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Abstract

In this paper, we investigate a time-limited Hs-model order reduction method
for linear dynamical systems. For this, we propose a time-limited Hs-norm and
show its connection with the time-limited Gramians. We then derive first-order
conditions for optimality of reduced-order systems with respect to the time-limited
Ho-norm. Based on these optimality conditions, we propose an iterative correction
scheme to construct reduced-order systems, which, upon convergence, nearly sat-
isfy these conditions. Furthermore, a diagnostic measure is proposed for how close
the obtained reduced-order system is to optimality. We test the efficiency of the
proposed iterative scheme using various numerical examples and illustrate that the
newly proposed iterative method can lead to a better reduced-order models com-
pared to the unrestricted iterative rational Krylov subspace algorithm in a finite time
interval of interest.

Keywords: Model order reduction, linear systems, Hs-optimality, Gramians, Sylvester
equations.
MSC classification: 15A16, 15A24, 93A15, 93C05.

1 Introduction
We consider a continuous linear time-invariant (LTI) system as follows:

#(t) = Az(t) + Bu(t), x(0)=0,

¥ ) = Cat), 120,

(1)

where A € R"*", B € R™™ and C € RP*™ are constant matrices. Generally, z(t) € R™,
u(t) € R™ and y(t) € RP denote the state, control input and the quantity of interest
(output vector) at time t, respectively, and in the most cases, the dimension of the state
vector is much larger than the number of control inputs and outputs, i.e., n > m,p.
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We also assume that the matrix A is Hurwitz, meaning that A(A) ¢ C_ = {z € C :
R(z) < 0}, where A(:) denotes the spectrum of a matrix and R(-) represents the real
part of a complex number. Due to the large dimension of system , it is numerically
very expensive to simulate the system for various control inputs and perform engineering
studies such as optimal control and optimization. One approach to overcome such an
issue is model order reduction (MOR), where we aim at constructing a reduced-order
system as follows:

. [i@) = Az Bu(t), #(0) =0,
'{(O (t) + Bu(t), #(0)=0 @)

g(t) = Ca(t), t>0,
where A € R, B € R™™ and C' € RP*" with r < n such that y ~ § in an
appropriate norm for all admissible control inputs u. In the literature, there is a huge
collection of available methods, allowing us to construct such reduced-order systems,
e.g., see [1I [ [15].

Most of the methods for linear systems such as balanced truncation, e.g., see [1], [11]
and the iterative rational Krylov subspace algorithm [§] aim at constructing a reduced-
order system, which is good for an infinite time horizon. In other words, the output of
system is very well approximated by the output of on the time interval [0, 00).
However, there are several practical applications, for example, a finite-time optimal
control problem, where one is interested in approximating the output y on a finite time
interval, e.g., [0, 7], meaning that

y~y on [0,7]. (3)

Due to the relation , we can expect a better reduced-order system in the time interval
[0, 7] as compared to unconstrained MOR approaches for a given order of the reduced
system. A MOR technique for such a problem, called balanced truncation, was first
proposed in [7] and further studies were carried out in [9, [14]. In this work, we consider
a similar time-limited problem, aiming to extend the Wilson conditions [I7] and first-
order optimality conditions [8| 10} [17].

For this, we first propose the time-limited Ho-norm for linear systems in Section
and provide different representations of the metric induced by this norm, which are based
on time-limited Gramians. Then, we define the problem setting for time-limited MOR as
an optimization problem. Subsequently, in Section 3] we extend the Wilson conditions to
time-limited linear systems and derive first-order optimality conditions, which minimize
the time-limited Ho-norm of the error system. Based on these conditions, we propose
an iterative scheme, which, upon convergence, aims at constructing a reduced-order
system that nearly satisfies the optimality conditions. Later on, we derive expressions,
revealing how close the obtained reduced systems via the proposed iterative scheme are
to optimality. In Section [4] we illustrate the efficiency of the proposed iterative scheme
by three benchmark numerical examples for linear systems. Finally, we conclude the
paper with a short summary and an outlook for future work.



2 Time-Limited H3;-Norm and Problem Setting

In this section, we first define the time-limited Hs-norm for linear systems and show
its relation to the output error. Furthermore, we provide different representations for
the time-limited Hy-norm using time-limited Gramians and then define the time-limited
Ho-model reduction problem for linear systems. Before we proceed further, we note
important relations between the Kronecker product, the vectorization and the trace of
a matrix. These are:

vec(XYZ) = (Z* @ X) vec(Y), (4a)
tr(XYZ) = (vec (X*)* (I ®@Y) vec(Z), (4b)

where X, Y and Z are matrices of suitable dimensions; vec(:) and tr(-) denote, respec-
tively, the vectorization and the trace of a matrix; ® represents the Kronecker product
of two matrices, and * denotes the transpose of a matrix or a vector.

We investigate a MOR, problem for the large-scale system and seek to construct
a reduced—order system (|2 . Since our goal is to construct a good approximation of the
system (1)) on a finite time interval [0, 7], where T' > 0 is the termlnal time, we first
1nvest1gate a worst case error between the output of the system (2) and the output of
on [0, T]. In order to find a bound for the error between the output y of the original
model and the output ¢ of the reduced system, the arguments from the case of having
an infinite time horizon are used, see, e.g., [, §]. Similar estimates can also be found,
e.g., in [5, 16, 13], where Hy-error bounds for more general stochastic systems are derived.
There, reduced-order systems are obtained by applying balanced truncation.

