is that the Weyl-transformation of
the metric also receives corrections. This is a consequence of logarithms in correlation
functions of the energy momentum tensor with irrelevant operators, in much the same way
as the beta-functions for the scalar sources arise from logarithms in correlation functions
of scalar operators.

We will now present the detailed argument for the existence of a beta-function for
the metric in the presence of sources of integer dimension irrelevant operators. To this
end we analyze the general form of the (7}, O O) three-point function.* It is fixed by
the symmetries, i.e. conservation and tracelessness of 7}, and the normalizations of
the (O O) and (1), T,,) two-point functions. Comparing it to the latter, which is also
completely fixed by the symmetries except for its normalization ¢y, one can extract the
following terms in the OO OPE

a 1 o a 1 N
Olx) O0) 228 Tt EWTW(O) v*2” + EW&’TO‘B(O) %P
a X )
T 8(d+ Bey 2T ((@+9)2,05T05(0)a72%a"0” — OT(0) a%a"27) + ..
1 5 aq Qn
+ moal...anx e X (O) 4+ ...
(2.14)
Here
o dAN B N B g1 27d/2
“= T S,(d—1) (O(z) 0(0)) = TN Sa = Vol(5°7") = d2) (2.15)

In d = 4, in the normalization of the type B Weyl anomaly as ¢"*(T},) = ¢C? (Chvpo

3Simple dimensional arguments and locality immediately imply that a non-trivial beta-function for
the metric can only occur in the presence of sources for irrelevant operators. For marginal operators with
sources J the only possible modification is 6g,, =20 f(J) guw-

4A comprehensive analysis of this and other CFT three-point functions in momentum space was
performed in [11]. The singularity structure, which contains all the information relevant for us, can,
however, be easily extracted without knowing the full correlation function. We use the results of [12],
whose notation we also adopt.



being the Weyl tensor) one finds [13]
cr =——-c (2.16)

The terms in the last line of (2.14) are generic representatives of other primaries (and their
descendants). They will contribute to correlation functions such as (7),,7,,0 O). This
will play a role in d = 2 which we discuss in Section 4. Quite generally, if, suppressing
possible tensor structures of the operators,

0,(2) Op(0) = ——25 —_O(0)+... with A;j+A—A=d+2n  (2.17)

then there is a beta function for the source of O, 8'(x) ~ ¢j! K™ (J7 J*)(z) where K™
is an n-th order differential operator which acts on the sources, therefore it vanishes for
constant sources if n > 0. The above discussion does not yet take into account special
properties such as conservation and tracelessness of e.g. O; = T,,3. They imply that terms
in the beta-function for the metric proportional to the metric itself cannot be obtained in
this way.

Using the OPE (2.14) one finds (the derivatives act on 7°(0))

a a,, B a ay By
(T, (2)O(1)O(0)) = ;%%(xw(m E%szw(o»

a 1
(d+ 3)cr y?A+2—d

((d +4)y°y7y"y° 0,05 — y*y°y’ D) (T (2)Tap(0)) + ..

(2.18)
The first few terms on the r.h.s., their number depending on d and A, need regularization.
This introduces a scale p and renders ,u% of this correlator non-zero. If one takes into
account tracelessness and conservation of 7,3, one finds that the terms with up to n
derivatives contribute, where 2A + 2 — 2d = 2(n + 2). This is easily shown in momentum
space. E.g. for d = 4 and A = 5, which will be analyzed in detail below, only the
first term needs to be considered. This leads to a beta-function for the source of 7,5 if
A > d, as can also be seen by simple dimensional analysis. This also reveals that the
beta-function for the metric vanishes for constant sources.

i

For A > d, the three-point function (7),,O0) has a double log in even dimensions
> 2. This follows from the second term in (2.14). For A = d the coefficient of 7,3 is
singular and regularization introduces a scale u. The derivative w.r.t. this scale vanishes
because of tracelessness on 7. For A > d it is proportional to 9*9°0*~41§@(y). In
even d > 2 the two-point function (7),,7,3) provides an additional log. In d = 2 this
two-point function does not have a log but a 1/p? singularity in momentum space. One
can explicitly verify the appearance of (log A?)? terms in (T}, ¢" ¢") for the free scalar in
d=4if n > 5.

