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Abstract

We show that consistent interactions of a spin-2 and a higher-spin Majorana
fermion gauge fields in 3D flat space lead uniquely to Aragone-Deser hypergravity
or its generalization. Our analysis employs the BRST-cohomological techniques,
and works in the metric-like formulation under the assumptions of locality, parity
and Poincaré invariance. Local hypersymmetry shows up as the unique consistent
deformation of the gauge transformations. An extension of the theory with fermion
flavors does not change these features, while a cosmological deformation becomes

obstructed in the absence of other degrees of freedom and/or non-locality.



1 Introduction

Higher-spin theories in three space-time dimensions have generated a lot of interests in
recent years. The obstructions to minimal gravitational interaction of massless higher-
spin fields [1-5] disappear in three dimensions where the Weyl tensor vanishes. In 3D flat
space one can write down, among other things, a consistent theory of a spin-5/2 gauge
field minimally coupled to gravity—the well-known hypergravity theory of Aragone and
Deser [6]. In itself a higher-spin generalization of 3D supergravity, this theory is dictated
by an extension of the Poincaré group—the hyper-Poincaré group—that includes spin-3/2
fermionic generators. This however does not contradict the Haag-Lopuszanski-Sohnius
theorem [7] that applies only to D > 4. Indeed, one can reformulate hypergravity in a
way that incorporates the hyper-Poincaré group as local gauge symmetry [8]. To be more
specific, hypergravity can be described by the Chern-Simons action of a hyper-Poincaré-
valued gauge field. These constructions can be generalized to an arbitrary-spin massless
fermion with an arbitrary number of flavors, minimally coupled to General Relativity.

In this article we investigate the uniqueness of (generalized) hypergravity as a con-
sistent interacting gauge theory of a higher-spin fermion and gravity. For this purpose
we use the BRST-cohomological techniques based on antifield formalism [9,10] under the
assumptions of locality, parity and Poincaré invariance. The same techniques have been
employed in proving under certain reasonable assumptions the uniqueness of a number of
physical theories: Yang-Mills theory [11], General Relativity [12] and supergravity theo-
ries in D=4 [13,14]. Along this line, we start in three space-time dimensions with the free
system of a massless arbitrary-spin Majorana fermion and a spin-2 gauge field. Nontrivial
cubic and higher-order deformations compatible with the gauge symmetries of this system
can then be derived systematically. The question we seek to answer is whether the set
of consistent deformations of the free theory leads uniquely to generalized hypergravity.
Our approach assumes neither general covariance nor local hypersymmetry to begin with;
they instead would follow automatically as a possibility, if not the unique one.

The organization of the article is as follows. The remaining of this section presents our
main results and conventions. Section 2 is a brief exposition of generalized hypergravity.
Section 3 introduces the much-needed machinery of the BRST deformation scheme for
irreducible gauge theories [9,10]. Sections 4 and 5 constitute the bulk of this paper; they
use the metric-like formulation of higher spins to investigate respectively the uniqueness of
Aragone-Deser hypergravity with a spin-5/2 Majorana fermion and that of its generaliza-
tions to an arbitrary-spin fermion with flavors. The consequences of a cosmological term
are studied in Section 6, which sheds light on the nature of (generalized) hypergravity in
(Anti-)de Sitter space. Some remarks appear in Section 7. Three appendices are added

in order to provide the reader with some useful details.



Results

e Assuming locality, parity and Poincaré invariance, consistent interactions of a spin-2

and a spin-5/2 Majorana gauge fields lead uniquely to Aragone-Deser hypergravity.

e The uniqueness continues to hold for arbitrary fermion spin s = n + 3/2. As a

byproduct, the uniqueness of three-dimensional supergravity is proven for n = 0.
e Generalized hypergravity is consistent for an arbitrary number of fermion flavors.

e Local hypersymmetry and its higher-spin counterparts follow automatically as the

unique consistent deformations of the gauge transformations.

e Another byproduct is the explicit demonstration that the cohomological obstruction

to minimal gravitational coupling of higher-spin fermions disappears in D = 3.

e There is no consistent local gauge theory of a higher-spin Majorana fermion and
gravity in the presence of a cosmological term. Non-locality and/or additional de-

grees of freedom are required in (Anti-)de Sitter space.

Conventions & Notations

We adopt the conventions of Ref. [15], and work exclusively in D =3 with metric signature
(— + +). Fiber indices and world indices are denoted with lower case Roman letters and
Greek letters respectively. The y-matrices satisfy the Clifford algebra: {v%,+*} = +2n%,
and v*T = 2. Totally antisymmetric product of y-matrices, y% % = ylaiez ... yan]
have unit weight, where [i; - - - i,,] denotes a totally antisymmetric expression in the indices
i1, ..., with a normalization factor . The totally symmetric expression (i - - - i,) has
the same normalization. The Levi-Civita symbol is normalized as g1 = +1.

We exclusively deal with Majorana spinors. A Majorana spinor x obeys: Y¢ = By,
where the “phase” ( is +1 (—1) for a real (imaginary) spinor. Majorana spinors x;,

1= 1,2, with “phase” 3; and Grassmann parity ¢;, follow the bilinear identity:

Xlﬁyal-..arx2 —_ (_)1+61€2 (ﬁlﬁQ) tr XQ’}/al.“a’er’

where a “bar” denotes Majorana conjugation, and ¢, = 41 (—1) for r = 0,3 (1,2).
A “slash” denotes a contraction with y-matrix, e.g., A = y*A,, whereas a “prime”
denotes a trace w.r.t. Minkowski metric, e.g., b’ = n*"hy,, = h*,. Finally, the symbol “="

stands for equality of expressions up to a total derivative.



2 Generalized Hypergravity

This section gives a brief account of generalized hypergravity. First, the frame-like version
of the theory is presented. Then, upon integrating out the spin connection, the metric-like

version of the theory is obtained.

2.1 Frame-Like Version

Generalized hypergravity is the theory of a massless Majorana fermion 1,* %", of spin
s = n+ 3/2, minimally coupled of General Relativity. The fermion field is a dreibein-like
gauge fermion—completely symmetric and v-traceless in the frame-like indices [6,16-18].
Here we adopt the notation of [19] to use the short-hand symbol IIJN“(") for it.

We consider a straightforward generalization of the theory presented in [8] by including
a flavor index I to the fermion, where I = 1,2,..., N. The Chern-Simons generalized

hypergravity action can be written, up to a boundary term, as:

2 _
Sn = F/ (260 R = Wagu, rDY*™1) | (2.1)

where e = e}, dz* is the dreibein 1-form, and R" the dualized curvature 2-form:

R* = Dw® = dw® + 1e™wywe, (2.2)

abc

with w® = Le®w . da* the dualized spin connection 1-form, while (-1 = 1p a1 qyr

is the 1-form corresponding to the fermion, with its covariant-derivative 2-form given by:
D'll)a(n)’I _ dwa(n),] + (n+ %) wb,yblba(n),l . nwb,}/alba(nfl)b’ (23)

where repeated indices with the same name are symmetrized with the minimum number
of terms and carry unit normalization.
The action (2.1) is invariant under the following gauge transformations that involve

three O-form gauge parameters A%, ¢ and €*™-! [g]:

s = DA*—e"oye.+ (n+ %) €)1 At L
Sw' = Do, (2.4)
5¢a(n),f — Dea(n)J . (TL + %) O_b,yb.lba(n),l + nab’yall)a(n_l)bj

oI i5 completely symmetric and y-traceless in the frame indices.

where the parameter €

Modulo difference in conventions and the flavor index, the action (2.1) is formally the
same as that of Aragone and Deser [6]. The two, however, differ in local structure. The
local hypersymmetry transformations given in [6] is a subset of (2.4) corresponding to the

choice: A* = 0® = 0 and e€*™-1 =£ 0, but they agree only on shell.
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If we forgo the language of differential forms, the action (2.1) takes the form:
Su= [ e (3 Ru @)t — } B 17Dt ] (25)

where e = det €%, and v = y*eleyer = —e et while ¢, = 2711, ) is the

(rescaled) fermion field. The generalized hypersymmetry transformations now read:
et = 1(n+ 1) K &), 1 v, T, 0, = Dyt (2.6)

where the rescaled transformation parameter is given by: €,(n), 1 = 2k~ 1 €a(n), T -

2.2 Metric-Like Version

In this section, we reformulate the frame-like theory of Section 2.1 in the metric-like
language. With this end in view, we switch to the second-order formulation by integrating
out the spin connection w,. In the first-order formulation the equations of motion (EoM)
for the spin connection can be solved to obtain a connection with torsion. This result can
then be substituted in the action (2.5) to derive the physically equivalent second-order
form of the theory with torsion-free connection and explicit 4-fermion contact terms,
exactly as in supergravity [15]. The second-order action for generalized hypergravity

looks:
Sy = /dgx\/—g [ R(g) — %1/_1“@(”)711/“””V1,1/)p“(”)’[} + 4-fermion terms, (2.7)

where we have used D[uwy]“(”)’l = V[u@by]“(")’l for torsion-free connection, and vy, = v,€j.

The generalized hypersymmetry transformations are encoded in Egs. (2.6). In particular,

a

"€va; 18 given by:

note that the transformation rule of the metric tensor, g,, = e
O = 5(n + §) 5% €y, 1 V(a0 "™ (2.8)
Now we will expand the second-order theory around Minkowski background:

Guw = M + Khyw, € = e 4 5100+ O(h?), (2.9)

a
o

and ¢M“(”)’I , are converted into world indices with the help of the flat-space dreibein e

where €2 is the flat-space dreibein: €. €va = M- The fiber indices of the fluctuations, h,

and its inverse /. The metric-like fluctuations include the graviton:
hu = h“€vya s (2.10)
which is a rank-2 symmetric tensor, and the higher-spin Majorana gauge fermion:
@Dua(n)J = 1/’;1&1.“%7[ €ay " Can s (2.11)

al an
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which is symmetric and ~y-traceless in the a-indices. Explicitly, the latter condition reads:
Y =0, = aes (2.12)
Note that the covariant 1-curl of the fermion appearing in the action (2.7) is given by:

V[M@bu}a(n),l _ a[uwy]a(n),l + nw[uabwy]ba(n—l),l + i’ybc w[ubcd}’/]a(n),l’ (213>

where w, "’ = w,*(e) is the torsion-free spin connection, whose expansion yields:

w,wb = —%lﬁ (8ahub — 8bhﬂa) + O(hZ) (214)

The following expressions, with the notation }f, = v*h,. = 7"h,., are also necessary:
V=g =14 gal + O(?), Y=o+ g, + O(h?), (2.15)
YV = P %K (%[NVVVP} + APl 4 Ayl %p]) + O(h?). (2.16)

Upon using the expressions (2.9)—(2.16) in the second-order action (2.7), one finds
that the desired metric-like theory takes the following form:

SH = /d3l’ [Lfree + »Ccubic + ﬁhigher—order] . (217>
The free part of the Lagrangian Ly, reads:
Liree = %hwgw/ _ %z/_}ua(n),l Ruan), T (2.18)
where G* and RH™):1 are “the left hand sides” of the free EoMs:

G = Ohyy — 20,0 hyy + 00,1 — 1 (O — 8°0%h,) 21
Rua(n),[ = ,y,uypaywpoa(n),l' .