Next, we make use of the explicit representations for the outputs as follows:

t t X
= C/ A=) Bu(s)ds and §(t) = C’/ A=) Bu(s)ds,
0 0

thus yielding

() — HQ—H N Buls)ds = € [ AN Bui

/HCetS)B Cet5> H

g/o |oet=9 B A B| (s, ds.
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By the Cauchy-Schwarz inequality, we have

1 1
t . 2 2 t 2
oo~ itol < [ o -t 5" as) ([ jucias)
Ot 2 % t : %
;g</‘kmAn3—é€“BH %) </|m@m§@>
0 F 0
1

T 2 2
< / HCeAsB—CeASBH ds | |ull2
0 F T

for ¢t € [0, T]. Hence,

max [y(t) — §(0)ll, < [£ - 5
te[0,T]

o Il 5)

where HE — i’

1
a A~ aoA 2 2
= fOTHCeAsB—CeASBH ds) . We call ||-||4. . the time-
Ho 1 F =T

provides the time-domain representation of the

limited J2-norm, since HE — ﬁ]‘
j{Q,T

metric induced by the Hy-norm if 7 — co. We can see from that the time-limited
Ho-norm is an upper bound for the induced norm from L2T— to Lz of the input-output
operator. Whether the time-limited JHo-norm coincides with this induced operator norm,
e.g., for single-input-multiple-output or multiple-input-single-output systems, is unlike
the regular Ho-case still an open question.

The time-limited Ho-error can also be expressed with the help of the time-limited
reachability and observability Gramians. We refer, e.g., to [7] for a further discussion of
these Gramians. In order to show the Gramian based representations of the time-limited
Ho-norm of the error system, we first provide the following lemma.

Lemma 2.1. Let A € ROX4A - Ay € R%2X% with A(A1) N A(=As) = 0, K; € Raxds
and Ko € R%2%%  Then,

T
X:/ eM® K K3 e2% ds,
0

where X € RU*% yniquely solves the Sylvester equation
ALX + XA = —K K5 + eMT K K3 e (6)

Proof. This result is a consequence of the product rule. Setting g1 () := e4* K and
ga(t) := K3 e”2t it holds that

T T
1(D)g2(T) — 01(0)g2(0) = /O dg1(s)ga(s) + /O g1(5)dga (s)

T T
— 4 / 01 (5)ga(s)ds + / 01(3)g2(s)ds A5 = 41X + X A3,
0 0



since dga(s) = ga(s)A3ds and dgi(s) = A1gi1(s)ds. Furthermore, using (da)), we can
equivalently write @ as follows:

(Lg, ® A1 + Ay ® 1g,) vec(X) = vec(Ri2), (7)

=:Ag

where Ry is the right-hand side of @, and I, denotes the identity matrix of size ¢ X q.

Note that, the eigenvalues of Ag are given by ,ugi) + ,ugj ), where ,ugi) is the ith eigenvalue

of A1 and ,u(j ) the jth eigenvalue of Ao. Due the assumption on the spectra of A; and
Ag, the matrix Ag is invertible, hence a unique solution to (|7)). O

The next proposition shows that the time-limited error can be expressed with the
help of time-limited Gramians. This result is used later on in order to derive first-order
necessary conditions for a minimal error in the time-limited Ho-norm.

PropOSItlon 2.2. Let Y and 3 be the original and reduced-order systems as deﬁned m
and (| . respectively. Then, the time-limited Ho-norm of the error system X — S s
given by

s =t(CPrCY) + tr(CPpC*) — 2tr(CPy C™), (8)
2,T

where Pp, Py 1 and pT: respectively, satisfy

APj + PpA* = —BB* + T BB* T (9a)
APy 1+ PQ,TA* — —BB* +AT BB eA*T, and (9b)
APT + PTA* = _—BB* + AT BB* AT (9¢)

Proof. The definition of the Frobenius norm and the linearity of the integral yield

T 2
—/ HCeASB — C’eAsBH ds
0 F

3{2,1" B B
= /OT tr (CeAS BB*e?'s C’*) ds + /OT tr (C’eAS BB* A" C’*) ds
T .
— 2/ tr (CeAS BB* e C’*) ds
0
=tr (CPTC*) + tr (GPTC'*> — 2 tr <CP27TCA'*>

with Pp = [ ¢4 BB*eA"8 ds, Ppy:= [} eA* BB A" ds, Py = [ e BB* e ds.
Due to Lemma it can easily be shown that Pr, Py 7 and Py are the solutions to ,
and , respectively. ]



The result of Proposition has the same structure as the error expression in [14],
where the case of time-limited balanced truncation has been investigated. Moreover, if
we take the limit 7' — oo in , we obtain a representation for the full Hs-error that
is derived e.g., in [I]. The next proposition shows that the time-limited Ho-norm of the
error system as in Proposition can be rewritten using the time-limited observability
Gramians.

