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Abstract

The paper extends equilibrium theory of ion exchange chromatography to ac-
count for variable solution normality and steric hindrance. Both effects are
crucial for many separations including the separation of proteins. Analytical
solutions are given for a full chromatographic cycle consisting of the loading
of an empty bed equilibrated at different salt concentrations followed by a re-
generation step. Special emphasis is on selectivity reversals. It is shown that
additional reversals may occur due to a change in solution normality. Results
are illustrated step by step and relation to ion exchange chromatography with
constant solution normality and/or mass action equilibrium without steric hin-
drance is discussed. Theoretical findings are validated by comparison with nu-
merical simulation.
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1. Introduction

Equilibrium theory is a powerful method for understanding and designing

chromatographic processes |1, 12,13, 4, [5]. Tt assumes thermodynamic equilibrium
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between the solid and the fluid phase leading to a system of first order partial
differential equations, which admits analytical insight into propagating concen-
tration fronts and pulses in a chromatographic column. Patterns of behavior
crucially depend on the adsorption mechanism, which is represented by the ad-
sorption isotherm. An important class of processes is based on ion exchange
chromatography. Classical equilibrium theory for stoichiometric ion exchange is
for mixtures with equal valences leading to explicit adsorption isotherms similar
to the well known Langmuir isotherm [1]. In contrast to this, unequal valences
lead to implicit adsorption isotherms that were studied by Tondeur [6, [7] with
special emphasis on selectivity reversals, which may occur for mixtures with un-
equal valences. A summary was given by Helffereich and Klein in [1]. Missing
aspects of the theory were added recently in |§] and an analytical solution of the
full chromatographic cycle was given comprising the loading of an empty bed
followed by a subsequent regeneration. In this paper also a reformulation strat-
egy has been proposed to provide an efficient numerical solution using standard
methods for differential algebraic equation (DAE) systems.

All of these approaches assume constant ionic strength and neglect steric
effects. However, variable ionic strength plays an important role in gradient
and displacement chromatography, which are frequently applied to enhance the
separation of molecules with similar properties |9, 10, [11]. Further, steric effects
play an important role for larger molecules such as proteins encountered in many
bio separations |12, [13]. Therefore, the objective of the present paper to extend
equilibrium theory for stoichiometric ion exchange to processes with variable
ionic strength and to account for steric effects by using the well known steric
mass action law (SMA) |14]. Consequently, the extension in this paper inherits
also the limiting assumptions of the SMA, most notably the lack of accounting
for a variation in pH or a variable exchanger capacity based on the dissociation
of weak acid functional groups in the solid phase. Contributions that provide a
local equilibrium model for these cases, which are not considered here, are for
example |15] and [16], respectively.

Past attempts to apply the method of characteristics in ion exchange chro-
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matography using the SMA were performed in [9] for binary mixtures and iso-
cratic elution as well as in |17] for binary mixtures and linear salt gradients.
Further extensions of the equilibrium theory to ternary systems for monovalent
species [18] or related to step gradient conditions [19] for binary mixtures were
also presented. However, past contributions do not provide the rigorous appli-
cation of the equilibrium theory to arbitrary N component systems using the
SMA with variable solution normality.

In the following, the theory is developed step by step, and the relation to the
previous findings for systems with constant solution normality and mass action
equilibria without steric hindrance is established. For illustration purposes of the
different effects, three different application examples are considered afterwards.

Analytical results are validated through comparison with numerical simulation.

2. Model Equations

The following is based on the well-known ideal model of chromatography

Q(C+Fq(c))+a =0, c¢qe€RN. (1)

[¢
ot 9z
It assumes isothermal operation, thermodynamic equilibrium between the ad-
sorbed and the fluid phase, a constant interstitial velocity u of the fluid phase,
a constant void fraction e, and it neglects axial dispersion. The parameter
F = (1—¢€)/e denotes the phase ratio, and the variables ¢t = t*u/L and z = 2*/L
denote the dimensionless time and space coordinate, respectively, where L is the
length of the column. Note that the corresponding dimensionless interstitial ve-
locity in (I) has a value of one. In these model equations, ¢ represents the
concentrations of the N adsorbable components in the fluid phase and q(c)
the corresponding concentrations in the adsorbed phase, which follow from the
adsorption equilibrium.
For constant solution normality in system () only N — 1 concentrations

are independent, and (I) can be reduced to a system of N — 1 equations by
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introducing dimensionless concentration measures (see e.g. [8]). For variable
solution normality, all N concentrations are independent and the full set of
equations (1) has to be considered. Therefore a conversion to dimensionless
concentration measures is not used in this paper.

The adsorption isotherm of stoichiometric ion exchange follows from the

mass action law according to

a\" (en 7" .
Kin=|(— — = const., i=1,...,N—1. (2)

Ci anN
Following the notation in |§], v; is the reciprocal of the characteristic charge of
ion 'i’; and component ‘N’ is a suitable reference component. The characteristic
charge is assumed to be constant and determines the the multi-pointed binding
of larger molecules |14, [20] without accounting for variations in the pH, which
is assumed to be constant throughout this paper.

In general component ’N’ is usually a simple ionic component. However
it can be any kind of reference ion. In order to emphasize its special role
in the present paper, component N’ is denoted as the salt, which is used to
change the adsorption behavior of all other components. For constant solution
normality ¢+ the salt concentration is not independent anymore but follows
from ¢y = Ciot — Zfi}l 5—7, which is not the case in this contribution. Thus,
the solution normality can change. Typically, vy is equal to one. However, for
generality the following development is not restricted to this case. Accordingly,
qn is the salt load of the solid phase or the free accessible salt load of the solid
phase in case of steric hindrance by the other molecules. For fixed ion exchanger

capacity giot, the salt load gy follows from

N
Gtot = Zfi%', (3)
i=1

K2

where p; accounts for steric effects. For negligible steric effects p; = 0, the cor-

responding generalized factor &; reduces to & = 1/v;. This applies in particular
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to the salt, i.e. py = 0, also in the presence of steric hindrance by the other
molecules. Moreover, the electroneutrality condition is also accounted for by
Eq. @) [14].

In the general case of unequal characteristic charges of the different ions,
Egs. (@), @) represent a system of implicit algebraic equations, which will be
denoted

1 A\ (en N
0=fi(qc)= -(@) (—N) —1, Vi=1,...,N—1,
K;

(& qnNn

N (5)
0= fn(q) = Zfiqz‘ — Qtot
i1

in the following. Additional assumptions required for the SMA are as follows.
Equilibrium constants and steric hindrance are also assumed to be constant [14].
Further, the effect of co-ions is neglected based on the assumptions in [20].

For an efficient numerical solution of the model equations we use equations
(@) and (@) in combination with the solution strategy introduced in [8] and its
extension to the SMA in [21]. This strategy comprises a reformulation of the
model equations by introducing variable v = ¢ + Fq(c), a discretization of
the resulting equations using a method of lines approach [22] with finite differ-
ences and a subsequent simultaneous solution of the resulting system of ordinary
differential equation applying standard DAE numerics. For demonstration pur-
poses, simple first order backward differences are used based on an equidistant
grid with N, = 1000 spatial grid points. The resulting DAE system is solved
with ODE15s in MATLAB® [23].

