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Entanglement Spectrum of Chiral Fermions on the Torus
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We determine the modular Hamiltonian of chiral fermions on the torus, for an arbitrary set of disjoint
intervals at generic temperature. We find that, in addition to a local Unruh-like term, each point is

nonlocally coupled to an infinite but discrete set of other points, even for a single interval. These
accumulate near the boundaries of the intervals, where the coupling becomes increasingly redshifted.
Remarkably, in the presence of a zero mode, this set of points “condenses” within the interval at low

temperatures, yielding continuous nonlocality.
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Introduction.—Amongst the predictions stemming from
the interplay between quantum field theory (QFT) and the
causal structure of spacetime, one of the most robust is
the celebrated Unruh effect: An accelerated observer in
the vacuum measures a thermal bath, with a temperature
proportional to its proper acceleration [1-3]. Intimately
connected with the thermodynamics of black holes via
Hawking radiation, this lies at the heart of our current
understanding of the quantum nature of gravity [4].
Therefore, it is natural to explore its generalizations and
investigate it further.

In recent years, these phenomena have been extended into
the framework of quantum information theory. There, this
temperature is understood as arising from the entanglement
structure of the vacuum. Starting from a state p and some
entangling subregion V, one defines the reduced density
matrix py by tracing out the complement of V. Then, just as
the entanglement entropy Sy, = —Tr[py log py| generalizes
the thermal entropy, the usual Hamiltonian is an instance of
the more general concept of a modular (or entanglement)
Hamiltonian /Cy, defined via

e -Kv

tre Xv '’

(1)

pPv:

Originally introduced within algebraic QFT [5], the
modular Hamiltonian has aroused much interest across a
wide community due its close connection to quantum
information measures. In the context of many body
quantum systems, the spectrum of this operator is known
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as the “entanglement spectrum” and has been proposed as a
fingerprint of topological order [6-8] and investigated in
lattice models [9-13], as well as tensor networks [14-16].
In QFT, it is fundamental for the study of relative entropy
[17,18] and its many applications to energy and informa-
tion inequalities [19-21]. In the context of the AdS/CFT
correspondence, it is instrumental in the program of
reconstructing a gravitational bulk from the holographic
data [22-31].

However, the modular Hamiltonian is known in only a
handful of cases. The result is universal and local for the
vacuum of any QFT reduced to Rindler space [3,32] and
hence any CFT vacuum on the plane reduced to a ball [22].
For any CFT,, the same applies for a single interval, for the
vacuum on the cylinder or a thermal state on the real line
[33,34]. More generically, modular flows can be nonlocal,
as is the case for multiple intervals in the vacuum of chiral
fermions on the plane or the cylinder [35,36] and scalars on
the plane [37]. The exact nature of the transit from locality
to nonlocality, however, is not fully understood, and
remains an active topic of research.

In this Letter we report progress regarding this problem,
by providing a new entry to this list. We show that the chiral
fermion on the torus (finite temperature on the circle) is a
solvable model that undergoes such a transition between
locality and nonlocality. We compute the modular
Hamiltonian by restating the problem as a singular integral
equation, which in turn we solve via residue analysis.

Let us quickly quote our main result. For generic
temperature, the modular Hamiltonian takes the form

ICIOC + K:biloc-
The local flow is of the standard Rindler form (7), with
entanglement temperature given in (19). The novel result is

the second term, given in (23) and depicted in Fig. 2,
involving bilocal couplings between a discrete but infinite
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set of other points within the subregion. In the low
temperature limit, the sector with a zero mode experiences
a “‘condensation” of these points, resulting in a completely
nonlocal flow.