Proposition 2.3. Let ¥ and S be the original and reduced-order systems as defined in

and , respectively. Moreover, let Pp, Py 1 and PT be the solutions to ,
and , respectively. Then, the following holds:

tr(CPrC*) = tr(B*QzB),
tr(CPC*) = tr(B*Q+B),
tr(CPQ,Té*) = tr(B*QQ,TB)a

where the matrices Qp, Qo 7 and QT, respectively, satisfy

A Q7 + QpA = —C*C + T C*C e, (10a)
AQup + QurA=—CC+eNTC*CeT, and (10b)
A*QT + QTA =-C*"C+ AT Er AT (10c)

Proof. We insert the integral representations of Py, P, - and PT and use basic properties
of the trace operator. Thus,

T T
tr(CPC*) = / tr(C e** BB*e™* C*)ds :/ tr(B* e C*C e?* B)ds,
0 0

T o T N
tr(C’PQTCA'*) = / tr(C e'* BB*e1™* C*)ds = / tr(B* e C*C e?* B)ds.
0 0

T * T A* A A T A+ Ak A A
Let us define Q7 = [, e’ C*C e ds, Qa1 = Jo eV C*C et dsand Qp = 0 e s C*C et ds.

Furthermore, by using Lemma we can show that the Qp, Qy 7 and QT satisfy the

equations given in (|10)). O
L2
From inequality , it can be seen that it makes sense to minimize HE — EH% with
2,T

respect to the reduced-order matrices A, B and C since a small J, p-error ensures a

small output error. Due to the fact that HZ — fl‘ » is increasing in 7', the time-limited
2, T

error is less or equal to the error in the full Ho-norm ||-|l4,, . Thus, ||| 5, ;. Provides a

more accurate bound than ||-[|4;,  for the output error in (5). By minimizing H||j—[2 7

we can expect to find a better reduce-order system in the time-interval [0, 7] than the
case of a locally optimal reduced-order system with respect to [|[|4, -
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3 First-Order Necessary Conditions for H; r Optimal Model
Order Reduction

In this section, we begin by deriving first-order necessary conditions for time-limited
Ho-optimal reduced-order systems. In other words, our aim is to construct a reduced-
order system X of order r as in (2)), such that it minimizes ||X — E||g{2T =: &, where

> is the original system as in . An expression for € is given in . Since the term
tr(CPC*) in (8) does not depend on the reduced-order matrices, we focus on minimizing
the expression

& 1= tr(CPpC*) — 242(C Py ;.C*). (11)

Before proceeding further, we assume that the matrix Ain (2) is diagonalizable, i.e., there
exists an invertible matrix S such that A = S~'DS, where D = diag()\y,. .., ). Using
the matrix S as a state-space transformation of , the term can be equivalently
rewritten as
&, = tr(CST'SPpS*S™*C*) — 2tx(CPy 1.S*S™*C)

= tr(CP;C*) — 2tr(C]527T(§*), (12)
where C = CS™!, P; = SP;S*, PZT = P, pS*, and (-)7* denotes the inverse of a
matrices transposed, i.e, (()_1)>k Furthermore, it can be shown that the matrices I5T
and Py 7 are the solutions to

A]527T + ]527TD = —BB* + AT BB*ePT, (13a)
DPj+ PpD = —BB* + PT BB*eP7, (13b)
respectively, where B = S B. More precisely, equation 1) is obtained by multiplying
with S* from the right-hand side, and (13b)) is derived by multiplying with S
and S* from the left-hand and right-hand sides, respectively, and by using the relation
AT _ ¢—1,DT
et =5""e”t S,

In order to find first-order necessary conditions that minimize error expression ,
we compute the partial derivatives of the form 9, tr(CPrC*) and 0, tr(C'P, 7C*) and
then set

0, tr(CPrC*) = 20, tr(C Py £C%),

where z € {)\i,éki,i)ij}, ie{l,...,r},j€{l,....m}, k€ {l,...,p} and ¢, Bij being
ki-th and ij-th elements of the matrices C' and B, respectively.

Before proceeding further, we note that with e;, we denote the i-th column of the
identity matrix of suitable dimension which is clear from the context. Next, we aim at
deriving optimality conditions with respect to ¢x;. Towards this, we first note that

0z, tr(C'PTC'*) = Oz, tr(é*CN'PT)
= tr((&gkié*)é’ﬁf + C’*(@gmé) ~T*) = tr(eieZC’ﬁT + C’*ekez‘ﬁf)
= 2¢;C Pre;,



where we have used the linearity of the trace, the product rule and the fact that PT does
not depend on C. Since

Oz, tr(Cﬁ’QjC'*) = tr(C’]E’ZTeie};) = eZszfei,
the optimality condition with respect to ¢y; is eZC’PTei = eZC’szei foralli e {1,...,7},
ke {1,...,p}. Hence, we obtain
CP; =CPyp. (14)

We now derive the partial derivatives of the error expression with respect to BU To
simplify this procedure, we first rewrite by making use of Proposition as follows:

&, = tr(CPpC*) — 2tx(CPy ;C*) = t2(B*QpB) — 2tr(B*Qy 1 B)

Q
— (B QrB) - 26x(B*Cy ),
where Q7 = S™*Q7S~" and Q27T = S‘*QQj, and the matrices Q7 and QZ,T satisfy
DQy 7+ QoA =—C"C + T e el (15a)
DQs+ QD = —C*C + ePT C*CO eDT, (15b)

respectively. Again, 155]) is obtained by multiplying (10b)) with S™* from the left-hand
side, and we find (15b]) by multiplying (10c|) with S—* from the left-hand side and with
S~! from the right-hand side. Thus, we have

Oy, (BB Qr) = (95, B)B"Qr + B(3;, B)Qr) = tx(eic; B*Qp + Be;eQr)
= 2¢;Q7Be;
using that QT does not depend on B or I;U Since
85ij tr(B*szB) = tr(ejefQQ’TB) = €IQ2,TBej,

it is necessary that efQTEej = e;‘QQ’TBej forie{l,...,r}, 7 €{1,...,m}, which can
be equivalently written as

QpB = Qy1B. (16)

Next, we first introduce the following lemma in order to derive an optimality condition
with respect to the eigenvalues \; of A.

