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Zusammenfassung

In dieser Arbeit wird Quantenelektrodynamik in einem intensiven ebene Wellen-Feld im
Rahmen der Lichtkegel-Quantisierung untersucht. In diesem Kontext werden Vakuumdop-
pelbrechung und -dichroismus in intensiven Laserfeldern betrachtet. Insbesondere wird ein
Aufbau analysiert, in dem Probe-gamma-Photonen mithilfe von Compton-Riickstreuung
erzeugt werden, durch einen intensiven Laserpuls propagieren, und anschliefend durch
Paarerzeugung in materie detektiert werden. Die Polarisierung des Photonenstrahls wird
durch Stokes-Parameter charakterisiert und deren Anderung aufgrund der Vakuumdoppel-
brechung und des Vakuumdichroismus wird ermittelt. Die Grofie der Polarisationseffekte
wird fiir zukiinftige Hochleistungs-Laseranlagen beurteilt. Optimale Parameter und Re-
gimes werden identifiziert und sowohl die erforderliche Statistik als auch die Dauer des
Experimentes, die nétig sind, um die Vorhersagen der Quantenelektrodynamik zu bestéti-
gen, werden abgeschétzt. Des Weiteren wird ein Ansatz zur Behandlung des Bispinor-Teils
der Streuamplituden in einem ebene Wellen-Feld eingefiihrt. Fiir die Vertex-Funktionen,
die aus den Wechselwirkungstermen des Lichtfront-Hamiltonoperators entstehen, werden
vereinfachte Ausdriicke gefunden. Es wird demonstriert, dass mit der entwickelten Technik
die Berechnung der Gamma-Matrix Spuren fiir Streuung in externen ebene Wellen-Feldern
in relativ einfacher Weise durchgefiihrt werden kann und dass das finale Ergebnis in kom-
pakter Form geschrieben werden kann.

Abstract

Quantum electrodynamics in an intense plane-wave field is considered within the frame-
work of light-cone quantization. In this context, high-energy vacuum birefringence and
dichroism in an intense laser field are investigated. In particular, a setup is analyzed,
in which probe gamma photons are generated via Compton backscattering, propagate
through an intense laser pulse, and are subsequently detected via pair production in mat-
ter. The polarization of the photon beam is characterized by the Stokes parameters, and
their change due to vacuum birefringence and dichroism is determined. The magnitude
of the polarization effects is assessed for upcoming high-power laser facilities. Optimal
parameters and regimes are identified, and the required statistics and the duration of the
experiment in order to confirm the prediction of quantum electrodynamics are estimated.
Furthermore, an approach for the treatment of the bispinor part of scattering amplitudes
in a plane-wave field is introduced. Simplified expressions for the vertex functions, arising
from the interaction terms of the lightfront Hamiltonian, are obtained. It is demonstrated
that with the developed technique the evaluation of the gamma-matrix traces for scatter-
ing in an external plane-wave field can be performed in a relatively straightforward way
and the final results can be written in a compact form.
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Units and notation

Throughout the thesis, Heaviside and natural units are employed, i.e., ¢ = h=c=1.

Greek letters (u, v, ...) denote four-dimensional vector components. In the instant form,
they take values 0, 1, 2, 3. In the front form, they take values +, —, 1, 2.

Latin letters starting with i (i, 7, k, ...) denote two-dimensional transverse vector com-
ponents in the front form. They take values 1, 2. Occassionally, those letters are used for
other quantities that have two different components.

Three dimensional space vectors in the instant form are denoted by bold symbols, i.e.,

a = (a',a?, a®). Two dimensional transverse vectors in the front form are denoted by bold

symbols with an upper index L, i.e., at = (a',a?).

Metric tensor is given by g"” = (1,—1,—1, —1) in the instant form. For the front form, it
is defined in Section 1.1.

If a sum over indices is not written explicitly, the Einstein summation rule is assumed for
both greek and latin indices, only if one of the letters is an upper index and the other one
is a lower index.

The scalar product of two four-vectors a* and b* is denoted as ab.

The Levi-Civita symbol e is defined with €923 = 1 in the instant form, and et =12 = —1
in the front form. The Levi-Civita symbol €% is defined with €'? = 1.

The dual tensor is defined as (xF)* = eto7 F,. /2.
Gamma-matrix indices are treated as four-vector indices, i.e., ya = y*a,.

A star superscript denotes a complex conjugate quantity, e.g., f*(x) is complex conjugate
to f(x). Analogously, a dagger (1) denotes a Hermitian conjugate quantity.

A bar denotes a Dirac conjugate quantity, e.g., ¥ = ¥~ for a vector and T = ~°T'T40 for
a matrix.
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Units and notation

Physical constants:

Speed of light: ¢ = 2.998 x 10'° cm/s.

Elementary charge: e = 4.803 x 107! CGS electrostatic units.
Electron mass: m = 511.0 keV /c?.

Reduced Planck constant: i = 6.582 x 10716 eV - s.

Fine structure constant: o = 1/137.0.

Reduced Compton wavelength: Xc = 3.862 x 10~!! cm.

Classical electron radius: 7. = 2.818 x 10713 ¢cm
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Introduction

The Standard Model of particle physics, with its framework of quantum field theory,
has been incredibly successful over the years, particularly at the perturbative level. In
fact, the idea of pointlike particles, being fermions, interacting via the exchange of gauge
bosons, and the representation of this interaction as a sequence of graphs, is what shapes
our basic intuition about how the world is organized at the subatomic scale.

The Standard Model, however, does not embrace and explain all the knowledge, that we
have about particle physics. Some facts simply do not fit into the formulation of the Stan-
dard Model, some others are parts of the model, but do not find a rationalization within
it. One of the canonical examples is an experimental evidence, that neutrinos oscillate
and therefore have nonzero masses [Super-Kamiokande, 1998; SNO, 2001, 2002], the fact
that does not combine naturally with the coherent picture of the Standard Model. A re-
lated phenomenon is the quark flavor mixing. It is indeed incorporated into the Standard
Model via the Cabibbo-Kobayashi-Maskawa (CKM) matrix [Cabibbo, 1963; Kobayashi
and Maskawa, 1973], however, the components of the matrix are external parameters, not
derived from the theory.

One of the ways to understand our theory deeper and, hopefully, to get some insight
into the current problems within it, is to go beyond the perturbative approach. Nonlinear
phenomena, which, from the theoretical point of view, require a resummation of the per-
turbation series, allow one to test the theory at the so-called intensity frontier. Quantum
electrodynamics (QED) in an intense laser field is an example of a nonlinear quantum field
theory, which, on the one hand, can be studied in a relatively tractable way, and on the
other hand, is testable with current or near-future experimental capabilities.

Since 1950’s, when the first amplifiers of electromagnetic radiation via stimulated emis-
sion for microwaves (masers) were devised and built, and later, for visible light, analogous
devices (lasers) were constructed, the laser technology has made a huge leap forward. Due
to the invention of the chirped pulse amplification [Strickland and Mourou, 1985] and
optical parametric chirped pulse amplification [Piskarskas et al., 1986], nowadays, laser
pulses of power up to several petawatt (PW) are produced in the labs [Vulkan; Sung et al.,
2017] and 10-PW facilities are starting their operation [ELI-NP]. The upcoming 10-PW
laser facilities are expected to deliver focused intensities up to I ~ 102 W/cm? [Di Piazza
et al., 2012; Jeong and Lee, 2014; Danson et al., 2015].

Such great intensities indeed require taking nonlinear effects into account. This can
be seen as follows. The strength of the interaction of an electron with a laser field can be
characterized by the classical intensity parameter (for simplicity, we consider the case of
a linearly polarized laser pulse) [Ritus, 1985; Di Piazza et al., 2012]

le| Eo I[W /cm?]
= ——=0.74 1
¢ mwo 07495 woleV] 1018’ (1)
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Introduction

where Ej is the peak electric field strength and wy is the typical angular frequency of the
field (e < 0 and m are the electron charge and mass, respectively; here and below we use
units with A =c=¢y = 1).

If £ < 1, the probability for an electron to interact with n laser photons scales as £27
[Ritus, 1985; Di Piazza et al., 2012]. The scaling £2" means that, when considering a pro-
cess for QED in a laser field, the corrections to the leading-order diagrams are supressed,
and the interaction with the laser field can be treated perturbatively.

On the other hand, if £ 2 1, higher-order corrections become sizable and must be taken
into account. For optical frequencies (wg ~ 1 eV), the regime £ 2 1 implies intensities
I > 10 W/em? [see Eq. (1)], which are already accessible. In essense, the parameter
£ is a typical number of laser photons that interact with a quantum system on a typical
scale — (reduced) Compton wavelength Xo = 1/m. If £ = 1, the interaction happens with
several laser photons involved, and we need to consider the nonlinear regime.

An exciting prediction of QED, which has not been confirmed yet in a laboratory
experiment, but which could potentially be confirmed with an experimental access to the
nonlinear regime, is vacuum birefringence.

In the realm of classical electrodynamics the electromagnetic field experiences no self-
interaction in vacuum, as a result, the superposition principle holds [Landau and Lifshitz,
1987]. In QED, however, a finite photon-photon coupling is induced by the presence of
virtual charged particles in the vacuum [Berestetskii et al., 1982]. Due to the finite photon-
photon coupling, the vacuum, subjected to an external field, behaves like a birefringent
medium. This idea was initially proposed by Toll (1952), and then developed by other
groups [Klein and Nigam, 1964; Baier and Breitenlohner, 1967; Bialynicka-Birula and
Bialynicki-Birula, 1970].