The cubic Lagrangian L. consists of two different kind of vertices: hhh-type gravita-

tional self coupling and hiy)-type cross coupling:
Leuvic = Lnnn + Lhgy - (2.20)
The graviton cubic self coupling is well known; it is given by (see, for example, [12]):

Lipn = k(PR 0,0,hpe — W' h7 0,0, + B Ophy00°h — ShY 0,10, 7
—h*9h,,, 0,0 — %h“%;@u&,h’ — W OPRPO Ny, + WY OP RO
—h"0,h)0xhy) + Sh*R'0,0,h + %h'@uh“p&,hz + $h' "N ON). (2.21)
The cubic cross couplings, on the other hand, derive from the fermion-bilinear term

in (2.7). As we see in Appendix A, the 1-curl of the fermion, 0j,%,)a(n), 1, itself is propor-

tional to the free EoMs. Then the couplings arising from the first term in the covariant

5



1-curl (2.13) are trivial in that they can be field redefined away. The nontrivial cubic cou-
plings therefore come only from the spin-connection terms in the covariant 1-curl (2.13).

They amount to:

Lipy = =55V, 17" (m™1F 4 377000 0,520 T (2.22)

where b, = 0rh, — Orhy, is the graviton 1-curl, and noMef = L (prap?f — pofpie),
On account of the identity (C.1) the tensor structure inside the parentheses in Eq. (2.22)

can then be simplified, thanks to the 7-trace condition (2.12). The final result is:

Ly = =5 (04 3) £ Ppa@), 17?77 0, oy (2.23)

The higher-order couplings Lhigher-order 111 the action (2.17) do not stop at any finite
order, but they are unique and can also be worked out in principle. This article, however,
does not require any explicit knowledge of these terms. It is important to note that given
the cubic couplings, there exists at least one fully nonlinear consistent theory, namely the
generalized hypergravity that we are considering in this section.

Finally, starting from Eq. (2.6) we would like to write down the generalized hyper-
symmetry transformations of the metric-like fluctuations defined in Eqs. (2.9) and (2.11).

It is follows that the graviton transforms as:
Sl = (1 + 3) K €y, 1 V80 ™"+ O(K?), (2.24)
while the fermion transformation rule is:
UM = 0, Ly, (14 3) 7 AT 4 O). (25

This ends our brief exposition of generalized hypergravity. In the above discussion,
when the flavor index I is removed, the theory reduces to N = 1 supergravity and the

spin-5/2 Aragone-Deser hypergravity [6] respectively for the cases of n =0 and n = 1.

3 BRST Deformation Scheme

In this section we explain the BRST deformation scheme—our main analytical tool to
study the uniqueness of hypergravity. What follows is an almost verbatim repetition of the
same discussions appearing in [20,21]. As pointed out in [9,10], it is possible reformulate
the classical problem of introducing consistent interactions in a gauge theory in terms of
the BRST differential and the BRST cohomology. The advantage of this cohomological
approach is that it systematizes the search for all possible consistent interactions. It also

relates the obstructions to deforming a gauge-invariant action to precise cohomological
classes of the BRST differential.



Fields and Antifields

Let there be an irreducible gauge theory of a collection of fields {¢*}, with m gauge invari-
ances, 0.¢' = R’ e* o =1,2,...,m. Then one introduces a ghost field C* corresponding to
each gauge parameter £%; they have the same algebraic symmetries but opposite Grass-
mann parity (€). The original fields and ghosts are collectively called fields and denoted
by ®4. One further introduces, for each field and ghost, an antifield ®% that has the same

algebraic symmetries (in the multi-index A) but opposite Grassmann parity.

Gradings

Two gradings are introduced in the algebra generated by the fields and antifields: the
pure ghost number (pgh) and the antighost number (agh). The former is non-zero only
for the ghost fields. For irreducible gauge theories, in particular, one has: pgh(C®) = 1,
while pgh(¢®) = 0 for any original field. On the other hand, the antighost number is non-
zero only for the antifields ®%, i.e., agh(®%) = pgh(®4) + 1, agh(®?) = 0 = pgh(®4).
Another grading is the ghost number (gh), defined as gh = pgh — agh.

Antibracket

On the space of fields and antifields, one then defines an odd symplectic structure, called
the antibracket, as:
SEX oty SRX LY
X,Y) = — : 3.1
(X, Y) IPA 5P 0% IPA (3:-1)
It follows from this definition that (®4,®3) = &7, which is real. Because a field and its

antifield have opposite Grassmann parity, if ®* is purely real (imaginary), ®% must be

purely imaginary (real). Note that the antibracket satisfies the graded Jacobi identity.

Master Action

Let S(©[¢'] be the gauge-invariant action in terms of the original fields. One extends it

to the master action, S[®4, ®%], that includes terms involving ghosts and antifields:
S[@*, @] = SO$] + g RIC+ ... . (3.2)

By virtue of the Noether identities and the higher-order gauge-structure equations, it

satisfies the classical master equation:
(5,9)=0. (3.3)

The master action S incorporates compactly all the consistency conditions pertaining to

the gauge transformations through the master equation (3.3).
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BRST Differential

The master action is also the generator of the BRST differential s, defined as:
sX = (5, X). (3.4)

It follows, as a simple consequence of the master equation, that S is BRST-closed. From

the properties of the antibracket, it is easy to show that s is nilpotent,
2 __
s° = 0. (3.5)

The master action S, therefore, belongs to the cohomology of s in the space of local

functionals of the fields, antifields, and their finite number of derivatives.

Deformed Master Action

The existence of the master action S as a solution of the master equation is completely
equivalent to the gauge invariance of the original action S()[¢?]. Therefore, it is possible
to reformulate the problem of introducing consistent interactions in a gauge theory as
that of deforming the solution S of the master equation.

Let S be the solution of the deformed master equation: (S,S5) = 0. This must be a

deformation of the solution Sy of the master equation of the free gauge theory:
S = So+ g5 +g*S2 + O(g?), (3.6)

in some deformation parameter g. The master equation for S splits, up to O(g?), into

(S0, 50) = 0, (3.7)
(So,51) = 0, (3.8)
(S1,81) = —2(Sy,Ss). (3.9)

Eq. (3.7) simply reflects the gauge invariance of the free theory; it also means that Sy is
the generator of the BRST differential s of the free theory. Then, Eq. (3.8) translates to

s =0, (3.10)

i.e., the first-order deformation of the master action, S, is BRST-closed.

First-Order Deformations

Let the first-order local deformations be given by S} = [ a, where a is a top-form of ghost

number 0. Then Eq. (3.10) gives rise to the cocycle condition:

sa = 0. (3.11)



Nontrivial deformations therefore belong to H(s|d)—the cohomology of the free BRST

differential s, modulo d-exact terms, at ghost number 0. One can write [12,22,23]:

a = ap+ a; + ag, agh(a;) =i = pgh(a;), (3.12)
i.e., the antighost-number expansion of the local form a stops at agh = 2. The result is
actually more general, and holds for higher-order deformations as well [12,23].

Consistency Cascade

In terms of the aforementioned gradings, the free BRST differential s splits into the

Koszul-Tate differential, A, and the longitudinal derivative along the gauge orbits, I'; as
s=A+T. (3.13)

The operator A implements the equations of motion by acting only on the antifields. It
decreases the antighost number by unity, but keeps the pure ghost number unchanged.
On the other hand, I produces the gauge transformations by acting only on the original
fields. It increases the pure ghost number by unity without changing the antighost number.
Thus, gh(A) = gh(I') = gh(s) = 1. Note that A and I" are nilpotent and anticommuting,

=A*=0, TA+Al'=0. (3.14)

Given the expansion (3.12) and the splitting (3.13), the cocycle condition (3.11) gives

rise to the following cascade of relations consistent first-order deformations must obey:

Tay, = 0, (3.15)
ACLQ + FCLl = O, (316)
Aal + Fao = 0. (317)

The set of conditions (3.15)—(3.17) is dubbed the consistency cascade. Note that one can

always choose ay to be I'-closed, instead of I'-closed modulo d [23].

More on First-Order Deformations

The various terms in the expansion (3.12) of the first-order deformations have the following
significance. The term ag gives the deformation of the Lagrangian, while a; and ay capture
the deformations of the gauge transformations and the gauge algebra respectively [9, 10].
Indeed, a nontrivial as implies the deformation of the gauge algebra into a non-Abelian
one. Note that as will be trivial iff it can be removed by adding s-exact modulo d-exact

terms: sm—+dn. Expanding m and n in antighost number and considering the fact that m



and n also stop at agh = 2, one concludes that as is trivial iff ay = I'mg 4 dns. Thus, the
cohomology of I' modulo d plays an important role. The gauge algebra will be deformed
if and only if as is a nontrivial element of the cohomology of I' modulo d.

On the other hand, if ay is trivial, the algebra remains Abelian up to first-order
deformations. In this case, one can always choose ay = 0, and I'a; = 0 [23]. A non-
trivial a; then implies that the gauge transformations are deformed while the algebra
remains Abelian. Again, a; is trivial if it is A-exact modulo d, a1 = Amg + dny. In this
case, a; can be removed, so that one can choose aq to be I'-closed modulo d: the action is
deformed but the gauge transformations remain undeformed. Lagrangian deformations a,
are (non)trivial iff they are (non)trivial elements in the cohomology H°(A|d). Therefore,

two vertices are equivalent iff they differ only by A-exact modulo d terms.

