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1 Introduction

Higher-spin theories in three space-time dimensions have generated a lot of interests in

recent years. The obstructions to minimal gravitational interaction of massless higher-

spin fields [1–7] disappear in three dimensions where the Weyl tensor vanishes. In 3D flat
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space one can write down, among other things, a consistent theory of a spin-5/2 gauge

field minimally coupled to gravity−the well-known hypergravity theory of Aragone and

Deser [8]. In itself a higher-spin generalization of 3D supergravity, this theory is dictated

by an extension of the Poincaré group−the hyper-Poincaré group−that includes spin-3/2

fermionic generators. This however does not contradict the Haag- Lopuszański-Sohnius

theorem [9] that applies only to D ≥ 4. Indeed, one can reformulate hypergravity in a

way that incorporates the hyper-Poincaré group as local gauge symmetry [10]. To be more

specific, hypergravity can be described by the Chern-Simons action of a hyper-Poincaré-

valued gauge field. These constructions can be generalized to an arbitrary-spin massless

fermion with an arbitrary number of flavors, minimally coupled to General Relativity.

In this article we investigate the uniqueness of (generalized) hypergravity as a consis-

tent interacting gauge theory of a higher-spin fermion and gravity. For this purpose we

use the BRST-cohomological techniques based on antifield formalism [11, 12] under the

assumptions of locality, parity and Poincaré invariance. The same techniques have been

employed in proving under certain reasonable assumptions the uniqueness of a number of

physical theories: Yang-Mills theory [13], General Relativity [14] and supergravity theories

in D = 4 [15, 16]. Along this line, we start in three space-time dimensions with the free

system of a massless arbitrary-spin Majorana fermion and a spin-2 gauge field. Nontrivial

cubic and higher-order deformations compatible with the gauge symmetries of this system

can then be derived systematically. The question we seek to answer is whether the set of

consistent deformations of the free theory leads uniquely to generalized hypergravity. Our

approach assumes neither general covariance nor local hypersymmetry to begin with; they

instead would follow automatically as a possibility, if not the unique one.

The organization of the article is as follows. The remaining of this section presents our

main results and conventions. Section 2 is a brief exposition of generalized hypergravity.

Section 3 introduces the much-needed machinery of the BRST deformation scheme for ir-

reducible gauge theories [11, 12]. Sections 4 and 5 constitute the bulk of this paper; they

use the metric-like formulation of higher spins to investigate respectively the uniqueness of

Aragone-Deser hypergravity with a spin-5/2 Majorana fermion and that of its generaliza-

tions to an arbitrary-spin fermion with flavors. The consequences of a cosmological term

are studied in section 6, which sheds light on the nature of (generalized) hypergravity in

(Anti-)de Sitter space. Some remarks appear in section 7. Three appendices are added in

order to provide the reader with some useful details.

Results

• Assuming locality, parity and Poincaré invariance, consistent interactions of a spin-2

and a spin-5/2 Majorana gauge fields lead uniquely to Aragone-Deser hypergravity.

• The uniqueness continues to hold for arbitrary fermion spin s = n + 3/2. As a

byproduct, the uniqueness of three-dimensional supergravity is proven for n = 0.

• Generalized hypergravity is consistent for an arbitrary number of fermion flavors.
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• Local hypersymmetry and its higher-spin counterparts follow automatically as the

unique consistent deformations of the gauge transformations.

• Another byproduct is the explicit demonstration that the cohomological obstruction

to minimal gravitational coupling of higher-spin fermions disappears in D = 3.

• There is no consistent local gauge theory of a higher-spin Majorana fermion and grav-

ity in the presence of a cosmological term. Non-locality and/or additional (higher-

spin) fields are required in (Anti-)de Sitter space.

Conventions & notations. We adopt the conventions of ref. [17], and work exclusively

in D = 3 with metric signature (− + +). Fiber indices and world indices are denoted

with lower case Roman letters and Greek letters respectively. The γ-matrices satisfy the

Clifford algebra: {γa, γb} = +2ηab, and γa † = ηaaγa. Totally antisymmetric product of

γ-matrices, γa1···ar ≡ γ[a1γa2 · · · γar], have a unit weight, where [a1 · · · ar] denotes a totally

antisymmetric expression in the indices a1, . . . , ar with a normalization factor 1
r! . The

totally symmetric expression (a1 · · · ar) carries the same normalization. The Levi-Civita

symbol is normalized as ε012 = +1.

We exclusively deal with Majorana spinors. A Majorana spinor χ obeys: χC = βχ,

where the “phase” β is +1 (−1) for a real (imaginary) spinor. Majorana spinors χi, i = 1, 2,

with “phase” βi and Grassmann parity ǫi, follow the bilinear identity:

χ̄1γ
a1···arχ2 = (−)1+ǫ1ǫ2 (β1β2) tr χ̄2γ

a1···arχ1,

where a “bar” denotes Majorana conjugation, and tr = +1 (−1) for r = 0, 3 (1, 2).

A “slash” denotes a contraction with γ-matrix, e.g., 6A = γaAa, whereas a “prime”

denotes a trace w.r.t. Minkowski metric, e.g., h′ = ηµνhµν = hµµ. Finally, the symbol “
.
=”

stands for equality of expressions up to a total derivative.

2 Generalized hypergravity

This section gives a brief account of generalized hypergravity. First, the frame-like version

of the theory is presented. Then the metric-like version of the theory is obtained by solving

for the spin-connection equations of motion and plugging them back into the action.

2.1 Frame-like version

Generalized hypergravity is the theory of a massless Majorana fermion ψµ
a1···an , of spin

s = n + 3/2, minimally coupled of General Relativity. The fermion field is a dreibein-like

gauge fermion−completely symmetric and γ-traceless in the frame-like indices [8, 18–20].

Here we adopt the notation of [21] to use the short-hand symbol ψµ
a(n) for it.

We consider a straightforward generalization of the theory presented in [10] by includ-

ing a flavor index I to the fermion, where I = 1, 2, . . . , N . The Chern-Simons generalized

hypergravity action can be written, up to a boundary term, as:

SH =
2

κ2

∫

(

2eaR
a − ψ̄a(n), IDψa(n), I

)

, (2.1)
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where ea = eaµ dx
µ is the dreibein 1-form, and Ra the dualized curvature 2-form:

Ra = Dωa = dωa +
1

2
εabcωbωc, (2.2)

with ωa = 1
2ε

abcωµbc dx
µ the dualized spin connection 1-form, while ψa(n), I = ψµ

a(n), Idxµ

is the 1-form corresponding to the fermion, with its covariant-derivative 2-form given by:

Dψa(n), I = dψa(n), I +

(

n+
1

2

)

ωbγ
bψa(n), I − nωbγ

aψa(n−1)b, I , (2.3)

where repeated indices with the same name are symmetrized with the minimum number

of terms and carry unit normalization.

The action (2.1) is invariant under the following gauge transformations that involve

three 0-form gauge parameters λa, σa and ǫa(n), I [10]:

δea = Dλa − εabcσbec +

(

n+
1

2

)

ǭb(n), I γ
aψb(n), I ,

δωa = Dσa, (2.4)

δψa(n), I = Dǫa(n), I −
(

n+
1

2

)

σbγ
bψa(n), I + nσbγ

aψa(n−1)b, I ,

where the parameter ǫa(n), I is completely symmetric and γ-traceless in the frame indices.

Modulo difference in conventions and the flavor index, the action (2.1) is formally the

same as that of Aragone and Deser [8]. The two, however, differ in local structure. The

local hypersymmetry transformations given in [8] have: λa = σa = 0 and ǫa(n), I 6= 0; but

they agree with those of [10] only on shell.

If we forgo the language of differential forms, the action (2.1) takes the form:

SH =

∫

d3x e

[

2

κ2
Rµν

ab(ω)eµae
ν
b −

1

2
ψ̄µa(n), I γ

µνρDνψρ
a(n), I

]

, (2.5)

where e = det eaµ, and γµνρ = γabceµaeνb e
ρ
c = −e−1εµνρ, while ψµ

a(n), I = 2κ−1ψµ
a(n), I is the

(rescaled) fermion field. The generalized hypersymmetry transformations now read:

δeaµ =
1

4

(

n+
1

2

)

κ2 ǭb(n), I γ
aψµ

b(n), I , δψµ
a(n), I = Dµǫ

a(n), I , (2.6)

where the rescaled transformation parameter is given by: ǫa(n), I = 2κ−1 ǫa(n), I .

2.2 Metric-like version

In this section, we reformulate the frame-like theory of section 2.1 in the metric-like lan-

guage. With this end in view, we switch to the so-called second-order formulation. In

the first-order formulation the equations of motion (EoM) for the spin connection ωµ
ab

can be solved to obtain a connection with torsion. This result can then be substituted in

the action (2.5) to derive the physically equivalent second-order form of the theory with

– 4 –
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torsion-free connection and explicit 4-fermion contact terms, exactly as in supergravity [17].

The second-order action for generalized hypergravity looks:

SH =

∫

d3x
√−g

[

2

κ2
R(g)− 1

2
ψ̄µa(n), I γ

µνρ∇νψρ
a(n), I

]

+ 4-fermion terms, (2.7)

where we have used D[µψν]
a(n), I = ∇[µψν]

a(n), I for torsion-free connection, and γµ ≡ γae
a
µ.

The generalized hypersymmetry transformations are encoded in eqs. (2.6). In particular,

note that the transformation rule of the metric tensor, gµν = eaµeνa, is given by:

δgµν =
1

2

(

n+
1

2

)

κ2 ǭa(n), I γ(µψν)
a(n), I . (2.8)

Now we will expand the second-order theory around Minkowski background:

gµν = ηµν + κhµν , eaµ = ē a
µ +

1

2
κhµ

a +O(h2), (2.9)

where ē a
µ is the flat-space dreibein: ē a

µ ēνa = ηµν . The fiber indices of the fluctuations, hµa
and ψµ

a(n), I , are converted into world indices with the help of the flat-space dreibein ē a
µ

and its inverse ēµ
a . The metric-like fluctuations include the graviton:

hµν ≡ h(µ
aēν)a , (2.10)

which is a rank-2 symmetric tensor, and the higher-spin Majorana gauge fermion:

ψµ
α(n), I ≡ ψµ

a1···an, I ēα1

a1
· · · ēαn

an , (2.11)

which is symmetric and γ-traceless in the α-indices. Explicitly, the latter condition reads:

γβψµ
βα(n−1), I = 0, γβ ≡ γaē

a
β . (2.12)

Note that the covariant 1-curl of the fermion appearing in the action (2.7) is given by:

∇[µψν]
a(n), I = ∂[µψν]

a(n), I + nω[µ
abψν]b

a(n−1), I +
1

4
γbc ω[µ

bcψν]
a(n), I , (2.13)

where ωµ
ab = ωµ

ab(e) is the torsion-free spin connection, whose expansion yields:

ωµab = −1

2
κ (∂ahµb − ∂bhµa) +O(h2). (2.14)

The following expressions, with the notation 6hµ = γahµa = γνhµν , are also necessary:

√−g = 1 +
1

2
κh′ +O(h2), γµ = γµ +

1

2
κ6hµ +O(h2), (2.15)

γµνρ = γµνρ +
1

2
κ
(

6h[µγνγρ] + γ[µ 6hνγρ] + γ[µγν 6hρ]
)

+O(h2). (2.16)

Upon using the expressions (2.9)–(2.16) in the second-order action (2.7), one finds that

the desired metric-like theory takes the following form:

SH =

∫

d3x [Lfree + Lcubic + Lhigher-order ] . (2.17)

– 5 –
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The free part of the Lagrangian Lfree reads:

Lfree =
1

2
hµνGµν − 1

2
ψ̄µα(n), I Rµα(n), I , (2.18)

where Gµν and Rµα(n), I are “the left hand sides” of the free EoMs:

Gµν ≡ �hµν − 2∂(µ∂
ρhν)ρ + ∂µ∂νh

′ − ηµν
(

�h′ − ∂ρ∂σhρσ
)

,

Rµα(n), I ≡ γµνρ∂νψρ
α(n), I .