An experimental observation of vacuum birefringence has been a great challenge, due
to the relative smallness of the light-by-light scattering cross section in the low-energy
regime. Laboratory experiments like BFRT [Cameron et al., 1993], BMV [Cadeéne et al.,
2014], PVLAS [Della Valle et al., 2016], and Q&A [Chen et al., 2007] have so far employed
magnetic fields to polarize the vacuum and optical photons to probe it, and they have
not reached the required sensitivity. Recent astronomical observation results seem to
confirm the existence of vacuum birefringence [Mignani et al., 2017] (see also the remarks
in [Capparelli et al., 2017; Turolla et al., 2017]). However, a direct laboratory-based
verification of this fundamental property of the vacuum is still missing.

As the light-by-light scattering cross section attains its maximum at the pair-production
threshold [Berestetskii et al., 1982], it is natural to consider this regime to probe vacuum
birefringence [Dinu et al., 2014; Ilderton and Marklund, 2016; Nakamiya and Homma,
2017; King and Elkina, 2016]. For a photon of energy k° = w, colliding head-on with
a linearly-polarized laser pulse of intesity I, a typical center-of-momentum energy of the
collision (in the units of the electron mass m) can be characterized by the quantum non-
linearity parameter

I[W/cm?|

2wwy

X = €~ 0.5741 w [GeV]
m

2

Gamma photons with energies w 2 1 GeV are obtainable with the use of Compton

~

backscattering [Berestetskii et al., 1982; Ginzburg et al., 1984]; such energies have been
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Introduction

reached, e.g., at SPring-8 [Muramatsu et al., 2014] and HIyS [Weller et al., 2009] facili-
ties. Therefore, the regime x ~ 1 is attainable in future laser-based vacuum birefringence
experiments.

From the theoretical point of view, the regime x 2 1 is interesting and somewhat
intricate. If x = 1, electron-positron photoproduction becomes sizable, and thus, the
vacuum acquires dichroic properties, and moreover, in this regime, the vacuum exhibits
anomalous dispersion [Becker and Mitter, 1975; Baier et al., 1976; Ritus, 1985; Heinzl and
Ilderton, 2009; Dinu et al., 2014].

A study of vacuum birefringence and dichroism in an intense laser field with high-
energy photons and the evaluation of the experimental prospectives to observe these effects
at upcoming laser facilities is one of the major topics of my thesis.

Another challenge for theoretical QED in an intense laser field is tree-level second-
order processes. Already at this level calculations are rather nontrivial with respect to the
evaluation of the traces of the gamma-matrix products [Hartin, 2006], and also complicated
with respect to the numerical calculation of the integrals. For the traces, the direct use
of software packages like Feyn Calc [Mertig et al., 1991] would normally produce results,
which are difficult to deal with. A full numerical evaluation is also possible, however,
computationally more demanding, and provides less insight.

It turns out, that the evaluation of the bispinor part for the scattering diagrams in
an intense laser field can be significantly simplified, if treated with the symmetry of the
problem in mind. A simple but powerful idea is that the way, how we parametrize the
spin dynamics of the system under consideration, should account for the presence of the
laser field.

As was pointed out in his seminal paper by Dirac (1949), there are three forms of
relativistic Hamiltonian dynamics (in fact, for theories, invariant under full Poincaré group
transformations, there are two more possibilities, they are usually not taken in account
though, due to the smallness of their stability group; for a review and details, see the
lectures by Heinzl in [Latal et al., 2001]). One of them is the instant form, in which the
parametrization of space-time is done in the same manner as in nonrelativistic physics,
with time 20 and space vector & = (2!, 22, 23). This is the form, which is commonly used
in relativistic physics.

Another form is the one which we will be interesed in, it is the front form. In the
front form, the surface of a constant “time” 7 is defined as a light-like surface, e.g., 7 =
2% 4+ 2% = const.

Upon defining the front-form time, as well as the corresponding space coordinates,
which together form the light-cone coordinate system, one can construct a Hamiltonian,
quantize it and consider quantum field theory in the front form. This approach, known
as light-cone or lightfront quantization, has been applied to QED in vacuum [Kogut and
Soper, 1970; Bjorken et al., 1971; Mustaki et al., 1991], other gauge theories [Brodsky
et al., 1998; Srivastava and Brodsky, 2002], superstring theory [Metsaev et al., 2001],
and has become one of the tools for studing nonperturbative quantum chromodynamics
[Wilson et al., 1994; Brodsky, 2002; Brodsky et al., 2015].

With respect to QED in an intense laser field, the laser field itself is customary treated
as a plane wave, i.e., the field tensor F'*¥ is assumed to be dependent on the coordinates x*
via the scalar product koz, with kf being the characteristic laser photon four-momentum
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Introduction

(k3 = 0). The quantity koz provides a natural choice for the light-cone time [e.g., if we
take a plane-wave propagating in the negative z-direction, then kox = wo(z® + 2?)].

Indeed, the front-form parametrization of space-time is convenient for describing physics
in an external plane-wave field and has been employed in calculations [Neville and Rohrlich,
1971; Mitter, 1975; Meuren et al., 2013]. Recently, also light-cone quantization was ap-
plied for studing some processes in a plane-wave field [Ilderton and Torgrimsson, 2013;
Dinu et al., 2014; Dinu and Torgrimsson, 2018a,b].

What I have found out during my work is that the bispinor part of scattering ampli-
tudes can be conveniently parametrized in the same lightfront fashion. However, in order
for this technique to be successful, one needs to split the interaction Hamiltonian of QED
into the terms, which are exactly the terms which one encounters when employing quan-
tization in the front form. This fact establishes one more relation and seemingly natural
connection between QED in an external plane-wave field and the light-cone quantization
approach.

In the view of what has been said above, I have organized my thesis in the following
way. In Chapter 1 we review light-cone quantization and develop some new ideas in context
of QED in a plane-wave field. The techniques, that we will draw from Chapter 1, could
be obtained in the instant form as well, and we will keep the connection. However, with
the front-form approach, those techniques appear in a natural way and together add up
to a coherent picture.

Chapter 2 is devoted to first-order processes. In particular, we consider electron-
positron annihilation into one photon. This process is a cross channel to nonlinear Comp-
ton scattering and nonlinear Breit-Wheeler process, which are well studied. The evaluation
of electron-positron annihilation into one photon is useful for testing the method that we
possess, and also for understanding how to describe two-particle scattering processes in
an external plane-wave field.

In Chapter 3 we study the vacuum polarization. We review the derivation of the po-
larization operator in a plane-wave field and see, how it can be simplified, if the front-form
approach is applied to the bispinor part. We go on with considering a setup for investigat-
ing vacuum birefringence and dichroism. The setup is based on Compton backscattering
to produce polarized gamma photons and exploits pair production in matter to determine
the polarization state of the probe photon after it has interacted with a linearly polarized
intense laser pulse. As we will see, a significant improvement in the experimental sensitiv-
ity can be achieved by employing circularly polarized probe gamma photons. Assuming
conservative experimental parameters, we find out that, with upcoming technologies, the
quantitative verification of the intense-field QED prediction for vacuum birefringence and
dichroism is feasible with an average statistical significance of 5¢ on the time scale of a
few days.

Finally, in Chapter 4 we consider electron-positron annihilation into two photons.
This process may be sizable and important, e.g., for laser-plasma interactions. Up to
now, it has not been thorougly studied. First, we update our understanding of scattering
in an external plane-wave field, that we have gained in Chapter 2. Then, we proceed
with calculating the cross section (the interference terms are not taken into account) and
demonstrate a way to obtain compact results for this process.

18



1

Quantum electrodynamics in an
intense plane-wave field

In this chapter, we introduce important concepts of the front-form approach. Upon
defining light-cone coordinates and light-cone bispinor basis, we review light-cone quanti-
zation in the presence of an external plane-wave field. We proceed with considering the
vertex functions and obtain convenient expressions for them, which will be used in later
chapters. We consider momentum relations in a plane-wave field, and also discuss gauge
invariance of the theory. Finally, we introduce parameters, which will be employed later
for the description of scattering processes.

1.1 Light-cone coordinates

We start by introducing a parametrization of space-time. The front form is usually
parametrized by new time z* and space coordinate z~ in place of 2° and 23, with z! and
22 left unchanged [Brodsky et al., 1998]:

et =@ +23/V2, 27 = (2" —23)/V2, :zc"|fm1t = 2’| (1.1)

instant’

Here and below 14, j, k,l,... € {1,2}. In Eq. (1.1), we use the convention as in [Kogut and
Soper, 1970], other definitions are also used in the literature [Lepage and Brodsky, 1980].
We strive to maintain manifest Lorentz-covariance, therefore we generalize the coor-
dinate system (1.1) by introducing light-cone four-vector basis {n/,n*, e, e5} with the
four-vectors of this basis having the following properties [Meuren et al., 2013]:

772 = 772 =0, m=1, nei=mne =0, ee;= —5ij- (1.2)

The propeties (1.2) ensure that the four-vectors in the basis {n*, 7", e/, eb} are linearly
independent, therefore, the basis is complete and an arbitrary four-vector a* can be written
as

a' =aTp" +a nt +atel + ael, (1.3)

where

at =an, a =af, a' =—ae;, a® = —aes. (1.4)
The metric tensor is given by

g =t + itn” — elel — ebel, (1.5)
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1 Quantum electrodynamics in an intense plane-wave field

or in the matrix form (we choose the order of the components as +, —, 1, 2):

01 0 O
*=lvo 2 o (16)
00 0 -1
Then the scalar product of two four-vectors a* and b* reads
ab=a"b" +a b +a'b; =atb” +a"b" —atbt, (1.7)

where a' = (a',a?) and b+ = (b',b?).

