Computer Physics Communications 240 (2019) 38-45

journal homepage: www.elsevier.com/locate/cpc

Contents lists available at ScienceDirect

Computer Physics Communications

EéMPUTER PHYSICS
COMMUNICATIONS

sGDML: Constructing accurate and data efficient molecular force fields &

using machine learning

Check for
updates

Stefan Chmiela?, Huziel E. Sauceda ", Igor Poltavsky ¢, Klaus-Robert Miiller ¢,

C, k%

Alexandre Tkatchenko

@ Machine Learning Group, Technische Universitdt Berlin, 10587 Berlin, Germany
b Fritz-Haber-Institut der Max-Planck-Gesellschaft, 14195 Berlin, Germany

¢ Physics and Materials Science Research Unit, University of Luxembourg, L-1511 Luxembourg, Luxembourg
d Department of Brain and Cognitive Engineering, Korea University, Anam-dong, Seongbuk-gu, Seoul 02841, Republic of Korea
€ Max Planck Institute for Informatics, Stuhlsatzenhausweg, 66123 Saarbriicken, Germany

ARTICLE INFO ABSTRACT

Article history:

Received 22 October 2018

Received in revised form 6 February 2019
Accepted 10 February 2019

Available online 28 February 2019

We present an optimized implementation of the recently proposed symmetric gradient domain
machine learning (sGDML) model. The sGDML model is able to faithfully reproduce global potential
energy surfaces (PES) for molecules with a few dozen atoms from a limited number of user-provided
reference molecular conformations and the associated atomic forces. Here, we introduce a Python
software package to reconstruct and evaluate custom sGDML force fields (FFs), without requiring
in-depth knowledge about the details of the model. A user-friendly command-line interface offers
assistance through the complete process of model creation, in an effort to make this novel machine
learning approach accessible to broad practitioners. Our paper serves as a documentation, but also
includes a practical application example of how to reconstruct and use a PBEO+MBD FF for paracetamol.
Finally, we show how to interface sGDML with the FF simulation engines ASE (Larsen et al., 2017) and
i-PI (Kapil et al., 2019) to run numerical experiments, including structure optimization, classical and
path integral molecular dynamics and nudged elastic band calculations.
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1. Introduction

Machine learning has had a transformative effect on the mod-
eling of highly accurate potential energy surfaces (PES), offer-
ing ab initio accuracy at the computational cost in between
that of classical interatomic potentials and density-functional
approximations to the exact solution of the Schrédinger equa-
tion. This development is propelled by numerous significant
improvements in molecular representation [1-16], inference ap-
proaches [17-41], data sampling schemes [42-46], as well as new
explanation methods [47,48] and software implementations [49,
50] that make these advances practical and widely available.

In this work we present an optimized implementation of the
recently proposed sGDML model [51-53], which is able to achieve
high data efficiency through the incorporation of spatial and tem-
poral physical symmetries of molecular systems into a gradient-
domain machine learning approach. Unlike traditional FFs, this
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global model imposes no hypothesized interaction pattern on the
nuclei and is thus suited for describing any complex physical
interaction. The sGDML model can reach spectroscopic accuracy
in the energy for small molecules like benzene and toluene, and
an accuracy of a few wavenumbers for the position of the spectral
peaks. It calculates energies and forces at speeds around four
and eight orders of magnitude faster than DFT and CCSD(T),
respectively. Compared to conventional FFs, sGDML is only one to
three orders of magnitude slower. This brings it is closer to polar-
izable force fields [54] than classical force fields like AMBER [55],
CHARMM [56], or GROMACS [57] in terms of speed.

We have demonstrated previously that sGDML enables con-
verged MD simulations at quantum-chemical CCSD(T) level of
accuracy for flexible molecules with up to a few dozen atoms [52].
Such simulations are key for accurate predictions of molecular
behavior at realistic conditions, but unfeasible within brute-force
ab initio approaches since they would require millions of CPU
years.

Here, we describe a Python package that provides user-friendly
routines to reconstruct and query sGDML models, based on a
small set of reference geometries with corresponding forces and
energies as the only input. Forces and energies for new geome-
tries can then be queried in a fraction of a millisecond on a regular
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Table 1

Training times for various sGDML models based on 1000 reference data using an
analytic solver on a Intel Xeon E5-2640 CPU at 2.40 GHz. For the same models
we also list the force and energy prediction performance for sequential geometry
evaluations on a 2.8 GHz Intel Core i7 notebook.

Molecule Training [min] Prediction [geom./s]
Benzene 1.9 4347
Uracil 2.0 1103.9
Naphthalene 5.8 446.9
Aspirin 9.5 295.0
Salicylic acid 4.7 894.2
Malonaldehyde 2.5 1001.0
Ethanol 24 826.2
Toluene 3.6 326.3
Paracetamol 7.9 208.5
Azobenzene 17.8 182.6

laptop computer (see Table 1). From the user point of view,
sGDML models behave like traditional FFs, with the added benefit
of reproducing the accuracy of the provided reference data. A
variety of highly redundant PES sampling and exploration tasks
can now be performed, including molecular dynamics, vibrational
analysis, structure optimization and the computation of transition
paths.

We demonstrate the use of our software on the example of
reconstructing the PES for the paracetamol molecule, which we
then interface with the popular i-PI code [58] to perform a MD
simulation of this molecule.

2. Program overview

Our main goal with this reference implementation of sGDML
is to provide a compact working example of the model in an
accessible programming language. We offer one variant of our
program with sophisticated parallel processing support for ubiqg-
uitous multi-core CPUs and another one for state-of-the-art
multi-GPU computing environments. While adhering to best-
practices for writing readable code, our main focus is on per-
formance. Hence, we make full use of programming language
specific optimizations, e.g. vectorized operations as a replacement
for slow nested loops. These allow us to achieve performance
comparable to natively compiled code.

