
J. Chem. Phys. 150, 174901 (2019); https://doi.org/10.1063/1.5090337 150, 174901

© 2019 Author(s).

Continuum model of magnetic
field induced viscoelasticity in
magnetorheological fluids
Cite as: J. Chem. Phys. 150, 174901 (2019); https://doi.org/10.1063/1.5090337
Submitted: 26 January 2019 . Accepted: 12 April 2019 . Published Online: 06 May 2019

Tilen Potisk , Daniel Svenšek , Harald Pleiner, and Helmut R. Brand

ARTICLES YOU MAY BE INTERESTED IN

Electronic friction in interacting systems
The Journal of Chemical Physics 150, 174101 (2019); https://doi.org/10.1063/1.5095425

Calibration of the Flory-Huggins interaction parameter in field-theoretic simulations
The Journal of Chemical Physics 150, 174902 (2019); https://doi.org/10.1063/1.5089217

Electron transfer in confined electromagnetic fields
The Journal of Chemical Physics 150, 174122 (2019); https://doi.org/10.1063/1.5095940

http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/test.int.aip.org/adtest/L16/340425340/x01/AIP/HA_JCP_PDF_EditorsChoice_2019/JCP_18Banners_Digital_728x90.jpg/4239516c6c4676687969774141667441?x
https://doi.org/10.1063/1.5090337
https://doi.org/10.1063/1.5090337
https://aip.scitation.org/author/Potisk%2C+Tilen
http://orcid.org/0000-0002-8466-8993
https://aip.scitation.org/author/Sven%C5%A1ek%2C+Daniel
http://orcid.org/0000-0003-0408-8102
https://aip.scitation.org/author/Pleiner%2C+Harald
https://aip.scitation.org/author/Brand%2C+Helmut+R
https://doi.org/10.1063/1.5090337
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5090337
http://crossmark.crossref.org/dialog/?doi=10.1063%2F1.5090337&domain=aip.scitation.org&date_stamp=2019-05-03
https://aip.scitation.org/doi/10.1063/1.5095425
https://doi.org/10.1063/1.5095425
https://aip.scitation.org/doi/10.1063/1.5089217
https://doi.org/10.1063/1.5089217
https://aip.scitation.org/doi/10.1063/1.5095940
https://doi.org/10.1063/1.5095940


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

Continuum model of magnetic field induced
viscoelasticity in magnetorheological fluids

Cite as: J. Chem. Phys. 150, 174901 (2019); doi: 10.1063/1.5090337
Submitted: 26 January 2019 • Accepted: 12 April 2019 •
Published Online: 3 May 2019

Tilen Potisk,1,a) Daniel Svenšek,2 Harald Pleiner,3 and Helmut R. Brand1

AFFILIATIONS
1Department of Physics, University of Bayreuth, 95440 Bayreuth, Germany
2Department of Physics, Faculty of Mathematics and Physics, University of Ljubljana, SI-1000 Ljubljana, Slovenia
3Max Planck Institute for Polymer Research, 55021 Mainz, Germany

a)Electronic mail: tilen.potisk@uni-bayreuth.de

ABSTRACT
An effective macroscopic model of magnetorheological fluids in the viscoelastic regime is proposed. Under the application of an external
magnetic field, columns of magnetizable particles are formed in these systems. The columns are responsible for solidlike properties, such
as the existence of elastic shear modulus and yield stress, and are captured by the strain field, while magnetic properties are described by
the magnetization. We investigate the interplay of these variables when static shear or normal pressure is imposed in the presence of the
external magnetic field. By assuming a relaxing strain field, we calculate the flow curves, i.e., the shear stress as a function of the imposed
shear rate, for different values of the applied magnetic field. Focusing on the small amplitude oscillatory shear, we study the complex shear
modulus, i.e., the storage and the loss moduli, as a function of the frequency. We demonstrate that already such a minimal model is capable
of furnishing many of the key physical features of these systems, such as yield stress, enhancement of the shear yield stress by pressure,
threshold behavior in the spirit of the frequently employed Bingham law, and several features in the frequency dependence of storage and loss
moduli.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5090337

I. INTRODUCTION

Magnetorheological (MR) fluids are a class of fluids, which
experience significant changes upon application of an external mag-
netic field. Examples of such changes are a fast and reversible acqui-
sition of solidlike properties and a dramatic increase in the viscos-
ity. This makes such systems suitable for many applications such as
shock absorbers, clutches, and brakes.

Introduced in Ref. 1, MR fluids are composed of micron sized
magnetizable particles, typically suspended in oil. Under the influ-
ence of the external magnetic field, gap-spanning chains or columns
of the particles in the direction of the field are formed and a finite
stress, also called the yield stress, is needed to break these struc-
tures and initiate flow. The columnar structure can be explained by
the induced dipole interaction between the particles, which is attrac-
tive when they are parallel to the magnetic field. The application of
the magnetic field also leads to a significant rise in the viscosity. For
reviews of general aspects of MR fluids, cf. Refs. 2–6.

Several microscopic and macroscopic models have been devel-
oped to predict the column formation and the dependence of the
yield stress on the applied magnetic field. Due to the similar form
of the interaction between the particles (dipolar), the studies of the
electrorheological fluids are also relevant for the description of MR
fluids. Microscopic models usually assumed single chain structures,
which are deformed in the shear plane,7–11 although certain refine-
ments on the electrorheological fluids have been done taking into
account the crystal structure of the particle aggregates.12 Theoretical
studies of rheological properties are much less frequent. In Ref. 13,
the so-called independent droplet model was used to model the
shear-thinning behavior. Other studies focus on single chains14,15 or
simulations of individual particles.16

Macroscopic models usually rely on the Maxwell stress ten-
sor and magnetostriction effects.9 In the case of electrorheological
fluids, the anisotropy caused by the chains was treated using a direc-
torlike degree of freedom known in nematic liquid crystals.17–19 In
Ref. 20, the static yield stress was calculated for a fluid with lamellar
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structure. To predict the rheological properties, the two fluid
approach, where the solvent phase and the particle phase are treated
separately, has been used.21,22 With this approach, various aspects of
pattern formation including sheets, disktype structures in a rotating
field, etc., have also been analyzed.23–25

The aim of this paper is to construct a minimal macroscopic
model for MR fluids, which is capable of capturing the main phys-
ical effects found in static as well as dynamic experiments. To
derive the static and the dynamic equations, a symmetry based
approach is used.26 One of its advantages with respect to micro-
scopic approaches is the applicability to different systems and
geometries.