1.2 Light-cone bispinor basis

One of systematic ways of treating the bispinor part is by expanding it in a complete
basis set. The bispinor basis, which is customary used in calculations, is [Halzen and
Martin, 1984]

{1,7°,4%,949°, 0"}, (1.8)

where 1 denotes the identity matrix, v# are Dirac gamma matrices, o#" = (yH~Y —~¥~H) /2,
and 7% = (i/ 4!)6%,\W'y”7’\7“y”. Any product I" of gamma matrices can be decomposed as

I'=0C + 05'75 + CM’YM + CSMVM'YB + C;WJ}W7 (1.9)

where 1 1 1
Ch :*TI'{P}, Cs = *TI'{"}/E)F}, C,= 7TI'{"}/MP}7

4 4 4
. ) (1.10)
Csp = —ZTY{WV5F}7 Cuw = _gTr{UWF}'

An example of the use of the basis (1.8) is the evaluation of polarization tensor in a
plane-wave field by Meuren et al. (2013). The basis (1.8) is also employed, e.g., to describe
polarization states of quarks in hadrons [Barone et al., 2002].

Another approach is to use the basis (1.8) in order to perform the Fierz transformation
[Okun, 1984] and write the total trace as a combination of traces with smaller amount of
gamma matrices each. This approach was investigated by Hartin (2016).

With either of the approaches, the trace evaluation for scattering in a plane-wave
field still remains a very tedious task. As we will see, there is a way to greatly simplify
the challenging evaluation of the bispinor part. For this purpose, in this subsection we
construct a light-cone bispinor basis, which is tailored to our needs. Later, it is shown
how this basis can be used for obtaining compact expressions in a relatively easy way, in
comparison with the previously developed methods.

We start by considering Dirac gamma-matrix algebra on the light cone. Light-cone
gamma matrices are defined as in Eq. (1.4):

=, AT =90, A =—ve, i=1,2 (1.11)

All possible linear combinations and products of ¥ and v~ will be customary refered to
as longitudinal space, and all possible linear combinations and products of 4! and 72 will
be called transverse space.
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1.2 Light-cone bispinor basis

The usual relations for gamma matrices in the instant form, which are written in the
Lorentz-covariant way (see, e.g.,[Berestetskii et al., 1982]), are of course also valid in the
front form, since the light-cone gamma matrices are defined in the Lorentz-covariant way
too. Apart from those, we have the following relations for ™ and ~:

T =Ty =0, ATy Ty =0T, Ty =2y (1.12)
The relations (1.12) are easily proved with the use of the general properties (1.2) and the
relation v# ¥ + yVy# = 2g*”. For example, for yT+T we have:

1
VT =AY e = 59" nune = 0. (1.13)
The other properties in Eq. (1.12) are verified in an analogous way.
Going further, we notice that due to g** = 0, gamma matrices in the transverse space
anticommute with y*:

{v*7'}=0. (1.14)

The anticommutativity allows us to prove the following relation:
Tr{y"y2 ... 4y 7} = Te{y"192 . 4y T} = Te{y92 .. ") (1.15)

For odd n, all the three traces are zero. For even n, in order to obtain Eq. (1.15), we
exchange one of the matrices v or 4y~ n times with the transverse gamma matrices and
use the identity yTy~ +~77T = 2.

With the obtained relations, we see that a trace of arbitrary number of gamma matri-
ces, if treated on the light cone, is reduced to a trace over gamma matrices in the transverse
space only, so, we can always reduce a problem to essentially a two-dimensional one.

Note also the following identities:

Vi = 0; (1.16)
Te{ "y 2y T} = 4eMn,, Te{y iy ylyPy ™) = -4y, (1.17)
where for the Levi-Civita symbol €M, we choose et =12 = —1, which is consistent with

the choice 0123

Eq. (1.1).

As one more step, we define the projectors Ay = v 7" /2 and A_ = yT~y~ /2 [Mit-
ter, 1975; Mustaki et al., 1991; Brodsky et al., 1998]. The projectors have the following
properties:

= 1 in the instant form, if we assume the coordinate system, defined by

A+ —|— A, == 1, A+A+ — A+, A,A, - Af, A+A7 — A,A+ — 0 (118)

The first relation is just the statement vy~ +~~~y" = 2, and the rest follow directly from
the identities (1.12).

Now, we are ready to construct the light-cone bispinor basis. Since any product of
gamma matrices can be represented as a product with all the transverse matrices on one
side from the longitudinal ones, we seek for the basis having the form of the product
{transverse} x {longitudinal}. In the transverse space there are four linearly independent
combinations: 1, v', v2, ¥'42. In the longitudinal space there are four linearly independent
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1 Quantum electrodynamics in an intense plane-wave field

combinations as well: %, Ay (the identity matrix is excluded due to Ay + A_ = 1).
Therefore, the 16 matrices

{1972 x {7y A A} (1.19)

exhaust all possible combinations of linearly independent gamma-matrix products and any
product I' can be represented as

I'=> (Cat Covi + C2Y'Y)v* + Y (Do + Divi + DYy Aq. (1.20)
a==% a=%

The coefficients are given by

1 ) 1 ; 1
Ce={T(TyT}, Chi=—Tr{lyy T}, CF = - Tr{Ty'y* 7},
1.21)
Di = Tr{lAs}, Dy = Te{ly'As}, DY = = Tr{ly7"Ast.

Let us conclude this section by demonstrating how the matrices (1.8) can be expressed
via the basis (1.19). Apart from ~#, which are in both bases, the expansion for the
combinations of the matrices in the transverse space via the basis (1.19) immediately
follows from A, + A_ = 1. We also note that 67~ = A_ — A, and o™ = —iy*. The

rest of the elements in the basis (1.8) are with 7°, and they are given by

V¥ =—iy'Y (A —AL), P =il (AL —AD), v = =iy, (L22)

where the Levi-Civita symbol € is defined with €'? = 1.

1.3 Classical plane-wave field

When considering a process in an external laser field, in principle, the laser field itself
needs to be treated at quantum level. We assume, however, that the laser field intensity is
high enough and the depletion of the field during a scattering process is small enough, such
that it can be approximated as a classical one [Berson, 1969; Bergou and Varré, 1981]. In
the following, we describe the laser field as a plane wave (not necessarily monochromatic
though), i.e., it is defined by the antisymmetric field tensor F*(¢) = —F"*(¢), where
¢ = kox with kfj being the characteristic four-momentum of the field (k{'ko, = 0). For a
treatment of the laser field beyond the plane-wave approximation, see [Di Piazza, 2014,
2015, 2016]. For examples of studying electrodynamic processes in an external single-mode
quantized field, see [Bergou and Varré, 1981; Skoromnik et al., 2013].

Let us find a general form for the plane-wave field tensor F*”(¢$). We know that it
satisfies homogeneous Maxwell’s equations [Landau and Lifshitz, 1987]

D FM =0, 8,(+F)" =0, (1.23)

where (xF)" = e*°TF, /2 is the dual tensor.
We expand the field tensor F'*¥(¢) in the basis, which is the product of the light-cone
basis {nH, 7", e, eb} with itself. In this basis, n# is defined as

= KA /m, (1.24)
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1.3 Classical plane-wave field

which means that ¢ = ma™ (the electron mass m is introduced in order to have n#
dimensionless). The rest of the four-vectors may be arbitrary, under the conditions (1.2).
Due to F"(¢) being antisymmetric, there are at most 6 nonzero linearly independent
coeflicients in this expansion.

We impose the condition that F*¥(¢) does not have a constant component, but contains
only a ¢-dependent part. Then, from the first of Maxwell’s equations (1.23), it follows
that all the coefficients for the tensor combinations with #* must vanish, and from the
second of Maxwell’s equations (1.23) it follows that also the coefficient for the combination
el'e4 — e e must vanish. Therefore, only two nonzero coefficients are left and the general
form of a plane-wave field tensor can be written as

Fr(g) = Y fi"vi(9), (1.25)

i=1,2

where fI" = klja? —k§a!', four-vectors a!' define the amplitude of the field in two polarizar-
ion directions (koa; = 0, ajas = 0), and functions 1;(¢) characterize the shape (|} < 1,
with the prime denoting the derivative with respect to the function argument). Normally,
we assume that the field vanishes asymptotically: 1) (+o0) = 0.

A field tensor F*”(z) can be expressed via a vector potential A*(z) as FM(x) =
OFAY (x) — 0¥ A¥(x). We adopt the light-cone gauge [Brodsky et al., 1998], which restricts
AF(x) by the condition

At (x) = 0. (1.26)

Then the vector potential for the field tensor (1.25) can be written as

A (¢) = Y aldi(9). (1.27)

i=1,2

Note that A*(¢) in Eq. (1.27) satisfies the Lorenz condition 9, A*(¢) = 0.

The choice (1.24) is kept in all the following calculations (with the only exception being
the derivation of the lightfront Hamiltonian in the next section; there we keep a general
light-cone basis). As for the other components, we could introduce the coordinate system
with the plane wave propagating along the z-axis (in the negative direction), such that
our light-cone coordinates are analogous to Eq. (1.1):

m

wo -~ . .
et ==+ 23), 7= —(a" 2%, 2 =2

= 1.28
m 2wo ( )

instant’

Again, we would like to keep manifest Lorentz-covariance. Moreover, if one considers
a particle (or a system of particles), which is characterized by some four-momentum ¢*,
it is convenient to use a frame, in which this particle (the system of particles) does not
have a transverse momentum component. The transition to this frame can be performed
by defining the light-cone basis {n*, 7", e/, €4} as [Meuren, 2015]:

nll:% ﬁ#zﬂ_qgnu
m’ gt 2¢t?’