The tasks of FF reconstruction and evaluation are separated
into independent modules for training (train) and prediction
(predict). All necessary routines for reference data sampling,
symmetry recovery, and model parameterization are packaged
in the training module. It generates lightweight model files that
contain the preprocessed essentials for FF evaluation, which are
then independently instantiated and queried using the second
module. Such separation makes it possible to centralize training
on a high performance computer while the completed model
can be efficiently used anywhere. For that purpose, we designed
the prediction module to be minimal and self-contained in the
sense that it only contains logic that is absolutely essential for
generating energy and forces for a given input geometry. This
greatly simplifies the integration of sGDML into any application
that requires a FF.

On top of that, we include a user-friendly command-line inter-
face (CLI) sgdml that exposes the functionality of both modules
to the shell. It provides an easy introduction to sGDML model
reconstruction, guiding the user through the complete process. To
get started, it is not required to be familiar with the intricacies
of the theory behind sGDML, which is why our software also
provides a good entry point for newcomers to the field.

2.1. User input

The essential ingredient for training and validating an sGDML
model is a user-provided reference dataset, specifically a set

of Cartesian geometries with corresponding total energy and
atomic-force labels. Those labels can be generated from any level
of theory, e.g. ab-initio calculations, any method derived from DFT
(e.g. Kohn-Sham or other orbital-free variants) or even regular
FFs, since the sGDML model is not biased towards a specific kind
of reference data. Force labels are needed, because our approach
implements energy conservation as an explicit linear operator
constraint, by modeling the FF reconstruction f = —Vf; as
the transformation of an underlying energy model [51]. Force
learning affords data-efficiency advantages, as they are more in-
formative per example, while being generally cheaper to compute
analytically than collecting the same derivative information via
numerical approximation from energy examples. Since forces are
true quantum-mechanical observables, they preserve all informa-
tion regarding the quantum nature of the system and therefore
pass it on to the model.

A key consideration when composing a reference dataset, is
the choice of sample region on the PES. Generally, we want to
keep the covered area tight, avoiding the inclusion of configu-
ration space that will not be explored in the specific applica-
tion of the trained model. With that being said, we also aim to
limit the need for extrapolation, which usually carries a perfor-
mance penalty. All isomeric conformers of interest, including the
transition pathways, need to be well represented in the dataset.

The sGDML model is unit-agnostic, meaning that the energy
and force predictions will simply inherit the units of the training
labels. Particular attention should be paid to ensuring that the
unit of force (e.g. kcal mol"A_l) is consistent with the unit of
energy (e.g. kcal mol™') and the unit of length (e.g. A) used in
the provided energy labels and geometries, respectively. While
the model will quietly convert different length units between
input and output, it is not able to adapt the energy unit. As a
good practice, we strongly advise against mixing units in the
same dataset, since an implicit unit conversion within the trained
model is not a behavior that the user expects.

All geometries within a dataset must use a consistent atom
indexing and every derived model must be queried using the
same order. This is because the invariance of sGDML models is
restricted to permutational symmetries that are physically fea-
sible and statistically relevant, which does not include the full
symmetry group of the molecule in general. Arbitrarily indexed
query geometries may not fall within the set of interchange-
able representations and hence yield undefined outputs. While it
would be technically straightforward to extend the sGDML pre-
diction routine to support randomly index inputs, we deliberately
omitted that functionality in favor of evaluation speed.

We use NumPy binary files as the native file format for our
application, but include converters from and to various popular
plaintext formats. Support for additional file types can be easily
extended, by using one of the included conversion scripts as a
template. One of the main reasons for using a custom file format
is the inclusion of metadata that makes the origin of each model
traceable and data integrity verifiable.

3. Method

GDML [51] constructs conservative FFs by solving the normal
equation of the ridge estimator in the gradient domain, using the
Hessian matrix of a kernel function as the covariance structure.
This constitutes an explicit gradient operator constraint, which
dictates that the reconstructed FF must be a transformation of
some unknown underlying energy model (see Supplementary
Information).

During training, all partial forces of a molecule are mapped
simultaneously

(Khess(e) + AI) & = VVgo = —F. (1)
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The underlying kernel function « is chosen from the parametric
Matérn family [59-61] (see Supplementary Information). It can
be regarded as a generalization of the universal squared expo-
nential kernel with an additional smoothness parameter n. Our
parameterization n = 2 resembles the exponential kernel, while
being sufficiently differentiable. Cartesian geometries that have
undergone translation or rotation are disambiguated by repre-
senting them as the matrix of inverse pairwise atom distances
with entries X = (D); = [|r; — ;|| 7'.

The resulting model is guaranteed to be integrable and the
global potential energy hyper-surface (PES) is hence easily recov-
ered as the integral

/ﬂ: dR = +c, @)

which is defined up to an additive constant c. We determine this
value in the least-squares sense (see Supplementary Information)
using the corresponding energy labels E for each geometry in the
training set, even though these are not explicitly included in the
objective function.

Building on GDML, we recently proposed the sGDML model
[52], which additionally incorporates all relevant rigid space
group symmetries (e.g. reflection operation), as well as dynamic
non-rigid symmetries (e.g. methyl group rotations). Typically,
the identification of symmetries requires chemical and physical
intuition about the system at hand, which is impractical in a ML
setting. Through a data-driven multi-partite matching approach,
we automate the discovery of permutation matrices P that realize
the assignment between adjacency matrices (A); = ||f; — Fj||
of molecular graph pairs G and H in different permutational
configurations t,

arg min £(t) = ||P(t)AcP(t)" — Ay (3)

and thus between symmetric transformations undergone within
the scope of a dataset [62]. The resulting approximate local pair-
wise matchings are subsequently globally synchronized using
transitivity as the consistency criterion [63]. We limit this search
to the particular training set of a model and require no additional
data. In doing so, we simultaneously exclude combinatorially
feasible, but physically irrelevant permutational configurations
that are inaccessible without crossing impassable energy barriers.
Together, these two types of physical constraints greatly reduce
the intrinsic complexity of the FF learning problem.