This article is organized as follows: The macroscopic model
is introduced in Sec. II, followed by the numerical analysis of the
static shear deformation in the external magnetic field in Sec. III A.
In Sec. III B, the effects of the normal pressure on the static
yield stress are considered. Flow properties are discussed by ana-
lyzing shear stresses due to stationary (Sec. IV A) and oscillatory
(Sec. IV B) imposed shear flow.

II. MACROSCOPIC MODEL
Generally, in a fluid mixture, the macroscopic variables are

mass density ρ, momentum density g, entropy density σ, and con-
centration density c. For magnetic fluids, there is, in addition, a
magnetization field M, which is zero in equilibrium in the absence
of an external magnetic field. For MR fluids, in particular, an exter-
nal field triggers columnar structures of the magnetizable parti-
cles due to the attractive magnetic forces between the particles
that lead to solidlike, elastic properties. Therefore, we introduce a
strain field εij as a macroscopic variable that is zero in the field-free
case and finite in a magnetic field. For the dynamics, we restrict
ourselves to the regime, where the viscoelastic nature of the MR
fluids can be described by a relaxational dynamics for the strain
field.

In order to make the model as simple as possible, we disre-
gard the density ρ, the entropy density σ, and the concentration c as
variables, effectively meaning they are constant. This implies incom-
pressibility and the neglect of temperature and concentration gradi-
ents (sedimentation). Thus, we deal with elastic deformations and
flow, as well as the magnetization. Furthermore, we will consider all
material tensors only in their isotropic form. This seems to be a rea-
sonable simplification, since we only consider shear in the plane per-
pendicular to the magnetization (and compression along the field).
It turns out that the static and the dynamic theoretical behavior is in
qualitative agreement with experiments. Even the anisotropy of the
ultrasound velocity can be explained without invoking anisotropic
material tensors.27–29 We emphasize that the introduction of a direc-
tor in the present context is inappropriate, since it has the wrong
behavior under time reversal. If anisotropy is taken into account,
all the material tensors acquire additional terms due to the lower
symmetry. Furthermore, in an elastic system with an orientational
order, one must, in principle, consider the additional variable of
relative rotations between the network and the preferred direction.
These relative rotations play an important role in the description of
nematic gels.30,31 Throughout most of this paper, we concentrate on
the isotropic aspects of material properties and, therefore, discard
relative rotations.

A. Statics
The statics of a macroscopic system is best set up by consider-

ing its total energy density �. The Gibbs relation, a manifestation of
the first law of thermodynamics, relates changes of the macroscopic
variables to energy changes

d� = d�0 + vidgi + hMi dMi + ψijdεij, (1)

where d�0 represents the neglected macroscopic degrees of free-
dom and is given in Ref. 26. The thermodynamic conjugates to the
macroscopic variables considered here are the bulk velocity vi, the
magnetic molecular field hMi , and the elastic stress ψij.

The statics is described by the energy density �(εij, M, g),32

� = �0 − µ0HiMi +
1
2
αM2 +

1
4
β(M2

)
2

+
1
2
cijklεijεkl −

1
2
γijklεijMkMl +

1
2ρ

g2, (2)

where the coupling to an external magnetic field, ∼µ0H, ensures
the induced magnetization to be parallel to the field, while the next
two terms govern the magnitude of the magnetization (modulus)
M ≡

√
M2 that is induced by the field. The form given in Eq. (2)

is suitable for rather small fields, while in the general case, the α and
β terms have to be replaced by a more complicated function f 1(M2)
that can be taken from experimental results.

The material tensors cijkl and γijkl describe elasticity and mag-
netostriction, respectively. In their standard isotropic form,32

cijkl = c1M2δijδkl + c2M2
(δikδjl + δilδkj), (3)

γijkl = γ1δijδkl + γ2(δikδjl + δilδkj), (4)

where we have assumed here that the elastic moduli are proportional
to M2. This ensures that elasticity, and therefore the elastic tensor
cijkl, vanishes, when there are no columns, i.e., when the magnetiza-
tionM is zero. This quadratic dependence is the simplest assumption
but can be replaced by a more complicated (even discontinuous)
function f 2(M2), provided f 2(M2) → 0 for M → 0. The depen-
dence on M2 (rather than Mi) is due to the time reversal behavior
of M.

As usual, the isotropic tensors cijkl and γijkl have two coefficients
each, where the terms ∼c1 and ∼γ1 describe the energy associated
with the compressive or elongational strains, while the coefficients
c2 and γ2 correspond to the shear strains. In the examples described
in Secs. III A and III B we assume that the compression is always
parallel to the magnetic field and that for the shear deformation the
shear plane contains the magnetic field. For completeness, if uni-
axial anisotropy of the system is considered, with the axis along
m = M/|M|, one gets additional terms in Eqs. (3) and (4)33

c̃ijkl = c̃1δ⊥ijδ
⊥
kl + c̃2(δ⊥ikδ

⊥
jl + δ⊥ilδ

⊥
kj − δ

⊥
ijδ
⊥
kl) + c̃3mimjmkml

+ c̃4(mimjδ⊥kl + mkmlδ
⊥
ij) + c̃5(mimkδ

⊥
jl + mimlδ

⊥
jk

+mjmkδ
⊥
il + mjmlδ

⊥
ik), (5)

γ̃ijkl = γ̃1δ⊥ijδ
⊥
kl + γ̃2(δ⊥ikδ

⊥
jl + δ⊥ilδ

⊥
kj − δ

⊥
ijδ
⊥
kl) + γ̃3mimjmkml

+ γ̃4mimjδ⊥kl + γ̃5mkmlδ
⊥
ij + γ̃6(mimkδ

⊥
jl + mimlδ

⊥
jk

+mjmkδ
⊥
il + mjmlδ

⊥
ik), (6)
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where δ⊥ij = δij −mimj and where c̃1, c̃2, c̃3, c̃4, and c̃5 are all propor-
tional to M2. As already mentioned above, here we will not pursue
these refinements and will be using the isotropic forms [Eqs. (3)
and (4)].

