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Abstract. The sawtooth induced q-profile evolution was modelled at ASDEX Upgrade and

validated with imaging motional Stark effect (IMSE) measurements. The equilibrium current

distribution was estimated by the coupling of a Grad-Shafranov solver and the current diffusion

equation. At ASDEX Upgrade an extensive diagnostic suite allows for a reliable modelling

of the current density profile and its temporal evolution as long as neo-classical current

diffusion can be assumed. The sawtooth-induced central q change, ∆q0, was estimated from

equilibrium reconstruction between the sawtooth events without using IMSE measurements.

The sawtooth-induced current relaxation is modelled with two different reconnection models,

a Kadomtsev full reconnection and a newly developed fully stochastic flat-current model.

Both models result in about the same sawtooth-induced ∆q0 ≈ 0.10–0.12 but with a small

difference in the absolute q0 values. The sawtooth-induced evolution of the forward modelled

MSE angles agrees well with the IMSE measurements. This confirms the assumption of neo-

classical current diffusion between the sawtooth events. A sensitivity study reveals two major

ingredients for a reliable interpretation of MSE measurements. Firstly, the sawtooth-induced

redistribution of fast ions has to be taken into account for a reliable estimation of the Shafranov

shift. The fast-ion redistribution is modelled with a particle-conserving homogeneous fast-ion

pressure profile in the plasma core and a subsequent recovery time of 50 ms. Secondly, a

reliable estimation of the electric field is necessary for a credible interpretation of the MSE

angles.
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I. INTRODUCTION

The current distribution and the corresponding safety factor (q) profile are basic plasma

quantities determining the magnetic equilibrium, stability and transport. For advanced

operation of fusion devices or even steady-state tokamak operation with high bootstrap current

fraction and non-inductive current drive1,2, a reliable knowledge of the current distribution

and the q-profile is necessary. However, a reliable determination of the q-profile in the plasma

core with a resolution better than ∆q ≈ 0.05 is still a challenging task3. A prominent example

of this task is given by the ongoing studies to understand the temporal evolution of the q-

profile during sawtooth relaxation and the absolute value of the central safety factor, q0, after

the reconnection. Sawteeth were first observed in 19744,5. Measurements of the sawtooth

induced q-profile changes were performed at TEXTOR6, TFTR7, DIII-D8, and KSTAR9,10.

Various reconnection models and various values for q0 after the sawtooth event have been

proposed.

The classical motional Stark effect (MSE) diagnostic, the imaging MSE (IMSE)

as an improved variant11,12, and polarimetry measurements13 allow internal information

about the current distribution to be obtained. Nevertheless, these diagnostics frequently

suffer from measurement uncertainties and calibration issues. In particular the absolute

calibration of the MSE diagnostic as well as the deterioration by polarised background light

is challenging14,15,16,17,18. Therefore, the present work proposes an alternative method by

calculating the q-profile temporal evolution between sawtooth events and apply different

models for the current redistribution of the sawtooth reconnection process. The relative

sawtooth induced change, ∆q0, is determined by the evolution and the absolute value slightly

depends on the redistribution scheme chosen. This relative change will then be compared to

temporal variations of IMSE measurements11,12.

The present work focuses on q-profile changes due to neo-classical current diffusion

combined with two reconnection models, namely the Kadomtsev full-reconnection model

and a newly proposed flat-current model (FCM). The equilibrium is reconstructed with a

scheme coupling a solver for the Grad-Shafranov equation (GSE) with the neoclassical

current diffusion equation (CDE)19. Sawtooth effects from fast-ion redistribution, changes

in kinetic and rotational profiles and the intrinsic electric fields are considered. It is known

that in particular the intrinsic electric field can significantly affect the interpretation of MSE

measurements8,20. This work shows that the fast-ion redistribution as well as a reliable

measurement of the electric field is of major importance. The relative changes of the q-

profiles will be validated with IMSE data. The measurements of absolute q-values after the

relaxation requires MSE measurements with high absolute precision and will not be subject

of this work.

Section II introduces the equilibrium package IDE (Integrated Data analysis Equilibrium)

including the GSE, the CDE, and the coupling of both. Section III summarises the Kadomtsev

full-reconnection model and introduces the flat-current model. Section IV describes the

experiments. Section V shows the importance of the pressure profile, and, in particular,

the redistribution of the fast ions for the equilibrium reconstruction. It shows the resulting
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sawtooth cycle of the current density and q-profiles, and the q0 evolution comparing the

Kadomtsev model and the FCM. The IMSE measurements are compared with the modelled

data and the sensitivity of the MSE angles to the components of the electric field, namely

the diamagnetic and rotation terms, and the fast-ion redistribution are shown. Section VI

summarises.

II. Equilibrium reconstruction

This section summarises the equilibrium reconstruction at ASDEX Upgrade with the

equilibrium package IDE and its recent extensions. A detailed description can be found

in19,21.

