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We study perturbations of Schwarzschild spacetime in a coordinate-free, covariant form. The GHP
formulation, having the advantage of not only being covariant but also tetrad-rotation invariant, is
used to write down the previously known odd- and even-parity gauge-invariants and the equations
they satisfy. Additionally, in the even-parity sector, a new invariant and the second order hyper-
bolic equation it satisfies are presented. Chandrasekhar’s work on transformations of solutions for
perturbation equations on Schwarzschild spacetime is translated into the GHP form, i.e., solutions
for the equations of the even- and odd-parity invariants are written in terms of one another, and the
extreme Weyl scalars; and solutions for the equations of these latter invariants are also written in
terms of one another. Recently, further gauge invariants previously used by Steven Detweiler have
been described. His method is translated into GHP form and his basic invariants are presented here.
We also show how these invariants can be written in terms of curvature invariants.

PACS numbers: 04.25.Nx, 04.30.Db, 04.70.Bw

I. OVERVIEW

Whether it is studying gravitational waves, the ring-down phase of comparable mass binary black holes, stability
of black holes or the motion of extreme-mass-ratio inspirals, black hole perturbation theory plays a pivotal role.
In this paper we are particularly interested in discussing gauge invariant perturbations which may be identified in
the Schwarzschild spacetime, with the hope of developing methods which will eventually be extendible to the Kerr
spacetime, and perhaps to most of Petrov type D geometries. As will be discussed further below, it is known that
perturbations of the Weyl scalars ¥ and 14 are spin weighted invariants, while the perturbation of the imaginary
part of 15 is a scalar invariant. Given the number of invariants we will consider, we will also attempt to find relations
between them, and attempt to specify some minimal set from which all others may be obtained. We shall explain
that the set of scalar invariants which are second order in derivatives of the metric is finite and fully known. Part of
what we do below is explore scalar invariants of higher orders in the derivatives, since it will turn out that, without
separation of variables, the Regge-Wheeler and Zerilli invariants are, in fact, scalar and of higher order. We also find
that a set of invariants obtained by Detweiler and others (see [1]) are also scalar and of higher order in derivatives
(when expressed without the separation of variables). Thus, much of our focus will be on scalar invariants, and we
will always consider not using the separation of variables, since we expect that this will not be practicable in the Kerr
geometry. Consequently, we will use GHP notation throughout, since that should eventually allow us to consider most
Petrov type D spacetimes without the need to introduce coordinates.

We begin by giving an historical perspective on what has previously been achieved, and how.

II. HISTORICAL PERSPECTIVE

With an interest in exploring the stability of the Schwarzschild black hole, Regge and Wheeler in |2] studied linear
perturbations or small departures from perfect sphericity of the Schwarzschild spacetime, and this work led them to
discover the Regge-Wheeler equation. They started by separating the perturbations into two sectors, even-parity and
odd-parity, where parity is governed by the response to the simultaneous transformations, # — 7 — 6 and ¢ — 7+ ¢.
Fields symmetric under this discrete transformation are even parity, fields antisymmetric are odd parity. The Regge-
Wheeler equation is a linear, second-order, hyperbolic equation governing an odd-parity variable. Vishveshwara in
[3] studied the stability of the Schwarzschild metric further, using the Kruskal coordinates. More than a decade later
Zerilli, in [4], discovered a different linear, second-order hyperbolic equation governing an even-parity variable.

Subsequently, Moncrief in [5] carried out a detailed study of both of the Regge-Wheeler and Zerilli equations,
and wrote the variables which satisfy them in a gauge-invariant form. Cunningham-Price-Moncrief in [6] wrote
another odd-parity invariant which solved the same Schrodinger-type equation as the Regge-Wheeler variable. We
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now understand that these two odd parity invariants are related by a time derivative modulo the perturbed Einstein
tensors, and this has been shown in a covariant manner by Martel and Poisson in [7]. One can then see that
the Cunningham-Price-Moncrief function is proportional to a curvature invariant, %1&2 (an overdo will represent a
perturbed quantity throughout this paper), the imaginary part of the perturbation of the spin-0 Weyl scalar, 19; and
the Regge-Wheeler variable is its time derivative (modulo the Einstein tensor components).

Beginning from a quite different approach, Bardeen and Press in [8], on the other hand, studied scalar, electro-
magnetic and gravitational perturbations of the Schwarzschild black hole, and wrote a master-equation for these
perturbations which, subsequently, was generalized to Kerr (and spin-half neutrino fields) by Teukolsky in [9]. In par-
ticular, Bardeen and Press studied gravitational test-fields in terms of perturbed spin-£2 Weyl scalars, and derived
the hyperbolic equation they obey.

Chandrasekhar in |10], was able to combine all these previous works, having first written the Schrodinger-type
equations governing the odd- and even-parity invariants as one master equation by showing a relation between the
potentials of these two equations; he then related solutions to the equations satisfied by these odd- and even-parity
invariants, by writing a solution to one equation in terms of a solution to the other, and its radial derivative. He later
went on and calculated the relation between solutions to the equations for the spin-2 Weyl scalars and solutions to
the equations satisfied by the odd- and even-parity invariants, and wrote each one in terms of the other. This allows
one to know solutions for one invariant and calculate solutions to the equations for the rest, in any source-free region.
However, we stress that the odd and even parity sectors are completely independent, so Chandrasekhar’s approach
allowed alternative methods of finding solutions and not a method of relating odd and even parity perturbations for
a given source or vacuum spacetime perturbation.

Until now, equations satisfied by the odd- and even-parity gauge-invariant perturbations were written in a coordinate
form, whether the usual Boyer-Lindquist or the null Kruskal coordinates. Gerlach and Sengupta in [11] wrote these
equations in a 24 2 covariant form paving the road to a coordinate-independent study of these perturbations. Sarbach
and Tiglio in [12] took this work further, writing the equations in a completely covariant form, and showed how to
get Weyl scalar from these odd- and even-parity invariant amplitudes. Martel and Poisson in [13] completed these
works by providing the gauge-invariant, covariant form of these equations, along with the source terms written in a
covariant form, making their work suitable for any coordinate system that one might adopt. All these works were
later reviewed by Nagar and Rezzolla in [14]. Eventually, these perturbations were studied in a light-cone gauge by
Preston and Poisson in [15].