To calculate the equilibrium values of the variables, one must
first calculate the thermodynamic forces. These are the thermody-
namic conjugates of the macroscopic variables [Eq. (1)] and are
derived by taking the variational derivatives of the energy density
[Eq. (2)] with respect to the corresponding variables26

hMi =
δ�
δMi

= (α + βM2
)Mi − µ0Hi − γ1Miεkk − 2γ2Mjεij

+ (c1ε2
kk + 2c2εkjεjk)Mi, (7)

ψij =
δ�
δεij

= c1εkkM
2δij + 2c2M2εij −

1
2
γ1M2δij − γ2MiMj, (8)

vi =
δ�
δgi

=
1
ρ
gi. (9)

Thermodynamic equilibrium requires all thermodynamic forces to
be zero, i.e., hMi = 0 and ψij = 0. For a finite external magnetic
field, Hi = Hδiz , the conditions (7)–(9) lead to a finite equilib-
rium magnetization Meq

z = µ0H/α and a finite equilibrium strain
εeqzz = (1/2)(γ1 + 2γ2)/(c1 + 2c2). The latter is independent of the
field since the field dependences of the magnetostriction and the
elasticity compensate each other. Note that our simplified linear
model only applies for finite fields and does not describe the case
H ≡ 0.

B. Macroscopic dynamics
The dynamic evolution of deviations from the equilibrium state

is described by the proper macroscopic equations discussed in the
following. The dynamic equations for the momentum density gi, the
magnetization Mi, and the strain field εij are32

d
dt
gi +∇j(pδij − ψij + σthij + σij) = 0, (10)

d
dt
Mi + �ijkMjωk + Xi = 0, (11)

d
dt
εij + εkj∇ivk + εki∇jvk − Aij + Yij = 0, (12)

where d/(dt) ≡ ∂/(∂t) + vj∇j is the material derivative,
Aij = (∇ivj + ∇jvi)/2 is the symmetric gradient of the velocity field,
and the vorticity ωi = �ijk∇jvk/2 corresponds to its antisymmetric
gradient.

The thermodynamic pressure, p, is given by26

p = −� + vigi + BiHi + �0, (13)

where B = µ0(H + M) is the magnetic flux density and �0 represents
the neglected macroscopic degrees of freedom. The nonlinear stress
tensor contributions read in symmetrized form32

σthij = −
1
2
(BiHj + BjHi) +

1
2
(ψjkεki + ψikεkj). (14)

The nonphenomenological parts of the currents, shown explic-
itly in Eqs. (10)–(14), are not related to any phenomenological
(transport) parameters and are given by general symmetry and ther-
modynamic principles.26 We emphasize that their structure, in par-
ticular, that of the convective derivative εkj∇ivk + εki∇jvk in Eq. (12),
is uniquely determined.34,35 All those terms are reversible, mean-
ing that they transform under time reversal, t → −t, in the same
way as the time derivative of their appropriate variable. For a gen-
eral discussion of time reversal symmetry and its importance for
macroscopic equations, we refer to Ref. 36.

The phenomenological part of the stress tensor σij and the
quasicurrents Xi and Y ij describe temporal changes of their cor-
responding variables and can be written as a sum of a reversible
(superscript R) and an irreversible part (superscript D). They are
functions of the thermodynamic forces [Eqs. (7)–(9)] (Aij, hMi ,
and ψij) involving phenomenological transport parameters. The sec-
ond law of thermodynamics states that irreversible dynamic pro-
cesses always dissipate energy (transfer energy to the microscopic
degrees of freedom as heat) and therefore increase the entropy. On
the contrary, reversible processes are nondissipative and must not
increase the entropy.

Within linear irreversible thermodynamics,37 the dissipation
function R, which is proportional to the entropy production, can be
written as a bilinear form of fluxes and forces, in our case

2R = −σijAij + XihMi + Yijψji. (15)

For the reversible parts of the currents {σRij , XR
i , YR

ij }, one has
to require R = 0, while the dissipative ones {σDij , XD

i , YD
ij } fulfill

R > 0.
To derive the dissipative parts of the (quasi-) currents, one

writes the dissipation function R as a quadratic form in the relevant
thermodynamic forces. By taking the variational derivative of this
function with respect to the chosen thermodynamic force, accord-
ing to Eq. (15), one gets the corresponding dissipative current. The
dissipation function is

R =
1
2
νDijklAijAkl +

1
2
bDhMi h

M
i +

1
2
(1/τ)

ijkl
ψijψkl + dijkψjkh

M
i , (16)

leading to

σDij = −ν
D
ijklAkl, (17)

XD
i = bDhMi + dijkψjk, (18)

YD
ij = (1/τ)ijklψkl + dkijh

M
k . (19)

As in Eqs. (3) and (4), we again assume an isotropic form of
the material tensors νDijkl and (1/τ)ijkl describing viscosity and strain
relaxation, respectively,

νDijkl = ν1δijδkl + ν2(δikδjl + δjkδil), (20)

(1/τ)ijkl =
1

τ1M2
0
δijδkl +

1
τ2M2

0
(δikδjl + δjkδil). (21)

Thus, we model the viscoelastic properties of MR fluids38–43 by
using the strain field as a relaxing variable. When the columns
are deformed, the particles experience a drive to redistribute,
e.g., by permeation effects, which shows on the macroscopic level
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FIG. 1. Sketch of a MR fluid, confined between two parallel plates. (a) The external magnetic field is applied perpendicularly to the plates, which induces a nonzero
magnetization (red arrow) along the z axis. (b) MR fluid, when an additional static shear deformation is imposed.

as relaxation of the strain. In addition, we assume that the relax-
ation coefficients, τ1M2

0 and τ2M2
0 , are proportional to M2

0 , which
is motivated by the fact that the elastic network relaxes on longer
time scales in larger magnetic fields, i.e., it behaves more elastically.
Depending on the type of deformation, either compression or shear,
the strain relaxes with a characteristic time proportional to τ1 + 2τ2
or τ2, respectively. It should be noted that τ1,2 can still be func-
tions of M2, which is also the case for the viscosities ν1,2 and the
magnetization relaxation bD. In the incompressible case, ν1 drops
out and can be put to zero. We discard diffusiontype contributions
∼∇kψij.