The IDE package couples the GSE, describing the ideal magneto-hydrodynamic (MHD)

equilibrium for the poloidal flux function ψ in cylindrical coordinates (R, z) for axisymmetric

geometry, with the results of the CDE, describing the diffusion of the poloidal flux on the

background of the toroidal flux due to resistivity. The GSE
(

R
∂

∂R

1

R

∂

∂R
+

∂2

∂z2

)

ψ =−2πµ0R jφ(ψ) , (1)

with the toroidal current density profile,

jφ = 2π

(

R
∂p(ψ)

∂ψ
+

F(ψ)

µ0R

dF(ψ)

dψ

)

, (2)

depending on the plasma pressure p(ψ) (isotropic case) and F(ψ) = µ0Ipol/(2π), with the

total poloidal current Ipol, describes an equilibrium independent of its history. Typically

the solution of the GSE is constrained with external data, e.g. magnetic and scrape-off

layer (SOL) current measurements, and internal data, e.g. pressure profiles, polarimetry and

MSE measurements, if available. Owing to limited diagnostic capabilities, the equilibrium

reconstruction is frequently ill-posed and has to be regularised with non-physical spatial

smoothness constraints. Nevertheless, the temporal evolution of the current distributions

of successive equilibria often shows unreasonable variability not consistent with the current

diffusion time. An alternative to ad-hoc temporal smoothness constraints is given by

augmenting the set of measurements with the current distribution predicted by the CDE,22

σ||
∂ψ

∂t
=

R0J2

µ0ρ

∂

∂ρ

(

G2

J

∂ψ

∂ρ

)

−
V ′

2πρ
( jbs + jcd) . (3)

Details of the calculation of the parallel conductivity σ||, the auxiliary current drive

jcd = jec+ jnb consisting of the electron cyclotron current drive (ECCD) jec and neutral beam

current drive (NBCD) jnb, and the bootstrap current jbs, can be found in19. J = I/(R0B0) is

the poloidal current function I normalised by the product of the reference radius R0 and the

vacuum magnetic field B0 at R0. G2 is a geometrical quantity and V ′ is the derivative of the

plasma volume V with respect to the effective minor radius ρ22. In the previous work the

NBCD and the fast-ion density and pressure were taken from TRANSP evaluations which is

replaced for the present work with the newly developed RABBIT code23. The RABBIT code

is included in the IDE package and provides fast-ion profiles in real-time within about 25 ms.
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The GSE solver is coupled with the CDE solver successively in time. One time step

consists of two parts. First, the CDE Eq. (3) is initialised with an equilibrium given at time

t. The CDE is integrated until time t +∆t, where the next equilibrium is to be calculated.

Second, the GSE Eq. (1) is solved at time t +∆t with additional constraints from the toroidal

current distribution resulting from the CDE. A scheme of the workflow is depicted in19.

Of major importance for the current estimation and MSE interpretation is a reliable

pressure constraint. The pressure consists of the sum of the thermal electron, the thermal ion,

and the fast-ion pressure. The electron thermal pressure profile is provided by the integrated

data analysis (IDA) suite24. The ion thermal pressure is calculated from the ion temperature

taken from charge exchange recombination spectroscopy (CXRS)25 at the heating beam. In

case of an ohmic plasma Ti is approximated by a simple fitting function of Te/Ti from Fig.

6d in26, Te/Ti = 1+ 0.2/νeff, employing the effective collisionality νeff
26. For non-ohmic

discharges without CXRS measurements Ti = Te is assumed. For the experiments shown in

this work Ti is either estimated using the ohmic formula at the beginning of the discharge or

from CXRS data. The ion density is estimated using the electron density subtracted by the

fast-ion density and a Zeff profile27 assuming as major impurity boron. The density and the

scalar pressure of the fast ions are taken from calculations with the RABBIT code23.

The usual equilibrium reconstruction is performed using magnetic measurements,

measurements of the divertor tile currents to allow for constraints of the current in the SOL,

pressure constraints, and currents in external poloidal field coils. This data set is routinely

available. Polarimetry can be included13, but the spatial resolution of the two lines-of-sight

is poor and the uncertainty is too large to be relevant for sawtooth studies. Some flexibility

in the poloidal field coil currents is allowed to compensate for induced vessel currents mainly

relevant in the ramp-up and ramp-down phases. The diamagnetic flux measurements28 are

used to assess the loss of fast ions and fast-ion redistribution but is not used for the equilibrium

reconstruction due to small but systematic uncertainties.

III. Sawtooth reconnection models

For current redistribution mechanisms other than neo-classical current diffusion, equilibrium

reconstruction requires an appropriate time-dependent current relaxation model. Various

models for current redistribution due to sawtooth relaxation are available29,30,31,32,33,34,35.

This work addresses current redistribution based on the Kadomtsev full reconnection model

and a flat-current model conserving the q = 1 flux surface.

The time points of the sawtooth relaxation events are taken from soft X-ray data36.

