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The semi-classical heuristic emission formula of Baier-Katkov [Sov. Phys. JETP 26, 854 (1968)] is well-
known to describe radiation of an ultrarelativistic electron in strong external fields employing the electron’s
classical trajectory. To find the limitations of the Baier-Katkov approach, we investigate electron radiation
in a strong rotating electric field quantum mechanically using the Wentzel-Kramers-Brillouin approximation.
Except for an ultrarelativistic velocity, it is shown that an additional condition is required in order to recover the
widely used semi-classical result. A violation of this condition leads to two consequences. First, it gives rise to
qualitative discrepancy in harmonic spectra between the two approaches. Second, the quantum harmonic spectra
are determined not only by the classical trajectory but also by the dispersion relation of the effective photons of
the external field.

In recent years the achievable intensities of both optical [1–
3] and x-ray [4, 5] lasers are rapidly rising and a plethora of
unexplored physical phenomena are expected to come within
reach [6–14]. The fundamental theory describing these phe-
nomena is strong-field QED. The strong field regime is char-
acterized by a large nonlinearity parameter ξ � 1 [15], with
ξ ≡ ea/m = 7.5

√
IL/(1020W/cm2)/ω [(eV))], where −e and m

are the electron charge and mass, respectively, a is the ampli-
tude of the laser vector potential Aµ and IL, ω are the laser in-
tensity and frequency, respectively. Relativistic units ~ = c = 1
are used throughout.

The Furry picture is commonly employed in strong field
QED, when the strong electromagnetic field is considered as a
classical field and is included in the free part of the Lagrangian
[16]. As a consequence, the free particles in the standard QED
perturbation theory are replaced with particles experiencing the
external field. The rates of the scattering processes of electrons,
positrons and photons in the presence of a laser field calculated
in this framework [15, 17–28] depend upon ξ, as well as on
the quantum parameter χ ≡ e

m3

√
−(FµνPν)2, where Pν is the

kinetic momentum and Fµν = ∂µAν − ∂νAµ the field tensor.
Especially successful is this formalism for field configura-

tions which admit exact analytical solution for the electron
wave function: plane wave (PW) [29], static electric field
[30], static magnetic field [31, 32], and PW combined with a
static magnetic field [33]. A real experiment, however, may
involve complex field configurations, especially in plasma en-
vironment. A possible way to overcome this obstacle is to
rely on the semi-classical (SC) method, introduced by Baier
and Katkov [34, 35]. It allows one to calculate the emission
quantum mechanical rate, including photon recoil effects, in
general field configuration, given that the particle motion is
quasiclassical and ultrarelativisitic. This method does not re-
quire the particle wave function, but only its classical trajectory
in the given field configuration. In the ultrastrong field limit
ξ � 1, a more simple Constant Crossed Field (CCF) approach
is applicable [18, 36–38]. Recently, an approximation treating
an ultrarelativistic electron interacting with a tightly focused
laser beam has been proposed [39] and used for calculation the

rates of QED processes in such fields [40–42]. Given the in-
creasingly extreme and complex scenarios being explored with
further rising laser intensities and frequencies, there is urgent
need to investigate the limitation of the SC approximation.

A relatively simple but not exactly solvable field configu-
ration is the rotating electric field (REF), whose associated
wave function was excessively studied [43–48]. Its physical
significance stems from the fact that it describes a particle in
the anti-node of a standing laser wave as well as a particle in
a plasma wave (in a frame that moves with the wave group
velocity). Recently, quantum calculations of the emitted radia-
tion in this configuration have been carried out [49, 50], using
different approximations for the wave function.

In the present letter the quantum radiation emitted by a
particle in a REF is calculated using the Wentzel-Kramers-
Brillouin (WKB) method, which is more accurate than the
approaches employed so far for this scenario. The full quantum
calculation of the radiation spectra is used as a benchmark for
the SC approach. We demonstrate that a further condition is
required except for an ultrarelativisitc motion: the γ-factor
of the particle should be much larger than the non-linearity
parameter ξ. As a test case, a particle moving in a circle
in REF is studied. As the latter takes place when the initial
momentum of the electron is vanishing, the condition γ � ξ
is violated, and the WKB and SC approaches yield different
emission spectra. According to both models, the spectrum
takes the form of discrete harmonics, but with qualitatively
different harmonic structure (although, with the same harmonic-
averaged spectrum). Moreover, the WKB model predicts a
cutoff in the number of absorbed photons, while the SC model
shows a semi-continuum in the high energy tail of the spectrum.
As the circle-like electron’s trajectory is also possible for a
particle counterpropagating a PW laser with a certain initial
momentum, we compare our emission spectrum to the latter
case as well. For the PW (at ξ � 1), a continuous spectrum,
coinciding with the CCF result, is predicted in contrast to the
discrete spectrum in REF. The observed discrepancy indicates
that the quantum emission spectrum cannot be fully determined
by the electron’s classical trajectory.
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We calculate the radiation emitted by an electron in a REF
using the WKB approximation for the wave function. For
the sake of simplicity, the spin effect is neglected and thus
the electron wave function is described by the Klein-Gordon
equation, which is justified as long as χ . 1 [15]. The vector
potential of REF is given by Aµ = aµ1 cos(k · x) + aµ2 sin(k · x),
where aµ1 = a(0, 1, 0, 0), aµ2 = a(0, 0, 1, 0) are the polarization
vectors, k = (ω, 0, 0, 0) is the wave vector in the laboratory
frame and ω is the field frequency. k2 , 0 in contrast to the PW
case. In the following the leading order WKB approximation
is employed [51, 52]. Namely the wave function reads Φ =