(2.19)

The cubic Lagrangian Lcubic consists of two different kind of vertices: hhh-type gravita-

tional self coupling and hψψ-type cross coupling:

Lcubic = Lhhh + Lhψψ . (2.20)

The graviton cubic self coupling is well known; it is given by (see, for example, [14]):

Lhhh = κ(hµρhνσ∂µ∂νhρσ − hµνhρσ∂µ∂νhρσ + hµν∂ρhµσ∂
ρhσν − 1

2
hµν∂µhρσ∂νh

ρσ

−hµν∂ρhµν∂ρh
′ − 1

2
hµρhνρ∂µ∂νh

′ − 1

4
h′∂µhνρ∂µhνρ + hµν∂ρhρµ∂νh

′

−hµν∂ρh
ρ
µ∂σh

σ
ν +

1

2
hµνh′∂µ∂νh

′ +
1

2
h′∂µh

µρ∂νh
ν
ρ +

1

4
h′∂µh′∂µh

′). (2.21)

The cubic cross couplings, on the other hand, derive from the fermion-bilinear term in (2.7).

As we see in appendix A, the 1-curl of the fermion, ∂[µψν]α(n), I , itself is proportional to the

free EoMs. Then the couplings arising from the first term in the covariant 1-curl (2.13) are

trivial in that they can be field redefined away. The nontrivial cubic couplings therefore

come only from the spin-connection terms in the covariant 1-curl (2.13). They amount to:

Lhψψ = −1

4
κ ψ̄µα(n), I γ

µνρ

(

nησλ|αβ +
1

4
γσληαβ

)

ψνβ
α(n−1), I hσλ‖ ρ , (2.22)

where hσλ‖ ρ ≡ ∂σhλρ − ∂λhσρ is the graviton 1-curl, and ησλ|αβ ≡ 1
2

(

ησαηλβ − ησβηλα
)

.

On account of the identity (C.1) the tensor structure inside the parentheses in eq. (2.22)

can then be simplified, thanks to the γ-trace condition (2.12). The final result is:

Lhψψ = −1

8

(

n+
1

2

)

κ ψ̄µα(n), I γ
µνργσλ ψν

α(n), I hσλ‖ ρ . (2.23)

The higher-order couplings Lhigher-order in the action (2.17) do not stop at any finite

order, but they are unique and can also be worked out in principle. This article, however,

does not require any explicit knowledge of these terms. It is important to note that given

the cubic couplings, there exists at least one fully nonlinear consistent theory, namely the

generalized hypergravity that we are considering in this section.

Finally, starting from eq. (2.6) we would like to write down the generalized hypersym-

metry transformations of the metric-like fluctuations defined in eqs. (2.9) and (2.11). It is

follows that the graviton transforms as:

δhµν =
1

2

(

n+
1

2

)

κ ǭα(n), I γ(µψν)
α(n), I +O(κ2), (2.24)
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while the fermion transformation rule is:

δψµ
α(n), I = ∂µǫ

α(n), I − 1

4
κ hρσ‖µ

[(

n+
1

2

)

γρσǫα(n), I − nγβ
ρσγαǫα(n−1)β, I

]

+O(κ2).

(2.25)

This ends our brief exposition of generalized hypergravity. In the above discussion,

when the flavor index I is removed, the theory reduces to N = 1 supergravity and the

spin-5/2 Aragone-Deser hypergravity [8] respectively for the cases of n = 0 and n = 1.

3 BRST deformation scheme

In this section we explain the BRST deformation scheme−our main analytical tool to study

the uniqueness of hypergravity. What follows is an almost verbatim repetition of the same

discussions appearing in [22, 23]. As pointed out in [11, 12], it is possible reformulate

the classical problem of introducing consistent interactions in a gauge theory in terms of

the BRST differential and the BRST cohomology. The advantage of this cohomological

approach is that it systematizes the search for all possible consistent interactions. It also

relates the obstructions to deforming a gauge-invariant action to precise cohomological

classes of the BRST differential.

Fields and antifields. Let there be an irreducible gauge theory of a set of fields {φi},
with m gauge symmetries: δεφ

i = Ri
αε

α, α = 1, 2, . . . ,m. Then one introduces a ghost field

Cα corresponding to each gauge parameter εα; they have the same algebraic symmetries

but opposite Grassmann parity (ǫ). The original fields and ghosts are collectively called

fields, denoted by ΦA. One further introduces, for each field and ghost, an antifield Φ∗
A that

has the same algebraic symmetries (in the multi-index A) but opposite Grassmann parity.

Gradings. Two gradings are introduced in the algebra generated by the fields and an-

tifields: the pure ghost number (pgh) and the antighost number (agh). The former is

non-zero only for the ghost fields. For irreducible gauge theories, in particular, one has:

pgh(Cα) = 1, while pgh(φi) = 0 for any original field. On the other hand, the antighost

number is non-zero only for the antifields Φ∗
A, i.e., agh(Φ

∗
A) = pgh(ΦA) + 1, agh(ΦA) =

0 = pgh(Φ∗
A). Another grading is the ghost number (gh), defined as gh = pgh− agh.

Antibracket. On the space of fields and antifields, one then defines an odd symplectic

structure:

(X,Y ) ≡ δRX

δΦA

δLY

δΦ∗
A

− δRX

δΦ∗
A

δLY

δΦA
. (3.1)

This is called the antibracket that satisfies the graded Jacobi identity. It follows that
(

ΦA,Φ∗
B

)

= δAB, which is real. But a field and its antifield have opposite Grassmann parity.

Therefore, if ΦA is purely real (imaginary), Φ∗
B will be purely imaginary (real).

Master action. Let S(0)[φi] be the gauge-invariant action in terms of the original fields.

One extends it to the master action, S[ΦA,Φ∗
B], that includes terms involving ghosts and

antifields:

S[ΦA,Φ∗
B] = S(0)[φi] + φ∗

iR
i
αCα + . . . . (3.2)

– 7 –
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By virtue of the Noether identities and the higher-order gauge-structure equations, it sat-

isfies the classical master equation:

(S, S) = 0. (3.3)

The master action S incorporates compactly all the consistency conditions pertaining to

the gauge transformations through the master equation (3.3).

BRST differential. The master action is also the generator of the BRST differential s,

defined as:

sX ≡ (S,X). (3.4)

It follows, as a simple consequence of the master equation, that S is BRST-closed. From

the properties of the antibracket, it is easy to show that s is nilpotent,

s2 = 0. (3.5)

The master action S, therefore, belongs to the cohomology of s in the space of local

functionals of the fields, antifields, and their finite number of derivatives.

Deformed master action. The existence of the master action S as a solution of the

master equation is completely equivalent to the gauge invariance of the original action

S(0)[φi]. Therefore, it is possible to reformulate the problem of introducing consistent

interactions in a gauge theory as that of deforming the solution S of the master equation.

Let S be the solution of the deformed master equation: (S, S) = 0. This must be a

deformation of the solution S0 of the master equation of the free gauge theory:

S = S0 + gS1 + g2S2 +O(g3), (3.6)

in some deformation parameter g. The master equation for S splits, up to O(g2), into

(S0, S0) = 0, (3.7)

(S0, S1) = 0, (3.8)

(S1, S1) = −2(S0, S2). (3.9)

Eq. (3.7) simply reflects the gauge invariance of the free theory; it also means that S0 is

the generator of the BRST differential s of the free theory. Then, eq. (3.8) translates to

sS1 = 0, (3.10)

i.e., the first-order deformation of the master action, S1, is BRST-closed.

First-order deformations. Let the first-order local deformations be given by S1 =
∫

a,

where a is a top-form of ghost number 0. Then eq. (3.10) gives rise to the cocycle condition:

sa
.
= 0. (3.11)

Nontrivial deformations therefore belong to H0(s|d)−the cohomology of the free BRST

differential s, modulo d-exact terms, at ghost number 0. One can write [14, 24–28]:

a = a0 + a1 + a2, agh(ai) = i = pgh(ai), (3.12)

i.e., the antighost-number expansion of the local form a stops at agh = 2. The result is

actually more general, and holds for higher-order deformations as well [14, 25–28].

– 8 –



J
H
E
P
1
1
(
2
0
1
9
)
1
1
5

Consistency cascade. In terms of the aforementioned gradings, the free BRST differ-

ential s splits into the Koszul-Tate differential, ∆, and the longitudinal derivative along

the gauge orbits, Γ, as

s = ∆+ Γ. (3.13)

The operator ∆ implements the equations of motion by acting only on the antifields. It

decreases the antighost number by unity, but keeps the pure ghost number unchanged. On

the other hand, Γ produces the gauge transformations by acting only on the original fields.

It increases the pure ghost number by unity without changing the antighost number. Thus,

gh(∆) = gh(Γ) = gh(s) = 1. Note that ∆ and Γ are nilpotent and anticommuting,

Γ2 = ∆2 = 0, Γ∆+∆Γ = 0. (3.14)

Given the expansion (3.12) and the splitting (3.13), the cocycle condition (3.11) gives

rise to the following cascade of relations consistent first-order deformations must obey:

Γa2
.
= 0, (3.15)

∆a2 + Γa1
.
= 0, (3.16)

∆a1 + Γa0
.
= 0. (3.17)

The set of conditions (3.15)–(3.17) is dubbed the consistency cascade. Note that one can

always choose a2 to be Γ-closed, instead of Γ-closed modulo d [25–28].

More on first-order deformations. The various terms in the expansion (3.12) of the

first-order deformations have the following significance. The term a0 gives the deformation

of the Lagrangian, while a1 and a2 capture the deformations of the gauge transformations

and the gauge algebra respectively [11, 12]. Indeed, a nontrivial a2 implies the deformation

of the gauge algebra into a non-Abelian one. Note that a2 will be trivial iff it can be removed

by adding s-exact modulo d-exact terms: sm+dn. Expandingm and n in antighost number

and considering the fact that m and n also stop at agh = 2, one concludes that a2 is trivial

iff a2 = Γm2 + dn2. Thus, the cohomology of Γ modulo d plays an important role. The

gauge algebra will be deformed if and only if a2 is a nontrivial element of the cohomology

of Γ modulo d.

On the other hand, if a2 is trivial, the algebra remains Abelian up to first-order defor-

mations. In this case, one can always choose a2 = 0, and Γa1 = 0 [25–28]. A non-trivial

a1 then implies that the gauge transformations are deformed while the algebra remains

Abelian. Again, a1 is trivial if it is ∆-exact modulo d, a1 = ∆m2 + dn1. In this case,

a1 can be removed, so that one can choose a0 to be Γ-closed modulo d: the action is

deformed but the gauge transformations remain undeformed. Lagrangian deformations a0
are (non)trivial iff they are (non)trivial elements in the cohomology H0(∆|d). Therefore,

two vertices are equivalent iff they differ only by ∆-exact modulo d terms.

Second-order deformations. The second-order consistency condition (3.9) requires

that (S1, S1) be s-exact,1

(S1, S1) = −2sS2. (3.18)

1(S1, S1) is BRST-closed automatically; it follows from the graded Jacobi identity for the antibracket.
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Let us consider the following expansions in antighost number:

S2 =

∫

(b0 + b1 + b2) , (S1, S1) = −2

∫

(c0 + c1 + c2) , (3.19)

where the bi’s incorporate the second-order deformations, and the ci’s are given by:
∫

c2 = −1

2

(
∫

a2 ,

∫

a2

)

, (3.20)

∫

c1 = −
(
∫

a2 ,

∫

a1

)

− 1

2

(
∫

a1 ,

∫

a1

)

, (3.21)

∫

c0 = −
(
∫

a1 ,

∫

a0

)

. (3.22)

In view of eqs. (3.18)–(3.19) and the splitting (3.13), we obtain the following set of

relations that consistent second-order deformations must fulfill:

c2
.
= Γb2, (3.23)

c1
.
= ∆b2 + Γb1, (3.24)

c0
.
= ∆b1 + Γb0. (3.25)

These conditions determine whether or not, in a local theory, a consistent first-order defor-

mations get obstructed at the second order. Such higher-order obstructions are controlled

by the local BRST cohomology group H1(s|d) [25–28].

4 Uniqueness of spin-5/2 hypergravity

In this section we take recourse to the metric-like formulation of higher spins, and con-

sider consistent interactions of a spin-2 and a Majorana spin-5/2 gauge fields in flat space.

We employ the BRST deformation scheme outlined in the previous section under the as-

sumptions of locality, parity and Poincaré invariance. Nontrivial interaction terms of the

gauge fields are restricted by the requirement that gauge symmetries be preserved mod-

ulo possible deformations. We would however postpone until section 6 the consideration

of a (linearized) cosmological term that appears naturally as a tadpole in the first-order

Lagrangian deformation [14].

4.1 The free theory

Our starting point is the free theory, which is a special case of eqs. (2.18)–(2.19) with n = 1

and the omission of the flavor index:

Lfree =
1

2
hµνGµν − 1

2
ψ̄µαRµα, (4.1)

where Gµν is the linearized Einstein tensor defined in eq. (2.19), and Rµα ≡ γµνρ∂νψρ
α.