A machine learning model is only useful, if it is able to gen-
eralize to unseen data, once trained [64-66]. Good prediction
performance on the training sample is however not indicative
of a good performance on new data from the same distribution,
as the learning algorithm may have erroneously responded to
noise in the data. Typically, this is prevented by penalizing the
complexity of the solution via the inclusion of a regularization
term in the objective function of the model. As part of the training
process, the influence A > 0 of the regularizer (see Eq. (1)) is
varied to find the combination with the lowest prediction error
on a held-out validation set. In the particular case of sGDML, this
so-called model selection procedure includes a second parameter
for the length scale o of the Matérn covariance function. Tradi-
tionally, this highly non-convex optimization is implemented as
an exhaustive search on a predefined grid, involving the train-
ing of multiple model candidates with varying hyper-parameters
choices. The generalization performance of the winning model is
then estimated on a third test dataset that is completely inde-
pendent from the first two ones that participated in the training
process.

4. Usage

Our program includes a set of convenience routines that assist
the user in reconstructing sGDML models from beginning to

end. It will walk the user through the complete process of data
sampling, symmetry recovery, training with hyper-parameter op-
timization and testing to generate a ready-to-use model. Greater
control over this procedure may be taken by running the involved
subroutines individually, either via the CLI or using the Python
interface of the train and predict modules (see Supplemen-
tary Information). From the CLI, the assisted training process is
initiated by simply calling

$ sgdml all <dataset_file> <n_train> <n_validate>\
[<n_test>] [--sig <list_or_range>]

with a path to the reference dataset as the argument. The pa-
rameter n_train specifies how many data points are used for
training: larger training sets yield more accurate models, but at
increased computational cost (see Supplementary Information).
During model selection, the performance of a model candidate is
assessed based on the comparison of n_validate predicted forces
and energies with the true labels. Optionally, the number of test
points n_test can be specified, otherwise this parameter will be
set to the maximum value for the best possible final estimate of
the generalization error. Large validation and test datasets are
desirable as they only increase computational cost marginally,
while yielding better error estimates. Additionally, the search grid
for the hyper-parameter o can be specified as a space-delimited
list (-sig <s1> <s2> ... <sN>), or a range of evenly spaced
values within a given interval (-sig <start>:<step>:<stop>),
or a combination of both.

Training, validation and test subsets are sampled from the pro-
vided bulk dataset without overlap, unless individual datasets (-v
<validation_dataset> and/or -t <test_dataset>) are speci-
fied. For optimal prediction performance, it is crucial for the train-
ing set to represent the distribution the model will encounter.
Likewise, we can only reliably assess its expected generalization
error if we validate and test on representative datasets. With the
assumption that the bulk dataset adequately describes the molec-
ular configuration space that will be visited in the application
of trained model, our sampling method automatically extracts
stratified subsets that properly follow the estimated probability
energy density function of the full dataset.

4.1. Training

Every sGDML model emerges from a training task, which is a
file that packages the configuration for a particular training run,
including the indices of the training and validation data points,
the permutational symmetries of the molecule, as well as a partic-
ular hyper-parameters choice. A batch of training tasks for a range
of hyper-parameters is generated with the create-command

$ sgdml create <dataset_file> <n_train> <n_valid> \
[-sig <list_or_range>]

which sets up a directory containing the corresponding task files.
All parameters used here have been introduced previously. This
routine will sample training and validation datasets form the
provided bulk dataset, recover the symmetries in the geometry
and package everything into individual tasks for each o in the
provided range.

Using the train-command and the task directory created in
the previous step, the training process is invoked with

$ sgdml train <task_dir_or_file>

For each training task, this resource intensive process creates a
model candidate in the same directory. Alternatively, a path to
a single file can be passed to execute an individual task, which
is useful when submitting batch jobs to distributed computing
environments. Parallelization is easy, because the full training
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dataset is stored in each task file, so that each training job can
be performed in isolation, without referencing the potentially
large common bulk dataset. All model candidates are stored in
the task directory. In the next step, we will evaluate the perfor-
mance of each model on the validation set and select the leading
hyper-parameter choice.

The validation process is invoked via

$ sgdml validate <model_dir_or_file> <dataset_file>

for the whole directory or individual models. As the validation
dataset has been predetermined during training task creation
and stored in the model, we must pass the originally referenced
dataset, otherwise the program cannot continue.

Finally, we keep the best performing model from the full
set of candidates based on the lowest root-mean-square error
(RMSE), which is the metric used in the objective function for the
parameterization of the model.

$ sgdml select <model_dir>

Because the validation dataset was used to determine the optimal
hyper-parameters, it participated in the training process, very
much like the actual training data. To estimate the generalization
behavior of the final model in an unbiased way, we will hence
use a third independent test dataset and measure its performance
once again by calling

$ sgdml test <model_file_or_dir> <dataset_file> \
[<n_test>]

The reliability of this estimate can be improved by using as many
data points as available. Omitting the last parameter selects all
points for the dataset that were not involved in the training
process of the model.