On the Lh.s. of the Osborn Equation the logarithms will be cancelled exactly due
to the presence of the metric beta-function. The general structure is therefore that in
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correlators of irrelevant operators with energy-momentum tensors, multiple logarithms
appear and this necessitates the existence of a metric beta-function such that the Lh.s.
of the equation is a local expression, the Weyl anomaly. We propose therefore that in the
presence of irrelevant operators with sources .J the operator of (1.1) is modified to:

0

W = [ d%xqB9,(J, gu;
W / x{ wj(J’gu ’U)dguu(z)

+Z&({Jj},guy;a)ﬁ;@)}w (2.19)

where 37, is the metric beta-function. It contains, in addition to the dimensional term
20(x)g,(x), contributions which involve the sources for the irrelevant operators. The
second sum is over all scalar sources.

We may also consider (7}, (x1)T,,(x2)O(x3)). Again, tracelessness and conservation
fixes it up to one overall constant [12]. In d = 2 these conditions imply that it vanishes
except if A = 0 which, in a unitary theory, means O = 1 or if A = 4, which means
O = T™T,,. Expressed in a chiral basis this can be recognized as Zamolodchikov’s
TT [14]. For general d, the singularity at z; — x, is 25 2%, which requires regularization
for even A > d. On the other hand, when in addition also 25 — 23, the singularity is 7522
This leads to an anomaly linear in the source and quadratic in hy,,, where g, = 1, +hy.

The question of energy-momentum correlators which contain multiple logarithms is a
very interesting one and in general depends on the specific structure of the CFT. In the
present paper we will mainly discuss the multiple logarithms generated by the interplay
of the (0OO), (T'OO) and (T'T) correlators. They exist in any CFT once the integer

dimensional irrelevant operator O is present.

In this section we make the above discussion concrete and derive a non-zero beta function
for the metric by combining the regularized correlation function (7}, O O) with the Osborn
Equation.® A concrete realization, on which the general arguments can be explicitly
checked, is a free scalar field ¢ with ¢™ being an operator of dimension A = n.

We start by including the lowest integer dimension irrelevant operator, which has di-
mension A = 5. We denote its source by p. Some terms in the generating functional,
which will play a role in the following discussion, are

Wip.t) =5 [ dted'y(0@) OWhp(w) o) + 5 [ d'a d'y(Tu (o) Top(w) 1 () (o)

+5 [ dadtyata(Buls) O) O 1 (@) o) p(2) + .
(3.1)

5This extends the analysis of [15] where only scalar operators were considered and the extension to a
curved background metric was not addressed.
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All correlation functions are computed in the original CFT. These terms are present in
any CFT which has a dimension five operator. The first and third terms in (3.1) should
be considered together since they are related by the diffeomorphism Ward identity which
we will always implement.

For d =4 and A =5 (2.18) becomes (the derivatives are w.r.t. the argument of T,4)

a yeyP a vty
(T () O(y) O(0)) = — LT, (2)Tup(0) + —— 2L L0 (T, (2) T (0))

o 8 2cr 8
’ Lo Tﬁ (3.2)
a Yy ytyly Yty
8 .05 — D)TV T.s(0)) + ...
+ g (3005 = T O) T () Tos (0) +

We have only displayed those terms which require regularization, which introduces a
renormalization scale and hence type B anomalies and beta-functions. Due to tracelessness
and conservation of 7,5 only the first term contributes and one finds

d a >

u@@w(x)o(y)o(())) =51 CT(')‘“@B 0 (y)(T (2)Tap(0)) (3-3)

This can be derived either in position space using differential regularization [16] or, more
straightforwardly, in momentum space. Therefore

d am?
M@W = %4en /d4xd4z (T, (7) Top(2)) R (1) p(2)0%0°p(2) + . ..
3.4)
am? A ) (
= 21 or /d Zp(Z) Ooﬁgp(z) MTB(Z)W + ...

We require that W satisfies the Osborn Equation (1.2), i.e. after acting with the Weyl
variation operator the terms with single logarithms are cancelled. This cancellation is
between a contribution of the third term (a variation of a double logarithm) and a con-
tribution of the second term which needs a O(p?) contribution to the Weyl variation of

the metric )

SoGuw =20 g + ﬂUp@uﬁ,,p +... (3.5)
24 Ccr

Here ... are possible terms contributing to 34, that cannot be derived by the above
analysis, which is based on the two- and three-point functions. These are terms which
either vanish in flat space or for constant o, terms which are proportional to g,, and, of
course, terms of higher order in p. Once the logarithms in the variation are cancelled,
there is a local anomaly which to this order — second order in p and zeroth order in the
metric — comes from the first term in (3.1) and it is ~ p O3p.