Here, the spin-2 gauge field hµν is a symmetric rank-2 tensor, whereas the spin-5/2 Majo-

rana gauge fermion ψµα has no symmetry in its tensor indices µ and α, but is γ-traceless

w.r.t. the second index:

γαψµα = 0. (4.2)
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The Lagrangian (4.1) enjoys the following Abelian gauge symmetries:

δλhµν = 2∂(µλν), δǫψµα = ∂µǫα, (4.3)

where λµ is a vector parameter, and ǫα is a γ-traceless Majorana vector-spinor: 6ǫ = 0.

Because ψµα is not symmetric in the tensor indices, it is clearly not a Fronsdal tensor-

spinor. It is actually a “dreibein-like fermion” with covariant indices. However, the two

are connected by the simple relation [20]:

ψµν = Ψµν + 2γ[µ /Ψν] −
1

2
γµνΨ

′, (4.4)

where Ψµν = Ψνµ is a Fronsdal field. It is easy to see that the relation (4.4)−compatible

with the constraint (4.2)−maps the fermionic part of the Lagrangian (4.1) into the well-

known spin-5/2 Fang-Fronsdal Lagrangian (see [20, 21] for recent reviews):

LFF = −1

2
Ψ̄µν 6∂Ψµν − ¯6Ψµ 6∂ 6Ψµ +

1

4
Ψ̄′ 6∂ Ψ′ +

1

2
¯6Ψµ ∂ ·Ψµ − Ψ̄′∂ · 6Ψ. (4.5)

The two descriptions are in fact completely equivalent [20]. It is well known that the

Fang-Fronsdal spin-5/2 system (4.5), with its own gauge invariance, has zero degrees of

freedom in D = 3 (see, for example, [21]). To see that this count remains the same for our

“dreibein-like field” [20], let us first choose the covariant gauge:

G(1)
α ≡ γµψµα = 0, (4.6)

by making use of the freedom of the gauge parameter ǫα. Then, by virtue of identities (C.2)–

(C.4), the Euler-Lagrange equations of motion: Rµα = 0, and its γ-trace: γµRµα = 0, yield

the Dirac equation plus the divergence constraint:

/∂ ψµα = 0, ∂µψµα = 0. (4.7)

The gauge fixing (4.6), however, is not complete. The residual gauge freedom can be

exhausted by further choosing:

G(2)
α ≡ ψ0α = 0. (4.8)

The count of local physical degrees of freedom is now immediate. The system of equa-

tions (4.7) describes (3 − 1) × 2 = 4 dynamical variables. However, each of the gauge

choices (4.6) and (4.8) removes 2 degrees of freedom. Therefore, the total number of phys-

ical degrees of freedom is (4− 2− 2) = 0, as it should be.

Having at hand the gauge-invariant action of the original fields,

S(0) [hµν , ψµα] =

∫

d3x

(

1

2
hµνGµν − 1

2
ψ̄µαRµα

)

, (4.9)

we will now construct the free master action. With this end in view, we introduce the

Grassmann-odd bosonic ghost Cµ for the Grassmann-even bosonic gauge parameter λµ.

Likewise, corresponding to the Grassmann-odd real Majorana-spinor gauge parameter ǫα,
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Z Γ(Z) ∆(Z) pgh(Z) agh(Z) gh(Z) ǫ(Z) β(Z)

hµν 2∂(µCν) 0 0 0 0 0 -

Cµ 0 0 1 0 1 1 -

h∗µν 0 Gµν 0 1 −1 1 -

C∗µ 0 −2∂νh
∗µν 0 2 −2 0 -

ψµα ∂µξα 0 0 0 0 1 +1

ξα 0 0 1 0 1 0 +1

ψ̄∗µα 0 −R̄µα 0 1 −1 0 −1

ξ̄∗α 0 ∂µψ̄
∗µα 0 2 −2 1 −1

Table 1. Properties of the Fields & Antifields (s = 5/2).

we have the Grassmann-even Majorana-spinor ghost ξµ, which is of course γ-traceless.

Thereby, the set of fields is augmented to

ΦA = {hµν , Cµ, ψµα, ξα}. (4.10)

For each of these fields, we introduce an antifield with the same algebraic symmetries in

its indices, but opposite Grassmann parity and opposite phase in the Majorana condition

for spinors (we choose β = 1 for fields, and β = −1 for antifields). The set of antifields is

Φ∗
A = {h∗µν , C∗µ, ψ̄∗µα, ξ̄∗α}. (4.11)

In table 1, we enumerate the various fields and antifields along with the actions of

Γ and ∆ on them, spell out their gradings, Grassmann parity ǫ, and the phase β in the

Majorana condition (for spinors).

The free master action S0 is an extension of the original gauge-invariant action (4.9)

by terms involving ghosts and antifields. Explicitly,

S0 =

∫

d3x

(

1

2
hµνGµν − 1

2
ψ̄µαRµα + 2h∗µν∂µCν − ψ̄∗µα∂µξα

)

. (4.12)

Notice that the antifields source the gauge variations, with gauge parameters replaced by

corresponding ghosts. It is easy to see that S0 satisfies the master equation: (S0, S0) = 0.

4.2 First-order deformations

We are now ready to study the deformations of the master action that are first order in

the infinitesimal parameter g. Apart from locality and Poincaré invariance, we will assume

that the deformed theory preserves parity, which is a symmetry of the free theory (4.12).

First, we will consider deformations that correspond to non-Abelian vertices in the theory.

Then we will study Abelian vertices, and show that in D = 3 such vertices cease to exist.
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4.2.1 Non-Abelian vertices

Non-Abelian vertices deform the gauge algebra, and correspond to deformations of the

master action with a2 being a nontrivial element in H(Γ|d). Note that a2 is a Grassmann-

even, Hermitian and parity-invariant (by assumption) Lorentz scalar with a vanishing ghost

number: gh(a2) = 0. By invoking the same logic as that appearing in ref. [14], it is easy to

see that an a2 will consist of a single antighost and two ghost fields. Non-Abelian first-order

deformations will therefore give rise to cubic vertices in the theory.

Two a2’s are equivalent if and only is they differ by Γ-exact terms modulo d. Then,

without loss of generality, we can choose the antighost appearing in a2 to be undifferenti-

ated. We see from appendix B that any derivative acting on the bosonic ghost field Cµ can

be realized as a 1-curl Cµν up to irrelevant Γ-exact terms. On the other hand, derivatives

of the fermionic ghost ξα are always trivial in the cohomology of Γ. The possible types of

non-Abelian vertices are twofold: graviton self coupling and cross coupling.

Graviton self coupling. Because any derivative of the ghost-curl Cµν is Γ-exact, non-

trivial a2’s for graviton self coupling may contain only up to 2 derivatives. Parity and

Poincaré invariance, however, leave us with the unique possibility [14]:

a2 = λC∗
µCν∂

µCν , (4.13)

where λ is a coupling constant. Upon using the second equation (3.16) of the consistency

cascade, after a straightforward calculation one arrives at [14]:

a1 = λh∗µνCρ (∂
ρhµν − ∂µhνρ − ∂νhµρ) + ã1, (4.14)

where the ambiguity term ã1 is a nontrivial element in H(Γ) with agh(ã1) = 1 and

gh(ã1) = 0. As shown in appendix B, one must have ã1 = ∆-exact. Given the cocycle

condition (3.17), such an ã1 has no bearing whatsoever in the vertex a0, and therefore can

be set to zero without any loss of generality. This is in contrast with the case of D > 3 [14],

where there exist nontrivial ambiguity terms that may give rise to higher-derivative cubic

couplings unless restriction on the number of derivatives is assumed.

Then, from the third equation (3.17) of the consistency cascade one arrives at [14]:

a0 = λ
(

κ−1Lhhh

)

, (4.15)

where Lhhh has been given in eq. (2.21). Therefore, up to an overall coupling constant, the

graviton cubic self coupling is the same that appears in General Relativity. Moreover, this

is the off-shell form of the only parity-preserving vertex that one would expect in D = 3

from the classification of cubic vertices of bosonic gauge fields [29, 31].

Cross coupling. Nontrivial a2’s for cross coupling, on the other hand, cannot contain

more than 1 derivative. The most general gauge-algebra deformation reads:

a2 = β0 ξ̄
αγµξ∗αCµ + β1 ξ̄αγ

µξαC∗
µ + β2 ξ̄αγ

µνξ∗αCµν . (4.16)

At this point, it is important to take note of the γ-matrix identities (C.1) and (C.2). In

D = 3, in view of the γ-tracelessness of the fermionic (anti)ghost, one finds that bilinears
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containing 0 or 1 γ-matrix are equivalent those containing respectively 2 or 3 γ-matrices,

e.g., ξ̄[µ ξ
∗
ν] =

1
2 ξ̄αγµν ξ

∗α, and ξ̄αγ
µξα = −ξ̄αγ

µαβξβ etc. It is therefore clear that the a2
given in eq. (4.16) did not miss any linearly independent terms.

Now, taking the ∆-variation of eq. (4.16), one arrives at the following form:

∆a2
.
=

1

2
β0 ξ̄αγ

µψ∗ναCµν + Γ-exact. (4.17)

The first term proportional to β0 is nontrivial in the cohomology of Γ modulo d. In order

for the second equation (3.16) of the consistency cascade to be fulfilled, we must set:

β0 = 0. (4.18)

This choice reduces eq. (4.17) to the desired form:

∆a2
.
= 4β1 ξ̄αγ

µ∂νξαh∗µν − β2
(

ξ̄αγ
µνψ∗ρα∂ρCµν + ∂ρξ̄αγ

µνψ∗ραCµν

)

, (4.19)

where the right-hand side is manifestly Γ-exact. Thus, we arrive at:

a1 = −4β1 ξ̄αγ
µψναh∗µν + β2

(

ξ̄αγ
µνψ∗ραhµν‖ρ + ψ̄ραγ

µνψ∗ραCµν

)

, (4.20)

where again we have dropped the ambiguity term ã1 ∈ H(Γ). The reasoning behind this

is already given in the study of graviton self coupling.

Taking again a ∆-variation and using ∆ψ∗ρα = Rρα = −ερσλ∂σψλ
α, we get:

∆a1 = 4β1 ξ̄αγ
µψναGµν − β2 ε

ρσλ
(

ξ̄αγ
µν∂σψλ

αhµν‖ρ − ψ̄ραγ
µν∂σψλ

αCµν

)

. (4.21)

By virtue of the relation: Gτλ = 1
4ε

τµνελρσRµνρσ, the first term in eq. (4.21) can be written

in terms of the linearized Riemann tensor. On the other hand, for Majorana spinors one

can write: ερσλψ̄ραγ
µν∂σψλ

α = 1
2ε

ρσλ∂σ
(

ψ̄ραγ
µνψλ

α
)

, which simplifies the last term. Up

to total derivatives therefore we can write:

∆a1
.
= −

(

β1 +
1

2
β2

)

ερσλξ̄αγ
µνψλ

αRµνρσ + Γ-exact. (4.22)

The first term in the above equation is nontrivial in the cohomology of Γ modulo d, and

so its coefficient must be set to zero in order that eq. (3.17) be fulfilled:

1

2
β2 = −β1 ≡ β . (4.23)

Then, the right hand side of eq. (4.22) is left with the desired Γ-exact piece:

∆a1
.
= −β ερσλ

(

2∂ρξ̄αγ
µνψλ

αhµν‖σ + ψ̄ραγ
µνψλ

α∂σCµν

)

, (4.24)

so that in accordance with eq. (3.17) we finally obtain the cubic cross coupling:

a0 = β ψ̄µα γ
µνργσλ ψν

α hσλ‖ ρ . (4.25)

Note that this is a parity-preserving 1-derivative vertex, and as such it qualifies as the

minimal coupling of a massless spin-5/2 field to a spin-2 gauge field.
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4.2.2 Absence of Abelian vertices

We will now show that there are no Abelian verices2 for the system under consideration.