1√
2H(t)

eiS where S (t) =
∫ t
−∞
Hdt − p · x is the classical action,

a bold letter designates a 3-vector and H =
√

m2 + P2 is the
Hamiltonian. The kinetic momentum is related to the initial
one by P = p − eA. The photon emission amplitude in the
Furry picture reads [53]:

iT ∝ T f iδ
3(pc), T f i ≡ e

∫ t f

ti
dt

[
ε · P

√
2ω′HH ′

]
eiψ (1)

where the proportion factor appears in [53], k′ and p′ are the
momenta of the outgoing photon and electron, respectively,
and the following definition was used pc ≡ p − k′ − p′. The
exponent argument is ψ = ω′t +

∫ t
∞

dt′H ′(t′) −
∫ t
−∞

dt′H(t′).
Due to momentum conservation p′ = p−k′, the time dependent
momentum of the outgoing electron may be written as P′(t) =

P(t) − k′. It allows us to writeH ′(t) in terms of p, k′, namely

H ′(t) =

√[
H(t) − ω′

]2
− 2P(t) · k′. The key approximation

required in order to recover SC is:

Ξ1 ≡
k′ · P(t)

(H(t) − ω′)2 � 1. (2)

As a result, one may Taylor expand H ′(t). Substituting it in
the expression for ψ, the first and second terms cancel out
and one obtains exactly the phase of the time-integrand in the
Baier-Katkov expression [34, 35]

ψ ≈ ψ̃ ≡

(
H

H − ω′

) [
k′ · x(t)

]
, (3)

where the 4-momentum and energy are related by the 4-velocity
vµ, Pµ = Hvµ. The tilde symbol designates the SC approxima-
tion. In order to carry out the time integration overH , required
to obtain (3), a further assumption was made. Namely, the
factorH/(H − ω′) was regarded as a constant. In addition, in
order to recover the SC prefactor of the transition amplitude
for a scalar particle, the H ′ appearing in the denominator of
(1) should be equal to H − ω′. These two requirements im-
ply thatH should be approximately constant. Since generally
speaking, the Hamiltonian is oscillating in time, we formulate
this condition as

Ξ2 ≡
∆H

Hav
� 1 (4)

where ∆H is the deviation ofH from the cycle average value
Hav.

Having obtained the mathematical requirements for the
equivalence between the two approaches, let us discuss the
physical conditions for which they are satisfied. First, notice
that in the classical limit (ω′ � H) Eqs. (2) and (4) are
both satisfied and the classical emission formula is recovered.
From now on the quantum case is considered, namely ω′ is
smaller thanH but of the same order of magnitude. Second,
let us take a close look at the nominator of (2), taking the form
k′ · P(t) = ω′H(1 − cos θe) where θe is the angle between k′
and v. Since ω′H and the denominator are of the same order
of magnitude, it is clear that Ξ1 � 1 is obtained only at θe � 1,
when k′ · P(t) ≈ 1

2ω
′Hθ2

e .

Baier and Katkov [34] argued that for ultrarelativistic par-
ticles (γ = H/m � 1) the main contribution to the emission
originates from the part of the trajectory where θe < 1/γ.
Hence, on the radiation formation region Ξ1 � 1 andH may
be regarded as constant, and the conditions of Eqs. (2), (4) are
fulfilled. We argue, however, that even though the main contri-
bution originates from this part of the trajectory, Eqs. (2), (4)
should hold on the entire cycle. The reason is that in a periodic
motion, the transition amplitude contains a series of sequential
contributions which interfere with each other generating the
harmonic structure. In order to reproduce the correct phase
between these contributions, ψ should be valid through the en-
tire cycle and not only on the emission regions. The condition
corresponding to this requirement may be derived as follows.
The particle’s trajectory lies within a cone with angle ∼ ξ/γ.
Since, as established above, the emission angle is ∼ 1/γ, the
wave vector of the emitted photon k′ is restricted by a cone
whose angle is (1 + ξ)/γ. Accordingly, θe . (1 + ξ)/γ and one
may deduce that Ξ1 ≈ O([1 + ξ]/γ)2. On the other hand, the
relative deviation of the energy is Ξ2 ≈ O(∆H/Hav) ≈ O(ξ/γ).
As a result, the required conditions Eqs. (2), (4) are satisfied
for γ � 1 + ξ, which is more restrictive as compared to the
common SC condition (γ � 1).

