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Abstract. In this paper we classify vertex operator algebras with three
conditions which arise from Virasoro minimal models: (A) the central charge
and conformal weights are rational numbers, (B) the space spanned by char-
acters of all simple modules of a vertex operator algebra coincides with the
space of solutions of a modular linear differential equation of order 4 and (C)
the dimensions of first three weight subspaces of a VOA is 1, 0 and 1, respec-
tively. It is shown that vertex operator algebras which we concern have central
charges ¢ = —46/3,—3/5,—114/7,4/5, and are isomorphic to minimal mod-
els for ¢ = —46/3, —3/5 and Zs-graded simple current extensions of minimal
models for ¢ = —114/7,4/5.

Introduction

In the theory of vertex operator algebras (VOAs), one of the most important proper-
ties is the modular invariance of the space spanned by characters of all simple modules.
This is proved by Y. Zhu [27, Theorem 5.3.3] and C. Dong, G. Mason and H. Li [4,
Theorem 1.3] under two conditions—Cy-cofiniteness and rationality. In the proof of the
modular invariance of the space spanned by characters, particularly, convergence of char-
acters, it is shown that there exists a linear differential equation with regular singularity
only at ¢ = 0 whose space of solutions contains the space spanned by characters of all sim-
ple modules of a given VOA. This differential equation is now called a monic modular
linear differential equation (monic MLDE) and is studied together with the theory of
vector-valued modular forms (cf. [4], [16], [17]). A monic MLDE is defined by means of
the Serre derivation ([16], [17]). The Serre derivation 9y = gd/dq — (k/12)Ey of weight k
is a differential operator acting on meromorphic functions on the upper half plane, where
E5 is the “quasimodular” Fisenstein series. The ith iterated Serre derivation is defined
by ¥, = U a3i—1y0" - -0Uk+200y. A linear differential equation 9% (f)+ 30—y P§(f) =0
is called a monic MLDE (of weight 0) if P; is a holomorphic modular form of weight 2(p—1)
for each i (see [16], [17]).
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One of problems on the study of relationships between VOAs and monic MLDEs is
to decide if the space spanned by characters of all simple modules of a VOA coincides
with the space of all solutions of a monic MLDE.

One of the most studied examples of VOAs 1is the simple Virasoro
VOA L(cp,q,0) (cf. [9], [25]) associated with the irreducible highest weight mod-
ule of the Virasoro algebra, where the central charge ¢ 4 is 1 —6(p — q)?/pq for coprime
positive integers p and ¢. The VOA L(cpq,0) is often called the minimal model in
physics literature. It was shown in [20] and [21] that there is a monic MLDE L, 4(9)f = 0
such that the set of characters of simple L(cp 4, 0)-modules forms a fundamental system
of solutions of the monic MLDE, where L, ,(¢) is a differential operator of the Serre
derivation ¥y (We also give a simple proof of this fact in Proposition 6 in §2.).

Another example of VOAs is the affine VOA Lg(k,0) associated with the irreducible
highest weight module of a finite-dimensional simple Lie algebra g of positive integral
level £ ([9]). We showed in [1] that if the dimension of the space Xy spanned by
characters of all simple Ly(k,0)-modules is between 1 and 6, then Xj ; coincides with
the space of solutions of a monic MLDE. However, we also found several affine VOAs,
L 4,(3,0), etc., whose spaces of characters are not the spaces of solutions of any monic
MLDEs.

The problem which is intensively studied in this paper is a classification of VOAs
whose spaces spanned by characters of all simple modules coincide with the spaces of
solutions of monic MLDEs of given orders. Since a monic MLDE of order 1 is (¢d/dq) f =
0, any solution is a constant function. Therefore, the corresponding VOA is trivial. In
[19], S. D. Mathur, S. Mukhi and A. Sen classified the rational conformal field theories
whose partition functions (characters) satisfy monic MLDEs of order 2. In the language
of VOAs their classification is interpreted as such VOAs are isomorphic to affine VOAs of
level 1 associated with (the Deligne exceptional series) Ay, As, Go, Dy, Fy, Eg, E7, and
the minimal model L(ca5,0). The 3rd order case is studied in [2], [10] and [24]. Since
there are infinitely many VOAs whose spaces of characters of simple modules span the
spaces of solutions of monic MLDEs of order 3 ([1]), we need an extra condition to obtain
finite number of corresponding VOAs. In [2], [10] and [24], it is also assumed that the
weight 1 subspace of a VOA is trivial. Then we obtain 8 candidate central charges and
show that 6 candidate central charges have corresponding VOAs and the other central
charges do not have corresponding Cs-cofinite and rational VOAs ([3]). However, it is
not known if each of 6 central charges has the unique corresponding VOA.

Our main purpose of this paper is to classify the VOAs whose spaces spanned by
characters of all simple modules coincide with spaces of solutions of monic MLDEs of
order 4 under several conditions on VOAs, which may characterize the minimal models.

We first give several results on relations between (extensions of) minimal models
and monic MLDESs, which are necessary to prove one of our main theorems. Let p and ¢
be coprime positive integers such that L(c, 4, 0) does not have positive integral conformal
weights. We can prove that if the space of solutions of the monic MLDE L, ,(¢)f = 0
contains the space spanned by characters of all simple modules of a VOA V with central
charge ¢, 4, then V is isomorphic to the minimal model L(cp q4,0) (Theorem 8 in §3).
This result can be considered as a characterization of the minimal models L(c, 4, 0) for
specific pairs (p,q) by means of the monic MLDEs L, ,(J)f = 0.

We also study an extension of a minimal model by its simple module, which is
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called a Zs-graded simple current extension (SCE). It is known that a Zs-graded SCE
of L(cp 4,0) uniquely exists if (p, q) = (2t + 1,4u + 2) for some positive integers ¢ and w.
We also characterize Zs-graded SCEs of minimal models by monic MLDEs. More pre-
cisely, we prove that there is a unique monic MLDE I:Ihq(l?) f = 0 whose space of solutions
coincides with the space spanned by characters of all simple modules of the Zs-graded
SCE of L(cp,q,0) (Theorem 11 in §4). Then we show that if the space spanned by char-
acters of all simple modules of a VOA with central charge ¢ 4 is realized by the monic
MLDE L, ,(9)f = 0, then this VOA is isomorphic to the Zs-graded SCE (Theorem 13
in §4).

We next prove our main result in this paper. Taking into account of the properties of
the minimal models we suppose that a central charge and conformal weights of a VOA V/
are rational numbers and that dim Vy = 1, dim V; = 0, and dim Vo = 1. Then it is shown
in [5, Lemma 5.3] that this VOA has no nonzero negative weight spaces, and therefore,
the character chy of V is expressed as chy = ¢~?4(1 + ¢ + mq® + O(q*)), where ¢
denotes the central charge of V' and m is the dimension of V3. By substituting chy to
the general form of monic MLDEs of order 4, we can determine monic MLDESs uniquely
(see §5). There are 2 monic MLDEs with generic parameters and 6 monic MLDEs.

The list of monic MLDEs that we obtain contains the monic MLDEs Ly o(9)f = 0,
Lss(W)f = 0, Lsg(9)f = 0 and Lz 14(0)f = 0. Tt follows from our characterization
that VOAs corresponding to these monic MLDEs are isomorphic to the minimal mod-
els L(cz,9,0), L(cs,5,0) (ca,9 = —46/3, c3,5 = —3/5), and the Zs-graded SCEs of minimal
models with central charges cs¢ = 4/5, c314 = —114/7 by their simple modules with
conformal weight 3, respectively. By solving other monic MLDEs which appear in the
paper, we verify that there does not exist VOAs associated with these monic MLDEs
and complete a proof of our main result (Theorem 19 in §6).

The paper is organized as follows. In §1 we review the definitions and the basic prop-
erties of vector-valued modular functions, monic MLDEs, and several results obtained
by G. Mason in [17]. The Frobenius method of solving linear differential equations with
regular singularities is also explained here. Several important facts and results of the
representation theory of the minimal models are illustrated in §2. In §3 we describe the
relations of monic MLDEs and characters of minimal models. The main issue of this
section is to give a characterization of minimal models by means of monic MLDEs. In §4
we discuss Zs-graded SCEs of minimal models and prove that there is a monic MLDE
whose space of solutions coincides with the space spanned by characters of all simple
modules of a Zs-graded SCE of a minimal model. A characterization of Zs-graded SCEs
of minimal models by means of monic MLDESs and central charges also proved here. In §5
we give recursive relations of Fourier coefficients of solutions (g-series) of monic MLDEs
of order 4. We also determine rational numbers which can be central charges and monic
MLDEs under our conditions. Finally, we complete a proof of one of our main results
in §6 by excluding objects which do not fit our conditions. In Appendix, all solutions of
the Diophantine equation appeared in §5 are determined, which is due to D. Zagier.
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1. Monic modular linear differential equations and vector-valued modu-
lar functions

Throughout the paper we denote the complex upper half-plane by H = {r €
C| Im7 > 0}. For a positive integer k > 2, let Eqi, be the normalized Fisenstein series
of weight 2k

4k & —
(1) Ex(r) =1= 5= Y ouna(n)g", ¢=e™" (1 €H),
2k n=1
where o,,(n) is the division function and B, is the nth Bernoulli number. The quasi-
modular form Fy(7) is defined by setting & = 1 in (1).

