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Abstract: We propose an approach to compute one-loop corrections to the four-point

amplitude in the higher spin gravities that are holographically dual to free O(N), U(N)

and USp(N) vector models. We compute the double-particle cut of one-loop diagrams

by expressing them in terms of tree level four-point amplitudes. We then discuss how

the remaining contributions to the complete one-loop diagram can be computed. With

certain assumptions we find nontrivial evidence for the shift in the identification of the

bulk coupling constant and 1/N in accordance with the previously established result for

the vacuum energy.
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1 Introduction

Higher spin gravities (HSGRA) are theories that extend gravity with massless fields of

spin greater than two. Presence of an infinite tower of gauge fields gives rise to infinite-

dimensional symmetries which, in turn, constrain physical observables in these theories. It

turns out that already these general symmetry considerations are powerful enough to fix the

observables almost uniquely. These arguments also suggest that symmetries render HSGRA

renormalizable, if not finite. Hence, one expects that HSGRA provides examples of very

economic extensions of gravity, which can be consistently quantized, thereby providing

simplest models of quantum gravity. The latter point of view is further supported by

AdS/CFT correspondence, in which some of the HSGRA’s are conjectured to be dual to

rather simple conformal fields theories [1–5]. Holography also allows to infer that generic

HSGRA’s posses a number of unusual properties. In particular, it can be shown that higher

spin interactions are nonlocal in a conventional sense [6–8]. Moreover, unlike string theory,

there is no limit in which the effective field theory description contains finitely many fields

with suppressed higher derivative terms. This makes generic HSGRA hard to study even

at the classical level. It is conceivable that a number of difficulties encountered in HSGRA

treated as a field theory are akin to those which arise in string field theory, which calls

for methods similar to those used in string field theory to tackle these problems. We shall

comment on this similarity later.

Despite the above mentioned generic difficulties, at present, there is a handful of exam-

ples of higher spin gravities that avoid the nonlocality problem one way or another: (i) in

three dimensions a class of HSGRA’s are obtained as generalizations of the Chern-Simons

formulation of gravity [9–11]; (ii) in any even dimension there is a well-defined higher spin
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extension of conformal gravity [12–14]; (iii) lastly, there exists a chiral (or self-dual) higher

spin theory in four dimensional flat and AdS spaces that is formulated in the light-cone

gauge [15–18]. All these theories admit relatively simple actions, which enables their quan-

tization. It is in these examples that quantization of HSGRA has been thoroughly studied

[19–22, 17]. Much less is known about quantum effects in the HSGRA’s that have free CFT

duals. The main obstacle is the lack of an action, except for the first few terms [23, 6, 24, 18]

and these terms are not sufficient to carry out any complete one-loop computation.

The only quantum effects in anti-de Sitter higher spin gravities that have been well-

explored up to date require a free action only: these are based on the computation of the

one-loop free energy corrections started in [25] and elaborated further in [26–41]. These

results are very important for the present paper. The free energy of a higher spin gravity

admits an expansion in the coupling constant G which is of order 1/N . The leading term is

determined by the value of the action in (Euclidean) AdS background, which is unknown.

Nevertheless, one can proceed to the one-loop correction, which requires only the knowledge

of the spectrum and not of interactions. The spectrum is read off from the CFT dual. It

turns out that the one-loop free energy does not always vanish, but it is proportional to the

leading term expected from holography. This implies that the duality can work provided

that the naive relation G−1 ∼ N is modified to G−1 ∼ (N + b), where b is an integer. It

has been shown that b = −1, 0, 1 for the free O(N), U(N) and USp(N) (N even) vector

models for all dimensions d [25], including the fractional ones [25, 42].

To extend these results to higher-point functions one can consider various paths. One

of them is to use the Vasiliev equations [43]. However, it was found recently, see e.g. [44–47],

that these equations generically give rise to interactions with divergences and non-localities

stronger than those required, e.g. by holographic arguments. Despite some suggestions on

how to resolve these problems have been made, see e.g. [48, 49], so far they only apply to

the leading order interactions [50], which are not sufficient for a full-fledged computation of

loop diagrams. Moreover, quantization of non-Lagrangian systems presents an additional

difficulty [51]. While a formal action from which an extended version of the equations

follow has been proposed [52], it has a non-standard form and its quantization and use for

computations of amplitudes remains to be an open problem.

Given the obstacles briefly alluded to above with regard to the quantization of higher

spin gravity, we are led to consider an alternative approach in which we exploit a re-

markably simple nature of their expected holographic duals. In this approach, we adopt

a principle that the classical bulk HSGRA is defined by means of the holographic recon-

struction starting from a well defined boundary conformal field theory [53, 23, 6, 24].1

Once holographically reconstructed action is available, one can use the standard field the-

ory techniques to compute loop diagrams, see e. g. [55–62] for recent loop computations

in AdS. However, an explicit holographic reconstruction of the classical bulk action is an

arduous task, and has been carried out for lower order vertices only. The currently avail-

able part of the bulk higher spin action is sufficient to obtain only partial results for the

1There is a proposal for the all-order reconstruction [54] which employs an appropriate change of variables

in the free CFT path integral.
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one-loop self-energy diagram [59]. Extending holographic reconstruction to higher orders

in interactions is conceptually straightforward, but increasingly complicated. Another sub-

tlety related to this analysis is that holographic reconstruction allows us to reproduce the

action only up to on-shell trivial vertices or, equivalently, up to a freedom of field redef-

initions. In the perturbative analysis such ambiguities normally do not have any impact

on physical observables. However, in HSGRA’s we are dealing with an infinite set of fields

and infinite expansions in derivatives, and, as a result, field redefinitions should be treated

with caution. For these reasons, quantization of HSGRA’s based on the direct application

of holographic reconstruction turns out to be very challenging.

Instead of applying the holographically reconstructed action for computations of loop

diagrams directly as outlined above, it is more promising to combine this approach with

the on-shell methods. Namely, by generalizing to AdS the standard flat space techniques

based on unitarity, analyticity and known high-energy behavior of amplitudes, one can

compute the singular part of any loop diagram using the on-shell data for lower-loop and

lower-point amplitudes and then reconstruct the complete amplitude up to certain local

terms, using the AdS version of dispersion relations. Various forms of AdS on-shell methods

have been developed and successfully applied for loop computations recently [56, 57, 63–

72]. These techniques are particularly well-suited for one-loop computations in HSGRA’s

defined holographically, as they allow to bypass reconstruction of the bulk action, instead

expressing the loop amplitude in terms of tree-level amplitudes, which, it turn, are readily

given by correlators in the free CFT on the boundary. In this paper, we shall use a version of

on-shell methods to compute the couble-cut of the one-loop four-point diagram for scalar

fields in HSGRA’s dual to the free O(N), U(N) and USp(N) vector models. We then

comment on how the complete one-loop amplitude can be reproduced.

At first sight one can claim that higher spin symmetries are unique and completely

fix the holographic correlation functions [73–76] and hence the problem of quantization

is already solved. However, it is not guaranteed that, given an action, there exists a

consistent quantization of this action and all the ambiguities (regularization, sums over

infinitely many fields running in loops) can consistently be resolved. The most important

piece of information that is not provided by the CFT side at all is the nontrivial dependence

G(N) of the bulk coupling constant G on the number of fields N in the CFT dual. Our

approach allows us to infer part of this information from the CFT. Optimistically, both

the classical and the quantum Higher Spin AdS/CFT duality can be derived from purely

CFT considerations.