Let us calculate the intensity emitted by an electron in a
REF with vanishing initial momentum (p = 0) correspond-
ing to a circular classical trajectory. This initial condition is
chosen for the following reasons. First, the simple classical
motion allows for analytical expressions. Second, in this case
γ = ξ � 1, so that the original Baier-Katkov condition is
fulfilled, but our new restrictive one discussed above is not. In
this way, our argument could be put to a test. Thirdly, a circular
trajectory corresponds as well to an electron interacting with
PW in the case of a certain initial momentum choice [53]. As
a consequence, we may compare the emission predicted by the
full quantum calculation for two different field configurations
sharing the same classical trajectory. Due to the periodicity,
one may decompose the phase into ψ = ψp + ψnpωt, where
ψp, ψnp ≡

1
T

∫ T
0 ψ(t′)dt′ are the periodic and non-periodic parts

correspondingly and T is the period of the motion. Conse-
quently, Eq. (1) may be written as a series of delta function
T f i = 2π

∑
sMsδ (Ωs), where Ωs ≡ ω(s−ψnp) = 0 determines

the harmonic energy ω′s. The matrix element corresponding to
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FIG. 1. (a) The number of absorbed photons s vs the emitted photon energy ω′s: (green) WKB and (blue) SC. The PW and SC curves coincide.
(b) The width of the angle-integrated harmonics: (red) WKB, and (turquoise) PW (SC width is vanishing). The gap between neighboring
harmonics: (green) WKB, and (blue) SC/PW. (c) The angle-integrated spectral intensity (solid) and the harmonic density (dashed): (green)
WKB, (blue) SC/PW. The laser parameters are ξ = 10, ω = 100eV , correseponding to χ = 0.02, IL = 1024W/cm2. The electron initial momentum
is p = 0. Subfigures (d,e,f) are similar to (a,b,c) but with ω = 2.55keV , correseponding to χ = 0.5, IL = 1027W/cm2.

a s-photon process is given by

Ms ≡
e
T

∫ T

0
dt

[
ε · P

√
2ω′HH ′

]
eiψp−sωt, (5)

where p′ ≡ |p′|, and θ, ϕ are the axial and azimuthal of the
emitted photon. Comparing (1) and (5), one may observe that
Ms = 1

TT0T (ω′s, cos θ). Integrating over the outgoing electron
momentum and the scattered photon energy and azimuthal
angle, one arrives at the emission intensity

dIs

d(cos θ)
=
ω′3s
2π

∣∣∣∣∣dΩs

dω′

∣∣∣∣∣−1

ω′=ω′s

∑
ε

∣∣∣Ms

∣∣∣2. (6)

Averaging the phase ψ over a cycle, ψnp is obtained, allowing
us to write down Ωs explicitly

Ωs = sω +H − ω′ −H ′av(ω′) (7)

where H = m
√

1 + ξ2, and H ′av ≡
1
τ

∫ τ

0 dtH ′ = 2
π

√
GE2(µ),

see [52]. E2(µ) is the complete elliptical integral of the sec-
ond kind, µ ≡ 4mξω′ sin θ/G, and G ≡ ω′2 + m2

(
1 + ξ2

)
+

2ω′mξ sin θ. Accordingly, the derivative of Ωs, appearing in
(7), may be evaluated analytically. In order to find ω′s, Eq. (7)
is solved numerically.

The formalism outlined above applies for the SC case as
well. The difference lies in the different phase ψ → ψ̃ and
therefore Ωs → Ω̃s. Since the classical trajectory is given
by x(t) =

ξ

ω
√

1+ξ2

[
sin(ωt)x̂ − cos(ωt)ŷ

]
, ψ̃ takes an analytical

form. Averaging it to obtain the non-periodic part, one may
find

Ω̃s = sω −
ω′H

H − ω′
(8)

As a result, the relation between the number of absorbed pho-
tons and the emitted photon energy reads ω′s = sωH/(sω+H).
A similar expression is obtained for the PW case [53].

From the derivation of the emission intensity above we can
come to several conclusions. We may consider the low and
high energy limits. One may see that for ω′/H � 1, we have
H ≈ H ′av so that Ωs ≈ Ω̃s ≈ sω −ω′, i.e., in the classical limit
the harmonics are simply multiples of the REF frequency. On
the other hand, the high energy spectrum exhibits qualitatively
different behavior. The quantum model predicts a cutoff for
the number of absorbed photons, whereas according to the SC
approach s tends, in principle, to infinity. A crude estimation
to this cutoff may be obtained as follows. The high energy tail
of the spectrum corresponds to ω′ → H . Consequently, Ωs

approximately reduces to scω ≈ H
′
av. In this limit µ → 1, so

that H ′av = 4mξE2(1)/π. Since E2(1) = 1, the cutoff may be
estimated as

sc ≈
4mξ
πω

. (9)

The dimensionless parameter sc determines the maximal num-
ber of absorbed photons for the REF configuration. For the
SC and PW cases, on the other hand, the emission probability
indeed decays for ω′ → H , but such a restriction on s does not
exist, giving rise to the emergence of a semi-continuum.

Further, a close look reveals that a relation between the
matrix elements corresponding to the two approaches may
be established. As explained above, the difference between
T , T̃ originates from the interference between different cycles.
The matrix element integration, however, is limited to a single
cycle and a single saddle point contributing to the emission.
Accordingly, the amplitudes of the two methods are sampling
of the same function, where the difference arises from the
different sampling frequency, namely the harmonics ω′s, ω̃

′
s

respectively [53]:

T0T (ω′, cos θ) ≈ T̃0T (ω′, cos θ) (10)

Finally, one may deduce from Eq. (8) that the SC harmon-
ics have no angular dependence, since Ω̃s bears no angular
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dependence. Consequently, after integration over the angu-
lar distribution, the width of the harmonics is still vanishing.
For the WKB method, however, H ′av is angle dependent. In
the case examined numerically below, however, it is explicitly
shown that the width after angle integration is much smaller as
compared to the spacing between neighboring harmonics, so
that they may be regarded as discrete as well.