Evaluating the time points from independent measurements instead of internal equilibrium

quantities, e.g., from a shear criterion, ensures that the sawtooth events are synchronised with

the evolution of all profile measurements.
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III.A. Kadomtsev model

The model, proposed by Kadomtsev29, assumes 2D reconnection. The reconnection evolves

simultaneously at a field line on the q= 1 surface. The problem is treated using the single-fluid

MHD equation in cylindrical geometry. In this regard, Kadomtsev reconnection is identical

to the Sweet-Parker formulation37 of the reconnection due to plasma resistivity at the q = 1

surface38. Magnetic reconnection of the helical flux starts at the q = 1 resonant surface.

The flux surfaces with identical value of the helical flux (but opposite direction of the helical

fields!) are reconnected defining a strict reconnection rule. Any other type of magnetic field

reorganisation or possible solutions are excluded. It leads to the formation of a (1,1) island

at the position of the original q = 1 surface. During the reconnection of the flux, the (1,1)

island grows towards the plasma centre and the O-point of the island becomes the new plasma

centre. Thus, the resulting solution has a safety factor value equal to one at the plasma axis,

q0 = 1. Everywhere else in the plasma the q-value is larger than one. This process is described

in detail in many papers related to the Kadomtsev model39. However, this model contradicts

experimental measurements of post-cursor modes after the crash, which are often observed40.

Additionally, the Kadomtsev model is not capable to explain neither the fast crashes in large

tokamaks38 nor the non-linear saturation of the mode amplitude before the crash41. The

present work focuses on the description of the final state after the crash starting from the

initial experimental profiles. Therefore, also the model proposed in the next chapter is not

aimed to describe the evolution of the plasma during the sawtooth crash.

III.B. Flat-current model

As pointed out above, the Kadomtsev model is not able to explain the existence of a (1,1)

mode at the original position after the sawtooth crash. Therefore, a new model is required

for transport codes to describe the sawtooth crash and keep the q = 1 surface at the original

position after the crash as observed in experiments40.

During the last decades, several different models were proposed to describe the sawtooth

crash: the Kadomtsev model29, the stochastic model31,32,33, the quasi-interchange model34,

the Porcelli model30, and the Kolesnichenko model35. The standard approach was to revise

the Kadomtsev model of the crash process. Most well known among these models is the

Porcelli model30. In this model, the reconnection starts as in the Kadomtsev model at the q= 1

surface, but it does not go to the final stage and stops at a particular radius inside q = 1. This

accounts for the observation of partial sawtooth reconnection and can be fitted to experimental

results42. The drawback of this approach is the existence of an additional free parameter

which defines the amount of reconnected flux: the inner radius where the reconnection stops.

Both models also suffer from current sheets at the boundaries of the problem. In this work,

we try to address the situation differently. We start from the basic physical background of the

reconnection process and from the understanding of the limitations of the Kadomtsev model.

This model is also motivated by the stochastic hypothesis of the sawtooth relaxation31,43. It is

well known that the Taylor model describes well the final state of the evolution of a stochastic

system like some regimes of the reversed field pinches. These facts were the starting point for
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the development of our model.

As discussed above, the Kadomtsev model has a strict rule for the magnetic reconnection.

We abandon this rule and allow for all possible reconnection schemes within the q= 1 surface.

This can be done assuming Taylor relaxation44 inside the q = 1 surface. Such a formulation

minimises the plasma energy by modification of the plasma current profile assuming two

conditions:

1. Total plasma helicity45 is conserved: Ktot,q=1 ≡
∫

q≤1
~A · ~BdV , where ~A is the vector

potential of the magnetic field ~B.

2. The boundary for the relaxation is the q = 1 surface. This conserves the position of q = 1

representing experimental observations and is in contrast to the Kadomtsev model.

In tokamaks, the Taylor problem has as trivial solution a flat current density inside the problem

domain46. This gives directly the rule for the crash model implementation in transport codes.

The total current within q = 1 remains the same after the crash but the plasma current profile

becomes flat within the q = 1 surface. This flat-current model (FCM) gives complete freedom

for the plasma relaxation but it conserves the total helicity and total current within q = 1.

Additionally, the FCM preserves the position of the q = 1 surface after the relaxation process.

After the relaxation the current density profile shows a discontinuity at q = 1 but no current

sheet. The central safety factor remains below unity, q0 < 1. The contour of the flux surfaces

is kept constant and will be adapted with the next equilibrium calculation.