The double-cut allows us to reconstruct a part of the full one-loop four-point amplitude.

To obtain the missing single-particle contributions, we assume that the one-loop corrections

to three-point amplitudes are consistent with the dependence G on N implied by vacuum

one-loop corrections. There is a non-trivial test of the duality at this stage — the total

one-loop correction to the four-point amplitude has to agree with the assumed G(N).

Remarkably, we find our results to be in agreement with the computation of the free

energy, discussed above: the one-loop correction to the four-point function in the theory

dual to the free U(N)-model does vanish, while it is proportional to the tree-level result for

the theories dual to the free O(N) and USp(N) models. In particular, we find G−1 ∼ N
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for the U(N)-case, G−1 ∼ N −1 for the O(N)-case and G−1 ∼ N +1 for the USp(N)-case.

There is also a puzzle left, regarding the disconnected contribution that we discuss at the

very end.

The outline of the paper is as follows. In section 2 we review how to compute the

singular part or, the cut, of one-loop diagrams following [57]. Some very basic facts about

U(N), O(N) and USp(N) models together with the remarks on the locality issues are

given in section 3. The double-cut is computed in section 4. In section 5 we interpret our

results and discuss the computation of the full one-loop amplitude. Conclusions and future

directions can be found in section 6.

2 Singularities in one loop from tree amplitudes

Focusing on the singularities of the one loop amplitudes, a time honored approach to study

them uses unitarity which relates them to phase space integrals of products of lower-loop

amplitudes. This approach works very well in Minkowski space and recently it has also

been extended to AdS space. Here we shall closely follow the approach detailed in [57] in

a toy model describing the quartic interactions of three distinct scalar fields. We shall first

review briefly this approach. Then, we shall extend it for application to the higher spin

gravities we are considering. As we shall see, this involves a number of new features and

subtleties that are absent in the toy model of [57].

The model studied in [57] has three scalars φ, χ and ψ in the bulk, which have different

dimensions ∆φ, ∆χ and ∆ψ and their interactions are given by

L =
1

4
λφ2χ2 +

1

4
gχ2ψ2 . (2.1)

Consider the four-point one-loop Witten diagram with φ, φ, ψ, ψ on external lines and χ

running in the loop. The idea of [57] is to express the singular part of this amplitude in

terms of conformal block coefficients for tree-level diagrams φφ→ χχ and χχ→ ψψ.

The tree-level bulk diagram generated by the contact interaction λφ2χ2 has the con-

formal block decomposition

Atree
4 (u, v) =

∑
n,s

δaφφ,χχ[φφ]n,s
Gφφ,χχ[φφ]n,s

(u, v) + δaφφ,χχ[χχ]n,s
Gφφ,χχ[χχ]n,s

(u, v) (2.2)

where

δaφφ,χχ[φφ]n,s
= c̄φφ[φφ]n,s

δcχχ[φφ]n,s
, δaφφ,χχ[χχ]n,s

= δcφφ[χχ]n,s
c̄χχ[χχ]n,s

. (2.3)

Here c̄ and δc can be interpreted as the OPE coefficients at zeroth and first order in λ,

G(u, v) is the conformal block, with the superscript referring to the operators associated

with external lines and the subscript referring to the operator exchanged in the conformal

block. Furthermore [OO]n,s refers to double-trace operators of dimension 2∆O+2n+s and

spin s. Note that being zeroth order in coupling constant, c̄ refers to the OPE coefficients in

the free theory, and c̄2 gives the conformal block coefficient for the disconnected diagrams.

Similar formulae to those given above hold for the χχ→ ψψ amplitude.
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It was shown in [57] that the contributions associated with the conformal blocks G[χχ]n,l

for the one-loop bubble amplitude φφ→ ψψ with χ running in the loop are given by

disc
[
A1−loop

4 (u, v)
]

=
∑
n,s

δcφφ[χχ]n,s
δcψψ[χχ]n,s

Gφφ,ψψ[χχ]n,s
(u, v). (2.4)

This part of the amplitude is expressed exclusively in terms of the on-shell data for tree-level

amplitudes and in this respect is analogous to the singular part of flat space amplitudes

computed using unitarity. Moreover, it has been shown that in the flat space limit it reduces

to the imaginary part of the flat space amplitude or, equivalently, to its discontinuity across

the double-particle branch cut. This explains our notation on the left hand side of (2.4).

In the following it will be convenient to apply (2.4) in the form

disc
[
A1−loop

4 (u, v)
]

=
∑
n,s

δaφφ,χχ[χχ]n,s
δaχχ,ψψ[χχ]n,s

ā[χχ]n,s

Gφφ,ψψ[χ,χ]n,s
(u, v) , (2.5)

where

ā[χχ]n,s
=
(
c̄χχ[χχ]n,s

)2
. (2.6)

With new features and subtleties that arise in the case of HSGRA taken into account,

the formula (2.5) will be the starting point for our calculation of the singular part of the

one-loop amplitude arising from the couble-cut.

3 Some basics of free CFT’s

Generic CFT duals of anti-de Sitter higher spin gravities are free theories. In this paper

we consider the simplest case — the free vector models. There are several options that are

almost indistinguishable as free theories, but result in significant effects in the bulk. We

shall focus on those with O(N), U(N) and USp(N) symmetry. Since the computations in

free CFT’s are trivial, in this section, we mainly introduce notation and list some of the

operators that will be used later. As a byproduct, we will also see readily why higher spin

gravities are not conventional field theories due to bulk nonlocalities.

The O(N), U(N) and USp(N) models. In the O(N) vector model the fundamental

fields are N real scalars φa(x) in the vector representation of O(N). The fundamental fields

in the U(N) model are N complex scalars φ̄a in the fundamental representation of U(N)

and the fundamental fields of the USp(N) model are 4N pseudo-real scalars φA,a where

A = 1, ..., 2N (N is even) and a = 1, 2, taking values in the bi-fundamental representation

of USp(N) × USp(2). We will choose the normalization of the two-point functions as

follows:

O(N) : 〈φa(x)φb(0)〉 =
δab

|x|d−2
≡ δabG(x) ,

U(N) : 〈φ̄a(x)φb(0)〉 =
δab
|x|d−2

,

USp(N) : 〈φaA(x)φbB(0)〉 =
εabΩAB

|x|d−2
, (3.1)
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where εab and ΩAB are symplectic invariant tensors. The simplest single trace operators

are

O(N) : J0 = φaφbδab ,

U(N) : J0 = φ̄aφa ,

USp(N) : J0 = φaAφbBεabΩAB . (3.2)

They have spin zero and conformal dimension ∆ = d− 2. Their two-point and four-point

functions can be obtained straightforwardly by Wick contractions, and take the form

〈J0(x)J0(0)〉 =
c1

(x2)d−2
, (3.3)

and

〈J0(x1)J0(x2)J0(x3)J0(x4)〉 = c2(G2
12G

2
34 +G2

13G
2
24 +G2

14G
2
23) + (3.4)

+c3 (G12G23G34G41 +G13G34G42G21 +G14G42G23G31) ,

where Gij := 1/|xi − xj |(d−2) and

(c1, c2, c3) =


(2N, 4N2, 16N) for O(N) ,

(N,N2, 2N) for U(N) ,

(8N, 64N2, 64N) for USp(N) .