In Eq. (16), the material tensor

dijk = d1Miδjk + d2(Mjδik + Mkδij) (22)

represents the dissipative coupling of the elastic stress to the mag-
netization. It is linear in the magnetic field to make sure that the
contributions to XD

i and YD
ij are irreversible, but an additional M2

dependence is possible.
The reversible currents cannot be derived from the dissipation

function since R ≡ 0 for the reversible case. Instead, they are set up by
collecting all possible combinations allowed by (e.g., time-reversal)
symmetry that leads to a vanishing R in Eq. (15),

σRij = −ν
R
ijklAkl − cRkijh

M
k , (23)

XR
i = bRijh

M
j − cRijkAjk, (24)

YR
ij = 0. (25)

The material tensors in Eqs. (23) and (24) read32

νRijkl = ν
R
(�ikpδjl + �jkpδil + �ilpδjk + �jlpδik)Mp, (26)

cRijk = cR1Miδjk + cR2 (Mjδik + Mkδij), (27)

bRij = bR�ijkMk, (28)

where cRijk has the same form as dijk in Eq. (22). To make these cur-
rents reversible, all three material tensors have to be odd functions
in Mi and additional M2 dependences of the parameters are possi-
ble. In the incompressible case, νR and cR1 drop out and can be put to
zero.

C. Geometry and material parameters
Throughout this paper, we use the geometry of two parallel

plates, as shown in Fig. 1. The macroscopic variables are assumed to

be only a function of the z coordinate. The magnetic field will always
be applied normal to the plates (along the z axis). In Secs. III A
and IV, we consider shear deformations as shown in Fig. 1(b),
while in Sec. III B, a compressive strain (along the field direction)
is additionally assumed.

Here, we list the values of the material parameters that we gen-
erally use in our numerical calculations (exceptions are indicated in
the figure captions). The prefactors of the elastic moduli are c1 = c2
= 10 Pa A−2 m2, and the coefficients connected with the modulus of
the magnetization are α = 0.06 Pa A−2 m2 and β = 10−8 Pa A−4 m4.
The values for c2 and α are estimated by comparing the results of
Sec. III [Eqs. (34) and (36)] to the measurements of the static (elas-
tic) yield stress and the value of the critical strain in Ref. 44. For
the magnetostrictive parameters, we find, by comparison of Eq. (38)
with experimental results, γ2 ≈ 0.3 Pa A−2 m2, cf. Sec. III A, and γ1
≈ 1.2 Pa A−2 m2, see Eq. (42) in Sec. III B.

Among the transport parameters that we use are ν2 = 0.2 Pa
s, bD = 40 A2 Pa−1 s−1 m−2, and τ2 = 0.1 Pa s m2 A−2 or
τ2 = 10 Pa s m2 A−2 in Sec. IV B. The coefficient, τ2, correspond-
ing to the strain relaxation, is estimated from viscoelastic measure-
ments, where, under a step shear strain deformation, the shear stress
relaxed on the order of 0.01 s45 or 1 s.38 This time is then compared
to the characteristic time scale that shows up in our model, τel =
τ2/4c2, cf. Sec. IV B. The reversible coupling coefficient, cR2 , relat-
ing the magnetization to the symmetric velocity gradient is already
known from the dynamics of magnetic liquids,46–48 where it was cru-
cial to explain dynamic experiments.49,50 We use a similar value as in
Ref. 50, cR2 = 0.4.

III. STATIC DEFORMATIONS
We discuss first the relation between static deformations and

elastic stresses for different magnetic field strengths. Since the
strains are relaxing, purely static experiments can only be per-
formed on time scales short compared to the strain relaxation time,
where strains can effectively be described by the static equations of
Sec. II A.

A. Static shear deformation
In this section, we study the static shear deformation, when

the MR fluid is confined between two parallel plates and the upper
plate is displaced parallel to the x axis. Such a geometry is typically
used in experiments to measure the elastic shear stress as a func-
tion of the shear strain. Experimental results show that the elastic
shear stress first increases linearly with the shear strain, but when
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the shear strain is increased further, one typically observes a satura-
tion in the elastic shear stress. The value of the elastic stress, where
the stress-strain curve levels off, is known as static yield stress, and it
is from the application point of view desirable to have it as large as
possible. The value of the static yield stress was measured for many
different MR fluids and it increases quadratically with the field for
small fields.44 For intermediate magnetic fields, the static yield stress
increases with the power of 3/2, which was measured experimen-
tally,43 as well as modeled numerically in Ref. 7, taking into account
the saturation effects of the magnetization of the particles. The static
yield strain does not depend on the magnetic field and is typically
around 0.5%.42,44

Throughout this section, we assume that the elastic shear defor-
mation of Fig. 1(b) is constant, εxz = εzx = 1

2Γ, and all other compo-
nents are vanishing. This can be achieved by a displacement of the
upper plate by u = Γêx, where Γ is called the shear strain.

The elastic shear stress induced by the shear deformation
follows from Eq. (8), which now reads

ψxz = c2M2Γ − γ2MxMz , (29)

while the magnetization follows from Eq. (7)

µ0H = αMz + c2Γ2Mz − γ2ΓMx, (30)

0 = αMx + c2Γ2Mx − γ2ΓMz , (31)

where β is neglected here.
These equations can be solved analytically, but the resulting for-

mulas are rather involved. We will discuss and explain the main
features either using special cases or show figures of numerical
solutions.

In Fig. 2, we present the elastic shear stress as a function of the
shear strain at three different values of the applied magnetic field.
One can see that the elastic shear stress first increases linearly, then
goes through a maximum, and starts to decrease as one increases
the shear strain. This can be understood by inspecting Eq. (29) for
the elastic shear stress. The applied magnetic field induces a nonzero
magnetization, which, in turn, induces a nonzero elastic shear
modulus. For small values of the shear strain Γ, in particular, for

FIG. 2. The elastic shear stress as a function of the shear strain γ2 = 0 at three
different values of the applied magnetic field. The black dashed parts of the curves
represent the unstable regime, where the elastic shear stress decreases with the
shear strain.

Γ≪ α/γ2 and Γ2
≪ α/c2, the elastic shear stress [Eq. (29)] increases

linearly with the shear strain

ψxz ≈
µ2

0H2

α2 (c2 −
γ2

2

α
)Γ (32)

and the initial slope of the elastic shear stress increases quadratically
with the applied magnetic field.