We will now determine all terms to O(p?), but to all orders in the metric, seeded by
the lowest terms (3.1) by performing a cohomological analysis. Once this is achieved, we
determine the anomaly by imposing WZ consistency.

To find the complete beta-function for the metric to O(p?) or, equivalently, to second
order in derivatives, we start with the most general Ansatz for ¢,¢,, to this order, which
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is consistent with dimensional analysis. We then extend and perform the cohomological
analysis outlined in the Introduction for 9, (p, g,), i.e. we impose [0y, , 65,]9,, = 0 Which
leads to (1.5) for 37,. This is solved modulo trivial solutions, i.e. local expressions 7,
s.t. such that 6,(g, + V) =20 (g + Vv )-

For the transformation of p we have to this order
dop=0p (3.6)
For the metric the general Ansatz is
Oo Gy =20 Gy +c10V,pVoup+co 0* V.Vyo+c30pV, NVyp+cap(VupVyo+V,pV,0)
+¢50 G pPOp + €60 G VP Vap + €70 g p° R+ ¢ g p* Do

+ ¢ G PV pV a0 + c100 Ry p?
(3.7)
Imposing consistency (1.5) leaves, in general dimension, six solutions: the ones parametrized
by ¢, ¢4, cg and cg, which can be shown to be cohomologically trivial in the sense described
above;

o (R;w p2 +(d=2)pV,V,p—(d— 1)guu(Vp>2 + G pr) = O’p2 R;w (3.8)

and
G0 (Rp*+2(d = 1)p8p = d(d = 1)(Vp)*) = 0 p* g R (3.9)

Here R is the curvature computed with the Weyl-invariant metric g, = p% G- We choose
the first solution in (3.8). It contains the “seed” (3.5) and extends it to all orders in g,,.
Adding (3.9) would not modify the result which we are going to find for the anomaly. A
general discussion of beta-functions with the structure of the second solution, i.e. non-
trivial consistent solution proportional to g,,, multiplied by a Weyl invariant structure,
will be given later.

We now make the general Ansatz for the anomaly A(p, g,.) to O(p?) or, equivalently,
to sixth order in derivatives, and require that it satisfies the WZ consistency condition
(1.8). We use the normalization

oG =20 Gy + o p° E’W (3.10)

where « is related to a in (2.18), i.e. to the normalization of (7},, O O), as will be made
explicit below. One then finds the following solution of the WZ consistency condition

13 53 4
A =cC,,,C""" + a C{Dp %p — §R R™R,, p* + @R?’ p?+ gR”"R””RWW 0’
1 Voo 43 Vo - 35 25 Voo
— gR R,uupoRH P p2 + ERHVPURu ﬁRagp p2 — ﬁRzpr + ﬁRHVPO'R“ P pr

1 167 101
- %VHR VMsz + ERWJRMV Vap Vap - ﬂRz Vap Vap
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79 1 10 7
R Ry VO pVap = gROV N p = SRV VR p* + SR RV, Vo

24
1 16 9 u 1 9 L
—l—%DRpr—?R(Dp) +V RVHprjLBRpD p—4R"NV,p0OV,p (3.11)
37

116
~ T5Rw V' RpV.p = 2R, Ry V' pV'p+ — R RV*pV"p

5) 5)
- 13 RO‘BRWVB VEpVYp — 1—8V“V”RpVMV,,p — §R V. V,p VN p

8 10
— 5 RV Rap p Vo — §R07R°‘5 pV5V,p+ ERBV VeV, V5Vap

) 1% 22 177 ) wpaf 2 4
+ GORY pVuVop + Z RV, NVopOp = SVIRY VyRag p? 0 + O(p")

This anomaly is entirely type B, as it does not vanish for constant Weyl parameter o,
i.e. neither the O(p°) nor the O(p?) parts of A are total derivatives. The second term
is what we obtained before to lowest order. The remaining terms are higher order in
the metric and they vanish in flat space. They implement diffeomorphism invariance.
Note the interplay between the p-independent ordinary type B Weyl anomaly and the
p-dependent terms, which is possible due to the p-dependence of d,g,,, which is in turn
required to avoid the conclusions from the theorem of Gover and Hirachi.

Comparing (3.10) with (3.5) we identify

_ a _ N 72
C 2er 3229

20 (3.12)
The anomaly in the two-point function (OQO) derived from the above anomaly polynomial
is

N 2
2calB0W(z) = 5 7r32

which agrees with the (anomalous) change of (2.2) under scale transformation.