DEFINITION. A vector-valued modular function (VVMF) on SLy(Z) is a (col-
umn) vector-valued holomorphic function F = f'( fis-es fp) on H with a p-dimensional
complex representation p : SLy(Z) — GL,(C) subject to (a) F(y(r)) = p(y)F(7)
for all v € SL9(Z) and (b) each component function f; has a g-expansion f; =
>0 g al g™ (ab #0, \; € C) on H.

A vector-valued modular function F is called normalized if f; = ¢ (1+ Y o, alq™) (1 <
i <m), fmi1,---5 fp =0and Ai,..., Ay, f; = 0 are mutually distinct. For a VVMF F,
there is an invertible matrix A such that AF is normalized.

The Serre derivation for k € Z>¢ is defined by

0ulf) = D(f) = {3Eaf. D=a5.

and the ith iterated Serre derivation is defined by % = Upyo(i—1) O+ +* © Upq2 0 Uy with
¥9 = 1. A linear differential equation

(2) () + S PI(f) =0
=0

is called a monic modular linear differential equation (monic MLDE for short) if
P; is a holomorphic modular form of weight 2(p—4). Since any holomorphic modular
form of weight 2 is 0, we see that P, = 0 for ¢« = p — 1. It was shown by G. Mason in
[17, Theorem 4.1] that the space of solutions is invariant under the usual slash action
of SLy(Z) and that ¢ = 0 is a unique regular singular point of (2).

THEOREM 1. Let F ="*(f1,..., f,) be a normalized vector-valued modular function.
Suppose that {f;} is linearly independent and f; = ¢* (1 + > oo, alq™). Then the set
of component functions {f;} forms a fundamental system of a monic modular linear
differential equation of order p if and only if p(p — 1) —123°7_, X\; = 0.

REMARK. In this paper we restrict our attention to vector-valued modular functions
(vector-valued modular forms of weight 0). In [17] all results cited in this section are
proved for vector-valued modular forms of non-negative integral weights.

Since any monic MLDE has a regular singularity at ¢ = 0, we can use the Frobenius
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method ([11, Chapter XVI]) to obtain a fundamental system of solutions of a monic
MLDE. Suppose that f = ¢°(1 + >0~ ,anq™) is a solution of (2). By substituting f
to (2) and taking the coefficient of ¢”, we see that p is a root of the polynomial

- k p—2 i—1 k oo
‘I’(P):H<P_6>+ZR',OH<P—6>7 Pi:ZPi,nqn'
k=0 n=0

p—1
k=0 =0

This polynomial is usually called the indicial polynomial (characteristic polynomial)
of the monic MLDE (2) and the roots of the indicial equation, that is, ¥(p) = 0, are
called the indicial roots (indices) of (2).

LEMMA 2 ([11, Chapter XVI, pp. 397]). If X is an indicial root and there are no
indicial roots in \ + Zsq, then a solution of the form ¢*(1 + oo L ang™) is uniquely
determined.

The coefficients a,, are determined by recursive relations of Fourier coefficients (see
§6 for monic MLDEs of order 4).

2. Virasoro vertex operator algebras

In this section we review fundamental properties of Virasoro vertex operator algebras.
The Virasoro algebra denoted here by Vir is a Lie algebra generated by L, (n € Z)
and a central element C with the commutation relations

m3fm

LmaLn: - Lm n
L L) = (m = m) L+ 7

Om,—n C.

A vertex operator algebra (VOA) is a quadruple (V,Y,1,w) consisting of a Z-
graded vector space V = EBneZ V,, with distinguished vectors 1 € Vj and w € Vs,
called the vacuum vector and the Virasoro element, respectively, and a linear map Y :
V. — Endc(V)[[z, 27 '] (@ = Y(a,z) = Y, cpanz”""") which satisfies a number of
axioms (cf. [15], [18]). Define L, for n € Z by Y(w,2) = >, o5 Lnz"""2. Then the
set {Ly, idy |n € Z} gives a module of the Virasoro algebra on V. Particularly, the
central element C' acts as a scalar ¢y € C and cy is called the central charge of V. For
each n € Z, a homogeneous subspace V,, is a finite dimensional weight space of weight n
with respect to Ly. A VOA V is said to be of CFT type if V =&, V, and V; = C1.

PROPOSITION 3 ([5, Lemma 5.2]). Let V be a vertex operator algebra. If Vo = C1
then V' has no nonzero negative weight spaces, that is, V is of CFT type.

Let V be a VOA with central charge ¢yy. A weak V-module is a pair (M, Y)) of
a vector space M and a linear map Yas : V — Endc(M)][z, 27 1]] with naturally required
conditions for a module. A weak V-module M is also a module of the Virasoro algebra
of the central charge cy by letting Y (w,2) = >,z L,z7""2. An admissible V-
module is a weak V-module M which carries a Z>-grading M = @, , M (n) satisfying
amM(m) C M(k+n—m—1) for a € Vj, m,k € Z and n € Z>¢. A weak V-module is
said to be a V-module if there are finitely many complex numbers h; such that M =
D, D,y My, +n where M), is a finite-dimensional eigenspace of Ly with eigenvalue h. If
M is a simple V-module there exists a complex number A such that M = @ZOZO Mpin
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and My # 0. This complex number h is called the conformal weight of a simple V-
module M. The (formal) character of a simple V-module M is defined to be

char(7) = trag g"0= /2 =3 " (dim My, 4, )g" v /24

n=0

We can also define the character of a module such as M = GBZOZO Mjp, 4, which is not
simple. We denote by X (V') the space spanned by characters of all simple V-modules.

It is called that a VOA V is rational if any admissible V-module is completely re-
ducible and Cs-cofinite if the subspace of V' spanned by elements of the form a_sb (a,b €
V') has finite-codimension in V. It is shown in [27, Theorem 4.4.1] that if V' is Ca-cofinite
then the number of simple modules is finite up to isomorphisms and each character chys
of the simple V-module M converges on H. Moreover, if V is rational and Cs-cofinite
then the space X' (V) is invariant under the usual slash action of SLy(Z). In other words,
the set of characters of all simple V-modules forms a finite-dimensional vector-valued
modular function.

One of the most important examples of rational and Cs-cofinite VOAs is the con-
cept of the minimal models. Let Virs, = @ZOZO CL,, and ¢, h be complex numbers.
Let Cuv.p, be a 1-dimensional U(Virsg)-module which is defined by L,ven = hdp ovcn
and Cv.p, = cv.p, where U(g) denotes the universal enveloping algebra of a Lie alge-
bra g. Then the induced module M(c, h) = U(Vir) ®u(vir.y) Cuvc,n is called the Verma
module of the Virasoro algebra with central charge ¢ and highest weight h, which has
the unique maximal proper submodule J(c, h). We denote by L(c,h) = M(c,h)/J(c, h)
the irreducible quotient.

Let (L_1v.0) be the submodule of M(c,0), which is generated by L_jv.o. It is
obvious that (L_qv.0) is a proper submodule of M (c,0). We denote the quotient mod-
ule M(c,0)/{L_1vc0) by V(c,0) and by 1 the image of v. o under the natural surjection.
It is shown in [9, Theorem 4.3 and Remark (pp. 163)] that V(c,0) and L(c,0) are VOAs
with the vacuum vectors 1 and the Virasoro elements w = L_»1. By Poincaré-Birkhoff-
Witt theorem applied to U(Vir) the space V (¢, 0) has a basis

L op Lyl (r>0,n€Zng>->mn.>1)

whose weight is defined by Lo, that is, >.._; n;. Thus the character of V(c,0) is given
by

g [=a) " = 1+ +¢* +2¢" + 0(¢")) .

n>1

A homogeneous vector v of a highest weight Vir-module is called singular if L,,v =0
for all positive integer n (n = 1,2 are enough by the commutation relations). If V(c,0)
contains a singular vector of positive integral weight then V'(c,0) is not simple. It was

shown in [6] and [7] that V' (¢, 0) contains a singular vector of positive weight if and only
if

6(p—q)?

(3) c=cpg=1-—
P, q
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for coprime positive integers p and g. We call the simple Virasoro VOA L(c, 4,0) the
minimal model. Let » and s be integers, and write

(rg—sp)?*—-(—9q)?
4pq '

(4) hr,s =
THEOREM 4 ([25, Theorem 4.2]). Let p,q € Z~1 be coprime integers.