As one increases the shear strain, the elastic shear stress satu-
rates and finally decreases (Fig. 2). One reason for this is the mag-
netization, which decreases for increasing strains (see Fig. 3). Dis-
regarding the magnetostrictive parameter γ2 for the moment, the
induced elastic shear stress reads (for any Γ)

ψxz = µ2
0H

2 c2Γ
(α + c2Γ2)2 . (33)

Equation (33) provides a tool to determine the static coefficients c2
and α from the comparison of the model to the measurements of the
stress as a function of the strain. The stress-strain curve indeed has a
maximum at

Γc =
√

α
3c2

, (34)

which is called the yield strain. Taking into account γ2 perturba-
tively, e.g., for γ2

2 ≪ αc2, it is shifted to higher strains (Fig. 4),

Γyield ≈ Γc(1 +
5
8
γ2

2

αc2
) (35)

and does not depend on the magnetic field.
The value of the maximum elastic shear stress, the static yield

stress, decreases with increasing γ2 according to

ψyield
xz ≈

3
√

3
16
√
αc2(1 −

3
16

γ2
2

αc2
)
µ2

0H2

α2 . (36)

In addition, the static yield stress scales quadratically with the
applied magnetic field (as is also visible in Fig. 2), which is in
agreement with experiments.

The magnetostriction is responsible for the tilting of the chains
of magnetizable particles. The tilt angle θ can be calculated from
Eqs. (30) and (31) and is proportional to γ2,

FIG. 3. The z component of the magnetization Mz as a function of the shear strain
for γ2 = 0 at three different values of the applied magnetic field.
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FIG. 4. The elastic shear stress vs shear strain for three different values of the
magnetostriction coefficient γ2 at a magnetic field µ0H = 0.3 T. The black dashed
parts of the curves represent the unstable regime, where the elastic shear stress
decreases with the shear strain.

tan θ =
Mx

Mz
=

γ2Γ
α + c2Γ2 (37)

with the maximum tilt value

tan θmax
=

γ2

2
√
αc2

(38)

which is taken at Γ =
√
α/c2.

We note, in passing, that given Eqs. (33) and (37), it is obvious
that tan θ and ψxz do not have their maximum at the same Γ. As a
consequence of the tilting of the chains, the elastic stress decreases as
has been discussed, above. Experimentally, the maximum tilt angle
of the chains with respect to the direction of the magnetic field is on
the order of 10○, which implies γ2 ≈ 0.4

√
αc2 ≈ 3.0×10−1 Pa A−2 m2.

This means that the approximation γ2
2 ≪ αc2, which we used for

some of the analytical results of this section, is quite appropriate.

B. Effects of normal pressure
A desirable property of MR fluids is a high static shear yield stress.
This can to some extent be achieved by using a large magnetic
field; however, due to the saturation of the magnetization, the static
yield stress also saturates as one increases the magnetic field. In
Refs. 51–54, it was found that, after the application of a magnetic
field, compressing the MR fluid along the field direction strongly
increases the static shear yield stress. Moreover, the static yield stress
was found to be linearly dependent on the applied pressure P,

ψyield
xz (P) = ψ

yield
xz (0) + kP, (39)

whereψyield
xz (0) is the static yield stress without compression, and the

slope k was shown in Ref. 51 to be only very slightly increasing with
the magnetic field.

Physically, the increase in the static shear yield stress can be
explained by the fact that the compression pushes the chains of mag-
netizable particles to form thicker columns, which can better resist
the shear forces.

We have found that the magnetostriction coefficient ∼γ1
accounts for these experimental findings. Since the effect of γ2

on the elastic shear stress has been discussed in Sec. III A, we will put
γ2 = 0 here. The external pressure P corresponds to an external
stress ψzz = +P, from which a compressive strain εzz is induced via
Eq. (8),

εzz = +
P

c̄1M2 , (40)

where the effective longitudinal elastic coefficient is c̄1 = c1 + 2c2.
This strain comes in addition to the equilibrium compressive strain
εeqzz due to the external field, discussed in Sec. II A.

As a result of the compression, the magnetization Mz increases
due to the magnetostrictive coupling ∼γ1 (Mx vanishes in the γ2 = 0
approximation)

Mz ≈
µ0H

(α + c2Γ2)
+

γ1

c̄1µ0H
P, (41)

which we have linearized in the pressure.
An increase in the magnetization leads, according to Eq. (29),

to an enhanced shear yield stress. In Fig. 5, we show the elastic shear
stress as a function of the shear strain at three different values of the
applied normal pressure.

Indeed, the elastic shear stress and its maximum (the static yield
stress) increase linearly with the pressure (Fig. 6). For small values of
the applied pressure, this is described by k [Eq. (39)] which takes the
form

k ≈
9

32
γ1

c̄1

√
3c2

α
. (42)

For typical experimental values of k ≈ 1/4, one finds
γ1 ≈ 1.2 Pa A−2 m2.

In addition, the static yield stress is shifted to higher strains.
This shift of the critical strain is also linear in the pressure and can
be observed in Fig. 5 for different values of the field.

For small values of the applied pressure, one gets

Γyield ≈ Γc +
1
2

γ1α
c̄1µ2

0H2 P, (43)

FIG. 5. Elastic shear stress as a function of shear strain using µ0H = 0.3 T at three
different values of the applied compressive pressure. The black dashed parts of the
curves represent the unstable regime, where the elastic shear stress decreases
with the shear strain.
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FIG. 6. Static yield stress as a function of the applied compressive pressure at
three different values of the applied magnetic field.

showing also the 1/H2 field dependence. By measuring the yield
stress and the yield strain as a function of the pressure, one could, in
principle, determine the coefficients γ1 and c1, while the coefficients
c2 and α could already be determined in the shear strain experiments
(see Sec. III A).

IV. DYNAMIC DEFORMATIONS
In this section, we investigate the effect of the magnetic field on

the measured viscosities of MR fluids in the presence of an applied
shear flow. Experimental results show a threshold behavior, where a
finite stress, also called the dynamic shear stress, is needed to sustain
a shear flow. In addition, MR fluids are typically found to be slightly
shear thinning, which means the viscosity decreases as one increases
the shear rate.

We assume simple shear with a linear velocity profile of the
form v = γ̇zêx, where the so-called shear rate is constant for a
steady shear flow, γ̇ = γ̇0, Sec. IV A, and time-dependent for oscil-
latory flow, γ̇ = γ̇0 cos(ωt), Sec. IV B, with ω being the oscillatory
frequency.