The resolvent.—We start by introducing the resolvent
method, following [35,37,38]. For any spatial region V, the
reduced density matrix py is defined as to reproduce
expectation values of local observables supported on V.
Now, for free fermions, Wick’s theorem implies that it is
sufficient that py, reproduces the equal-time Green’s function

Trlpyy )y’ (V)] = w(x)w' (y) = G(x.y)

for x,y€V. This requirement fixes the modular
Hamiltonian to be a quadratic operator given by [39]

Ky = / dx / DK e @w) (@)

with kernel Ky = —log[G|;! — 1]. This is specific for the
free fermion. Gy, refers to the propagator as the kernel of an
operator acting on functions with support on V.

As shown in [35] the modular Hamiltonian can be
rewritten as

Ky = - / " dE[Ry (&) + Ry (=2)] 3)
1/2

in terms of the resolvent of the propagator,
Ry(&) = (Gly +&-1/2)7". (4)

A derivation of (3) is provided in the Supplemental
Material [40]. In essence, it is the operator version of

1 logz
locX=—¢ d
8T Toni ) i ox

for a suitable choice of contour y.

In (4), the inverse of an operator is understood in the
sense of a kernel,

/V 2Ry (Ex.2)[G(z ) + (6= 1/2)8(2.3)] = 8(x — ).

Thus, provided G of the global state and the entangling
region V, this equation completely determines the resolvent
Ry, and hence the modular Hamiltonian via (3).

To obtain the resolvent, let us first do the redefinition

S(x-y) Fy(&x.y)
§-1/2 (£-1/2)°
The convenience of this is that the first term of (5) will

cancel the right-hand side of the previous equation, trans-
lating (4) into a singular integral equation

Ry(&x,y) = (5)

0=G(x,y) = Fy(&x,y)

_ﬁ[/dZG(x, 2)Fy(&z.y). (6)

All previous considerations hold for free fermions on a
generic Riemann surface. The simplest case is the plane
where the solution of (6) is a standard result [41], which
was used by [35] to derive the corresponding modular
Hamiltonian. They found that for multiple intervals, it
consists of a local and a bilocal term. The former can be
written as

K= / dxp(x)T(x) (7)

in terms of the stress tensor T = (i/2)[y 0w — wO,w'],
where f3(x) is known as the entanglement temperature. On
the other hand, the bilocal term couples the field between
different intervals.

Let us now proceed to the case of a chiral fermion on
the torus. As is customary, we take the periods to be 1,7
with J(z) > 0, such that the nome g = ¢ is inside the
unit disk. We restrict our discussion to purely imaginary
modulus 7 = i, where f is the inverse temperature—the
general case can be recovered by analytic continuation. For
simplicity, we move to radial coordinates w = e/,

Since we are dealing with fermions, the correlator
G(u,v) with u = e™ and v =e™ is either periodic
(Ramond; R) or antiperiodic (Neveu-Schwarz; NS) with
respect to either of the two periods of the torus. We focus on
the “thermal” case, with NS periodicity with respect to 7.
Combining this with the requirement to reproduce the UV
correlator GV (x, y) = [2zi(x — y)]~" on small scales fully
determines the standard Green’s functions [42]

P (q@*) 9, (uv'lq)
i91(uv=telq) 9,(1lq)
where 7(g) and 9,(z|gq) are the Dedekind eta and Jacobi

theta functions (see Supplemental Material [40]).
Here, the superscript

G*(u,v) =

(8)

v=2,3=(R,NS), (NS,NS)

labels the different spin structures, and we introduced a
regulator € in order to treat the distribution G* as a function.
The sign of ¢ depends on the chirality—without loss of
generality, we choose ¢ > 0.

With the notation settled, we now go back to the integral
equation (6). In radial coordinates, it reads

0=G"(u,v) — F%(&u,v)

I 1 [dw o
_5— 1/2EAVG (u,w)Fy, (& w, v) 9)
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FIG. 1. The complex plane analysis in the argument. The black
solid line is the entangling region—here for simplicity two
intervals. The blue line represents the contour of integration y
in (10), which leads to the residues evaluated along the green
dotted curves.

with A :=¢"V being the entangling region. The key
observation of this Letter is that (9) resembles the result
of a contour integral, involving simple poles and branch
cuts. Thus the strategy to solving (9) is to recast it as a
contour integral.