(3.5)

The remaining single-trace operators are given in Appendix A. In the case of O(N) they

contain all even spins, each occurring once; in the case of U(N) they contain all integer

spins each occurring once, and in the case of USp(N) they contain all even spins each

occurring once, and all odd spins each occurring in a triplet of USp(2). In the latter case,

an example is given by the triplet of spin-one currents

Jabµ = φA,a
←→
∂µφ

B,b ΩAB . (3.6)

Double trace operators. We will also need double-trace operators, which are primaries

that belong to the singlet sector of the quartic tensor product of the fundamental fields.

The simplest ones are labelled by two integers n, s and are schematically

[J0J0]n,s = J0�
n∂sJ0 , (3.7)

where twist is 2(d − 2) + 2n and spin is s. We will also encounter more complicated

double-trace operators schematically of the type

[Js1Js2 ]n,s;k = Ji(s1−k)j(k)�
n−k∂i(s−s1−s2+2k)Ji(s2−k)

j(k) , (3.8)

whose twist is 2(d−2)+2n, spin is s and there is an additional label k. We use the notation

j(k) := (j1j2...jk). In general, we see that the spectrum of the double-trace operators is

degenerate since there is more than one operator with the same twist and spin.
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OPE and locality. The OPE of two J0 will be a key object in what follows. It involves

2, 1 and 0 Wick contractions, which schematically takes the form

J0(x1)J0(x2) = 1 +
1√
N

∑
s

Js +

√
1 +

1

N

∑
n,s

[J0J0]n,s , (3.9)

where we have normalized the two-point function 〈J0(x1)J0(x2)〉 to be of order one. Let

us denote

A ≡ G12G23G34G41, B ≡ G13G34G42G21, C ≡ G14G42G23G13 . (3.10)

Then the dictionary between the contributions to the four point correlators (3.4) and the

terms in (3.9) is:

G2
12G

2
34 : identity operator contribution , (3.11)

G2
13G

2
24 +G2

14G
2
23 : order 1 from [J0J0]n,s , (3.12)

C : order 1/N from [J0J0]n,s , (3.13)

A+B : single-trace operators Js . (3.14)

A useful byproduct of this analysis is that we can easily see the nonlocality of higher spin

theories. Indeed, the s-exchange in AdS gives A+B and, therefore, the sum over s-, t- and

u-channels, gives 2(A+B+C). The overall factor of 2 is problematic since the correct result

for the complete connected correlator should be A + B + C. This means that to match

the bulk computation with the boundary one, one needs the quartic vertex to subtract

an extra A + B + C contribution. However, these contributions are of the same type as

singular parts of bulk exchanges, which leads us to conclude that the quartic vertex in the

higher spin theory has to be of the same degree of nonlocality as the sum of exchanges [7].

This is reminiscent of closed string field theory [77] where, depending on the choice of

cubic interaction vertices, the exchange diagram can give the right answer for the four-point

function, but with a wrong prefactor. The quartic vertex is then highly non-local and is

set to compensate for this over- or under-counting. What saves the day is the worldsheet

interpretation, which is missing in higher spin gravities at present. We would encounter

the same problem in string field theory if tried to decompose the diagrams into sums over

fields with definite spin and mass.

4 One loop in higher spin gravity

In this section we will apply the formula (2.5) to the simplest higher spin gravities that are

dual to free O(N), U(N) and USp(N) vector models. Our aim is to compute the singular

part of the one-loop four-point amplitude of scalar fields, which is associated with a double-

particle cut. Naturally, we need to take into account contributions from an infinite tower

of higher spin fields running in the loop. To be more precise, we will compute

disc
[
A1−loop

4 (u, v)
]
≡
∑
s1,s2

∑
n,s

(
δa00,s1s2
n,s

)2

ān,s
G00,00
n,s (u, v). (4.1)
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s2

s1
0

0

0

0

=

s1

s2

0

0

×

0

0

s1

s2

Figure 1. The couble-cut in one-loop Witten diagram for the scattering of four scalar fields in the

HSGRA is expressed in terms of tree-level on-shell amplitudes. The shaded blobs indicate the sum

off all tree-level sub-diagrams.

Here δa refers to the conformal block coefficients of the tree-level four-point function in the

higher spin theory, while ā are conformal block coefficients for the disconnected correlator.

As before, n and s refer to contributions of operators of twist 2(d−2) + 2n. While we shall

focus on the computation of the double-particle cut in the one-loop diagram in the rest of

this section, later on we shall deal with certain single-cut diagrams that contribute to the

full result for the singular part of the one-loop amplitude as well. These diagrams as well

as certain open problems pertinent to the full result will be discussed in section 5.

As explained in the introduction, we assume that the tree-level data for bulk higher

spin theories is defined by the CFT correlators. To be able to compute the singular part

of the one-loop four-point scalar amplitude with (4.1), we need to find the conformal block

coefficients for the tree-level amplitudes entering the cut as well as the conformal block

coefficient for the disconnected correlators, that appear in the denominator of (4.1). The

former are defined by the O(N−1) part of the correlators 〈J0J0Js1Js2〉, and the latter —

by the O(1) part of 〈Js1Js2Js1Js2〉. These will be evaluated simply by performing Wick

contractions.

We begin with the connected part of the correlators 〈J0J0Js1Js2〉, which can be written

as

〈J0J0Js1Js2〉
∣∣
N−1 =

∑
n,s

δa00,s1s2
n,s G00,s1s2

n,s . (4.2)

Here the sum runs over all operators that appear simultaneously in the OPE of J0J0 and

Js1Js2 . Potentially, all double-trace operators of the schematic form (3.8) can contribute

to these OPE’s. It is easy to see that the spectrum of these operators is degenerate, as

there is finitely many of them with the same dimension and spin. Moreover, their two-point

functions, typically, are not diagonal. We shall diagonalize the sets of degenerate operators

in such a way that the diagonal basis of operators features [J0J0]n,s as the first basis

element. Then, as one can see by explicit computations, the remaining basis elements have

vanishing three-point correlators with J0 and J0. This means that to extract the conformal

block coefficients in (4.2) it is sufficient to compute three-point correlators 〈J0J0[J0J0]n,s〉
and 〈Js1Js2 [J0J0]n,s〉. By conformal invariance these are proportional to some standard

conformally invariant structures [78–81]. With the operators properly normalized, the
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proportionality coefficients in these correlators give the OPE coefficients cJ0J0[J0,J0]n,s
and

cJs1Js2 [J0,J0]n,s
. Then, the complete conformal block coefficient for 〈J0J0Js1Js2〉 is defined

by

a00,s1s2
n,s = cJ0J0[J0J0]n,s

cJs1Js2 [J0J0]n,s
. (4.3)

Finally, by extracting its O(N−1) part, we get the conformal block coefficient δa for the

connected part of 〈J0J0Js1Js2〉 that enters (4.2)