Abelian vertices are those that do not deform the gauge algebra, and correspond to trivial

a2’s. Then, it is always possible to choose an a1 that is Γ-closed [25–28]:

Γa1 = 0, (4.26)

and relates to the Abelian vertex a0 through the cocycle condition (3.17). However, it

follows from appendix B that a1 = ∆-exact. In view of the cocycle condition (3.17), a

∆-exact a1 does not affect the vertex a0. Therefore, without any loss of generality, a1 can

be set to zero. The cocycle condition (3.17) then reduces to the following form:

Γa0
.
= 0, (4.27)

from which it follows that the vertex cannot be nontrivial, i.e., a0 must be of the form:

a0
.
= ∆-exact. (4.28)

To see this, let us note that it is always possible to rewrite a vertex as one of the fields

{hµν , ψ̄µα} contracted respectively with one of the currents {Tµν ,Θµα}:

a0 =

{

hµνT
µν , gravitons appear

ψ̄µαΘ
µα, otherwise.

(4.29)

Then, inserting this form of a0 into eq. (4.27) we respectively arrive at:

hµν ΓT
µν − 2Cν∂µT

µν .
= 0, ψ̄µαΓΘ

µα + ξα∂µΘ
µα .

= 0. (4.30)

Note that the ghost fields appear in ΓTµν and ΓΘµα only with derivatives. A functional

derivative of eq. (4.30) w.r.t. an undifferentiated ghost then yields:

∂µT
µν = 0, ∂µΘ

µα = 0. (4.31)

In order for the currents to be identically conserved, they must take the form:

Tµν = ∂ρ∂σX
[µρ][νσ], Θµα = ∂νY

[µν]α. (4.32)

Here X has the symmetry of the window diagram , i.e., that of the Riemann tensor.

While the antisymmetry of X [µρ][νσ] in the indices (µ, ρ) and (ν, σ) is required by the iden-

tical conservation of the current, symmetry in the indices (ρ, σ) is imposed the derivatives

in front, which in turn demands symmetry in (µ, ν). On the other hand, Y [µν]α is an-

tisymmetric in the indices (µ, ν) and γ-traceless in the index α. Plugging the required

forms (4.32) of the currents into eq. (4.29), and the integrating by parts, we arrive at:

a0
.
=

{

1
4RµνρσX

[µν][ρσ], gravitons appear

−∂[µψ̄ν]αY
[µν]α, otherwise.

(4.33)

2We are interested in vertices that are at least cubic in the fields. In other words, we are not considering

tadpole terms, which however will be taken into account in section 6.
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Because the curvatures {Rµνρσ, ∂[µψν]α} are ∆-exact (see appendix A), it follows that an

Abelian vertex a0 must be ∆-exact modulo d as claimed.3

4.2.3 Summary at first order

Let us make a summary of the results obtained in this section. The complete set of first-

order deformations of the master action is given by:

a2 = λC∗
µCν∂

µCν + β
(

2ξ̄αγ
µνξ∗αCµν − ξ̄αγ

µξαC∗
µ

)

, (4.34)

a1 = λh∗µνCρ (∂
ρhµν − ∂µhνρ − ∂νhµρ)

+2β
(

ψ̄ραγ
µνψ∗ραCµν + 2ξ̄αγ

µψναh∗µν + ξ̄αγ
µνψ∗ραhµν‖ρ

)

, (4.35)

a0 = λ
(

κ−1Lhhh

)

+ β ψ̄µα γ
µνργσλ ψν

α hσλ‖ ρ , (4.36)

where λ and β are two yet-arbitrary coupling constants, and Lhhh is given by eq. (2.21).

4.3 Consistency at second order

We will now study the consistency requirements at second-order in the deformation pa-

rameter g. First, we would like to compute the quantity c2 given through eq. (3.20) by the

antibracket of
∫

a2 with itself. Because
∫

a2 is Grassmann even, we can write:

∫

c2 = −
(

δR

δΦA

∫

a2

)(

δL

δΦ∗
A

∫

a2

)

. (4.37)

Schematically, c2 can be written as a sum of terms proportional to α2, αβ and β2:

c2 = λ2c
(λλ)
2 + λβ c

(λβ)
2 + β2c

(ββ)
2 , (4.38)

where c
(λλ)
2 , c

(λβ)
2 and c

(ββ)
2 are Lorentz scalars having the same gradings as c2. While com-

puting these quantities, it is important thing to keep in mind that a functional derivative

w.r.t. the fermionic (anti)ghost must be γ-traceless. A straightforward calculation yields:

c
(λλ)
2 =

[

∂µ
(

C∗
µCν

)

+ C∗
µ∂

µCν

]

Cρ∂
νCρ, (4.39)

c
(λβ)
2 = −

[

∂µ
(

C∗
µCν

)

+ C∗
µ∂

µCν

]

ξ̄αγ
νξα + 4∂µ

(

ξ̄αγ
µνξ∗α

)

Cρ∂νC
ρ, (4.40)

c
(ββ)
2 = −4

(

ξ̄∗αγ
µνCµν + ξ̄αγ

µC∗
µ

)

γ-t
(γρσξαCρσ)γ-t , (4.41)

where the subscript “γ-t” stands for the γ-traceless part of the term under consideration.

The second-order deformations ought to fulfill the consistency conditions (3.23)–(3.25).

Then, it is necessary that c2, given in eqs. (4.38)–(4.41), be trivial in the cohomology

H1(Γ|d). In other words, we would like to find a quantity b2, with agh(b2) = 2 and

gh(b2) = 0, such that c2
.
= Γb2. The requirement that such a b2 exist poses nontrivial

constrains on the cubic couplings λ and β, as we will see.

3Because we did not assume parity invariance of Tµν , it follows as a byproduct of our analysis that the

parity non-invariant 3-derivative cubic self coupling of gravitons, reported in [31], must be non-Abelian.
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Now, the consistency of General Relativity as a gauge theory ensures that c
(λλ)
2 itself

belongs to H1(Γ|d). It is not difficult to reconfirm this. Indeed, one can rewrite eq. (4.39)

in terms of an undifferentiated antighost, as:

c
(λλ)
2

.
= C∗

µ (−Cν∂
µCρ∂

νCρ − CνCρ∂
µ∂νCρ + ∂µCνCρ∂

νCρ)

= C∗
µ

[

−2CνCρ∂
ν∂(µCρ) + 2∂µCνCρ∂(νCρ)

]

, (4.42)

where in the last line we have used that fact that Cµ is Grassmann odd. This gives:

c
(λλ)
2

.
= Γb

(λλ)
2 , b

(λλ)
2 ≡ C∗

µ (∂
µCνCρhνρ − CνCρ∂

νhµρ) . (4.43)

Next we consider eq. (4.40), and rewrite c
(λβ)
2 in terms of undifferentiated antighosts,

modulo total derivatives. Then, on account of eqs. (B.2) and (B.5), we arrive at:

c
(λβ)
2

.
= ξ̄∗αγ

µνξαCµρCν
ρ − 1

2
C∗
µξ̄αγνξ

αCµν + Γ-exact. (4.44)

The first two terms appearing on the right side of in eq. (4.44) are nontrivial elements in

H1(Γ|d). Such terms must be eliminated in order for the theory to be consistent beyond

first order in the deformation parameter. The only way this may happen, if at all, is

through the mutual cancellation of similar terms arising possibly from c
(ββ)
2 .

To see if the offending terms in c
(λβ)
2 can be eliminated, we need to compute c

(ββ)
2 from

eq. (4.41). The technical steps of the explicit computation are relegated to appendix C.2.

The result turns out to be exactly of the form we have hoped for. To be explicit,

c
(ββ)
2 =

16

3

(

ξ̄∗αγ
µνξαCµρCν

ρ − 1

2
C∗
µξ̄αγνξ

αCµν

)

+ Γ-exact. (4.45)

In view of the expressions (4.43)–(4.45), we conclude from eq. (4.38) that the resulting

c2 will be a trivial element in H1(Γ|d) if and only if the couplings λ and β satisfy:

β

(

λ+
16

3
β

)

= 0. (4.46)

Therefore, the absence of obstructions at O(g2) necessarily requires that the number of

independent coupling constants appearing at O(g) reduces to a single one. The quadratic

constraint (4.46) gives rise to the following two branches of solutions:

β =

{

− 3
16λ, fermion coupled to gravity

0, free fermion plus gravity.
(4.47)

We would be interested in the first branch, which corresponds to a non-vanishing β and

therefore to a nontrivial coupling to gravity of the spin-5/2 fermion at O(g).

One can explicitly work out the remaining O(g2)-consistency conditions (3.24)–(3.25)

to find that they pose no additional constraints. It is however easy to be convinced of this

fact even without doing this exercise. To see this, let us make the identification:

κ = gλ+O(g2), (4.48)
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and write down the first-order deformations of the master action. At agh = 0, the result

obtained from eq. (4.34) coincides with the cubic vertices of the Aragone-Deser spin-5/2

hypergravity [8]. The latter theory does exist and is consistent up to all orders. It follows

that the cubic couplings of our deformed theory cannot be constrained any further.

Note that the identification (4.48) reproduces not only the cubic vertices but also the

hypersymmetry transformations of the theory. Indeed, one can collect the agh = 1 terms

in the master action at the zeroth order (4.12) and at the first order (4.35), and take

functional derivatives w.r.t. the antifields h∗µν and ψ̄∗µα respectively, and obtain:

δǫhµν =
3

4
κ ǭαγ(µψν)

α +O
(

κ2
)

, (4.49)

δǫψµ
α = ∂µǫ

α − 3

8
κ hρσ‖µ

(

γρσδαβ − 2

3
γβ

ρσγα
)

ǫβ +O
(

κ2
)

. (4.50)

This is exactly the hypersymmetry transformations (2.24)–(2.25) for n = 1 without flavor

multiplicity. In writing the above, we have omitted the gauge variations involving the ghost

Cµ because they just comprise transformations under diffeomorphism.

4.4 Uniqueness to all orders

Now we are going to show that our results exclusively reproduce the spin-5/2 Aragone-

Deser hypergravity [8] in the metric-like version. In the context of our theory, we will

essentially repeat the arguments presented in [14, 16]. Because the Aragone-Deser theory

has already been reproduced up to O(g), the deformed master action (3.6) reduces to:

S = S0 + gSH
1 (λ̂) + g2S2 + g3S3 + · · · , (4.51)

where the superscript “H” pertains to the Aragone-Deser theory, and λ̂ = {λ, β} col-

lectively denotes the coupling constants obtained at the first order in the deformation

parameter g, subject to the constraint (4.46) imposed by second-order consistency.

Because the functional S2 obeys eq. (3.18), it must be of the form:

S2 = SH
2 (λ̂2) + S′

2, with sS′
2 = 0. (4.52)

In other words, the second-order deformation of the master action may differ with that

of the Aragone-Deser theory only by a term which belongs to the cohomology of s. Note

that in deriving the first-order deformations S1 we did not assume anything more than

locality, parity and Poincaré invariance. Therefore, given eq. (3.10), it is clear that under

the assumptions stated above any nontrivial element in H(s) must be the same as S1,

modulo coupling constants. In particular, we will have

S′
2 = SH

1 (λ̂′), with some λ̂′ = {λ′, β′}. (4.53)

Next, we consider the third-order consistency condition, which reads

(S0, S3) = −
(

S2, S
H
1 (λ̂)

)

⇒ sS3 = −
(

SH
2 (λ̂2), SH

1 (λ̂)
)

−
(

SH
1 (λ̂′), SH

1 (λ̂)
)

. (4.54)
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Then, S3 must be of the form:

S3 = SH
3 (λ̂3) + S′

3, with sS′
3 = −

(

SH
1 (λ̂′), SH

1 (λ̂)
)

. (4.55)

In view of eq. (3.18), it is easy to see that the general solution for S′
3 will be:

S′
3 = 2SH

2 (λ̂λ̂′) + S′′
3 , with sS′′

3 = 0, (4.56)

where one will again have:

S′′
3 = SH

1 (λ̂′′), with some λ̂′′ = {λ′′, β′′}. (4.57)

Plugging eqs. (4.52)–(4.57) into the deformation expansion (4.51) one then obtains:

S = S0 + gSH
1 (λ̂+ gλ̂′ + g2λ̂′′) + g2SH

2 (λ̂2 + 2gλ̂λ̂′) + g3SH
3 (λ̂3) +O(g4). (4.58)

Now it is clear from the discussion of section 4.3 that, to the relevant order in g,

the first-order deformed coupling constants λ̂1 ≡ λ̂ + gλ̂′ will be subject to the same

second-order consistency condition as the undeformed ones λ̂ = {λ, β}, namely eq. (4.46).