Utilizing the same line of arguments as introduced in [8] and the spectral
properties to be discussed in the next section, it can be shown that the dif-
ferential index of the resulting DAE system is always equal to one [24], which
alleviates the numerical solution considerably. For a more detailed discussion
of the differential index of DAE systems the reader is also referred to [§] and
further references therein.

Finally, it is important to note that instead of the N component material

balances of Eq. () we may also use only N — 1 component material balances
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together with some sort of total material balance that is obtained through mul-
tiplication of the component material balances with factors §; and summation

over all components. Introducing

N
Crot = »_ &ici, (6)
i=1

we find in view of Eq. @)

Ociot OcCiot
ot 0z 0 @

It should be noted that c;; is not the total solution normality, which would be
Zi-vzl ¢i/vi, but some formal equivalent to ¢+ in Eq. (B). In the remainder
ctor 1s called the modified solution normality. Modification is due to factors p;
as in ([B) accounting for steric hindrance. If this steric hindrance is absent, the
modified solution normality coincides with the total solution normality, i.e. the
latter is simply a special case included in the modified solution normality.

Eq. () represents a linear transport equation with constant transport veloc-
ity, which is equal to one. Since Eq. () is decoupled from the component mate-
rial balances (), cto+ depends only on the given boundary and initial conditions
but not the component material balances. In contrast to this, the component

material balances depend on the value of c¢;,; through the equilibrium relations

(@), because of

Ctot — Zf\[:_ll &ici (8)
N '

The alternative model formulation (7)) provides useful insight into the solution

CN =

structures to be discussed in the next section. In view of Eqs. () and (1),
we find that any step change of the concentrations at the inlet is resolved into
N — 1 transitions with ¢ = const. and a single transition 'N’ with variable
Ctot- In other words the kth transitions with k < IV takes place on a specific ¢t

hyperplane defined by (Bl). Further details will be discussed in the next section.
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3. Equilibrium Theory

The system of quasilinear partial differential equations of first order (1) can
be solved analytically for piecewise constant initial and boundary (Riemann)
conditions using the method of characteristics. For this purpose Egs. () are

rewritten in the following form

-1
%+(1N+F%) %:0, (9)
where Iy denotes the N x N identity matrix.

Solutions of (@) with Riemann boundary and initial conditions consist of
smooth and non-smooth transitions. Non-smooth transitions are either shock
waves or contact discontinuities [2, [25]. In the following, it will be shown that
contact discontinuities are either related to a selectivity reversal or a change of
the solution normality.

The characteristic velocity o of a smooth transition follows from the eigen-

values of matrix (Iy_1 + F%)_1 in @) according to

1

= 1
14+ Fg (10)

Ok

Therein, the A\;’s are the eigenvalues of the Jacobian matrix %. By implicit

differentiation of Eq. (&) we find

-1
9q _ _(oF) " oF (11)
Jc oq Jc

with
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_a_q: 7 v , (12)
an
-6 —& ... —&vo1 —EN
diaqgy— (ﬁ) N
7%: In-1 {5 | (13)
L0 0

where diagy_1 denotes a (N — 1) x (N — 1) dimensional diagonal matrix with

indexi=1,..., N — 1. Hence, the eigenvalues Ay follow from the characteristic
equation
9q
0=det | =— — M\gIn_ 14
et (52 - Ml (14)
of of
=det | —— — \pg— 15
¢ < e ’“aq) (15)

N YN
) cN + Ak anN

. 123 v;
diagn_1 (C—Z — )\kq—?
(3 (3

= det (16)

SN
Y ISP VR SRS R J s _)‘k§N

10 For A\ # %, the characteristic equation yields

N71V' » N-1 A y y
- T ey — kSt PN PN 1
0 I I ” [ < k&N ; " ( + Ak (17)

Ci qi

or equivalently

N

OZAkZﬁf;\ﬁ’ (18)

=1 Ci qi
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which has N non-negative and distinct roots

Doy > STy, STt IV ST =0

C1 C2 Ck Ck+1 CN—-1 CN

(19)

In ([I9), the components are ordered in decreasing affinity to the solid phase.
Note, the selectivity order in ([9) is valid only until the occurrence of a so-called
reversal, which is discussed next.

For A\, = £, we find from Eq. (G) in view of the ordering introduced in Eq.

(@) that A also has to be equal to Zlﬁ corresponding to a selectivity reversal
g—z = % for any ¢ = 1,...N — 1. The existence and topology of such selectivity
reversals in stoichiometric ion exchange with constant solution normality was
studied intensively in |6, [Il, |]. In this paper results will be extended to variable
solution normality and/ or ion exchange with steric hindrance. In particular
it is shown that changes in the modified solution normality may also introduce
selectivity reversals.

Along the selectivity reversal, the characteristic velocity is constant accord-

ing to

1
qk qk+1 Uk —Vht1
A = = = = K5 (20)
Ck Ck+1

corresponding to a contact discontinuity. From (20) it is clear that vy # vg41
is a necessary condition for the existence of a selectivity reversal.

Another contact discontinuity occurs along the Nth characteristic field cor-
responding to Ay =0, i.e. oy = 1. According to the discussion in the previous
section regarding (7)), we find that the modified solution normality will only
change along the Nth characteristic field but stays constant along the others.
Changes of the modified solution normality propagate with the normalized inter-
stitial velocity of one prior to all other transitions. In contrast, concentrations

c1,...,cny can change along each characteristic field.
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fluid phase concentrations ¢; is given by the corresponding eigenvectors ry. For

A # Z—: the eigenvectors follow from

v; Vi v v
0= (—z — )\k_) Tk + (——N + )\k—N) Tk,N»
C; i CN qnNn

N (21)
0=—Xe Y &irks
i=1
Recalling the characteristic equations (I3, Eq. () is readily satisfied for
1 1 ’
rkzliﬂAﬁ’ ...... ’7MAM1 . (22)
C1 k q1 CN k aN

Using the characteristic equation ([I8) for Ag, equilibrium formulation () and
10 (22) for rg, it can be proven that the characteristic velocity o along the k-th
characteristic is monotonically increasing for A\, # Z—Z and k < N because of the

genuine non-linearity [26]

VArrs < 0. (23)

Details can be found in Appendix A.
A transition with increasing oy, (decreasing Ax) corresponds to a spreading
1ss  wave. Transitions in the opposite direction correspond to shock waves. The
shock velocity s follows from the integral material balances across the shock

also known as the Rankine Hugoniot conditions, which are in similar form to

Eq. (I0O)

1
k .
s¥=——F—, Vi=1,...,N.
1 Jr Fﬁ_g:: ) Y k) (24)
These equations also define the image of the shock waves in the concentration
10 phase space. If v; # v; for some ¢ # j the image of the shock waves in the

concentration phase space is curved and tangent at the beginning to the integral

10
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curves, which are defined by the eigenvectors ry [25]. For \x = q—z = const.,

C
k< N ork=N we find

VArry =0 (25)

corresponding to a contact discontinuity. According to 20) \x = Z—z corresponds

to a selectivity reversal. Based on Eq. (2I]), the related eigenvector is

_ _ T
re = [0, a0y e =& I,Tk,k_i_l = —Ekil,o, ...,0} , k<N. (26)

This represents a straight line in the concentration phase space. Due to the
tangency mentioned above, the jump conditions of the corresponding contact
discontinuity are also satisfied along this line and therefore it coincides with
the corresponding shock curve. Remember, all previously investigated types of
transitions (k < N) take place on some ¢t hyperplane (@).