Most recently, Aksteiner and Andersson in [16] wrote the perturbation equations in a Gerald-Held-Penrose (GHP)
form and later showed how one can derive the odd- and even-parity equations from a master equation governing
perturbations of 5. Steven Detweiler, in his work (of more than a decade ago but only recently described [17]),
uses an FZ gauge which is closely related to the Regge-Wheeler gauge. The metric components in his gauge are
directly proportional to the ones in the Regge-Wheeler decomposition up to normalization factors. He finds six basic
invariants, four of even-parity and two odd-parity, and writes the Einstein tensors in terms of these invariants.

In this paper, we present a further chapter in perturbation theory for the Schwarzschild spacetime, hopefully paving
the way for a new study of perturbations on Kerr spacetime. Throughout, we use the GHP formalism, a coordinate-
independent formalism, to write all the inhomogeneous equations with source terms. No separation in terms of radial
and angular harmonics is performed. One advantage of using the GHP formalism over the Newman-Penrose (NP)
formalism is due to the invariance in terms of a null-tetrad rotation. Another advantage is the obvious prime- and
star-symmetries. A prime symmetry, where applying a prime implies £% <> n® and m® < m® simultaneously, reduces
the number of equations to half the number. A Sachs star symmetry involves £* <> +m® and n® < +m® (+ does not
refer to ambiguity here; for correct usage see [18]). Here (¢,n) form the (out-, in-)going null vector legs of the tetrad,
and (m,m) forms the null-pair on the 2-sphere (where bar implies a complex conjugate). These symmetries can
drastically reduce the number of independent components of the Einstein tensor one needs to consider for a minimal
set. However, see appendix [B] for a practical set representing the linearized Einstein tensor perturbations. We write
the Einstein field equations, and the known odd- and even-parity equations in GHP form. Einstein field equations
and Weyl scalar invariants are then scalarized to GHP type (0,0) by applying appropriate angular operators and/or
multiplying with appropriately-weighted Ricci rotation coefficients.

Among other things, we have discovered a new, second order, hyperbolic differential equation for another even-
parity invariant, and this equation is of a lesser formal (angular derivatives included) order than the one solved by the
Zerilli invariant. In addition, we have transformed Chandra’s work on relating solutions to the equations satisfied by
the odd- and even-parity invariants, and writing the solutions to one in terms of solutions to the other in a coordinate-
independent, GHP form. Their relation with solutions to the equations satisfied by the extreme Weyl scalars is also
shown in GHP form. Following Steven Detweiler’s work, we calculate his invariants in GHP form and show how they
are related. One question that we try to address here is whether all known invariants are related to each other by
curvature invariants and their derivatives (perturbed Einstein tensor components, g, 14, and St12). And, we see
that it is possible to do so.



We organize our work in the following manner. In the next section, Sec. [[II, we summarize the NP and GHP
formalisms. We refer the interested reader to the original works in |18, [19] for further explanation, and only present
details relevant to the current work. In Sec. [[V] we present the already known odd- and even-parity invariants, along
with the equations they obey (including the source terms) in a completely covariant, unseparated form, which involves
reinstating many suppressed angular derivatives. We also show how a small transformation leads us to write the two
odd-parity equations as one. In Sec. [Vl we show how solutions to the equations for the even and odd parity invariants
can be written in terms of each other. We also show how to write either in terms of solutions to the equations for
1 or 1y, and vice versa. For these relations to be possible, being in a background, source-free region is a necessary
condition. In the following section, Sec. [V, we translate Steven Detweiler’s work into an unseparated, GHP form,
and show how to obtain further invariants. In principle, it is possible to get as many invariants as one wishes, but
they will all be of order higher than for these basic invariants. We then show how these basic invariants can be written
in terms of curvature invariants. In the last section, Sec. [VIIl, we summarize our work, leave the reader with some
additional remarks, and indicate where we wish to take this work in future. In App.[A], we show the relation between
the GHP components of metric perturbation and those of tensor harmonics. In App. [Bl we write the scalarized,
GHP type (0,0) form of perturbed Einstein tensors, and in App. [l we show how to translate GHP quantities to a
coordinate form and present the new even-parity equation in coordinate form. The signature used throughout this
work is -2, i.e., (+ — ——).

IIT. NP AND GHP FORMULATION

Newman and Penrose in [19] used a novel approach to study the general theory of relativity by introducing a
complex, null tetrad (%, n®, m®, m®), and all the known equations were projected on this tetrad. In this work,
for simplicity, we will enumerate the tetrad as (e§f = €%, e§ = n®, e§ = m®, ef = m®). The orthogonality relation
between them is

ep-eg =1, ez-eq=—1, (1)
with rest of the dot-products being zero. The background metric is then written as

Jap = loang +nolg — MaMg — MaMg. (2)

The derivative operators along (£, n®, m®, m®) are (D, A, 6, §), and for the case at hand (Schwarzschild background),
the non-zero spin coefficients are a, 8, p, €, v, and u. We refer the readers to [19] for further details.
Under a tetrad transformation

0% S5 AN, n® -
A
m® = sm® ,  m® = m?, (3)

the metric and the orthogonality relations above are preserved. Regarding such a transformation, if a scalar, ¥,
transforms as

U — NP, (4)
it is said to be of type, (p,q), where the spin-weight is (p — ¢)/2, and the boost-weight is (p + q)/2. As an example,

the Weyl scalar, g (= —Capysl®mPlIm?®), is of type (4,0), has spin-weight 2, and boost-weight 2. An important
symmetry is the prime-symmetry in the GHP formalism, where the prime-operator implies

(60&)/ — nOL , (na)/ — éﬂt,

(m®) =m* ,  (m*) =m?, (5)
where
p=—p €=-y B =-a (6)

The prime-operator changes a scalar of type (p, q) to type (—p, —¢), and complex conjugation changes it to type (¢, p).



We now introduce GHP derivative operators (P, 3), and their primes. When acting on a scalar, ¥, of type (p,q),
these operators are

PU = (D —pe—qe)Y,
P’V = (D' + pe + ¢€) ¥,
= (6 —pB+q¢B)¥, and
= (0" +pB' —qB)0. (7)

This combination guarantees no derivatives of the parameter A under the transformation eq. ().
Finally, we present the relevant Ricci identities,

bp = p?
bp' = pp' =,
Pyo = 3pie (8)

Their primes also hold.