In the following, the emission properties are calculated nu-
merically via the quantum WKB and SC methods for the
REF configuration, as well as compared with the well-known
PW result. The non-linear parameter is ξ = 10 and the elec-
tron initial momentum is p = 0. Two cases were considered,
corresponding to different values of the quantum parameter
χ = ξ2(ω/m). The higher the χ, the larger the discrepancy
between WKB and SC. The case of χ = 0.5, presented in
Fig. 1(e,d,f), illustrates the expected effect in the spectral distri-
bution. It may be realized with ω = 2.55keV , corresponding to
a XFEL laser with an intensity of about IL ≈ 1027W/cm2.
Smaller but still visible effect can be obtained, as shown
in Fig. 1(a,b,c), even by using less demanding conditions
ω = 100eV, χ = 0.02, IL ≈ 1024W/cm2. These intensities
lay above present day achievable intensity [4, 5, 54]. Never-
theless, improvements of the focusing technique to approach
the diffraction limit may allow for such intensities in the future
[55].

Fig. 1(a,d) show the relation between the number of ab-
sorbed laser photons s and the emitted photon energy ω′s for
the lower and higher intensity respectively. The PW and SC
predictions are identical, as also shown analytically in [53].
For small values of the emitted photon energy, the SC and
WKB curves coincide, as explained above. The deviation oc-
curs near the high energy tail of the spectrum. For the lower
intensity shown in Fig. 1(a), it amounts to about 20 percents
for harmonics still having a significant intensity (see Fig. 1(c)).
For the high intensity case depicted in Fig. 1(d), the discrep-
ancy is of orders of magnitude and the different asymptotic
behavior for ω′ → H is manifest. One may see that according
to the SC model, s asymptotically increases, while the WKB
model predicts a finite cutoff. The cutoff value is sc ≈ 2550,
in agreement with the theoretical estimation of Eq. (9). The
physical meaning is that in a REF, higher amount of energy
would be depleted from the external field as compared to the
same emission in a PW. Furthermore, since the difference be-
tween the absorbed laser energy sω and the emitted photon
energy ω′ is converted to the kinetic energy of the electron, it
implies that for the PW the emission is accompanied by higher
electron acceleration.

The gap between harmonics ∆ω′s for the various approaches,
as well as the spectral width of the angle-integrated spectrum
associated with the WKB and PW harmonics (defined such that
2/3 of the energy is contained within this width) are shown in
Fig. 1(b,e). Note that the angle-integrated SC harmonics have
no width, as shown analytically above. First, one may observe
that the gap changes only slightly for the WKB, but decreases
significantly for the SC (40 and 1.4 times for the high and low
intensity respectively). Second, the WKB harmonics width is

significantly lower than the gap, implying that they may be
regarded as discrete. The PW width, however, is always much
higher than the gap, so that the angle-integrated spectrum is
continuous and the harmonics cannot be distinguished. Thus,
the quantum mechanical calculation of emission corresponding
to two distinct field configurations yields different results, even
though the associated classical trajectories are similar. In other
words, when the condition pointed by us above, γ � 1 + ξ, is
violated, the classical trajectory does not solely determine the
emission, but rather the dispersion relation of the external field
photons plays a role as well.

The angle-integrated spectral intensity of harmonics is pre-
sented in Fig. 1(c,f). The PW and SC curves coincide, as in
Fig. 1(a,d). One can see that the high energy WKB harmonics
are stronger than the SC ones (40 and 1.4 times for the high
and low intensity respectively). This figure shows also the nor-
malized harmonics density m/∆ω′s. The latter indicates clearly
that for the SC the harmonics density is much higher. In other
words, the WKB exhibits distant and intense harmonics, while
the SC predicts weak and spectrally dense ones. Averaging the
discrete harmonics (i.e. dividing their power by ∆ω′s), one ob-
tains exactly the same spectrum for all models, coinciding with
the CCF prediction as well. The equivalent total energy may be
intuitively explained as follows. From Eq. (10) it follows that
for a single cycle pulse the quantum and SC method should
yield exactly the same spectrum. The transition from a single
cycle to a periodic pulse gives rise to the concentration of the
emitted energy in discrete harmonics (which are different for
the two models as seen above) but does not change the total
energy, see [53].

Concluding, we show that the well-known Baier-Katkov
SC formula for radiation of relativistic electrons is valid only
when an additional condition of γ � 1 + ξ is fulfilled. Con-
sidering a particular case γ = ξ � 1 when the additional
condition is violated, discrepancy between the SC and quan-
tum spectral harmonic structure is demonstrated, whereas the
harmonic-averaged spectrum remains equivalent. In particular,
the quantum calculation predicts a maximal value for the pos-
sible number of absorbed photons, while according to the SC
model it is unlimited. Furthermore, comparing the quantum
calculations corresponding to the REF and PW, it was observed
that two various field configurations with the same classical
trajectory may result in different emission characteristics due
to different dispersion relations of the strong field photons.

The authors are greatful to Antonino Di Piazza for helpful
discussions. ER acknowledges support from the Alexander
von Humboldt Foundation.