Lemma 3.1. The partial derivatives X := 9. Py and Xéi) = 8>\i152j solve

DX + XD = —¢;ef Py — Prejel + Tezel ePT BB* ePT 4T PT BB* ePT eie;, (17)
AXS) + X2(i)D = —PQ’Teief +TeT BB*ePT ¢jer (18)

7
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Proof. The derivative of the left-hand side of (13a)) is
AXY) + XD + Py peses,

which is obtained by applying the product rule. The derivative of the corresponding
right-hand side is

AT BB*9)y, ePT = e BB* P71 ;e T,

because 9y, eP’T = 9, diag(eAlT,...,e/\ZT,...,e)‘TT) = diag(O,...,Te)‘iT,...,O). This
yields . Applying 0y, to the left-hand side of (13b]) provides

eie; Pp+ DX + XD 4 Preer

again using the product rule. Doing the same with the corresponding right-hand side,
we have

a}\i (eDT BB* eDT) — (8)\1 eDT)BB* eDT +eDT BB*(@)\l eDT)
= Te;el ePT BB* ePT + PT BB* DT eieT.
This proves (17)). O

Before we proceed further, let us introduce the infinite Gramian Q, which we define
as the solution to

DQoo + QoD = —C*C. (19)

It is unique if and only if D and —D have no common eigenvalues. Using , We
obtain

O, tr(CPpC*) = tr(C*CX W) = — tr([DQoo + Quo D] X D) = — tr(Quo [X WD + DX D)),

Using Lemma we get

Oy, tr(CPrC*) = tr(Qooleie} Py 4 Prejel — Teiel ePT BB* ePT —T ePT BB* ePT eie;])
= 2¢*Qoo|Pp — TePT BB* PT)e;.

Assuming that D and —A have no common eigenvalues, we define the infinite cross
Gramian, (2.« which satisfies

DQ2,00 + QQ,OOA* = _é*c (20)
Hence, it holds that
O, tr(C Py 7C*) = tr(C*CXS)) = — tr([D Qoo + Qo,00AI X))
= — t2(Q200 X" D + AXY]) = tx(Qo o [Py — T AT BB* ePTlese)

= e:QQ’OO[pi — T eAT BB* eDT]ei



applying Lemma [3.1| again. This leads to the third optimality condition, which is
ef(hm[pzj — TeAT BB eDT]e,' = ef@oo[]—:’f —TePT BB eDT]ei (21)

for all i € {1,...,r}.

Below, the generalized optimality conditions are summarized that have been derived
above. Additionally, we provide an equivalent Kronecker formulation in the next theorem
that is useful for the error analysis in the optimality conditions.

Theorem 3.2. Let the reduced-order system @ be a locally optimal approximation to

the original system with respect to ||'||9{2T. Then, according to , @/ and ,

it holds that

CPp =CPyy, (22)

QrB = Q, 7B, (23)

efégvoo[]%j — T e BB*ePT)e; = €XQuo[P; — T ePT BB* ePTe; (24)

foralli € {1,... 1}, where e; is the ith unit vector and the matrices ]52,:?7 PT: sz, QT;

Qoo and QZOO are the solutions to @, , , , (@ and (@), respectively.
Equivalent to (@), and @, we have

te0)[ted)+@aD) T PT Bl B B B)vec(l) )
—I®C)[(I®A)+ D) (T BT B—B® B)vee(I),

(B*®I) [(I ® D)+ (A* @ I)} AT ¢ @ DT G — ¢ @ O vee(T) (26)
=B*N[I®D)+ (A*@ D] ("7 C* @ ePT C* — C* @ C*) vec(I)

and for alli € {1,...,r}
vec*(I)(C @ O) [(I ®D)+(A® I)} B (I ® eze)
x ({(I@D) + (A@I)}_l TBoc”TB-B®B)- (TeATBe@eDTB)) vec()
= vec*(I)(C @ C)[I® D)+ (A )] (I ® ese})

X ([(1 @D)+ (A2 )] (A TB®ePTB - BwB) — (TeT BgePT B)) vee(I).
(27)

Proof. Applying the vec operator to leads to the following equivalent formulation:

vec(CPp) = VGC(CP2’T).
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Now, using the vectorization of (13b)) and the relation in (4af), we obtain

vee(CPy) = (I ® C)vee(Py) = (I @ C)[(I ® D) + (D ® I)] " vee(ePT BB* T —BB¥)
=(I®0)[I®D)+(Dal](”TBoePT B - B B)vec(I).