[the definition of n* is the same as in Eq. (1.24), it is repeated here for convenience].
Following Meuren (2015), we call the basis (1.29) canonical light-cone basis. The four-
vector g# is such that ¢* # 0. The choice of ¢* will depend on the considered process.
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1 Quantum electrodynamics in an intense plane-wave field

Note that if ¢> = 0, then q always counterpropagates the plane wave in the frame defined
by Eq. (1.29).

It should be pointed out that if we simultaneously changed the sign of both n* and n*,
the resulting basis would still satisfy the conditions (1.2). This would change the sign of
all ‘4’ and ‘~’ components though. In the case of n* defined by Eq. (1.24), in any frame
n > 0, therefore, for any on-shell particle with four-momentum ¢* the components ¢*
and g~ are always nonnegative.

Before exploring the field theory of electromagnetic interaction, we spend a few mo-
ments on looking into classical dynamics of a pointlike charge in a plane-wave field. The
reason is that the solution for this problem will reappear at quantum level, and in fact,
will play a central role in describing the quantum dynamics as well.

We consider the Lorentz equation for an electron in a plane-wave background [Landau
and Lifshitz, 1987]:

dpt e

ity el () 22 (1.30)

where 7 is the proper time. The solution is known [Landau and Lifshitz, 1987] and can
be written in the form

T4(0) = P — e[ AM(6) — A"(do)] + 1 (ep[A(¢) — A(do)] _ €[A%(9) _A2(¢0)]>’ (1.31)

pt 2pt

where p* is the electron four-momentum at ¢ = ¢y. We call 7'(‘5((;5) dressed four-momentum.

Note that ﬂg((ﬁ) = () Tpu(d) = p*.

The dressed four-momentum 7/ (¢) is gauge-invariant, it is clear from Eq. (1.30). It

can be also explicitly shown by rewriting Eq. (1.31) in a manifestly gauge-invariant form:

e

2
TH(9) = P+ ——F"(6,60)py + 5 F (6,600, (1.32)

mpt 2p

where we introduced the integrated field tensor [Meuren et al., 2013]:

¢
Fe (6,00 = [ABFR(B), FH(6,00) = (6,000 F, (600). (139
b0

In the following, we assume that A#(—o0) = 0, i.e., ¥;(—o0) = 0, therefore, Eq. (1.31)
can be written as

RA(8) = P — eAH(9) + 7 (%(@ - 62‘42(@)) 7 (1.349)

pt 2pt

with p# being the asymptotic four-momentum.
For the case ¢y = —oo we suppress the second argument for the integrated field tensor
in Eq. (1.33) and write simply

2

¢
Fr) = [ asFm() = 30 o), FHU0) = —kERE S atuie)  (1.39)

[the relations via 1;(¢) are due to Eq. (1.25) and ;(—o0) = 0].

24



1.4 Lightfront Hamiltonian

We also impose the condition that the integration over the whole time duration does
not leave a constant component:

[ asFe@) —o. (1.36)
which, together with 1;(—o0) = 0, implies that 1;(co0) = 0.

1.4 Lightfront Hamiltonian

Our aim now is to obtain the Hamiltonian for interacting electron-positron and photon
fields on the light cone. In general, we follow the ideas introduced by Mustaki et al. (1991)
and later reiterated by Brodsky et al. (1998), therefore, we will discuss only major steps
and important concepts (some details on the derivation of the lightfront Hamiltonian are
provided in Appendix A). It should be noted, that, in comparison to the previous works,
we do not tie ourselves to a particular frame, but use general properties in a light-cone
basis {n*, 7", €}, e }. Most of the steps and the result, as might be expected, are the same,
but some relations have to be derived in a different way. For one of those relations, an
explicit derivation is shown [Eq. (1.48) below], other cases are treated similarly. Another
subtlety is the presence of an external plane-wave field, which we want to take into account
exactly. This will be also discussed below.

In vacuum, the QED Lagrangian density is given by [Halzen and Martin, 1984]

— 1. - — N
L=Y(yid —m)¥ — ZFWFW +eUy'WA,, (1.37)

where ¥ and A are the electron-positron and photon fields, respectively, 1:1“, = 8“1211, —
(‘),,flu, and a bar denotes the Dirac conjugate: ¥ = ¥f~0,

In an external plane-wave field, the Lagrangian density is obtained by the shift of the
photon field [Fradkin et al., 1991]

AP AF 4 AP, (1.38)
with A* being the potential of the classical field. Then one obtains that
_ 1~ - — ~
L =V(yi0 —m)¥ — ZFWFW + eUyHW (A, +A,). (1.39)

In Eq. (1.39) we do not write the terms with the free part of the classical field. With
the help of integrations by parts it can be shown that the contribution from those terms
vanishes.

Let us look at the equations of motion first. For the photon field, from the least action
principle, we obtain Maxwell’s equation

O =g, (1.40)

with J# = eW~y*W¥. Since we employ the light-cone gauge [see Eq. (1.26)], the ‘+’ compo-
nent of Maxwell’s equation is given by

Pt = —(0_)2A~ —9_9;A' = J+. (1.41)
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1 Quantum electrodynamics in an intense plane-wave field

Note that Eq. (1.41) does not contain time derivatives, therefore, it is not an equation of

motion, but a constraint, which leaves just two independent degrees of freedom for Ar,

We split A# into two parts: Ar =AM+ ot where o has only a ‘~’ component, which is

defined via
0 =L gt (1.42)
R .

The rest of A* is labeled as A¥, it contains two independent degrees of freedom, with
the third defined via

—(0_)?A” —0_0;A" = 0. (1.43)

By construction, the field A* satisfies the Lorenz condition d,A" = 0.
We proceed by considering the equation of motion for the electron-positron field. From
Eq. (1.39) we obtain Dirac equation

[7(i0 — eA — eA) — m]¥ = 0. (1.44)
Multiply Eq. (1.44) by 4T from the left, then:
20_U_ — [Y*(id), — eAy, — eAy) + mly T, =0, (1.45)

where Uy = AU (U =V, +¥_ due to Ay + A_ =1). Eq. (1.45) is again a constraint,
which allows us to express V_ via U,. We define y = x4 + x— with x4+ = 0 and

_ 1 kA ~+
X= = ~55-¢Y Apy T4 (1.46)

The rest of VU is labeled as v, so, ¥ = ¥, and

L
210_

Y = Y (i0) — eAg) + mly ey (1.47)
Note that the classical field A*(x) is included into ¢_.

As an intermediate result, we have introduced fields A* and 1 that contain all inde-
pendent degrees of freedom and also some dependent parts, which are connected to the
independent ones as in the noninteracting theory. Since the remaining quantities a* and
x have to be functionals of A* and 1, the fields At and ¥ can be ultimately expressed
completely via A* and 1. Indeed, it is clear from Eq. (1.46), that x_ is a functional of
only A* and 1. The same is true for o~ in Eq. (1.42), in particular, we have for J*:

J+ = 6@’)/—’_\:[} = €(A+\I/+ + A_\I/_)T’YO’Y+\IJ+ = 6(@4_‘/\ +@ A+) +\Ij+
= ey Uy = eyt (1.48)

Now, we proceed with obtaining an expression for the lightfront Hamiltonian, with the
goal in mind to write it in terms of A* and 1.

The canonical stress-energy tensor is obtained from the Lagrangian (1.39) in the usual
way:

=X 5o a 06— gL

= @[fy“i@” — " (4id — m)| ¥ — FHOQY Ay + g

26



1.4 Lightfront Hamiltonian

The (light-cone) time component of the stress-energy tensor defines the four-momentum
of our system:

pPY = /d2$LdIE—T+V. (1.50)
Correspondingly, the Hamiltonian is the ‘-’ component of P":
H=P = /d%ldx—w—, (1.51)
where [see Eq. (1.49)]
TH =U[ytidy — (vid —m)|¥ — F190, A, + iﬁwﬁwf —J7(A, + Ay). (1.52)

Expressing the dependent fields a# and x via A* and 1, with the help of several
integrations by parts, we arrive at the result (details are given in Appendix A) [Mustaki
et al., 1991; Brodsky et al., 1998]:

H=Hy+Vi+Vo+ V3 (1.53)
with
_ — 1 1
Hy = /d2de$_ {@b’}/_ZB,@ZJ + 61/)’}/+¢A_ + 5(67.»4_)2 + 5(31.»42 — (92./41)2],

Vi = e/d2dex7 @’y”l/}/lu,

o2 o (1.54)
Vo= [dtdexymio = G [ dtda Adr A,
10—
V3 = l/deJ‘dxf Jt ! Jt = 62/d2xldw E’yﬂb ! @’Yﬂ/’
2 (i0-)2 2 (i0-) '

The part Hy of the Hamiltonian is the one, that remains if we turn off the interaction
between fermions and photons, therefore, it is regarded as the free Hamiltonian. The in-
teraction with the external field is included into the free part. The resulting representation
upon quantinzation is known as the Furry picture [Furry, 1951] (see also [Fradkin et al.,
1991]). The other three terms are interaction terms, they will be treated perturbatively.
The three terms give rise to three types of interaction vertices, namely, V; corresponds
to the usual three-point interaction vertex of QED, V5 corresponds to the instant-fermion
exchange vertex (the seagull vertex), and V3 corresponds to the instant-photon exchange
vertex (the self-interaction vertex).

Due to the split of ¥ according to Egs. (1.46) and (1.47), in the interaction terms the
classical field A* appears only inside 9. Upon solving the equation of motion for ), the
interaction of fermions with the classical field is taken into account exactly.