In contrast, c;; changes along the remaining Nth transition. The image of
the contact discontinuity of the Nth characteristic field follows from the jump

conditions (24)) for s* = u, which results in

Agi/Ac; =0, (27)

and is equivalent to

¢ = qi(c) = qi(c*) = ¢} . (28)

Therein, c* represent the states before the contact discontinuity occurs, and ¢
represents the states after the contact discontinuity occurs. Since the contact
discontinuity corresponding to Ay is always traveling first in time, the state
before as well as c;: before and after the occurrence of the contact discon-
tinuity follow from the given boundary and initial conditions. Depending on

these quantities the state after the occurrence of the contact discontinuity can

11



be calculated from the jump conditions (28) and the equilibrium relations (2])

according to

1 o 1 * v
v, [ AN ‘ * T Ug q ° *
¢ = Ky (_) = Ky ( iv) =4q;
CN CN (29)
YN YN
qN Vi Uk QN vi
G\ — = " )
CN Cn

VN

N

The unknown variable ¢y in the curves [B0) for ¢; depend on ¢t For any given

ctot value, ([B0) reduces to a point due to the intersection with the corresponding

215 Cpop hyperplane (@), which results in

VN

N N
0=>®(cn) = ZEZCZ‘ (CTN) - Ctot- (31)
i=1 N

C

Thus, the remaining components ¢; can be obtained from (B0I).

It is worth noting that the representation of the jump conditions of the con-
tact discontinuity (28) in the concentration phase space are curved but coincide
with the integral curves of the corresponding spreading wave solution, which is

220 shown in the following. The relation between integral curves and eigenvectors

corresponding to Ay is

de; TN, UN C; (32)
dey TN Vi ¢N'

Eq. (32) can be easily integrated between two states c*, ¢ reversing the chain

rule of differentiation, thus separating the variables ¢; and cy

“ d¢; “ déy
v — = UVUN _
C;‘ C; c;‘ CN
Ci CN
viln|{ — | =vnIn| — |, (33)
= CN
VN

o CN Vi
GG =6 | )
CN

12
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which is identical to the curves in (30).

4. Selectivity reversals

One of the most significant features of the adsorption based on the stoichio-
metric mass action law is the possible existence of selectivity reversals, which
were first investigated in detail by Tondeur [6] and Helfferich & Klein [1] for
constant solution normality and no steric hindrance. Focus in |1, 6] was on
loading behavior. More recently, the role of selectivity reversals for chromato-
graphic cycles and pulse development was discussed in [8]. Since the SMA is an
extension of stoichiometric mass action law, the question arises how this exten-
sion affects the properties of the selectivity reversals. Based on the results for
the equilibrium theory in Section 3, the spectral results of the SMA related to

a selectivity reversal

J k

; (34)
are similar to the ones for the stoichiometric mass action law in [§]. In partic-
ular, the related contact discontinuity is described by a straight line parallel to
the eigenvector r; of the form (2@), where only the two reversal participating
components ’j’ and 'k’ change. However if steric factors p; are non-zero, they
readily affect (26]) through (). Note, the components ’j’ and 'k’ do not nec-
essarily need to satisfy |j — k| = 1 since the possibility that another selectivity
reversal has already occurred changes the initial order in (I9) accordingly.

In the following, we derive a topological representation of the selectivity
reversals accounting for steric effects and the variable solution normality. For
this purpose, Eq. ([B4) is assumed to be satisfied in conjunction with Eqgs. (&).
Together they form a set of N equations allowing for the elimination of N
variables ¢; in ([B]). Hence, the corresponding region in the concentration phase

space is represented by the ’jk’ reversal hyperplane

13
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1

0= Z Eici <K’L]KJV]3V)€) ’ + (gjcj + fkck) Kj“]g*l’k — Qtot, (35)
i#j.k

or equivalently

N vy V%
0= Z&'Ci <KinjV;§Vk ) — Qtot, (36)
i=1

using K;; =1 and Kj; = Kj_kl. Compared to the selectivity reversal described
in 1], the dimension of the reversal hyperplane is increased by one to N — 1,
which is a direct consequence of the missing closing condition for the fluid phase
concentrations due to the variability of the solution normality. Furthermore, the
reversal hyperplane (BBl36]) depends not only on the parameters gior, Kij, Kk
and v; but also on &;, which can contain non-vanishing steric factors p;.
Physically meaningful results are obtained from equation (36l if the ’j&’
hyperplane intersects exclusively the edges of the positive orthant, i.e. ¢; > 0
for alli =1,...,N. In other words, these intersections define the condition of
the existence of the ’jk’ reversal hyperplane, and they are characterized by the
fact that only a single component ¢; in (B6]) is non-zero. This gives rise to the

following criteria for the existence of a ’jk’ reversal hyperplane

1
o\ E
0=¢&e; <Kinj”,g”k) — qot, Vi=1,...,N. (37)

Since all concentrations and parameters are greater than zero, both conditions
are satisfied for some ¢; > 0 independently of all g;o¢, K5, K i and §; parameter

values if and only if

vj # Vg. (38)

Eq. (38) represents the only necessary and sufficient condition for the existence

of a reversal hyperplane.

14
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It can be shown that reversal hyperplanes have no proper intersection but
can be identical. Details regarding both properties can be found in Appendix
B.

The classical selectivity reversal in [, [7, I8] assumes a constant value for
Cior @s well as no steric hindrance since it is based on the stoichiometric mass
action law. Therefore, a classical ’jk’ selectivity reversal is the intersection of
the corresponding ctor hyperplane (@) and the 'jk’ reversal hyperplane (BHI36)
with & = V% The requirement of a constant solution normality is an additional
restriction, which explains the relaxed condition (B8]) compared to the conditions
in |1

The generalized intersection of a ’jk’ reversal hyperplane with a ¢ hyper-
plane of constant modified solution normality is best represented rewriting (Gl

into

&+ &kck = Ctot — Z &ici, (39)

i#k,j

and applying (39)) to (35

1

+ K;,ziuk Ctot — Qtot- (40)

) % 1
0= Z &ici [(Kinjﬁuk) — Kj’}ziuk

i#g,k

Eq. (@Q) describes a N —2 dimensional reversal hyperplane with variables ¢;, i #
{4, k} and cior. Moving along trajectories with ¢;or = const. and ¢; = const. for
all i # 4, k, the right-hand side of Eq. (39) is constant, which is equivalent to
the result (26]). Representation ([@0) describes the classical selectivity reversal
in [1, 17, [8] if additionally & = 1/% holds. Another crucial difference of (40)

and its representation in [1] is the absence of the normalization factor ;ZZ in
the equilibrium constants, which are independent of ¢;o; and g;o; in the present
case.

In the next section, focus is on chromatographic cycles. They were also

discussed in [§] for a constant solution normality. A chromatographic cycle

15
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consists of two phases, the loading and the regeneration. In case of Riemann
conditions and a variable (modified) solution normality, both phases allow for
two different ¢+ hyperplanes [@). Only one of these two ¢+ hyperplanes need
to intersect an arbitrary ’jk’ reversal hyperplane in order to admit a classical
'jk’ selectivity reversal. Thus, the likelihood of the chromatographic cycle to be
affected by a selectivity reversal is increased compared to cycles in [8]. Moreover,
one of these two ¢+ hyperplanes does not require to assume a specific ¢y value
but to be only in a certain interval, which further relaxes the conditions of the
chromatographic cycle to be affected by a selectivity reversal. For more details,
the reader is referred to Appendix C.