δa00,s1s2
n,s =

(
cJ0J0[J0J0]n,s

cJs1Js2 [J0J0]n,s

) ∣∣∣
N−1

. (4.4)

To extract the conformal block coefficients for the disconnected part of 〈Js1Js2Js1Js2〉
we note that the only operators that enter the OPE of Js1 and Js2 with order-O(1) OPE

coefficients are of the form [Js1Js2 ]n,s. Consequently,

ān,s =
(
cJs1Js2 [Js1Js2 ]n,s

)2 ∣∣∣
N0

. (4.5)

Below, we will find it convenient to use the notation

aJs1Js2 [Js1Js2 ]n,s
=
(
cJs1Js2 [Js1Js2 ]n,s

)2
. (4.6)

Summarizing, in terms of the OPE coefficients (4.1) reads

disc
[
A1−loop

4 (u, v)
]

=
∑
s1,s2

∑
n,s

aJ0,J0,[J0J0]n,s
aJs1 ,Js2 ,[J0J0]n,s

∣∣∣
N−2

aJs1 ,Js2 ,[Js1Js2 ]n,s

∣∣∣
N0

G00,00
n,s (u, v). (4.7)

By higher spin symmetry, we expect that the cut of the loop diagram should either

vanish or be proportional to the tree-level result, i.e. to 〈J0J0J0J0〉. This four-point

function has two different contributions from the [J0J0]n,s double-trace operators: the

disconnected one of order N0 and the connected one of order N−1. For these two parts we

reserve the following notation

A0
n,s = aJ0,J0,[J0J0]n,s

∣∣∣
N0
, A1

n,s = aJ0,J0,[J0J0]n,s

∣∣∣
N−1

. (4.8)

Thus, we expect the result for (4.1) to take the form

∑
s1,s2

aJ0,J0,[J0J0]n,s
aJs1 ,Js2 ,[J0J0]n,s

∣∣∣
N−2

aJs1 ,Js2 ,[Js1Js2 ]n,s

∣∣∣
N0

= αA0
n,s + βA1

n,s . (4.9)

Note that these are infinitely many equations labelled by n and s that need to be

solved for just two unknowns α and β. Thus, we have an infinitely over-determined system

of equations. Instead of solving all of them, to specify α and β, it suffices to solve only

two simplest equations with lowest spins and twists. Once this is done, we will then look

at few other equations and verify that α and β solve them as well, hence, confirming our

expectation that the cut diagram is higher spin invariant. Then we will argue that the
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complete cut diagram is just a linear combination of the connected and disconnected parts

of the boundary correlator with the proportionality coefficients given by α and β. It is

worth to emphasize that by proceeding as explained above we do not assume higher spin

symmetry. Indeed, (4.9) allows to compute the right hand side for n and s irrespectively of

the result being higher spin invariant or not. Instead, we rather find that the cut diagram

we are computing is higher spin invariant and then to simplify computation focus only

on its lowest spin and lowest twist contributions and reconstruct the remaining terms by

employing higher spin symmetry.

O(N) case. We take the first few double-trace operators [J0J0]n,s and compute their

contribution to the cut. The explicit expressions for these double-trace operators can be

found in Appendix A. The very first operator [J0J0]0,0 mixes with s1 = s2 = 0 higher spin

currents only, and consequently we have

aJ0,J0,[J0J0]0,0aJ0,J0,[J0J0]0,0

∣∣∣
N−2

aJ0,J0,[J0J0]0,0

∣∣∣
N0

= αA0
0,0 + βA1

0,0 . (4.10)

The lowest twist spin-two operator [J0J0]0,2 mixes with J0J0 and J0J2

aJ0,J0,[J0J0]0,2aJ0,J0,[J0J0]0,2

∣∣∣
N−2

aJ0,J0,[J0J0]0,2

∣∣∣
N0

+
aJ0,J0,[J0J0]0,2aJ0,J2,[J0J0]0,2

∣∣∣
N−2

aJ0,J2,[J0J2]0,2

∣∣∣
N0

= αA0
0,2 + βA1

0,2 .

(4.11)

Note that the denominator of the second term contains a different double-trace opera-

tor with the same twist and spin, [J0J2]0,2. It is the only one that gives the order N0

contribution.

The next to the lowest twist operator [J0J0]1,0 does not mix with anything but J0J0

and its contribution is

aJ0,J0,[J0J0]1,0aJ0,J0,[J0J0]1,0

∣∣∣
N−2

aJ0,J0,[J0J0]1,0

∣∣∣
N0

= αA0
1,0 + βA1

1,0 . (4.12)

Lastly, we would like to add the n = 2 operator [J0J0]2,0

aJ0,J0,[J0J0]2,0aJ0,J0,[J0J0]2,0

∣∣∣
N−2

aJ0,J0,[J0J0]2,0

∣∣∣
N0

+
aJ0,J0,[J0J0]2,0aJ2,J2,[J0J0]2,0

∣∣∣
N−2

aJ2,J2,[J2J2]2,0

∣∣∣
N0

= αA0
2,0 + βA1

2,0 .

(4.13)

Note that 〈J0J2[J0J0]2,0〉 ≡ 0 and there is no such contribution above.

The system is over-determined and may not have any solution at all. Another possible

source of failure is if the tensor structures in some of the three-point functions above do not

match. For example, 〈J0 J2 [J0J2]0,2〉 and 〈J0 J2 [J0J0]0,2〉 may have had different tensor

structures, which would have made the expression meaningless. Therefore, it is a highly

nontrivial statement that the system above makes sense and has a unique solution α = 2,

β = 1.
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U(N) case. The U(N) case is similar to the O(N) one, but there are more terms and

mixings between the operators in general since we also have odd spin currents. The very

first equation (4.10) is unchanged as compared to the O(N) case (the OPE coefficients do

change, but not the structure)

aJ0,J0,[J0J0]0,0aJ0,J0,[J0J0]0,0

∣∣∣
N−2

aJ0,J0,[J0J0]0,0

∣∣∣
N0

= αA0
0,0 + βA1

0,0 . (4.14)

The lowest twist spin-two double trace operator [J0J0]0,2 receives more contributions as

compared to the O(N) case

aJ0,J0,[J0J0]0,2aJ0,J0,[J0J0]0,2

∣∣∣
N−2

aJ0,J0,[J0J0]0,2

∣∣∣
N0

+
aJ0,J0,[J0J0]0,2aJ0,J2,[J0J0]0,2

∣∣∣
N−2

aJ0,J2,[J0J2]0,2

∣∣∣
N0

+ (4.15)

+
aJ0,J0,[J0J0]0,2aJ1,J1,[J0J0]0,2

∣∣∣
N−2

aJ1,J1,[J1J1]0,2

∣∣∣
N0

= αA0
0,2 + βA1

0,2 . (4.16)

The next to the lowest twist operator [J0J0]1,0 receives an additional contribution due to

the spin-one current J1

aJ0,J0,[J0J0]1,0aJ0,J0,[J0J0]1,0

∣∣∣
N−2

aJ0,J0,[J0J0]1,0

∣∣∣
N0

+
aJ0,J0,[J0J0]1,0aJ1,J1,[J0J0]1,0

∣∣∣
N−2

aJ1,J1,[J1J1]1,0

∣∣∣
N0

= αA0
1,0 + βA1

1,0 .