In spite of the different formulations, there is a strong connection between the Kadomtsev

model and our new model. The Kadomtsev model also conserves the total helicity of the

plasma and it can be seen as a Taylor model with the additional constraint for magnetic

reconnection47. To be explicit, the Kadomtsev constraints are based on (i) a two-dimensional

structure of the reconnection, which implies helical symmetry, and based on (ii) the single-

fluid approximation for the reconnection process, which assumes the plasma fluid to be

attached to the magnetic field lines. An evaluation of the helicity for both models is given

below. It should be noted that there are no first-principle arguments that the flux reconnection

rule from Kadomtsev is universally valid. Therefore, it can be substituted by other set of rules

for plasma relaxation during the sawtooth crash. At the same time, our model without such

constraints remains the most relaxed variant of the plasma evolution if only the total helicity

at q = 1 (or slightly outside this surface) is conserved. This does not mean that this model is

correct and able to describe the experimental situation. It only means that the model describes

the case of complete relaxation with maximal possible stochastisation, which is the limiting

case for plasma relaxation. Thus, the implementation of this model gives in some sense the

worst case scenario. The real situation is likely to be less relaxed compared to our model

due to screening effects of the differential plasma rotation and due to the reduced time during

which the reconnection is allowed. The main advantage of this model is, that, due to the small

shear around the q = 1 surface, it allows the presence of a (1,1) mode after the crash at the

same place as before, which is seen in the experiment40.

Fig. 1(a) shows the current density redistribution for the two extreme cases of the

Kadomtsev full reconnection model and the fully stochastic FCM for a sawtooth event at
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Fig. 1. (a) Current density and (b) q profiles before (solid line) and after (dashed) a sawtooth

reconnection event applying the Kadomtsev (blue) and flat-current (red) models.

4.013 s of ASDEX Upgrade discharge #34664. For the Kadomtsev model the relaxed current

density at the mixing radius ρtor = 0.3 has the typical discontinuity due to the current sheet.

As depicted in Fig. 1(b) this current sheet of the Kadomtsev model results in a large change of

the q-profile whereas for the FCM the q-profile is continuous at the mixing radius ρtor = 0.2

given for the FCM by the position of the q = 1 surface. The mixing radius is defined as the

radius of the outermost surface where the current redistributes. It is given by the reconstructed

equilibrium and depends on time and the reconnection model chosen. The redistribution due

to the FCM by definition occurs only within the q = 1 surface. The q-profile for ρtor > 0.2

(q ≥ 1) applying the FCM is exactly conserved. Note that the current and q-profiles before

the sawtooth event are not the same because all time points before 4.013 s are evaluated with

the corresponding relaxation model which results in slightly different equilibria.
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Fig. 2. Plasma helicity (K), plasma helicity normalised to the toroidal flux squared (K/Φ2),

and the relative difference of K before and after the sawtooth reconnection event for (a) the

FCM and (b) the Kadomtsev model.
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The plasma helicity is evaluated using45

K =
∫ ρ

0

2Φ

q
dΦ (4)

with the toroidal magnetic flux Φ = πB0ρ2 and the effective minor radius ρ22 (ρtor =

ρ/ρboundary). Equation (4) is equivalent to the helicity evaluated using equation (2) in48.

Note that for uniform q, K = Φ2/q . Fig. 2 shows the profiles of the plasma helicity (K),

plasma helicity normalised with the square of the toroidal flux (K/Φ2) to emphasise the

small difference in the helicity, and the relative difference of K before and after the sawtooth

reconnection event for (a) the FCM and (b) the Kadomtsev model. At the mixing radius of the

FCM, ρtor = 0.2 (see Fig. 1(a)), the helicity before and after the sawtooth event differ only by

1.6 %. For the Kadomtsev model the domain with different helicity before and after the event

ranges up to its mixing radius of ρtor = 0.3. The current sheet of the Kadomtsev model can

clearly be seen in the helicity difference at about the mixing radius whereas for the FCM the

helicity difference is smooth. For both models the helicity is nearly conserved slightly outside

of the mixing radius.

IV. Experiments

ASDEX Upgrade discharge #34664 (Ip = 1 MA, Bt = −2.5 T) shows a rather long phase of

similar sawtooth events in a flat-top phase within 2.5–5.0 s with a frequency of about 10 Hz,

which can be seen, e.g., in Fig. 7 and Fig 10. Only one neutral heating beam (2.5 MW

starting at 2.5 s), suitable for IMSE measurements, and no electron cyclotron resonance

heating (ECRH) was used. The core electron density is about ne = 4.5 · 1019m−3. Fig.
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Fig. 3. Sawtooth cycle of (a) electron and (b) ion temperature and (c) electron and (d) ion

density profiles.

3 shows a typical example of the sawtooth cycle of the kinetic profiles Te, Ti, ne, and ni.

The electron temperature Te and density ne is estimated from electron cyclotron emission

(ECE)49, Thomson scattering (TS)50, lithium beam (LIB)51 and interferometry (DCN) data

within the IDA framework24. The ECE diagnostic provides Te-profiles from the plasma centre

to the SOL with a dedicated highly-resolved coverage close to the plasma centre. Reliable

measurements of Te in the plasma core are essential for a credible evaluation of the current
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profile evolution from the CDE. This is due to the large dependence of the current evolution on

the conductivity σ||. Refining relative re-calibration of a few core channels of the absolutely

calibrated ECE measurement was performed assuming a constant temperature profile directly

after the sawtooth event within the sawtoothing domain. The ion temperature Ti is estimated

from CXRS25. The main ion density ni is estimated by subtracting from ne the fast-particle

density, evaluated with the RABBIT code23, and the assumption of Zeff = 1.5 and a major

impurity of boron (Zimp = 5). The hollowness of the ni profile is due to the peaking of the fast-

particle density (which is not redistributed for Fig. 3(d)). The toroidal fluid rotation velocity
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Fig. 4. Sawtooth cycle of toroidal angular velocity of boron

vtor =ωtorR is estimated from CXRS of boron, where ωtor is the toroidal angular velocity (Fig.