In case of a variable (modified) solution normality, there is an additional
possibility for the intersection of a reversal hyperplane realized through the
contact discontinuity of the Nth characteristic field corresponding to Ay = 0.
Such an intersection with an arbitrary ’'jk’ reversal hyperplane exists if the

following equation

0 :\I/(CN)
N N Vi ,,L (41)
«[fc ZETRAN
:Zfici ((TN) Kij K, k) — GQtot,
i=1 N

admits a physically meaningful solution ¢y > 0. In I, the state c* denotes
the state before the occurrence of the contact discontinuity as in (28]). Again,
all other components can be determined from Eq. (B0]). Further details can also
be found in Appendix C. Eq. {I) includes the special case of the stoichiometric
mass action law with §; = u% Hence, a variable solution normality increases
the potential of a chromatographic cycle to be affected by a selectivity reversal

even further.

5. Application examples

In this section, the additional features of the steric mass action law compared

to the stoichiometric mass action law [8] are studied through simulations of a sin-

16
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gle chromatographic column to verify the theoretical results of previous sections.
In particular, the effects of a variable solution normality and the steric factors
are considered separately in the first two subsections, respectively, whereas joint
effects and their relation to the first two cases are studied in a third subsection.
In all cases Riemann experiments are performed for three component systems
with constant initial conditions and piecewise constant boundary conditions,
where two of components c1, co are target components. The third component
cs (the ’salt’) can be used to affect the adsorption behavior of the other two
components, thus allowing for an additional degree of freedom in process design.
For a complete picture containing effects on the loading and regeneration be-
havior, so called chromatographic cycles are considered. They are realized via
injection of pulses with a sufficient pulse width. The basic simulations param-
eters applied to any application example independently of the specific set-up
can be found in Tab[Il Simulation results are obtained through the approach
described in [8] and its extension in |21]. Note, the set-up specific parameters
in the following subsections are chosen such that all significant features can be
illustrated step-by-step in a compact manner. However, for a proof of principle,
an example based on experimentally derived parameters is briefly presented in

Appendix E.

5.1. Effect of the variable solution normality

Specific parameters are listed in Tab[2l First, we consider a classical stoi-
chiometric set-up without steric hindrance p; = 0 and with constant solution
normality c;o¢ = 2. The column is equilibrated with ¢ = [0,0,2]7 29! the

third component only. At time unit 0 starts the injection also of the two other

components with ¢/°*¢ = [0.4,0.6, 1.2] Tn‘;l . After 10 time units the feed changes
back to ¢™® = [0,0,2]7 % for regeneration purposes of the first two com-
ponents. The values of third component is specifically chosen to guarantee a
constant solution normality c;o:. The results consisting of two shocks Si, Ss

and two spreading waves R1, Ry are presented in Fig. [l Note, no selectivity

reversal occurs.

17
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In order to investigate the effect of the variable solution normality, a similar
set-up to the previous one is considered. In this case, a variable solution nor-
mality is realized through different initial conditions. In particular, a column

equilibrated with ¢z only, i.e. ¢™* =1[0,0,0.1]7 29 is injected with the same

feed pulse of c°*? = [0.4,0.6,1.2] ™9 starting at t = 0 and ending at ¢ = 10

m3

as in the previous set-up, which again introduces components ¢; and ¢y into

the column. After 10 time units the feed is changed to ¢"*¢ = [0,0,0.5] 24! in

order ro regenerate the bed. The relevant topology is shown in Fig. Zh. There

mol

are two cgo; planes of interest corresponding to the values cior = 0.5 ¥ and

mol
m3

Ciot = 2 respectively. Note, that the latter c;,; value is identical to the

one in Fig. [[h. There are also two reversal planes (gray), but only the interme-
mol m

9 and cror = 2 9 is relevant. Corresponding

diate one between c;,; = 0.5 pro s

numerical results are shown in Fig. 2b but are also plotted into Fig. Bh (black
dashed line) showing that only the two ¢+ planes and the two eigenvectors
corresponding to A3 = 0 are relevant.

Considering the two contact discontinuities C Dy, C'Ds regarding Ay = 0,
their prediction based on the equilibrium theory (green) in Fig. 2h obviously
match the numerical results very well. These two transitions are also highlighted
in Fig. Bb. As mentioned in Section 3, ¢;o: changes only along those contact dis-
continuities allowing for a second relevant c;,: plane with c;or = 0.5 "%—?f besides
%

the one with ¢t = 2 . This is clearly visible in Fig. 2l For the same reason

they are not present in Figlll with ¢;; = const. = 2 %%l. Note, the initial load-

ing of the column corresponds to a ¢y = 0.1 Tn—‘éf plane. As already explained

in Section 3, only c3 changes along the first contact discontinuity C'D; with

mol

%, which coincides with the initial condition

the trivial intersection [0, 0, 2]
in Fig. I Hence, the ¢;o; = 0.1 %—‘éf plane does not provide more insight and
is neglected here. The intersection of the second contact discontinuity C'Ds,
however, has to be determined from (31 and (30) with cx = c!°®® and yields
c = [0.1898,0.1350,0.2701] " %—?

Investigating the remaining transitions it is sufficient to consider the pro-

jections of the two ¢t planes in the c1, co-space. The loading behavior on the
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Ctot = 2 % plane with two shocks S1, Sy in Fig. Blfor the two target components
c1, ¢ is identical to the one in Fig. [[lsince the c;,; planes and initial conditions
on this plane are identical. The regeneration behavior on the c;; = 0.5 ’7’;—03[
plane in Fig. @k consists also of two spreading waves Ry, Ry but it is obviously
different from the regeneration in Fig. [Th. Neither of the two c;; planes Fig.
Bh, Fig. [ shows the existence of a selectivity reversal. However, in Fig. Eb
component ¢ is obviously stronger adsorbing in the regeneration phase, whereas
in Fig. [Ib the second component ¢y is stronger adsorbing during the regenera-

tion of ¢; and co. This selectivity reversal can be easily explained by means of

Fig. Zh. It shows that the contact discontinuity C'Ds crosses the ’1,2’ reversal

mol

plane, which explains the reversed regeneration behavior on the cior = 2 23

plane in Fig. [ and on the ¢;oy = 0.5 %—‘;f plane in Fig. @ The intersection
can be calculated from (@), (B0) and yields cf = [0.2829,0.3001, 0.6002] Tn—%l
Since this contact discontinuity admits a change in ¢, this variability in csot
based on different initial conditions is directly connected to the presence of the
’1,2’ selectivity reversal in the chromatographic cycle. Again, the two shocks
highlighted in Fig. Bb and two spreading waves highlighted in Fig. @b are also
plotted (black dashed lines) into the respective c¢1,co-space Fig. Bh, dh, and
they are readily predicted by the equilibrium theory (green lines).