(4.17)

Note that 〈J0J1[J0J0]1,0〉 ≡ 0 and there is no such contribution above. Lastly, we consider

the n = 2 operator

aJ0,J0,[J0J0]2,0aJ0,J0,[J0J0]2,0

∣∣∣
N−2

aJ0,J0,[J0J0]2,0

∣∣∣
N0

+
aJ0,J0,[J0J0]2,0aJ2,J2,[J0J0]2,0

∣∣∣
N−2

aJ2,J2,[J2J2]2,0

∣∣∣
N0

+ (4.18)

+
aJ0,J0,[J0J0]2,0aJ1,J1,[J0J0]2,0

∣∣∣
N−2

aJ1,J1,[J1J1]2,0

∣∣∣
N0

= αA0
2,0 + βA1

2,0 . (4.19)

Again the system is over-determined, but the equations are satisfied for α = 1 and β = 0.

USp(N) case. The pattern above — over-determined system of equations which admits

a solution — seems to be convincing and we consider two equations only in order to fix α

and β for the USp(N)-case. The first equation is

aJ0,J0,[J0J0]0,0aJ0,J0,[J0J0]0,0

∣∣∣
N−2

aJ0,J0,[J0J0]0,0

∣∣∣
N0

= αA0
0,0 + βA1

0,0 . (4.20)
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The second equation corresponds to [J0J0]1,0

aJ0,J0,[J0J0]1,0aJ0,J0,[J0J0]1,0

∣∣∣
N−2

aJ0,J0,[J0J0]1,0

∣∣∣
N0

+
∑
i≤j

aJ0,J0,[J0J0]1,0aJi
1,J

j
1 ,[J0J0]1,0

∣∣∣
N−2

a
Ji

1,J
j
1 ,[J1J1]ij1,0

∣∣∣
N0

= αA0
1,0 + βA1

1,0 ,

where we take into account contributions from the triplet of spin-one currents Jab1 . Their

two-point function 〈Jabµ Ja
′b′

ν 〉 has an additional factor εaa
′
εbb
′
+ εab

′
εa
′b. We diagonalize it

by choosing J i, i = 1, 2, 3 appropriately. Different contributions are then summed over.

Also note that only order N0 term is needed in the denominator. It comes from a specific

double-trace operator, [J1J1]ij1,0, constructed out J i and J j . The system has a unique

solution α = 2 and β = −1.

Applicability of the cutting formula. The method we have used to compute double-

particle singularities is motivated by a direct extension of the formula (2.5) which was

proven in the context of a toy model that does not capture a number of features in higher

spin gravity. In this model, the double-trace operators associated with external lines,

[φφ] and [ψψ], have different quantum numbers compared to the double-trace operators

associated with fields running in the loop, [χχ]. In this setup it was shown that the cut

contributions are captured by [χχ] double-trace conformal blocks and the conformal block

coefficients are given by the formula (2.5). In contrast, in our case double-trace operators

associated with external lines, [J0J0]n,s, and those associated with fields running in the

loop, [Js1Js2 ]n,s, contain operators of the same dimension and spin. Normally, under these

circumstances one expects presence of anomalous dimensions and, as a result, derivatives of

the conformal blocks in the conformal block decomposition of both tree-level and loop-level

diagrams, see e.g. [64]. However, due to duality with free CFT’s, in the case of HSGRA

such anomalous dimensions are not present at tree-level and are not expected at loop-level,

which we confirm by our analysis. Therefore, application of the method of [57] even to the

higher spin theory case seems reasonable.

Another potential issue with the direct application of the cutting formula (2.5) to

the higher spin case is that it does not take into account the contributions of single-trace

conformal blocks to tree-level diagrams. In the toy model, where this formula was derived,

such contributions were absent due to absence of cubic interactions in the bulk. However,

they do arise in the higher spin theory and may, in principle, contribute to the cut diagram

we have computed. To the best of our knowledge, a generalization of the formula (2.5) that

would take into account tree-level single-trace contributions to the double-cut diagram is

not available so far. While we expect that the single-trace part of tree-level diagrams do

not contribute to the double-cut loop diagram we have computed, this issue remains to be

investigated.

5 Towards the complete four-point one-loop amplitude

In the previous section we computed the s-channel double-particle cut contribution to the

one-loop four-point amplitude in higher spin theories dual to U(N), O(N) and USp(N)
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free vector models on the boundary. The result can be summarized as follows

∑
s1,s2

s2

s1
0

0

0

0

= αDisconnected + β Connected (5.1)

where

(α, β) =


(2,+1) for O(N) ,

(1, 0) for U(N) ,

(2,−1) for USp(N) .

(5.2)

Here by Connected and Disconnected we mean the contribution of the double-trace opera-

tors to the connected and disconnected components of the four-point function 〈J0J0J0J0〉.
As we explained in the introduction, our main motivation in carrying out this analysis is

to test higher spin holography for four-point functions at one-loop level. To be able to

do that we should reconstruct the complete bulk one-loop amplitude. Before discussing

which terms are not yet captured by (5.1) and how they can be accessed we first review the

expected result for this computation, which follows from the analysis of vacuum one-loop

diagrams.

Expectations from one-loop vacuum diagrams. Let us assume that we have a com-

plete and background independent action for the higher spin gravity with Φ being the

collective notation for the whole multiplet

S =
1

G

∫
ddxL(Φ) . (5.3)

We take the vacuum solution Φ0 to be AdSd and expand Φ→ Φ0 +G1/2Φ:

S =
1

G
S0 +

∫
1
2ΦKΦ +G1/2V3(Φ,Φ,Φ) +GV4(Φ,Φ,Φ,Φ)+ (5.4)

Then the propagator scales as G0 and the n-point vertex scales as G(n−2)/2. As a conse-

quence, at tree level the connected contribution to the four-point holographic correlation

function scales as G and the disconnected one scales as G0. Next, the large-N approxima-

tion suggests that G−1 ∼ N . Moreover, N is expected to be quantized [73], which is hard

to see from the bulk. This explains our choice of normalization for the CFT correlation

functions.

Ideally, one should compute the complete path integral on both sides of the duality.

In particular, on the AdS-side we have schematically

ZAdS =

∫
DΦ e−S[Φ] . (5.5)
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The free energy (as well as the full partition function with the sources turned on) admits

an expansion in the coupling constant G

− lnZAdS = FAdS =
1

G
F 0
AdS + F 1

AdS +GF 2
AdS + ... , (5.6)

where the first term is the classical action evaluated on the (Euclidean) AdSd+1 background,

the term we do not have access to; F 1 corresponds to one-loop corrections, etc. On the

dual CFT side there should be a similar expansion for the CFT free energy FCFT :

− lnZCFT = FCFT = NF 0
CFT + F 1

CFT +
1

N
F 2
CFT + ... . (5.7)

For the free CFT dual F 1
CFT , as well as all higher orders, vanish. This does not have to

be so in the bulk. Indeed, the relation G(N) between G and N may be more complicated

than just G−1 ∼ N . In fact, one finds that the one-loop correction for the dual of the free

U(N) vector model does vanish, consistently with the simplest relation G−1 ∼ N . Instead,

for the dual of the free O(N) vector model F 1
AdS = F 0

CFT [25]. Therefore, the duality

suggests that G−1 ∼ N − 1 at one-loop level and the missing 1 × F 0
CFT results from the

one-loop correction F 1
AdS . Similarly, for the USp(N)-model F 1 = −F 0

CFT , which suggests

G−1 ∼ N + 1. These results hold true in all dimensions2 d and can even be extended to

non-integer ones [42] in accordance with the fact that the vector models can be defined

in fractional dimension within the large-N expansion scheme. Moreover, it was suggested

[3] that the duality may extend to AdS5−ε/CFT4−ε, which is especially interesting for the

critical vector model. To sum up, depending on the case of the AdS/CFT duality we

consider, the vacuum corrections lead to the relation

G−1 ∼ N + b with b =


−1 for O(N) ,

0 for U(N) ,

1 for USp(N) .