IV. GAUGE-INVARIANTS

To construct some basic gauge invariants, we first present the metric perturbation in GHP form, letting

hap =hao (Laly) + h11 (nanp) + k12 (bany + naly) + has (MeMp) + haa (Mamsp) + haa(Mamp + Mams)
— hoy (ﬁamb + maﬁb) — has (éamb + ﬁlaéb) — hia (namb + manb) — his (namb + ma’nb) . (9)

We now write the transformation of the metric perturbation under a linearized diffeomorphism, (6¢h)ap = V (a&p),
in GHP form,

(0¢h)11 =2P &y,

(0ch)12 = p’ & + P&,

(6ch)22 = 2P &,

(0¢h)13 =0& + (P + p) &,

(O¢h)1a = 8" & + (P +p) &,

(0ch)az = 0 + (P' +p') &,

(ch)2a =& & + (P' + ') &,

(0¢h)3s = 20¢&3,

(6ch)as =20 &4,

(Och)sa =2p" & +2p&a +0' &3 + 384, (10)

where h;; is the projection of the metric perturbation on the null tetrad, and &; is the gauge vector projected on the
null tetrad. At any stage these can be plugged in to check the gauge-invariance of the invariants found in this work.

The gauge-invariants we construct, or translate in the GHP form from previous works, are all of type (0,0). This
has meant constructing them from the following basic set

p'?hi1, p*hoz, '8 h3z, ddhas, hia,
p 8 his, p'dhis, pd has, pdhos, hsa. (11)

Odd-parity gauge-invariants are constructed by subtracting a quantity from its complex conjugate. This implies that
the odd-parity gauge-invariants can only be constructed from linear combinations of h13, hi4, hos, ho4, h3z, and hyg.
On the other hand, even parity gauge-invariants can be constructed from any of these ten components. In this work,
we will be presenting our gauge-invariants in terms of these basic type (0,0) quantities, which are easy to relate to the
Regge-Wheeler-Zerilli metric components as shown in Appendix A. The three invariants and the equations presented
in this section are also invariant under the prime-symmetry (up to a possible minus sign for the invariants themselves).



A. 0Odd Parity Invariants

We now present the first odd-parity invariant in GHP form, the Cunningham-Price-Moncrief function,

Io, =(pP" = p'P)(p' 8" his — p' O h1s + pd haz — pBdhaa)
+ (pP' + ' P —2pp) (0 his — p'dh1s — pd hog + pdhas) = —2pp/Sej (12)
which is proportional to St,. A related invariant can also be presented in the following form,
Io,, =P hyz — P'8 his — PO hgy + P dhyy = Stfs. (13)
which is exactly %1&2. The relation between the two forms of this invariant is Io, = —2pp’Io,,. We bring the reader’s

attention to the operators (p P — ) P) and (p P+ P) in Ip,. Using the Kinnersley tetrad, these operators are
directly proportional to the time- and radial- derivatives, respectively, and become

(pP' = p'P)

(pP' +p'P)

-1
— 0
T

1
;67“* (14)

where 7, is the tortoise-coordinate. The equation satisfied by Ip,, is

[(p P+ o' P)(pP +p'P) — (pP' — p'P)(pP' — p'P) — 14pp’ (p P’ + p' P) — 2pp’ (80" + 8'd — 12pp’ — 121/12)} Io,,
=2(pP' +p'P—6pp') (p' 0 E13 — p' 3E14 — pd Eaz 4 pDEas)
+2(ppl — p/ ID) (pl 6’ 813 - p/6514 + pél 523 - p6524) (15)

where &, is the GHP-projected, linearized Einstein tensor (see also App. [B). We also present the source in terms of
the basic type (0,0) quantities where derivatives of h are replaced by £, as these are then easy to convert into the
Regge-Wheeler-Zerilli source terms (again, see App. [C).

Another odd-parity invariant, related to Io,, (loosely, by a time-derivative), is the Regge-Wheeler invariant,

102 = (6 6/ + 616 — 4pp/ — 41/)2) (plélhlg — p’é h14 + palhgg — pé h24)
—(p'P+pP —4pp') (00 hs3 — D hus). (16)

The equation it satisfies is

[(p D'+ o/ B)(pP' + ¢/ P) — (pP' — p'P)(pP' — o' P) — 18pp/ (0P’ + ¢/ P) — 2pp/ (33’ + 83 — 24pp’ — 141/;2)}102
—2(pP' + 9P —8pp) (0P — p'P) (93 E1s — p/ 3E1a — pd Ens + pD Eas)
+2 [(p B + ' P) (0P’ + p'P) — 18pp (pP + p' P) — 2pp' (30 + 3'd — 24pp’ — 14%)}
X(p'& &z —p' 01+ pd Ea3 — pDEay). (17)

The exact relation between the Cunningham-Price-Moncrief invariant and the Regge-Wheeler invariant is

(p p’ — p/ID) Io, = —2pp/IO2 + 4pp/ (p’é’&g — plé E1a + pélc‘:gg — p6524). (18)

It is relatively straightforward to check these relations, and the validity of the equations presented, by brute-force,
simply by substitution using the Einstein tensor components presented in Appendix B. We would like to bring the
reader’s attention to the potentials involved in the two odd-parity equations above. They appear to be different when
compared to the covariant Eqs (5.14) and (5.19) of Martel-Poisson [13] which have the same potential for both of
them. This difference can be removed by re-scaling the two invariants, Ip,, and Ip, appropriately, which will be
shown later.

With this we now move to the even-parity sector.



B. Even Parity Invariants

As is well known, the Zerilli potential involves division by an algebraic factor which involves both r and ¢, the
angular eigenvalue. Thus to write the equation without division by the angular operator, many extra angular factors
need to be used in both the Zerilli equation and, in fact, in the Zerilli variable itself too. We find Zerilli’s even-parity
invariant in GHP form is

Iz = (00" +0'd—4pp —412) (30 +3'0) (pP' — p' P)hsy
+(00" +3'd—4pp —41h3) (30 +8'd) (p°h11 — p*haz)
+(30" + '3 —4pp +212)(pP' — o' P) (3’0’33 + 03 hua)
+(00" + 30 —4pp’ —4a) (pP' +p' P —6pp’ + 22) ('8 haz + p'dh1s — pdhoz — pOhay)
+(00" +3'd—4pp —41s) (pP' — p'P) (P his + p'Ohia + pd'hos + pdhoa), (19)

and the equation it satisfies is given by

(X —4pp +2¢2)* (0P + 9’ P) (0P + o' P) I
— (X =4pp +292)"(pP' — o' P) (pP' — p'P) Iz
— 2pp (X —dpp' +21) (13X —52pp' +384) (pP' + o P)I
— 2pp/ (X —4pp +24) {?92—16(4PP’+¢2)?3—24(1/12—pp')(1/)2+10ppl)}fz