A comparison of Fig. Bk and Fig. [dh shows that the monotonicity of the
eigenvalues on the red integral curves reversed but the watershed changed also its
position significantly from the c;-axis to the cs-axis. Hence, a variable solution
normality allows in general for significant topological changes of the path grid
on the ¢t hyperplanes.

The reversal zones introduced in Appendix C yield for this specific example
[chors ctoili2 = 516,16] 29 and [c,y, ciy]1,3 = 25[3, 8] 2. For the relevant '1, 2’
reversal plane and the two cycle participating c;.: planes holds ¢;or = %[4.57 18]
and therefore [cl,,, c%,]1.2 C Got, which by itself guarantees the '1,2’ selectivity

reversal to occur during the chromatographic cycle without further knowledge.
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5.2. Effect of the steric factors

Parameters required for the examples in this section are listed in Tab2land Bl
In order to avoid any confusion with the effect of the variable solution normality,
the following set-ups are designed such that cf, = cll, = cior = const = 0.5 %
for a classical stoichiometric-based mass action law ’I’ and a steric-based mass
action law "II’. Thus, only the effect of the steric factors is considered, and it
also allows to consider the relevant projections into the cj,co-space for a simpler
presentation.

Fig. [l allows for an efficient comparison. Their quantitative difference is
apparent, but also their qualitative similarity can be conjectured, which is con-
sistent with the results in Appendix D. Therein, a bijective coordinate trans-
formation is shown to exist between adsorption models differing only in their

steric factors if they are subject to an identical (modified) solution normality as

mol

in the present case with cyor = const = 0.5 7.

In order to quantify this similarity, a chromatographic cycle on the stoichio-
metric ¢t plane (Fig. [B]) is compared with a chromatographic cycle having cor-
responding scaled initial and boundary conditions (Fig. [6) subject to (D). In
the stoichiometric case, the column is equilibrated with ¢™* = [0,0,0.5]7 29,
A pulse feed is injected at time unit 0 with ¢/°%¢ = [0.3,0.3,0.05]7 %—‘éf and
changed back to ¢"9¢" = [0,0,0.5] "%—?f at 10 time units. In the steric case, the
column is also equilibrated with ¢ = [0,0,0.5]7 %—? Similarly, a pulse feed
is injected at t = 0 with c’%:'°2d = [0.06,0.15,0.05]" % and changed back to
cresen =[0,0,0.5]7 "%—‘?,.l at ¢ = 10. Comparing the profiles in Fig. Bb and Fig.
[@b, the quantitative difference is again evident as is their qualitative similarity.
Both showing two shocks S7, S2 and two spreading waves Ry, Ro in the same
order at identical time units. Moreover, the selectivity of the components is
identical. Applying the transformation (D.I)) to the steric solution in [fb results
in concentration profiles identical to the stoichiometric ones in [Bb. Hence, the
information of the stoichiometric and steric ¢4, plane are redundant. As shown

in Appendix D, the complete concentration phase space are redundant for both

cases.
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The demonstrated example is representative for the general effect of steric
factors on all results derived in previous sections. Steric factors can have a

significant quantitative impact but do not affect any result qualitatively.

5.8. Joint effects of steric factors and variable solution normality

The additionally required parameters related to this subsection are listed in
TabZand Bl The following set-up considers again two c;,; planes with different
values cf,, # cll,. Similar to the previous subsection, the classical stoichio-
metric case is considered (¢ = u%) as well as a steric case (zil! = y% + pi)
with the same change of steric factors from p! = [0,0,0]7 to p/! = [2,1,0]7,
while all other parameters are again identical. However, instead of scaling the
boundary and initial condition to keep the solution normality cf,, and modi-
fied solution normality ¢/, on both planes identical, the feed is kept constant
chload — (Ilload — cload  Thig set-up reflects the situation of changing one or

more components with different steric factors while keeping all other experimen-

tal conditions identical.

The stoichiometric case without steric hindrance and ¢/, = 0.5 %—‘éf and
the case with steric hindrance and c/f, = 1.2 "%—‘?,.l are considered. Due to the

definition of the set-up with an identical feed c!°?¢, their intersection includes the

point ¢'?¢ =[0.2,0.3,0.1]7 %%l. As before steric factors effect positioning and

orientation in the concentration phase space. Since their ;¢ values are different,
the transformation (D)) does not exist. However, both c¢;,; are constant realized
through an specific choice of c¢3 values, which again allows for a simplified and

effective comparison in the ¢y, co-space in the remainder.

In the stoichiometric case, the column is equilibrated with ¢/ = [0, 0, 0.5]7 "&—‘;f

A pulse that introduces components c; and ¢z starts with ¢/°*¢ = [0.2,0.3,0.1]7 ’7’;—03[
at t = 0 and changes back to ¢/"®°" = [0,0,0.5]7 29 at ¢ = 10 for the re-
generation of the first two components. The third component is changed such
that cior = 0.5 Tn—%l is kept constant. The ¢!, plane including the validation of

numerical results (black dashed line) with equilibrium theory prediction (green

and orange) as well as the numerically obtained profiles are shown in Fig. 8
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These results can be compared with the corresponding ones on the cff,
plane in Fig. A similar pulse set-up was performed here starting with an
equilibrated column ¢/ = [0,0,1.2]7 Tn—‘;l and a pulse at time unit 0 with
the same c'°?? = [0.2,0.3,0.1]7 % that is changed back at 10 time units to
clhregen —0.0,1.2]7 Tn—‘éf The different ¢/ values in this case lead to the dif-
mol

9l and the corresponding adjustment of the third component

ferent cff, = 1.2 2

to keep it constant, i.e. different initial and regeneration conditions. Again,
numerical results and equilibrium theory prediction are in excellent agreement.

Comparing Fig. Bh and Fig. Bh, apart from the fact that both show two
shocks S1, So during the loading and two spreading waves Ry, Rs during the
regeneration, two apparent distinction can be seen. First, only in Fig. [Gh a
selectivity reversal (gray) can be observed. Second, the chromatographic cycles
are reversed in the sense that in Fig. Bl component ¢; is stronger adsorbing
during the loading phase of the pulse, whereas in Fig. [@lcomponent c is stronger
adsorbing in the same phase. A similar situation occurs if we operated on the
¢l plane in Fig. Pk with a c’©*? on different sites of the selectivity reversal,
which has been presented in [g].

For both adoption models *I’ and *II’, the fixed c'°*? introduces a difference
in ¢tor values due to different steric factors. This results in significant topological
differences between the two c;o; planes in Fig. Bh and Fig. [Bh that can be
predicted by the equilibrium theory only if applied to case ’I’ and ’11’ separately.

In the present case, we consider two chromatographic cycles separately. How-
ever, using the results from the preceding subsection, the concentration phase
space corresponding to 'II” contains a &, plane that is similar to the ¢/ , plane
in Fig. Bh in the sense of (D.I)). If also ¢!{me9¢m = cl:re9en holds, the chromato-
graphic cycle for *II’ will consist of the two relevant é,; and ¢!/, planes, which
are connected by a contact discontinuity corresponding to A3 = 0. Thus, two
significantly different c;,; planes are present in a single chromatic cycle, which
is then similar to the result in Subsection 5.1 with constant steric factors. In
particular, if the inverse mapping of (D) is applied to the solution in Fig. 2l

a similar result with the same qualitative behavior in the concentrations phase
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space of "I’ is obtained. Consequently, also in case of a variable solution nor-
mality, the effect of steric factors is quantitative only, which is consistent with
the results in Appendix D.