(5.8)

If holography is to hold, once the shift in the identification between the bulk coupling

constant and 1/N found for vacuum diagrams is taken into account, higher-point bulk

amplitudes computed to one-loop order should agree with the respective free correlators

on the boundary. A simple computation shows that this implies that the connected one-

loop four-point bulk amplitude should be equal to

b ·G2(A+B + C), (5.9)

where A, B and C were defined in (3.10). Moreover, disconnected bulk diagrams should

agree with disconnected CFT correlators as a result of matching of two-point functions.

Towards the complete amplitude. We will now proceed with the discussion of how the

complete one-loop amplitude in the higher spin theory can be reproduced once the double-

cut diagram (5.1) is known. When computing the amplitude using the on-shell methods,

2We note, however, that there is a puzzle with the one-loop corrections for the Type-B higher spin theory

in all AdS2n, [25, 38, 39].
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the strategy is to compute its singular part and then reproduce a complete amplitude by

requiring the appropriate high energy behaviour, presence of all necessary singularities and

crossing symmetry. Due to a peculiar nature of higher spin theories we encounter a number

of unusual features, which prevent us from applying this strategy directly. Moreover, there

are some genuine limitation of the on-shell approach that do not allow us reconstruct the

amplitude completely. Let us discuss these issues.

The most obvious unexpected feature of the result for the double-cut diagram (5.1)

is that it contains a disconnected contribution. While the very fact that summation over

infinitely many spins may turn connected diagrams into disconnected ones is unusual,

though, not totally surprising,3 this effect has more significant consequences, as it can

destroy the holographic duality, because the four-point function would be inconsistent

with the OPE. Therefore, we have to assume that such disconnected contributions will

eventually be cancelled, if higher spin/AdS holography is to hold.

Next, the double-particle cut we computed does not capture the complete s-channel

singularity of the one-loop amplitude: single-cut singularities should also be taken into

account. At a given order, a single-particle singularity factorizes the amplitude into a

product of tree-level and one-loop three-point amplitudes. The latter cannot be computed

by the on-shell methods and should be taken as an external input into the procedure. We

may, however, assume that one-loop three-point amplitudes (the blob denotes the one-loop

vertex correction)

W3 = G1/2 +G3/2 + ... . (5.10)

are as required by matching with the boundary three-point correlators. This implies that

the one-loop three-point amplitude should be equal to b/2 of the tree-level result.4 This,

eventually, entails that the s-channel single-particle cut diagram is given by

b ·G2(A+B). (5.11)

Adding to it a double-particle singularity, we find that the complete s-channel singularity

is given by

β ·G2C + b ·G2(A+B) = b ·G2(A+B − C), (5.12)

where we used that in all cases that we considered, we found β = −b.
As a next step, we are supposed to find a crossing symmetric expression that contains

s-channel singularity (5.12). Unlike in more conventional field theories, where different cut

3In fact, other unconventional effects have been observed in higher spin gravities: in the conformal

HSGRA [19, 21] the sum over exchange diagrams produces a delta-function of the Mandelstam variables

which is not present in each of the diagrams. Similarly, the Mellin amplitude of the holographic HSGRA,

from bulk perspective, takes a rather unusual form – depending on how various subtleties with its definition

in a given case are resolved it is either distributional or vanishes [82–84, 8].
4We should have N−1/2 = G1/2 + γG3/2 where γ is the one-loop correction. This implies, γ = b/2 at

the first nontrivial order.
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diagrams result into different singularities, we find that in the higher spin case singularities

mix up. For example, the contribution A+B can be either interpreted as a single-particle

singularity in the s-channel or as a sum of two double-particle singularities in crossed chan-

nels. To resolve this mixing problem one needs a better understanding of how the methods

based on analyticity and unitarity extend to the case of non-local theories, such as higher

spin theory.5 We just note here that if we naively symmetrize the s-channel singularity

(5.12) over channels, we find the desired result (5.9) and the so obtained complete one-loop

correction is consistent with the duality — it is consistent with G(N) (5.8) that has been

already fixed by the vacuum one-loop corrections.

Once the singular part is known one can reconstruct the complete amplitude using

AdS dispersion relations, see [63, 65, 69]. For the case at question, however, the singular

contribution already gives a correlator of a consistent CFT, which satisfies all necessary

conditions and, hence, does not need any completion. Alternatively, one can notice that

when dimensions of fields on external lines are equal, regular terms produced by disper-

sion relations give rise to contributions involving derivatives of conformal blocks. These,

however, are inconsistent with the exact higher spin symmetry, because the latter implies

absence of anomalous dimensions and, in fact, fixes all correlation functions [73–76]. A

similar phenomenon also occurs at tree level, where the exchange singularities contribute

to the complete amplitude without any dressing with regular terms. In other words, we

expect that, contrary to more standard field theories, in the higher spin case singularities

already give a complete amplitude.

Another potential source of contributions, that have not yet been taken into account,

originates from self-energy corrections:

〈JJ〉 = W2 , W2 = G0 +G1 + ... . (5.13)

To be more precise, similarly to the flat-space S-matrix, the definition of the holographic

S-matrix involves the appropriate LSZ reduction.6 This procedure requires the knowledge

of the bulk-to-bulk propagator to one-loop order. Though, it is not available,7 higher spin

symmetry implies that the only effect that loop corrections produce is that of the wave-

function renormalization, G2 → ZG2. Then, to match the bulk two-point function with

the boundary correlator, which has a unit normalization, we will have to rescale the bulk

fields. The account of this contribution requires the knowledge of Z and we leave it for

future research.

6 Conclusions and Future Directions

The main result of the paper is the computation of the double-cut of the one-loop correction

to the four-point function in the higher spin gravities dual to U(N), O(N) and USp(N) free

5For discussion of Cutkosky rules in string field theory see [85].
6See [86] for a step in that direction. See also [87] for a discussion of the Kallen-Lehmann representation

in AdS.
7In AdS gravity coupled to φ4 the self-energy has been studied in detail in [61, 62] up to two loops.
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vector models. With certain assumptions regarding the other contributions, in particular,

those coming from the self-energy corrections and from the vertex corrections, we find

evidence for matching of the one-loop correction to the four-point function with the CFT

result, upon performing the shift in the inverse gravitation coupling constant G−1 derived

from the one-loop correction to the vacuum energy. While this is a highly nontrivial test,

it should be taken with a grain of salt since there is no complete control over all one-loop

corrections. The most puzzling effect is the appearance of the disconnected contributions

that have to be cancelled eventually.