Second-Order Deformations

The second-order consistency condition (3.9) requires that (S, S;) be s-exact!,
(Sl, Sl) = —2552. (318)

Let us consider the following expansions in antighost number:

S, :/(b0+b1+b2), (1,5 = —2/(00—1—01—1—62), (3.19)

where the b;’s incorporate the second-order deformations, and the ¢;’s are given by:

for = A(forfo)
oo (Joufo) s (fofo). o
/CO - —(/al,/ao). (3.22)

In view of Egs. (3.18)-(3.19) and the splitting (3.13), we obtain the following set of

relations that consistent second-order deformations must fulfill:

[

Co = Fbg, (323)
C1 = Abg + Fbl, (324)
Co = Abl -+ Fbo (325)

These conditions determine whether or not, in a local theory, a consistent first-order
deformations get obstructed at the second order. Such higher-order obstructions are
controlled by the local BRST cohomology group H'(s|d) [23].

181, S1) is BRST-closed automatically; it follows from the graded Jacobi identity for the antibracket.
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4 Uniqueness of Spin-5/2 Hypergravity

In this section we take recourse to the metric-like formulation of higher spins, and consider
consistent interactions of a spin-2 and a Majorana spin-5/2 gauge fields in flat space.
We employ the BRST deformation scheme outlined in the previous section under the
assumptions of locality, parity and Poincaré invariance. Nontrivial interaction terms of the
gauge fields are restricted by the requirement that gauge symmetries be preserved modulo
possible deformations. We would however postpone until Section 6 the consideration of
a (linearized) cosmological term that appears naturally as a tadpole in the first-order

Lagrangian deformation [12].

4.1 The Free Theory

Our starting point is the free theory, which is a special case of Eqs. (2.18)-(2.19) with

n = 1 and the omission of the flavor index:
Liree = %hw/g“y - %&ua R, (4'1)

where G* is the linearized Einstein tensor defined in Eq. (2.19), and R** = y#70,1,".
Here, the spin-2 gauge field h,, is a symmetric rank-2 tensor, whereas the spin-5/2 Majo-
rana gauge fermion v,, has no symmetry in its tensor indices p and «, but is y-traceless

w.r.t. the second index:
7a¢ua =0. (42>
The Lagrangian (4.1) enjoys the following Abelian gauge symmetries:
5>\hlﬂ’ == 28(,/\,,), 5e¢uo¢ == 8Mea, (43)

where )\, is a vector parameter, and ¢, is a y-traceless Majorana vector-spinor: ¢ = 0.
Because 1, is not symmetric in the tensor indices, it is clearly not a Fronsdal tensor-
spinor. It is actually a “dreibein-like fermion” with covariant indices. However, the two

are connected by the simple relation [18]:

1/}/11/ = \I[;w + 27[;1 )Ilu} - %'Y,ul/\lﬂa (4‘4)

where ¥, =V, is a Fronsdal field. It is easy to see that the relation (4.4)—compatible
with the constraint (4.2)—maps the fermionic part of the Lagrangian (4.1) into the well-

known spin-5/2 Fang-Fronsdal Lagrangian (see [18,19] for recent reviews):
EFF = _%@uuﬁqﬂw - \Ilu @ \lﬂi + i\I}/ @ v’ + %‘i/,u 0-vh — \Il/a \y (45)

The two descriptions are in fact completely equivalent [18]. Tt is well known that the

Fang-Fronsdal spin-5/2 system (4.5), with its own gauge invariance, has zero degrees of
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freedom in D = 3 (see, for example, [19]). To see that this count remains the same for

our “dreibein-like field” [18], let us first choose the covariant gauge:
gél) = 7“%(1 = 07 (46)

by making use of the freedom of the gauge parameter ¢,. Then, by virtue of identi-
ties (C.2)-(C.4), the Euler-Lagrange equations of motion: RM* = 0, and its ~-trace:

YR = 0, yield the Dirac equation plus the divergence constraint:

Py =0, 0"y = 0. (4.7)

The gauge fixing (4.6), however, is not complete. The residual gauge freedom can be

exhausted by further choosing:
G = o = 0. (4.8)

The count of local physical degrees of freedom is now immediate. The system of equa-
tions (4.7) describes (3 — 1) x 2 = 4 dynamical variables. However, each of the gauge
choices (4.6) and (4.8) removes 2 degrees of freedom. Therefore, the total number of
physical degrees of freedom is (4 —2 — 2) = 0, as it should be.

Having at hand the gauge-invariant action of the original fields,
S s ty) = [ & (G = 500 R, (49)

we will now construct the free master action. With this end in view, we introduce the
Grassmann-odd bosonic ghost C), for the Grassmann-even bosonic gauge parameter A,.
Likewise, corresponding to the Grassmann-odd real Majorana-spinor gauge parameter €,
we have the Grassmann-even Majorana-spinor ghost &,, which is of course 7-traceless.
Thereby, the set of fields is augmented to

D = {hu, Cus Yy Ea }- (4.10)

For each of these fields, we introduce an antifield with the same algebraic symmetries in
its indices, but opposite Grassmann parity and opposite phase in the Majorana condition
for spinors (we choose f =1 for fields, and § = —1 for antifields). The set of antifields is

7y = {h, O e g0 (4.11)

In Table 1, we enumerate the various fields and antifields along with the actions of
I' and A on them, spell out their gradings, Grassmann parity €, and the phase § in the
Majorana condition (for spinors).
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Table 1: Properties of the Fields & Antifields (s = 5/2)

z  T(2) A(Z)  pgh(Z) agh(Z) gh(Z) e(Z) B(Z)
P 20,Cy) 0 0 0 0 0 -
C, 0 0 1 0 1 1 -
R 0 G 0 1 -1 1 -
C 0 —20, b 0 2 -2 0 -
Uua  Ouéa 0 0 0 0 1 +1
£ 0 0 1 0 1 0 +1
e 0 —RH 0 1 -1 0 -1
£ 0 D, prHe 0 2 -2 1 —1

The free master action Sy is an extension of the original gauge-invariant action (4.9)

by terms involving ghosts and antifields. Explicitly,
So = / P (Shu@ = 2R + 20 9,C, = 0,8, ). (4.12)

Notice that the antifields source the gauge variations, with gauge parameters replaced by

corresponding ghosts. It is easy to see that Sy satisfies the master equation: (Sy, Sp) = 0.

4.2 First-Order Deformations

We are now ready to study the deformations of the master action that are first order in the
infinitesimal parameter g. Apart from locality and Poincaré invariance, we will assume
that the deformed theory preserves parity, which is a symmetry of the free theory (4.12).
First, we will consider deformations that correspond to non-Abelian vertices in the theory.

Then we will study Abelian vertices, and show that in D = 3 such vertices cease to exist.

4.2.1 Non-Abelian Vertices

Non-Abelian vertices deform the gauge algebra, and correspond to deformations of the
master action with as being a nontrivial element in H(I'|d). Note that ay is a Grassmann-
even, Hermitian and parity-invariant (by assumption) Lorentz scalar with a vanishing
ghost number: gh(ay) = 0. By invoking the same logic as that appearing in Ref. [12], it is
easy to see that an a, will consist of a single antighost and two ghost fields. Non-Abelian
first-order deformations will therefore give rise to cubic vertices in the theory.

Two ay’s are equivalent if and only is they differ by I'-exact terms modulo d. Then,
without loss of generality, we can choose the antighost appearing in as to be undifferen-

tiated. We see from Appendix B that any derivative acting on the bosonic ghost field C),
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can be realized as a 1-curl €, up to irrelevant I'-exact terms. On the other hand, deriva-
tives of the fermionic ghost &, are always trivial in the cohomology of I'. The possible

types of non-Abelian vertices are twofold: graviton self coupling and cross coupling.

Graviton Self Coupling: Because any derivative of the ghost-curl €, is I'-exact, non-
trivial as’s for graviton self coupling may contain only up to 2 derivatives. Parity and

Poincaré invariance, however, leave us with the unique possibility [12]:
ay = \C,C,0"C", (4.13)

where A is a coupling constant. Upon using the second equation (3.16) of the consistency

cascade, after a straightforward calculation one arrives at [12]:
a1 = AS,C, (PP — DPRYP — I + iy, (4.14)

where the ambiguity term a; is a nontrivial element in H(I') with agh(a;) = 1 and
gh(ay) = 0. As shown in Appendix B, one must have a; = A-exact. Given the cocycle
condition (3.17), such an @, has no bearing whatsoever in the vertex ag, and therefore can
be set to zero without any loss of generality. This is in contrast with the case of D > 3 [12],
where there exist nontrivial ambiguity terms that may give rise to higher-derivative cubic
couplings unless restriction on the number of derivatives is assumed.

Then, from the third equation (3.17) of the consistency cascade one arrives at [12]:
ap = A (liilﬁhhh) y (415)

where Lp, has been given in Eq. (2.21). Therefore, up to an overall coupling constant,
the graviton cubic self coupling is the same that appears in General Relativity. Moreover,
this is the off-shell form of the only parity-preserving vertex that one would expect in

D = 3 from the classification of cubic vertices of bosonic gauge fields [24, 25].

Cross Coupling: Nontrivial as’s for cross coupling, on the other hand, cannot contain

more than 1 derivative. The most general gauge-algebra deformation reads:
ay = Bo & VEC, + BrLENECE + B €y E (4.16)

At this point, it is important to take note of the y-matrix identities (C.1) and (C.2). In
D = 3, in view of the 7-tracelessness of the fermionic (anti)ghost, one finds that bilinears
containing 0 or 1 y-matrix are equivalent those containing respectively 2 or 3 y-matrices,
e.g., E[u f;} = %Ea%y £ and EHEY = —E,1PE ete. Tt is therefore clear that the ay
given in Eq. (4.16) did not miss any linearly independent terms.

Now, taking the A-variation of Eq. (4.16), one arrives at the following form:
Aay = %60 Ea' €, + -exact. (4.17)
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The first term proportional to fy is nontrivial in the cohomology of I' modulo d. In order

for the second equation (3.16) of the consistency cascade to be fulfilled, we must set:
Bo = 0. (4.18)
This choice reduces Eq. (4.17) to the desired form:
Ao = 45, 60N, — B (€™ 00,8 4 0,60V C) . (419
where the right-hand side is manifestly I'-exact. Thus, we arrive at:
a1 = AP E" Y iy, + Ba (Ea™ Dy + YV VC ) (4.20)

where again we have dropped the ambiguity term a; € H(T'). The reasoning behind this
is already given in the study of graviton self coupling.