4).

V. RESULTS

This chapter shows the importance of the pressure profile, and, in particular, the redistribution

of the fast ions for the equilibrium reconstruction. The sawtooth cycles of the current density

and q-profiles are shown and the q0 evolution applying the Kadomtsev model and the FCM

are compared. The reconstructed equilibrium is validated with the measured IMSE data and

the sensitivity of the interpretation of the IMSE data on the electric field and the fast-ion

redistribution is shown.

V.A. Pressure profiles and fast-ion redistribution

Pressure constraints for the equilibrium reconstruction are evaluated from the measured

electron and ion density and temperature profiles and the fast-ion pressure from the neutral

heating beam estimated with the RABBIT code23. Fig. 5 shows the total pressure data

(red circles with uncertainties) used for constraining the equilibrium consisting of the sum

of the fast-ion pressure (blue squares) and the thermal electron and ion pressure. The

reconstructed equilibrium pressure profile with the corresponding estimation uncertainties
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Fig. 5. Reconstructed equilibrium pressure profile (black solid line) and the constraining

total pressure data (red circles) where a significant fraction is from the fast-ion pressure (blue

squares).

are shown in black. The similarity of the constraining and reconstructed pressure profiles

indicates consistency of the pressure profile with magnetic data. Neglecting the fast-ion

pressure results in a significant difference between the constraining and reconstructed pressure

profiles and a significant difference between the measured and reconstructed diamagnetic flux.
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Fig. 6. Fast-ion pressure profiles redistributed after the sawtooth event using particle

conservation and a 50 ms recovery time

The magnetic reconnection induced by sawtooth events are known to transport fast

ions52,53. Fast-ion D-alpha (FIDA) measurements show a significant reduction of the

central fast-ion density along with an increase at larger radii. Simultaneously, the loss of

fast particles, detected by a fast-ion loss detector (FILD) outside of the plasma52 and by

comparing measured and modelled neutron rates53, is marginal. The fast-ion density profile

reconstructed from the FIDA measurements shows a depletion zone within the inversion
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radius and an enrichment up to the mixing radius53. The fast-ion density recovers after the

sawtooth relaxation with a recovery time of 50–60 ms52.

Fig. 6 shows a simplified model for the redistribution of fast ions due to sawtooth events

which follows closely the experimental observation. Although fast-ion scattering depends

on the energy and pitch angle54, in our simplified model the fast-ion pressure is assumed to

be redistributed uniformly. The number of fast particles are assumed to be conserved (no

losses). A mixing radius of ρtor = 0.6 is assumed which resembles the measured value52,53.

The fast-ion mixing radius is different to the current mixing radii of both, the FCM (0.2)

and the Kadomtsev model (0.3). The inversion radius of about ρtor = 0.35 results from the

assumption of particle conservation and the chosen mixing radius. After the sawtooth event

an exponential recovery of the calculated fast-ion pressure with a slowing-down time of 50 ms

is assumed.

The inversion and mixing radii from ECE measurements for #34664 at t = 4.013 s is

estimated to be at about 0.32 and 0.73. These values are close to the inversion and mixing radii

of the fast-ion redistribution but significantly different from the current redistribution radii.

The inversion radius of the Te profile is often used as an indication of the q = 1 surface, but it

has been demonstrated that they are not necessarily at the same position55,56. Generally, for

a measured quantity (here Te) significantly less peaked than the current profile, the inversion

occurs at larger radii than ρq=1
56.
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Fig. 7. Temporal evolution of the radial position of the magnetic axis without (blue) and with

(red) particle-conserving fast-ion redistribution

The effect of the particle-conserving redistribution of fast ions on the position of the

magnetic axis is depicted in Fig. 7. With fast-particle redistribution the sawtooth induced

inward shift of Rmag is about 10 mm whereas without redistribution considering only

relaxation of the thermal profiles it is only about 5 mm. Therefore, for the present case,

redistribution of fast particles and relaxation of the thermal pressure contribute similarly to the

reduction of the Shafranov shift. After the sawtooth event the pre-sawtooth values of Rmag is

largely recovered corresponding to the assumed slowing-down time of 50 ms. The uncertainty
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of the reconstructed Rmag, ∆Rmag, is about 6 mm which mainly reflects the uncertainty of 10 %

in the pressure profile. Although ∆Rmag is in the same order as the difference in Rmag with and

without fast-particle redistribution, the sawtooth induced redistribution can clearly be seen in

the IMSE modelled data (see section V.D).
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Fig. 8. Measured and modelled diamagnetic flux with no fast-ion redistribution (red), particle

conserving redistribution (blue), and no fast-ion redistribution but 20 %/40 % particle loss

with a 50 ms recovery time (orange/green)