Since IeC)=IxC)(I®S) " and (ePT BeePTB-B®B)=(I®S 1) (" Bg
eATB-B® B), we get
~ o~ ~ ~ -1 ~ i A ~ .
vee(CPy) = (I © C) [(I ®A)+(D® I)] T B el B— B® B)vec(l).
With the help of 1’ the vectorization of 015277-1 is given by
vec(Csz) =I®0) Vec(sz) =(I®OC)[(I®A)+ (D)™ vec(eAT BB*ePT —BB*)
=I®C)[(I®A)+ DD (ePTBwerT B— B® B)vec(I)
applying again, thus follows. Condition is equivalent to
vee(@r ) = vec( Oy r ),
and with property , it holds that

vec(Q7B) = (B* @ I) vec(Qr)
= (B*®D)[I®D)+(DaD)] " (PTC*®ePTC* — C* @ C*)vee(])
inserting the vectorized representation of (15b)). Using the identities (B* @ I) = (B* ®

)(S™*®I)~! and (eDT C*ePT O —é*@é*) _ (S*(X)I)_I(GA*T C*@elPT é*—é*(@é*)
yields

vee(QrB) = (B*® 1) [(1 ® D)+ (A*® I)] AT % 2 PTG — G @ %) vee( ).
Vectorizing leads to
vec(QurB) = (B* @ I)[(I® D) + (A* @ )] (AT ¢* @ ePT C* — C* @ %) vee(1),
leading to . Condition is equivalent to
tr([Py — TeT BB* ePT]e;efQa00) = tr([Pp — T ePT BB* ePT]eief Qo)

for every i € {1,...,r}. Taking (4b) into account, we can express the trace using the
vec operator as follows:

tr([Pr — T ePT BB eDT]eiefQoo) = vec* (P — TePT BB~ eDT)(I ® eiel) vec(Quo).-
(28)

11



With the above arguments, we see that the vectorization of yields

~ N -1
vee(Qu) = (S @ 1) [(T@ D)+ (A" @ D] (C* @ C*) vee(). (29)
Before we proceed further, we need the following two relations:
(S~1 @ I) vee(T ePT BB* ePT) = (T AT B © T B) vec(I), (30)

(S~ @ I)vec(Py) = [(1 @D)+(A® 1)} T AT BeePT B B B)vee(I). (31)

We insert into and obtain

tr([Pp — T ePT BB* ePT)eset Quo)

= vec' (P~ TP BB PTYS ™ @ (I @ eief) [~ @ D)~ (A0 1)]
x (C* @ C*) vec(I).

We apply and to the above identity. This leads to the following:

tr([Pr — T ePT BB* ePT]ese} Qo)
-1

= vec*(I) [(E* AT @B*ePT _B* @ BY) [(1 @D+ (A*®1D)| - (T8 M T @B T )]

< (I@ee) [~Ie D)~ (A e D] (€ e vell)
Using and evaluating the expression
tr([]%j — TeAT BB* eDT]eiefQQVOO) = Vec*(]52*j — TePT BB* e T)(I ® eje?) vece(Q2,00),
further by inserting the vectorized form of the matrices yields . O

Remark. The Wilson conditions (@, and are based on the finite time Grami-
ans. Alternatively, we refer [16], where interpolation-based first-order necessary Ho
optimality conditions are derived.

Furthermore, we would like to mention that there are several other extensions of the
Wilson conditions of first-order ODEs, e.g., to bilinear systems [2 18], to quadratic-
bilinear systems [3], to delay systems [12].

Having derived optimality conditions, in the following, we propose an iterative al-
gorithm, see Algorithm [1| which we refer to as time-limited IRKA-type algorithm. Like
IRKA for linear systems in [8], this algorithm is based on Sylvester equations. To be
more precise, the projection matrices V and W that are used to determine the reduced
system in Algorithm [1| are computed from and . In comparison to the
classical IRKA, the time-limited scheme is characterized by an additional term in the
right-hand side of the Sylvester equations.

12



Algorithm 1 Time-limited IRKA-type Algorithm
Input: The system matrices: A, B,C.
Output: The reduced matrices: A, B,C.
1: Make an initial guess for the reduced matrices /l, B , C.
2: while not converged do
Perform the spectral decomposition of A and define:
D=SAS"', B=SB, C=CS"1.
4: Solve for V and W: ) )
—~VD — AV = BB* — eATBB*ePT,
~WD — AW = C*C — AT C*CePT.
5: V = orth (V) and W = orth (W), where orth (-) returns an orthonormal basis for
the range of a matrix.
6: Determine the reduced matrices:
A= (W*V)"1W*AY, B = (W*V)"'W*B, C=cqv.
7: end while

As for IRKA, the connection between Algorithm [l| and the error measure that is
aimed to be minimized is through the solutions of the underlying Sylvester equations
which also enter in a Gramian based representation of the respective error measure. In
the time-limited framework, the error measure is the Hy -metric, for which the Gramian
based representation is given in or alternatively through Proposition

With this choice of the Sylvester equations, the first-order Hy 7 optimality condi-
tions as presented in Theorem are aimed to be satisfied which is true for classical
IRKA (T — o). However, we would like to point out that the proposed algorithm in
general does not construct reduced-order systems which satisfy the first-order necessary
conditions for optimality. Thus, our next goal is to derive expressions, which allow us to
estimate how close the obtained reduced-order systems, corresponding to Algorithm
are to optimality.