O0%6™W (z) (3.13)

By adding a cohomologically trivial term

AW = %/d4x\/§<6mpm2p—2RpD2p—R(Dp)2) (3.14)
one can eliminate the second term in (3.11) in favour of p[13p; of course the curvature
dependent terms will also change.

The anomaly (3.11) can be understood as “seeded” by the correlator of two irrelevant
operators. Omnce the metric beta-function is turned on, the usual forms of the Weyl
anomalies (type A and B) are no longer valid since the Weyl variation of the metric has
changed. As a consequence the corresponding expressions will be deformed by the metric
beta-function. In this sense (3.11) can be understood also as the appropriate deformation
of the 7¢” Weyl anomaly, as the presence of the first term shows. The information
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contained in (3.11) is universal, i.e. independent on the regularization scheme. It is theory
dependent through the two parameters which give the coefficients of single logarithms in
the correlator of two energy-momentum tensors and two irrelevant operators, respectively.

A similar deformation occurs for the type A Euler anomaly in d = 4. The cohomo-
logically nontrivial anomaly starting with the Euler density, when the metric variation
contains the deformation (3.10), is

28 6 7
A =a E4 + o a{ ERZS p2 — g R* RPC R“pyo 02 - E R RHP? R“z/po p2
14 1 2 58
4+ = RuupaRPUQBRQBuup2 — —ROR p2 + —R2 pr + _RuuRuy(vp)2
15 15 3 5
64

1
~ 1 B (V) + 2R o (V) =12 Ry, RV 9 VY0 + 8RR, VP p V'

p 7
~ 8 R Rypia V'V p = R ORy o = 2R Ry pOp + 2 VIR VR, 07

— 1—70 VPR™ N R, p° — %V”V”R“" Ryupwo p° — % VRPN o Rywpo 0°
(3.15)
Here
Ey=R*—4R"R,, + R"" R0 (3.16)

is the Buler density normalized s.t. [q, /g E4y = 64 7. This deformed anomaly does not
introduce any new universal parameter.

The terms in the Osborn Equation, whose variation is given by (3.15), have joint (single)
logarithmic and powerlike ("type A”) singularities. They can be understood as originat-
ing in a decomposition of correlators of two O operators with three energy-momentum
tensors, where the two irrelevant operators connect through the energy-momentum tensor
conformal block.

It might be interesting to note that while (3.11) vanishes in a maximally symmetric
space, e.g. S*, for constant source p, this is not the case for (3.15). On the other hand
(3.15) vanishes in flat space while (3.11) does not (for non-constant sources).

The deformation of the cohomologically trivial solution [d*z,/go OR of the Wess-
Zumino condition continues to be trivial, being the variation of the local term [ d'z,/g R*
under the deformed operator.

To the anomalies determined above, related to the order p? contribution in the metric
beta-function, we can add “ordinary” anomalies, i.e. type B anomalies with quadratic
p dependence. If the new structures lead to Weyl invariant anomaly integrands when
g transforms naively, these anomalies are also consistent to order p? when the metric
beta-function is taken into account. There are eight such structures. Two of them are
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simple as they are constructed from the Weyl invariants °
]1 = C/u/pacpaaﬁcaﬁwj

Iy = —=V*R" YV o Ryypo — 16 Rypg VOV R®™ — 10V RV, R,, + 12V*R* VR .,

2 4 2
+8 R LR, + 3 V¥RV, R — §R UR — §R RYPPRype + 8 R R R, o
4 2
—-8R,"R,’R," + gR R"™R,, — §R3
(3.17)
There is a third simple solution which involves derivatives of p:
I3 = RCyapgCHe? (3.18)

We will not write down the other five solutions which, as I3, also contain terms which
vanish for constant source p. I;, 1 = 1,2, transform under Weyl rescaling of the metric as
0,1; = —6 0 I; while I;, + = 3,...,8, transform under a joint rescaling of the metric and p
as 0,1; = —4 0 I;. They do not exist in the absence of p.

The type B anomalies constructed from these structures are [ d*zo./g p*l; for i = 1,2
and [ d*x o\/g1;,i=3,...,8, respectively. They correspond to variations of single loga-
rithms in the generating functional. As we will see in the continuation, their appearance
could also be related to sources for higher dimension operators. Their coefficients are
theory dependent and in particular can vanish in counterdistinction from the anomaly

(3.11).