The FILD measurement does not show any significant loss of fast particles during

the sawtooth event52. This is confirmed for the present plasma discharge by diamagnetic

flux measurements28. Fig. 8 compares the measured diamagnetic flux (black dots) with

the reconstructed equilibrium diamagnetic flux for different assumptions for the fast-

ion redistribution and fast-ion loss. The red line depicts the diamagnetic flux without

redistribution and without loss of fast particles. The blue line depicts the diamagnetic flux

with particle-conserving fast-ion redistribution as described above which coincides very much

with the red line. Both evaluations agree reasonably well with the measured value with

only about 0.1 mWb offset which is well below the measurement uncertainty. The situation

changes significantly when loss of fast particles is assumed. The orange/green line depicts

the diamagnetic flux without redistribution but with a 20 %/40 % loss of fast particles on the

entire fast-ion pressure profile, respectively. At each sawtooth the simulated decrease of fast-

ion pressure results in a decrease of the MHD energy and a corresponding increase of the

diamagnetic flux. A recovery with the same 50 ms slowing down time as for the redistribution

scheme is assumed. In contrast to the particle-conserving redistribution, a clear sawtooth

signature is predicted which is not observed in the measurement. Therefore, we conclude that

a loss of fast particles is well below 20 % also for this plasma discharge.
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V.B. Sawtooth cycle of current density and q-profiles

Profiles of the flux-surface averaged toroidal current density and the corresponding q-profiles

during a sawtooth cycle are shown in Fig. 9. The sawtooth event is at 4.013 s. The FCM was
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Fig. 9. Profiles of the flux-surface averaged toroidal current and the corresponding q-profiles

during a sawtooth cycle.

applied which results in a central q-value after the sawtooth event (blue line) q0 < 1. After

the sawtooth the current profile peaks corresponding to a decreasing q0 evolution. The highly

shaped current profile with a significant dip in the interval ρtor = 0.1− 0.2 results from the

current diffusion only. Equation (3) shows that the current diffusion increases with decreasing

radius ρ.

V.C. q0 evolution

The evolution of the q0-value is depicted in Fig. 10. The left panel shows q0 for the complete
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Fig. 10. Temporal evolution of q0 and a comparison between the Kadomtsev model (blue)

and the FCM (red).

flat-top phase employing the FCM. The right panel shows in the time interval 3–4 s q0
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comparing the FCM (red) with the Kadomtsev model (blue). The q0 values are calculated

at the equilibrium time points which are not exactly synchronised with the sawtooth time

points. Although the basic level applying the two models is slightly different, the temporal

behaviour (decay length) as well as the sawtooth induced q0 change, ∆q0, is nearly the same.

∆q0 ranges within 0.10–0.12. Even though the two models are extreme cases in the sense of

a strict reconnection rule versus a fully stochastic reconnection, the difference between the

two models is only about 0.01. This seems to be too small to be resolved experimentally.

Nevertheless, the newly proposed model allows for a (1,1) sawtooth post-cursor at the same

position as the original q = 1 surface as seen in the experiment. In contrast, the Kadomtsev

model does not allow a post-cursor because the q > 1 everywhere in the plasma. The same

small difference can be observed in Fig. 1(b) for the q-profile in the sawtooth affected area.

This small difference is advantageous as it allows robust equilibrium reconstruction in the

presence of sawteeth nearly independent on the relaxation model chosen.

V.D. imaging MSE

The IMSE diagnostic at ASDEX Upgrade provides a sensitive and robust measurement of the

current distribution in the plasma centre11,12. The MSE diagnostic measures the polarisation

angle of Stark broadened neutral beam Dα emission where the electric field in the rest frame

of the beam neutrals is the relevant parameter. The IMSE system measures a 2D image of

radiation from the neutral beam. It uses a set of birefringent plates and polariser to modulate

the image spatially with interference patterns that encode the polarisation state12. The MSE

angle γ is calculated using

tan(γ) =
A1 Br +A2 Bt +A3 Bz +A4 Ẽr +A5 Ẽz

A6 Br +A7 Bt +A8 Bz +A9 Ẽr +A10 Ẽz

(5)

where Br, Bz, and Bt are the radial, vertical and toroidal magnetic field components,

respectively. A1, . . . ,A10 are geometrical coefficients. Ẽr and Ẽz are proportional to the radial

and vertical electric field components in the laboratory frame

Ẽr := (Er,dia − vtor Bz)/vbeam ; Er,dia :=
d pI/dr

ZIenI

Ẽz := (Ez,dia + vtor Br)/vbeam ; Ez,dia :=
d pI/dz

ZIenI
(6)

where Er,dia and Ez,dia are the diamagnetic electric fields, vtor the toroidal fluid rotation velocity