4.2. Prediction

The sGDML force estimator trained on M reference geometries,
each with 3N partial derivatives and S symmetry transformations,
takes the form

M 3N S 3
fr(X) = Z Z Z(ani),a—mw(x, P,%;). (4)

q

Due to linearity of integration, the corresponding energy pre-
dictor is identical up to the second derivative operator on the
kernel function, which allows the simultaneous computation of
both quantities without computational overhead. It is easy to
see that this expression offers a lot of potential for paralleliza-
tion, which we fully exploit in our code. The amount of con-
current work performed by our implementation is governed by
two optional parameters that depend on the host hardware: the
number of parallel processes num_processes and the chunk size
chunk_size in which data items are processed at once. A chunk
refers to a vectorized operation that is passed as one big task to
Python’s underlying high-performance libraries. Both parameters
can be automatically tuned for optimal performance by simply
calling

gdml_predict.set_opt_parallelism()

after instantiation of the prediction class. This routine runs a
small benchmark that tests feasible configurations by repeatedly
calling the predict-function while measuring execution time.
Because this routine takes a few seconds to complete, its run-
time is only amortized when followed by a large amount of FF
evaluations.

Once a sGDML model is trained, it can be integrated into
external programs via the gdml_predict module. A new model
instance is created using
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Fig. 1. Reference data generation (paracetamol): Geometries are sampled from
a sufficiently long, but cheap DFT-PBE+TS MD trajectory to ensure optimal
coverage of the configuration space. Energy and force labels for this small subset
of the trajectory are then recomputed at the higher DFT-PBEO+MBD level of
theory and used for training the sGDML model. The full PES will be reconstructed
at the accuracy of the DFT-PBEO+MBD reference data.

gdml_predict = GDMLPredict (model,\ [chunk size],\ [num_processes])

Force and energy predictions for a geometry are then simply
generated using

r,_ = io.read_xyz(geometry_path)
e,f = gdml_predict.predict(r)

This function also accepts a batch of geometries at once, which
is useful in applications where multiple independent geometries
need to be computed at the same time, e.g. in path integral
molecular dynamics with a variety of thermostats and statistical
ensembles, or in transition path search.

5. Example application: Paracetamol

To outline the process of FF construction from beginning to
end, we consider the paracetamol molecule as an example. Our
aim is to create a model for use in long time-scale MD simulations
at room temperature (300 K) and an accuracy level of PBEO+MBD.
This application is interesting, because a direct sampling at this
level of theory would be prohibitively expensive and require
hundreds of millions of CPU hours.

First, we will generate a minimal training set that captures
all relevant geometrical configurations. Unreliable predictions are
prevented by ensuring that the planned simulations never wan-
der off the regime of configuration space that is covered by
training data. In the same vein, we want to exclude sections of
the PES that will never be queried in the actual application of
the trained model as this would unnecessarily complicate the
reconstruction task. Here, we use a sufficiently long MD trajectory
at a higher temperature of 500 K (see Fig. 1) to provide the
appropriate coverage. The actual training set is then constructed
as a small subset of the original trajectory whose energies fol-
low the Maxwell-Boltzmann distribution (see Fig. 2). Foregoing
a prohibitively expensive long timescale MD simulation at the
theory level DFT-PBEO+MBD with a large basis set, we use a
cheap DFT-PBE+TS trajectory as the geometry sampling method
and only recompute the corresponding energy and force labels
for the small subset of selected training points at the higher level
of theory (see Fig. 1).

We remark that this sampling scheme is based on the as-
sumption that the PBE+TS energy surface is a good proxy for
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Fig. 2. Top: From a provided dataset of molecular geometries with corresponding energy and force labels, our sGMDL implementation creates a fully cross-validated
FF model. Bottom: This lightweight model can then be used to speed up various PES sampling intensive applications, like molecular dynamics or the computation of
transition paths. Interfacing ASE allows for easy computation of normal modes, vibrational spectra or nudged elastic band optimizations (middle row). Our interface
to i-PI enables path integral molecular dynamics simulations (PIMD), which we use to compute the free energies and interatomic distance distributions h(F) with

classical MD and PIMD (bottom row).

the topographical structure of the PBEO+MBD surface, as overly
strong approximations may yield a sampling profile that misses
important features. It is furthermore important to choose a fine-
enough time step for the MD simulation, so that the relevant
areas of configuration space are sampled with correct probability.
As a rule of thumb we use one tenth of the period of the high-
est frequency oscillator in the system (i.e. hydrogen stretching
frequencies). For example, if the highest vibration frequency in
paracetamol is 3600 wavenumbers (i.e. period of 9.3 fs), then our
time step works out to ~ 1 fs. We have obtained the simulated
trajectory as a dataset file in extended XYZ format, which contains
our collected geometries with corresponding forces in additional
columns and the energy labels in the comment line. The next step

is to convert it to the native sGDML binary format, which is the
basis for all forthcoming steps:

$ sgdml_dataset_from_xyz.py paracetamol.xyz

With the resulting dataset file d_paracetamol.npz, we will now
run the fully automated sGDML training assistant which will walk
us through all steps necessary to obtain a fully trained and tested
model:

$ sgdml all d_paracetamol.npz 1000 500

We have chosen to reconstruct the PES using 1000 training points,
sampled from the provided dataset file, and to use 500 sepa-
rate geometries to validate the performance of our candidates
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during model selection. We omit the argument for the num-
ber of test data points, as we want the program to test the
resulting model on all remaining data points from the set. The
assistant will now automatically split the dataset, train models
for a series of hyper-parameter candidates, validate all mod-
els, select the most accurate one, finally test it and output a
model file m_paracetamol .npz. Using only this file, we can easily
use the newly reconstructed paracetamol force field in existing
applications:

import numpy as np
from sgdml.predict import GDMLPredict

model = np.load(’m_paracetamol.npz’)
gdml = GDMLPredict (model)

and make predictions using
e,f = gdml.predict(r)

Interfaces to two popular FF simulation engines are already in-
cluded with our software package: a Calculator for ASE [67] and
a i-PI [58] ForceField-object. ASE enables various standard sim-
ulation tasks including structure optimization, vibrational analy-
sis, molecular dynamics simulations and nudged
elastic band calculations, whereas i-PI implements path integral
MD to study molecular phenomena that are driven by nuclear
quantum effects and a wide variety of sophisticated methods to
compute quantum observables [58] (see Supplementary Informa-
tion). In the following, we present in step-by-step fashion how
to integrate sSGDML with ASE and i-PI and demonstrate practical
applications for which it is useful.