4pp (X —4pp —4un) (X —4pp +24s)" (0P + ' P) (00 E1s + p'3E1s — pO a3 — pOEas)
— XX —dpp —4g) (X —dpp +20)  (pP' + o P) (%0 — PP, Enn)
— X(RX—dpp —4g) (X —dpp +20)° (pP' — o' P) (0260 + 2p €12 + PP, Ea2)
4pp (X —4pp +212)° (pP' — o' P) (00 Es3 + 00 Eus)
4PP’(9\?—4PP/—41/)2)(92—4PP/+21/)2)2(PP/—Plp)(Plé/gl?,+P/6514+P5/523+P6524)
App X (X —dpp +212) (X —dpp +81n) (X —4pp —Avn) (p2E11 — p*Enz)
200 (X —dpp —41pa) (X —4dpp +24») [232—22?(w2+8pp’) —8(¢§+7pp'wz—67p2p’2)]
x(p'8'E13 + p'3E1s — pd'Ers — pDE24), (20)

+ 4+ + +

where X = (6 o'+ 6’6) is used for brevity. Once again, one can straightforwardly check the validity of these equations
by using App. [Bl

1. A New Gauge Invariant

Finally in this section, we present a new even-parity gauge-invariant which also obeys a 2"? order hyperbolic
equation. The invariant is

N 1 -
Lpr =(X —4pp —4¢2) | p?hi1 +2p p'has + p°has + <2ppl —p'P—pP - §X - 1/12> h3a
1 1
+ plélhlg + p’é h14 + p6'h23 + p6h24 + 56’6%33 + 566h44:| + 31/)2 (6/6Ih33 +00 h44), (21)

which is of a total differential order (4), less than that for the Zerilli variable (5 — see equation eq. (I9))). The equation
our new invariant obeys is given by



2(X —4pp +20n) [ (pP + p'P)" = (P = p'P)’| Lmi = 4pp (11X =44 p ' + 344) (0P + p'P) Ly
+4pp’[—222+2(7¢2+22pp')22+20(¢§+8pp’—8p2p'2)] I
= (X —4pp +2¢) (X —dpp —41h) X (p2E11 +2pp/E12 + p*En)
—4pp (X —4pp +212) (X —dpp +20) (30 Es3 +d3Ew)
—2(X —dpp' +242) (X —dpp’ —44) (0P = p'P) (p*E11 — p*Ezz)
—4pp’()€—4pp’—|—21/)2) (X —4pp —44hg) (p'0'E13 + p'0E14 + p&'Eaz + pDEa4)
—2(X —dpp +2¢) (X —4dpp —4s) (pP' + p'P) (p2E11 — 2pp'E12 + p*Ea2)
- [?32 + X (22 —20pp') +64p°p" — 80pp’wz] (X —4pp —44s) (p%E11 — 2pp'E12 + p*E2). (22)

6th 4th 5th

Compared to Zerilli’s order equation (20), this equation is of order. Moreover, the Zerilli invariant is order
in derivatives acting on the metric perturbation and the one above is of 4*" order. Effectively, the Zerilli’s equation
is 11*" order acting on the metric perturbation whereas the one above is 3 orders less, i.e., 8" order on the metric
perturbation. A A

One would have noticed that two expressions, (X —4pp+2 wz) and (X —4pp —4 1/12), occur frequently in these
calculations. Using Kinnersley tetrad, these correspond to —(¢ — 1)(¢ + 2)/r* and —(¢ — 1)(¢ + 2)/r? — 6M/r3,
respectively, in their separated forms. And X by itself is —L(£ +1)/r?. The equations presented in this section have
Eqp In the right-hand-side; one can substitute £, = 87 Ty, and use the relevant source for the problem concerned
(here T,p is the stress-energy tensor). The coordinate-form of equation (22)) is presented in App.

V. FOLLOWING CHANDRASEKHAR’S ANALYSIS

Chandrasekhar’s work finding relations between solutions to equations is especially interesting in this context
because he was able to relate solutions of the even parity equation to solutions of the odd parity equations, even
though these sectors are completely decoupled. He was in fact, relating solution spaces for the equations in question,
and not particular solutions for one parity to concurrent solutions for the other parity for a given metric perturbation.

With our odd- and even-parity invariants now presented, along with the hyperbolic equations they solve, we proceed
to follow Chandrasekhar and first write the homogenous Regge-Wheeler and Zerilli equations as one, but also in GHP
form. To do so, we will first need to introduce a spin and boost weight scalar ¢ which satisfies { (—1/)2)’1/ 3, where
the constant is chosen so the the Minkowski space limit is well defined (and becomes exactly r in polar coordinates)|20)].
Then we introduce new odd parity variables Ip,, /12 (i.e., the imaginary fractional change in 1) and (*Ip,, which
will both satisfy equation (23) below for I_ (Note: whereas these two new quantities will each satisfy the same
equation and have the same physical dimension, only one of them remains regular in the flat space limit.), while for
even parity, with I also satisfying equation (23), then the quantity ¢~*(X — 4pp’ + 2u2) I, will satisfy the Zerilli
equation for Iy.

Following Chandrasekhar’s work in [10], one can write the homogenous equations for Iy, defined using the trans-
formations above, with Chandrasekhar’s master equation being given by

[<(oP' + p'P)rIi ~ [P - p'P)rIi = Vi L, (23)

where the potential Vi is given by

X —dpp +20)° Vi = 249"y [¢2(2€+2¢2) —2pp/(?e+1/12)+8p2p/2} + 144 p?p'? 43
F2pp' X (X —4pp —4) (X —4dpp/ +24). (24)

Once solutions to the equations for the odd- and even-parity invariants are written in this form, one can relate the
solution spaces for the two invariants, I and I_, as follows,

CHX —dpp +2¢) I = [X (X —4pp —4v) (X —4pp +24) + 144pp’1/)§} Iy
F121s (X —4pp +242) (pP' + p'P) I . (25)