After the quantization of the Hamiltonian (1.53), we transfer into the interaction pic-
ture. In that picture the fields A* and ¢ in Eq. (1.54) obey the free equations of motion.
Therefore, before actually quantizing H we would like to understand how (still classical)
free fields Af.., and ¢gee can be expanded in terms of Fourier modes (for simplicity, in the
following we omit ‘free’ in the subscript and write simply A* and ). For A* the equa-
tions of motion are homogeneous Maxwell’s equations, so, the expansion goes in terms
of (monochromatic) plane waves. For 1 the equation of motion is Dirac equation in a
plane-wave field. The solution is known as the Volkov solution and is discussed in the
next section.

27



1 Quantum electrodynamics in an intense plane-wave field

1.5 Volkov wave function

We need to find a solution for the Dirac equation
[7(i0 — eA) — m]y = 0. (1.55)

The solution was first obtained by Volkov (1935), and it is known correspondingly as
the Volkov solution or Volkov wave function. In this section, we demonstrate a way of
deriving the Volkov wave function on the light cone. In our approach a convenient form
of the Volkov solution appears in a natural fashion. Note that the ideas, that we will use
in our derivation, were originally developed by Mitter (1975).

Let us start with defining an initial condition. We require that in some point 1 = acar

the Volkov wave function (positive-frequency ,, and negative-frequency wz();)) transforms
into the corresponding solution for Dirac equation in vacuum (51:6r is customary chosen as

Zero or —oo):

Upo (@) = Yoo (@)]rs U @) = Y (@) (1.56)
with

Yopo (1) = —2ee™ P P (2) = 227, (1.57)

V2pTV V2pTV
where p denotes the asymptotic four-momentum p* and o denotes a polarization state.
The notation, that is introduced in Eq. (1.57), needs to be explained. We assume
to work in a finite (light-cone) space volume V. However, the volume V is supposed to
be so large, that we can approximate Kronecker symbols and sums with their continuous
analogs:

(@M 1y /V<12pl [ dp*
Spp — N s (p—p), Xp:—> g | o (1.58)

where §(H1) (p — p') = 6(pt — p'H)d(p' — p'1)d(p? — p'?). Note that we have only on-shell
particles as of now, therefore, p* is always positive.

With the rules (1.58), one can use the continuous notation, and at the same time keep
track of the volume factors, such that it is easy to ensure that in the final expressions they
cancel each other and observables do not depend on them. For observables, it is assumed
that the limit of the infinite volume is taken, such that the integration in space-time
coordinates is formally extended to R*.

The bispinors u,, and v,, in Eq. (1.57) are normalized according to

ﬁpa’u,pal = —Upg'l)po-/ = 2777,(50-0/, (159)
therefore
ﬂpa’}’uupcr’ = @paf)’uvpo" = 2]?”500" (160)
and
Z Upolps = VP + M, Z VpoUps = YD — M. (1.61)
ag o

Let us proceed with solving Eq. (1.55). We know from Eq. (1.47) that ¢_ is not a
dynamical component, therefore, if i is found, the whole solution can be reconstructed.
First, let us obtain an equation for 1. We multiply Eq. (1.55) by 7~ and subsequently
take a derivative of it with respect to x~. With the use of Eq. (1.47), it is found that

2i0_ (101 — eA™ )hy — [m* — (i0p — eAg)* by = 0. (1.62)
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1.5 Volkov wave function

An interesting feature of Eq. (1.62) is that it is diagonal with respect to the components
of 14 (compare with the corresponding second-order differential equation in [Berestetskii
et al., 1982]).

We seek a solution of the original Dirac equation (1.55) in the form (we concentrate
on the positive-frequency solution, the negative-frequency one is derived in the same way)

Ypo(x) = ¢ PTF (27), (1.63)

therefore
Ypo () = e PTF, (at). (1.64)

We obtain the following differential equation for F (xz):
iFy(27) = [m, (¢) —p~ +eA™(9)|Fy(z™), (1.65)

where 7, (¢) = [m52(¢)+m?]/2p™ is the ‘= component of the classical dressed momentum

from Eq. (1.34). The integration of Eq. (1.65) leads to Fy(z%) = Fy 4 exp[—iS,(¢, ¢o)],
where

2 A2
Sy, do) = /dﬁ —p~ +eA( /dﬁ (eijzﬁ eA (ﬂ)) (1.66)

2mpt

with ¢9 = ma{ [the right-hand expression is due to Eq. (1.34)]. The constant bispinor
Fpy + is found from the initial condition in Egs. (1.56) and (1.57) and we obtain:

Vo (@) = 2 o in=iy(6.60), (1.67)

V2pTV

Having the ‘+’ projection of the Volkov wave function, we proceed with the ‘-’ one.
The inversion of 10_ in Eq. (1.47) gives the factor 1/p*, we also need to replace idy with
pr- Then, upon summing the two parts, one obtains:

. +
pr(2) = Kpl0) e PO, K (0) = [ymy() il (168)

With the use of the Dirac equation (yp — m)up, = 0 the solution (1.68) can be recast
into a different form:

ev*vA(cb).

Ups  —ipz—i
Yo (@) = Kpl@) o0 0%, Ky(9) =14+ = =

V2TV

The form in Eq. (1.69) is well-known [Brown and Kibble, 1964; Nikishov and Ritus,

1964b], the form in Eq. (1.68) was presented and applied by Hartin (2016). We will use

the former expression (1.68), which turns out to be more convenient, than the latter one.
For the negative-energy Volkov wave function we obtain:

(1.69)

%(g;)(x):K—p(qﬁ) Upa eipmfiS—p(d):d)O):]C_p(d)) Yo ipe—iS_p($.d0) (1.70)

V2pTV V2ptVY

In the following, we choose ¢y — —oo and write Sp(p, —00) = Sp(9).
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1 Quantum electrodynamics in an intense plane-wave field

As we want to eventually expand our fermion field in Fourier modes, with each mode
represented by the Volkov wave function, we consider orthogonality and particularly com-
pleteness of the Volkov solutions.

It is known, that the Volkov wave functions are orthogonal and complete in a fixed
instant-form time point, though the prove is not straightforward, and in fact, this question
has been tackled by several people [Ritus, 1985; Zakowicz, 2005; Boca and Florescu, 2010;
Yakaboylu, 2015; Di Piazza, 2018]. The problem of orthogonality and completeness can
be resolved in a somewhat elegant way on the light cone.

As for the orthogonality condition, written on the light cone as (again, we consider
only the positive-energy solutions, for the negative-energy ones, the relation is the same)

2.1y~ (2m)® (1 /
[t @7 o () = S5 = )60, (1.71)

it does not pose any problem and can be easily verified [Bergou and Varrd, 1980].

The question of completeness is more subtle. It was shown by Bergou and Varré (1980),
that in a fixed light-cone time point the Volkov wave functions do not satisfy the usual
completeness relation, though the relation, that they satisfy, still allows an expansion of
an arbitrary function.

From the perspective of quantizing the lightfront Hamiltonian [Eqgs. (1.53) and (1.54)],
in fact, we need to approach the problem in a different way. As we remember, only the ‘+’
projection ¢4 is a dynamical field. Therefore, what is actually required, is the completeness
of the Volkov solutions in the subspace of the ‘+’ projections. This can be proved in a
straightforward fashion:

Z / i / A [wpa+( )¥pot (@' )" + 11’1(9;2% (x)az(;'l (x,)’)/ﬂ

T dnt
= /dp —ipt (z—z’) +/dp i (z—2")
2w 2w

0 0

Ao (@ —a) = A 60D (@ —a)  (1.72)

(for simplicity, we write 2 and 2/, but we keep in mind that the expression is evaluated at
a common light-cone time point). Then any 14 (x) = Ay¢(x) can be expanded in terms
of the Volkov solutions. Since the ‘~’ projection ©_(x) is defined via the Dirac equation
of the noninteracting theory, upon summing v (x) and 1_(x) we recover the full Volkov
wave functions, so, we obtain for our field in Eq. (1.54):

d2 €L +
=3 [ / (0300 ) + B0t ()] (1.73)
where the coefficients ap, and by, are defined as:

Opo = /deidx_Epo(x)fy"'d,(x), by = /dgiL‘de_E;;)(m)’y—’—lb(l‘). (1.74)

The relations (1.73) and (1.74) look as they would for a usual complete set. How-
ever, ¥ (x) is not a general function in the Hilbert space, but restricted by the condition
(1.47). In essense, the additional term, that was obtained by Bergou and Varré (1980) and
that violates the usual completeness relation for the Volkov wave functions on the light
cone, corresponds to the contribution to the interaction part, that we have separated out
explicitly.
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1.6 Quantized fields

1.6 Quantized fields

We proceed by quantizing the fields A* and 1 in the Hamiltonian H [Eqs. (1.53) and
(1.54)]. The transition to the interaction representation is done basically in the same way,
as in the vacuum case (see, e.g., [Itzykson and Zuber, 1980] or [Goldberger and Watson,
1964]). The difference is that our free Hamiltonian Hy depends on time, this does not pose
a problem though, since the dependence is through the classical field, which commutes in
different time points. We obtain the following expression for the S-matrix:

S =T exp {—i/dafr(% + Vo + Vg)} , (1.75)

where 7 is the (light-cone) time-ordering operator.
For the quantized fields in the interaction representation one obtains respectively
[Bjorken et al., 1971; Mustaki et al., 1991]:

OESY| ’f;if / (Zf [t () + By ()]
7 s X (1.76)
At (z) = ;/ ]zgﬂl; O/ko;r {Cmﬁ,\(ﬂf) +CILA¢ZI;\($)} :

with the creation and annihilation operators satisfying the relations

om)3
{apov a;r)’cr’} = {bpm b;r?’cr’} = (]/)5(+7L) (p - p,)éaaﬁ

1.77
(e chon] = (217;)35(+’L)(/€ — K)o o
In Eq. (1.76) ¢, (z) is a plane wave:
ih(z) = \/;l]i%veim, (1.78)
with the polarization four-vectors satisfying
i = =0, ke =0. (1.79)

There are two independent polarization states for the photon field, as well as for the
electron-positron one, so, each A and o can have two different values. In the following,
we will be always summing/averaging over the polarization states, therefore, we do not
specify the choice of them, but note that several conventions exist [Brodsky et al., 1998].
Due to Eq. (1.5), one obtains
v 12
S etk = gt 4 TR (1.80)
A

Note that in vacuum the vector n* is chosen as a fixed light-like vector, which breaks
the manifest Lorentz-covariance of the theory. Since in our case n* is a true four-vector,
the theory in a plane-wave field formally remains manifestly Lorentz-covariant.
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1 Quantum electrodynamics in an intense plane-wave field

With Eq. (1.75) at hand, the whole machinery of the perturbative approach can be
developed. In position space, one needs to insert the corresponding Volkov solutions
for electrons and positrons in place of plane waves, which are employed in vacuum. In
momentum space, the additional factors due to the presence of the classical field can be
collected together in a vertex, and one obtains the usual QED in momentum space with,
however, a modified or ‘dressed’ vertex (see [Meuren, 2015; Mitter, 1975]). In our case,
there are three kinds of dressed vertices, which are discussed in the next section.