(Fig. 4), pI the pressure of impurity ion I, and vbeam the neutral beam velocity. On ASDEX

Upgrade, a 93 keV deuterium beam is used for IMSE giving vbeam = 3.0× 106 m/s. The

poloidal fluid rotation in the plasma core can be neglected because the poloidal velocity at

ASDEX Upgrade is typically far below 103 m/s57. The contribution of the poloidal rotation

to the radial electric field is expected to be below 2 kV/m resulting in corrections of the

absolute IMSE angles below 0.02◦ being significantly smaller than the resolution of the

IMSE measurements. Note that for MSE measurements at the plasma edge the poloidal fluid

rotation might become important due to the significant larger poloidal rotation velocity58.

As will be depicted in section V.E, a reliable estimation of the electric fields is important
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Fig. 11. Sawtooth cycle of (a) the radial electric field and (b) the diamagnetic and toroidal

rotation components

for the interpretation of the MSE data. Fig. 11 shows an example sawtooth cycle of (a) the

radial electric field profile and (b) the diamagnetic and toroidal rotation components. For

the sawtooth cycle the large rotation component of the electric field is expected to be most

important (see section V.E).

Although the absolute calibration of the IMSE is currently subject to ultimate fine-tuning,

the sawtooth induced variation of the signal allows various modelling assumptions to be

tested. Fig. 12 shows the measured IMSE angles (black circles) and the forward modelled
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Fig. 12. Measured (black circles) and modelled (red line) IMSE data.

angles from the equilibrium (red line) using the FCM and fast-ion redistribution. 10 radial

positions close to the midplane from R = 1.57–1.80 m are shown. The magnetic axis is at

about Rmag = 1.66–1.67 m (see Fig. 7). The statistical uncertainty of the IMSE angles is in

the order of 0.05◦ only, although the absolute value is expected to have a somewhat larger
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systematic uncertainty. The sawtooth induced jumps are up to 0.2◦ Although the IMSE data

are not included in the set of data fitted by the equilibrium, the temporal evolution of the

measured and modelled angles agrees very well. The absolute value of the angles are shifted to

match the mean signal amplitude. On the high-field-side (hfs), R < Rmag, the sawtooth events

induce a decrease of the IMSE angles whereas on the far low-field-side (lfs) the behaviour

is the opposite. Interestingly, the turning point is not at the magnetic axis but about 5 cm

shifted to the lfs. This is the position where the effect of the inward shift of the magnetic axis

and the effect of the sawtooth-induced current redistribution balance. The reduced Shafranov

shift after the sawtooth event results in an inward shift of all plasma-core flux surfaces and,

correspondingly, an increase (decrease) of the current measured at a particular IMSE channel

at the lfs (hfs), respectively. The poloidal field and the corresponding IMSE angle increases or

decreases, correspondingly. In contrast, the sawtooth-induced current redistribution reduces

the current within the inversion radius, and, hence, reduces the poloidal field. On the hfs

the two effects add up. In the very core the current redistribution dominates. At the outer

lfs, R > 1.77 m, the effect of the Shafranov shift takes over since the total current within the

respective flux surface is conserved.

The sawtooth induced changes in the modelled IMSE angles agree very well with the

measured values if the redistribution of fast particles is considered. The agreement becomes

worse if no redistribution is assumed. Fig. 13 shows a smaller region of Fig. 12 with modelled

4 4.1 4.2 4.3 4.4 4.5
time [s]

5.0

5.5

6.0

6.5

iM
S

E
 a

ng
le

 [d
eg

re
e]

#34664

RiMSE
[m]

1.692

1.667

1.643

1.619

(axis)

1.717

data
w/   fast-ion redistrib.
w/o fast-ion redistrib.

ZiMSE = 0.06 m

Fig. 13. IMSE angles measured (black circles) and modelled with (red line) and without (blue

line) redistribution of fast-ions

IMSE angles assuming no fast-ion redistribution (blue line). Note that only the angle drop

and recovery can be interpreted because the measured data are shifted to match the mean

modelled angles assuming redistribution. The sawtooth induced change without fast-ion

redistribution is significantly smaller and does no longer agree with the measured values.

This can best be seen for IMSE channels close to the magnetic axis. Without redistribution

the two opposing effects of the Shafranov shift and the current redistribution balance at about
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2.5 cm from the axis to the lfs whereas the measured data clearly show that the effect by the

current redistribution dominates. Obviously, for equilibrium estimation including the IMSE

data a reliable quantification of the fast-ion redistribution is essential. Assuming no fast-ion

redistribution the interpretation is complicated because additional to the reduced Shafranov

shift also the equilibrium current and, hence, the sawtooth-induced current redistribution

is changed. Fig. 14 shows the q-profiles with (red lines) and without (blue lines) fast-ion
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Fig. 14. q-profiles before (solid lines) and after (dashed lines) the sawtooth event comparing

equilibria with (red) and without (blue) fast-ion redistribution.