Taking again a A-variation and using Ay**® = RPY = —P720,1),%, we get:

Aar = 481 EN" PG — B2 €7 (Ear™ Dot0x Do — Yoa? Vo2 ) (4.21)

By virtue of the relation: G™ = 1™ e*?R,,,,,,, the first term in Eq. (4.21) can be written
in terms of the linearized Riemann tensor. On the other hand, for Majorana spinors one
can write: £P7M) oY 0,000 = %5'”")‘80 (ﬂ_}pavf“’w)\o‘), which simplifies the last term. Up

to total derivatives therefore we can write:
Aa; = — (61 + %,32) epgkfa’y“”@b,\o‘RWpU + I'-exact. (4.22)

The first term in the above equation is nontrivial in the cohomology of I' modulo d, and
so its coefficient must be set to zero in order that Eq. (3.17) be fulfilled:

%52 =B = 3. (4.23)
Then, the right hand side of Eq. (4.22) is left with the desired I'-exact piece:
Aa/l = _ﬁ gpg)\ (2apga7MV¢Aahuu||a + (&paqﬂuywkaao@;w) ) (424>
so that in accordance with Eq. (3.17) we finally obtain the cubic cross coupling:

apg = B IE,UJOé ,y/ﬂ/p,yo)\ 1/}1/04 ba)\H p- (425)

Note that this is a parity-preserving 1-derivative vertex, and as such it qualifies as the

minimal coupling of a massless spin-5/2 field to a spin-2 gauge field.

15



4.2.2 Absence of Abelian Vertices

We will now show that there are no Abelian verices? for the system under consideration.
Abelian vertices are those that do not deform the gauge algebra, and correspond to trivial

as’s. Then, it is always possible to choose an a; that is I'-closed [23]:
I'a; =0, (4.26)

and relates to the Abelian vertex ay through the cocycle condition (3.17). However, it
follows from Appendix B that a; = A-exact. In view of the cocycle condition (3.17), a
A-exact a; does not affect the vertex ag. Therefore, without any loss of generality, a; can

be set to zero. The cocycle condition (3.17) then reduces to the following form:
Fag =0, (4.27)
from which it follows that the vertex cannot be nontrivial, i.e., ag must be of the form:
ap = A-exact. (4.28)

To see this, let us note that it is always possible to rewrite a vertex as one of the fields
{hyw, e} contracted respectively with one of the currents {T", O}

= ffuvT w gravito'ns appear (4.29)
Y OF,  otherwise.
Then, inserting this form of ag into Eq. (4.27) we respectively arrive at:
P TTH —2C,0,T" =0, 0, 0O +£,0,0M = 0. (4.30)

Note that the ghost fields appear in I'T*" and I'©** only with derivatives. A functional
derivative of Eq. (4.30) w.r.t. an undifferentiated ghost then yields:

0,T"" =0, 0,01 = 0. (4.31)
In order for the currents to be identically conserved, they must take the form:
T = 9,0, XWellvel - gre — g,y e, (4.32)

Here X has the symmetry of the window diagram Bﬂ, i.e., that of the Riemann tensor.
While the antisymmetry of X#"] in the indices (1, p) and (v, o) is required by the iden-

tical conservation of the current, symmetry in the indices (p, o) is imposed the derivatives

2We are interested in vertices that are at least cubic in the fields. In other words, we are not considering
tadpole terms, which however will be taken into account in Section 6.
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in front, which in turn demands symmetry in (u,v). On the other hand, Y is an-
tisymmetric in the indices (u,v) and v-traceless in the index a. Plugging the required

forms (4.32) of the currents into Eq. (4.29), and the integrating by parts, we arrive at:

(4.33)

gy = iRW/iUX lvlleo] - gravitons appear
— 0, Y Mo, otherwise.

Because the curvatures { R0, 0ju%u)a} are A-exact (see Appendix A), it follows that an

Abelian vertex ay must be A-exact modulo d as claimed?.

4.2.3 Summary at First Order

Let us make a summary of the results obtained in this section. The complete set of

first-order deformations of the master action is given by:

ay = MC,C,0"CY + (267" €, — gay“ﬁa(];) , (4.34)
ap = A, C, (0" — O"h"P — 9" hM")

+28 (Yo" "€ + 2807 By, + E P D) (4.35)
a = A (F&_lﬁhhh) + BYua R Boxip (4.36)

where A and  are two yet-arbitrary coupling constants, and Ly, is given by Eq. (2.21).

4.3 Consistency at Second Order

We will now study the consistency requirements at second-order in the deformation pa-
rameter g. First, we would like to compute the quantity ¢, given through Eq. (3.20) by

the antibracket of f as with itself. Because f as is Grassmann even, we can write:

for (Gl ) f)

Schematically, ¢, can be written as a sum of terms proportional to a?, a8 and 3%

Co = A%QM) + A5 cé)‘ﬁ) + 5%@, (4.38)
where cé’\’\), cé’\ﬁ ) and cgﬁ #) are Lorentz scalars having the same gradings as c,. While com-

puting these quantities, it is important thing to keep in mind that a functional derivative
w.r.t. the fermionic (anti)ghost must be y-traceless. A straightforward calculation yields:
™ = [o#(Cx0,) + Crorc,] C07Ce, (4.39)

S = — [94(CC,) + Cr0"C,] £y’ €% + 40, (En™ €°) C,0,C, (4.40)

7D = —4 (G € + £t Ty, (177€°C,,) (4.41)

-t

3Because we did not assume parity invariance of TH¥, it follows as a byproduct of our analysis that the

parity non-invariant 3-derivative cubic self coupling of gravitons, reported in [25], must be non-Abelian.
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where the subscript “vy-t” stands for the y-traceless part of the term under consideration.

The second-order deformations ought to fulfill the consistency conditions (3.23)—(3.25).
Then, it is necessary that cy, given in Eqgs. (4.38)—(4.41), be trivial in the cohomology
H'(T'|d). In other words, we would like to find a quantity by, with agh(by) = 2 and
gh(by) = 0, such that ¢ = I'by. The requirement that such a by exist poses nontrivial
constrains on the cubic couplings A and 3, as we will see.

Now, the consistency of General Relativity as a gauge theory ensures that cg’\’\) itself
belongs to H!(T'|d). It is not difficult to reconfirm this. Indeed, one can rewrite Eq. (4.39)

in terms of an undifferentiated antighost, as:

SV = CE(=C,0"CL0"CP — C,C0" 0 CP + 9C, 0" CP)
= O} [-20,C,0"90"CP +20"C"CP0,Cp)] , (4.42)

where in the last line we have used that fact that C), is Grassmann odd. This gives:

=T, U = O 040V Py, — GG, ). (4.43

Next we consider Eq. (4.40), and rewrite cé)‘ﬁ " in terms of undifferentiated antighosts,

modulo total derivatives. Then, on account of Egs. (B.2) and (B.5), we arrive at:
cg’\ﬂ) = EAEee,,C,0 — %CZEQ%§QC"” + I'-exact. (4.44)

The first two terms appearing on the right side of in Eq. (4.44) are nontrivial elements in
H'(T'|d). Such terms must be eliminated in order for the theory to be consistent beyond
first order in the deformation parameter. The only way this may happen, if at all, is

through the mutual cancellation of similar terms arising possibly from céﬁ B,

To see if the offending terms in cé’\ﬁ ) can be eliminated, we need to compute cgﬁ ) from
Eq. (4.41). The technical steps of the explicit computation are relegated to Appendix C.2.

The result turns out to be exactly of the form we have hoped for. To be explicit,

7 = 10 (§4MEC,,8,0 — LCrEE €™ + D-exact, (4.45)

=15 (&
In view of the expressions (4.43)—(4.45), we conclude from Eq. (4.38) that the resulting

co will be a trivial element in H'(T'|d) if and only if the couplings A and /3 satisfy:
BA+48) =0 (4.46)

Therefore, the absence of obstructions at O(g?) necessarily requires that the number of
independent coupling constants appearing at O(g) reduces to a single one. The quadratic

constraint (4.46) gives rise to the following two branches of solutions:

. { —3 ), fermion coupled to gravity (4.47)

0, free fermion plus gravity.
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We would be interested in the first branch, which corresponds to a non-vanishing g and
therefore to a nontrivial coupling to gravity of the spin-5/2 fermion at O(g).

One can explicitly work out the remaining O(g?)-consistency conditions (3.24)-(3.25)
to find that they pose no additional constraints. It is however easy to be convinced of

this fact even without doing this exercise. To see this, let us make the identification:
k= g\+ O(g?), (4.48)

and write down the first-order deformations of the master action. At agh = 0, the result
obtained from Eq. (4.34) coincides with the cubic vertices of the Aragone-Deser spin-5/2
hypergravity [6]. The latter theory does exist and is consistent up to all orders. It follows
that the cubic couplings of our deformed theory cannot be constrained any further.
Note that the identification (4.48) reproduces not only the cubic vertices but also the
hypersymmetry transformations of the theory. Indeed, one can collect the agh = 1 terms
in the master action at the zeroth order (4.12) and at the first order (4.35), and take

functional derivatives w.r.t. the antifields A*** and ¢*** respectively, and obtain:
5eh,u1/ = Z%'%Eaﬂy(ﬂwl/)a +0 (’%2) ) (449)
5e¢ua = 8}L€a - %ﬁ hpa”u (70052 - %76907a) 66 +0 (HQ) . (450)
This is exactly the hypersymmetry transformations (2.24)—(2.25) for n = 1 without flavor

multiplicity. In writing the above, we have omitted the gauge variations involving the

ghost C, because they just comprise transformations under diffeomorphism.

4.4 Uniqueness to All Orders

Now we are going to show that our results exclusively reproduce the spin-5/2 Aragone-
Deser hypergravity [6] in the metric-like version. In the context of our theory, we will
essentially repeat the arguments presented in [12,14]. Because the Aragone-Deser theory

has already been reproduced up to O(g), the deformed master action (3.6) reduces to:
S=S0+95(\) + ¢*Sa+ ¢*Sy + -+, (4.51)

where the superscript “H” pertains to the Aragone-Deser theory, and A= {\, B} col-
lectively denotes the coupling constants obtained at the first order in the deformation
parameter g, subject to the constraint (4.46) imposed by second-order consistency.