To this end, we start by listing a set of sufficient
properties that F%, must possess in order to solve this
equation:

(A) Periodicities. First, it must have the same periodic-
ities in the w argument as G”, such that G*FY, is well
defined on the torus. The reason is that doubly periodic
functions have vanishing residue along the boundary y of
any fundamental region (see Fig. 1):

— 1 dw v v .
0=— - G*(u, w)F% (& w, v). (10)
Our aim is now to rewrite this in the form of (9).

(B) Location of poles and branch cuts. The next property
we demand is that F%, have a simple pole F% (u,v)~
1/2(uv™" — 1) at u — v, together with a branch cut along
the entangling region A, which we specify below.
Everywhere else it must be analytic. Note that, similarly
to G¥, we need to introduce a regulator ¢/ > 0 for the pole
of FY,.

If these conditions are met, a simple residue analysis
shows that (10) reduces to

0 = G"(u, ve™®) — Fy (& uet, ve‘S')

1 dw /
j— . _ v € FU . ¢ 11
&— I/ZiHAo W G*(ue, w)Fy (& w,ve™), (11)

where we made the regulators explicit and A® denotes a
snug path around the cut on A as depicted in Fig. 1.

(C) Residues. This last integral decomposes into three
contributions: one along A just inside the unit circle, one
along A just outside the unit circle, and contributions from

the boundary points a,, = e*, 3, = €™ of A as can be
seen from Fig. 1. Our final requirements on F7%, are that the
residues at J*'A vanish, while F¥, has to have a multipli-
cative branch cut along A: at every point, the ratio of the
function just above and below the cut is a fixed number
F(ue™", v) 12 oy
FY(uetd,v) &£-1/2

(12)

The solution to (12) in the plane is familiar: F(z) = z™
with m & Z possesses such a cut. Below we find the analog
of this on the torus.

If properties (A), (B), (C) are satisfied, it is easy to show
that such an Fy indeed solves the problem: our contour
equation (11) becomes exactly the original singular integral
equation (9). The requirement that the residues on 0A
vanish is equivalent to demanding that the modular flow
behaves like Rindler space in the vicinity of JA. This is
analogous to the derivation of the black hole temperature by
the smoothness condition at the horizon.

In the Supplemental Material [40], we explicitly derive
F%, satisfying all of the above assumptions. The general
procedure is as follows: (1) Start with the standard solution
for the requirement of a multiplicative branch cut (12) on
the cylinder [36]. (2)Average over all fundamental domains
in the direction of 7. This yields a quasiperiodic function.
(3) Multiply with a slightly modified form of the Green’s
function (8) to turn the quasiperiodicity into a periodicity
and introduce the correct pole.

We are now in position to state one of the main results of
this Letter: the resolvent for a finite union of disjoint
intervals on the torus, V =U"_, (a,, b,). The exact expres-
sion lives in the complex plane, but is vastly simplified
along A. Introducing the shorthand notation

N ih
a, i
A= (”1 ﬁ_n> = ™, (13)

where L is the total length of V, our result is

e v (@) 8,(uvq)
Fv(f, u, U) - 1.191(14’[1_166/|q) 19y</1|q)

—27h QV(”) ih

X e |:QV(U) (14)
with & defined in (12), and
N _
9y (wa,'|q)

Q =—| | ——~. 15
== 115, 6mma "

Some comments are in order. The term in the second
line of (14) is the complex power of a quotient, which
introduces the required branch cut along A. This function is
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quasiperiodic, acquiring a factor of 1> when translated into
the next fundamental domain. The first factor resembles the
propagator (8) and introduces the desired pole, as described
above. Additionally, the extra factor of 4 in the argument of
9, is there to precisely cancel the quasiperiodicity of the
second term. This allows the product G*F¥, to be exactly
doubly periodic, as required.