5.1. ASE: Normal mode analysis

We will now proceed with a normal mode analysis of parac-
etamol using ASE. After attaching the SGDMLCalculator to the
Atoms-object, we relax an initial geometry paracetamol.xyz
with the BFGS optimizer. Then we simply calculate the vibrational
modes in the harmonic approximation using Vibrations:

from sgdml.intf.ase import SGDMLCalculator

from ase.io.xyz import read_xyz
from ase.optimize import BFGS
from ase.vibrations import Vibrations

mol = read_xyz(’paracetamol.xyz’) .next ()

sgdml = SGDMLCalculator (’m_paracetamol.npz’)
mol.set_calculator (sgdml)

vib = Vibrations(mol)
vib.run()

vib. summary ()
vib.write_jmol()
vib.clean()

This process will output a table with all vibrational frequen-
cies, but also write a file vib.xyz that can be imported into
e.g. Jmol to visualize the vibrational modes. To validate the ac-
curacy of our normal mode frequencies, we compare directly
with the spectrum from DFT-PBEO+MBD using FHI-aims. Fig. 2
outlines the difference between the two sets of normal mode
frequencies showing a maximum deviation of only ~4 cm~!. This
result evinces the robustness of our model given that no explicit
information was provided regarding the normal modes.

5.2. i-PI: Molecular dynamics

In physics and chemistry many of the molecular phenomena
are driven by nuclear quantum effects (NQE), in particular for
protons, this nuclear delocalization gives rise to numerous quan-
tum phenomena, e.g. zero-point energy and tunneling. Different
methods have been developed to incorporate such effects in
the BO approximation, path integral molecular dynamics (PIMD)
being one of the most widely used. The i-PI software offers an effi-
cient PIMD implementation including state-of-the-art integrators
and thermostats [58]. The sGDML model can be easily incorpo-
rated in i-PI as a force and energy provider class FFsGDML () (see
Supplementary Information for details on the interface). Once the
sGDML force field is available in i-PI, running a MD simulation is
straightforward. A minimal set up requires the initial coordinates
paracetamol.xyz, the sGDML model file m_paracetamol.npz
and the input file input.xml which specifies the parameters
of the simulation, e.g. force field, ensemble, temperature, ther-
mostat, integration step, etc. Then running the MD simulations
requires just one simple command: python i-pi input.xml.

From these MD simulations, we can compute a wide variety of
properties such as finite temperature vibrational spectra, free en-
ergy surfaces, radial distribution functions, energies, heat capaci-
ties, etc. As an example, we analyze the effect of the temperature
on the vibrational spectrum. Fig. 2 shows the comparison of the
normal modes and vibrational spectra at different temperatures
(50 K and 450 K) using classical MD simulations. From this com-
parison, the effect of the anharmonicities at high temperatures
is evident, given the noticeable red-shift in the frequency peaks.
Beyond classical MD, we can explore the NQE by running PIMD in
i-PL. An important measure of the NQE is the interatomic distance
distributions, h(r), shown in Fig. 2. The deviation between the
two curves for classical MD and PIMD gives the magnitude of the
delocalization of mean pair distances. This analysis provides an
idea of the delocalization of the atomic nuclei in the molecule
due to NQE.

6. Conclusion

We developed and described a Python based reference imple-
mentation of sGDML to provide a versatile tool for highly accurate
and data efficient machine learning-based FF estimation. On top
of the core sGDML libraries, we provide a user-friendly CLI to
assist with data preparation and model creation. The complete
reconstruction process leading up to model integration into a MD
simulation environment is demonstrated on a practical example
that serves as a blue print for practitioners.

The sGDML approach is able to exceed the capabilities of
traditional FFs in the study of small to medium-sized molecules
significantly, as its flexible functional form gives it the expressive-
ness to model complex covalent and non-covalent interactions
and thus to capture the thermodynamical properties of the sys-
tem. Those interactions are essentially modeled at the accuracy of
the reference data that is provided by the user. Our implementa-
tion enables easy ad hoc reconstructions of PES that are tailored
to a particular problem at hand and we anticipate that this will
enable new insights when studying complex physical interactions
in situations were the true ab initio calculations are prohibitively
expensive (e.g. CCSD(T) MD).

Due to its global formulation, sGDML is able to account for
the full scope of atomic interactions within the studied system,
alas at the cost of transferability. A model trained on conformers
of one molecule cannot be used to infer about energies and
forces of another. However, one particular challenge that seems
to be achievable without sacrificing globality, is to train uni-
fied models for larger molecular families, e.g. paracetamol and
methyl-substituted paracetamol, etc.
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7. Software availability
Our code and documentation is available at http://sgdml.org.
Acknowledgments

S.C., AT, and K.-R.M. thank the Deutsche Forschungsgemein-
schaft, Germany (projects MU 987/20-1 and EXC 2046/1 [ID:
390685689]) for funding this work. A.T. is funded by the European
Research Council with ERC-CoG grant BeStMo. This work was
supported by the German Ministry for Education and Research
as Berlin Big Data Centre (01IS14013A) and Berlin Center for
Machine Learning (01IS18037I). This work was also supported
by the Information & Communications Technology Planning &
Evaluation (IITP) grant funded by the Korea government (No.
2017-0-00451). This publication only reflects the authors views.
Funding agencies are not liable for any use that may be made
of the information contained herein. Part of this research was
performed while the authors were visiting the Institute for Pure
and Applied Mathematics, which is supported by the National
Science Foundation, United States.