∗ erez.raicher@mpi-hd.mpg.de
† karen.hatsagortsyan@mpi-hd.mpg.de

[1] The Gemini laser: https://www.clf.stfc.ac.uk/Pages/
Laser-system-Gemini.aspx

[2] The Extreme Light Infrustructure (ELI): http://www.
extreme-light-infrastructure.eu

mailto:erez.raicher@mpi-hd.mpg.de
mailto:karen.hatsagortsyan@mpi-hd.mpg.de 
 https://www.clf.stfc.ac.uk/Pages/Laser-system-Gemini.aspx 
 https://www.clf.stfc.ac.uk/Pages/Laser-system-Gemini.aspx 
http://www.extreme-light-infrastructure.eu
http://www.extreme-light-infrastructure.eu


5

[3] The XCELS project: http://www.xcels.iapras.ru
[4] The LCLS project: http://lcls.slac.standford.edu
[5] The XFEL project: http://www.xfel.eu
[6] T. Tajima, and G. Mourou, Phys. Rev. ST Accel. Beams, 5,

031301 (2002).
[7] J.T. Mendonça and S. Eliezer, in Applications of Laser-Plasma

Interaction edited by S. Eliezer and K. Mima (CRC PressINC,
Boca Raton, 2009).

[8] E. Esarey, C. B. Schroeder, and W. P. Leemans, Rev. Mod. Phys.
81, 1229 (2009).

[9] A. Macchi, M. Borghesi, and M. Passoni, Rev. Mod. Phys. 85,
751 (2013).

[10] J. Schwinger, Phys. Rev. 82, 664 (1951).
[11] T. N. Wistisen, A. Di Piazza, H. V. Knudsen, and U. I. Uggerhøj,

Nat. Commun. 9, 795 (2018).
[12] J. M. Cole, K. T. Behm, E. Gerstmayr, T. G. Blackburn, J. C.

Wood, C. D. Baird, M. J. Duff, C. Harvey, A. Ilderton, A. S.
Joglekar, K. Krushelnick, S. Kuschel, M. Marklund, P. McKenna,
C. D. Murphy, K. Poder, C. P. Ridgers, G. M. Samarin, G.
Sarri, D. R. Symes, A. G. R. Thomas, J. Warwick, M. Zepf, Z.
Najmudin, and S. P. D. Mangles, Phys. Rev. X 8, 011020 (2018).

[13] K. Poder, M. Tamburini, G. Sarri, A. Di Piazza, S. Kuschel, C.D.
Baird, K. Behm, S. Bohlen, J.M. Cole, D.J. Corvan, M. Duff,
E. Gerstmayr, C.H. Keitel, K. Krushelnick, S.P.D. Mangles,
P. McKenna, C.D. Murphy, Z. Najmudin, C.P. Ridgers, G.M.
Samarin, D.R. Symes, A.G.R. Thomas, J. Warwick, and M. Zepf
Phys. Rev. X 8, 031004 (2018).

[14] A. Di Piazza, C. Müller, K.Z. Hatsagortsyan, and C.H. Keitel,
Rev. Mod. Phys. 84, 1177 (2012).

[15] V. I. Ritus, J. Sov. Laser Res. 6, 497 (1985).
[16] W. H. Furry, Phys. Rev. 81, 115 (1951).
[17] V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, Quantum

Electrodynamics, Course in Theoretical Physics, Vol.4 (Perga-
mon, Oxford, 1982).

[18] A. Nikishov and V. Ritus, Sov. Phys. JETP 46, 776 (1964).
[19] T. O. Müller, and C. Müller, Phys. Rev. A 86, 022109 (2012).
[20] A. Di Piazza, E. Lötstedt, A.I. Milstein, and C.H. Keitel, Phys.

Rev. A 81, 062122 (2010).
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Semi-classical limitations for photon emission in strong external fields: Supplemental
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TRANSITION AMPLITUDE

The wave function equation of motion for a scalar par-
ticle in a strong electromagnetic (EM) field reads [1]

[
−~2∂2 − 2ie~(A · ∂) + e2A2 −m2

]
Φ = 0 (1)

where ~ is explicitly written. The vector potential cor-
responding to a rotating electric field, as defined in the
main text, reads Aµ = aµ1 cos(ωt) + aµ2 sin(ωt), where
aµ1 = a(0, 1, 0, 0), aµ2 = a(0, 0, 1, 0) are the polarization
vectors. We employ the leading order WKB method, i.e.
we seek for a solution of the form

Φ = exp

[(
S0

~
+ S1

)]
. (2)

Substituting (2) into (1), neglecting the second order
terms in ~ and equating the coefficients of each ~ power
to zero, one finds

S0 = i

(∫ t

−∞
dt′H(t′)− p · x

)
, S1 = −1

2
lnH(t), (3)

where pµ is the initial momentum and S0 is the classical
action, as expected. From now on the ~ will be omitted.
Accordingly, the approximated wave function reads

Φ =
1√
2H(t)

exp

[
i

(∫ t

−∞
dt′H(t′)− p · x

)]
. (4)

In principle, a factor of 1/
√
V should be introduced,

where V is the normalization volume. However, since
it cancels out in the rate calculation detailed below, it
will be omitted from now on. Notice that for a general
EM field configuration, the classical action and trajectory
cannot be found analytically and therefore the WKB is
not beneficial. In our case, however, the classical motion
admits an analytical solution.