We remark that the anomaly based on I3 above can be understood as a deformation
of the “¢” trace anomaly by (3.9). It is then natural to conjecture that contributions of
the type (3.9) to the metric beta-function proportional to g,, do not represent genuine
modifications required by the appearance of multiple logarithms, but simply reproduce
ordinary higher order type B anomalies.

We should discuss the stability of these structures when beta-functions for other opera-
tors induced by the dimension five operator are also included. If we include only terms up
to quadratic order in p, the only other operators which have to be considered are relevant,
marginal and dimension six irrelevant operators. In order that the induced beta-functions
contribute in the Osborn Equation we should limit the new couplings to first order. We
can then invert the logic and start with contributions of the new operators at linear order
in their sources and subsequently study the deformations to order p?.

We ~begin by including the source 7 for an operator Q of dimension six. Generically
(OO0) # 0, e.g. for a free scalar field with O = ¢° and O = ¢°. As a consequence there
is a beta-function for 7 given by

ST =20T+ o p? (3.19)

SThere is a second contraction of three Weyl tensors, but in dimensions < 6 it is not independent of
I;.
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Here 3 is proportional to the OPE coefficient c,,3. Therefore the dimension six operator
can indeed give contributions to the Osborn Equation to order p? and we should study
its influence to linear order in 7.

Repeating the cohomological analysis for possible metric beta-functions, one finds that
there is no cohomologically nontrivial solution to order 7. As a consequence when the
deformation (3.19) is included there will be no modification of (3.8) due to the presence
of 7. We can analyze now the Weyl anomalies to order 7. The correlator (TTO) has
a logarithmic singularity and we expect therefore that type B anomalies linear in 7 will
exist which are at least quadratic in the curvature. Indeed there are four such solutions
of the WZ-condition. Clearly 7 I; for ¢ = 1,2 are solutions. The other two can e.g. be
obtained if one replaces p = /7 and requires regularity in 7. This is satisfied by two of
the I;, 1 =4,...,8, say Iy and I;:

W = /d4x go {T(Cl Li(g) + e I2(9)) + ca Ln(g, VT) + ¢5 I5(g, \/7_')} (3.20)

with ;5 as in (3.17). In the presence of the p-dependent terms in (3.19), the anomaly
(3.20) is no longer a consistent solution of the Osborn Equation. The deformation of the
anomaly to O(p?), ignoring terms of order 7p?, are precisely the [ d*z./gop®Ii(g),i=1,2
and [ d*x\/gol;(g,p), i = 4,5 discussed before. These anomalies do not mix with (3.11)
and now they acquire a natural interpretation: they originate in the coupling of two
irrelevant dimension five operators to the dimension six operator conformal block in the
correlator with energy-momentum tensors. Therefore the dimension six operator, even
though it has an induced beta-function to order p?, does not change the structure of the
metric beta-function and Weyl anomaly produced by the dimension five operator alone.

We can perform a similar analysis for a marginal (but not necessarily exactly marginal)
operator M coupled to a source J. We analyze the cohomology problems linear in J. The
induced beta-function for J is

6,J =70 R (3.21)

The coefficient ~ is proportional to the cyyoo OPE coefficient. This obviously satisfies
the consistency condition and is non-trivial. The appearance of R, or rather its flat space
limit, can be verified by studying the (MOQ) correlation functions. As follows from our
general analysis, a marginal operator can generate in the metric beta-function only a term
proportional to the metric itself with a J-dependent coefficient function. As argued before
such a term cannot contribute to the genuinely new anomaly structure related to multiple
logarithms and therefore will not interfere with (3.8). There is a type B anomaly linear
in J related to the standard “c¢” Weyl anomaly

/ d*z \/G 0 J Cyap CH*P (3.22)

After having understood the structure at linear order in J, we can deform it using (3.21).
The metric beta-function (3.8) will not be changed while the deformation of (3.22) leads
to the anomaly based on the I3-structure above. We have again a new interpretation of
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this order p? anomaly as resulting from a decomposition of the correlator of two irrelevant
operators and energy-momentum tensors, where the irrelevant operators couple through
the marginal (.J) conformal block. We therefore conclude that at O(p?) there is no change
in the metric beta-function (3.8) or the Weyl anomaly (3.11). We do not include a similar
analysis for relevant operators. They also receive an induced beta-function at order p?,
the conclusion being the same, i.e. stability of genuine p? contribution.

In d = 4 we have therefore a clear distinction between contributions to the beta-function
and anomalies related to multiple logarithms and usual type B contributions in correlators
with energy-momentum tensors. We can even characterize the difference by singling out
the conformal block through which the irrelevant operators are connected to the energy-
momentum tensors in a given decomposition scheme. It is an interesting question how
this information constraints decompositions related by crossing.