Let us stress that the approach pursued in the present paper is to reduce certain bulk

loop computations to well-defined manipulations with the CFT data, rather than that of

merely interpreting higher order corrections to the CFT correlation functions as certain

computations in the dual gravitational theory. Nevertheless, there are important effects

that are not probed by our tool, e.g. it is important to see that all UV divergences and sums

over infinitely many fields running in the loops lead to finite answers after an appropriate

regularization, like they do for the vacuum one-loop corrections.

There is a number of obvious directions that the present results can be extended to.

We have probed the simplest corrections to the simplest types of the higher spin AdS/CFT

duality that are based on the free boson CFT’s. Optimistically, better understanding

of the cutting rules and procedures enabling reconstruction of complete amplitudes form

singularities in the higher spin case should allow one to extend the present results to all

orders in G and determine the exact dependence of the bulk coupling constant G on N .

There are many other free CFT’s that the present results can be extended to. In particular,

it is interesting to extend it to the free fermion CFT and to see whether it gives a clue

to the discrepancy observed for vacuum corrections in [25, 38, 39]. Extensions to more

stringy-like dualities that are based on free CFT’s, e.g. free N = 4 SYM, with matter in

matrix representations [1, 2, 88, 35, 36] can shed more light on the tensionless limit at the

quantum level.
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A Operators

Below we collect explicit formulas for the operators that are involved in the computation.

– 17 –



Higher Spin Currents. Single-trace operators [89] are easy to built with the help of

generating functions. For O(N), U(N) and USp(N) cases we have

O(N) : J(x, ξ) = F (ξ · ∂1, ξ · ∂2) : φa(x1)φb(x2) : δab

∣∣∣
x1=x2=x

,

U(N) : J(x, ξ) = F (ξ · ∂1, ξ · ∂2) : φ̄a(x1)φa(x2) :
∣∣∣
x1=x2=x

,

USp(N) : Jab(x, ξ) = F (ξ · ∂1, ξ · ∂2) : φ̄aA(x1)φbB(x2)ΩAB :
∣∣∣
x1=x2=x

, (A.1)

where J [ab] contains all even spins and J (ab) contains all odd spins. Here auxiliary vector

ξ is light-like, ξ · ξ = 0. The function F reduces to the Gegenbauer polynomials, Fs(w) =

C
(d−3)/2
s (w).

Double trace operators O∆1�
n∂sO∆2. The simplest double-trace operators have the

form

[O∆1O∆2 ]0,l(x, ξ) = F (ξ · ∂1, ξ · ∂2) : O∆1(x1)O∆2(x2) :
∣∣∣
x1=x2=x

, (A.2)

where the function is expressed in terms of the Jacobi polynomials:

F = (ξ · p2 + ξ · p1)sP∆1−1,∆2−1
s (w) , w =

ξ · p2 − ξ · p1

ξ · p2 + ξ · p1
. (A.3)

Double-trace operators of type [J0J0]n,s were constructed in [6]. For our computations we

need [J0, J0]2,0, which is given by (A.2) and (∆0 = d− 2)

[J0, J0]1,0 = −2�J0J0 + ∂iJ0∂
iJ0 , (A.4)

[J0, J0]2,0 =
∆0 + 1

∆0 + 2
2�2J0J0 −

4 (∆0 + 1)

∆0
�∂µJ0∂

µJ0+

+
2∆2

0 + 7∆0 + 4

∆2
0

�J0�J0 + ∂µ∂νJ0∂
ν∂µJ0 . (A.5)

Expression for the most general double-trace operators are not available in the literature,

but it is not hard to work out the ones we need for our computations. For example, we

have

[J0J2]0,2 = J0J
µν
2 , [J1J1]1,0 = Jµ1 J1µ , [J2J2]2,0 = Jµν2 J2µν , (A.6)

[J1J1]0,2 = Jµ1 J
ν
1 −

1

d
ηµνJρ1J

σ
1 ηρσ , (A.7)

[J1J1]2,0 =
2∆0 (∆0 + 2)

3∆0 + 4
�JµJ

µ − ∆2
0 + 3∆0 + 4

3∆0 + 4
∂µJν∂

µJν + ∂µJν∂
νJµ . (A.8)

B Correlators

Below we collect the correlators that are used in the main text. In section 3 we specified

the normalization of two-point functions. With this normalization we get for Js two-point
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function in the U(N) case (∆0 = d− 2)8

〈JsJs〉 = N
1

(x2
12)d−2

(P12)s × (−)s2sΓ(2s+ ∆0 − 1)Γ(s+ ∆0 − 1)

Γ(∆0 − 1)2s!
. (B.1)

In the O(N) case the odd spin currents are absent and there is an additional factor of 2.

For the USp(N)-case, Js acquire the SU(2) indices, and the factor (εa1a2εb1b2 + εa1b2εb1a2)

on the right hand side. For example,

〈Ja1b1
1 Ja2b2

1 〉 = 4N∆0(∆0 − 1)2 1
(x2

12)∆0
P12(εa1a2εb1b2 + εa1b2εb1a2) . (B.2)

O(N)-case. The OPE coefficient of [J0J0]n,s operators for the O(N)-model were com-

puted in [6] and we simply state the result

c2
n,s =

[(−1)s + 1] 2s
(
d
2 − 1

)2
n

(d− 2)2
s+n

s!n!
(
s+ d

2

)
n

(d− 3 + n)n (2d+ 2n+ s− 5)s
(

3d
2 − 4 + n+ s

)
n

×

1 + (−1)n
4

N

Γ (s)

2sΓ
(
s
2

)
(
d
2 − 1

)
n+

s
2(

d−1
2

)
s
2

(d− 2)n+
s
2

 , (B.3)

Also all correlators of type 〈J0J0[J0J0]n,s〉, 〈[J0J0]n,s[J0J0]n,s〉 can be found in [6]. The

relevant correlators are collected below

〈J0J2[J0J0]0,2〉 = 16N(∆0 − 1)∆2
0(∆0 + 1)(∆0 + 2)(2∆0 + 1)

P 2
23

(x2
13)∆0(x2

23)∆0
,

〈J0J2[J0J0]0,2〉 = 16N(∆2
0 − 1)∆2

0(∆0 + 2)(1 + 2∆0)
P 2

23

(x2
13)∆0(x2

23)∆0
,

〈J0J2[J0J2]0,2〉 = 8N(∆0 − 1)2∆2
0(∆0 + 2)(∆0 + (∆0 + 1)N)

P 2
23

(x2
13)∆0(x2

23)∆0
,

〈J2J2[J0J0]2,0〉 = 64N(∆0 − 1)2∆2
0(1 + ∆0)(2 + ∆0)(4 + 3∆0)

(P12 + 2Q1Q2)2

(x2
12)2(x2

13)2+∆0(x2
23)2+∆0

,

〈J2J2[J2J2]2,0〉 = 16N(∆0 − 1)4∆4
0(1 + ∆0)(2 + ∆0)2(2N + ∆0(1 + 2N))

(P12 + 2Q1Q2)2

(x2
12)2(x2

13)2+∆0(x2
23)2+∆0

,

〈[J0J0]0,0[J0J0]0,0〉 = 8N(2 +N)
1

(x2
12)2∆0

,

〈[J0J0]1,0[J0J0]1,0〉 = ∆2
0 (∆0 + 2) (N − 1)N

1

(x2
12)2(1+∆0)

,

〈[J0J0]2,0[J0J0]2,0〉 = 128 (∆0 + 1)2 (∆0 + 4) (3∆0 + 2) (3∆0 + 4) (∆0 + 2 (∆0 + 1)N + 2)
1

(x2
12)2(2+∆0)

,

〈[J0J0]0,2[J0J0]0,2〉 = 32N∆2
0 (∆0 + 1) 2 (2∆0 + 1) (N(1 + ∆0) + 1)

P 2
12

(x2
12)2∆0

.