For shear flow, the dynamics of the magnetic degree of freedom,
given in Sec. II, reads

−
∂

∂t
Mx = bDMx(α + βM2 + 4c2ε2

xz) −
1
2
(1 + 2cR2 )Mzγ̇, (44)

−
∂

∂t
Mz = bDMz(α + βM2 + 4c2ε2

xz) − bDµ0H

+
1
2
(1 − 2cR2 )Mxγ̇ = 0, (45)

where we have neglected γ2, since it provided only corrections to
the main results in the static shear strain case, and we expect the
same for the presence of a shear flow. The couplings provided by the
coefficient d2 are comparable and are also neglected. We also take
bR = 0, which ensures that the orientation of the magnetization (of
the chains) does not deviate from the shear plane. Equations (44) and
(45) are equivalent to those studied by Liu’s group47,48 for magnetic
liquids (where εxz = 0), when we use the identification 2cR2 = λ2 and
take β = 0.

For the elastic degree of freedom, we get

−
∂

∂t
εxz =

4c2

τ2
εxz −

1
2
γ̇. (46)

Finally, the total stress tensor, the momentum density current in
Eq. (10) not only contains the elastic stress tensor ψij [Eq. (8)]
but also the dissipative and reversible phenomenological parts σDij
[Eq. (17)] and σRij [Eq. (23)]. It is given by

−σtot
xz =ν2γ̇ + 2c2M2εxz +

1
2
(1 − 2cR2 )µ0HMx

+ 2cR2MxMz(α + βM2 + 4c2ε2
xz) (47)

and will be needed to set up the stress-strain rate relations, i.e., the
apparent viscosity in Sec. IV A and the complex shear modulus in
Sec. IV B.

A. Steady shear flow
In this section, we are only interested in stationary solutions of

the dynamic equations. In that case, the left-hand sides of Eqs. (44)–
(46) are zero. This immediately allows us to relate the stationary
shear strain to the applied shear flow

εxz = εzx =
γ̇τ2

8c2
. (48)

Of course, a stationary strain is only possible for a relaxing strain
variable, while for permanent elasticity, the strain would increase
indefinitely, when a constant flow is applied. Equation (48) repre-
sents the stationary balance between the increasing strain due to the
shear flow and its relaxation due to the microscopic redistribution of
the particles.

With this result, Eqs. (44) and (45) can be solved for the mag-
netization components Mx and Mz as functions of γ̇ and H. This can
only be done numerically due to the nonlinearities involved.

In Fig. 7, the shear stress Eq. (47) is plotted as a function of the
shear rate for different values of the field. We also study the apparent
viscosity, defined by

η =
−σtot

xz

γ̇
. (49)

FIG. 7. The shear stress −σtot
xz as a function of the steady shear rate at three

different values of the applied magnetic field.
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There are basically three regimes. For very small shear rates, there
is a steep linear increase in the stress and the slope (apparent vis-
cosity η) strongly depends on the magnetic field. At very high shear
rates, there is another (almost) linear stress increase, which is much
smaller than in the initial regime and is, for very large shear rates,
field independent. In between, the transition region shows a peak
structure for higher magnetic fields. Reducing the external field,
the peaklike structure diminishes until it simply denotes the transi-
tion between the low and high shear rate regimes. A peak structure,
which gives rise to a local minimum at intermediate shear rates, can
be explained by the induced elastic stress, described by the second
term in Eq. (47). Initially, this stress increases linearly with the shear
rate, which results in a steep initial slope of the flow curve [Eq. (50)].
At higher shear rates, the magnetization modulus starts to decrease
inversely with the square of the shear rate, which decreases the elas-
tic stress contribution toward zero. If the applied magnetic field is
large enough, a peak structure will be observed.

The initial slope for small γ̇ can be written approximately

ηin = ν2 + (
1
4
τ2 +
(1 + 2cR2 )2

4bD
)M2

0 , (50)

where M0 = µH0/α and ν2 is the viscosity (without field) due to
the carrier fluid and the magnetizable particles suspended in it. The
initial slope ηin strongly increases with the external field, which is
a prediction that could be tested in experiments. This is because
shear flow reorients the columns of magnetizable particles due to
the reversible coupling between flow and the magnetization via cRijk
[Eq. (27)]. The z-component of the magnetization is basically given
by the magnetic field resulting in the field dependence of ηin. This
effect is even bigger for smaller values of bD, i.e., when the relax-
ation time of the magnetization is longer. This is the magnetic field
dominated regime.

At a very high shear rate, the hydrodynamic regime is reached.
Here, the influence of the magnetic field on the slope η diminishes
and finally, for γ̇ → ∞, the flow curves converge to the same line,
−σtot

xz = ν2γ̇.
In the transition region, the stress obtains its (dynamic) yield

stress value, −σ0
xz , which is the stress needed to sustain flow.

There is some arbitrariness in the definition of the yield stress.
Usually, it is read off from stress-strain relations as in Fig. 7 by
extrapolating the high strain rate curves to zero strain rate. Or one
could use as the yield stress the peak of the shear stress, or the
shoulder, where the initial linear behavior turns into the final one.
We determine this transition point as the shear rate at which the
total shear stress, with the viscous contribution ∼ν2 subtracted, i.e.,
−σtot

xz − ν2γ̇, attains a maximum. The dynamic yield stress is shown
in Fig. 8 to be a quadratic function of the external field, −σ0

xz =

Ξ(µ0H)2 with Ξ ≈ 150 A2 Pa−1 m−2.
We have used the same set of parameters as in Sec. III, dis-

cussing the static deformations. It should be noted that a higher
value of the yield stress may be obtained by using, for example,
lower values of α, which as a consequence increases the magnetic
susceptibility. This stress also increases with increasing bD, while the
dependence of the yield stress on τ2 increases for low values and then
starts to decrease for larger values of τ2.

Beyond the initial steep rise, the shear stress is often described
approximately by a Bingham model

FIG. 8. The yield shear stress −σ0
xz as a function of the magnetic field.