Continuing to higher orders in this way, we obtain the general solution for the all-order

deformed master action:

S = S0 +
∞
∑

n=1

gnSH
n (λ̂n

∞), with λ̂∞ ≡ λ̂+ gλ̂′ + g2λ̂′′ + · · · . (4.59)

Again, the all-order deformed coupling constants λ̂∞ = {λ∞, β∞} are subject to the con-

straint (4.46). In accordance with eq. (4.47), one must have β∞ = − 3
16λ∞ in order for the

fermion to couple to gravity. Given eq. (4.59), then the identification:

κ = gλ∞, (4.60)

proves the uniqueness of the spin-5/2 Aragone-Deser hypergravity [8] up to all orders.

5 Uniqueness of generalized hypergravity

Now we will generalize the analysis of section 4 to an arbitrary-spin fermion with an

arbitrary number of flavors. In the metric-like formulation, we will consider consistent

flat-space interactions of a spin-2 gauge field and a massless Majorana fermion of spin

s = n+3/2, under the assumptions of locality, parity and Poincaré invariance. The analysis

of this section can be copied almost verbatim from section 4. We will therefore present

only the main results, skipping the detailed computations unless otherwise required.

The free theory. We start with the free theory defined by eqs. (2.18)–(2.19), which

consists of a spin-2 gauge field hµν and a massless Majorana fermion ψµα(n), I with spin

s = n + 3/2 and N flavors denoted by the index I = 1, 2, . . . , N . The set of fields and

antifields are:

ΦA = {hµν , Cµ, ψµα(n), I , ξα(n), I}, Φ∗
A = {h∗µν , C∗µ, ψ̄∗µα(n), I , ξ̄∗α(n), I}. (5.1)
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Z Γ(Z) ∆(Z) pgh(Z) agh(Z) gh(Z) ǫ(Z) β(Z)

hµν 2∂(µCν) 0 0 0 0 0 -

Cµ 0 0 1 0 1 1 -

h∗µν 0 Gµν 0 1 −1 1 -

C∗µ 0 −2∂νh
∗µν 0 2 −2 0 -

ψµα(n) ∂µξα(n) 0 0 0 0 1 +1

ξα(n) 0 0 1 0 1 0 +1

ψ̄∗µα(n) 0 −R̄µα(n) 0 1 −1 0 −1

ξ̄∗α(n) 0 ∂µψ̄
∗µα(n) 0 2 −2 1 −1

Table 2. Properties of the Fields & Antifields (s = n+ 3/2).

The fermionic (anti)field and (anti)ghost are symmetric and γ-traceless in the α-indices.

The fermionic gauge field ψµα(n), I as such is not a Fronsdal tensor-spinor, but a “dreibein-

like fermion” with covariant indices (α-indices descend from the frame indices through

contractions with flat-space dreibein). The two descriptions are however equivalent [20].

The free master action S0 is given by:

S0 =

∫

d3x

(

1

2
hµνGµν − 1

2
ψ̄µα(n),IRµα(n), I + 2h∗µν∂µCν − ψ̄∗µα(n), I∂µξα(n), I

)

, (5.2)

which satisfies the free master equation: (S0, S0) = 0, given the properties of the various

fields and antifields summarized in table 2 (with fermion flavor index suppressed).

First-order deformations. Let us note that the free master action (5.2) enjoys an O(N)

global symmetry in the flavor space. In addition to locality, parity and Poincaré invariance,

we will make the assumption that the O(N) symmetry is preserved by the interactions.

The complete set of first-order deformations of the master action then turns out to be:

a2 = λC∗
µCν∂

µCν + β
[

2ξ̄α(n), Iγ
µνξ∗α(n), ICµν − ξ̄α(n), Iγ

µξα(n), IC∗
µ

]

, (5.3)

a1 = λh∗µνCρ (∂
ρhµν − ∂µhνρ − ∂νhµρ) + 2βψ̄ρα(n), Iγ

µνψ∗ρα(n), ICµν

+2β
[

2ξ̄α(n), Iγ
µψνα(n), Ih∗µν + ξ̄α(n), Iγ

µνψ∗ρα(n), Ihµν‖ρ

]

, (5.4)

a0 = λ
(

κ−1Lhhh

)

+ β ψ̄µα(n), I γ
µνργσλ ψν

α(n), I hσλ‖ ρ , (5.5)

where λ and β are two yet-arbitrary coupling constants, and Lhhh is given by eq. (2.21).

Given the spin-5/2 results of section 4.2, it is easy to be convinced of eqs. (5.3)–

(5.5) that hold for an arbitrary-spin fermion with flavor. The two theories differ only in

the fermion sector, and up to O(g) they map to each other by the straightforward index

replacement: α ↔ {α(n), I}. This mapping becomes clear upon a comparison between the

respective free master actions (4.12) and (5.2), and the property tables: table 1 and table

2. Now that the first-order deformations are given by the cohomology of the free BRST

differential s, in accordance with eq. (3.10), clearly the mapping would continue to hold

up to O(g) under the assumptions stated above.
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Consistency at second order. At the second order in the deformation parameter g,

we compute the quantity c2 given through eq. (3.20), and cast it into the schematic ex-

pression (4.38). The term c
(λλ)
2 will again be given by eqs. (4.39) and (4.42)–(4.43). The

other terms in c2 can also be computed easily. One of these terms is c
(λβ)
2 , which reads:

c
(λβ)
2 = −

[

∂µ
(

C∗
µCν

)

+ C∗
µ∂

µCν

]

ξ̄α(n), Iγ
νξα(n), I + 4∂µ

(

ξ̄α(n), Iγ
µνξ∗α(n), I

)

Cρ∂νC
ρ

.
= ξ̄∗α(n), Iγ

µνξα(n), ICµρCν
ρ − 1

2
C∗
µξ̄α(n), Iγνξ

α(n), ICµν + Γ-exact, (5.6)

where the second line has been derived by rewriting the first one in terms of undifferentiated

antighosts modulo total derivatives, and then using eqs. (B.2) and (B.5). Last but not the

least, we need to compute c
(ββ)
2 ; the result is:

c
(ββ)
2 = −4

[

ξ̄∗α(n), Iγ
µνCµν + ξ̄α(n), Iγ

µC∗
µ

]

γ-t

[

γρσξα(n), ICρσ

]

γ-t
(5.7)

=

(

16

2n+ 1

)[

ξ̄∗α(n), Iγ
µνξα(n), ICµρCν

ρ − 1

2
C∗
µξ̄α(n), Iγνξ

α(n), ICµν

]

+ Γ-exact,

where the subscript “γ-t” stands for the γ-traceless part of the term under consideration,

and the detailed technical steps leading to the second line is given in appendix C.2.

The resulting c2 will be a trivial element in H1(Γ|d) and thereby fulfill eq. (3.23) if

and only if the couplings λ and β satisfy:

β

{

λ+

(

16

2n+ 1

)

β

}

= 0. (5.8)

The absence of obstructions at O(g2) therefore necessarily requires that the number of

independent coupling constants appearing at O(g) be a single one. The quadratic con-

straint (5.8) gives rise to the following branches of solutions:

β =

{

−1
8

(

n+ 1
2

)

λ, fermion coupled to gravity

0, free fermion plus gravity.
(5.9)

As before, we would be interested in the first branch, which corresponds to a non-vanishing

β and therefore to a nontrivial coupling to gravity of the higher-spin fermion at O(g).

The remaining O(g2)-consistency conditions (3.24)–(3.25) would pose no more con-

straints on the first-order couplings for reasons already explained in section 4.3. Indeed,

the identification. (4.48) would reproduce the cubic vertices (2.20)–(2.23) as well as the

hypersymmetry transformations (2.24)–(2.25) of generalized hypergravity of section 2.2.

Uniqueness to all orders. Because the generalized hypergravity theory of section 2.2

has already been reproduced up to O(g), the deformed master action (3.6) reduces to the

form:

S = S0 + gSGH
1 (λ̂) + g2S2 + g3S3 + · · · , (5.10)

where the superscript “GH” pertains to generalized hypergravity, and λ̂ = {λ, β} col-

lectively denotes the coupling constants obtained at the first order in the deformation

parameter g, subject to the constraint (5.8) imposed by second-order consistency.
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One can repeat the logical steps of section 4.4 to obtain the general solution for the

all-order deformed master action:

S = S0 +
∞
∑

n=1

gnSGH
n (λ̂n

∞), with λ̂∞ ≡ λ̂+ gλ̂′ + g2λ̂′′ + · · · , (5.11)

where the all-order deformed coupling constants λ̂∞ = {λ∞, β∞} are subject to the con-

straint (5.8). In accordance with eq. (5.9), one must have β∞ = −1
8

(

n+ 1
2

)

λ∞ in order

for the higher-spin fermion to couple to gravity. Given eq. (5.11), then the identification:

κ = gλ∞, (5.12)

proves the all-order uniqueness of the generalized hypergravity theory of section 2.2.

6 Hypergravity with cosmological deformation

In this section we study the consequences of a cosmological term in order to shed light

on the nature of (generalized) hypergravity in (Anti-)de Sitter space. Let us recall that,

in sections 4 and 5, while solving for the cohomology of the free BRST differential s at

zero ghost number, we restricted ourselves to local functionals that are at least cubic in the

fields. Relaxing this requirement would invoke tadpole terms in the theory. However, when

viewed as a theory of an interacting spin-2 gauge field around flat space, General Relativity

with(out) a cosmological constant does (not) contain tadpole terms [14]. Therefore, in order

to admit a cosmological term we must relax the aforementioned requirement.

6.1 Obstruction of spin-5/2 hypergravity

We start with the free system of section 4.1, namely that of a spin-2 and a Majorana spin-

5/2 gauge fields in flat space. In this case, the first order deformations would contain those

of section 4.2 plus all possible tadpole terms. The latter kind of terms may be present

as ambiguities in the gauge symmetry deformations corresponding to non-Abelian vertices

and/or in the form of Abelian vertices. Because the consistency of the non-Abelian vertices

constructed in section 4.2.1 does not require ambiguities ã1, it suffices to reconsider the

(non-)existence of Abelian vertices discussed in section 4.2.2.

As alluded in appendix B, under the weaker assumptions of this section, eq. (4.26)

may admit nontrivial solutions: a1 6= ∆-exact. In this case, a1 will be a quadratic term

with one antifield and one ghost. The only possibility of this type is:

a′1 = −µ ξ̄α/ψ∗
α, (6.1)

where µ is an arbitrary coupling constant. Note that the bosonic pair
{

h∗µν , Cµ

}

does not

contribute here, since it is impossible to construct out of them a nontrivial Lorentz scalar.

It is easy to see that the gauge symmetry deformation (6.1) has a lift to an Abelian vertex

through eq. (3.17). The result is a mass deformation of the fermion Lagrangian [15]:

a′0 = −1

2
µ ψ̄µαγ

µνψν
α. (6.2)
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It remains to consider Abelian vertices that do not deform the gauge transformations

and satisfy eq. (4.27). The unique possibility is the linearized cosmological term [14]:

a′′0 = −2αhµνη
µν , (6.3)

where α is yet another coupling constant. Along the line of discussion of section 4.2.2, this

“vertex” can be understood as a graviton field contracted with the current: Tµν = −2αηµν ,

which is actually a constant and therefore conserved. This current bypasses the no-go

result of section 4.2.2 in that the general solution reported in eq. (4.32) assumes that Tµν

is space-time dependent. No fermionic current Θµα of this kind exists.4

Having obtained all the possible tadpole terms, we are not ready to summarize the

first-order deformations of the master action. They are given by the results (6.1)–(6.3)

added to the deformations (4.34)–(4.36) that exclude tadpole terms. That is,

a2 = aH2 , a1 = aH1 − µ ξ̄α/ψ∗
α, a0 = aH0 − 1

2
µ ψ̄µαγ

µνψν
α − 2αhµνη

µν , (6.4)

where the superscript “H” refers to the corresponding quantity in the absence of tadpole

terms. In particular, aH2 , aH1 and aH0 are given by eqs. (4.34)–(4.36) respectively.