1.7 Dressed vertices

1.7.1 Three-point dressed vertex

We consider the interaction term V; in Eq. (1.54) and for definiteness assume to have
an incoming electron with four-momentum py, and two outgoing particles: an electron
and a photon with four-momenta p} and k*, respectively. The particles are presumed
to be also in some polarization states, we do not define them explicitly and suppress the
corresponding indices, expecting to average/sum them out later with the use of Egs. (1.61)
and (1.80). For clarity, we also suppress the normalization factors for now and in the next
two subsections. The complete expressions can be recovered if each bispinor w,, is divided

by v/2ptV and each polarization four-vector €} by v2k+V. One obtains:

y / dat (kpa|Valpr) o< (2m)30000) (py + b — py)ia | — ieT%, ()] urel,, (1.81)
where
T (k) = [ do* Kby () exp [ilps + k™ = pi)a* +iSy(0) — iS1(6)] (1.82)
and
- ot ot
K5 (¢) = Ka(o)y"K1(¢) = 2F [yr2(@) + m] " [ymi(d) +m] —— (1.83)
Po 2p1

For simplicity, we replaced the subscripts p; — 1, po — 2 (we will do the same below too,
also for photons).

For later use, let us rewrite K%, (¢) in Eq. (1.83) in a convenient form. In particular,
let us expand it in the light-cone bispinor basis (1.19). As can be noticed from Eq. (1.83),
all the traces which involve 4%, Ay, and A_ vanish, therefore, one needs to evaluate just
three traces, which involve v~ [see Egs. (1.20) and (1.21)]. We obtain that

K5(6) = |S51(9) + Vit + Th(@)7'?] 7", (1.84)
where
S50) = 5 { (6) + P (9) — [ma(@)mi(@) — m?| ¢"*},
2’{‘—2])? [ (p —p])g" — b — ph)g"" |, (1.85)
Th(6) = ~gp o 1T (O)0)
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1.7 Dressed vertices

1.7.2 Seagull dressed vertex

Let us consider the interaction term V5 in Eq. (1.54). Now we assume to have incoming
fermion and photon with four-momenta p/ and kY, respectively, and two outgoing particles:
a fermion and a photon with four-momenta p4 and kj, respectively. We obtain:

_i/dx+<k2p2’V2\k1pl> o (2m)36H ) (py + ky — p1 — ki)
X g [ — icjrgf(k‘z,kl)}ulﬁg €1y +{k1 & —ko, €1 & 65}, (1.86)
2(pf + k) g

where
o) (ke, k1) = /dx+K51V(¢) exp |i(py +ky —py — by )at +iSa(e) —iSi(9)],  (1.87)

+ +

K1 (9) = Koo)'y K1 (9) = 5 = rma(9) + m 2"y [yma(6) + ) 5 v, (1.889)

2 1

and the term in the braces is the same as the first term, but with the photon momentum
and polarization four-vectors exchanged, as designated.

For K5 (¢), the expansion in the basis (1.19) goes in the same way, as in the case of the
three-point interaction, and we obtain the following form, which again will be particularly
useful for the evaluation of traces:

K57 (0) = S5 + Vi (@)n| v* [SY + V7" (9)y] (1.89)
where
) 1 ) )
Sp= g, Vi) = [ - m9)g"t] (1.90)

1.7.3 Self-interaction dressed vertex

The last term out of the three interaction terms is V3. Now there are two incoming
electrons with four momenta p/’ and p and two outgoing ones, with four-momenta p4 and
ply. We obtain:

—i/dx+ (pap3|Valpap1) o< (2m)36) (py + p3 — p2 — p1)
2

X /dx+U4F42(¢)u2M__Zi??wu;gfgl(gb)ul — {63 <~ 64}, (1.91)
where
To1(9) = 7+ exp [i(py — py )2 +iSa(6) — iSi(9)] (1.92)

and the term in the braces is the same as the first one, but with the quantum numbers of
the outgoing electrons exchanged.

The bispinor structure of I's1(¢) in Eq. (1.92) is the same as in the vacuum case, the
only contribution from the classical field is the change of the phase.

33



1 Quantum electrodynamics in an intense plane-wave field

1.8 Fermion and photon propagators

For the electron two-point correlation function one obtains the following expression:

| d2 1 d +
G (29, 21) = —i(0| T (x2)(21)]0) = /(2:)2 2:#
0

x |0(zF — 27) Ky (o) (vp + m) K (1 e~ P22 ~iSp(02,61)

— 0(x — 23)K_p(¢2) (0 — m)K _p(¢p1 )e’P#2 =) =iS=(@200) | = (1.93)

which can be written as (we use the prescription m? — m? — ie, € — +0)

Yp+m

d'p o ip(a2—21)~i8,(62.61)
ip(r2—x 2 ) Kp(¢2) 5 5 .
—m- 4+ 1€

— g K1), (1.94)

G(Hi)(x2’x1) g /(
In Eq. (1.94) the four-momentum p* is off-shell with comparison to the one in Eq. (1.93),
the part of the numerator is still the on-shell momentum though, which we denote by a

tilde: I
_ +m -
P = <p+,pL, piz — ) , pP=m? (1.95)

We call G (z5, 1) noninstantaneous fermion propagator.

Though we will not use it in our calculations, in order to check the consistency, let us
demonstrate that the noninstantaneous propagator can be combined with the contribution
from the seagull dressed vertex such that we obtain the covariant Feynman propagator of
the instant-form approach. It can be seen as follows. From Egs. (1.86), (1.87), and (1.88)
we notice, that the seagull dressed vertex interaction can be written as the second-order
three-point one, but with the propagator

) d2 J_d —+ » N B +
G (29, 21) :/éﬂ)?e it (@g —a1)=ipn(@f—a}) (4 F T)QPZ?
:/ d4p e_ip($2_z1)_isp(¢27¢1)i‘ (196)
(2m)* 2p*

Replacing K, (¢2) and K _,(¢1) with Kp(¢2) and K_,(¢1), respectively, for G (x5, 21)
[see Egs. (1.61), (1.68), and (1.69)], and noting that an arbitrary four-momentum p* can
be decomposed as [Mantovani et al., 2016] (see also [Seipt and Kadmpfer, 2012])

12 2 2
+m -m
pt =pt 4+ pt, P = <0,OJ‘,p_—p >_p

opt opt n*, (1.97)

we sum the two contributions and obtain the known form of the fermion propagator in a
plane-wave field [Ritus, 1985]

Gz, 1) = G (29, 21) + G (29, 1)

d4p —ip(xa—x1)—1S, yp+m
:/(27-r)46 p(r2—21) p(¢2@1)l€p(¢2)m/€p(¢l). (1.98)
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1.8 Fermion and photon propagators

For the photon two-point correlation function, we proceed in an analogous way. We
obtain:

o

i , . [ d2kt dk™
DI 0. 1) = 01T () Asa)l0) = =i [ G2 0/ o
an+kV77 —ik(za2—z ik(ro—x
X (g,uu - W) {9(1‘; — o )e k@2 gt — zf)eih(@2 1)} , (1.99)
which, again, can be written as
: 'k, 1 ke + k
(ni) _ —ik(xo—x1) Rl m
D (25, 21) = / T <gw, Bt 2 Bl ) , (1.100)
where B
- k -
L [ T 2 =
i (k Kk 2k+> . 2=o. (1.101)

The noninstantaneous photon propagator D,(f;i)(:ng,xl), like the electron one, can be
completed up to the Feynman propagator of the instant form. From Eqs. (1.91) and (1.92)
we conclude that the instantaneous photon propagator is given by

) d4k .
(in) _ —ik(za—z1) TuTlv
DI (@, 1) = /(2w)4e e (1.102)

Then we obtain that

Dy (s, 21) = D (w2, 21) + DO (wa, 1)

Ak, 1 Ky + kum
= —ik(z2—21) _ Bplle Ml
- / (2m)t" K2+ e (g“” ot ) (1.103)

which is the Feynman propagator in the light-cone gauge [Mantovani et al., 2016].

Note that if one starts with the instant-form formulation and then uses the light-
cone decomposition of the Feynman propagators, some additional vertex interactions are
generated besides the considered three ones. In particular, diagrams with two or more
instant particles meeting at one vertex appear in calculations. It can be shown, however,
that such diagrams vanish in the light-cone gauge [Kogut and Soper, 1970]. In the front-
form formulation, these diagrams are absent from the beginning.