− σxz = −σ0
xz + η∞γ̇, (51)

where a Newtonian viscous contribution is combined with the yield
stress −σ0

xz . Real MR fluids generally deviate from the Bingham
model, in particular, for higher magnetic fields. Somewhat better
fits to the experimental data can be achieved by using the so called
Casson or Herschel-Bulkley models,55 which are frequently more
suitable for flow curves that are not linear. In Fig. 9, it is shown, for
the highest field case, that the apparent viscosity in our description
is lower than in the Bingham model, demonstrating shear thinning.
This effect is smaller for intermediate fields and almost invisible
for low fields. This is in accordance with experimental findings,
where the Mason number40,56 is often found to be slightly lower
than 1, indicating shear thinning.57–63 We mention that a model
that takes into account the anisotropy together with the additional
dynamic interplay of the relative rotations between the magneti-
zation and the elastic network may produce a stress-strain curve
that is closer to the Bingham model, Eq. (51). Another possibility
is to consider the 2-fluid description of the magnetizable partic-
ulate phase and the solvent, but this is beyond the scope of this
work.

FIG. 9. The apparent viscosity η, scaled by η∞, as a function of the shear rate
for three different values of the applied magnetic field. Bingham behavior is shown
as a dashed-dotted line for the high field case. The shear thinning of the apparent
viscosity at intermediate shear rates compared to the Bingham model is obvious.
For γ̇→∞, all curves converge at η/η∞ → 1.
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B. Oscillatory shear flow
In this section, we study the viscoelastic properties of MR fluids

in the linear response regime. We impose an oscillatory deforma-
tion along the x axis, v(z) = γ̇e−iωtz êx + c.c., with ω being the
frequency of the oscillation and where c.c. denotes the complex con-
jugate. A measure of the viscoelastic properties is the complex shear
modulus G = G′ + iG′′, defined as the ratio of the shear stress σtotxz
[Eq. (47)] and the imposed strain −γ ≡ γ̇/iω, G = σtotxz /γ. The real,
G′, and the imaginary part, G′′, are the storage and the loss mod-
ulus, describing the reactive and dissipative response, respectively.
We note that γ is not identical to the Γ of Sec. III, as can be seen from
Eq. (46).

To calculate the complex shear modulus, we linearize Eqs. (44)–
(46) around equilibrium, where the strain field εij is zero and the
magnetization points along the z axis, M = M0êz , with M0 = µ0H/α
for low magnetic fields. For the relevant variables Mx, Mz , and εxz ,
we use the ansatz Mx =M(0)x e−iωt + c.c., Mz =M0 +(M(0)z e−iωt + c.c.),
and εxz = ε(0)xz e−iωt + c.c., with M(0)x , M(0)z , and ε(0)xz being the cor-
responding amplitudes, which are, in general, complex quantities.
The frequency is assumed to be sufficiently small so that the linear
velocity profile is established at any time.

The characteristic time scales are τel = τ2/(4c2), corresponding
to the relaxing strain, and τm = 1/(bDα), corresponding to the mag-
netization relaxation. For the parameter values used in this section,
the time scales are almost equal, τel ≲ τm.

Experimental results63–65 show that the storage modulus is con-
siderably larger than the loss modulus at intermediate frequencies
and that both increase with increasing magnetic field, which we
could qualitatively reproduce (see Fig. 10). This means that the sys-
tem behaves more like a solid than a liquid, which is expected,
since a small amplitude shear oscillation can only slightly influence
the strength of the columns. For smaller frequencies, the numerical
results show that the system behaves, as expected, more like a liquid
than a solid (Fig. 10).

For low frequencies, the storage modulus increases quickly with
frequency and then saturates for larger frequencies.64,65 This can be
seen in Fig. 10. The initial rise of the storage modulus is quadratic in
the frequency

G′ ≈ (
α
4
(1 + 2cR2 )

2 τ2
m + c2τ2

el)M
2
0ω

2, (52)

while for larger frequencies, the plateau value

G′∞ = (
α
4
(1 + 2cR2 )

2 + c2)M2
0 (53)

is reached. The increase in the storage modulus at low frequencies is
not reported often, which is either because many of the experiments
have not gone quite to the low frequency regime, or the characteristic
frequency where one observes such an effect, is not experimentally
accessible for many setups. In Ref. 64, a saturation of the storage
modulus is observed at a frequency of about 1 Hz.

The loss modulus, on the other hand, has a slightly more com-
plicated behavior. Theoretical results show that the loss modulus
increases linearly for low frequencies

G′′ ≈ ηinω, (54)

where ηin is the initial slope of the steady shear stress [Eq. (50)]. After
a maximum, it starts to decrease, and at intermediate frequencies, it

FIG. 10. (a) Storage modulus G′ and (b) loss modulus G′′ as a function of the
frequency at three different values of the applied magnetic field.

passes a minimum before it increases, finally. The location of the
maximum is at

ωmax ≈ 1/τel (55)

and is independent of the magnetic field.
The minimum of the loss modulus at intermediate frequen-

cies shifts to larger frequencies as one increases the magnetic
field [Fig. 10(b)], which is detected in certain experiments.63,64 For
ω2τ2

m ≫ 1 and ω2τ2
el ≫ 1, the minimum is at

ωmin ≈
M0
√
ν2

√
4c2

2
τ2

+
1
4
(1 + 2cR2)

2 bDα2, (56)

where the frequency of the minimum ωmin shifts linearly with the
field.

The final, asymptotic behavior of the loss modulus for ω →∞

is described by the viscosity ν2,

G′′ ≍ ν2ω. (57)

The maximum of the loss modulus at small frequencies has
not been reported often, perhaps due to the experimental limita-
tions at lower frequencies. There are certain indications that such
a maximum exists.65

We found that a simple relation exists for the master curves g′
and g′′ of G′ and G′′, respectively. The storage modulus has to be
rescaled by a factor of µ0H2, g′(ω) = G′(ω)/µ0H2, while the viscosity
term needs to be subtracted first in the loss modulus, g′′(ω) = (G′′(ω)
− ν2ω)/µ0H2. The storage and the loss moduli can be at any given
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FIG. 11. The master curves g′ and g′′ as a function of the frequency ω
corresponding to the storage G′ and the loss modulus G′′, respectively.

magnetic field H reduced exactly to the curves g′(ω) and g′′(ω),
which is not surprising because all contributions in the stress ten-
sor [Eq. (47)] apart from the viscosity term ∼ν2, are proportional to
the square of the magnetic field. Since the characteristic time scales
τm and τel are independent of the magnetic field, the master curves
are obtained without the need to rescale the frequency variable
(Fig. 11).