Because the functional Sy obeys Eq. (3.18), it must be of the form:
Sy =SH(A) + 8, with sS),=0. (4.52)

In other words, the second-order deformation of the master action may differ with that

of the Aragone-Deser theory only by a term which belongs to the cohomology of s. Note
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that in deriving the first-order deformations S; we did not assume anything more than
locality, parity and Poincaré invariance. Therefore, given Eq. (3.10), it is clear that under
the assumptions stated above any nontrivial element in H(s) must be the same as S,

modulo coupling constants. In particular, we will have
Sy =SH(N),  withsome X ={\, g} (4.53)
Next, we consider the third-order consistency condition, which reads
(S0,85) = = (S, S5(N) = sy == (S, ST(N) - (ST, SIWN) . (459)
Then, S3 must be of the form:
Sy=SH(3) +8,,  with sS=— (s{f (), st (X)) . (4.55)
In view of Eq. (3.18), it is easy to see that the general solution for S} will be:
Sh=2SHAN)+ 5%, with sS4 =0, (4.56)
where one will again have:
St = SH, with some A\ = {\", 8"}. (4.57)
Plugging Eqs (4.52)—(4.57) into the deformation expansion (4.51) one then obtains:
S = S04 gSEA+ g\ + g®N") + g*SE(A2 + 29 \N) + ¢*SH(A3) + O(gY). (4.58)

Now it is clear from the discussion of Section 4.3 that, to the relevant order in g,
the first-order deformed coupling constants M=+ g;\’ will be subject to the same
second-order consistency condition as the undeformed ones A = {), 8}, namely Eq. (4.46).
Continuing to higher orders in this way, we obtain the general solution for the all-order

deformed master action:

S =5+ Z g SH(AM), with Ao = A+ g\ + @\ + -+ . (4.59)

n=1

Again, the all-order deformed coupling constants Ao = {Aoo; B} are subject to the
constraint (4.46). In accordance with Eq. (4.47), one must have S = —3 A in order

for the fermion to couple to gravity. Given Eq. (4.59), then the identification:
K = Ao, (4.60)
proves the uniqueness of the spin-5/2 Aragone-Deser hypergravity [6] up to all orders.
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5 Uniqueness of Generalized Hypergravity

Now we will generalize the analysis of Section 4 to an arbitrary-spin fermion with an
arbitrary number of flavors. In the metric-like formulation, we will consider consistent
flat-space interactions of a spin-2 gauge field and a massless Majorana fermion of spin s =
n + 3/2, under the assumptions of locality, parity and Poincaré invariance. The analysis
of this section can be copied almost verbatim from Section 4. We will therefore present

only the main results, skipping the detailed computations unless otherwise required.

The Free Theory

We start with the free theory defined by Egs. (2.18)-(2.19), which consists of a spin-2
gauge field h,, and a massless Majorana fermion ,4(n),; With spin s = n + 3 /2 and N
flavors denoted by the index I = 1,2,..., N. The set of fields and antifields are:

(I)A — {hlﬂ/’ C’W ’(/}ua(n)7l, £a(n),l}, (I)jl — {h*m/7 C*'LL, @*ua(n)’l’ g*a(n),l}_ (5‘1)

The fermionic (anti)field and (anti)ghost are symmetric and ~-traceless in the a-indices.

The fermionic gauge field ¥,4(n), 1 as such is not a Fronsdal tensor-spinor, but a “dreibein-

like fermion” with covariant indices (a-indices descend from the frame indices through

contractions with flat-space dreibein). The two descriptions are however equivalent [18].
The free master action Sy is given by:

S[) — /d3x<%huyguv _ % _,ua(n),IRMa(n)J + Qh*uuaucy o &*ua(n)[auga(n)’[)’ (52>

which satisfies the free master equation: (Sp, Sg) = 0, given the properties of the various

fields and antifields summarized in Table 2 (with fermion flavor index suppressed).

Table 2: Properties of the Fields & Antifields (s = n + 3/2)

z  I(2) A(Z)  pgh(Z) agh(Z) gh(Z) e(Z) B(Z)
b 20,0, 0 0 0 0 0 -
C, 0 0 1 0 1 1 -
h* 0 GHv 0 1 —1 1 -
CH 0 —20, h*v 0 2 —2 0 -
Vuatm)  Ouatn) 0 0 0 0 1 +1
fa(n) 0 0 1 0 1 0 +1
Qruen) 0 —Rreln) 0 1 —1 0 —1
graln) 0 R U] 0 2 —2 1 —1
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First-Order Deformations

Let us note that the free master action (5.2) enjoys an O(N) global symmetry in the
flavor space. In addition to locality, parity and Poincaré invariance, we will make the
assumption that the O(N) symmetry is preserved by the interactions. The complete set

of first-order deformations of the master action then turns out to be:

ay = )\CZCV8#OV + ﬁ [2504(”)’[7;11/5*&(71),1@“” N éa(n)’j_,yyga(n),lcz] : (53>
ap = A, C, (PR — OMRYP — 0" W) + 2B pain), 7" VI,

+28 [2am), 17"V hE, + oy, VU D) (5.4)
ap = A (’flﬁhhh) + @ua(n),l ey g, 20 Do p s (5.5)

where A and § are two yet-arbitrary coupling constants, and Ly, is given by Eq. (2.21).

Given the spin-5/2 results of Section 4.2, it is easy to be convinced of Egs. (5.3)—(5.5)
that hold for an arbitrary-spin fermion with flavor. The two theories differ only in the
fermion sector, and up to O(g) they map to each other by the straightforward index
replacement: « <> {a(n),I}. This mapping becomes clear upon a comparison between
the respective free master actions (4.12) and (5.2), and the property tables: Table 1 and
Table 2. Now that the first-order deformations are given by the cohomology of the free
BRST differential s, in accordance with Eq. (3.10), clearly the mapping would continue
to hold up to O(g) under the assumptions stated above.

Consistency at Second Order

At the second order in the deformation parameter g, we compute the quantity c, given
through Eq. (3.20), and cast it into the schematic expression (4.38). The term cé»‘)
will again be given by Eqs. (4.39) and (4.42)—(4.43). The other terms in ¢, can also be

computed easily. One of these terms is cg’\ﬁ ), which reads:

ngﬁ)

= - [au (C;CV) + Czaucy] Ea(n),ffyyéa(n%] + 48“ (éa(n),l’wa*a(n)’I) Cp&,C”’
= G VT, — 1O ), 1T T €M + Deexact, (5.6)

where the second line has been derived by rewriting the first one in terms of undifferenti-

ated antighosts modulo total derivatives, and then using Eqgs. (B.2) and (B.5). Last but
(8B).

not the least, we need to compute ¢y "’; the result is:
B ¢k v - * o ca(n),
Céﬂ ) = —4 [ga(n),IW# Q:,Lw + §a(n),ﬂ#CM] -t [ryp g () IQ:pcr} Nt
(27}_?_1) [g;(n)’l/yuuga(n),leupe:yp - %C;ga(n),lfyuga(n)’leuy} + F—exact, (57>

where the subscript “v-t” stands for the y-traceless part of the term under consideration,

and the detailed technical steps leading to the second line is given in Appendix C.2.

22



The resulting ¢ will be a trivial element in H'(T'|d) and thereby fulfill Eq. (3.23) if
and only if the couplings A and [ satisfy:

BIAF () B} =0. (5:8)

The absence of obstructions at O(g?) therefore necessarily requires that the number of
independent coupling constants appearing at O(g) be a single one. The quadratic con-

straint (5.8) gives rise to the following branches of solutions:

(5.9)

5 —% (n + %) A, fermion coupled to gravity
0, free fermion plus gravity.

As before, we would be interested in the first branch, which corresponds to a non-vanishing
$ and therefore to a nontrivial coupling to gravity of the higher-spin fermion at O(g).
The remaining O(g?)-consistency conditions (3.24)—(3.25) would pose no more con-
straints on the first-order couplings for reasons already explained in Section 4.3. Indeed,
the identification. (4.48) would reproduce the cubic vertices (2.20)—(2.23) as well as the
hypersymmetry transformations (2.24)—-(2.25) of generalized hypergravity of Section 2.2.

Uniqueness to All Orders

Because the generalized hypergravity theory of Section 2.2 has already been reproduced

up to O(g), the deformed master action (3.6) reduces to the form:
S =Sy 4 gSTN) + ¢2Sy + ¢*S5 4 - -, (5.10)

where the superscript “GH” pertains to generalized hypergravity, and A= {\, B} col-
lectively denotes the coupling constants obtained at the first order in the deformation
parameter g, subject to the constraint (5.8) imposed by second-order consistency.

One can repeat the logical steps of Section 4.4 to obtain the general solution for the

all-order deformed master action:

S=S+Y g"SF7(\L),  with Ag=A+gV+g"\ - (5.11)

n=1

where the all-order deformed coupling constants Ao = {Aoo, Boo} are subject to the con-
straint (5.8). In accordance with Eq. (5.9), one must have S, = —é (n + %) Ao in order

for the higher-spin fermion to couple to gravity. Given Eq. (5.11), then the identification:
K= gAoo, (5.12)

proves the all-order uniqueness of the generalized hypergravity theory of Section 2.2.
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6 Hypergravity with Cosmological Constant

In this section we study the consequences of a cosmological term in order to shed light on
the nature of (generalized) hypergravity in (Anti-)de Sitter space. Let us recall that, in
Sections 4 and 5, while solving for the cohomology of the free BRST differential s at zero
ghost number, we restricted ourselves to local functionals that are at least cubic in the
fields. Relaxing this requirement would invoke tadpole terms in the theory. However, when
viewed as a theory of an interacting spin-2 gauge field around flat space, General Relativity
with(out) a cosmological constant does (not) contain tadpole terms [12]. Therefore, in

order to admit a cosmological term we must relax the aforementioned requirement.

6.1 Obstruction of Spin-5/2 Hypergravity

We start with the free system of Section 4.1, namely that of a spin-2 and a Majorana spin-
5/2 gauge fields in flat space. In this case, the first order deformations would contain those
of Section 4.2 plus all possible tadpole terms. The latter kind of terms may be present as
ambiguities in the gauge symmetry deformations corresponding to non-Abelian vertices
and/or in the form of Abelian vertices. Because the consistency of the non-Abelian vertices
constructed in Section 4.2.1 does not require ambiguities a,, it suffices to reconsider the
(non-)existence of Abelian vertices discussed in Section 4.2.2.