One can also go on and relate these invariants to the perturbed Weyl scalar, ¢0,
Yo =08h11 +PPhss —2pPhss — 23D hys + 2 pdhys. (26)

in the source-free region. 1y which can be scalarized to

) 1. .
P = X (X —dppf — 443) p?h1y
1
—5(?( dpp —4w2)[(pP’+p’P) — (pP' = p'P) —Gpp’+2wz} p'8'his
1[0 4 P) + (0P = P)* 2 (0P 7P) (0P~ P) +2 (42~ ) (P + p'P)

+(16 pp' — 2452) (p P — p/P) + 24 p%p ’2} 30’ has. (27)
The homogenous equation it solves is
! / 2 / / 2 /
[C(pP +0'P)| Yo = [C(pP' = p'P)| Yo = C(4un —8pp) A- Yo
:<2[2pp’(??—4pp’—4w2)+12pp’1/)2}Yo (28)
where (note, again, that the flat space limit is not regular here)
YYo= (%0 p' &' 8 o, and (29)
As =¢[(pP'+ ) F (0P’ = P)] (30)

Once in this form, solutions to the equation for Y; can be related to solutions for the equations satisfied by I,

FFYy=Vils —FWi+2FT)A, Ly (31)
FR1(2pp") 1 = (2pp")? FF Yo+ (Ws +2FT)A_Y, (32)
where
200 F = (X —4pp +24»), (33)
Ki=r=+287, (34)
k=t A(f—4pp’—4w2) (35)
pp CWe = (2pp —tpa) X — 292 — 8 p*p'* + 2p ptha F Bpp/ (2, (36)
Vi z}'/ﬁiﬁ{g(pp’—i—pp)}'iﬁ}, (37)
B=61¢", (38)
T=((pP = p'P). (39)

Its prime relating scalarized solutions for 1/}4 with solutions for I+ also holds. We emphasize again that one should
be very careful when using Eqs (28] BTl and B2)) since these transformations should be used for solution classes of the
equations specified, and not for particular parts of the solution corresponding to a given metric perturbation.

VI. OTHER GAUGE-INVARIANTS

To systematically get more gauge-invariants, we begin with looking for 2"¢ order invariants other than Yo, a, Io,.
and £u’s. It can now be shown that these are the only 2"¢ order invariants possible, and any more of type (0,0)
invariants would just be linear combinations of their scalarized version. To find other (higher order) gauge-invariants
we translate the gauge transformations given in Eq ([I0) to the ones for the metric components given by Regge-
Wheeler-Zerilli in terms of radial components of tensorial spherical harmonics as follows (but without the separation



in terms of radial and angular components),

p”?(0ch)11 — p*(6ch)az = — (pP' = p'P) (p'é1 + p&2)
+ (pP +p'P —2pp" +242) (P& — p&2)
p"%(0ch)1n — 2pp'(B¢ch)12 + p*(5ch)2z = 24b2 (P61 + p&2) — (pP' — p'P) (P& — p&)
p?(0eh)in +2pp (Oeh)iz + p*(5ch)az = (0P’ + p'P —2pp" + 9h2) (V&1 + p&2)
'Y (0¢h)ss + 00 (0¢h)as = (00 + 30 —dpp —4s) (8'é + &)
p'd (¢h)1s + /D (ch)ia + pd (Och)az + pd (5¢h)oa = (30 +3'3) (€1 + p&) + (pP' +p p) (36 +3&4)
P’ (0ch)13 + p'd (6¢h)1a — pd'(6ch)az — pB (Gch)2a = (80 +8'0) (p'&1 — p&a) — (pP' — p'P) (8'é3 + &)
(Och)aa =2 (p'& + p&a) + (/€3 +8&4)
p'8 (0ch)iz — p'8 (3ch)1a + pd'(dch)az — pB (Och)2s = (pP' + p'P) (3'é3 — 3&4)
P’ (6¢h)13 — p'd (6eh)1a — pd'(3ch)az + pd (5ch)oa = — (pP' — p'P) (8'¢3 — 3&4)
'8 (6ch)33 — 8D (ch)aa = (00 + 3’0 —4pp' —dehy) (0'& — &) . (40)

A. 0dd Parity Invariants

We begin with finding the odd-parity gauge-invariants from the above equations. The last three of eqs (0], are of
odd-parity. Hence, there are three ways to eliminate the odd-parity gauge vector projection, (6’53 — 654), to obtain
the following invariants (here and below, names chosen are consistent with those used in ref. [1]),

IIQ = (p P/ — plp) (6/6/h33 — 30 h44) + (6 6’ + 6/6 - 4pp/ - 4¢2) (pla/hlg — p/a h14 - pa/h23 + p6 h24) 5
Ia = (p ID/ + plp — 4ppl) (6/61}133 —00 h44) — (6 6/ + 616 — 4ppl — 41/)2) (plalhlg — p/6 h14 + pélhgg — p6h24) y

I’Y = (p ID/ — plp) (p/élhlg — plé h14 + pélhgg — p6h24) + (p ID/ + p/P — 2pp/) (plé/hlg - p/é h14 - pé/hgg + p6h24) .
(41)

It will be recognized that I, = Io; given by eq. (I2)) and I, = —Ip2 given by eq. (1), which have already been related
to %1/}2 and its time derivative in section [V Al It will be seen below that Ig, the first in the list above, is related
to the radial derivative of Sz/}g, modulo Einstein tensor components and a multiplicative factor. The exact relation
is presented in section [VIC] below. One should also note that I, and I, each obey a second-order hyperbolic PDE,
while I3 (proportional to the radial derivative of I,) does not. However, three invariants are not all independent:

(pP' +p'P—6pp)Is— (pP — p'P) I, — (30" +3'd—4pp' —41py) I, =0, (42)
which is exactly equivalent to the Regge-Wheeler equation (I7]).