Since it is a straight forward extension of the results in the previous subsec-
tion and does not yield any additional insight, the corresponding simulations in

a three dimensional concentration state space are omitted.

6. Conclusions

Equilibrium theory for ion exchange chromatography was extended to ac-
count for variable solution normality and steric hindrance. Possible fields of
application are separation of proteins where often salt gradients are applied
and also amino acids |27, 28]. Important findings are: that variable solution
normality may introduce selectivity reversals and may thereby change the so-
lution qualitatively (order of elution, types of transitions etc.). It was proven
that in contrast to this, steric hindrance affects the solution only quantitatively
(plateau values, propagation velocities etc.). The paper provides methods and
tools for the prediction of column dynamics and therefore builds an important
basis for future work on conceptional design and control of single- and multi-
column systems. Limitations for protein separations are due to the limitations
of the SMA isotherm used in this paper. In particular, the assumption of a
constant pH. For Systems with variable pH additional effects may arise, which
are not covered by the present theory. For such systems, at the moment only a

numerical approach is possible [15].
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Appendix A. Genuine non-linearity

The following considerations exclude A\ = 0 and Ay = gf for any k. Both
cases are shown to be linear degenerate in Section 3. In the remainder we show
that the k-th field is genuinely non-linear for a certain subset C of Rf according

to

Vi(e)ri(c) £ 0, Ve € C, (A1)
holds. The gradient of Ax can be obtained through implicit differentiation of

N &
alc,q,\,) =0 = )\kZﬁa (A.2)

=1 Ci qi

which results in

%:_(8_0‘)_1 (%) _,_Z(%) oa (A.3)
dc; N c,q 9c; c\cj, Ak =1 9q c,a\qr, Ak de;

Hereafter, constant held variables will be omitted for clarity of presentation.

Results for the derivatives in (AZ3) are summarized in the following

1oJe" N L1
- :)\kz Vi Gi -
TR )
&
8a o )\k v
dcj (if)\kL)W
cj 4j
A4
da _ N o .
oq B ql2 1 1\?
(&%)

dq v q (Oqn  qn q;
— =—— |5~ —0n ]|+ b,
ac; vy gy \ Ocj CN c;j

Vk, j,1.
Here, § denotes the Kronecker delta. The last equation in (A4]) contains %qu;z’

which can also be obtained through implicit differentiation of
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o (AN
ﬂ(cv QN) =0= Qtot — Z gmchmN (a) 5 (A5)
m=1

resulting in

dav _ (ﬁ)_l (%)
dc; 9N /) e \0C ) o\eyan ’

N c 1 (A.6)

gqN m q; qNn

=—=— Z_Qm &L+ =d;n,
UN 1 VUm Cj CN
e10 which allows us to write
9 N ¢ B

qi qi m q; q;
g _ 4@ Sm AT I A7
80]- v (le_:l Y Qm> & ¢ + ¢ 5l ( )

Therefore, an element of the gradient of any A; can be written as follows

oV ' _
e —P(Q; + Ry)

N &1

P= ;ﬁ >0

v (A.8)

Having now a complete description of VA and the definition of the correspond-

ing non-trivial eigenvector ry in (22]), the following expression is obtained
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Q=) >0,

Pl (A.9)
N q &

L Y — >0
20T ng

Since all parameters, concentrations and eigenvalues (Ay = 0 already excluded)
are greater than zero, the inequalities for P, @, R in (AS[AJ) are obviously
satisfied. The inequality for S in (A9) is deduced from a lower bound that is

derived in the following

S=T+U,
koo & _
T:Zq_l - 1 q_qu_>)‘k’
— G — Cj Ck
Jj=1 Cj a5
al q o q q
. > . .
U= Y - <M<
jmh1 e TG G Ck
k & (A.10)
qk vj
T>C_Zi VRN
k=1 e qj
q N &
k v
IR gy
j=k+1 ¢ q;
N &
§>L T T 0
OGS T MG

where the last in equality in (AI0) can be easily deduced from (IJ) for positive
eigenvalues. Hence, all characteristic fields of a family £ < N and with Ay # Z—’;

are genuinely non-linear for all ¢ € Rf , i.e. no non-positive concentrations.

Appendix B. Reversal intersections

In the following it is shown that different reversal hyperplanes do not in-

tersect each other. More precisely, the intersection of two arbitrary reversal
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hyperplanes are either the hyperplanes itself or empty but no proper intersec-
e2s tion exists. For this purpose, two arbitrary reversal hyperplanes ’jk’ and 'mn’
that differ in at least one of their indices are considered. From the respective

representation based on (Bg]), their intersection is defined by

N
0= E &iciw;,
i=1

) (B.1)
w; = (Kinjungk) — (KimKﬁ{?Lw") o

It can be deduced that the w;’s have the same sign. In particular the following

relations hold

v
J Vm

K].”,j’"" > Kjm K™ — w; > 0,

v v
K].”,j’"" < Kjm K™ — w; <0, (B.2)

Vi=1,...,N.

es0 In case of any given 'jk’ and *mn’ reversal hyperplane, the parameters in (B.2])
are fixed for all w;. Hence, either w; > 0 or w; < 0 holds. Since also all &; are
positive, the first equation in (B requires that the ¢; do not all have the same
sign. In other words, it is necessary that there exists at least a single component
I’ with ¢; < 0. Therefore, a proper intersection does not exist in the positive

e3s orthant, where ¢; > 0 for all i.

For conditions (B.2), the intersection of two arbitrary reversal hyperplanes

for physically meaningful ¢; is always empty. However, if

vi

v=
K

Ym

"= K K™ = wi =0,

(B.3)
Vi=1,...,N,

we can easily conclude that both reversal hyperplanes are identical. However,

the conditions in (B3] are very specific, therefore this case is of little interest

sao at least from a piratical point of view.
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Appendix C. Reversal zones

In this section, we define an interval for c;o¢, the so-called reversal zone, for
which the corresponding c;,; hyperplane is guaranteed to intersect some ’jk’
reversal hyperplane for physically meaningful ¢;. For this purpose we consider

ess  the equation for the intersection ([@0) of these two types of hyperplanes and
apply the same reasoning as prior to Eq. (37). Eq. ({0 can be reformulated

into

- 0
Ctot — QtotK uwk Z‘fz%( 7% (K KJUk) )Kij f.o(C)

i#j,k

Therefore, the conditions for solutions that satisfy ¢; > 0 yield

1 1 Yi u% 1
vi—vg vi—vg vy vi—vg
Ctot — qtotKjk ! = gici KJ]; (K K ] > Kjk ! )

v 1
. v . T ijfyk vi (C.2)
— sign | Cror — qtotKjk = sign Kjk — Kinjk ,

Vi # j, k

There are two possible cases. First,

L )‘ (C.3)

eso Based on (C2)

1

Ctot = QtotK R (C.4)

has to be satisfied in this case, which defines a minimum value for ¢;;. If further
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1
VPN Ty
Ctot < Gtot Zf;fél]ll}c [<KinjV1;Vk) ] ) (C.5)

holds, (C3)) is guaranteed to be satisfied due to (C:4)). Thus, (CH) defines a
maximum value for ¢;;. In this case the reversal zone in which all ¢;; planes

are guaranteed to intersect some ’jk’ reversal hyperplane is

. _ 1
Ctot € [Céotv Cgot} = (tot lKjijuk , mln [<K1]szyk) ‘|‘| . (CG)

i#j,k

In contrast to the first case, the second one assumes

1 Y V%
ViR eViovR
K%< (K”Kjk ) ,

—1

- A vi C.7
Kjkyj k Z<K13K];g k) ’ ( )

Vi % j, k.