In d = 2 the stability analysis of the metric beta-function related to induced couplings
is much more subtle. This will be discussed in detail the next section.

Let us also stress once more that throughout we worked to order six in derivatives or,
equivalently, to order two in p. There will be contributions at all higher higher orders
in p, but they will only start contributing in correlation functions with more than two
insertions of O. At higher orders we will also have to take into account the mixing with
operators of dimension A > 5, namely of those operators which appear in the OO OPE.

We treated in detail above the structure induced in second order by the minimal integer
dimension irrelevant operator. This generalizes to higher dimensional operators but with
increasingly complex expressions. We limit ourselves to a discussion of the salient features
of the generalization. We consider the anomaly seeded by the quadratic correlator of a
dimension six operator whose coupling we continue to denote by 7, but working now to
O(7?). We check first whether there is a non-trivial beta function for the metric. Making
the general Ansatz for dg,, at O(72, V%), imposing non-triviality and the WZ condition,
one finds a five-parameter family of solutions. None of the solutions contains derivatives
of 0. This means that there is no interference between the O(7°) and the O(7?) terms
and they satisfy the WZ condition independently. Two of the solutions are proportional
to g, and, as argued above, will not represent “genuine” contributions related to multiple
logarithms.

Among the three remaining solutions only one survives in the flat limit and can in
principle be extracted from (I'OQO). In contrast to A =5, for A = 6 more than just the
first term on the r.h.s. of (2.2) which contributes to (T’OO) needs to be considered. More
precisely, as follows from the discussion below eq.(2.18), the second term on the r.h.s. of
this equation now also contributes.

One wonders whether these solutions can be constructed, as in case A = 5 above, from
expression constructed from the invariant metric g, = %guy. For instance UTE’E’W
transforms homogeneously with weight two, but it is singular in the limit 7 — 0. There
are nine such terms with four derivatives of which five are regular as 7 — 0. They agree
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with the non-trivial solutions of the WZ condition.

4 d=2

The basic structure in d = 2 is the same as in higher even dimensional theories, i.e. there
is a beta-function originating in a logarithmically singular coefficient in front of 7" in the
OPE of two irrelevant operators . But there are specific d = 2 features which change
the analysis. In particular, in d = 2 the energy-momentum tensor two-point function
has a "type A” anomaly, i.e. the logarithmic dependence is replaced by a singular 1/0
dependence. This will be a general feature, i.e. the multiple logarithms in the various
correlators studied will change into one logarithm multiplied by integer power singulari-
ties. More generally, even though in the diffeomorphism preserving scheme we are using
only the SO(2,2) symmetry is explicit, there is the underlying Virasoro symmetry which
implies additional restrictions. We will study again the minimal dimension irrelevant
operator which in d = 2 is A = 3, its source p having the Weyl transformation (3.6).

A concrete realization of such a CFT is a theory of three free Majorana fermions. The
dimension three irrelevant operator is

O = Y1hoth3h1 1oty (4.1)

where 1,1 are the left and right Majorana fields, respectively .

We will start by solving the cohomological problems in the most general setup to
quadratic order in p. At this order there is an additional “induced” source 7 coupled
to a dimension 4 operator O. One can then check that the following transformations are
non-trivial solutions of the WZ condition:

dop=0p
ST =20T+aop’ . (4.2)
0o G =20 G +7V,V,0 + O'(/) V.V.p— §9uv(vp)2>

The second term in J,7 is the “induced” coupling whose normalization « reflects the ¢y
structure constant. The coefficient of the second term in ¢,g,, has been set to one by a
suitable rescaling of 7, but it cannot be set to zero. Indeed, in contrast to d = 4, the metric
beta-function now depends on 7 and therefore the mixing between the dimension three
and four operators cannot be neglected in the anomaly analysis. The peculiar features of
these solutions will be discussed later.

There are contributions to order p? also to the marginal and relevant operators but
they do not contribute to the anomaly: we will analyse later in this Section their detailed
structure and especially the differences compared with the role of 7.