B. Even Parity Invariants

To get the even-parity invariants, we concentrate on the first seven of Eqs (40)). Instead of just one, we now
have three even-parity gauge vectors projections, (p'&1 + p&2), (p'& — p&2) and (8'¢s +3&s). The recipe involves
eliminating these three quantities step-by-step. For example, one can use the fifth and seventh equations of the set
and eliminate (8'¢s + &), and finally use the third to eliminate (p'&; + p&). Obviously, a number of combinations
is possible, potentially leading to a variety of invariants that can be calculated from these seven equations. We choose
to translate Steven Detweiler’s systematic coordinate-dependent work into a coordinate-independent, covariant GHP
formulation. The first step is to write three gauge-vectors in terms of metric perturbations with as few derivatives as
possible, and we choose the fourth, sixth and seventh of Eqs (40),
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(00 + 00 —4pp —412) (00 +3'0) (3¢ + &) = (00 +3'3) (30 (J¢ h)33 + 03 (6¢ h)aa) (44)
(33" +3d3—4pp — A1) (30 +3'3) (p'é1 — p&) = (pP' — p'P) (30 (5¢ h)33 + DD (6¢ h)aa)

+ (00 +33—4pp — 41/)2) (0’8 (6c h)13 + p'd (8¢ h)1a — pd' (8¢ h)az — pd (8 h)2a) ,  (45)
)

(00 + 83 —4pp —41bs) (00 +0'3) (p&1 + p&a) = = (00 + 8D —4pp/ —413) (38 +3'D) (3¢ h)3a

l\DI>—‘[\3|>—~

(00 +0'3) (3'0"(6¢ h)ss + 3 (6 h)aa) - (46)

We use these to eliminate the gauge vectors projections from the first, second, third and fifth of Eqs ([@0), to have 4
even-parity invariants,

Is =2 (00 + 00 —4pp' — 442) (80 +8'3) (p*h11 — p*ho2)

+ (00 +dd—4pp —4s) (80 +8'd) (pP' — p'P) hay

—2(30 +00—4pp —4vs) (pP +p'P—6pp +2¢3) (P8 his + p'dhis — pd'haz — pdhas)

- (66’ +88—4pp — 41/)2) (pP’ — p’ID) (6’6%33 —|—66h44)

—2(pP' = p'P) (pP' 4+ p'P —6pp’ + 413) (30’ hg3 + 3D hua), (47)
Io= (00 +30—4pp —4¢2) (30 +8d) (p*h11 —2pp'haa + p*has)

— 3 (80 +3'd—4dpp —41by) (30 +8'D) hyy

+2(00 +0'0—4pp’ —44s) (pP' = p'P) (p'0'has + p'dh1a — pd'hog — pDhaa)

+ 12 (30’ +9'3) (80" hss + 3 haa)

+2(pP' = p'P) (pP' — p'P) (3'0'h3s + 3D hus) , (48)
Iy =— (00 +030—4pp —41hy) (00 +0'D) hsa

+2(66’+6/6—4pp/—41/)2) (p6h13+p6h14—p6 h23—p6h24)

+ (00 +0d—4pp —4¢) (80 has + 3D hay)

—2(pP 4+ p'P —6pp" —21p3) ('8 has + O hua) (49)
Iy = (66/4‘6/6—40/’/—41/12)( Phi1+2pphia+p h22)

— (00 +0'0—4pp —44s) (pP 4+ p'P —2pp’ +1b2) hay

+ (pP' +p'P—6pp +1hy) (0'0'haz + 3 haa) . (50)

On the other hand, one could have used other components of metric perturbations to eliminate the gauge vector
projections, and arrive at a different set of invariants.

C. Curvature Invariants

We now try to relate these odd- and even-parity invariants with curvature invariants.

1. 0Odd Parity

We begin with defining three, scalarized, odd-parity invariants

Io = p/p/8'8" g — pp'd3 4o, (51)
1 . - .

I = i(wg — 1) = Stpy, and (52)

L= ppddiy — ppddiu, (53)

and then seek ways of relating the Detweiler invariants to them. By direct computation, we find
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Ia = — (p pl — plp) IQ -2 (plalc‘:lg — p/6 514 + p6/523 — p6524) y (54)
Iﬁ = — (p I)/ + plp - 8ppl) IQ + 2 (plé/(‘:lg — p/é 814 - p6/823 + p6524) 5 (55)
I, = —2pp'I. (56)

Eqs (54) and (B6]) together are equivalent to eq. (I8) above. Finally, we show that the three curvature invariants are
themselves related:

20y +21y— (pP' — p'P) (pP' — p'P) Iy — (pP' + p'P —10pp" +242) (pP' +p'P—8pp') I
=2(pP' = p'P) (815 — PO+ pdEaz — pDEna)
—2(pP +p'P—10pp +24) (P8 E13 — p'3E1L — pO'Eas + pDEas) . (57)
To our knowledge, this equation, differentially relating the curvature invariants, gibo, %1&2 and Sz/}4, has not previously

been explicitly given. With the analysis on odd-parity invariants complete, we now move to the complicated even-
parity invariants.

2.  FEven Parity

The even-parity invariants, Is, I, I, and I, can be related to each other using the following relations,

4Ry —4Ry=1I5+ (pP' — p'P)I,, (58)
2Ro+ 2Ry +4pp (0833 +00Eu) = I — aly, (59)
2Ry + 2Ry —4pp (/0 Es3 +00Eu) = (00 +08'0) Iy — (pP' 4+ p'P—10pp' +1p2) I,  (60)
400" +3d—4dpp —Av) (02811 — p*Ex) =I5+ (pP' — p'P) Iy + (pP' — p'P)X1,, (61)
120y (pE11 — 2pp'Era + p°Ea) +8pp'Wa (2E12 + E34) = (00’ +0'0—dpp' +2V,) I

— (pP +p'P —12pp" + Wo) (I, +21y), (62)

where
Ry = p/p'd'8/4g + p'p/004, and (63)
Ry =ppddiy+ppddiy . (64)

These equations can then be inverted to write the four invariants in terms of curvature invariants as follows

(pP' = p'P) Iy = =4 (Ro — Ra) +4 (30" + 30 —4dpp' —4¢) (0211 — p*E22) , (65)

pp' (PP — p'P) Iy = 642 (pP' — p'P) (p2E11 — 2 pp'E12 + p*Eaz) +4p 't (PP — p'P) (212 + E34)

— (pP = p'P) (Ro+ Ra) +2pp' (pP' — p'P) (8'0'Es3 + 8D Eua)

—4(pP' +p'P—12pp') (Ry — R4)

+4(pP' +p'P—12pp") (30 +3d—4dpp —41ps) (p*E11 — p°Ea2), (66)

pp'ls=4pp' (Ro — Ra) — 62 (0P — p'P) (211 — 2pp €12 + p*En)

—4pp'he (pP' = p'P) (2612 + E34) + (PP’ — p'P) (Ro + Ra)

—2pp" (pP' = p'P) (0'0'E33+88E44) +4 (pP' + p'P—12pp") (Ro — Ry)