By the same line of thought as in the first case, we readily obtain an analog

reversal zone with

Nl
Ctot € [ciotacgot] = Qtot [m?)é [(KinjVéuk) ‘| 7Kjk ! k‘| . (CS)

3

All ¢4t hyperplanes with cior € [clyy, ¢, yield an intersection with the ’j&’
reversal hyperplane, i.e. the classical selectivity reversal ({@0).

Compared to 1] where a process requires to be operated on the same c;ot
hyperplane within the reversal zone described by (C.6) or (C.§)). The chromato-
graphic cycle with variable c;,; that is operated on two cio¢ hyperplanes requires
only one of them to be within the reversal zone in order to admit a classical "jk’
reversal. However, if cyor & [cl,,, ct,] for all relevant ¢z, no classical selectivity

reversal will be present on corresponding c;»; hyperplanes.
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The second type of interaction with any ’jk’ reversal hyperplane can be re-
alized through its intersection with a contact discontinuity corresponding to
An. This transition connects cio; hyperplanes over a certain range Gior =
[€iots Ctot], see notation in (28). There are three possible scenarios. First, if
[chor,ct,] N Gt = O, the Nth transition does not intersect the jk’ reversal
hyperplane for physically meaningful ¢; and I admits definitely a solution
en < 0. Second, if [cl,;, c,] N Gt # O, the contact discontinuity might inter-
sect the "jk’ reversal hyperplane and (@Il hast to be checked whether it admits
cy > 0 or ¢y < 0. Finally, they definitely intersect each other in the third case

if [cl,;, c%,] € Giot holds, and (@I)) is guaranteed to admit a solution cy > 0.

Appendix D. Influence of steric hindrance

In order to understand the effect of the steric hindrance, two models are
considered that differ only in their respective steric factors. Without loss of
generality, we consider two cases with the adsorption equilibrium to be described
by the classical stoichiometric mass action law and by the steric mass action law,
respectively. In case of model "I’ p; = 0 holds for all i, i.e. £/ = Vi In contrast,
model 'I1’ satisfies p; > 0 for at least one ¢. Thus, the second model accounts
for the setric hindrance of at least one component with ¢/ = ¢;. Note, that
all other parameters (K;n, v; and git) of the two models are identical. These
two models are investigated using two different adsorption set-ups on a single
column.

In the first set-up, the feed and initial loading of the column are specifically
chosen to equate the solution normality of model 'I’ with the modified solution
normality of model 'IT", i.e. ¢l,, = cfl, = cior. In this case, there exists a simple
linear and bijective transformation from concentration phase space I1 into the

concentration phase space I

¢ = dz‘agN(l/igi)cH = diagn (1 + l/ipz-)cH,
(D.1)

q' = diagn (v:&)a"" = diagn (1 + vip;)g'’.
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Equation (D)) can be derived from the corresponding equilibrium relation and

electro neutrality condition on the exchanger of each model

T
iN C qN
N I N 7 (D2)
_ 4q; I G
qtot = L Ctot = ;;
i=1 " i=1 "
I

N N
_ I I _ I7
Qtot = E §iGi's Ciot = E e
i=1 i=1

Equation (D.2) can be readily transferred to Eq. (D.3) using (D)) if and only
if ¢/, = cll, = cio¢ holds, thus resulting in the same algebraic equations. After
transformation, the Jacobian of model "I’ is identical to the one of model "I1’.
Therefore, it is only necessary to obtain the concentration phase of one model
since the other one can be directly constructed using (D).

The second set-up uses the same Riemann conditions, i.e. the same feed cf; =
ctl = cp and initial loading ¢ = ¢! = ¢y, for both models. The ¢/, and ¢/,
in (D2ID3) have obviously different weighting factors, while the components
Ll

c are subject to the initial and boundary condition. In particular, at least

at the beginning of the process and once the feed conditions are established

o = o1

- -+ is satisfied for all ¢ everywhere in the column. Due to the different

weighting factors

1 1
— < —+pi=6&, (D-4)

i Vi
the corresponding solution normality and modified solution normality do not
coincide in general. If indeed cl, # c!I, holds, the above simple coordinate
transformation does not exist.
Note that in both set-ups the orientation and positioning of the ¢/, and ¢,

hyperplanes are different due to the different wighting factors already mentioned.
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In both set-ups, for every ¢, hyperplane in the complete concentration phase
space of "I’ there exists a similar ¢/, hyperplane with ¢/, = ¢!, somewhere
in the concentration phase space of ’II” based on the similarity in (D2ID.3).
However, only in the in the first set-up, the boundary and initial conditions are
specifically scaled for both models so that all process participating c/,, and ¢!,
hyperplanes are also similar in the sense of (D). In case of the second set-up,
the process participating c/,, and ¢!f hyperplanes can differ arbitrarily. Note,
this difference in solution normalities is introduced due different steric factors,
hence representing the case where a change in solution normality related to
different steric factors affect two separate processes. The most significant differ-
ences can be the intersection with different reversal hyperplanes and different
types and/ or number of watershed points.

All results presented there account for steric hindrance. Consequently, the
results of the equilibrium theory as well as the results for selectivity reversals
including the the ones in Appendix A, B and C are affected by steric factors.

However, the effect is of a quantitative but not a qualitative nature.

Appendix E. Proof of principle

In order to give a proof of principle, the basic analogy between the academic
example in Section 5 and an example based on experimentally determined SMA
parameters in this Appendix is established. The specific values of the considered
Riemann set-up as well as parameter values, which are taken from [29], are
listed in Tab. @l Note, we already verified our numerical approach in [21] by
reproducing partially the results from [29].

In this particular case we consider only two proteins a-Chymotrypsinogen A
and Cytochrome c. The strong cation-exchanger column is initially equilibrated
with 30 mM sodium phosphate and the solution pH is assumed to be 6.0 at
all times. At time unit 0, a buffer with 0.2 mM of both proteins and 213 mM
sodium phosphate is injected for 3.114 dimensionless time units, which allows

for the development of the intermediate feed plateaus. Thereafter, the feed is
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changed to contain again only sodium phosphate, but still containing a high
concentration of 183 mM sodium phosphate for an efficient elution of the two
proteins, which especially compresses spreading wave Rj.

As a result of this Riemann experiment, a chromatographic cycle in Fig.
[IQ is obtained similar to the one in Fig. For clarity of presentation, Fig.
IOk shows only the relevant integral curves in the concentration phase space
that predict the numerical solution to illustrate the validity of the equilibrium
theory. The basic principles discussed in Section 5 can be immediately seen
in Fig. [[Ob. The first contact discontinuity C'D; only affects the sodium ion
concentration. Reaching then the value of ¢;o; = 215.1 mM, two shocks S; and
So follow affecting the two proteins and sodium ions but not ¢;¢. Subsequently,
another contact discontinuity C D, follows affecting not only all components but
again the value of ¢y = 183 mM. The elution of the two proteins proceeds
through two spreading waves. Again, these two transitions do not affect the
value of ¢;:. Consequently, the chromatographic cycle of this example operates
on two relevant c;,; planes connected by C'D,, and the analogy of the present
real world example to the one discussed in Section 5 can be easily established.