(a) The vertex operator algebra L(cp q,0) is rational and Ca-cofinite.

(b) For any simple L(cp,q,0)-module M, there exist 1 <r <p—1and1l <s<gq—1 such

that M is isomorphic to L(cp q, hrs).

(¢) Two L(cp,q,0)-modules L(cp,q, h1) and L(cp q, ha) are isomorphic if and only if hy =

hg.

(d) As an L(cpgq,0)-module the rational number h,s is the conformal weight

of L(cp,q, Pr.s)-

The number of distinct elements of the set {h, |1 <r <p—1,1<s < ¢g—1}, which
is equal to the number of inequivalent simple L(cp 4, 0)-modules, is (p—1)(¢—1)/2 partly
since hy s = hp_r g—s.

DEFINITION. Let V' be a vertex operator algebra and w its Virasoro element. We
denote by V¢ the vertex operator subalgebra of V' generated by w.

In order to study the subalgebra V¢ of a VOA V with central charge ¢, 4, we collect
several results from the theory of Verma modules of the Virasoro algebra. It is known
([6], [7] and [12, Theorem 6.5]) that any proper submodule of M(c, 4,0) is generated by
at most two singular vectors. In particular, the maximal proper submodule J(c, 4, 0) is
generated by L_jv., 0 and a singular vector w,, , of weight (p —1)(¢ —1). It is also
known that any singular vector except v and wy 4 is contained in (L_jv., , 0)-

THEOREM 5. Let V' be a vertex operator algebra with central charge cp 4. Then the
vertex operator subalgebra V¥ generated by the Virasoro element w of V is isomorphic
to either V(cp4,0) or L(cp.q,0).

PRrooF. Because the VOA V¥ is a highest weight Vir-module with central charge ¢, 4,
there is a non-zero surjective Vir-homomorphism ¢ : M(cp 4,0) — V. Since L_11 =0
in V, ker ¢ contains L_jv., 0. If ker¢ — (L_1v., ,0) does not contain a singular vector
and is not empty, then ker ¢ cannot be generated by singular vectors, which contradicts
to the fact that every non-zero submodule is generated by singular vectors. Therefore,
ker ¢ — (L_yv., ,0) contains a singular vector, otherwise it is empty.

If ker¢ — (L_yvc, ,0) contains a singular vector, then it must be w,,. Since the
unique maximal submodule is generated by L_jv., 0 and wp 4, the submodule ker ¢ is
maximal and then V¥ 2 L(c, 4, 0).

Suppose that ker¢ — (L_y1v., ,0) is empty. Then ker¢ = (L_jv., ,0) and V¥ =
V(ep,q,0) follows. O

COROLLARY 1. Let 'V be a vertex operator algebra with central charge ¢y, 4. Suppose
that chyw # chy (., o). Then V¥ is isomorphic to L(cp 4, 0).
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PROOF. Since chyw # chy (., o), we have V¥ 22V (¢, 4,0). It then follows from Theo-
rem 5 that V' is isomorphic to L(cp,q,0). O

COROLLARY 2. Let V' be a vertex operator algebra. Suppose that chy = chrc, . 0
Then V is isomorphic to L(cp,q,0).

Proor. By Corollary 1, the VOA V* is isomorphic to L(cp,q,0) since chyw # chy (e, 0)-
Therefore dim V,, = dim V% for each n, which proves the corollary since V¥ C V. U

3. Minimal models and monic modular linear differential equations

In this section we prove that there exists a monic MLDE whose space of solutions
coincides with the space spanned by characters of all simple L(c, 4,0)-modules. This fact
is already known in [21, Theorem 7.1]. Here we give a proof in the context of the theory
of VVMFs.

The character x; s of L(cp 4, 0)-module L(cp 4, by s) is given by (cf. [12, Theorem 6.13])

N (q) B th,s—cpﬁq/24 ZneZ (qrsn2+n(qr—ps) _ qrsn2+n(q7*+ps)+pq)
r,8 - )
IIn:l(l A,qn)

q_cp=l1/24(1+q2+q3+...) hT7S :O7
¢4 (14 g4+ ¢> +---)  otherwise,

which is rewritten as

Xr,s = W(Q)_l (epq,qrfps - 9pq,qr+p8) )

where n(q) = ¢ Y#[[22,(1 — ¢") is the Dedekind eta function and 6,, =
Y nez go(ntb/2a)° (a,b € 1Z>¢) is the theta series (see [12, Corollary 6.1]). Since con-
formal weights of the simple L(c, 4,0)-modules are mutually distinct, the characters of
simple L(cp 4, 0)-modules give an n = (p — 1)(¢ — 1)/2-dimensional normalized VVMF.

PROPOSITION 6 ([21, Theorem 7.1]).  There exists a unique monic modular linear
differential equation Ly ¢(9)f =0 of order n = (p —1)(q — 1)/2 whose space of solutions
coincides with the space spanned by characters of all simple L(cp, q,0)-modules.

PROOF. Since the lowest power in ¢ of the character x, s is hy s — ¢p 4/24 by Theorem
4 (d), it follows from (3) and (4) that

gy (—=D(g—D(pg—p—g—1)
ZZ (h’”’s B ﬁ) - 24 '

r=1s=1

Because each term h, s appears exactly twice in the left-hand side as h, s = hp—r q—s,
we have

;ff(hr,s—cggf) :%(p—l);q—l) ((p—1)2(q—1) _1> Z%n(n—l).

r=1s=1

Hence the proposition follows from Theorem 1. O



Minimal models and modular linear differential equations 9

The central charges and conformal weights of L(cp 4,0) with (p —1)(g —1)/2 < 5 are
listed in Table 1 (that is, the number of simple modules is not greater than 4). It follows

b,

‘ Central charge ‘ Conformal weights

q)
2.3) 0
2,5) —22/5
2,7) —68/7
3,4) 1/2
2,9) —46/3
5) ~3/5

(
(
(
(
(
(

(3,

0
0, —-1/5

0, —2/7, 3/7
0,1/2,1/16

0, —1/3, —5/9, —2/3

0, —1/20, 1/5, 3/4

Table 1.  Central charges and conformal weights of L(c, 4,0) with (p—

Dig-1)/2<5

from Theorem 4 and Proposition 6 that the set of indicial roots of L, ,(¢)f = 01is {h, s —
Cpg/24|1<r<p-—1,1<s<qg—1}. Since the differential operator L, ,(¢}) with (p —
1)(g—1)/2 < 5 has order less than 5 and any holomorphic modular forms of weight k£ < 10
is a scalar multiple of Ej, we see that L, ,(J) = J§ + Z?;(f @i Es(y_iy ¥, where n =
(p — 1)(g — 1)/2. Since a monic MLDE of the form 9§ (f) + 71— i Bagn_i9h(f) = 0
is uniquely determined by indicial roots ([16, Lemma 2.3]), it follows from Table 1 that
the differential operators Ly, ,(9) with (p — 1)(¢ — 1)/2 < 5 are given by

Lo 3(0) = o,
11
Ly5(9) =5 — 3600 24
Loz (9) = 95 — 2?2 Egdo + 7480588E
: Laal) =95 - 2130074E‘“90 - 5522396E
L2o(0) =9 - 216E‘“90 5222&% - %
L375(19):193_%090 * 3-&-% 6 0_% 8

We next give a characterization of a VOA with central charge c,, whose space
spanned by characters of all simple modules is contained in (does not necessarily co-
incides with) the space of solutions of the monic MLDE L, ,(¥)f = 0. This result will
be used to prove Theorem 19 in §6. We first show the following proposition.

PROPOSITION 7. Let V be a vertex operator algebra and M = @,  Mpiy a V-
module (not necessarily simple). Suppose that the space X (V') spanned by characters of
all simple V-modules is contained in the space of solutions of a monic modular linear
differential equation. Then the space of solutions contains the character of M.

PROOF. Since the number of linearly independent characters of simple V-modules is
finite and Mj},y,, is finite-dimensional for each n, the character of M is a finite sum of
characters of simple V-modules. (|

For any pair (p, ¢) such that the set of conformal weights of simple L(c, 4,0)-modules



10 Y. ARIKE, K. NAGATOMO and Y. SAKAI

does not contain positive integers, we show that the monic MLDE L,, ,(¢) f = 0 charac-
terizes a VOA with central charge cp 4.

THEOREM 8. Let p and q be coprime positive integers such that the set of conformal
weights of simple L(cp 4, 0)-modules does not contain positive integers, and let V' be a (not
necessarily simple) vertex operator algebra with central charge ¢, 4. Suppose that the
space of solutions of Ly, 4(¥)f = 0 given in Proposition 6 contains the space spanned by
characters of all simple V-modules. Then V is isomorphic to L(cp 4,0).