Next, we would like to explore the consistency conditions (3.23)–(3.25) required at the

second order in the deformation parameter. With this end in view, we would like to compute

the quantities c2, c1 and c0 from the first-order deformations (6.4) through the defining

equations (3.20)–(3.22). The details of these technically-rather-involved computations are

given in appendix C.3. The final results are:

c2 = cH2 , c1 ≈ cH1 +
64

3
µβ ∂(µψ̄

∗
ν)

µ
s-t /C ξν , c0 ≈ cH0 +

(

2

3
µ2 − 8αβ

)

ξ̄α/ψ
α, (6.5)

where the symbol “≈” means equality up to Γ-exact terms modulo ∆-exact terms modulo

total derivatives, and the subscript “s-t” stands for a symmetric-traceless projection. The

explicit terms ∂(µψ̄
∗
ν)

µ
s-t /Cξν and ξ̄α/ψ

α appearing in eqs. (6.5) are nontrivial elements in

H1(Γ|∆|d). The second-order consistency conditions (3.23)–(3.25) then require that:

β

(

λ+
16

3
β

)

= 0, µβ = 0, µ2 − 12αβ = 0, (6.6)

where the first relation results from requiring that c2 = cH2 be Γ-exact modulo d, and so

it is identical to eq. (4.46). The terms cH1 and cH0 may also contain nontrivial elements of

H1(Γ|∆|d), but they require no additional relations as already explained in section 4.3.

A cosmological term in the theory sets α 6= 0, in which case a non-vanishing coupling

of the fermion to gravity (β 6= 0) would lead us to the following relations:

β = − 3

16
λ 6= 0, µβ = 0, µ2 = 12αβ 6= 0. (6.7)

This set of mutually-incompatible relations admits no solutions for the first-order coupling

constants, and signals a cohomological obstruction. The conclusion is that α and β cannot

4The only possibility Θµα = γµα + 2ηµα is ruled out by the assumption of Poincaré invariance of the

undeformed theory. (The inclusion of cosmological deformation deforms Poicaré to AdS isometry.)
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be simultaneously nonzero under the assumptions of our analysis. In other words, in the

presence of a cosmological deformation there is no consistent parity and Poincaré invariant

interacting local theory of a spin-2 and a Majorana spin-5/2 gauge fields.

6.2 Obstruction of generalized hypergravity

Now we will generalize the results of the previous section to a fermion with arbitrary spin

s = n+ 3/2 and an arbitrary number of flavors. We have the free system of section 5 and

the corresponding first-order deformations (5.3)–(5.5). When tadpole terms are included,

the result is a straightforward generalization of eqs. (6.4), namely

a2 = aGH
2 , a1 = aGH

1 −µξ̄α(n), I /ψ∗
α(n), I , a0 = aGH

0 − 1

2
µψ̄µα(n), Iγ

µνψν
α(n), I −2αhµνη

µν ,

(6.8)

where the superscript “GH” refers to the corresponding quantity in generalized hypergrav-

ity with tadpole terms excluded.

To check the second-order consistency conditions (3.23)–(3.25), we need to compute

c2, c1 and c0 from the first-order deformations (6.8) through eqs. (3.20)–(3.22). With the

details given in appendix C.3, the computations lead us to the results:

c2= cGH
2 , c1≈ cGH

1 +

(

64n

2n+1

)

µβ∂(µψ̄
∗
ν)

µ,I
s-t /CξνI , c0≈ cGH

0 +

(

2µ2

2n+1
−8αβ

)

ξ̄α,I /ψ
α,I ,

(6.9)

where again “≈” corresponds to equality up to Γ-exact terms modulo ∆-exact terms modulo

total derivatives, and the subscript “s-t” means a symmetric-traceless projection. Then,

the second-order consistency conditions (3.23)–(3.25) demand that:

β

{

λ+

(

16

2n+ 1

)

β

}

= 0, nµβ = 0, µ2 − 8

(

n+
1

2

)

αβ = 0, (6.10)

where the rank n = s− 3/2 takes the values 0, 1, 2, . . . ,∞.

Aragone-Deser hypergravity and its higher-spin generalizations correspond to n > 0,

for which there is a cohomological obstruction if α 6= 0 and β 6= 0. In this case, the system

of equations (6.10) reduces to the following form:

β = −1

8

(

n+
1

2

)

λ 6= 0, µβ = 0, µ2 = 8

(

n+
1

2

)

αβ 6= 0, (6.11)

which admits no solutions. The conclusion is that in the presence of a cosmological defor-

mation there is no consistent parity- and Poincaré-invariant interacting local theory of a

spin-2 gauge field and a massless Majorana fermion with spin s ≥ 5/2.

As a byproduct of our analysis it follows that the second-order obstruction disappears

for extended supergravity theories inD = 3. To see this, note that supergravity corresponds

to n = 0, which admits the following solution of the system of equations (6.10):

β = − 1

16
λ 6= 0, µ2 = 4αβ 6= 0. (6.12)

These requirements are indeed mutually compatible. This is hardly a surprise given that

three-dimensional extended Anti-de Sitter supergravity does exist as a consistent theory

of a spin-2 and a number of spin-3/2 gauge fields [32]. It is however reassuring that our

analysis is in agreement with this well-known fact.
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7 Remarks

In this article we have studied consistent interactions of a spin-2 gauge field and a higher-

spin massless Majorana fermion in 3D flat space. Under the assumptions of locality, parity

and Poincaré invariance, we have found in the metric-like formulation that the interacting

theory is unique: Aragone-Deser hypergravity [8] or a higher-spin generalization thereof.

Local hypersymmetry and its higher-spin counterparts follow automatically as the only

consistent deformations of the gauge transformations. We also showed that an extension

of (generalized) hypergravity to an arbitrary number of fermion flavors does not change

these features. In the presence of a cosmological constant, however, there is no consistent

theory of a higher-spin fermionic gauge field coupled to gravity under those assumptions.

One possible way to generalize our analysis is to relax the assumption of parity [30].

After all, parity-odd cubic vertices do exist in D = 3, at least for bosons [31]. This would

give rise to an additional graviton self coupling at the cubic level. On the other hand, our

results for cubic fermion-graviton-fermion cross couplings−non-Abelian or Abelian−did

not rely on parity. Therefore, our analysis excludes the possibility of parity-odd cubic

vertices (of the type 2 − s − s) between a graviton and a higher-spin Majorana fermion.

However, it could still be possible to construct such vertices by endowing the graviton with

a Chan-Paton factor as in colored gravity [33, 34].

We would like to emphasize that our no-go results for cosmological hypergravity and its

higher-spin generalizations no longer hold if locality is given up. Non-locality, if necessary,

might be intrinsic and/or result from having integrated out additional degrees of freedom

in the consistent interacting theory. Indeed, it is the second possibility that gives way to

the yes-go results of [35], where it was shown that in Anti-de Sitter space the inclusion

of a massless spin-4 field makes hypergravity consistent (see also [36]). For a fermion of

arbitrary spin s = n + 3/2, the yes-go works with the even spins 2, 4, . . . , 2n + 2. In the

context of our analysis, it would be interesting to see how the inclusion of these additional

fields in the spectrum remove the otherwise-present cohomological obstructions.

The coupling of hypergravity to matter could be interesting. In flat space, supergravity

and generalized hypergravity are analogous in that they both contain only two gauge fields:

a graviton and a Majorana fermion. This is in contrast with 3D bosonic higher-spin gauge

theories, where starting from spin 2 one usually needs all the (even) integer spins up to

some higher value. It is however expected that matter coupling of a bosonic theory would

necessarily call for an infinite tower of higher-spin fields. For generalized hypergravity,

it is plausible that coupling to a suitable matter multiplet is consistent without invoking

extra higher-spin gauge fields. This expectation arises from the matter coupling of D = 3

supergravity [37]. One could also study models with spontaneously broken hypersymmetry

(see, for example, [38]). We leave these as future work.
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A Curvatures, identities & EoMs

In this appendix we discuss some important properties of the curvatures and curls of the

different fields under consideration. We also write down the various forms of the equations

of motion (EoM) in terms of these objects, which would help us identify ∆-exact terms.

Spin-2 gauge field. The spin-2 graviton field is denoted by hµν , while its 1-curl by a

Fraktur letter: hµν‖ρ. The 1-curl is antisymmetric in its first two indices, and obeys the

Bianchi identities:

h[µν‖ρ] = 0 ⇔ hµ[ν‖ρ] = −1

2
hνρ‖µ, ∂[µhνρ]‖σ = 0. (A.1)

The 2-curl of the graviton is simply the linearized Riemann tensor: Rµν
ρσ ≡ 4∂[µ∂

[ρhν]
σ]. It

has the symmetry properties: Rµνρσ = R[µν][ρσ] = Rρσµν , and obeys the Bianchi identities:

R[µνρ]σ = 0, ∂[µRνρ]αβ = 0. (A.2)

The linearized Ricci tensor is defined as Rµν ≡ Rµρν
ρ, whose trace in turn gives the

linearized Ricci scalar R ≡ Rµ
µ. It is clear that the quantity Gµν appearing in eq. (4.1) is

nothing but the linearized Einstein tensor. The Euler-Lagrange EoMs are reflected in:

Gµν = Rµν −
1

2
ηµνR = ∆h∗µν . (A.3)

In D = 3, however, the Weyl tensor vanishes identically. One can write:

Rµνρσ = εµναερσβGαβ , Gµν =
1

4
εµαβενρσRαβρσ. (A.4)

It follows immediately that, in D = 3, the Riemann tensor itself is ∆-exact:

Rµνρσ = εµναερσβ∆h∗αβ . (A.5)

Taking traces of the above equation, one can further write:

Rµν = ∆
(

h∗µν − ηµνh
∗′
)

, R = −2∆h∗′, (A.6)

where a “prime” denotes a trace, h∗′ ≡ h∗µµ . One can take a divergence of the second

relation in eq. (A.4), and use the first Bianchi in eq. (A.2) to write:

∂µGµν =
1

4
εµαβενρσ∂µRαβρσ = 0. (A.7)

For the free spin-2 system, note that ∆2 vanishes trivially on the fields and antifields

expect when it acts on the antighost C∗µ. Now, one can write from table 1 that

∆2C∗µ = ∆(−2∂νh
∗µν) = −2∂νGµν , (A.8)

which vanishes identically because of eq. (A.7), in accordance with the nilpotency of ∆.
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Higher-spin fermion. A massless Majorana fermion of spin s = n+ 3/2 is denoted by

the tensor-spinor ψµα1...αn
, or ψµα(n) as a short-hand notation. The field is symmetric and

γ-traceless w.r.t. the α-indices: ψµα1...αn
= ψµ(α1...αn), and γαnψµα1...αn

= 0. For example,

a spin-5/2 field that corresponds to n = 1 is denoted by the tensor-spinor ψµα, which is

γ-traceless w.r.t. the second index: γαψµα = 0.

The EoMs of the higher-spin fermion (possibly with an implicit flavor index) are:

Rµα(n) ≡ γµνρ∂νψρ
α(n) = ∆ψ∗µα(n). (A.9)

For the Majorana-conjugate spinor, one obtains

∆ψ̄∗µα(n) = −R̄µα(n) ≡ ψ̄ν
α(n)

←
∂ ργ

µνρ. (A.10)

It is easy to see that the 1-curl of the fermion field itself is ∆-exact. One can simply

contract eqs. (A.9) and (A.10) with εµαβ to obtain

∂[µψν]
α(n) = ∆

(

1

2
εµνρψ

∗ρα(n)

)

, ψ̄[µ
α(n)

←
∂ ν] = ∆

(

1

2
εµνρψ̄

∗ρα(n)

)

, (A.11)

by virtue of the relation: γµνρ = −εµνρ I. Taking γ-traces of eqs. (A.11) would lead to

/∂ψµ
α(n) − ∂µ/ψ

α(n) = ∆
(

−γµνψ̄
∗να(n)

)

, ψ̄µ
α(n)

←

/∂ − /̄ψ
α(n)←

∂ µ = ∆
(

ψ̄∗να(n)γµν

)

.

(A.12)

Furthermore, double γ-traces of eqs. (A.11) give:

/∂/ψα(n) − ∂µψ
µα(n) = ∆/ψ∗α(n), /̄ψ

α(n)
←

/∂ − ψ̄µα(n)
←
∂ µ = ∆ /̄ψ

∗α(n)
. (A.13)

Another form of the EoMs can be obtained by taking a trace of eq. (A.11):

∂νψµ
να(n−1) − ∂µψ

′α(n−1) = εµνρ∆ψ∗νρα(n−1),

ψ̄µ
να(n−1)

←
∂ ν − ψ̄′α(n−1)

←
∂ µ = εµνρ∆ψ̄∗νρα(n−1).