Appendix A. Supplementary data

Supplementary material related to this article can be found
online at https://doi.org/10.1016/j.cpc.2019.02.007.

References

[1] M. Rupp, A. Tkatchenko, K.-R. Miiller, O.A. von Lilienfeld, Phys. Rev. Lett.
108 (2012) 058301.

[2] K. Hansen, G. Montavon, F. Biegler, S. Fazli, M. Rupp, M. Scheffler, O.A.
von Lilienfeld, A. Tkatchenko, K.-R. Miiller, ]J. Chem. Theory Comput. 9 (8)
(2013) 3404-3419.

[3] K. Hansen, F. Biegler, R. Ramakrishnan, W. Pronobis, O.A. von Lilienfeld,
K.-R. Miiller, A. Tkatchenko, J. Phys. Chem. Lett. 6 (12) (2015) 2326-2331.

[4] M. Rupp, R. Ramakrishnan, O.A. von Lilienfeld, ]J. Phys. Chem. Lett. 6 (16)
(2015) 3309-3313.

[5] M. Eickenberg, G. Exarchakis, M. Hirn, S. Mallat, L. Thiry, ]J. Chem. Phys.
148 (24) (2018) 241732.

[6] S.De, A.P. Bartok, G. Csanyi, M. Ceriotti, Phys. Chem. Chem. Phys. 18 (2016)
13754-137609.

[7] N. Artrith, A. Urban, G. Ceder, Phys. Rev. B 96 (1) (2017) 014112.

[8] A.P. Barték, S. De, C. Poelking, N. Bernstein, ].R. Kermode, G. Csanyi, M.
Ceriotti, Sci. Adv. 3 (12) (2017) e1701816.

[9] A. Glielmo, P. Sollich, A. De Vita, Phys. Rev. B 95 (2017) 214302.

[10] K. Yao, J.E. Herr, ]. Parkhill, J. Chem. Phys. 146 (1) (2017) 014106.

[11] S. John, G. Csanyi, J. Phys. Chem. B 121 (48) (2017) 10934-10949.

[12] F.A. Faber, L. Hutchison, B. Huang, ]. Gilmer, S.S. Schoenholz, G.E. Dahl, O.
Vinyals, S. Kearnes, P.F. Riley, O.A. von Lilienfeld, ]J. Chem. Theory Comput.
13 (11) (2017) 5255-5264.

[13] A. Glielmo, C. Zeni, A. De Vita, Phys. Rev. B 97 (18) (2018) 184307.

[14] Y.-H. Tang, D. Zhang, G.E. Karniadakis, J. Chem. Phys. 148 (3) (2018)
034101.

[15] A. Grisafi, D.M. Wilkins, G. Csanyi, M. Ceriotti, Phys. Rev. Lett. 120 (2018)
036002.

[16] W. Pronobis, A. Tkatchenko, K.-R. Miiller, ]J. Chem. Theory Comput. 14 (6)
(2018) 2991-3003.

[17] A.P. Barték, M.C. Payne, R. Kondor, G. Csanyi, Phys. Rev. Lett. 104 (13)
(2010) 136403.

[18] A.P. Bart6k, R. Kondor, G. Csanyi, Phys. Rev. B 87 (18) (2013) 184115.

[19] J. Behler, M. Parrinello, Phys. Rev. Lett. 98 (14) (2007) 146401.

[20] K.V]. Jose, N. Artrith, J. Behler, J. Chem. Phys. 136 (19) (2012) 194111.

[21] G. Montavon, M. Rupp, V. Gobre, A. Vazquez Mayagoitia, K. Hansen, A.
Tkatchenko, K.-R. Miiller, O.A. von Lilienfeld, New ]. Phys. 15 (9) (2013)
095003.

[22] A.P. Bartdk, G. Csanyi, Int. J. Quantum Chem. 115 (16) (2015) 1051-1057.

[23] V. Botu, R. Ramprasad, Phys. Rev. B 92 (2015) 094306.

[24] T. Bereau, D. Andrienko, O.A. von Lilienfeld, J. Chem. Theory Comput. 11
(7) (2015) 3225-3233.

[25] J. Behler, J. Chem. Phys. 145 (17) (2016) 170901.

[26] F. Brockherde, L. Vogt, L. Li, M.E. Tuckerman, K. Burke, K.-R. Miiller, Nature
Commun. 8 (2017) 872.

[27] M. Gastegger, ]. Behler, P. Marquetand, Chem. Sci. 8 (2017) 6924-6935.

[28] K.T. Schiitt, F. Arbabzadah, S. Chmiela, K.R. Miiller, A. Tkatchenko, Nature
Commun. 8 (2017) 13890.

[29] B. Huang, O. von Lilienfeld, arXiv preprint arXiv:1707.04146.

[30] T.D. Huan, R. Batra, J. Chapman, S. Krishnan, L. Chen, R. Ramprasad, NPJ]
Comput. Mater. 3 (1) (2017) 37.

[31] K. Schiitt, P.-]. Kindermans, H.E.S. Felix, S. Chmiela, A. Tkatchenko, K.-R.
Miiller, Adv. Neural. Inf. Process. Syst. Vol. 31, 2017, pp. 991-1001.