PROOF. It follows from Proposition 7 that the character of V sits in the space of solutions
of L, ,(¥)f = 0. Because L(cp q4,0) does not have a positive integral conformal weight
and any indicial root is written as h, s — ¢, /24, the indicial roots does not exist in the
set —¢p q/24 + Z~o. Since the character x1,1 of L(cp 4,0) is a solution of L, ,(¢)f =0, it
follows from Lemma 2 that any solution with index —c¢, /24 is a scalar multiple of x1 1.
Therefore, the character of V' is x1,1 since dim Vy = 1 and the central charge of V is ¢, 4.
It follows from Corollary 2 of Theorem 5 that V' is isomorphic to L(cp q,0). O

If (p—1)(¢g—1)/2 <9, then L(cpq4,0) does not have a positive integral conformal
weight. However, if (p,q) = (3, 10), then hy g = 2.

COROLLARY. Let p and q be coprime positive integers such that (p —1)(g—1)/2 <
9 and V a wvertex operator algebra with central charge cpq. If the space spanned by
characters of all simple modules is contained in the space of solutions of Ly 4(¥)f =0,
then V = L(cp.q,0).

4. Extensions of minimal models and monic modular linear differential
equations

In this section we discuss the relations between extensions of minimal models and
monic MLDEs. We first prove that there exists a monic MLDE L, ,(9)f = 0 whose
space of solutions coincides with the space spanned by characters of all simple modules
of the Zy-graded simple current extension of a minimal model with central charge ¢, 4.
Our main results in this section is that the monic MLDE [A/p,q(ﬁ)f = 0 for the Zs-graded
simple current extension determines a VOA with central charge cp .

DEFINITION. Let V be a vertex operator algebra and U a vertex operator subalgebra
of V' which has the same Virasoro element of V. Then V is called an extension of U. It
is called that an extension V' of U is called nontrivial if a,b # 0 for some a,b € V \ U
and n.

Let V' be an extension of a rational VOA U. Then V is a finite direct sum of simple U-
modules with integral conformal weights since U is the Zx>¢-graded Vir-submodule of V.

Let V be a rational and Cs-cofinite VOA. Suppose that L, M and N are V-modules.
The fusion rule Nf; \ (€ Z>) of type (MLN) is the dimension of the space of intertwining
operators of type ( MLN) (see e.g. [8] for the definition of intertwining operators). The
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relations among L, M and N are usually denoted by

M x N = > NE VL,

L: simple V-modules

and a V-module M is called simple current if for any simple V-module N there is
a simple V-module L such that M x N = L.

DEFINITION.  Let VY be a vertex operator algebra and {V |« € A} a set of simple
current V%-modules indexed by a finite abelian group A such that V& x V8 = yot8,
Then V = @, 4 V* is called a A-graded simple current extension (SCE) of V? if
(V,Y) is a nontrivial extension of V°.

REMARK. Let V =@, .,V be a A-graded simple current extension and Y the
vertex operator on V. Then the restriction of the vertex operator

YV = @ Home (VA V7)[[z,27 1]
YEA

defines an intertwining operator. Since V (o € A) is simple current, that is, N ve =
Satp,, We see that Y (v, 2)v? € VotB((2)) for all v* € V* and v? € VP. This is one of
the reasons why we call this extension A-graded.

THEOREM 9 (CF. [12, Theorem 9.3]). Let p,q > 1 be coprime integers. For any
integers 0 < r1,r0 < p and 0 < s1, 89 < q, we have the fusion rules

(6) L(Cp7q? hT1731) x L(cp,qv hT2,82>
min{r;+r2,2p—(r1+r2)}—1 min{s1+s2,2¢—(s1+s2)}—1

= Z Z L(cp,gs g, s3)-

ra=|ri—ra|+1 s3=|s1—sa|+1
rs—1=r1+7rs mod 2 s3—1=s1+s2 mod 2
Let Ay q be a free abelian group generated by symbols [L(cp q, hrs)] labeled by all simple
L(cp,q,0)-modules. Then A, , becomes a commutative associative Z-algebra by (6).

It follows from the theorem that

L(cp,gs hr,s) X L(cp,q, h1,g-1) = L(cp,q, br,g—s)

which shows that L(cpq,h1,4-1) is a simple current module, and that the
set {L(cp,q,0), L(cp,q, h1,g—1)} with the fusion product x forms the abelian group Zs.

ProPOSITION 10 ([26, Lemma 2.6, Theorem 2.4],[14, Proposition 2.6]).  Suppose
that hy,q4—1 is a positive integer. ThenV = L(cp 4,0) B L(cp q, 1 ,4g—1) has a unique simple
verter operator algebra structure such that V is a Zs-graded simple current extension
of L(cp,q,0). Moreover, this extension is rational and Cs-cofinite.

REMARK. Suppose that h; , 1 is a positive integer. We denote by L(cp g, h1.q-1)
the (unique) Zj-graded simple current extension of L(cp,q,0) by L(cp,q, h1,g—1) given
in Proposition 10.
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We next prove that there is a monic MLDE whose space of solutions coincides with
the space spanned by characters of all simple L(c, 4, h1 4_1)-modules. Since L(c,4,0) is
rational and Cas-cofinite, any simple module of the extension [A/(cp,q, hi,q—1) is a direct
sum of simple L(c,4,0)-modules. Thus the character of a simple L(cp.q, h1,4_1)-module
is obtained by the irreducible decomposition of a simple Ii(cp,q,hl_,q_l)—module as an
L(cp,q,0)-module.

Suppose that hq 41 is a positive integer. Since hq 4—1 = (p—2)(¢—2)/4 and (p, q) =1,
there exist positive integers ¢ and w such that (p, q) = (2t4+1,4u+2) or (4du+2,2t+1) (we
can suppose (p, q) = (2t+1,4u+2) since ¢y g = cgp). For1 <r <p—landl <s<g—1,
we write

Zo s=2u+1,

0 otherwise

-

and S, s = Zy/Zy". For every a € S, ; we introduce the notation

® Llepashna)® = {ﬁ( ) e U

(cpgs Prg—s) fa=1+7Z3".
Then it follows from [26, Theorem 2.14] that a simple L(cpq,h1 4 1)-module, as
an L(cp,q,0)-module, is isomorphic to @,cg,  L(cp,g, rs)® ® U® for some r and s,
where U is a simple module of the twisted group algebra C*«[Z5*] with 2-cocycle A, €
Z%(Zy*,Cx).

The twisted group algebra C*«[Zy°] is defined by the group algebra C[Z°] =
@aezg,s Ce® with the deformed multiplication * defined by e® * e® = \,(a, B)e®™# for
all a, B € Zy*°. Since Zy* is either 0 or Zs, each 2-cocycle X satisfies \,(«, 8) = Ao (c, B)
for all o, 8 € Z5*, which shows that C*«[Z}°] is commutative. Thus any simple C*«[Z5*]-
module is 1-dimensional. Therefore, it follows from (7), (8) and h, s = hp_,4—s that
a simple IA/(cp,q, h1,4—1)-module is isomorphic to one of L(c, 4,0)-modules

(9) L(cp,g,hrs) ® L(cpg, hrg—s) (1 <1 <t,1<s<2u), L(cpg,hrout1)(1<r <t).

We remark that these L(c,. 4, 0)-modules are not always L(cp g4, h1.41)-modules.

It follows from [26, Theorem 3.2] that L(cp.q,hroui1) is a simple L(cpq,h1q-1)-
module, and that L(cp.q, hrs) ® L(cp.g, hirq—s) is a simple L(cp 4, h1,4—1)-module if h,. , —
hrq—s is an integer. Since by s —hpg—s = —(2t+1—-2r)2u+1—-15)/2 < 0if 1 < s < 2u,
we see that s must be odd (s =1,3,5,...,2u — 1) and that h, s < hyq—s for 1 <r <t,
1 < s < 2u. Therefore, every simple L(cpq,h1,41)-module as an L(c,4,0)-module is
isomorphic to one of L(cp. 4, Ar2ut+1) and L(cp.q, Ar2v—1)DL(Cp s Arauts—20) for 1 <r <t
and 1 < v < wu. This shows that the set of conformal weights of all simple Ii(cp,q, hi,g—1)-
modules is given by

(10) {hr,2u+1 | 1 S T S t} U {hr,2v—1 I 1 S r S ta 1 S v S u}a
and the set of characters of simple IA/(CIW, h1,q—1)-modules is

(11) {Xr,2u+1 ‘ 1 S r S t} U {XT,Q’U*l + Xr,q72v+1 ‘ 1 S r S ty ]- S v S U}
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THEOREM 11.  Let (p, q) = (2t+1,4u+2) be a pair of coprime positive integers. Then
there is a unique monic modular linear differential equation ﬁp,q(ﬁ)f =0 of order t(u+1)
whose space of solutions coincides with the space spanned by characters of all simple
modules of the Zy-graded simple current extension IA/(cpyq, hi,g-1).