We now discuss the dependence of the absolute value of the
complex shear modulus ∣G∣ =

√
(G′)2 + (G′′)2 on the frequency.

After the initial linear increase, governed by the loss modulus
[Eq. (54)], there is a plateau at intermediate frequencies, which is
basically given by the plateau of the storage modulus G′∞ [Eq. (53)],
since the loss modulus G′′ is much smaller there. For high frequen-
cies, the loss modulus is dominating again and |G| increases accord-
ing to Eq. (57). This final increase is best visible in Fig. 12 for low
fields.

This scenario applies to the case of (almost) equal elastic and
magnetic time scales. If these time scales are sufficiently well sepa-
rated, a somewhat different behavior of |G| is found (Fig. 13). After
the very steep initial rise, a very narrow plateau is found at rather low
frequencies, which is approximately of height c2M2

0 (for τel ≪ τm)
and 1

4(1 + 2cR2 )2αM2
0 (for τel ≫ τm). At intermediate frequencies, |G|

FIG. 12. |G| as a function of the frequency at three different values of the applied
magnetic field.

FIG. 13. Shear modulus |G| as a function of the frequency in a semilog plot at
µ0H = 0.5 T for three different (arbitrary) choices of the time scales τel and τm.
The light black dashed horizontal lines denote the values of the plateaus for the
different cases. To enhance the visibility of the lowest plateau, cR2 = 4 has been
chosen in this plot.

gently increases to the combined plateau G′∞ [Eq. (53)] and finally
converges to the asymptotic behavior independent of the relaxation
times.

In polymer dynamics, the empirical Cox-Merz rule is often very
well fulfilled. It allows us to estimate shear stresses when a steady
shear is imposed from data obtained by small amplitude oscillatory
strain rate experiments. This rule states that at a given frequency
ω, the modulus |G| is identical to the shear stress, −σtotxz , under a
steady shear rate γ̇ = ω. It is trivially fulfilled for γ̇ → ∞ and
ω →∞, where |G| ≍ ν2ω and −σtotxz ≍ ν2γ̇. Similarly, for very small
ω, |G| ≈ G′′ ∼ ω [Eq. (54)] increases the same way as −σtotxz ∼ γ̇.
Applying the Cox-Merz rule to the yield shear stress, however, would
lead to

− σ0
xz = (

(1 + 2cR2 )2

4
+
c2

α
)αM2

0 ≈ 2800 (µ0H)2 (58)

for the stationary yield stress, which is, though, much larger than the
value of 150 (µ0H)2 found in Sec. IV A (Fig. 9). This shows that the
Cox-Merz rule is not obeyed in MR fluids. This difference is prob-
ably due to the columnar structures, which are not destroyed in the
small amplitude oscillatory shear, but are destroyed in steady shear.
Equations (56) and (58) can be used to determine the dynamic coef-
ficients cR2 , bD, and τ2 or serve as an additional method to determine
the static parameter c2.

V. SUMMARY AND PERSPECTIVE
In this study, a simple macroscopic model for the MR fluids has

been proposed. We tested the model on several simple experimental
configurations, such as the influence of a magnetic field or a normal
pressure on the static shear deformations as well as simple shear flow
in the steady and the oscillatory regime.

In order to model the effects of the chains of magnetizable
particles, which are observed in experiments, and to capture the
solidlike properties, we included as the macroscopic variables the
magnetization and the strain field. We have shown that the inclu-
sion of these variables well explains certain experimental facts, such
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as the existence of a static yield stress or the influence of a normal
pressure on the static yield stress. We have successfully reproduced
the quadratic field dependence of the static yield stress with the
appropriate critical strain being independent of the magnetic field.
This was made possible by a (quadratic) dependence of the elas-
tic moduli on the magnetization, which is motivated by the fact
that the solidlike properties of MR fluids are due to the magnetic
field.

Furthermore, we probed the dynamics of our model by inves-
tigating the stresses that arise by applying a shear flow. Here, our
assumption that the strain relaxation coefficients are proportional
to the magnetization squared comes into play, which is motivated
by the fact that the elastic network relaxes on longer time scales in
larger magnetic fields. First, we applied a stationary shear flow, lead-
ing to the flow curves describing the shear stress as a function of the
shear rate. For intermediate values of the shear rate, a maximum,
the dynamic yield stress, was obtained and the flow curve could
almost be described by the Bingham law. However, deviations were
found indicating shear thinning, in particular, for higher magnetic
fields.

We also studied the effects of an imposed oscillatory shear flow.
We showed that the complex shear modulus as a function of the fre-
quency exhibits a plateau. The values of the plateau are related to
the elastic shear modulus or to the hydrodynamic coupling between
magnetization and flow, or to both, depending on whether the elastic
relaxation time is much larger, or much smaller, or almost equal to
the magnetic relaxation time, respectively. Applying the Cox-Merz
rule, which compares the plateau regime with the dynamic yield
stress of the stationary case, revealed that the Cox-Merz rule is not
fulfilled by our model.

We derive equations and present expressions that can be
used for measuring certain phenomenological coefficients. Exam-
ples are the elastic and magnetostriction coefficients, which could
be determined from measurements of the stress-strain curves and
the maximum tilt angles of the chains. We also discuss the pos-
sibilities to determine the dynamic coefficients by measuring, for
example, the initial slope of the stress as a function of the shear
rate, the shift of the minimum in the loss modulus G′′ as a
function of the magnetic field, or by measuring the plateau val-
ues of the shear modulus |G|. We have also shown that a sim-
ple master curve may be generated for the storage and the loss
modulus.

In the next step, it is desirable to capture various aspects of pat-
tern formation in MR fluids. Examples of these patterns include the
formation of the columns themselves, the thickening of the columns
under a pressure force,66 the stripe formation under shear flow,67–69

or structures formed in a rotating magnetic field.70 A macroscopic 2-
fluid model has been presented in Ref. 71, but has never been applied
to magnetic systems such as MR fluids. In this case, one would model
the MR fluid with the solvent phase and the particle phase as two
separate fluid phases.

As a perspective, we mention the generalizations to large mag-
netic fields for which the approximation used in the present no
longer applies. In addition, the role of relative rotations between
the magnetization, Mi, and the elastic matrix should also be inves-
tigated. Relative rotations could also contribute to the tilting of
the chains, complementing the magnetostrictive effects discussed in
Sec. III A.
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