[32] T. Bereau, RA. DiStasio Jr, A. Tkatchenko, O.A. Von Lilienfeld, ]J. Chem. Phys.
148 (24) (2018) 241706.

[33] L. Zhang, J. Han, H. Wang, R. Car, E. Weinan, Phys. Rev. Lett. 120 (14)
(2018) 143001.

[34] N. Lubbers, J.S. Smith, K. Barros, J. Chem. Phys. 148 (24) (2018) 241715.

[35] K. Ryczko, K. Mills, I. Luchak, C. Homenick, I. Tamblyn, Comput. Mater. Sci.
149 (2018) 134-142.

[36] K. Kanamori, K. Toyoura, J. Honda, K. Hattori, A. Seko, M. Karasuyama, K.
Shitara, M. Shiga, A. Kuwabara, I. Takeuchi, Phys. Rev. B 97 (12) (2018)
125124.

[37] T.S. Hy, S. Trivedi, H. Pan, B.M. Anderson, R. Kondor, ]. Chem. Phys. 148
(24) (2018) 241745.

[38] ].S. Smith, B.T. Nebgen, R. Zubatyuk, N. Lubbers, C. Devereux, K. Barros, S.
Tretiak, O. Isayev, A. Roitberg, 2018, http://doi.dx.org.10.26434/chemrxiv.
6744440.v1.

[39] J. Wang, C. Wehmeyer, F. Noé, C. Clementi, “Machine Learning of
coarse-grained Molecular Dynamics Force Fields, " 2018. arXiv:1812.01736.

[40] R. Winter, F. Montanari, F. Noé, D.-A. Clevert, Chem. Sci. (2019).

[41] K.T. Schiitt, H.E. Sauceda, P.-]. Kindermans, A. Tkatchenko, K.-R. Miiller, J.
Chem. Phys. 148 (24) (2018) 241722.

[42] Z. Li, J.R. Kermode, A. De Vita, Phys. Rev. Lett. 114 (2015) 096405.

[43] E.V. Podryabinkin, A.V. Shapeev, Comput. Mater. Sci. 140 (2017) 171-180.

[44] P.O. Dral, A. Owens, S.N. Yurchenko, W. Thiel, J. Chem. Phys. 146 (24)
(2017) 244108.

[45] A. Mardt, L. Pasquali, H. Wu, F. Noé, Nature Commun. 9 (1) (2018) 5.

[46] F. Noé, H. Wu, Boltzmann Generators - Sampling Equilibrium States of
Many-Body Systems with Deep Learning, 2018. arXiv:arXiv:1812.01729.

[47] M. Alber, S. Lapuschkin, P. Seegerer, M. Hdgele, K.T. Schiitt, G. Montavon,
W. Samek, K.-R. Miiller, S. Ddhne, P.-]. Kindermans, “iNNvestigate neural
networks!, ” 2018. arXiv:1808.04260.

[48] M. Meila, S. Koelle, H. Zhang, A regression approach for explaining
manifold embedding coordinates, 2018. arXiv:arXiv:1811.11891.

[49] K. Yao, J.E. Herr, D.W. Toth, R. Mckintyre, J. Parkhill, Chem. Sci. 9 (8) (2018)
2261-2269.

[50] K.T. Schiitt, P. Kessel, M. Gastegger, K. Nicoli, A. Tkatchenko, K.-R. Miiller,
J. Chem. Theory Comput. 15 (1) (2018) 448-455.

[51] S. Chmiela, A. Tkatchenko, H.E. Sauceda, I. Poltavsky, K.T. Schiitt, K.-R.
Miiller, Sci. Adv. 3 (5) (2017) e1603015.

[52] S. Chmiela, H.E. Sauceda, K.-R. Miiller, A. Tkatchenko, Nature Commun. 9
(1) (2018) 3887.

[53] H.E. Sauceda, S. Chmiela, I. Poltavsky, K.-R. Mller, A. Tkatchenko, Molecular
Force Fields with Gradient-Domain Machine Learning: Construction and
Application to Dynamics of Small Molecules with Coupled Cluster Forces,
2019. arXiv:arXiv:1901.06594.

[54] W. Jiang, DJ. Hardy, ].C. Phillips, A.D. MacKerell, K. Schulten, B. Roux, ].
Phys. Chem. Lett. 2 (2) (2011) 87-92.

[55] D. Case, I. Ben-Shalom, S. Brozell, D. Cerutti, T. Cheatham, III, V. Cruzeiro, T.
Darden, R. Duke, D. Ghoreishi, M. Gilson, H. Gohlke, A. Goetz, D. Greene, R.
Harris, N. Homeyer, S. Izadi, A. Kovalenko, T. Kurtzman, T. Lee, S. LeGrand,
P. Li, C. Lin, ]. Liu, T. Luchko, R. Luo, D. Mermelstein, K. Merz, Y. Miao, G.
Monard, C. Nguyen, H. Nguyen, I. Omelyan, A. Onufriev, F. Pan, R. Qi, D. Roe,
A. Roitberg, C. Sagui, S. Schott-Verdugo, ]. Shen, C. Simmerling, ]. Smith,
R. Salomon-Ferrer, ]. Swails, R. Walker, ]. Wang, H. Wei, R. Wolf, X. Wu,
L. Xiao, D.Y. D.M., P. Kollman, “AMBER 2018”, 2018. http://ambermd.org.

[56] B.R. Brooks, C.L. Brooks IIl, A.D. Mackerell Jr, L. Nilsson, RJ]. Petrella, B.
Roux, Y. Won, G. Archontis, C. Bartels, S. Boresch, et al., ]. Comput. Chem.
30 (10) (2009) 1545-1614.