PRrOOF. It follows from (10) with a help of (3) and (4) that

t t u

t(u+1)c tlu+1)(tu+t—1
Zhr,2u+1+zzhr,20—l_ ( 24) P _ ( )(12 )'
r=1

r=1v=1

Hence the theorem is proved by Theorem 1. O

REMARK. In [24], it is shown that the character of L(cp 4, h14-1) is a solution of
a monic MLDE of order hy 4—1 + 1. However, our theorem shows that there is a monic
MLDE of order strictly smaller than hy 4—141. The order of the monic MLDE IA/pyq ) f =
01is hi4—1+1if and only if one of p and ¢ is 3 and 6, respectively. For example, the monic
MLDE for the extension L(cs14,9) obtained in [24] is of order 10, whereas Ls 14(9)f = 0
is of order 8.

We next show that any VOA V with central charge ¢, , whose space spanned by
characters of all simple modules is contained in the space of solutions of the monic
MLDE L, ,(9)f = 0 given in Theorem 11 is isomorphic to L(c, 4, h14_1) for specific
pairs (p,q) (see Theorem 13 at the end of this section), which will be used to prove
Theorem 19 given in §6. The main part of a proof of Theorem 13 is to show that
dim V(¢p.q,0)n — dim L(cp g, h1,4-1)n > 0 for sufficiently large n. In order to prove
this, we use asymptotic behavior of Fourier coefficients of characters of simple L(c, 4, 0)-
modules.

For series {a,} and {b,}, we write a,, ~ by, if lim, o (an/by) = 1. It is known in [12,
Lemma 9.14] that

: 1 1-6/pg\""* 34« /T0-5m
(12) dlmL(qu,hr’s)hnern ~ ES(7,7S))(7,0780) <Z4/> n 3/46 3( pq) ;

where

. 8 arr’ mss
Sirs) (rrsry = (—1)rH8) '+ sin( pq)sin< pq)
(rs), (r7,5) = (1) o ) (r—aq) . (p—q)

and (rg, So) is a specific pair of positive integers satisfying |roq — sop| = 1. Suppose that
(p,q) = (2t + 1, 4u + 2) for some positive integers t and u. It follows that p — ¢ and s
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are odd since |2r¢(2u + 1) — 2tsg — sg| = 1. Then we have

(13)

St s = (P S (T2 ) i (LD, )
= (1)(1('”"“”)\/28111 <7T;0(p - Q)> sin <7T80(p —q) - 7%O(p - Q)>
= \/Zsin (W;O(p - q)) sin (?(p - Q))

= 5(1,1), (r0,s0)

and

8 T T
S rosa) = (—1 2(rotso) [ 2 gin <7r ro — So) F ) sin (ﬂ' ro — So) F )
(1,1), (ro,s0) (=1 g (ro 0) p (1o 0) p

8 . (ﬂ-> . (ﬂ->
=4/—sin|{—|sin{ =] >0
pq p q

since |roq — sop| = 1 and (p,q) = 1. By (12) and (13), the Fourier coefficients of x1 1
and x1,4—1 have the same asymptotic behavior at n — oo, which implies that

- 2 1-6 1/4 Casa w2 (1= 5
(19)  dim E(ep . h1g1)n ~ 5500, o) (24/1”1) R N TSR

PROPOSITION 12.  For sufficiently large n, we have dimV(cyq,0)n —
dim L(Cp’q,hlﬁqfl)n > 0.

PrROOF. Let T = U(@, 3 CL_»)ve, .0 C M(¢pq,0). Tt is shown in [12, Lemma 9.14]
that

> a/En

T
T . :
12v/3n2

where T, is a graded subspace of T with weight n. Since the VOA V (¢, 4, 0) is isomorphic
to S = U(P:: CL_,)ve, 0 as a vector space, we have dim V' (cp, 4,0), > dimT;, for

n=2

(15) dim T}, ~

all n. Thus it suffices to prove dimT,, — L(cp,q, h1,q—1)n > 0 for large enough n. Let
A(n) and B(n) be the right-hand sides of (14) and (15), respectively. Then it follows
from (14) and (15) that there exists a small enough real number ¢ > 0 such that

0< (1—e)A(n) < dim L(cp g, h1g-1)n < (14 2)A(n),
0<(l1—¢)B(n) <dimT, < (1+¢)B(n)

for sufficiently large n. Thus we have

dim T, S <15) B(n)
dim i/(cp,qahl,q—l)n 1+e
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where

/2
T/ 5N

7|_2
B(n) 12302 ¢

= 1/4
1—6/pq> / n-3/4c" 2(1-2)n
24

A(n)

2
735L1), (ro,50) (
Zn—m %(lfﬁ)n 2
123

1/4°
2 1-6/
ESUJ%(TO,SO) ( 24pq>

ns/4

It follows that lim, ,o. B(n)/A(n) = oo since 0 < 1 —6/pg < 1 and S(1.1), (ry,s9) > O

Therefore, dim T,/ dim ﬁ(cp,q,hl,q_l)n — 00 as n — 0o, which proves the proposition.
O

THEOREM 13.  Let (p,q) = (2t+1,4u+2) be a pair of coprime positive integers and
V' a vertex operator algebra with central charge cp , whose space spanned by characters
of all simple V-modules is contained in the space of solutions of ﬁp’q(ﬁ)f = 0 given
in Theorem 11. Suppose that the set of conformal weights of simple f/(cpyq,hlyq_l) do
not contain positive integers. Then V is isomorphic to the Zs-graded simple current
extension L(cp.q,hi g 1)

PRrROOF. We first show that V* = L(cp 4,0). Since there are no positive integral confor-
mal weights, it follows from Theorem 11 and Lemma 2 that the character x11 + X1,4—1
of L(¢p.q,P1.4-1) is a unique solution of L, ,(9)f = 0 of the form ¢=¢»</24(1 + O(q)).
Therefore, the character of V' coincides with x1,1 + Xx1,4—1, which shows that dimV,, =
dim L(cp.g, h1,g—1)n for all n. Tt follows from Proposition 12 that dimV(c,q,0), —
dim V,, > 0 for sufficiently large n. Since dim V,, > dim(V*),,, the character of V¢ is not
equal to the character of V(¢ 4,0). Then Corollary 1 of Proposition 4 implies that V¢ is
isomorphic to L(cp,q,0). Since L(cp q,0) is rational and Cs-cofinite and the character of V'
is x1,1 + X1,q—1, it follows that V = L(cp 4,0) @ L(cp,q; hi,q—1) as an L(cp 4, 0)-module.
If Y(u,2)v = 0 for all u,v € L(cpq,h1,4—1), then the subspace L(cpq,h1,4-1) is
a V-submodule. Since L(cy 4, h1,4—1) is simple as an L(c, 4, 0)-module, L(cp 4, h1,4-1) is
also a simple V-module with positive integral conformal weight h; ;—1. Thus x1 4-1 is
a solution of L, ,(¥)f = 0, whereas x1 41 is not a solution of L, ,(9)f = 0 by (11).
This is a contradiction. It then follows from Proposition 10 that V is isomorphic
to IA/(Cp’q, hl’qfl). O

At the end of the section we give the list of pairs (p,q) such that the differential
operator Ly, ,(9) has order 3 or 4. By the same argument used to obtain (5) together

(p,q) ‘ hi,q ‘ Central charge ‘ Conformal weights

1
(3,10) | 2 —44/5 0, —1/5, —2/5
(3,14) | 3 —114)7 0, —3/7, —4/7, =57
(5,6) | 3 4/5 0,1/15,2/5,2/3

Table 2. Central charges and conformal weights of f/(cpﬁq,hl,q,l)
with h17q71 <4
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with Table 2, the differential operators ﬁnq(ﬁ) for (p,q) in Table 2 are given by
11 11

L —9¥ - _—_FE _—_E
3,10(0) = 95 900 1Yo + 10026
. 37 517 57
16 L =9 - R Egdyg— ——F
(16) 314(0) = Vg 5047170 F Ty0ss Fov0 ~ grgos P
) 67 89 209
_ 94 2 _
Ls.6(0) = 900 7% + 5100 7% ~ S10000 7

REMARK. For any pair (p, q) the order of ﬁp,q(ﬁ) is strictly greater than 2.

5. Monic modular linear differential equations of order 4 and possible
central charges

In this section we determine candidate central charges of VOAs satisfying the condi-
tions (A) the central charges and conformal weights are rational numbers, (B) the spaces
spanned by characters of all simple modules coincide with the spaces of solutions of monic
MLDE:s of order 4 and (C) dimVp =1, dimV; =0 and dim V5 = 1.