The transition amplitude for the leading order non-
linear photon emission, depicted as a Feynmann diagram
in Fig.1, is given [1] by

iT = eεµ
∫
dx4

e−ik
′·x

√
2ω′

[Φ′∗ (∂µ + eAµ)Φ− Φ′ (∂µ − eAµ)Φ
∗] , (5)

where the ′∗′ symbol stands for a complex conjugate.
Substituting the wavefunction (2) leads to

iT = (2π)3eεµ
∫ ∞

−∞
dt

[
Pµ(t) + P ′

µ(t)√
8ω′H(t)H′(t)

]
eiψδ3(p− p′ − k′), (6)

p

p′

k′

FIG. 1. The Feynmann diagram representing the emission
process. The bold lines represent the ”dressed” electron in
the Furry picture [2].

where Pµ(t) is the kinetic momentum and the argument
reads

ψ = ω′t+
∫ t

∞
dt′H′(t′)−

∫ t

−∞
dt′H(t′). (7)

It follows from the delta function in (6) that the initial
momenta of the in-coming and out-coming particles are
related through p′ = p − k′. As a result, from P(t) =
p−eA(t) it may be deduced that P′ = P−k′. Since the
temporal component of εµ vanishes, we have

ε · [P (t) + P ′(t)] = −ε ·
[
2P(t)− k′] = 2ε · P (t), (8)

where the orthogonality relation ε · k′ = 0 was used. Fi-
nally, one obtains

iT = (2π)3Tfiδ3(pc) (9)

where pc ≡ p− p′ − k′ and

Tfi ≡ e

∫ tf

ti

dt′
[ε · P (t′)]√

2ω′H(t′)H′(t′)
eiψ. (10)

RATE CALCULATION

The transition amplitude is related to the emission
probability P through [3]

P =

∫
V d3p′

(2π)3
V d3k′

(2π)3
|iT |2. (11)

The squared transition amplitude (9) takes the form

|iT |2 = (2π)3δ3(p− p′ − k′)V |Tfi|2. (12)

Plugging (12) into (11) and taking advantage of the spa-
tial δ function one arrives at

P =
1

(2π)3

∫
dϕd cos(θ)dω′ω′2|Tfi|2, (13)
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where θ and ϕ are the axial and azimuthal angles cor-
responding to the out-coming photon. The volume V is
cancelled with the normaliztion factor of the wavefunc-
tions included in Tfi. Squaring Tfi yields

|Tfi|2 = 2π
∑

s

|Ms|2δ(Ωs)τ, (14)

where the matrix element and the δ function argument,
respectively, are defined as

Ms =
1

T

∫ T

0

dt

[
ε · P (t)√
2HH′ω′

s

]
eiψp−sωt, (15)

and

Ωs = H+ sω − ω′ −H′
av(ω

′). (16)

τ is the interaction time which goes to infinity since we
assume that the pulse is very long. Introducing the prob-
ability per time unit, W ≡ limτ→∞ 1

τP, we obtain

dW

d(cos θ)
=

1

(2π)2

∫
dω′ω′2∑

s

|Ms|2δ(Ωs). (17)

Notice that owing to the azimuthal symmetry, the tran-
sition amplitude does not depend on ϕ, so it can be inte-
grated out. Employing the relation between the intensity
and the probability per unit time, namely dIs = ω′

sdWs,
leads to the final result

dI

d(cos θ)
=

1

2π
ω′3∑

s

|Ms|2
∣∣∣∣
dΩs
dω′

∣∣∣∣
−1

ω′=ω′
s

. (18)

MATRIX ELEMENT CALCULATION

SC approach

The semi-classical matrix element is defined in the
main text by

M̃s =
1

T

∫ T

0

dt

[
ε · P (t)√

2H (H− ω̃′
s) ω̃

′
s

]
eiψ̃p−sωt, (19)

where the periodic part of the SC argument is

ψ̃p =
H

H− ω̃′
s

k′ · x(t). (20)

Without loss of generality, we consider a photon emit-
ted in the x − z plane, i.e. with ϕ = 0. Hence,
k′ · x(t) = ω̃′

sx(t) sin θ where x(t) is the x component
of the trajectory. It is given by x(t) = ξ

ω
√

1+ξ2
sin(ωt).

In addition, as shown in the main text, the relation be-
tween the harmonic index s and the emitted photon en-
ergy reads

ω̃′
s =

sωH
sω +H . (21)

Substituting Eq. (21) as well as x(t) into (20) we obtain

ψ̃p =
sξ√
1 + ξ2

sin θ sin(ωt) ≡ z sin(ωt), (22)

where we have defined

z ≡ sξ sin θ√
1 + ξ2

. (23)

Since Pµ = (H,mξ cos(ωt),mξ sin(ωt), 0), the matrix el-
ement reads

M̃s = εµM̃µ
s (24)

where

M̃µ
s ≡ m√

2H (H− ω̃′
s) ω̃

′
s

(B
√

1 + ξ2, ξB1, ξB2, 0). (25)

The coefficients B,B1, B2 are defined as

B ≡ 1

2π

∫ 2π

0

dφei(z sin φ−sφ), (26)