The presence of the metric beta-function once again means that there is an interplay
between the purely gravitational part of the Type A anomaly, the Polyakov term ¢ R,
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and the part which depends on the sources p and 7. The most general Ansatz for the
anomaly, after subtracting variations of local terms, can be reduced to

O W = /\/ga(cR+a1 R*p*+azp’OR+ az RpOp + as R (Vp)®
(4.3)

—l—a5pD2p+a6R2T+a7TDR+a8RD7)

Imposing WZ on the anomaly leads to the following unique solution

1 1 1 1
S, W = /\/gac(fﬂ @ B0+ JaRpDp — Sa R(Vp) + EapDQp) (44)

Adding the variation of a local term proportional to ((p)?, this becomes

1 1 1 1
0,W = / \/§UC<R + T R*p* + ZoszDp - §ozR (Vp)* + 1 Dpr) (4.5)
It does not contain 7 at all. Nevertheless, the presence of T was essential to have a solution
to the consistency condition for the Weyl-variation of the metric, which did contain 7. If,
on the other hand, we had started with only O, which corresponds to setting o« = 0, we
would not have have found any non-trivial consistent anomaly to O(7).

We now discuss the special role of 7. To begin with, a dimension four operator O in
d = 2 with a linear coupling to energy-momentum tensors is very special: obviously the
coupling should start with two energy-momentum tensors. Writing O as the product of
its left O, and right Or components, we need a non-zero correlator of Oy, with two left
components of the energy-momentum tensor 7. In d = 2, due to the infinite dimensional
Virasoro symmetry, the correlator is nonzero only if Oy, itself is proportional to Tj. A
similar argument holds for the right component and we conclude that O has to be identified
with the famous 77Ty [14].

We can see this happen quite generally. In d = 2 the contribution to the OO OPE
from the vacuum representation, to which the energy-momentum tensor belongs, is fixed
by the Virasoro symmetry to

O(Z,Z)O(w,w)z(( LR TL(w)+...) <(Z_1w)3+§z_1wTR(w)+...)

—w)?  cz—w
9 1 —

(4.6)
as one can explicitly verify for the free fermion model with ¢ = % The operator O =T,Tx
indeed appears in the OPE of two O operators with a logarithmic coefficient. The operator
O has all its couplings determined by being a nonsingular product of energy-momentum
tensors. In our scheme, which preserves diffeoinvariance, it can be given an explicit

diffeoinvariant definition as

O="T,,T" (4.7)
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which differs from the original expressions by terms involving the trace T, which vanishes
as an operator. In correlators the two definitions differ therefore by local terms. It
is obvious that all the couplings of O are determined by the couplings of the energy-
momentum tensors and therefore it cannot generate anomalies with independent universal
coefficients. We can analyze this further by studying the terms involving O to linear order
in its coupling in the Osborn Equation. To order p? there is a term in the equation which
in leading order has the form:

O
plog L (L)1 (T )1 (4.8)

originating in the product of the chirally factored correlators (O, OrT;)(OrOrTr). Here
(T),,)1 is the expansion of the nonlocal energy-momentum tensor defined from the non-
local Polyakov action, to first order around the flat metric, i.e.

9,0, N N
(T))1 o (mu — E ) (60°9° — n*"0) hag (4.9)

The term in (4.8) has an explicit logarithmic singularity and when in higher order more
energy-momentum tensors are correlated, i.e. (4.9) is evaluated in the background of a
generic metric g,,. When acted upon by the standard metric variation the logarithmic
singularity is eliminated but the powerlike singularities remain. In order to cancel them
an explicit (non-local) term linear in 7 should be introduced

/dzx g7 (x)(T,,T" ), (4.10)

where the matrix element of the energy-momentum tensors has to be evaluated in a generic
background g,,. This shows that without the explicit coupling linear in 7, the Osborn
Equation is not consistent to order p? and therefore we should expect that this is reflected
on the metric beta-function. Indeed we found that consistency requires that it contains
both p and 7. Now we discuss the second puzzle raised before, i.e. why the Weyl anomaly
does not contain 7-dependent terms. After the addition of (4.10) we should consider it
together with the pure g,, dependent (Polyakov) term, i.e.

W= —%/d2x\/§R%R+/d2x g 7(2)(T)0) (T, (4.11)

For the evaluation of the energy-momentum matrix element we used the fact that in a
chiral scheme the correlator is factored into a “left” and “right” part, and therefore in a
general background in the diff-invariant scheme it can be also evaluated in a factorized
form. The result is valid modulo local terms. It is clear that the second term does not
contain new universal information. More explicitly we can show to order 7 that (4.11)
obeys a homogenous Osborn Equation. The Weyl variation of W at order 7 is

6, W = / Pa/g T (83, + 2706 T)0) (4.12)
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where (39 is to be determined and the energy-momentum tensor are determined from the
Polyakov action. Using
5T, = i(vuvyo— — g O0) (4.13)

the second term leads in (4.12) to the term [ /g7 RUOo, which is cohomologically trivial,
being the Weyl variation of [ VIT R2. The first term is cohomologically non-trivial and
would lead to a non-local expression for 6, . Requiring this to vanish determines 39
c
=57 VuVi0o (4.14)
in agreement with (4.2), after rescaling 7 appropriately.