Remarks.(1) Every minimal model L(c, 4,0) satisfies all conditions by the definition
of L(cp,4,0) and Proposition 6.

(2) The condition (C) is the same as the assertion that the first 3 coefficients of the
character of a VOA coincide with those of the character ¢=¢/>4 T, _ (1—¢")~! of V(c,0)

It is known that a monic MLDE of order 4 can be written as (see [23])
(17)
D*(f) = B2 D*(f) + (3B} + a1 Ex) D*(f) — (B + 5B} — as B ) D(f) + as Bsf = 0,

where D = ¢(d/dq) and E, = D(Ey), E = D?*(Ey). This monic MLDE is in fact
rewritten as

1) o)+ (o g5 ) B3+ (G +az = 5o ) Eadals) + aaBef =0,

where we have used the Ramanujan identities:
(19) 12E) = E2 — E4, 3FE),=FEyEy— Es, 2Ej= EyE, — Fg.

Let V be a (not necessarily simple) VOA with central charge ¢, which sat-
isfies the conditions (A)-(C). By Propositions 3 and 7, the character chy =
g/ (1 +¢*+mg® + O(q4)) is a solution of (17), where m is a non-negative integer
(the dimension of V3). By substituting chy into (17) and taking the Fourier coefficients

of qfc/24, q].*c/247 q275/24 and q370/247 we have

20
( 57)6c2a1 — 13824can + 33177603 = —c* — 24¢3,
240c(c + 12)aq + 12096¢ca; + 276480a3 = ¢ 4 72¢? + 576¢,
(1244736¢* + 29804544c + 1327104) ay + (229906944c + 663552) vz + 2054390169603
= —c* +1896¢° + 238464¢% + 4257792¢ — 2654208.
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and

(576¢*m + 4008960c? — 82944cm + 127733760 + 2085984m + 238878720) vy
— (13824em — 1706987520¢ — 995328m + 334430208)
(21) + (331776m + 348603678720) 3
= —c'm + 24¢*(11m + 120) — 5184¢%(5m — 88)
+ 41472¢(27m + 296) — 1990656(9m — 8).

Since the determinant of the matrix associated with the simultaneous equation (20) is
a non-zero scalar multiple of ¢(578¢c — 7)(5c + 22), this equation has a unique solution

56¢3 + 993¢2 — 11660¢ — 1440

= 96(578¢ — 7) ’
—25¢* — 829¢® — 7347¢% 4 1008c¢ + 3456
(22) Qg = — 5
1728(578¢ — 7)
14¢5 + 425¢* + 3672¢® 4 5568¢2 + 9216¢
a3 = —

110592(578¢ — 7)

if and only if ¢ # 0,—22/5,7/578.

If ¢ = 7/578, then the system (20) is not compatible. Therefore, there does not exist
any VOA with central charge ¢ = 7/578 satisfying the conditions (B) and (C). If ¢ is
either 0 or —22/5 (rank A = 2), then the system (20) implies (a2, a3) = (—2a3 — 4,0)
and (17/675 — a1 /6,1793/4320000 — 11 /3600), respectively. These cases are studied
later in §6.

By (21) and (22), the rational number c satisfies

(23)  1050¢® 4 (5m + 31020)c* 4 (275600 — 703m)c
+ (32992m + 673104)c%a + (504352 — 517172m)c + 3984m — 210432 = 0.

We confirmed that this equation does not have rational solutions ¢ for any 3 < m < 26
(according to a private communication with D. Zagier by the 2nd author, this quintic
equation has rational roots even when m > 2!6). It is proved by D. Zagier that the
rational solutions (¢,m) with m € Z>q of (23) are given in Table 3. The proof is given

in the appendix which is written by him.

m ‘ C
1 —68/7, 1/2, —3/5, —46/3
2 —114/7,4/5
501971 36
3132760 122/3
37950512 238/5
42987520 48

Table 3. m and central charge

For each ¢ given in Table 3 together with ¢ = 0, —22/5, we can obtain indicial
equations and indicial roots as in Table 4 (the first column provides candidate conformal
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weights). Since the sets of indicial roots for ¢ = 36, 122/3, 238/5 and 48 contain non-
rational numbers, theses cases are excluded by the condition (A). For data in 5th-8th

c ‘ Indices ‘ Indices+c/24
0 0,2, (—1++/—7—4a1)/2 0,2, (—14++/—7—4a1)/2
—22/5 | —=1/60, 11/60, (25 + /1114 — 3600c1)/60 | —1/5, 0, (14 £ /1114 — 3600a1 ) /60
—68/7 —1/42,5/42,17/42,1/2 —3/7,-2/7,0,2/21
1/2 —1/48,1/24,23/48,1/2 0,1/16,1/2,25/48
—46/3 —1/36,1/12,11/36,23/36 —2/3,-5/9,-1/3,0
-3/5 —1/40,1/40, 9/40, 31/40 ~1/20,0,1/5,3/4
—114/7 —1/28,3/28,1/4,19/28 ~5/7,—4/7,-3/7,0
4/5 —1/30,1/30,11/30,19/30 0,1/15,2/5,2/3

Table 4. Central charges and indices

rows of Table 4, we can find corresponding VOAs.

PRrROPOSITION 14. Let V' be a vertex operator algebra with central charge c, which
satisfies conditions (A)—(C). If ¢ is either —46/3 or —3/5, then V is isomorphic to L(c,0).
If ¢ is either —114/7 or 4/5, then V is isomorphic to L(c,3).

PROOF. If the central charge ¢ is either ¢ = —46/3 or ¢ = —3/5, Table 4 shows that
the corresponding monic MLDE coincides with Ly o(9)f = 0 and L 5(9)f = 0 in (5),
respectively. Since any conformal weight of simple L(¢, 0)-module is not a positive integer
(see also Table 1), it follows from Theorem 8 that V' is isomorphic to L(c, 0).

If the central charge c is either —114/7 or 4/5, then it follows from Table 2 and
Table 4 that the corresponding monic MLDE has order 2 or 3 (see eq.(16)), respectively.
Since any conformal weight of simple f/(c, 3)-module is not a positive integer by Table 2,
it follows from Theorem 13 that a VOA V is isomorphic to L(c, 3). O

6. Main results

In this section we show that a VOA which satisfies (A) the central charge and con-
formal weights are rational numbers, (B) there is a monic modular linear differential
equation of order 4 whose space of solutions coincides with the space spanned by char-
acters of all simple V-modules and (C) dimVy = 1, dimV; = 0 and dimV, = 1, is
isomorphic to one of L(—46/3,0), L(—3/5,0), L(—114/7,3) and L(4/5,3). Since we
have already proved in Proposition 14 that central charges —46/3, 1/2, —114/7 and 4/5
have corresponding VOAs, it suffices to exclude the cases ¢ = 0,—22/5, —68/7,1/2.

Observe that each central charge in the first 4 rows in Table 4 is equal to ¢, , with
(p—1)(¢—1)/2 < 4. We prove that there are no VOAs with central charge ¢, 4 satisfying
the conditions (A)—(C) for such pairs (p, ).

The indicial equation of the monic MLDE (17) is ¥(p) = p* — p® + a1p? + azp + a3
(coefficients ai, @y and «asz are uniquely determined by indical roots in Table 4). Let A
be an indicial root and suppose that other indicial roots do not sit in X\ + Z~qg. Then
a solution ¢*(1 + >0 ang™) with index A is uniquely determined by the recursive
relations



Minimal models and modular linear differential equations 19
n
(24) ap=YN\+n)! Z {elm(n —m+A)? — (3meam + aresm)(n —m+\)?
m=1

1
+ (m2€2,m + -agmey m — 04266,m) (n—m+X)— a3€8,m}an—m

2

for each n > 1.

REMARK. If the indicial equation has multiple roots, then there is a logarithmic
solution (see [11, Chapter XVI]). Since characters of simple V-modules are power series
in g, the condition (B) implies that any solution of the monic MLDE (24) does not involve
logarithmic terms in ¢q. Thus it is enough to consider the case that indicial equations of
monic MLDEs of the form (17) do not have multiple roots.

(a) Central charge cy3 = 0. The monic MLDE whose set of indicial roots is

{0, 2, (=1 ++/=7—4ay)/2} is given by

(25) D*(f) = BaD*(f) + (3B + a1 E)) D*(f) — (B + SLE} + (201 + 4)Eg ) D(f) = 0.
The constant function 1 is a solution with index 0. It follows from the last remark that
the indicial equation does not have multiple roots. We prove that VOAs with central
charge 0, which satisfy the conditions (A)—(C) do not exist.