8We defined the standard conformal structures [81]:

P12 =
1

x2
12

(
ξ1 · ξ2 − 2

(x · ξ1)(x · ξ2)

x2

)
, etc. Q3 = −x12 · ξ1

x2
12

+
x13 · ξ1
x2

13

, etc.
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U(N)-case. The rest of the three-point correlation functions are for the U(N)-case

〈J0J0[J0J0]0,0〉 = 2N(N + 1)∆2
0

1

(x2
13)∆0(x2

23)∆0
,

〈J0J0[J0J0]0,2〉 = 2N∆2
0(1 + ∆0)(1 + 2N(1 + ∆0))

Q2
3

(x2
13)∆0(x2

23)∆0
,

〈J0J0[J0J0]1,0〉 = −2N(2N − 1)∆2
0

1

x2
12(x2

13)∆0+1(x2
23)∆0+1

,

〈J0J0[J0J0]2,0〉 = 16N∆2
0(1 + ∆0)(2 + ∆0 + 2N(1 + ∆0))

1

(x2
12)2(x2

13)∆0+2(x2
23)∆0+2

,

〈J1J1[J0J0]1,0〉 = 12N(∆0 − 1)2∆2
0

(P12 + 2Q1Q2)

x2
12(x2

13)1+∆0(x2
23)1+∆0

,

〈J1J1[J1J1]1,0〉 = 4N(2N + 1)(∆0 − 1)4∆2
0

(P12 + 2Q1Q2)

x2
12(x2

13)1+∆0(x2
23)1+∆0

,

〈J1J1[J1J1]0,2〉 = 4N(2N + 1)(∆0 − 1)4∆2
0

P13P23

(x2
13)∆0(x2

23)∆0
,

〈J1J1[J0J0]0,2〉 = −4N(∆0 − 1)2∆2
0(∆0 + 1)(2∆0 + 1)

P13P23

(x2
13)1+∆0(x2

23)1+∆0
,

〈J2J2[J0J0]2,0〉 = 4N(2N + 1)(∆0 − 1)2∆2
0(1 + ∆0)(2 + ∆0)(2 + 3∆0)4 + 3∆0)

(P12 + 2Q1Q2)

x2
12(x2

13)2+∆0(x2
23)2+∆0

,

〈J2J2[J2J2]2,0〉 = 16N(∆0 − 1)4∆4
0(1 + ∆0)(2 + ∆0)2(∆0 + 2N(1 + ∆0))

(P12 + 2Q1Q2)

x2
12(x2

13)2+∆0(x2
23)2+∆0

,

〈J0J2[J0J0]0,2〉 = 2N(∆0 − 1)∆2
0(1 + ∆0)(2 + ∆0)(1 + 2∆0)

P 2
23

(x2
13)∆0(x2

23)∆0
,

〈J0J2[J0J2]0,2〉 = N(∆0 − 1)2∆2
0(2 + ∆0)(∆0 + 2N(1 + ∆0))

P 2
23

(x2
13)∆0(x2

23)∆0
,

〈J1J1[J0J0]2,0〉 = 64N(∆0 − 1)2∆2
0(∆0 + 1)(∆0 + 2)(3∆0 + 2)(3∆0 + 4)

(P12 + 2Q1Q2)2

(x2
12)2(x2

13)2+∆0(x2
23)2+∆0

,

〈[J0J0]0,0[J0J0]0,0〉 = 2N(1 +N)
1

(x2
12)2∆0

,

〈[J0J0]1,0[J0J0]1,0〉 = 12N(2N − 1)∆2
0 (∆0 + 2)

1

(x2
12)2(1+∆0)

,

〈[J0J0]2,0[J0J0]2,0〉 = 16N (∆0 + 1) 2 (∆0 + 4) (3∆0 + 2) (3∆0 + 4) (∆0 + 4 (∆0 + 1)N + 2)
1

(x2
12)2(2+∆0)

,

〈[J0J0]0,2[J0J0]0,2〉 = 4N∆2
0 (∆0 + 1) 2 (2∆0 + 1) (2 (∆0 + 1)N + 1)

P 2
12

(x2
12)2∆0

,

〈[J1J1]0,2[J1J1]0,2〉 = 4N(2N + 1) (∆0 − 1) 4∆2
0

P 2
12

(x2
12)2∆0

,

〈[J1J1]1,0[J1J1]1,0〉 = 4 (∆0 − 1) 4∆2
0 (∆0 + 2)N(2N + 1)

1

(x2
12)2(1+∆0)

,

〈[J1J1]2,0[J1J1]2,0〉 =
32N2 (∆0 − 1) 4∆4

0 (∆0 + 1) 2 (∆0 + 2) 2 (∆0 + 4)

3∆0 + 4

1

(x2
12)2(2+∆0)

+O(N) ,

〈[J0J2]0,2[J0J2]0,2〉 = (∆0 − 1) 2∆2
0 (∆0 + 2)N (∆0 + 2 (∆0 + 1)N)

P 2
12

(x2
12)2∆0

.
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USp(N)-case. The relevant correlators are collected below

〈J0J0[J0J0]1,0〉 = −32N(2N − 1)∆2
0

1

x2
12(x2

13)1+∆0(x2
23)1+∆0

,

〈Ja1b1
1 Ja2b2

1 [J0J0]1,0〉 = 48N∆2
0(∆0 − 1)2 (P12 + 2Q1Q2)(εa1b2εa2b1 − εa1a2εb1b2)

x2
12(x2

13)1+∆0(x2
23)1+∆0

,

〈Ja1b1
1 Ja2b2

1 [J1J1]a2b3,a4b4
1,0 〉 = 4N2∆2

0(∆0 − 1)4 (P12 + 2Q1Q2)(εa1a3εa2a4εb1b3εb2b4 + 7 more)

(x2
12)2(∆0+1)

+O(N) ,

〈[J0J0]0,0[J0J0]0,0〉 = 32N(1 +N)
1

(x2
12)2∆0

,

〈[J0J0]1,0[J0J0]1,0〉 = 192N(2N − 1)∆2
0(2 + ∆0)

1

(x2
12)2(∆0+1)

,

〈[J1J1]a1b1,a2b2
1,0 [J1J1]a2b3,a4b4

1,0 〉 = 4N2∆2
0(2 + ∆0)(∆0 − 1)4 1

(x2
12)2(∆0+1)

.
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