B1 ≡ 1

2π

∫ 2π

0

dφ cosφei(z sin φ−sφ), (27)

and

B2 ≡ 1

2π

∫ 2π

0

dφ sinφei(z sin φ−sφ), (28)

where φ = ωt. Recalling the integral definition of the
Bessel function Js one may write

B = Js(z), B1 =
s

z
Js(z), B2 = −iJ ′

s(z). (29)

Due to the Ward indentity [3], the sum over the photon
polarizations is given by

∑

ε

|M̃s|2 = −M̃µ
sM̃sµ. (30)

Employing (24-29) we obtain

∑

ε

|M̃s|2 =

K

(
ξ2
[(

s2

z2
− 1

)
+ J ′2

s (z)

]
− J2

s (z)

)
, (31)

where

K ≡ m2

2H (H− ω̃′
s) ω̃

′
s

. (32)

The final result is very similar to the matrix element
corresponding to a circularly polarized plane wave, as
obtained by Ritus and Nikishov [4] (see also the plane
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wave section below). The main difference lies within the
definition of z.

Since we are interested in the ξ � 1 domain, the in-
tegrals appearing in (26-28) are rapidly oscillating and
therefore may be approximated using the saddle point
technique, yielding [4]

Js(z) ≈
(
2

s

)1/3

Ai(y), J ′
s(z) ≈

(
2

s

)2/3

Ai′(y), (33)

where Ai designates the Airy function and its argument
y is related to z, s through

y ≡
(s
2

)2/3(
1− z2

s2

)
. (34)

As a result, the sum over polarizations of the squared
matrix element reads
∑

ε

|M̃s|2 ≈

K

(
−Ai2(y) + ξ2

(
2

s

)4/3 [
yAi2(y) +Ai′2(y)

]
)
. (35)

WKB quantum approach

In the following, the relation between the quantum and
SC matrix elements is established. The WKB matrix
element is defined in the main text as follows

Ms =
1

T

∫ T

0

dt

[
ε · P (t)√
2HH′ω′

s

]
eiψp−sωt. (36)

Notice that as opposed toH−ω̃′
s appearing in the denom-

inator of (19), (36) contains instead the time-dependent
quantity H′. The periodic part of the phase takes the
form

ψp = H′
avt−

∫ t

−∞
dt′H′. (37)

For the case considered in the main text, i.e. γ ≈ ξ � 1,
the argument ψ is rapidly oscillating and the contribution
to the integral comes from the region where θe < 1/γ, as
discussed in the main text. Therefore, one may use the
Baier-Katkov approximation for the phase

ω′
st+

∫ t

−∞
dt′H′ −H ≈

∫ t

−∞
dt′

H
H− ω′

s

(k′s · v) , (38)

where k′s = ω′
s(1, sin θ, 0, cos θ) is the wave vector of the

emitted photon corresponding to the s harmonic. Plug-
ging

∫ t
∞ dt′H′ from (38) into (37) and using sω + H =

ω′
s +H′

av one obtains

ψp = H′
avt−Ht−

∫ t

−∞
dt′

H
H− ω′

s

(k′s · v) + ω′
st =

sω −
∫ t

−∞
dt′

H
H− ω′

s

(k′s · v) . (39)

Hence, in the vicinity of the saddle point we have

ψp − sωt ≈ −
∫ t

−∞
dt′

H
H− ω′

s

(k′s · v) . (40)

Writing explicitly the right wing we have

ψp − sωt ≈ H
H− ω′

s

k′
s · xp − seffωt, (41)

where seff as defined by

seffω ≡ ω′
sH

H− ω′
s

(42)

is an effective (and not necessarily integer) index for
which the emitted energy of the SC model coincides with
the WKB harmonic ω′

s. One may explicitly verify that
even though the functions on the right and left wings of
(41) are not identical, their Taylor expansion up to third
order in the vicinity of the saddle point is identical. Addi-
tionally, it should be noted that the prefactor 1/

√
H′(t)

is time dependent, as opposed to the SC case. However,
since a detailed examination shows that its derivative
with respect to t vanishes at the saddle point t = 0, it
may be considered as constant. Hence, as both the pref-
actor and the phase of the WKB and SC are identical
near the saddle point, one may write

Ms ≈ M̃seff
. (43)

Namely, the WKB matrix element coincides with the SC
one corresponding to an effective harmonic index seff , so
that the emitted energy ω′ would be the same. Finally,
from the above derivation and due to the relation

Ms =
1

T
T0T (ω′

s, cos θ), (44)

presented in the main text, it follows that

T0T (ω′, cos θ) ≈ T̃0T (ω′, cos θ). (45)

The angular dependence was explicitely written for the
sake of clarity.

PLANE WAVE AND CONSTANT CROSSED
FIELD FORMULAS

First, let us obtain the initial momentum for a particle
counterpropagating a plane wave which results in a cir-
cular motion, similar to the REF case. We recall that in
this case the time-dependent momentum is given by [4]

Pµ = pµ − eAµ +
e2a2

2(kl · p)k
l
µ, (46)

where kl = (ω, 0, 0, ω). As a result, for initial momen-
tum (p0, 0, 0, pz) satisfying pz = e2a2/[2(p0 − pz)], the
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z component of the momentum vanishes leading to the
same classical trajectory (circle) and quantum parameter
χ as in the REF problem we consider. As a consequence,
we may compare the emission predicted by full quantum
calculations for two different EM configurations sharing
the same classical trajectory.