Let V be a VOA with central charge 0, which satisfies the conditions (A)—(C). Then
the character chy = > °7 (dim V},)¢" = 1+¢*+mg®+- - - is a solution of (25). Then (21)
implies oy = —2(7m + 664)/(m + 912). Because all indicial roots are rational numbers,
it follows that the indicial roots are

—1+/=7T—40y 1, V/(49m — 1072) (m + 912)
2 2 m+ 912

(26)

are rational numbers. Since m > 0 and the right-hand side of (26) is a rational number,
there exists an integer r such that (49m — 1072)(m + 912) = r2, which is equivalent to
(49m — 7r + 21808)(49m + 7r + 21808) = 52349440. By solving this equation, we have
the list of m

{24,78,88,232,375,708,1194, 1285, 1636, 2608, 2733, 4236, 7908, 12400,

(27)
23838, 66328, 102282, 533733}

We can verify by using (26) and (27) on a case-by-case basis that the set of indicial roots
does not contain integers greater than 2. Therefore, the solution fs with index 2 and the
first coefficient 1 is uniquely determined by recursive relations (24) as

9(853m? + 23392m — 371328)
8(m + 2342)
| 3083022m? + 254032344m? — 1520365568m — 46472052736 5
(m + 2342)(9m + 13928) 1

(28) fo=¢q*+mg®+

+0(¢%).

Since 1 is a solution of (25) and chy = 1+ ¢ + mg® + O(¢*) by the condition (C),
we see that chy —1 is a solution of the monic MLDE with index 2 and the first co-
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efficient 1, which shows that chy = 1 4 f,. Therefore, all Fourier coefficients of fs
must be non-negative integers. Substituting each number of (27) into Fourier coefficients
of the solution fo, we can show that the Fourier coefficient of ¢* is an integer if and
only if m € {24,232,1636,2608} and that the Fourier coefficient of ¢° is not an integer®
for m = 1636 and 2608, and then m is 24 or 232.

For m = 24, the set of indicial roots is {0, 2, —2/3,—1/3}. Since there are no indicial
roots in the set —2/3 4 Z~¢ the solution f_/3 with index —2/3 is uniquely determined
by recursive relations (24) as

[z =q */3(1 — 1448¢ — 51748¢* + O(¢%)).

Since characters of simple V-modules are contained in the space of solutions of (25) (the
condition (B)), a scalar multiple of the solution f_,/3 must coincide with a character of
a simple V-module. However, this is impossible since the Fourier coefficients of f_5/3
have alternate signature.

For m = 232, the corresponding monic MLDE is given by

155 715

(29) 95(f) — 36 W5 (f) + %Efsﬁo(f) =0

and the set of indicial roots of the monic MLDE is {-2,0,1, 2}.

Let Fy = —(E}, + 264n?Y)/n?? and Fy = (E$ — 720n%4)" /n*6. Then n?2F; and n*°F,
are extremal quasimodular forms of depth 1 and weight 12 and 14, respectively ([13,
Theorem 2.1]). We show that the product F} F; is a solution of the monic MLDE (29).

DEFINITION. A quasimodular form of depth r and weight & is a function fy +
fiBs+ foE3+- -+ f,.E%, where f; is a modular form of weight k—2i and f, # 0. A quasi-
modular form of depth r and weight k is called extremal if its g-expansion >~ anq"
satisfies

ag=a;=-=an2=0,0,17#0, m= Zdikafmd
i=0
where M, is the space of modular forms of weight ¢ on SLs(Z).
It is not difficult to verify that

143 1 143
(30) V2 (Fy) — T Paf =0 and E 0% (Fy) + gEGﬁO(FQ) - mEgF2 = 0.
Since the space of solutions of a (not necessarily monic) MLDE is invariant under the

slash action of SLs(Z) (the proof given in [17, pp.385] works), the functions

1
Fi(-1/7) = 2mv/—17F| — Eyg),
1(=1/7) o Tl( T TL 10)

1
Fy(=1/7) = o ——= (2mV/—17F, + E} — 720n*"),

IThey are 3607786048/29 and 1523763136/5, respectively
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are solutions of (30), respectively. It then follows from (30) that

Vo(F1F>) = 0o (F1)Fa + F10o(F),
Es

V2(F1Fy) = 400(F1)00(F) — EFlz90(F2),
715 1025 155
ﬂg(FlFQ) = 72716E5190(F1)F2 - ﬂEﬁFlﬁ()(FQ) + ?E4190(F1)’L90(F2),

which shows that Fj Fy is a solution of the monic MLDE (29). Because the space of
solutions of (29) is invariant under the action of SLy(Z), the function

1
2w/ —1

is also a solution of (29) by the modular invariance property. Since the condition (B)
implies that the space of solutions of (29) is spanned by power series in g, this is a con-
tradiction.

Summarizing these arguments, we have the proposition.

Fﬂu%ﬂ&(l/ﬂ( )2@w¢hf1ﬁmg@w¢hf5+£ﬁ7mm%)

PROPOSITION 15.  Vertex operator algebras with central charge ¢ = 0 satisfying (A)-
(C) do not exist.

(b) Central charge cy 5 = —22/5. The associated monic MLDE (17) is given by

(31)
D*(f) — E2D*(f) 4+ (3Ey + a1 Ey) D*(f)

o 17 1793 1loy
B+ 2B - (— -2 ) E D — Esf=0
{ 2Tk (M6 6> 6} (f)+<4momm mmo) s/

The set of indicial roots is obtained as {—1/60, 11/60, (25 ++/1114 — 3600c;)/60}. Fur-
ther, it follows by (18) and (19) that (31) is rewritten as

(32) 7.96 o ’194 o L2_’5(’19)f + <OZ1 —_ —

Proposition 6 and Table 1 together with the monic MLDE Ly 5(9) f = 0 in (5) imply that
the space of solutions of (32) contains characters x1,1 and x12 of simple L(—22/5,0)-
modules. Therefore, we see that x1: is a solution with index 11/60 of the monic
MLDE (31).

PROPOSITION 16.  Vertex operator algebras with central charge c = —22/5 satisfying
the conditions (A)—(C) do not exist.

PROOF. Suppose that there is a VOA V with central charge —22/5, which satisfies the
conditions (A)—(C). Then the condition (B) implies that X' (V') coincides with the space
of solutions of the monic MLDE (31) whose set of indicial roots is {—1/60, 11/60, (25 +
/1114 — 3600cr; ) /60}. If there are no indicial roots in 11/60 + Z~¢, then it follows
from the condition (C) that the character of V' is x11 and that V' = L(—22/5,0) by
Corollary 2 of Theorem 5, which contradicts to the condition (B) since the number of
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simple L(—22/5,0)-modules is 2
Suppose that there is an indicial root in 11/60 4+ Z~o. Then there exists a positive
integer ¢ such that (254 /1114 — 3600a4)/60 = 11/60+ £. Then the set of indicial roots

is
13 1 11 11
— =l ——, —, —+ L.
{20 ’ 60760’60+ }
Since there are no indicial roots in 13/20 — ¢ + Zo, the solution fi3/29—, with in-
dex 13/20 — ¢ is written as

_ 6(1350004 — 2047503 + 95252 — 968¢ — 182)
— g13/20- (1 _ 2
Siaj20-0 =4 ( (30 — 5)(15¢ — 22)(15¢ — 11) +0( ))

by the recursive relations (24), and a scalar multiple of fi3/20_ is a character of a simple
V-module. However, it follows that (135000* — 20475¢% + 9525¢% — 968¢ — 182) /(3¢ —
5)(15¢ — 22)(15¢ — 11) is positive for all £ € Z~(, which shows that any scalar multiple
of f13/20—¢ cannot be a character of a simple V-module since the second Fourier coefficient
is negative. Thus we have proved the proposition. O

(c) Central charge c; 7 = —68/7. The associated monic MLDE (17) is written as
2
DY) - BD(1) + (3854 284 ) D)

1 619 85
—(Ef + 2B, + ———-E¢ | D(f) - ———Esf =
( 2t 7Pt 30m 6> )= Tsi7e P8 =0

(33)

and the set of indicial roots is {—1/42, 5/42, 17/42, 1/2}. It follows from (5) and (19)
that the left-hand side of this monic MLDE is rewritten as

85

5
350 Pavo(f) + 74088

(34) o (930) - 325

E6f> g o La7(V)f.

Therefore, the character x1,1 of L(—68/7,0) is a solution of (33) by Table 1 and (5).

PROPOSITION 17.  Vertex operator algebras with central charge c = —68/7 satisfying
the conditions (A)—(C) do not exist.