Modular Hamiltonian.—Finally, now that we have found
the resolvent RY,, we can go back to (3) to obtain the
modular Hamiltonian K%,. First, note that the leading
divergence of F%(u,v) ~1/2(uv~"e¢ — 1) at u — v can
be rewritten as a Cauchy principle value

1 1 5(x—y) 11
— = P
2uvlef — 1 2 + Quvt =1

(16)

For the sake of readability, we shall keep P implicit for
the rest of this Letter. Equation (16) implies that the 6 terms
from (5) drop out in (3), yielding

v 0 dg v v (_
K= [t ap PO Fit-al )

The main characteristic of (17) is that the integrand is
highly oscillatory and divergent around & = 1/2. Indeed,
notice that when & — 1/2 the prefactor in (17) diverges
quadratically while F(£) vanishes linearly but oscillates
wildly due to the last factor in (14). However, this behavior
is well understood in the theory of distributions, and in this
sense the expression (17) is well defined and closely related
to the Dirac delta.

In the Supplemental Material [40], we evaluate (17)
analytically. Here we will simply quote the result, but the
main steps in the derivation are the following: (1) Change
variables to isolates all the infinite poles along the negative
axis, which then lie in successive fundamental domains.
(2) Regularize (17) by placing a contour that includes
increasingly many poles, and express it by residues. (3) Use
the quasiperiodicites of 9, to bring every pole to the
fundamental region, expressing (17) as a highly oscillatory
function with a divergent prefactor. (4) Remove the
regulator, leading to standard Dirichlet kernel representa-
tions of the periodic or antiperiodic Dirac delta.

The final expression for the modular Hamiltonian
depends on the spin sector. Let us focus on the results
for a single interval. Both sectors v = 2, 3 have a local and
a bilocal term. The local term is identical in both cases and
takes the form

Kloc(xvy) :ﬂ<x)[iax +f(x)]5(x_y)’ (18)
with the entanglement temperature

B 2zp
- 274 O, log Qy(e™)’

B(x) (19)

where Qy is as defined in (15) and the function f(x) is fixed
by requiring that K. is Hermitian. Note that the expression
(18) is equivalent to the more familiar Rindler-like repre-
sentation (7).

The bilocal term represents the central result of this
Letter and shows a novel feature: In both sectors, it involves
a coupling between an infinite but discrete set of points, and
is given by

n B in
Ko (X.y) = m
XY (EDES(x =y + Bu(x.y) — k),

kez\{0}
(20)

where the sign & corresponds to v = % Here, we used the
function

1 QV (eifrx)

,y) =—log———=, 21
ulx.y) =5—log o (@) (21)
which will play an important role in the analysis below.

Note that K¢, couples pairs (x, y) which are solutions of

x—y+pulxy)—k=0.  keZ\{0}. (22)
Because p(x,y) is monotonic in y and diverges at the end
points, Eq. (22) possesses a unique solution for every &,
as shown in Fig. 2. Solutions accumulate near the end points.
In the next section, we analyze the above expressions and
discuss their physical meaning. A summary of the results is
presented in Table I.

Discussion.—In this Letter we computed the modular
Hamiltonian of chiral fermions in a thermal state on the
circle, reduced to an arbitrary set of disjoint intervals.