The intensity of the radiation emitted by a scalar par-
ticle interacting with a circularly polarized plane wave is
given by [4]

dI

du
=
e2m2

2π

u

(1 + u)
3

∑

s[
−J2

s (z) + ξ2
[(

s2

z2
− 1

)
J2
s (z) + J ′2

s (z)

]]
, (47)

where the relation between u and the emitted photon
energy for ultra-relativistic particles reads

u =
ω′

H− ω′ , (48)

so that ω′ = uH/(1 + u). The Bessel function argument
is given by

z ≡ ξ2
√

1 + ξ2

χ

√
u(us − u). (49)

The quantum parameter χ is defined in the main text.
Each harmonic is non-vanishing on the interval 0 < u <
us where

us ≡
2sχ

ξ(1 + ξ2)
. (50)

The harmonic spectral location is defined according to
the peak emission, corresponding to u = us/2. Using
(48) one may write it in terms of the emitted photon
energy

ω′
s =

us
2(1 + us/2)

H. (51)

Employing (50) as well as χ = ξHω
m2 and H = m

√
1 + ξ2

one obtains

ω′
s =

sωH
sω +H . (52)

Notice that this expression is identical to the one ob-
tained for the SC model in the main text.

The Constant-Crossed-Field expression arises from
(47) by using the saddle point analysis (similar to the
derivation in the SC matrix element section) and replac-
ing the discrete harmonics with a continuous variable,
namely

dI

du
=
e2m2

2π

u

(1 + u)
3

(
u

2χ

)1/3 ∫ ∞

−∞
dτ

[
−Ai2(y) +

(
2χ

u

)2/3 [
yAi2(y) +Ai′2(y)

]
]
, (53)

FIG. 2. The harmonics-averaged spectrum: (blue) SC,
(green) PW and (turquise) WKB as compared to the CCF
expression. All curves coincide to a very good approxima-
tion.

where

y ≡
(
u

2χ

)2/3 [
1 + τ2

]
. (54)

AVERAGE SPECTRUM EQUIVALENCE

In the SC matrix element section the relation (45) be-

tween T0T , T̃0T was established. It follows that the tran-
sition amplitude is the same for the WKB and SC ap-
proaches given that the EM field contains a single cycle
only. In the following, we argue that owing to (45), one
may expect that the harmonic-averaged spectrum pre-
dicted by the two models should coincide for a periodical
field. We notice that Tfi may be cast in the form

Tfi =
∫ ∞

−∞
dtf(t, ω′)eiω

′t, (55)

where

f(t, ω′) ≡ [ε · P (t)]√
2ω′H(t)H′(t)

exp

[(∫ t

∞
dt′H′(t′)−

∫ t

−∞
dt′H(t′)

)]
. (56)

It resembles a Fourier transform except for the fact that
f(t, ω′) depends on ω′ as well as on t. Furthermore, ac-
cording to the derivation above (see rate calculation sec-
tion), the intensity is proportional to

dI

d cos θ
∝
∫ ∞

−∞
ω′3|Tfi|2dω′, (57)

which takes the same form as the energy integration over
a Fourier spectrum, except for the ω′3 factor. In order
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to take advantage of this analogy we recall one of the
Fourier transform features. Let us consider a function
q(l) which is non-vanishing only in the interval 0 < l < L.
Its Fourier transform reads

Q(v) =

∫ L

0

q(l)e−ivldl. (58)

Now we use q(l) to define a periodic function

qp(l) = q(l − nL), n ≡
⌊
l

L

⌋
, (59)

where bc designates the flooring function. The Fourier
transform of the new function is therefore

Qp(v) =
∑

j

δ(v − vj)Q(vj), vj ≡
2πj

L
. (60)

Namely, the transition from a single to periodic function
induced ”roaming” of the spectral energy to discrete fre-
quencies (harmonics) without changing the average en-
ergy. In order to observe it explicitly, let us consider the
enrgy contained in the interval vj < v < vj+1

∫ vj+1

vj

dv|Qp(v)|2 =

1

2
(Q(vj) +Q(vj+1)) [vj+1 − vj ] . (61)

One may see that (61) equals approximately the integral
over a single cycle spectrum

∫ vj+1

vj
dv|Q(v)|2, given that

the envelope function Q(v) changes only slightly in the
interval under consideration.

The same reasoning applies in our case, given that
the functions ω′3 and f(t, ω′) are slowly varying enve-
lope functions which stay almost constant on the fre-
quency scale of the above mentioned ”energy roaming”,
i.e. ω′ → ω′ + ∆ω′

s. Since ∆ω′
s ≤ ω, as demonstrated

in Fig. 1(b,e) in the main text, and for ξ � 1 corre-
sponding to ω′ � ω, this condition is satisfied and hence
one should expect the harmonic-averaged spectrum to be
equivalent to the single cycle one. The same argument
applies for the SC case, so that its harmonic-averaged
spectrum recovers the single cycle one. Finally, since
the WKB and SC single cycle spectrum is equivalent, as
established above, one may deduce that the harmonic-
averaged spectrum of the WKB and SC approaches co-
incide as well. Fig. 3 shows the harmonic-averaged spec-
trum of the WKB and SC models, as well as the PW
and CCF spectrum. One may see that all expressions
coincide to a very good approximation.
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