As alluded in Appendix B, under the weaker assumptions of this section, Eq. (4.26)
may admit nontrivial solutions: a; # A-exact. In this case, a; will be a quadratic term
with one antifield and one ghost. The only possibility of this type is:

ay = —p& Yy, (6.1)

where p is an arbitrary coupling constant. Note that the bosonic pair {hfw, Cu} does not
contribute here, since it is impossible to construct out of them a nontrivial Lorentz scalar.
It is easy to see that the gauge symmetry deformation (6.1) has a lift to an Abelian vertex

through Eq. (3.17). The result is a mass deformation of the fermion Lagrangian [13]:
ag = _%M &uafylwz/}ua- (6.2)

It remains to consider Abelian vertices that do not deform the gauge transformations

and satisfy Eq. (4.27). The unique possibility is the linearized cosmological term [12]:
ay = —2ah, ", (6.3)

where « is yet another coupling constant. Along the line of discussion of Section 4.2.2, this
“vertex” can be understood as a graviton field contracted with the current: T* = —2an*”,

which is actually a constant and therefore conserved. This current bypasses the no-go
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result of Section 4.2.2 in that the general solution reported in Eq. (4.32) assumes that
TH is space-time dependent. No fermionic current ©#* of this kind exists*.

Having obtained all the possible tadpole terms, we are not ready to summarize the
first-order deformations of the master action. They are given by the results (6.1)—(6.3)
added to the deformations (4.34)—(4.36) that exclude tadpole terms. That is,

as = al, ay = all — p &y, ap = all — %,u &W’y“”wyo‘ — 2ahy, ", (6.4)

where the superscript “H” refers to the corresponding quantity in the absence of tadpole
terms. In particular, af’, af and al’ are given by Eqs. (4.34)—(4.36) respectively.

Next, we would like to explore the consistency conditions (3.23)—(3.25) required at
the second order in the deformation parameter. With this end in view, we would like to
compute the quantities ¢z, ¢; and ¢y from the first-order deformations (6.4) through the
defining equations (3.20)—(3.22). The details of these technically-rather-involved compu-
tations are given in Appendix C.3. The final results are:

C2 = Cgl’ G~ C{{ + %_4 Nﬁ a(uqu_);j)slft ¢§V7 Co =~ Cé{ + (%,U? - 8Oéﬁ) ga%}a? (65>

Y

where the symbol “~” means equality up to I'-exact terms modulo A-exact terms modulo
total derivatives, and the subscript “s-t” stands for a symmetric-traceless projection. The
explicit terms 0y, 7;;) 2 @€ and £,9 appearing in Egs. (6.5) are nontrivial elements in

H'(T'|A|d). The second-order consistency conditions (3.23)—(3.25) then require that:

B(A+18) =0, uB =0, p? —12a8 =0, (6.6)

where the first relation results from requiring that c; = c£ be I'-exact modulo d, and so
it is identical to Eq. (4.46). The terms ¢} and ¢!/ may also contain nontrivial elements of
H'(T|Ald), but they require no additional relations as already explained in Section 4.3.

A cosmological term in the theory sets o # 0, in which case a non-vanishing coupling
of the fermion to gravity (8 # 0) would lead us to the following relations:

B=—3N#£0, pB=0, p*=12a8#0. (6.7)

This set of mutually-incompatible relations admits no solutions for the first-order coupling
constants, and signals a cohomological obstruction. The conclusion is that o and 8 cannot
be simultaneously nonzero under the assumptions of our analysis. In other words, in the
presence of a cosmological constant there is no consistent parity and Poincaré invariant

interacting local theory of a spin-2 and a Majorana spin-5/2 gauge fields.

4The only possibility O#® = y#® 4 2pHe is ruled out by the assumption of Poincaré invariance.
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6.2 Obstruction of Generalized Hypergravity

Now we will generalize the results of the previous section to a fermion with arbitrary spin
s =n+3/2 and an arbitrary number of flavors. We have the free system of Section 5 and
the corresponding first-order deformations (5.3)—(5.5). When tadpole terms are included,

the result is a straightforward generalization of Eqs. (6.4), namely

a2 = a2GH7 ay = a?H - :uga(n)J%ﬁZ(n),h ap = a(?H - %H&ua(n),l’yuywua(n)’l - 2ah;w77uya

(6.8)

where the superscript “GH” refers to the corresponding quantity in generalized hyper-
gravity with tadpole terms excluded.

To check the second-order consistency conditions (3.23)—(3.25), we need to compute

2, ¢1 and ¢ from the first-order deformations (6.8) through Eqs. (3.20)—(3.22). With the

details given in Appendix C.3, the computations lead us to the results:

NN v 2 c o,
C2 = C§H7 1~ CIGH + (2?14r1) H’/B a(,u,lvby);ftl ¢€ I, C = C(?H + <235_1 - 8046) 50&,1%) I7
(6.9)

where again “~” corresponds to equality up to ['-exact terms modulo A-exact terms

modulo total derivatives, and the subscript “s-t” means a symmetric-traceless projection.
Then, the second-order consistency conditions (3.23)—(3.25) demand that:

B{A+(35)8=0, nuf=0, p*—8(n+3)af=0, (6.10)

where the rank n = s — 3/2 takes the values 0, 1,2, ..., cc.

Aragone-Deser hypergravity and its higher-spin generalizations correspond to n > 0,
for which there is a cohomological obstruction if & # 0 and 5 # 0. In this case, the system

of equations (6.10) reduces to the following form:
B=—5m+3)A#0,  pB=0, p'=8(n+3)aB#0, (6.11)

which admits no solutions. The conclusion is that in the presence of a cosmological
constant there is no consistent parity- and Poincaré-invariant interacting local theory of
a spin-2 gauge field and a massless Majorana fermion with spin s > 5/2.

As a byproduct of our analysis it follows that the second-order obstruction disappears
for extended supergravity theories in D = 3. To see this, note that supergravity corre-

sponds to n = 0, which admits the the following solution of the system of equations (6.10):

B=—:X#0, p2=4aB#0. (6.12)

These requirements are indeed mutually compatible. This is hardly a surprise given that
three-dimensional extended Anti-de Sitter supergravity does exist as a consistent theory
of a spin-2 and a number of spin-3/2 gauge fields [26]. It is however reassuring that our

analysis is in agreement with this well-known fact.
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7 Remarks

In this article we have studied consistent interactions of a spin-2 gauge field and a higher-
spin massless Majorana fermion in three-dimensional flat space. Under the assumptions
of locality, parity and Poincaré invariance, we have found in the metric-like formulation
that the interacting theory is unique, namely Aragone-Deser hypergravity [6] or a higher-
spin generalization thereof. Local hypersymmetry and its higher-spin counterparts follow
automatically as the only consistent deformations of the gauge transformations. We also
showed that an extension of (generalized) hypergravity to an arbitrary number of fermion
flavors does not change these features. In the presence of a cosmological constant, however,
there is no consistent theory of a higher-spin fermionic gauge field coupled to gravity under
the assumptions of our analysis.

One possible way to generalize our analysis is to relax the assumption of parity. After
all, parity-odd cubic vertices do exist in D = 3, at least for bosons [25]. This would give
rise to an additional graviton self coupling at the cubic level. On the other hand, our
results for cubic fermion-graviton-fermion cross couplings—non-Abelian or Abelian—did
not rely on parity. Therefore, our analysis excludes the possibility of parity-odd cubic
vertices (of the type 2 — s — s) between a graviton and a higher-spin Majorana fermion.
However, it could still be possible to construct such vertices by endowing the graviton
with a Chan-Paton factor as in colored gravity [27,28].

We would like to emphasize that our no-go results for cosmological hypergravity and its
higher-spin generalizations no longer hold if locality is given up. Non-locality, if necessary,
might be intrinsic and/or result from having integrated out additional degrees of freedom
in the consistent interacting theory. Indeed, it is the second possibility that gives way to
the yes-go results of [29], where it was shown that in Anti-de Sitter space the inclusion
of a massless spin-4 field makes hypergravity consistent (see also [30]). For a fermion of
arbitrary spin s = n + 3/2, the yes-go works with the even spins 2,4,...,2n + 2. In the
context of our analysis, it would be interesting to see how the inclusion of these additional
fields in the spectrum remove the otherwise-present cohomological obstructions.

Another avenue to pursue is the coupling of hypergravity to matter. In flat space,
supergravity and generalized hypergravity are analogous in that they both contain only
two gauge fields: a graviton and a Majorana fermion. This is in sharp contrast with 3D
bosonic higher-spin gauge theories, where starting from spin 2 one would need all the
(even) integer spins up to some higher value. It is however expected that matter coupling
of a bosonic theory would necessarily call for an infinite tower of higher-spin fields. For
generalized hypergravity, it is plausible that coupling to a suitable matter multiplet is
consistent without invoking extra higher-spin gauge fields. This expectation arises from

the matter coupling of D = 3 supergravity [31]. We leave this as future work.
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A Curvatures, Identities & EoMs

In this appendix we discuss some important properties of the curvatures and curls of the
different fields under consideration. We also write down the various forms of the equations

of motion (EoM) in terms of these objects, which would help us identify A-exact terms.

Spin-2 Gauge Field

The spin-2 graviton field is denoted by h,,, while its 1-curl by a Fraktur letter: b,,,.

The 1-curl is antisymmetric in its first two indices, and obeys the Bianchi identities:

Ot =0 & by = _%hvpllw Iubupio = 0. (A1)

The 2-curl of the graviton is simply the linearized Riemann tensor: R,,”° = 48[#8[9 hy) o Tt

has the symmetry properties: R, = Rjuw)jpo] = Rpour, and obeys the Bianchi identities:
Rywple = 0, O Ryplas = 0. (A.2)

The linearized Ricci tensor is defined as R,, = R,,”, whose trace in turn gives the
linearized Ricci scalar R = RJ. It is clear that the quantity G, appearing in Eq. (4.1) is

nothing but the linearized Einstein tensor. The Euler-Lagrange EoMs are reflected in:
Guw=Ru — %nuuR = Ahy,,. (A.3)
In D = 3, however, the Weyl tensor vanishes identically. One can write:
Rypo = EpvatpopG®’, G = Ll P TR . (A.4)
It follows immediately that, in D = 3, the Riemann tensor itself is A-exact:
Riuvpo = auyaepogAh*aﬂ. (A.5)
Taking traces of the above equation, one can further write:
R = A (b, — nuh™), R = —2Ah", (A.6)
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where a “prime” denotes a trace, b = h*. One can take a divergence of the second
relation in Eq. (A.4), and use the first Bianchi in Eq. (A.2) to write:

0,G" = L7, Rogoe = 0. (A.T)

For the free spin-2 system, note that A? vanishes trivially on the fields and antifields

expect when it acts on the antighost C**. Now, one can write from Table 1 that
A2C* = A (=20,h*") = —20,G", (A.8)

which vanishes identically because of Eq. (A.7), in accordance with the nilpotency of A.