[57] D.Van Der Spoel, E. Lindahl, B. Hess, G. Groenhof, A.E. Mark, H.J. Berendsen,
J. Comput. Chem. 26 (16) (2005) 1701-1718.

[58] V. Kapil, M. Rossi, O. Marsalek, R. Petraglia, Y. Litman, T. Spura, B. Cheng,
A. Cuzzocrea, R.H. Meiner, D.M. Wilkins, P. Juda, S.P. Bienvenue, W. Fang,
J. Kessler, L. Poltavsky, S. Vandenbrande, J. Wieme, C. Corminboeuf, T.D.
Kiihne, D.E. Manolopoulos, T.E. Markland, J.0. Richardson, A. Tkatchenko,
G.A. Tribello, V.V. Speybroeck, M. Ceriotti, Comput. Phys. Comm. (2018).


http://sgdml.org
https://doi.org/10.1016/j.cpc.2019.02.007
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb1
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb1
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb1
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb2
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb2
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb2
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb2
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb2
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb3
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb3
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb3
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb4
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb4
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb4
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb5
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb5
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb5
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb6
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb6
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb6
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb7
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb8
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb8
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb8
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb9
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb10
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb11
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb12
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb12
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb12
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb12
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb12
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb13
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb14
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb14
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb14
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb15
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb15
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb15
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb16
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb16
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb16
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb17
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb17
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb17
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb18
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb19
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb20
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb21
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb21
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb21
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb21
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb21
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb22
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb23
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb24
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb24
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb24
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb25
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb26
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb26
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb26
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb27
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb28
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb28
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb28
http://arxiv.org/abs/1707.04146
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb30
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb30
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb30
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb31
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb31
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb31
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb32
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb32
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb32
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb33
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb33
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb33
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb34
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb35
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb35
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb35
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb36
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb36
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb36
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb36
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb36
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb37
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb37
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb37
http://doi.dx.org.10.26434/chemrxiv.6744440.v1
http://doi.dx.org.10.26434/chemrxiv.6744440.v1
http://doi.dx.org.10.26434/chemrxiv.6744440.v1
http://arxiv.org/abs/1812.01736
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb40
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb41
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb41
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb41
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb42
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb43
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb44
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb44
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb44
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb45
http://arxiv.org/abs/arXiv:1812.01729
http://arxiv.org/abs/1808.04260
http://arxiv.org/abs/arXiv:1811.11891
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb49
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb49
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb49
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb50
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb50
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb50
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb51
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb51
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb51
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb52
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb52
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb52
http://arxiv.org/abs/arXiv:1901.06594
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb54
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb54
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb54
http://ambermd.org
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb56
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb56
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb56
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb56
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb56
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb57
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb57
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb57
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb58

[59]
(60]
[61]
(62]
[63]

(64]

S. Chmiela, H.E. Sauceda, I. Poltavsky et al. / Computer Physics Communications 240 (2019) 38-45 45

B. Matérn, Spatial Variation, in: Lecture notes in statistics, Springer-Verlag,
1986.

LS. Gradshteyn, LM. Ryzhik, in: A. Jeffrey, D. Zwillinger (Eds.), Table of
Integrals, Series, and Products, Equation 8.468, seventh ed., 2007.

T. Gneiting, W. Kleiber, M. Schlather, J. Amer. Statist. Assoc. 105 (491)
(2010) 1167-1177.

S. Umeyama, IEEE Trans. Pattern Anal. Mach. Intell. 10 (5) (1988)
695-703.

D. Pachauri, R. Kondor, V. Singh, Adv. Neural. Inf. Process. Syst. Vol. 26,
2013, pp. 1860-1868.

C.M. Bishop, Pattern Recognition and Machine Learning (Information
Science and Statistics), Springer-Verlag, Berlin, Heidelberg, 2006.

(65]

(66]

(67]

B. Scholkopf, AJ. Smola, Learning with Kernels: Support Vector Machines,
Regularization, Optimization, and Beyond, MIT Press, Cambridge, MA, USA,
2002.

K.-R. Miiller, S. Mika, G. Rdtsch, K. Tsuda, B. Scholkopf, IEEE Trans. Neural
Netw. Learn. Syst. 12 (2) (2001) 181-201.

AH. Larsen, ].J. Mortensen, J. Blomqvist, LE. Castelli, R. Christensen, M.
Duak, J. Friis, M.N. Groves, B. Hammer, C. Hargus, E.D. Hermes, P.C.
Jennings, P.B. Jensen, ]. Kermode, J.R. Kitchin, E.L. Kolsbjerg, J. Kubal, K.
Kaasbjerg, S. Lysgaard, ].B. Maronsson, T. Maxson, T. Olsen, L. Pastewka,
A. Peterson, C. Rostgaard, J. Schitz, O. Schtt, M. Strange, K.S. Thygesen, T.
Vegge, L. Vilhelmsen, M. Walter, Z. Zeng, KW. Jacobsen, J. Phys. Condens.
Matter 29 (27) (2017) 273002.


http://refhub.elsevier.com/S0010-4655(19)30059-1/sb59
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb59
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb59
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb60
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb60
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb60
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb61
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb61
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb61
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb62
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb62
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb62
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb63
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb63
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb63
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb64
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb64
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb64
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb65
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb65
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb65
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb65
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb65
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb66
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb66
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb66
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67
http://refhub.elsevier.com/S0010-4655(19)30059-1/sb67

	sGDML: Constructing accurate and data efficient molecular force fields using machine learning
	Introduction
	Program overview
	User input

	Method
	Usage
	Training
	Prediction

	Example application: Paracetamol
	ASE: Normal mode analysis
	i-PI: Molecular dynamics

	Conclusion
	Software availability
	Acknowledgments
	Appendix A Supplementary data
	References