(A.14)

Finally, a γ-trace of the above equations gives:

∂µ/ψ
µα(n−1) − /∂ψ′α(n−1) = γµν∆ψ∗µνα(n−1),

/̄ψ
µα(n−1)←

∂ µ − ψ̄′α(n−1)
←

/∂ = ∆ψ̄∗µνα(n−1)γµν .
(A.15)

For the free fermion, ∆2 vanishes trivially on the fields and antifields expect when it

acts on the antighost ξ∗α(n). Let us note from table 2 that

∆ξ̄∗α(n) = ψ̄∗µα(n)
←
∂ µ, ∆ξ∗α(n) = ∂µψ

∗µα(n). (A.16)

Therefore, one can write from eqs. (A.9)–(A.10),

∆2ξ̄∗α(n) = −R̄∗µα(n)
←
∂ µ, ∆2ξ∗α(n) = ∂µRµα(n), (A.17)

which vanish identically, in accordance with the nilpotency of ∆.
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B The cohomology of Γ

In this appendix we clarify and prove some important facts about the cohomology of Γ,

used throughout the main text. Let us recall that the action of Γ is given by:

Γhµν = 2∂(µCν), (B.1)

Γψµα(n) = ∂µξα(n), Γψ̄µα(n) = ∂µξ̄α(n). (B.2)

The nontrivial elements in H(Γ) are those gauge-invariant objects that cannot be written

as gauge variations of some other objects. Let us enumerate and discuss briefly about the

various types of such elements, and write down some important Γ-exact objects.

Curvatures. The curvatures {Rµνρσ, ∂[µψν]α(n)} and derivatives thereof are in H(Γ).

The Γ-closure of the curvatures is easy to see. For the linearized Riemann tensor, Rµνρσ,

one can take a 2-curl of eq. (B.1) and use the commutativity of partial derivatives to find:

ΓRµν
ρσ = Γ

(

4∂[ρ∂[µhν]
σ]
)

= 4∂[ρ∂[µ∂ν]C
σ] + 4∂[ρ∂[µ∂

σ]Cν] = 0. (B.3)

One can also take a 1-curl of the first equation of (B.2) to obtain:

Γ ∂[µψν]
α(n) = 0, (B.4)

and similarly for the Majorana conjugate. The fact that the curvature ∂[µψν]α(n) is Γ-closed

holds good irrespective any γ-trace constraint on the fermionic ghost.

The curvatures have pgh = 0, and therefore cannot be Γ-exact since the latter kind of

objects must have pgh > 0. It follows that the curvatures are nontrivial elements in the

cohomology of Γ. So are the derivatives of the curvatures.

Antifields. The antifields {h∗µν , C∗µ, ψ̄∗µα(n), ξ̄∗α(n)} and their derivatives are Γ-closed

objects since Γ does not act on the antifields. On the other hand, they cannot be Γ-exact

because they have pgh = 0. These objects therefore belong to the cohomology of Γ.

Ghosts & ghost-curls. Because Γ does not affect them, the undifferentiated ghosts

{Cµ, ξα(n)} are Γ-closed objects. They, on the other hand, are not Γ-exact terms since the

latter must contain at least one derivative of a ghost in accordance with eqs. (B.1)–(B.2).

Any derivative of the bosonic ghost Cµ is Γ-closed. Some derivatives can be Γ-exact,

e.g., symmetrized derivatives of Cµ are trivial in H(Γ) since by definition: ∂(µCν) =
1
2Γhµν .

A 1-curl of the bosonic ghost, Cµν ≡ 2∂[µCν], however is not Γ-exact. We have:

∂µCν = ∂(µCν) + ∂[µCν] =
1

2
Γhµν +

1

2
Cµν . (B.5)

Any derivative of Cµν is however Γ-exact. This can be seen by taking a curl of eq. (B.1)

and using the commutativity of partial derivatives, which lead us to the result:

∂ρCµν = Γhµν‖ρ . (B.6)

On the other hand, derivatives of the fermionic ghost ξα(n) are always trivial in the

cohomology of Γ. This is because the gradient of ξα(n) is Γ-exact, as we see from eq. (B.2).

So, we may exclude from the cohomology of Γ any derivative of the fermionic ghost.
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The cohomology of Γ at agh = 1 and gh = 0. Let us consider an element that

belongs to the cohomology of Γ at agh = 1 and gh = 0. It contains only one of the

antifields {h∗µν , ψ̄∗µα(n)} and only one of the ghosts {Cµ, ξα(n)} in accordance with the

gradings. The fields {hµν , ψµα(n)} may or may not show up.

In order that the element under consideration belongs to H(Γ), any nonzero number

of fields may show up only in the form of the curvatures {Rµνρσ, ∂[µψν]α(n)}. However,

in D = 3 the curvatures are ∆-exact (see appendix A). Therefore, any element in H(Γ)

containing at least one of the original fields at agh = 1 and gh = 0 must be ∆-exact.

If none of the original fields {hµν , ψµα(n)} are present, the element under consideration

will not necessarily be ∆-exact. This situation however falls outside the scope of our

analyses in sections 4 and 5. In this case the element is quadratic with one antifield and

one ghost, and as such its possible presence in the master action would invoke tadpole

terms. Such terms are taken into account in the analysis of section 6.

C Technical details

This appendix gives some technical details we omitted in the main text for the sake of read-

ability. Appendix C.1 enumerates some useful γ-matrix identities, while appendices C.2

and C.3 elaborate on the technical steps leading to some of the important derivations.

C.1 Gamma matrix identities

We would like to deal with flat-space γ-matrices: γµ ≡ γaē
a
µ , where ē a

µ is the flat-space

vielbein. Below we enumerate some useful γ-matrix identities. For the sake of generality

the identities are written an in arbitrary number of space-time dimensions D. In D = 3,

some of the identities will simplify in that the antisymmetric 4-gamma γµνρσ or any other

antisymmetrization of more than three indices vanish.

We start with the symbol ηµν|αβ ≡ 1
2

(

ηµαηνβ − ηµβηνα
)

, which is related to the anti-

symmetric 4-gamma in the following way:

ηµν|αβ =
1

2
γµνηαβ − 1

4

(

γαγβγµν + γµνγαγβ
)

+
1

2
γµναβ. (C.1)

An antisymmetric 3-gamma can be expanded in two ways:

γµαβ = γµγαβ − 2ηµ[αγβ] = γµ
(

γαγβ − ηαβ
)

− 2ηµ[αγβ], (C.2)

γαµν = γαµγν + 2ην[αγµ] = (γαγµ − ηαµ) γν + 2ην[αγµ], (C.3)

whereas its γ-trace is given by:

γµγ
µαβ = (D − 2)γαβ = (D − 2)

(

γαγβ − ηαβ
)

= γαβµγµ. (C.4)

The commutator of a 1-gamma and an antisymmetric 2-gamma reads:

[γα, γµν ] = 4ηα[µγν]. (C.5)
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The product of a pair of antisymmetric 2-gamma can be written as:

γµνγρσ = γµνρσ + 2ηµν|ρσ + 4γ[µην][ργσ]. (C.6)

Antisymmetrization in two indices in the above identity leads to:

γρσγµν − γρµγσν = ηρνγσµ + γρ
(

γ[σγµ]ν − ην[σγµ]
)

, (C.7)

γµνγρσ − γµσγρν = −ηρµγνσ −
(

γµ[νγσ] + ηµ[νγσ]
)

γρ. (C.8)

The commutator of a 1-gamma and an antisymmetric 3-gamma reads:

[γα, γµνρ] = 2γαµνρ. (C.9)

C.2 Computation of c
(ββ)
2

First, we derive the expression (4.45) for c
(ββ)
2 starting from eq. (4.41). With this end in

view, let us define the following quantities:

Āα ≡ ξ̄∗αγ
µνCµν + ξ̄αγ

µC∗
µ, Bα ≡ γµνξαCµν . (C.10)

Their γ-traces will be given by:

/̄A = −4

(

ξ̄∗αγµCαµ +
1

2
ξ̄αγ

αµC∗
µ

)

, /B = 4γµξαCαµ, (C.11)

where we have made use of the commutator (C.5), given the γ-tracelessness of the fermionic

(anti)ghost. Then, we can rewrite eq. (4.41) as:

c
(ββ)
2 = −4

(

Āα − 1

3
/̄A γα

)(

Bα − 1

3
γα /B

)

= −4

(

ĀαB
α − 1

3
/̄A /B

)

. (C.12)

The explicit expressions of the terms ĀαB
α and /̄A /B are given by:

ĀαB
α =

(

ξ̄∗αγ
µνγρσξα

)

CµνCρσ + C∗
µ

(

ξ̄αγ
µγνρξα

)

Cνρ, (C.13)

/̄A /B = −16
(

ξ̄∗αγµγνξβ
)

CαµCβν − 8C∗
µ

(

ξ̄αγ
αµγνξβ

)

Cβν . (C.14)

While computing the right hand side of eq. (C.13), in the first term we use identity (C.6)

and the Grassmann oddness of the bosonic ghost-curl: CµνCρσ = −CρσCµν . In the second

term we use identity (C.2) and the vanishing of the quantity ξ̄αγ
µνρξα. The result is:

ĀαB
α = −4

(

ξ̄∗αγ
µνξαCµρCν

ρ − 1

2
C∗
µξ̄αγνξ

αCµν

)

. (C.15)

The right hand side of eq. (C.14) is trickier to compute. By virtue of the relation:

(

ξ̄∗αγµνξβ
)

CαµCβν = 0, (C.16)
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we can cast the first term into the form:
(

ξ̄∗α η
αβ|α′β′

ξβ

)

Cα′ρCβ′
ρ, which can then be

rewritten in terms of an antisymmetric 2-gamma because of identity (C.1). The second

term on the other hand reduces, on account of identity (C.3), to the form:

C∗
µ

(

ξ̄αγ
αµγνξβ

)

Cβν = C∗
µ ξ̄α

(

γαµνCβ
ν

)

ξβ + C∗
µ

(

ξ̄αγµξβ
)

Cαβ . (C.17)

The second term on the right hand side vanishes since ξ̄αγµξβ is symmetric in (α, β). In

the first term we can make the splitting: Cβ
ν = 2∂βCν + Γ-exact, and consider the term

γαµν∂βCν , in which antisymmetry in (α, β) is imposed by the Majorana spinor. Since the

complete antisymmetrization: γ[αµν∂β]Cν vanishes in D = 3, eq. (C.17) reduces to:

C∗
µ

(

ξ̄αγ
αµγνξβ

)

Cβν = Γ-exact− C∗
µ ξ̄α

(

γµαβ∂νCν − γναβ∂µCν

)

ξβ

= Γ-exact− 1

2
C∗
µξ̄αγνξ

αCµν , (C.18)

where the second line was obtained by using eq. (B.5) and its trace, and identity (C.2).

Therefore, we have reduced eq. (C.14) to the form:

/̄A /B = −8

(

ξ̄∗αγ
µνξαCµρCν

ρ − 1

2
C∗
µξ̄αγνξ

αCµν

)

+ Γ-exact. (C.19)

Now plugging eqs. (C.15) and (C.19) into eq. (C.12) gives:

c
(ββ)
2 =

16

3

(

ξ̄∗αγ
µνξαCµρCν

ρ − 1

2
C∗
µξ̄αγνξ

αCµν

)

+ Γ-exact, (C.20)

which is precisely eq. (4.45) that we wanted to derive.

It remains to be shown that relation (C.16) indeed holds. To see this let us write:

(

ξ̄∗αγµνξβ
)

CαµCβν = −1

2

(

ξ̄∗ργ
ρσγµνξβ

)

CσµCβν +
1

2

(

ξ̄∗αγµνγρσξρ
)

CαµCσν , (C.21)

where we have used the identities: γρσ = γργσ−ηρσ = γσγρ+ηρσ, and the γ-tracelessness of

the fermionic (anti)ghost. The bosonic ghost curls on the right hand side of eq. (C.21) im-

pose certain antisymmetry in the indices of the γ-matrix products, so that identities (C.7)–

(C.8) become directly applicable. Then, it follows from the properties of the (anti)ghosts

that the two terms on the right hand side of eq. (C.21) exactly cancel each other, which

proves relation (C.16). This completes our derivation of eq. (C.20). �

Next, we find an expression for the quantity c
(ββ)
2 for an arbitrary-spin fermion with

flavor, i.e., derive the second line of eq. (5.7) from the first. The derivation is quite similar to

that of the spin-5/2 case. The only subtlety is that γ-traceless projections of the quantities

under consideration give rise to factors that depend on the rank n = s − 3/2. Explicitly,

the first line of eq. (5.7) yields:

c
(ββ)
2 = −4

[

Āα(n) −
(

n

2n+ 1

)

/̄Aα(n−1) γα

] [

Bα(n) −
(

n

2n+ 1

)

γα /B
α(n−1)

]

= −4

[

Āα(n)B
α(n) −

(

n

2n+ 1

)

/̄Aα(n−1) /B
α(n−1)

]

, (C.22)
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where we have defined:

Āα(n) ≡ ξ̄∗α(n)γ
µνCµν + ξ̄α(n)γ

µC∗
µ, Bα(n) ≡ γµνξα(n)Cµν . (C.23)

with the flavor index I made implicit in order to avoid cumbersome notations. The com-

putation of Āα(n)B
α(n) and /̄Aα(n−1) /B

α(n−1)
goes exactly the same way as before, giving:

Āα(n)B
α(n) = −4

[

ξ̄∗α(n)γ
µνξα(n)CµρCν

ρ − 1

2
C∗
µξ̄α(n)γνξ

α(n)Cµν

]

, (C.24)

/̄Aα(n−1) /B
α(n−1)

= −8

[

ξ̄∗α(n)γ
µνξα(n)CµρCν

ρ − 1

2
C∗
µξ̄α(n)γνξ

α(n)Cµν

]

+ Γ-exact. (C.25)

These are straightforward generalizations of the spin-5/2 equations (C.15) and (C.19) re-

spectively. Now plugging eqs. (C.24)–(C.25) into eq. (C.22) gives:

c
(ββ)
2 =

(

16

2n+ 1

)[

ξ̄∗α(n)γ
µνξα(n)CµρCν

ρ − 1

2
C∗
µξ̄α(n)γνξ

α(n)Cµν

]

+ Γ-exact, (C.26)

which is precisely the second line of eq. (5.7) with an implicit flavor index.