Also note that due to Eq. (1.98), the three-point and the seagull vertices can be
represented as vertices of one type [Mitter, 1975; Meuren et al., 2013]:

gk, (k) = / et Ko(6)7"K1 (8) exp [i(py + k™ — pp)at +iSs(9) —iSi(9)] . (1.104)

With respect to the self-interaction vertex, as we see from Eq. (1.103), it arises due to
the choice of the light-cone gauge.

Customary, in the diagrams the instantaneous propagators are depicted by lines with
a hash [Bjorken et al., 1971; Mustaki et al., 1991; Brodsky et al., 1998; Mantovani et al.,
2016]). Here, we will consider processes only up to the second order, and it is more
convenient to draw diagrams similar to the covariant instant-form approach, i.e., with the
propagators given by Egs. (1.98) and (1.103). The rule is that each propagator consists
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1 Quantum electrodynamics in an intense plane-wave field

of the instantaneous and noninstantaneous part, or, what is the same, each propagator
gives rise to the corresponding four-point vertex, in addition to the combination of the
two three-point ones. Another rule is that diagrams with two instantaneous propagators,
meeting at one vertex, are to be excluded.

Also note, that we use the S-matrix perturbation theory, in comparison with the old-
fashioned perturbation theory [Heitler, 1954], usually employed together with light-cone
quantization. Both approaches are known to produce the same result [Thorn, 1979] (note
that in the case of having an external plane-wave field, there are no stationary states, and
one has to use a time-dependent approach).

One more important thing is that the instantaneous propagators are infrared divergent
in the ‘+’ momentum component. In fact, light-cone quantization approach is infamous for
having infrared divergences [Brodsky et al., 1998]. In principle, they need to be regularized
[Mustaki et al., 1991; Brodsky et al., 1998] (see also [Mandelstam, 1983; Leibbrandt, 1984]).
In Chapter 4 we encounter this type of divergencies, instead of introducing a regulator,
however, we rearrange the result such that the divergent terms cancel each other.

1.9 Four-momentum relations at the dressed vertices

Due to the presence of an external plane-wave field, only three asymptotic momen-
tum components are conserved at the dressed vertices [Mitter, 1975] [in particular, the
components + and L= (1,2) are conserved, see Egs. (1.81), (1.86), and (1.91)].

We can rewrite the momentum conservation relations in terms of the dressed momenta.
From Eq. (1.81), for the three-point vertex [or for the full dressed vertex, given by the
vertex function (1.104)] we have:

[r2(¢) + k — m1(¢)] T = 0. (1.105)
As for the ‘-’ components, we notice that for the phase
O(at) = (py + k™ — pD)at + Sa(6) — Si(9) (1.106)
a derivative with respect to the light-cone time is given by
0:0(t) = 13 (6) + k™ — 7 (9). (1.107)

Therefore, for the sum of the ‘- momentum components we have the following integral

o2 p1 k) = [ datlms (0) + k™ =7 (@) = —i [da*o ) (1108)
Our expectation is that boundary terms do not affect observables, which implies
75 (@) + k= — 7y (¢) ~ 0. (1.109)

In Eq. (1.109), we write a tilde instead of an equal sign, since the relation may not hold
locally, but, if inside the integral in 2™, gives a vanishing contribution as a result. We also
point out that relations, equivalent to the one in Eq. (1.109) have been employed before,
with different arguments, justifying its validity [Mitter, 1975; Mackenroth and Di Piazza,
2011; Tlderton, 2011; Seipt and Kémpfer, 2012; Hartin, 2016]; the form (1.109) was noted
by Hartin (2016).
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1.9 Four-momentum relations at the dressed vertices

Eq. (1.109) completes Eq. (1.105) to the full four-momentum conservation law (for the
dressed momenta)

T (¢) + k* — 7t (¢) ~ 0. (1.110)

As was suggested by Ilderton (2011), a conservation relation could be also inferred
from the requirement of gauge invariance, which is encoded in the Ward identity [Ward,
1950] and the more general Ward-Takahashi identity [Takahashi, 1957]. Due to the con-
nection between momentum conservation and gauge invariance, in principle, one could
verify whether Eq. (1.109) enforces gauge invariance of QED in a plane-wave field.

As an example, let us consider nonlinear Compton scattering (see Fig. 1.1). The
leading-order matrix element (kp2|S|p1) is given by Eq. (1.81). We are interested in the
preexponential factor of the integrand in Eq. (1.82). Replacing e}, with k, we find that

Ka(9)7" K1(9)ky = Shy (9)kuy™ = [m3 (6) + k™ — 7w (9)ly" ~ 0, (1.111)

which is exactly the relation (1.109) (up to the factor v*). We conclude, that Eq. (1.109)
guarantees gauge invariance for this case.

As a more elaborate example, let us consider double nonlinear Compton scattering.
The two diagrams are shown in Fig. 1.2.

We are going to check the Ward identity upon the replacement €] — k7. Again, we
write down only the preexponential factors of the integrands for the vertex functions. For
the noninstantaneous part we obtain:

Yp3 +m

aps T m Watm
p3 —m?

K3 (¢1) + K54(¢2)p§ 2

200 = [ty (62) Kfy(0n)] b

+

= ;p;[’}’m(@) +m)] {7“[77T3(¢2) + m]

Yt yps+m 4T
2p5 p3 —m?2 2p5

[y3(é1) + m]vk

Y oApa+m 4T +

205 pi—m? 2p)

e
2pf

+ vk1[yma(@2) + m] [Yra(é1) +m]7“}[77fl(¢1) +m] (1.112)

We notice that 4" (yp3 + m)yT = 2p5~*, and analogously for the other propagator.
Going further, we write vk, for the first and the second term respectively as

vk = ymi(¢1) — ym3(d1) + 77 0(d1),  6(d1) = w5 (¢1) + by — 71 (¢1);

3 L (1.113)
vki = yma(d2) — yma(d2) + 77 0(da),  6(d2) = my (¢2) + ki — 7y (¢2).

k

/

D1

D2

Fig. 1.1. The leading-order diagram for nonlinear Compton scattering.
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1 Quantum electrodynamics in an intense plane-wave field

kl ]CQ k2 kl
;_iéi ¢4i4£
1 b2 b1 D2
b3 2

Fig. 1.2. The two leading-order diagrams for double nonlinear Compton scattering.

Employing the fact that [ym,(¢) £ m|[ymy(¢) F m| = p? — m?, we obtain:

sy _ [m(@Hm}{ [wr3(¢2)+m]{ ++ +7+5(¢1)]

20 2p3  pi—m?
+ + +
v v 5(¢2)} gl
+ + vra(p1) + mly* p[ymi(d1) + m]— 1.114
ot T = [Yra(@1) +mly* ¢ [ymi(¢1) ]2p1+ ( )
For the sum of the two instantaneous terms we have:

A+ At A+
nn) = 2 [’YW2(¢2) +m]q " 2 ——7k1 +’Y/<712 +”r [ym1 (1) +m]2]7- (1.115)

1

Again, we use Eq. (1.113) (due to the adjacent v the third terms with §’s do not
appear). After a permutation of gamma matrices for each term, one obtains:

y(in) _ 27* [yma(d2) + m]{7 [ym3(p2) + m)] ;;;
+ i 7+
S [yra(b1) +mly }[vm(%) —i—m]ﬁ. (1.116)

We see that the two terms in Eq. (1.116) cancel the corresponding two terms in
Eq. (1.114), and we are left with

(¢1) +Kfl(¢1) (¢2)

E(ni) Z(in) K,u 7.
+ 23(¢2) p3 2 2 —m?

(1.117)

Recovering the full expression of (kok1|S|p2p1) (up to the delta function and the nor-
malization factors), one obtains that

9 +
(k2k1|S|pap1) o /u2r23(k2)u1p2 p3m 61(p3; p1, k1)es,

9 +
+/ 'LLQF kg)ul%&(pg,m,kl)e;w (1.118)
pg—m

where T'y;(k2) and T (k2) are the three-point vertex functions [see Eq. (1.82)], and the
01-functions are from Eq. (1.108).
Eq. (1.109) guarantees that the expression in Eq. (1.118) vanishes upon the contraction
with an arbitrary polarization four-vector €3/, and for arbitrary initial and final momenta.
From what have been considered, we can make some general implications. Note that in
vacuum the only change in the preexponential factor for any amplitude is the replacement
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1.9 Four-momentum relations at the dressed vertices

of all 7/(¢) with p. As we see from the check of the Ward identity for single and double
nonlinear Compton scattering, the bispinors of the incoming and outgoing particles are
not needed for obtaining the final expression. It implies that, if considered perturbatively,
for any diagram the verification of the Ward (-Takahashi) identity goes in the same way
for the vacuum case and for the external-field case. Therefore, we might expect that
Eq. (1.109) allows us to preserve gauge invariance at any order.

With the four-momentum conservation relation (1.110) for the dressed momenta, we
can derive useful relations for the scalar products of this momenta. We notice that the
asymptotic momenta satisfy the condition

ph + k* = pY + st (1.119)

with some scalar sz, which can be expressed as

1 2 2_k2 1 2—k2—2

Y4 2 by 2
1 k? — p} — p}
= — . 1.120
ot (pzpl + 5 ( )

On the other hand,

75 () + k™ = (9) = s+ ( .