Higher-Spin Fermion

A massless Majorana fermion of spin s = n+3/2 is denoted by the tensor-spinor ¢4, _a,.,
Or Yua(n) as a short-hand notation. The field is symmetric and ~-traceless w.r.t. the a-
indices: Yua;..an = Yu(ar..an)s a0d Y*"yq, . o, = 0. For example, a spin-5/2 field that
corresponds to n = 1 is denoted by the tensor-spinor 1,,, which is ~-traceless w.r.t. the
second index: %4, = 0.

The EoMs of the higher-spin fermion (possibly with an implicit flavor index) are:
RHa(n) — 7#Vﬂ@y¢pa(n) = Ay, (A.9)
For the Majorana-conjugate spinor, one obtains
Agprhe) = _Rran) = @/JVO‘(” P, (A.10)

It is easy to see that the 1-curl of the fermion field itself is A-exact. One can simply
contract Eqs. (A.9) and (A.10) with €, to obtain

_ <
Ao ™ = A (e ™), 9 ™Moy = A (Feu M) (A.11)

by virtue of the relation: v#? = —g#? . Taking ~-traces of Egs. (A.11) would lead to

@wua(n) _ aﬂ %{Ja(n) — A (_,VMV,IZ*V&(R)) , 7 a(n @ %)a(n)a = A ('(/)*Va n ’yl“/) . (A 12)

Furthermore, double y-traces of Eqgs. (A.11) give:

—a(n) ualn < — xa(n
a}{ba(n) _ auw,uoz(n) _ A¢*a(n)’ %b ( )a_w# ( )aﬂ = A%b ( ) (A13)
Another form of the EoMs can be obtained by taking a trace of Eq. (A.11):
8V¢Mua(n—1) . 8u¢/a(n_1) _ Z_:w/pAw*upoz(n—1)’
0 l/oz(nfl)% . 7/a(n71)<; _ 7xvpo(n—1) (A14)
Vu 0y =9 0 = EppAY :
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Finally, a v-trace of the above equations gives:

aﬂ¢pa(n—l) . alp/a(nfl) — V#VAl/}*pzxa(nfl)?

T (A.15)
%{)N (n—1) au . 77Zjloc(n—l) @ _ Aﬂ}*uya(n—l),}/uy.

For the free fermion, A? vanishes trivially on the fields and antifields expect when it
acts on the antighost £**("). Let us note from Table 2 that

_ _ «—
Af*a(n) _ w*ua(n)am Af*a(") = aqu*“a(n), (A16)
Therefore, one can write from Egs. (A.9)—(A.10),
_ _ —
AQg*a(n) _ _R*ua(n)aw A2€*a(”) — au'R,’w‘(n), (A17>

which vanish identically, in accordance with the nilpotency of A.

B The Cohomology of I

In this appendix we clarify and prove some important facts about the cohomology of T,

used throughout the main text. Let us recall that the action of I is defined by:

Fhuu = 28@01/)7 (Bl)
F¢pa(n) = a,uga(n)v F@Eua(n) = 8uga(n)~ (B2)

The nontrivial elements in the cohomology of I' are nothing but gauge-invariant objects
that themselves are not gauge variations of something else. Let us consider one by one

all such elements, and also prove some useful relations involving I-exact terms.

Curvatures: The curvatures {R,, 0, Oputijam)} and their derivatives belong to H(I).
That the curvatures are I'-closed is easy to see. For the linearized Riemann tensor, R, s,

it follows from the commutativity of partial derivatives as one takes the 2-curl of Eq. (B.1):
TR, =T (40¥9,h,") = 400,,0,)C° + 400y, 0°C,; = 0. (B.3)

One can also take a 1-curl of the first equation of (B.2) to obtain:
D" = 0, (B.4)

and similarly for the Majorana conjugate. Note that the ['-closure of the curvature holds

without requiring any constraints on the fermionic ghost.
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To see that the curvatures are not I'-exact, we simply notice that these are pgh-0
objects, whereas any I['-exact piece must have pgh > 0. Therefore, the curvatures are

nontrivial elements in the cohomology of I', and so are their derivatives.

Antifields: The antifields {h**, C*# op*e() ¢+ and their derivatives belong to the
cohomology of I' as well. These objects are I'-closed simply because I' does not act on

the antifields. On the other hand, they cannot be I'-exact since they have pgh = 0.

Ghosts & Ghost-Curls: The undifferentiated ghosts {C,,{am)} are I'-closed objects

since I" does not act on them. They cannot be I'-exact, thanks to Egs. (B.1)—(B.2), which
say that any ['-exact term must contain at least one derivative of a ghost.

Any derivative of the bosonic ghost C), is also I'-closed. Some derivatives, though, will

be I'-exact, i.e., trivial in the cohomology of I". For example, any symmetrized derivatives

1

of the bosonic ghost is trivial: 9,C,) = ;I'h

=3 but its 1-curl is not. We have:

2
9uC, = 0,Cyy + 0,C) = 5Ty, + 5, . (B.5)

By taking a curl of Eq. (B.1), one however finds that any derivative of €, is I-exact:
0, &p = IO - (B.6)

On the other hand, derivatives of the fermionic ghost ,(,) are always trivial in the
cohomology of I'. This is because the gradient of £, is I'-exact, as we see from Eq. (B.2).

So, we may exclude from the cohomology of I any derivative of the fermionic ghost.

The Cohomology of I' at agh =1 and gh =0

Let us consider an element that belongs to the cohomology of I' at agh = 1 and gh = 0.
It contains only one of the antifields {h**, ¢***™} and only one of the ghosts {C),, Eumy}
in accordance with the gradings. The fields {f,,, ¥ ua(n)} may or may not show up.

In order that the element under consideration belongs to H(I'), any nonzero number
of fields may show up only in the form of the curvatures { R, p0, Optvjam) }- However, in
D = 3 the curvatures are A-exact (see Appendix A). Therefore, any element in H (")
containing at least one of the original fields at agh = 1 and gh = 0 must be A-exact.

If none of the original fields {h,,, ¥ q(n)} are present, the element under consideration
will not necessarily be A-exact. This situation however falls outside the scope of our
analyses in Sections 4 and 5. In this case the element is quadratic with one antifield and
one ghost, and as such its possible presence in the master action would invoke tadpole

terms. Such terms are taken into account in the analysis of Section 6.
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C Technical Details

This appendix gives some technical details we omitted in the main text for the sake of read-
ability. Appendix C.1 enumerates some useful y-matrix identities, while Appendices C.2

and C.3 elaborate on the technical steps leading to some of the important derivations.

C.1 Gamma Matrix Identities

We would like to deal with flat-space y-matrices: v, = 7.6/,

vielbein. Below we enumerate some useful y-matrix identities. For the sake of generality

where €7 is the flat-space

the identities are written an in arbitrary number of space-time dimensions D. In D = 3,
some of the identities will simplify in that the antisymmetric 4-gamma y*** or any other
antisymmetrization of more than three indices vanish.

We start with the symbol p#10# = 1 (pren® — pifye) | which is related to the anti-

symmetric 4-gamma in the following way:
1B = Lypmogel _ L (yoqBym g qpraenfy g Lypwal (C.1)
An antisymmetric 3-gamma can be expanded in two ways:

P = gl applen = i (300 — ) — o, (C.2)
Y = Ay 4 2 = (R — )y 4 2, (C3)

whereas its y-trace is given by:
W = (D =2y = (D = 2) (197 = ") = 1", (C.4)
The commutator of a 1-gamma and an antisymmetric 2-gamma reads:
[y, 7] = 4y, (C.5)
The product of a pair of antisymmetric 2-gamma can be written as:
ARV APT = IO 277/W|PU + 47[/177% [p,yff]. (C.6)
Antisymmetrization in two indices in the above identity leads to:

P}/po‘,y/u/ o ,)/p,u,yo'l/ — nPVPYUM + ,-YP (V[Ufyﬂ}l’ _ 77’/[0"}/“}) , (C?)
/y;u/,ypa o ,y,ua,ypl/ — _np,u,yl/o' _ (/yl’l’[yfyo—] + n“[”va]) /yp. (08)

The commutator of a 1-gamma and an antisymmetric 3-gamma reads:
[ ] = 2y, (C9)
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C.2 Computation of céﬁﬁ)

First, we derive the expression (4.45) for cgg %) starting from Eq. (4.41). With this end in

view, let us define the following quantities:
Ay = EAME + EMC, B* = 40, (C.10)
Their y-traces will be given by:
A= —A(EVCop + 387Cr) . B =491, (C.11)

where we have made use of the commutator (C.5), given the y-tracelessness of the

fermionic (anti)ghost. Then, we can rewrite Eq. (4.41) as:
S = 4 (A, — L 4v,) (B — 1y°B) = —4 (A,B* - L 4B). (C.12)
The explicit expressions of the terms A,B* and AR are given by:
AaBY = (E7M777€%) €y + O (Ea7"777E%) o, (C.13)
A = 16 (€€ €y~ SC; (6 €) € (C11)

While computing the right hand side of Eq. (C.13), in the first term we use identity (C.6)
and the Grassmann oddness of the bosonic ghost-curl: €,,&,, = —€,,&,,. In the second

term we use identity (C.2) and the vanishing of the quantity £,7**?£®. The result is:
AaB® = =4 (E7"E7C,,80 — 5ChEam e T ) . (C.15)
The right hand side of Eq. (C.14) is trickier to compute. By virtue of the relation:
(£ EP) €ap€s =0, (C.16)

we can cast the first term into the form: (£ n*#1¥'%¢5) €, €47, which can then be rewrit-
ten in terms of an antisymmetric 2-gamma because of identity (C.1). The second term

on the other hand reduces, on account of identity (C.3), to the form:
Cr (Eavy"€%) €5y = O3 &y (v €0,) £ + C (£997E7) € (C.17)

The second term on the right hand side vanishes since £¥y#¢ is symmetric in (o, 8). In
the first term we can make the splitting: ¢%, = 20°C,, + I'-exact, and consider the term
v 38, in which antisymmetry in (a, 3) is imposed by the Majorana spinor. Since the

complete antisymmetrization: y**9%1C,, vanishes in D = 3, Eq. (C.17) reduces to:

CZ (Ea’yaﬂ’y'jfﬁ) Q:g,, = TI'-exact — CZ ga (f},uaﬁazxcy B ’)/Vaﬂa‘uc,,) fﬁ
= Tt~ JGEE, c19
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where the second line was obtained by using Eq. (B.5) and its trace, and identity (C.2).
Therefore, we have reduced Eq. (C.14) to the form:

AB = -8 (527“”56“(’:“9(’:/’ — %Cj;éa%gae:“”) + I'-exact. (C.19)
Now plugging Egs. (C.15) and (C.19) into Eq. (C.12) gives:

P < B (€00~ O ST, (€20

=3 (&

which is precisely Eq. (4.45) that we wanted to derive.