Theorem 3.3. Let A, B and C be the reduced-order matrices computed by Algorithm .
Let E. be the difference between the left-hand and the right-hand sides of . Then,

E=(e0)|[ted)+@en] " BeW V) W - e')B) vee(D)

where the projection matriz I is defined as I1 := V(W*V) = W*. Moreover, the deviation
Ey between both sides of (@) s given by

Ey=(B*®1) [(1 ® D)+ (A* 1)} TV AT oA Ty 0% i oPT G vee().
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Foralli=1,...,r the errorEg\ mn z'sEf\:Ef\l—kEg\z, where

B =vee' (N(C@0) [TeD) +(AeD)] (o)
X ([(I @ D)+ (A® I)} o (W*V)" ' (AT — AT B ® T B)
—(TW*V) W (ANT — AT\ B g oPT B)) vec(I)
and the second term is given by
B} 5 = vec"(I)(C T @C ePT)
X [(v 1) [(1 ® D)+ (A® 1)} - (W)Y 'W*eI) - [(IoD)+ (A® 1)]1}

% (I ® ezel) [[(I @D)+ (A2 )] (A TBwePTB - BwB) — (TeAT BgelT B)}
x vec(I).
Proof. The result is proved in the Appendix. ]

Theorem [3.3] allows us to point out the cases in which Algorithm [I] works well. The
method is expected to perform well whenever the error expressions Ejp, F. and Eﬁ\ are
small. By Theorem the error in the optimality condition is bounded as follows:

1Eelly < v/mke

oDT BH2 H(W*V)—lw*(eAHT _ eAT)B’

)
2

. . -1
where k., = ||((I®C) [(I@A) +(D® I)} . Thus, the norm of the error || E.|, is

2
small if H(W*V)_lW*(eAHT —eAT)BH2 is small. This is, e.g., given if the columns of

(eA1T _ AT\ B are close to the kernel of W*. At the same time

o7 B, < =7
2 2

should not be too large which is given if the largest eigenvalue Ajax of A is small enough
or ideally negative (asymptotic stability of the reduced system).

Similar conclusions can be made by looking at Fp. It is bounded by

1 Eblly < /Do H(Z’eDTH2 HC(GHAT_GAT)VHQ

~ ~ -1
(B @) |[(1o D)+ (A 1)

. Hence, if
2 * TT* T *
then condition is approximately satisfied. This is true if (e 7T — e4"T)C* is close
to the kernel of V*.

with k, = ‘ ‘C(eHAT - eATi)VH2 is small,

14



Now, let us finally discuss when the deviation in is close to zero. The term
5.
H(W*V)flw*(eAHT _ eAT)B‘
the product

o], lo="]

can be bounded in a similar way as ||E.||, such that it is also small if again

7
EX o

) is neglectable, whereas for it is required to have

2

X |[(VeI) [(I ®D)+(A® I)} (W)W e D) — (Te D)+ (As D)

2

small. This is ensured for sufficiently large T if A is an asymptotically stable matrix.
Of course, there can be cases, in which 47 is still large notwithstanding asymptotic

stability (e.g. T is relatively small). Consequently, a larger error ‘Eg\ 2‘ is possible.

Remark. One of main bottleneck in order to apply Algorithm [1] is the product of the
matrix exponential to vectors. In the literature, several methods have been proposed to
tackle such a problem in a numerically efficient way. For a brief discussion on it, we
refer the readers to [9] and references therein. However, we would like to point out here
that in our numerical experiments, we compute products such as eb exactly (given a
matriz A and a matriz/vector b), rather than inexactly as proposed, e.g., in [9] since the
considered problems are of moderate sizes.

4 Numerical Experiments

In this section, we investigate the efficiency of the time-limited IRKA inspired algo-
rithm, see Algorithm 1, and compare it with conventional IRKA (unbounded time),
see [8]. All the experiments are done in MATLAB® 8.0.0.783 (R2012b) on a machine
Intel®Xeon®CPU X5650 @ 2.67GHz with 48 GB RAM. We run both iterative algo-
rithms until the relative change in the eigenvalues of A becomes less a tolerance of 1078,
We initialize conventional IRKA randomly, and we use the reduced-order system ob-
tained by conventional IRKA as an initial guess for Algorithm [1} In Table I} we list the
examples used in order to compare the algorithms. For all examples, we compare the
impulse responses of the systems, which is simulated using the impulse command from
MATLAB. To quantify the quality of reduced-order systems, we determine either the
absolute or the relative error, depending on weather the impulse response crosses zero
or not. We define the absolute &(®)(t) and relative errors €(")(t), respectively, as follows:

@) e 1O (8 — Ol and £ o 1BOO =57 @]
EO(t) =y ) —yP @)l and W) o (32)

where y® and yﬁé) are the impulses responses of original and reduced-order systems,

respectively. In addition to this, we numerically examine how far away the reduced-
order systems due to IRKA and Algorithm [T]are from satisfying the optimality conditions

15



Example n |m
Heat equation 200 | 1
1

3

Clamped beam model 348
Component 1r of the International Space Station | 270

W | =T

Table 1: A list of examples with their dimensions (n), the number of inputs (m)
and outputs (p). These examples are taken from http://slicot.org/20-site/
126-benchmark-examples-for-model-reduction.

Method & &y Ex
TIRKA 27x1073 | 27x 1073 | 9.10 x 1073
TL-IRKA | 1.39x 1074 [ 1.39 x 1074 | 1.58 x 107!