redistribution before and after a sawtooth event at 4.013 s. The mixing radius as well as

∆q change. Fig. 15 shows the evolution of q0 with (red line) and without (blue line) fast-
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Fig. 15. Temporal evolution of q0 with (red line) and without (blue line) fast-ion redistribution

ion redistribution. Although the different assumptions about the fast-ion redistribution result

in apparently small changes in the q-profiles, the sawtooth induced ∆q is comparable to the

difference in q0 between the Kadomtsev model and the FCM.
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V.E. IMSE considering electric fields

Frequently, due to lack of suitable diagnostics, electric fields are not considered for the

analysis of MSE measurements although its importance was described rather early20,8. Due

to the small uncertainties of the IMSE angles already moderate electric fields are expected

to have a large influence on their interpretation. Fig. 16 compares modelled MSE angles
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Fig. 16. Modelled IMSE angles with (red) and without (blue) electric fields

with (red line) and without (blue line) considering electric fields. At the magnetic axis the

electric fields vanish leaving the angle unchanged. At off-axis positions there are rather

large differences in absolute value (∆γ ≤ 0.4◦) as well as smaller differences in the temporal

behaviour due to sawtooth events.

The rotational term in equation (6) contributes most to the electric field in the plasma

core (see Fig. 11). The diamagnetic term is of major importance only at the plasma edge.

Note that at the plasma edge also the poloidal rotation has to be considered. The poloidal

rotation is neglected for the present work as the IMSE measures in the plasma core only.

Comparing the minor diamagnetic term (assuming vtor = 0) with the case without electric

fields, a rather small shift of the MSE angles of ∆γabs ≤ 0.03◦ and only a small reduction

of the sawtooth-induced change ∆γST ≤ 0.02◦, depending on the location in the plasma, is

observed. Considering the major rotational term only (assuming E(r,z),dia = 0), the shift is

much larger up to ∆γabs = 0.4◦. The change in the sawtooth-induced angle variation differs

only by about ∆γST ≤ 0.04◦ comparing the two cases with and without the rotational term in

the electric fields. Note that on the hfs the sawtooth-induced ∆γST is smaller considering the

electric fields whereas on the lfs it is larger. Summarising, for a reliable interpretation of the

IMSE measurements, the electric fields have to be considered. The sawtooth induced MSE

angle change ∆γST is less affected by the electric fields, but, nevertheless, relevant for the

estimation of the sawtooth ∆q.
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VI. Summary

The sawtooth induced q-profile evolution was modelled at ASDEX Upgrade and validated

with IMSE measurements. The equilibrium current distribution was estimated coupling a

Grad-Shafranov solver and the current diffusion equation. The extensive diagnostic suite at

ASDEX Upgrade allows a reliable modelling of the current density profile and its temporal

evolution as long as neo-classical current diffusion can be assumed. The diagnostics provide

reliable kinetic electron and ion profiles, fast-ion density and pressure profiles, and rotation

profiles with high temporal and spatial resolution. The equilibrium reconstruction is not

constrained with internal current measurements. Nevertheless, the forward modelled MSE

angles agree very well with the IMSE measurements.

The sawtooth-induced current relaxation is modelled with two different reconnection

schemes, a Kadomtsev full reconnection model and a fully stochastic flat-current model

(FCM). The Kadomtsev model results in an extended mixing zone with a current sheet at the

mixing radius and q0 = 1 after the reconnection whereas the FCM has a reduced mixing zone,

q0 < 1, and only a discontinuity in the current density at the mixing radius but no current

sheet. Both models result in about the same sawtooth-induced ∆q0 ≈ 0.10–0.12 but with

slightly different absolute values. In contrast to the Kadomtsev model, the FCM conserves

the position of the q = 1 flux surface and allows for a (1,1) sawtooth post-cursor mode at the

q = 1 surface as seen in the experiment. For both models the helicity is nearly conserved

slightly outside of the mixing radius.

The sawtooth-induced evolution of the modelled MSE angles agrees very well with the

offset-corrected IMSE measurements. A sensitivity study reveals two major ingredients for

a reliable interpretation of MSE measurements. Firstly, the sawtooth-induced redistribution

of fast ions has to be taken into account for a reliable estimation of the Shafranov shift and

the current distribution. A reliable estimation of the position of the flux surfaces relative

to the position of the MSE channels is of major importance. The fast-ion redistribution

is modelled with a particle-conserving homogeneous fast-ion pressure profile after the

sawtooth event within ρtor ≤ 0.6 and a subsequent recovery time of 50 ms which represents

experimental observations. A significant sawtooth-induced loss of fast particles can be

excluded by simulating the diamagnetic flux with various loss schemes and comparing them

with diamagnetic flux measurements. The results confirm previous experimental observations.

Secondly, for the interpretation of the MSE angles a reliable estimation of the electric fields is

required for both, the absolute value of the angles as well as for the sawtooth-induced changes.
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