The same analysis can be applied here. Note, the arrows in Fig. [0 point
in the direction of increasing characteristic velocity o, therefore predicting the
type of transition correctly. In case of the shocks, the integral curves are almost
straight, thus nearly coinciding with the corresponding shock curves. For all
other cases, the integral curves match the exact solution path in the concentra-
tion phase space. In this particular case, no selectivity reversal is present since
the order of elution in Fig. [[0b is preserved during the complete cycle. This can
also be seen in from Fig. [[0h, where the corresponding ’1,2’ reversal plane is
below all transitions that follow after C'D;. Based on this topological property
it can be easily predicted that there is indeed no 1,2’ reversal involved between

the two relevant c;,; values. This concludes the proof of principle.
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parameter | value description
L [m] 5.0 column length
N, [-] 1000 | number of grid points
u [2] 1.0 interstitial velocity
e [-] 0.5 void fraction

Gtot [T:L%l] 2.0 exchanger capacity
K3 [—] 8.0 | equilibrium constant
Kas [—] 2.67 | equilibrium constant

Table 1: Basic parameters used in all example application studies of Section 5.
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parameter | value description
v [—] 2 stoichiometric coeflicient
ve [—] 1 stoichiometric coefficient
vs [—] 1 stoichiometric coeflicient
p1 [—] 0 steric factor
p2 [—] 0 steric factor
p3 [—] 0 steric factor

Table 2: Specific parameters of the stoichiometric adsorption model.
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parameter | value description
v [—] 2 stoichiometric coeflicient
ve [—] 1 stoichiometric coefficient
vs [—] 1 stoichiometric coeflicient
p1 [—] 2 steric factor
p2 [—] 1 steric factor
p3 [—] 0 steric factor

Table 3: Specific parameters of the steric adsorption model.
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parameter | value description
L [mm) 54.0 column length
N, [-] 1000 | number of grid points
u [T 0.4244 | interstitial velocity
e [-] 0.73 void fraction
Grot [mM] | 525.0 exchanger capacity
K31 [-] | 0.0135 | equilibrium constant
Kso [—] 0.045 | equilibrium constant
w1 [=] 5.03 characteristic charge
w2 [ 5.67 characteristic charge
w3 [—] 1.0 characteristic charge
p1 [—] 7.43 steric factor
p2 [—] 274 steric factor
p3 [—] 0.0 steric factor

Table 4: Riemann specifications and experimental parameters.
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Figure 1: (a) Chromatographic cycle in the concentration phase space realized by a pulse

experiment of the classical stoichiometric ion exchange with constant solution normality ctot.
Numerical results (black dashed line) overlap solution predicted by the equilibrium theory
(green and orange lines). (b) Corresponding elution profile ¢;(z) indicating two shocks S1, S

and two spreading waves R, Ra.
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Figure 2: (a) Chromatographic cycle in the concentration phase space realized by a pulse
experiment of the classical stoichiometric ion exchange with variable solution normality ctot.
Gray planes indicate reversal planes ’1,2’ and ’1,3’. Numerical results (black dashed line)
overlap two contact discontinuities CD1, CDy (solid green lines) while the remaining transi-
tions are located in two different planes ctor = 0.5 %, Ctot = 2 %%l, which are all predicted

by the equilibrium theory. (b) Corresponding elution profile ¢;(z) indicating two additional
contact discontinuities CD1, C Dy compared to Fig. [}
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Figure 3: (a) Projection of the loading phase of the chromatographic cycle on the ctor = 2 ’T"n%l

plane into the c1,c2 space. Numerical results (black dashed line) overlap the two shocks
predicted by the equilibrium theory (green lines) and are identical to the corresponding ones
in Fig. [Th. (b) Corresponding elution profile ¢;(t) indicating the two occurring shocks S1, S2
during the loading phase, which are identical to Fig. [db.
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Figure 4: (a) Projection of the regeneration phase of the chromatographic cycle on the cior =
0.5 77?1—%1 plane into the c1,c2 space. Numerical results (black dashed line) overlap the two
spreading waves predicted by the equilibrium theory (orange lines). (b) Corresponding elution
profile ¢;(t) during regeneration indicating two occurring spreading waves R1, Ro that show

reversed selectivity compared to Fig. [Ib.
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Figure 5: (a) Projection of the stoichiometric c{ot plane into the ci,c2 space, which is
identical to Fig. @h. (b) Projection of the steric c{gt plane into the ¢y, ca space using the same

domain as in (a).
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Figure 6: (a) Projection of the chromatographic cycle on the c{ot plane into the c1, ca space

realized by a pulse experiment of the classical stoichiometric ion exchange with constant
solution normality cf_,. Numerical results (black dashed line) overlap solution predicted by the
equilibrium theory (green and orange lines). (b) Corresponding elution profile ¢;(z) indicating

two shocks S, S2 and two spreading waves R, Ra.
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Figure 7: (a) Projection of the chromatographic cycle on the c{ OIt plane into the c1, c2 space
realized by a pulse experiment of the ion exchange with steric hindrance and constant modified
solution normality c!/,. Numerical results (black dashed line) overlap solution predicted by the
equilibrium theory (green and orange lines). (b) Corresponding elution profile ¢;(z) indicating

two shocks S1, S2 and two spreading waves R1, R2 qualitatively identical to Fig. Bb.
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Figure 8: (a) Projection of the chromatographic cycle on the c{ot = 0.5 TZ—‘;I plane into
the c1,c2 space realized by a pulse experiment of the classical stoichiometric ion exchange
with constant solution normality cf_,. Numerical results (black dashed line) overlap solution
predicted by the equilibrium theory (green and orange lines). (b) Corresponding elution profile

¢;(2) indicating two shocks S1, S2 and two spreading waves Ri, R2 similar to Fig. Bb.
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Figure 9: (b) Projection of the chromatographic cycle on the c{(ft =1.2 %‘:’f plane into the
c1,c2 space realized by a pulse experiment of the ion exchange with steric hindrance and
constant modified solution normality c{ gt. The gray line indicates a 1,2 selectivity reversal.
Numerical results (black dashed line) overlap solution predicted by the equilibrium theory
(green and orange lines). (d) Corresponding elution profile ¢;(z) indicating two shocks S1, S
and two spreading waves Ri, Rz with reversed selectivity of the two components compared

to Fig. Bb.
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Figure 10: (a) Chromatographic cycle in the concentration phase space realized by a pulse
experiment for two proteins (a-Chymotrypsinogen A, Cytochrome c¢) and sodium phosphate.
Gray plane indicates reversal plane '1,2’. Numerical results (gray dashed line) overlap two
contact discontinuities, two shock curves and two integral curves, which are all predicted
by the equilibrium theory (colored). (b) Corresponding elution profile ¢;(z) indicating that

shocks and spreading waves take place for different but constant ctot values. The values for

1

c3 and ctot are scaled by a factor of 550
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