Table 2: Heat example: relative errors in satisfying the optimality conditions.

f. To measure this, we first define the following quantities:

&= R — RO /IR, (33a)
b b

& = R — RO /IR, (33b)

€)= max (Ry,), Ry, = )ﬂzl“i) — O] )R}Ai) . (330)

where 921(6) and qu(nC) are the left and right-hand sides of ; le(b) and ngb) are the left
and right-hand sides of (26)); le(’\i) and RM) are the left and right-hand sides of (27));

max(-) denotes the maximum.

In the following, we discuss each of these examples in detail. Beginning with the
heat example, we compute the reduced-order systems by employing conventional IRKA
and Algorithm [1] of order » = 5. We consider the terminal time 7' = 1. In Figure |1} we
compare the impulse responses, which shows that Algorithm [I] yields a reduced-order
system, replicating the systems dynamics better in the time interval [0,T]. We observe
that Algorithm [1] takes 23 iterations to converge. Furthermore, as it has been noted in
Section [3, Algorithm [I] does not yield a reduced-order system, satisfying the optimality
conditions. Thus, in Table 2] we measure the error of the reduced-order systems obtained
via IRKA and Algorithm [1| in the optimality conditions as described in . The
table shows that for the heat example, Algorithm [I] does a better job in satisfying the
two optimality conditions, and in contrast the third condition is satisfied better by the
reduced-order system due to conventional IRKA. However, when we compare the time
limited Ho-norm of the error by using the reduced-order systems obtained by IRKA and
Algorithm[T], then we observe, see Table[3] that Algorithm [I]yields a better reduced-order
system with respect to H, 7.

As a second example, we have taken a beam model which is reduced to the order
r = 10 using IRKA and Algorithm For this, we set the terminal time to T = 2.
Here, we notice that Algorithm [I] takes 28 iterations to converge. Next, we compare the
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Figure 1: Heat example: a comparison of the impulse response of the original system
and reduced-order system obtained via IRKA and Algorithm

Method | Relative 3y 5 — error
IRKA 4.65 x 1073
TL-IRKA 877 x 107°

Table 3: Heat example: relative H, p-error comparison.

Method Ee Ep E
TRKA 5.96 x 1072 | 5.96 x 1072 | 9.47 x 10~2
TL-IRKA | 3.94 x 107% | 3.94 x 107% | 1.26 x 107!

Table 4: Beam example: relative error in satisfying the optimality conditions.

Method | Relative 3y 5 — error
IRKA 6.98 x 103
TL-IRKA 6.05 x 104

Table 5: Beam example: relative H, -error comparison.

impulse responses of the original and reduced-order systems in Figure Clearly, we
observe that Algorithm [I] produces a better reduced-order system as compared to IRKA
at least within the time interval of interest. Furthermore, in Table [d] we measure the
error of the obtained reduced-order systems in the optimality conditions, where we make
a similar observation as in the heat example. We also compare the time limited Ho-norm
of the error by using the reduced-order systems obtained by IRKA and Algorithm (1| in
Table 5] and observe that Algorithm [I] yields a better reduced-order system with respect
U)gfzf.

Lastly, we present the results for the model of a space station. We first set the
terminal time to 7' = 1. For this example, we construct reduced systems of order r = 20
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— Ori. sys. ——ROM via conventional IRKA ——ROM via Algorithm ‘
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Figure 2: Beam example: a comparison of the impulse response of the original system
and reduced-order system obtained via IRKA and Algorithm

—— ROM via conventional IRKA —— ROM via Algorithm ‘
Absolute error
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Figure 3: ISS example: a comparison of the impulse response of the original system and
reduced-order system obtained via IRKA and Algorithm

via IRKA and Algorithm [I|and compare the quality of them using the impulse response.
Firstly, we note that Algorithm [I] takes 11 iterations to converge. Since the example has
3 inputs and 3 outputs, for brevity we refrain from plotting the impulse response, but
we rather plot the norm absolute error which is shown in Figure ] We observe that
Algorithm [1} constructs a reduced-order system which replicates the dynamics better
within the time interval of interest. For this example, we again compute how far away the
reduced-order systems are from satisfying the optimality conditions exactly in Table [6]
For this example as well, Algorithm [I] does a better job than TRKA in satisfying the
first two conditions, but fails to perform better for the third conditions. However,
importantly, Algorithm [I] yields a better reduced-order system. Like the previous two
example, we observe that the time limited Hs-norm of the error system for Algorithm
is better compared to IRKA.
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Method & &y Ex
IRKA 261 x 1071 | 1.62x 1071 | 1.08 x 107!
TL-IRKA | 6.00 x 1072 | 5.43 x 1073 | 4.46 x 107!

Table 6: ISS example: relative error in satisfying the optimality conditions.

Method | Relative 3y 5 — error
TRKA 2.29 x 1072
TL-IRKA 6.87 x 10~°

Table 7: ISS example: relative H, p-error comparison.

5 Conclusions

In this work, we have studied model order reduction of large-scale linear time-invariant
systems. We have showed that the error between the original and reduced-order system
on a finite time interval can be bounded using the time-limited Ho-norm. Next, we have
derived first-order optimality conditions, which are necessary for the time-limited Ho-
norm of the error system to be minimal. Based on these optimality conditions, we have
proposed an iterative scheme which is inspired by the iterative rational Krylov algorithm
[8]. Moreover, we have proposed a disgnostic measure, showing how close the resulted
reduced-order systems are to optimality. We have concluded this paper by comparing
conventional IRKA, an algorithm leading to a good reduced system on an infinite time
horizon, with the proposed iterative scheme in several numerical experiments. The
simulations have showed that time-limited IRKA can outperform IRKA on the finite
time interval of interest.