It remains to be shown that relation (C.16) indeed holds. To see this let us write:
(€9") Canpy = =5 (§7777"¢7) €ouay + 3 (€99"7778,) Capon, (C.21)

where we have used the identities: v#7 = v#v7 —nf? = 47”4+ nP? and the ~y-tracelessness
of the fermionic (anti)ghost. The bosonic ghost curls on the right hand side of Eq. (C.21)
impose certain antisymmetry in the indices of the y-matrix products, so that identi-
ties (C.7)—(C.8) become directly applicable. Then, it follows from the properties of the
(anti)ghosts that the two terms on the right hand side of Eq. (C.21) exactly cancel each
other, which proves relation (C.16). This completes our derivation of Eq. (C.20). B
Next, we find an expression for the quantity céﬁ " for an arbitrary-spin fermion with
flavor, i.e., derive the second line of Eq. (5.7) from the first. The derivation is quite
similar to that of the spin-5/2 case. The only subtlety is that ~-traceless projections of
the quantities under consideration give rise to factors that depend on the rank n = s—3/2.

Explicitly, the first line of Eq. (5.7) yields:
68  _ A n A a(n n aa(n—1
& = —4[Aan) = (557) Auury %a] [B°) = (5257) 750V

= —4 [Aa(n)Ba(n) - (ﬁ)";{a(n—l) Ba(n_l)] ) (022)

where we have defined:

Aa(n) = é;(n)/yHVQ:MV + ga(n)’Y'uC;; Ba(n) = ,yuugoc(n) Q:/W . (023)

with the flavor index I made implicit in order to avoid cumbersome notations. The

computation of fla(n)Ba(”) and J;Xa(n_l) BV goes exactly the same way as before, giving:
AgyB™ = —4 [Ez(nﬂ“”f"‘(”)%p%" - %C;é_a(nny&“”)@w/] , (C.24)
Ay BTV = =8 [ €M €80 — SO EammE M €] + D-exact. (C.25)

These are straightforward generalizations of the spin-5/2 equations (C.15) and (C.19)
respectively. Now plugging Eqgs. (C.24)—(C.25) into Eq. (C.22) gives:

S = (3255) [Em ™ €M €€, — LChEam e ™EM™] + T-exact, (C.26)

which is precisely the second line of Eq. (5.7) with an implicit flavor index.
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C.3 Computation of ¢;’s with Tadpole Terms

We start with the computation of ¢o, ¢; and ¢y in Section 6.1, i.e., the derivation of
Egs. (6.5) from the first-order deformations (6.4) through Eqgs. (3.20)—(3.22). While ¢, is

computed in Section 4.3, in order to compute ¢; let us simplify Eq. (3.21) to:

Joee (e f) G ) (o) i o). e

Note that a functional derivative w.r.t. the fermionic anti(filed) or anti(ghost) ought to

be ~-traceless in the a-index. It is easy to see that c¢; takes the form:

o =i + pBef”, (C.28)

)

with ¢ being the hypergravity contribution without tadpole terms, and cg“ : given by:

A =2 (Fra") L (PEC), = 2 (€, — 280V ,) L (E),,,  (C.29)

3

~v-t” means a ~-traceless projection w.r.t. the a-index. One can

follow some steps similar to those of Egs. (C.10) through (C.12) to rewrite cg“ ) as:

Cgﬂﬁ) _ 21;:101[7“7 ,yl/p]q:upfa _ %,&;a (7#,}/&7571/9 — ’)/foya’}/ﬁ’}/“) L
HAEL R — FEE Dy, (C.30)

where the subscript

The terms containing the graviton antifield 4}, in the second line of the above equation
both vanish by virtue of the Majorana properties of the fermionic ghost &,. In the first
line, the first term calls for the identity (C.5), whereas the second term simplifies on
account of the same as well as the Clifford algebra, thanks to the ~-tracelessness of the

fermionic antifield and ghost. The result is:
AP = 8PN ELE,, — WP (1P + nPn) APESC,,. (C.31)
Now, by using Eq. (B.5) one can rewrite the bosonic ghost-curl €, to arrive at:
4D = 160 (0,0) €0 — Bh (1277 + 1P51°) (0,0) € + Texact.  (C.32)
Finally, one can get rid of the derivative on the bosonic ghost to write:
P = 8 0y € € + D-exact 4+ A-exact, (C.33)

where the subscript “s-t” stands for a symmetric-traceless projection. This completes our
derivation of ¢; appearing in Egs. (6.5).
Next, in order to compute ¢y we note that Eq. (3.22) simplifies to:

for(f) ) o
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After a straightforward calculation, one finds a ¢q of the form:
co = + xac™ + aB™ + 2™ + Bt (C.35)
where the nontrivial contributions from the tadpole terms include:
') =20, (0 = 20,0"), o = =88, ™ = (Ppar™), (WEY),,, (C.36)

(uB)

plus the more complicated looking ¢; ", given by:
B n Vp .0 o 7 v o « «
C(()M V=2 (wua’yu Py /\bUAHp)fy-t (%€ )'Y-t —2 (%w/y“ )'y-t [7'0 (’5 Dpolv + Vv Qtﬂa)}’y-t'
(C.37)
The contributions appearing in Eqs. (C.36) are rather easy to deal with. We find that
= 20, (0K —20,k) = T (12, - Ln?), (C.38)
cgam = —8&¢* € H(T|Ad). (C.39)

For c(() " we can follow some steps similar to those of Egs. (C.10)—(C.12) and obtain:

" = 29,6% — 2alr, 1A, W }Es, (C.40)

where have used of the y-trace properties of the fermionic field and its ghost. Upon using

suitable v-matrix identities in the second term on the right hand side, we arrive at:
A = 20— g = 20 € H(T|Al). (C.41)

We are now left with the complicated term c( ) given by (C.37). To simplify this
term, again we follow the steps of Egs. (C.10)—(C.12) and write the schematic expression:

4P =2 (x — 1Y), (C.42)

where the quantities X and ) are given by:

X = (0" Dorle) (WE™) + (Vo) V77 (€ Bpol + 0" Cpo)

Y = (P17 0orp) (157E7) + (Dua? ) 7777 (EBpolly + Yup€hr) -
The first term in X can be simplified by using identity (C.9) and then (C.4). In the first
term in ) as well, we can use identity (C.9) to move v**? past v7*v*. Then we can write:

X =Y (VY7 = A7) €D polly + Vua? V9 €y
Y = uaVN Y Dorin{8, 1 3P+ Va7V A7) (€D pein + YusCho)

where in the second line we have made use of the ~v-tracelessness of the fermionic field

(C.43)

(C.44)

and ghost. These expressions simplify on account of identities (C.5) and (C.6), giving:

X =400 (17" = 0"9) E% poy + 20ua (V07 — V') Y7, C o,

o ool (C.45)
Y = =80 7o + 8 (17 = 0'Y) 17 (€D pol + o)
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where in the first line we have dropped the term iﬁuawVQCW, which vanishes identically.
Because of the y-tracelessness of &, the first term in ) can be further simplified, by using
the expansion (C.3), to the form: 8t,7v? (Y& — /&R) Dol

The next step is to make the graviton field h,, undifferentiated. Then this derivative
hits either on the Majorana-conjugated fermion &ua (and its y-traces) or on the ghost
field £¢. It is not difficult to see that the derivative terms of @ua comprise A-exact pieces
individually in X and ), thanks to the various forms of the fermion EoMs (A.11)—(A.15).

It is a bit of an exercise to show that in the remaining terms containing h,,,, the fermion

nz
bilinears combine into I'-exact pieces. Various properties of the Majorana fermions v,

and &, play important roles in showing this. The result is:

X =4 (b — 20wh) T (0pay™ ") — 4 (Vpay™0") €, + A-exact,
y = hpa I [(%V - QZ/PYV) ’Yawup - zipywua + 21;/1#,00 - &,up’yijua} (046)
FART (700 — 00) + 8 (B — 0) 17,7, + Asact,
In the above expressions we can pick up I'-exact terms at the cost of introducing a (sym-
metrized) derivative of the bosonic ghost C),. The latter kind of terms then simplify

against the already existing terms containing the ghost-curl €,,. Then we can make the

bosonic ghost undifferentiated, which gives us the following form:
X =8C,0,X"° + I'-exact + A-exact, Y =16C,0,Y" + I'-exact + A-exact (C.47)
where X?? and Y7 are the following fermion bilinears:
X5 = Gy = 3 G
V7 = G T~ PTG ~ B~ BT+ (B~ )

From these explicit expressions it is easy to see that the quantities 0,X*° and 0,)"° are
A-exact, thanks again to the EoMs (A.11)—(A.15). This means from Eq. (C.47) that both
X and Y are trivial elements in H(I'|A|d), so that Eq. (C.42) gives:

c(()“ ) = I-exact + A-exact. (C.48)

Now, let us plug all the results (C.38), (C.39), (C.41) and (C.48) into the schematic
expression (C.35). Then we obtain the desired ¢y given in Egs. (6.5):

co = cf + (%,lﬁ — 8af) & p® + I-exact + A-exact. (C.49)

Finally, we look at the computation of co, ¢; and ¢y in Section 6.2. While ¢y will be the
same as that of Section 5, the results for ¢; and ¢y can be obtained by closely inspecting the

steps of derivation of their spin-5/2 counterparts. Indeed, the rank n plays a nontrivial
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role only in one place: in defining the 7-traceless projections, as we see by comparing
Egs. (C.12) and (C.22), for example. Apart from straightforward proliferation of indices

of the fermions, the generalization s = 5/2 — (n+3/2) essentially boils down to the factor

replacement: % — (Qn’fH) in front of those terms that originate solely from ~-traceless

projections. Examples of the latter kind are the second and fourth terms of Eq. (C.30),

and the second terms in Eqgs. (C.40) and (C.42) both. Following the subsequent steps in
the respective computations, it is easy to see that the arbitrary-spin generalizations of
Egs. (6.5) will be given by Egs. (6.9).
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