—4(pP' +p'P—12pp') (30" +3'd—4dpp —41ps) (pE11 — p*Ena), (67)
pp (pP' —p'P) I = (2pp —b2) (pP' — p'P) (Ro + Ry) + 4 p*p” (pP' — p'P) (0'0'E33 + 00 Eua)

+ 603 (0P — p'P) (pE11 —2pp'Er2 + p*Ex2) + 4 p P15 (pP' — p'P) (2E12 + Es4)

+2pp' 2 (pP' — p'P) (8'0'Es3 + 8D Ess) —41ba (pP' + p'P —12pp’) (Ry — Ra)

+4tpy (pP' + p'P —12pp') (80 + D —4pp — 442) (p*E11 — p°Ex2) . (68)
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Along with these we also get an equation relating the curvature invariants with Einstein tensors,

— (pP' = p'P) (pP' + p'P—16pp' +3¢2) (Ro + Ra) +4pp' (88 +'d) (Ry — Ra)
—4(pP' +p'P—16pp +313) (pP' + p'P —12pp’) (Ro — Ra)
=4p°p? (pP' — p'P) (0'0'E33 + 00 Ess) +4pp' (00 +08'3) (80" + 00 —4pp’ —41y) (p*E11 — p°En)

+ (p P/ =+ p/ID — 16ppl + 31/}2) [ - 61/)2 (p I)/ — p/ID) (pl2511 —2 pplc‘:lz + p2522) — 4pp/1/)2 (p ID/ — p/p) (2 812 + 534)

—2pp (pP' — p'P) (00’33 +00Es) —4 (pP' +p'P —12pp") (30" +3'd—4dpp’ —41bs) (p*E11 — p°Ea2) } . (69)

Its nature is yet to be investigated.
Though none of these 4 even-parity invariants solve a 2"%-order hyperbolic PDE, their combinations, the Zerilli
invariant, Iz and the new even-parity invariant, I, g1, which are related to these invariants as follows,

21,51 :2I¢+IX, (70)
21, = I — (pP' — p'P) I, (71)

do each obey a second order hyperbolic PDE as shown in Eqs (([22]), (20)) above.

VII. CONCLUSIONS AND OUTLOOK

This work, which started as a warm-up exercise to study perturbations on Kerr spacetime, has led to many new
and interesting results. In this article, we investigate gauge-invariant quantities in Schwarzschild spacetime and,
where possible, present and derive a 2"%-order hyperbolic PDE they obey. Previous work by numerous authors who
studied perturbations on Schwarzschild background have been translated to a covariant, coordinate-independent and
tetrad-rotation invariant form using the GHP-tools. Relations between the various odd- and even-parity invariants,
and curvature invariants that enter these relations, have been derived and presented here as a set of minimal number
of equations required. While working on this, we discovered a new even-parity invariant which obeys a second-order
hyperbolic PDE. Both the invariant, and the equation it obeys, are of order lesser than Zerilli’s. It is interesting to
note how the real and imaginary parts of the Weyl scalars are related to the various invariants derived in this work.
Chandra’s work on relating the RWZ-invariants with each other and the Weyl scalars have also been translated to a
GHP-form, and one should be careful when using these relations as these relations relate elements of the solution set
and not solutions satisfying the same boundary conditions. In the Appendices, we show how to translate the metric
perturbation in GHP form to that in the RWZ-gauge. We also present the Einstein tensors and their scalarized
version which can easily be related to ones in the works of RWZ and others.

A number of difficulties come up when carrying forward this work to studying perturbations of Kerr black hole, and
deriving gauge-invariant quantities and the equations they obey. The obvious one is the presence of complex Ricci
coefficients, = and 7 (along with p); and 9 being complex. Commutation relations between various operators are
not simple anymore, for example, d and & (when acting on a quantity of type (0,0)) don’t commute with each other,
nor can d or & pass through p or 12 anymore. Angular operators like (83" + 8'd) that gives a term proportional to
((l+1), and (38 +38'd—4pp’ — 41s) that is proportional to (¢ — 1)(£ + 2), are no more possible in Kerr spacetime;
if needed, one will have to use the Teukolsky-Starobinsky identities. With these difficulties comes a lot of freedom,
for example, there is more than one way to write an operator proportional to 9, or d;. Unlike in this work, many
combinations are possible to scalarize the metric perturbations, Weyl scalars and Einstein tensors, for example, one
will have to use a linear combination of 8, 7 and 7 to get a quantity of type (1,-1), where as in this work, the only
possibility was the d-operator (owing to 7 = 0 here) which is also a spin-raising operator for spin-weighted spherical
harmonics. While struggling with these difficulties and exploring the various possibilities in defining quantities of
interest (owing to the freedom involved in Kerr spacetime), we hope to derive quantities equivalent to the odd- and
even-parity invariants in Schwarzschild spacetime and the equations they obey.
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Appendix A: GHP vs coordinate metric perturbation

If one were to use the tensor harmonics given in Appendix A of [21], and the metric perturbation given in Appendix
D of |21], we then have the following relations,

T2 _
Ho, v = @ /(Pl2h11 —2pp'hia + pPho2) Y1, adl, (A1)
2 _
Hy, \, = @ /(p/2h11 +2pp'haa + p*ha2) Y1, a1dQ, (A2)
T2 _
Hyp o\ = m /(p’2h11 — p*ha) Y1 MdS, (A3)
m _T3 7
th,)M = L(L n 1) ( — M) /(p6h24 + p6/h23 + p’é h14 + plélhlg)YLdeQ, (A4)
m T3 _
h‘(JL,)M = m /(pah24 + pé/hgg - pla h14 - pla/h13)YL7MdQ, (A5)
Grng = 21" / (83 has + 38 hag) Vi, 11d2 (AG)
LM = DML+ )L+ 2) 33 44) YL 2dQ2,
L(L+1 _
Kr v — %GL,M = /h34YL,MdQ, (A7)
ir -
hoy » = T+ D) /(plalhm — p'8his — pd'hoz + pDhoa) Y ade, (A8)
irs _
hig = 1-Z0) L(L+ 1) /(Plélhw — p'Bh1s + pd'hag — pdhay) Y mdQ, (A9)
274

_ 1%/ o Y
I T T AT A) /(a 3 hs — 03 haa) Vi ardS2. (A10)

Similar relations hold for Einstein or stress-energy tensors given in Appendix A of [21].