We see that the 7-dependent part of the metric beta-function is entirely determined by
the Polyakov action and does not reflect any new universal coefficient of a logarithm. As
a consequence there is no contribution to the anomaly. This is a very special feature of
d = 2 related to the fact that the A = 4 operator is the ubiquitous 7T [14]. There is of
course an ambiguity of local terms which could be added to the generating functional.

5 Conclusions

The main result of this paper is that integer dimension irrelevant operators change in a
significant fashion the structure of the Osborn Equation. The presence of their sources
in the generating functional requires a non-trivial beta-function for the metric, i.e. an
addition to its classical transformation rule under Weyl rescaling which depends on the
irrelevant sources. To any given finite order in the number of irrelevant sources the
equation stays consistent and a local Weyl anomaly can be defined. It contains the
information about the normalization of universal single logarithms in various correlators.

We now summarize the pattern for beta-functions and Weyl anomalies which we find
in any even dimension d (d = 2 having the special features discussed in Section 4):

a. Starting with an integer dimension A > d operator O with source p, there is a
logarithmic singularity in the two-point funtion (O Q) and a double logarithm in
the correlator (T'OO).

b. As a consequence there is a metric beta function to order p?.

c. The metric beta-function implies a deformation of the Weyl anomaly generated
by the correlator of two energy-momentum tensors. The same anomaly contains
the information about the two point function of O, thus generalizing the type B
anomalies of marginal and relevant operators.

d. The other Weyl anomalies involving energy-momentum tensors are deformed to
order p? by the presence of the metric beta-function. They are related to decompo-
sitions of the two (T'OO) energy-momentum correlators, where the two O’s couple
through the energy-momentum tensor conformal block.
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e. To order p? there are beta-functions generated for any integer dimensional O oper-
ator with dimension A < (2A — d) and coupling 7. These beta-functions deform
the type B anomalies which are linear in 7. To O(p?) the deformed Weyl anomalies
are related to correlators of two O’s and energy-momentum tensors, where the two
O’s couple to the energy-momentum tensors through the O conformal block.

An application of the formalism discussed in this paper is the study of correlators of
elements of the chiral ring in A/ = 2 superconformal theories in four dimensions [17,18].
The chiral ring contains irrelevant operators and their correlators can be studied using
the methods of this paper and the anomaly equations generalized to a supersymmetric
set up. The powers of curvatures present in the anomaly formulae define the operator
mixings involved. Moreover the anomaly coefficients can depend on constant moduli. We
are currently studying this generalization in more detail.

A natural question is the physical meaning of the metric beta-function. In a CFT the
metric acts as a source for the energy-momentum tensor and the beta-function is just
a convenient way to organize the recursion relations connecting the various powers of
the logarithms. When however the irrelevant couplings are turned on as true massive
deformations of the CFT, the metric beta-function indicates that the metric considered
as a coupling also starts running. A natural interpretation of the metric as a coupling
is when the theory is formulated on a curved manifold: the parameters characterizing
the geometry of the manifold can be considered to be coupling constants which multiply
the terms in the Lagrangian involving energy-momentum tensors. In particular when the
theory is formulated on Sy the radius becomes a coupling constant in the above sense.
We reach the strange conclusion that the radius of the sphere on which the theory is
formulated has a nontrivial renormalization group transformation. The scale dependent
contribution to the partition function following from the transformation of the radius
enters through the anomaly: for the A =5 theory in d = 4 the “¢” anomaly for constant
p vanishes on the sphere but not the “a” anomaly, such that such a new type of dependence
is possible in principle. The strange feature mentioned above depends of course on turning
on the irrelevant perturbation which is not consistent outside a finite order of perturbation
theory.

The structure of the anomalies corresponding to terms with multiple logarithms in the
generating functional can be understood by choosing a decomposition of the correlators in
conformal blocks where the two irrelevant operators couple first to an integer dimensional
block. It is an interesting question how the logarithmic structures are reproduced by other
decompositions related by crossing.
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