As we have seen, the proposed iterative-type algorithm for the time-limited problem
does not satisfy the optimality conditions exactly. Therefore, it would be worthwhile to
come up with an improved algorithm, allowing us to construct a reduced-order system
which satisfy the derived optimality conditions exactly
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A Proof of Theorem [3.3

The left side of can be expressed as

o) [ted+@aD) T PT B (W)W eAT B — B B)vee(I) + E.,
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where we apply the identity AT B = (W*V)—tw* eArfT B which is obtained by using
the series representation of the matrix exponential eA7, the definitions of A, B in Al-
gorithmand [(W*V)_lW*AV]k (W*V)=1Ww* = (W*V)~lw* [AV(W*V)_lW*]k for

keN Weset K:=(I®A)+(D®I)and K := (I ® A) + (D ® I) and obtain

IoC)K (T B® (W*V)*IW* AT B — B ® B)vec(I)
-1

=(IoCO)K T WV) "W (e’T Boe' B— B® B)vec(I)
= (I C)K I o (W V) 'TW"K vec(V)

=T oC)K Y I o (WV)'WHK vec(V(W*V)TW*V)
=IO K YT oW V) 'WHKI @ VW V)"'W*) vec(V)
= (I C)K'K(I® (W*V)TW*) vec(V)

=IeC) I V)I (W V) 'W*)vec(V) = (I®C)vec(V)
=(I®C)K Y (ePTB®e’T B— B® B)vece(I),

where the last term above is the right side of . The left-hand side of is given

by

. o -1 s = . N ~
(B*®1) (I®D)+(A*®I)] (Ve T C* @ PT C* — C* @ CF) vec(I) + Ey,

taking the identity AT % = VAT 0% into account. So, by setting Ko

D)+ (A® 1) and Ky := (I ® D) + (A® I), we have

(B* @ DK;*(V* e T ¢* @ PT C* — C* @ C*) vec(I)

= (B* @ DK;*(V* @ (T ¢* @ ePT C* — C* @ C*) vec(I)

= (B*® K, *(V* @ ) K} vec(W*)

= (B* @ I)K;*(V* @ I K3 vec(W*V (W*V)~1W*)

= (B*®@ DK, *(V* @ K3 (W(W*V)*V* @ I) vec(W*)

=(B*® I)K_*KQ(V* ® I) vec(W™)

= (B*@ )(WW*V)* @ 1) (V* @ I)vec(W*) = (B* @ I) vec(W*)
= (B* @ DK;*(e*T C* @ ePT ¢ — C* @ C*) vec(I)

which is the right-hand side of . The left-hand side of is given by

={U®

E} 1+ vec*(I)(C @ OV Ky (I @ ee}) (f(;l((w*vylw* eATBweP"B- B® B)

—(T(W*V)~tw* AT B g ePT B)) vec([).

For the term right of (I ® e;e}) it holds that
SHW V)Y 'TWreA T Bo ePT B — B B)

20



—(TW*V) 'W*eAT B @ ePT B)| vec(I)

(W*V)"'W* @ I)(e*T B ePT B — B ® B)vec(I)

W) ' W* eAT B @ T B)vec(I)

(W*V)"'W* @ I) Ky vee(V*) — (T(W*V)"'W* AT B ® 2T B) vec(I)

= Kz 1(
(
(
= K; Y (W*V) ™' W* @ I) Ky vec(VW (W*V)*V*¥)
(
(

—(

W) ' W*eAT B @ ePT B)vee(I)
(W*V)'W* @ I Ko (V(W*V)1W* @ I) vec(V*)
—(T(W*V)~tw* AT B @ ePT B)vec(I)
(W*V)'W* @ I) vec(V*) — (T(W*V) " 'W* eAT B @ ePT B) vec(I)
— (WY)W @ 1) [K ©TBwePTB - BwB)— (T’ Bo T B)} vec(I).

Since (W*V)"'W* @ I) and (I ® e;e}) commute, it remains to analyze the following
term

vec* (1) (C @ C)KyH ((W*V)"'W* @ I) = |(W(W*V)™* @ I) Ky *(C* @ C*) vec(I )]* .
We add a zero such that

(W(W*V)™* @ 1)Ky *(C* @ C*) vee(I)
= (WW*V)™*® K. —*(v* R IN[(C* @ C*) — (eXT C* @ PT C*)] vec(I)
+ (WW V) * @ DK *(V* @ 1)) (T C* @ PT C*) vec(I).

Using the same steps as in (34)), we find
(W(W*V)™ @ DE;*(V* @ D)[(C* @ C*) — (4T ¢* @ ePT C*)] vec(I)
= K;*[(C* @ C*) — (N T ¢* @ PT C%)] vec(I).
Consequently, we have
vec* (1 (C @ O)Ky Y (W*V)IW* @ I) = vec*(I)(C ® C) K, !
+vec* (I)(C AT @C ePT) [(v © DKy (WV) "W e T) - K;l] . (35)

The term in provides E; 5 which concludes the proof. O
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