Appendix B: EFE and scalarized versions

In this section we present the scalarized versions of the Einstein tensor in terms of metric perturbations.

pPE1 = (PP — 'P) (o) + 5 (00 +39) ()

_|_

+
N =N = =N =

(4pp —2) (pP' = p'P) = (Bpp" —b2) (pP' + p'P)] hay

(pP' +p'P) — (pP' = p'P) = 6pp’ + 242 (p'0'h1z + p'Bh1a), (B1)

[
[(pP’ + p’P)2 + (pP' — p’ID)2 —2(pP' +p'P) (pP' — p’P)} haa
[
[

6’6/533 = - (6 6/ + 6'6 - 4pp/ - 4’(/12) (6 6/ + 6'6) (Qpplhlg)
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+ 2 [(pP' +p'P) + (pP' = p'P) = 10p0] (30" + 80— 4pp' — 442) (p''has + pd'has)

N N

[(p D' — p'P)? — (pP' + p'P)’ + 14 pp (pP' + p'P) —dpp (Bpp + m)] (0'8'hs3) (B2)

(00" +0'3) [(pP' +p'P) + (pP' = p'P) — 4 pp'] (p"h11)
1
16

+ %pp (80" +08'3) [(pP' + p'P) — (pP' — p'P)] has — ipp' (00" +8'3) (p'd his)

+
/ I/ 1
pppé&szg

(00" +3'3) [(pP' + p'P) + (pP' — p'P) +2¢3] (2pp'h12)

pp' [(pP'+p'P) = (pP' = p'P) —4p '] (8/8'hs3)

_|_

[ (0P’ + p'P)* + (pP' — g'P)* =2 (pP' + p'P) (pP' — p’p)] (p3'has)

_|_

Yo —Tpp') (PP +p'P) + (Bpp' —2) (pP' + p'P) +8p°p"?] (p0'has)

+
e S ke A SN o N IS

[(

{ (pP' = p'P)° = (0P’ + p'P)> +2pp (33 + 6’6)} (03 h1s)

[(Tpp" = 2) (0P + p'P) + (4pp' —2) (pP' = p'P) =8pp' (2pp" +12)] (p'0'ha3), (B3)
1

PP+ p'P) + (pP = p'P) = 6p ] (0%h11) + 5 [(p P+ p'P) = (pP' = p'P) =G p ] (p*ha2)

1
08" +03) (2pp'z) = (pp' +v2) (2pp'haz) = 5pp' (80 hgs + 3D has)

[

pp'Ea =

N = +

_|_

(PP +0'P) + (pP' = p'P) =10 p '] (0’013 + p'O h14)

_|_
—~ »Jkl}—‘ﬂklP—‘ﬂklP—‘ﬂklb—‘

(
[
[(pP' +p'P) — (pP' = p'P) =10 p '] (p&'has + pDhas)
I

(PP’ = p'P)” = (0P + p'P)* + 100 (P + p/P) + 2 (38 +3/3—4pp —4) | s, (BY)

%)
w
~

|

(0p)?

|
ol — +

—

PP/ +p'P)’ + (pP = p'P)? 42 (P + p'P) (pP' = 'P) | (p?h11)

i [(7pp — 1) (pP' 4+ p'P) + (8pp' —1b2) (pP' — p'P) —12(p p’)ﬂ (p"h11)
£ 2 [P+ (08— P)’ —2(pP 4 D) (o — 'P)] (h2)

i [(7pp —2) (pP' + p'P) = (8pp’ —1b2) (pP' — p'P) —12(p p’ﬂ (p*haz)

1

=700 [(pP' +p'P) + (0P’ = p'P) =6 p '] (p/0'has + p'3 114)
1
=700 [(pP'+p'P) = (0B = p'P) =6 pp'] (pB'h2s + pDhaa)
1
-3 [(pp’ +p'P)’ = (P — p'P) —2pp (30 + 6’6)} (2pp'hi2)
1
+ 7 [Gop’ =2¢0) (pP'+ p'P) =220 +03)] (2pp'h12)
1
+ 300 [(p B+ p'P)° — (pP' — p'P)° —6pp (0P + p’p)} haa. (B5)
The scalarized versions of €44, £22, and £24 can be obtained by taking a prime of the one’s with £s3, £11 and &3,
respectively. The scalarized versions of £14 and £33 can be obtained by taking a bar (complex conjugate) of the one’s

with £13 and a4, respectively. With this, our presentation of the scalarized versions of the 10 components of Einstein
tensors is complete.
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Appendix C: Translating GHP to Boyer-Lindquist coordinates

In this section we translate some of the GHP operators acting on quantities of type (0,0) to Boyer-Lindquist
coordinates using the Kinnersley tetrad.

1-2M) 5
P+ P (7T— 1
(p tp ) rar* T or’ (C1)
-1 0
p'—p'P 2
(b P =oP) = <57 (©2)
(00’ +3) = “1), (C3)
(33 +3d—4pp —4yp) = M, (C4)
C—=1)((0+2)+ 54
(00 +3d—4pp +21) = ( )((_:; i (C5)
When acting on quantities of type (p, ), the d and & operators are
1 ) q—p
Ofpg = T 0o + 96¢+ 5 ) c0t0) foa, (C6)
1 i
3 frq = Tor <89 sn98¢+< ) >cot9) fria- (CT7)
Using these, the equation for I, g is
2(r —2 M) [36 M + 5(¢ — 1)(£ + 2)r]
2 _ 92 _
(07 = 0) Ium PoM T @ ri—2) Ol
. (r—2M) [300M2+30Mr(£2+£—8)+(é—4)(é+5)(é—1)(é+2)r2]l
(6 M + (2 +0—2)7] B
_ 87T(€—1£)))(€+2)8T*A§07)n+4\/5771'(6—1)(i+2)(r—2M)8tAglr)n
r ’ T ’
dr(—1)LU+1)(+2)(r —2M)?
- 6 AE,m
+4\/§7r\/(£—1)€(€+1)(€+2)(r—2M) [6M+(£2+£—2)T}F
l,m
r6 >
42m (0 —1)(L+2) €(€+1)(r—2M)2B
- TG ‘,m
Tl —1)(C+2)[96 M>+2Mr (70 +70—32)+ (—1)((+2) (€2+€—4)r2]A(0) s
6 M+ (2 + 0 —2)7] tm (C8)

where A% A

Lm) “Hmo
(where we replaced L with ¢), and I, g1 is decomposed as sum over ordinary spherical harmonics.

Agm, Bem and Fp ., are the widely used components of tensor harmonics given in Eq (A1) of [21]
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