PROOF. Suppose that there is a VOA with central charge —68/7, which satisfies the
conditions (A)—(C). Since there are no indicial roots which sits in 17/42 + Z~, the
character of V' must be x1,1. Thus it follows from Corollary 2 of Theorem 5 that V' is
isomorphic to L(—68/7,0) by Lemma 2. However, the space spanned by characters of all
simple L(—68/7,0)-modules is 3-dimensional, which contradicts to the condition (B). O

(d) Central charge ¢34 = 1/2. The associated monic MLDE is given by

DY)~ B2D(1) + (3854 150 ) D)

199 229 23
El+—"F| D(f) — ———Esf =0.
( 2" 15364 T 55206 6) (1)~ o502 P/

(35)
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The set of incidial roots is {—1/48, 23/48, 1/24, 1/2}. It follows from (5) and (19) that
the left-hand side of this monic MLDE is rewritten as

oo ()~ i Edolf) + s Eaf ) = 060 Laa(0)],

55296
Therefore, the character x1,1 of L(1/2,0) is a solution of the monic MLDE (35) by Table 1
and (5).

PROPOSITION 18.  Vertex operator algebras with central charge 1/2 satisfying the
conditions (A)—(C) do not exist.

PROOF. Suppose that there is a VOA V with central charge 1/2 satisfying the condi-
tions (A)—(C). Since there are no indicial roots which sit in 1/48 + Z~, the character
of V must be x1,; by Lemma 2. Thus it follows from Corollary 2 of Theorem 5 that
V is isomorphic to L(1/2,0). However, the space spanned by characters of all simple
L(1/2,0)-modules is 3-dimensional, which contradicts to the condition (B). O

THEOREM 19.  Let V be a vertex operator algebra. Suppose that (A) the central
charge and conformal weights are rational numbers, (B) there is a monic modular linear
differential equation of order 4 whose space of solutions coincides with the space spanned
by characters of all simple V-modules and (C) dimVy = 1, dimV; = 0 and dim Vo = 1.
Then V is isomorphic to one of the minimal models L(—46/3,0), L(—3/5,0), and the
Zy-graded simple current extensions L(—114/7,3), L(4/5,3) of L(—114/7,0), L(4/5,0)
by their simple modules with conformal weight 3, respectively.

PROOF. The conditions (A), (B) and (C) imply the rational numbers which are the
candidates for central charges and indicial roots of monic MLDESs of order 4 as in Table 4.
Then Propositions 14-18 prove the theorem. (]

As a corollary of the theorem, we obtain

COROLLARY. Let V be a rational and Ca-cofinite vertex operator algebra such that
Vo = C1, dimV; = 0 and dimV, = 1. Suppose that there is a monic modular linear
differential equation of order 4 whose space of solutions coincides with the space spanned
by characters of all simple V-modules. Then V is isomorphic to one of the minimal
models with central charge —46/3, —3/5, and the Zy-graded simple current extensions of
minimal models of central charge —114/7, 4/5.

PROOF. Since V is rational and Ch-cofinite, it is known in [4, Theorem 11.3] that
the central charge and conformal weights are rational numbers. Moreover, any VOA
with V5 = C1 is of CFT type (see Proposition 3). Then the assertion follows from
Theorem 19. O

7. Final remark

In this paper we classified vertex operator algebras V' of CFT type whose spaces
of characters of simple modules coincide with the space of solutions of monic MLDESs
of order 4 under the condition on the dimensions of lower homogeneous subspaces of
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VOAs, namely, dimV; = 0 and dim V5 = 1. This condition provides that such VOAs
are isomorphic to one of minimal models L(cz,9,0), L(cs5,0) and extensions of minimal
models L(cs 6, 0), L(cs,14,0) by simple modules with conformal weight 3. Therefore, this
result characterizes minimal models with central charges c2 9 and c3 5 in terms of monic
MLDEs and dimensions of V; and V5. Particularly, monic MLDEs associated with data
which correspond central charges and conformal weights played crucial role.

Our results (Theorem 8 and 13) can be basically used to determine a VOA whose
space spanned by characters of all simple modules coincides with the space of solutions of
monic MLDEs of order n under the condition that the first n — 1 coefficients of character
of V coincide with those of the character of V' (cp 4,0) when we suppose that the central
charge is cp 4. However, if we omit the condition that the central charge is ¢, 4, then
Zs-orbifold models of lattice VOAs and for monic MLDEs of orders 3 and 5 appear ([24]).
The problem characterizing all VOAs associated to monic MLDEs of higher dimensional
minimal models is far from at the moment. We need to develop another methods.

The first obstruction appears for 6th order case since the space of modular form
of weight 12 is 2-dimensional (The lower weight spaces have dimension 1). However,
our method works if we change the condition (B) to the character of V' coincides with
(142 + ¢ +2¢* +2¢° +mq® 4+ O(q")) ([22]), which is the first 6th part of chy ().
Moreover, combining the condition on simple modules, we state:

Conjectures. Let V be a simple vertex operator algebra. Suppose that (I) the character
chy of V coincides with ¢=¢/24 ], ., (1—¢™) =" up to the first d terms with d = (p—1)(q—
1)—1, (IT) any simple V-module except V has a character of the form ¢"~¢/* Iitgr002)
and (IIT) the space spanned by characters of all simple V-modulesis n = (p—1)(¢—1)/2-
dimensional and coincides with the space of a monic modular linear differential equation.

Then V is isomorphic to the minimal model L(cp 4, 0).

Unfortunately our prescription does not work on solving this conjecture since the
dimension of M(T) is given by dj = Z?:o dim M5;(T") (see Table 5). Therefore, the
general monic MLDE of order n has ds,, linear parameters. However, while we have only
(dar, + 2)-simultaneous equations. Therefore, we cannot use our method or generalized
methods to the higher order cases. For instance, by the Table 5 we can apply our method
at most 9th order case.

Weight 2141681101214 (16| 18|20 |--- |34 36
dmMIT)|{0o|1|1|1|1 2|1 |2 |2]2|---|3]|4
dy; 0(1(213[4 |6 |79 |11]13|--- 32|36

Table 5. Dimensions of the spaces of modular forms

Final observation is about Theorem 8 in §3. This theorem can be generalized even in
the cases that the set of conformal weights of the simple L(c, 4,0)-modules has a positive
integer. Therefore it seems to be very possible to classify VOAs with central charge cp 4.
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A. Appendix by Don Zagier

We will show that the Diophantine equation

1050 ¢ + (5m + 31020) ¢* + (—703m + 275600) ¢® + (32992m + 673104) ¢*
+ (=517172m + 504352) ¢ + (3984m — 210432) = 0

has precisely sixteen solutions with (¢,m) € Q X Z, seven with m € {1,2}, four with
m > 500000, and five with m < —100000, as listed below in increasing order of c:

¢ | ~114/7 —46/3 —68/7 —22/5 —3/5 1/2 4/5

m| 2 1 1 1 1 2
c| 36 122/3 238/5 48
m | 501971 3132760 37950512 42987520
c | 50 53 58 60 102

m‘—1453535852 —12059329 —-2661904 —1837492 —177972

For the proof, we first notice that setting ¢ = x/210 transforms the equation into

2° + (m + 6204) 2* + 42 (=703m + 275600) > + 141120 (2062m + 42069) 22
+ 1852200 (504352 — 517172m) x + 18670176000 (83m — 4384) = 0.

For m € Z this is a monic polynomial in x with integer coefficients, so that any solution
with z rational in fact has x integral. Next, we make the substitution m = n—x —35730.
In terms of the new variables, the equation to be solved takes on the form A(z) n+B(x) =
0, where

A(z) = 2* — 295262 + 2909894402 — 957905978400z + 1549624608000,
B(z) = 420 (1846547z> — 2246002365622 + 81488964629520 — 132023660227200)

with deg(B) < deg(A). (The coefficients in the substitution m +— n were chosen precisely
to achieve this.) Since neither A(z) nor B(x) has an integral root (in fact, both are
irreducible), the rational function F(x) = B(x)/A(x) takes on non-zero rational values
for z € Z, and our problem is to find all integral values in this set. Since F' vanishes at
infinity, and all non-zero integers are at least 1 in absolute value, it is already clear that
there are only finitely of these and hence only finitely many solutions (¢,m) € Q x Z
of the original equation. A brute force calculation would be time-consuming because
the set of integers x for which |F(x)| > 1 is [—775532377, 775567 102], with cardinality
nearly two billion. But we do not have to check the integrality of F(z) for all integers x
in this range. Instead, we check it only for the much smaller range || < 50000. This
takes only 0.8 seconds with the software package PARI and yields precisely 16 values of
x with F(z) € Z, which after transforming back via (¢, m) = (x/420, —F (z) —xz — 35730)
correspond to the 16 pairs (¢, m) tabulated above. We then observe that for |2| > 50000
the value of F'(x) belongs to the interval [—11407, 23179], and since F'(x)—n is irreducible
for all n in this interval (as PARI checks in 2.3 seconds), there are no further solutions.
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