C.3 Computation of ci’s with tadpole terms

We start with the computation of c2, c1 and c0 in section 6.1, i.e., the derivation of eqs. (6.5)

from the first-order deformations (6.4) through eqs. (3.20)–(3.22). While c2 is computed

in section 4.3, in order to compute c1 let us simplify eq. (3.21) to:

∫

c1 = −
(

δR

δΦA

∫

a1

)(

δL

δΦ∗
A

∫

a2

)

−
(

δR

δΦA

∫

a1

)(

δL

δΦ∗
A

∫

a1

)

. (C.27)

Note that a functional derivative w.r.t. the fermionic anti(filed) or anti(ghost) ought to be

γ-traceless in the α-index. It is easy to see that c1 takes the form:

c1 = cH1 + µβc
(µβ)
1 , (C.28)

with cH1 being the hypergravity contribution without tadpole terms, and c
(µβ)
1 given by:

c
(µβ)
1 = 2

(

ψ̄∗
µαγ

µ
)

γ-t
(γµνξαCµν)γ-t − 2

(

ψ̄∗
µαγ

νρCνρ − 2ξ̄αγ
νh∗µν

)

γ-t
(γµξα)γ-t , (C.29)

where the subscript “γ-t” means a γ-traceless projection w.r.t. the α-index. One can follow

some steps similar to those of eqs. (C.10) through (C.12) to rewrite c
(µβ)
1 as:

c
(µβ)
1 = 2ψ̄∗

µα[γ
µ, γνρ]Cνρξ

α − 2

3
ψ̄∗
µα

(

γµγαγβγνρ − γνργαγβγµ
)

ξβCνρ

+4ξ̄αξ
αh∗′ − 16

3
ξ̄µξνh∗µν . (C.30)

The terms containing the graviton antifield h∗µν in the second line of the above equation

both vanish by virtue of the Majorana properties of the fermionic ghost ξα. In the first line,

the first term calls for the identity (C.5), whereas the second term simplifies on account
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of the same as well as the Clifford algebra, thanks to the γ-tracelessness of the fermionic

antifield and ghost. The result is:

c
(µβ)
1 = 8ψ̄∗µαγνξαCµν −

16

3
ψ̄∗
µα

(

ηµαηνβ + ηµβηνα
)

γρξβCνρ. (C.31)

Now, by using eq. (B.5) one can rewrite the bosonic ghost-curl Cµν to arrive at:

c
(µβ)
1 = 16ψ̄∗µα

(

∂µ /C
)

ξα − 32

3
ψ̄∗
µα

(

ηµαηνβ + ηµβηνα
)

(

∂ν /C
)

ξβ + Γ-exact. (C.32)

Finally, one can get rid of the derivative on the bosonic ghost to write:

c
(µβ)
1

.
=

64

3
∂(µψ̄

∗
ν)

µ
s-t /C ξν + Γ-exact + ∆-exact, (C.33)

where the subscript “s-t” stands for a symmetric-traceless projection. This completes our

derivation of c1 appearing in eqs. (6.5).

Next, in order to compute c0 we note that eq. (3.22) simplifies to:

∫

c0 = −
(

δR

δΦA

∫

a0

)(

δL

δΦ∗
A

∫

a1

)

. (C.34)

After a straightforward calculation, one finds a c0 of the form:

c0 = cH0 + λαc
(λα)
0 + αβc

(αβ)
0 + µ2c

(µµ)
0 + µβc

(µβ)
0 , (C.35)

where the nontrivial contributions from the tadpole terms include:

c
(λα)
0 = 2Cν

(

∂νh′ − 2∂µh
µν
)

, c
(αβ)
0 = −8ξ̄α/ψ

α, c
(µµ)
0 =

(

ψ̄µαγ
µν
)

γ-t
(γνξ

α)γ-t , (C.36)

plus the more complicated looking c
(µβ)
0 , given by:

c
(µβ)
0 = −2

(

ψ̄µαγ
µνργσλhσλ‖ρ

)

γ-t
(γνξ

α)γ-t − 2
(

ψ̄µαγ
µν
)

γ-t

[

γρσ
(

ξαhρσ‖ν + ψν
αCρσ

)]

γ-t
.

(C.37)

The contributions appearing in eqs. (C.36) are rather easy to deal with. We find that

c
(λα)
0 = 2Cν

(

∂νh′ − 2∂µh
µν
) .

= Γ

(

h2µν −
1

2
h′2

)

, (C.38)

c
(αβ)
0 = −8ξ̄α/ψ

α ∈ H(Γ|∆|d). (C.39)

For c
(µµ)
0 we can follow some steps similar to those of eqs. (C.10)–(C.12) and obtain:

c
(µµ)
0 = 2 /̄ψαξ

α − 1

3
ψµα[γ

µν , γα]{γβ, γν}ξβ , (C.40)

where have used of the γ-trace properties of the fermionic field and its ghost. Upon using

suitable γ-matrix identities in the second term on the right hand side, we arrive at:

c
(µµ)
0 = 2 /̄ψαξ

α − 4

3
/̄ψαξ

α =
2

3
ξ̄α/ψ

α ∈ H(Γ|∆|d). (C.41)
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We are now left with the complicated term c
(µβ)
0 given by (C.37). To simplify this

term, again we follow the steps of eqs. (C.10)–(C.12) and write the schematic expression:

c
(µβ)
0 = −2

(

X − 1

3
Y
)

, (C.42)

where the quantities X and Y are given by:

X =
(

ψ̄µαγ
µνργσλhσλ‖ρ

)

(γνξ
α) +

(

ψ̄µαγ
µν
)

γρσ
(

ξαhρσ‖ν + ψν
αCρσ

)

,

Y =
(

ψ̄µαγ
µνργσλγαhσλ‖ρ

)(

γβγνξ
β
)

+
(

ψ̄µαγ
µνγα

)

γβγρσ
(

ξβhρσ‖ν + ψνβCρσ

)

.
(C.43)

The first term in X can be simplified by using identity (C.9) and then (C.4). In the first

term in Y as well, we can use identity (C.9) to move γµνρ past γσλγα. Then we can write:

X = ψ̄µα (γ
µνγρσ − γρσγµν) ξαhρσ‖ν + ψ̄µαγ

µνγρσψν
αCρσ,

Y = ψ̄µα[γ
σλ, γα]γµνρhσλ‖ρ{γβ, γν}ξβ + ψ̄µα[γ

µν , γα][γβ, γρσ]
(

ξβhρσ‖ν + ψνβCρσ

)

,
(C.44)

where in the second line we have made use of the γ-tracelessness of the fermionic field and

ghost. These expressions simplify on account of identities (C.5) and (C.6), giving:

X = 4ψ̄µα (η
νργµσ − ηµργνσ) ξαhρσ‖ν + 2ψ̄µα (γ

µηνρ − γνηµρ) γσψν
αCρσ,

Y = −8ψ̄µ
σγλγµνρξνhσλ‖ρ + 8

(

/̄ψ
ν − ψ̄′γν

)

γσ
(

ξρhρσ‖ν + ψν
ρCρσ

)

,
(C.45)

where in the first line we have dropped the term ψ̄µαψν
αCµν , which vanishes identically.

Because of the γ-tracelessness of ξν the first term in Y can be further simplified, by using

the expansion (C.3), to the form: 8ψ̄µ
σγρ (γµξν − γνξµ) hρσ‖ν .

The next step is to make the graviton field hµν undifferentiated. Then this derivative

hits either on the Majorana-conjugated fermion ψ̄µα (and its γ-traces) or on the ghost

field ξα. It is not difficult to see that the derivative terms of ψ̄µα comprise ∆-exact pieces

individually in X and Y, thanks to the various forms of the fermion EoMs (A.11)–(A.15).

It is a bit of an exercise to show that in the remaining terms containing hµν , the fermion

bilinears combine into Γ-exact pieces. Various properties of the Majorana fermions ψµα

and ξα play important roles in showing this. The result is:

X .
= 4

(

hµν −
1

2
ηµνh

′

)

Γ
(

ψ̄ραγ
ρµψνα

)

− 4
(

ψ̄ραγ
ρµψνα

)

Cµν +∆-exact,

Y .
= hρσ Γ

[(

/̄ψ
ν − ψ̄′γν

)

γσψν
ρ − 2ψ̄ρνψν

σ + 2ψ̄′ψρσ − ψ̄µ
ργµνψν

σ
]

+ 4h′ Γ
(

ψ̄µ
νψν

µ − ψ̄′ψ′
)

+ 8
(

/̄ψ
ν − ψ̄′γν

)

γσψν
ρCρσ +∆-exact.

(C.46)

In the above expressions we can pick up Γ-exact terms at the cost of introducing a (sym-

metrized) derivative of the bosonic ghost Cµ. The latter kind of terms then simplify against

the already existing terms containing the ghost-curl Cµν . Then we can make the bosonic

ghost undifferentiated, which gives us the following form:

X .
= 8Cρ∂σX ρσ + Γ-exact + ∆-exact, Y .

= 16Cρ∂σYρσ + Γ-exact + ∆-exact (C.47)
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where X ρσ and Yρσ are the following fermion bilinears:

X ρσ = ψ̄µαγ
µσψρα − 1

2
ηρσψ̄µαγ

µνψν
α,

Yρσ = ψ̄µνγ
µσψνρ − ψ̄′γµσψµ

ρ − ψ̄µ
ργµνψν

σ − ψ̄ρµψµ
σ + ψ̄ρσψ′ +

1

2
ηρσ

(

/̄ψ
ν − ψ̄′γν

)

.

From these explicit expressions it is easy to see that the quantities ∂σX ρσ and ∂σYρσ are

∆-exact, thanks again to the EoMs (A.11)–(A.15). This means from eq. (C.47) that both

X and Y are trivial elements in H(Γ|∆|d), so that eq. (C.42) gives:

c
(µβ)
0

.
= Γ-exact + ∆-exact. (C.48)

Now, let us plug all the results (C.38), (C.39), (C.41) and (C.48) into the schematic

expression (C.35). Then we obtain the desired c0 given in eqs. (6.5):

c0
.
= cH0 +

(

2

3
µ2 − 8αβ

)

ξ̄α/ψ
α + Γ-exact + ∆-exact. (C.49)

Finally, we look at the computation of c2, c1 and c0 in section 6.2. While c2 will be

the same as that of section 5, c1 and c0 can be obtained by closely inspecting the steps

of derivation of their spin-5/2 counterparts. Note that the rank n plays a nontrivial role

only in defining the γ-traceless projections (compare eqs. (C.12) and (C.22), for example).

Apart from straightforward proliferation of indices, the generalization s = 5/2 → (n+3/2)

essentially boils down to the factor replacement: 1
3 →

(

n
2n+1

)

in front of those terms that

originate solely from γ-traceless projections. Examples of the latter kind are the second

and fourth terms of eq. (C.30), and the second terms in eqs. (C.40) and (C.42) both.

Following the subsequent steps in the respective computations, it is easy to see that the

arbitrary-spin generalizations of eqs. (6.5) will be given by eqs. (6.9).
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