Our main result is that for arbitrary temperature, the
modular Hamiltonian contains a local term, as well as an
infinite number of bilocal contributions, even for a single
interval. Let us now analyze the bilocal terms in more
detail. Inserting the kernel (20) back into (2), the bilocal
modular Hamiltonian reads

Ko = 3 (£1)F / dra(x. )y (). (23)

k0

As depicted in Fig. 2, the x;(x) are an infinite set of points
within the interval, solutions to Eq. (22). The bilocal
coupling a(x, x;) has dimensions of energy and is given by

a(x )_ in 1
T Lsinh i (xy) [T = pou(e )]’

Although determining the exact location of the x; is
difficult, two properties are simple to extract:
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r—y+ pu(z,y)
o\ }
| oz, o)

Tr=a

FIG. 2. For finite # (black solid line) the point at the center is
bilocally coupled to an infinite set x;(x) (black dots), solutions to
(22) for a single interval. For large # (blue dashed line), the
solutions distribute densely, whereas for f — 0 (green dotted
line) they all localize at the end points. The strength a(x, x;) of
the coupling (red, dot-dashed line) decays towards the end points.

First, the infinite set of x; accumulate near the end points
of the interval. Indeed, because y diverges there, there is an
infinite number of solutions near the boundaries, located at

xp=a+e P as k- oo (24)
and similarly near b.

Second, their contributions vanish as they approach the
end points. Using (20), the coupling in (23) goes as

k—o00 471'2
b g s)

The energy scale of a(x,x;) is set by the temperature
B!, whereas the falloff is determined by the length of the
interval L. Interestingly, the strength of the nonlocal
couplings appears to be “redshifted” due to their proximity
to the local Rindler horizons located at the end points.

As a next step, let us see how to recover the known
results at very high [34] and low [36] temperatures. We start
with the high temperature limit # — 0. One easily sees from
(19) that the local term goes as the inverse temperature,
B(x) ~ B, as expected. On the other hand, as depicted in
Fig. 2, the bilocal contributions (20) all approach the end
points, where they vanish exponentially.

Moving now to the low temperature limit f — oo, the
entanglement temperature (19) approaches the well-known
result for the cylinder [36]

2x
lim f(x) = —— . 26
PP = g 20

The bilocal contributions, however, behave remarkably.
As can be understood from Fig. 2, as we lower the
temperature, the curve gets increasingly steep. Thus, the

TABLE L. Summary of our results for the modular Hamiltonian
in different spin sectors. The definitions for K, and K5, are in
(18)—(20). The local and nonlocal terms at low temperature
(f — o0) are given in (26) and (27).

v p = p finite p—0
2 Local + continuous nonlocal Ko, + Kt . pi06(x —y)
3 Local Koo + Koo Pi0:6(x —y)

solutions to (22) form a partition of the interval which
becomes denser and denser in the limit f — co. Now, recall
that the modular Hamiltonian must always be thought of as
a distribution, i.e., as integrated against regular test func-
tions. In this limiting procedure, the solutions to (22)
“condense” in the interval, and it can be shown that the
sequence of Dirac deltas in (20) reproduce precisely the
definition of a Riemann integral. Indeed, one can show that
in this sense (20) becomes completely nonlocal

in (27)

1. K+ 9 = N ’
[),Ln;) bllOC('x y) L sinh ﬂ'ﬂ(x,y)

in agreement with [36], whereas limg_,, Ki;,. = 0 due to
the oscillating (—1)*.

The previous analysis provides a new insight into the
structure of fermionic entanglement: At any finite temper-
ature, nonlocality couples a given point only to an infinite
but discrete set of other points. The characteristic scale
needed to resolve this discreteness goes as 1/f. Hence,
continuous nonlocality emerges strictly in the limit of zero
temperature. We summarize the structure of the modular
Hamiltonian in Table I.

For multiple intervals, the only difference is that (22)
now possesses one solution per interval for a given k,
including the nontrivial (x # y) solutions for k£ = 0. In the
low temperature limit, these extra terms yield precisely the
bilocal terms of [35,36].

During the final stage of this project, related results were
independently reported in [43,44]. Equations (145) and
(146) of [43] give the modular flow of the correlator. The
generator of this flow corresponds to the expectation
value of our result for the modular Hamiltonian. Finally,
the versatility of the resolvent method has allowed us to
compute the associated entanglement entropy [45], and can
also be used to study other quantities related to the
entanglement spectrum.
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