Do 2p3_
B ep1A<¢>_e2A2(¢>>> L 191
() e

With the use of the above relations, we obtain:

bama(6) =t [13 (8) + &~ —71(8)] + 5 (v} — 3 — #2)
~ 5 (-2,
kﬂﬂwzpihﬂ@+%f—ﬂﬂw}—é@%—#—pﬂ

. (1.122)

~Lp-w ).
ma(@)mi(9) = K [m3(8) + k= — w7 (9)] — 5 (K — 3 — )
N—%@Q—ﬁ—pﬂ-

Note that the relations (1.122) are in fact the same as in vacuum QED, however, they
hold only for momenta evaluated in the same time point.

As a final remark on the four-momentum relations, we notice that for the seagull and
self-interaction vertices the conservation relations are combinations of the relations from
two three-point vertices. For the seagull vertex we have [see Eq. (1.87)]

() + Ky — 7 (6) — k{ ~ 0, (1.123)
and for the self-interaction vertex we obtain [see Egs. (1.91) and (1.92)]

4 (6) + 75 (9) — w3 (¢) — 71 (¢) ~ 0. (1.124)
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1 Quantum electrodynamics in an intense plane-wave field

1.10 Parameters for the description of scattering

In the following, we consider QED processes, in which one or two particles collide
with a laser pulse. In order to characterize them, it is convenient to employ gauge- and
Lorentz-invariant parameters. One of them is the classical intensity parameter [Ritus,
1985; Di Piazza et al., 2012], which has been discussed in the introduction:

/—a2
& = Idma (1.125)

We will be mostly interested in the case of a linear polarization (§; = £, & = 0) and the
regime £ > 1.

The second parameter is the quantum nonlinearity parameter [Ritus, 1985; Di Piazza
et al., 2012], which has been also mentioned in the introduction:

. +
X5 = %’&-, (1.126)

where p; is the ‘+’ component of the momentum of particle b, colliding with the laser
pulse.

If we consider one particle colliding with a laser field, then we can always choose a
frame, in which the collision is head-on [see Eq. (1.29)], therefore the parameters & and
x¥ completely characterize the process [Ritus, 1985].

If we consider two particles and a laser field, then in general we can not make all the
transverse momentum components equal zero by choosing a frame. For such cases, we
introduce parameters ¢; and (;(¢), which are defined via

_ |€|7T1u(¢>)ffy7r2u(¢)'

lelp1 f!" pav (e
— T G(9)& T

m3(pf +p3)

ti& =

(1.127)

If we change the order of the particles, then ¢; and (;(¢) change their signs. Below, we
consider electron-positron annihilation either in one photon, or in two photons. We will
use the definitions (1.127) with p/ being the electron four-momentum, and p} being the
positron four-momentum.

Note that if we choose the canonical light-cone basis (1.29) with ¢* = p/' + pf, then
pi +py = 0 and t; = pi/m = —pb/m, which shows that ¢; is in fact the transverse
momentum components of each of the colliding particles in their transverse center-of-
momentum frame. The quantity (;(¢) is an analogous quantity for the dressed momenta.
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2

Electron-positron annihilation into
one photon

In comparison with vacuum QED, in QED with an external field first-order processes
are possible. Among them, emission of a photon by an electron (nonlinear Compton
scattering) and electron-positron photoproduction (nonlinear Breit-Wheeler process) are
the most studied for QED in a plane-wave field. Little to no attention is usually paid to one
more cross channel — electron-positron annihilation into one photon (see Fig. 2.1). This
process has been studied by Nikishov and Ritus (1964a,b), Ritus (1985), and also Ilderton
et al. (2011). The phase space for the latter process is completely different from the one
for the two former processes: two incoming particles and only one outgoing. Due to this,
electron-positron annihilation into one photon is regarded as generally less important for,
e.g., laser-plasma interactions, than the first two processes [Gonoskov et al., 2015].

With respect to the evaluation of the reduced matrix element squared, all three pro-
cesses are of course the same. We pick electron-positron annihilation into one photon
nevertheless, since considering this process allows to understand, what limitations an ex-
ternal field imposes on the description of two-particle scattering. This will be useful later,
in Chapter 4, when we consider electron-positron annihilation into two photons.

We start with reviewing scattering in vacuum from the front-form prospective. In
this review we follow the ideas presented by Itzykson and Zuber (1980), Goldberger and
Watson (1964), and Berestetskii et al. (1982). Then we construct cross section for the
electron-positron annihilation into one photon in a plane-wave field, evaluate the reduced
matrix element squared, obtain a final result, and analyze it.

2.1 Scattering in vacuum

We start with the fermionic states |p) with definite momenta, which, according to
Eq. (1.77), satisfy

T 3
(o'lp) = (2],)5(+’“ () (2.1)

(for brevity, we suppress the indices for the spin degree of freedom). In position space, |p)
is a plane wave [see Eq. (1.57)]:

—ipx

e Up
zlp) = —— - , 2.2
A wave packet |1,) with the central momentum p# is constructed according to
Vdiq
= | —= 2.
) = [ Gyt @), (23)
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2 Electron-positron annihilation into one photon

—Pp2

p1

Fig. 2.1. The leading-order diagram for electron-positron annihilation into one photon.

where o L
~ d“q— dq
3 +
= —0 2.4
q (27_[_)2 o0 (q )7 ( )

and f,(q) is the momentum distribution density [note that f,(q) depends on g* and ¢,
but not on ¢~ ; for clarity we write simply q.
The density f,(q) is defined such that

33
Wilvn) = [ Grlh(a) = 1. (25
We define - '
e—lqz )
o) = [ ko) = Byl (2:6)
where

13 e—ilg—p)z
R = [ Geph0— (2.7

is a relatively slowly varying function of . The modulus squared |F,(z)* = |f,(2)|* is
the particle density.

The current density is defined as j*(z) = 9, (x)y"1p(z). Assuming that the wave
packet is sharply peaked around p# and taking into account that the bispinor u, is slowly
varying with ¢, we obtain that

() ~ |fp<x>|2§i. (2.8)

Now, let us consider scattering in vacuum. We take two wave packets of two fermions
as the initial state (for simplicity, we assume that the fermions are distinguishable):

o3 f2(q2) f1(q1)lg2q1, in). (2.9)

|i in> _ / Va3q2 V&3q1
) (2m)3 (2m)3

Then the matrix element to scatter into a final state |f, out) is given by

33 aS
S = (foinfSlivin) =1 [ BT ) ulan) (2m) 60 (P~ 2 =) T (@), (210

where
M (q2,q1) 1

W\Jasa o 20,V

T(q2,q1) = (2.11)
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2.1 Scattering in vacuum

the reduced matrix element M (g2, q1) is a slowly varying function of ¢4 and ¢f’, and the
product in a is taken over all particles in the final state.
The modulus squared of Sy; is given by

Vd3qs Vd3qs Vdiq, V3
S5 = [ Gt Gt (om0 @) (@)

(2.12)
x (2m)16M(Py — g1 — ¢3)(27)* 6 (P — g2 — q1) T (qa, 43) T (a2, q1).-
We rewrite the delta functions as
2m) 6 (Pr — g4 — q3)(2m) 6D (Pr — g —
(2) (Pr—qa —q3)(2m) (Pr—q2—q1) (2.13)

= 2m) 6D (g1 + @3 — 2 — @) 2m) 16D (Pr — g2 — qu).

Assuming that the summation over the final states extends beyond the size of the wave
packets, we replace ¢’s with corresponding p’s in the second delta function and in 7’s.
Going further, we represent the first delta function as

2m)*' W (q+ g — g2 — @) = /d4:c e l@te-n-q) (2.14)

Then we obtain the following expression for |Sy;|?:

2 [ 4 2 20 \ds(4 |M (p2, p1)? 1
S5 = [ oL@ PLAEPERS O (Er =2 —p) = T oy (219)
Then the differential probability per unit time per unit volume is given by
. M (p2, p1)|* d’p,
i = |al@)|?] () (220D (P — py — pry L2 E 7 (216)

dpypy 5 (2m)32p, T

An expression for the cross section is obtained from Eq. (2.16) by dividing it by the
factor, accounting for the fluxes of the incoming particles. In order to understand, how to
do it, let us recall the instant form approach [Itzykson and Zuber, 1980]. In the instant
form, the current density for particle a is given by j#(z) = |g.(x)|*p"/p° [compare with
Eq. (2.8)], with |ga(z)]? being the particle density. If we consider a reference frame, where
particle 1 is at rest, then the cross section is equal to the probability per unit time per
unit volume divided by the target density j7(x) = |g1(z)|? and by the incident flux density
172(2)] = |g2(2)|?|p2|/PS. We can introduce the following invariant:

I= \/(]72])1)2 —m3m2, (2.17)
with mg and m; being the masses of the colliding particles. Then
. . 1
71 (@)]d2(x)| = |g1(2) ?|g2(2) P - (2.18)
paP1

Eq. (2.18) allows one to obtain a Lorentz-invariant expression for the cross section in the
instant form [Itzykson and Zuber, 1980] (see also [Berestetskii et al., 1982]).

Let us proceed in a similar fashion in the front form. Taking into account the ex-
pression (2.8) for the current density, we conclude, that we need to divide the probability
(2.16) by |f2(z)[?| f1(x)|?I/(p3pT). Then the differential cross section is given by

|M (p2, p1)|? d*p,
do = (2m)'6" (Py —p2 —p1)— 11 SRR (2.19)

a
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2 Electron-positron annihilation into one photon

which is exactly the same cross section as in the instant form, since

dcp _dptdptept) Py o (2.20)
(2m)32pT  (2m)2 2w 2pt  (2m)32p0 P '

The total cross section, summed over the final momentum and polarization states, and
averaged over the initial polarization states, is respectively given by

1
7= H/ o7 32p/ + 27?)45( )(Pf — D2 _pl)ﬁ Z |M(p2,p1)‘2. (2.21)

polarization

Note that, if some of the final particles are identical, the expression for the total cross
section should be adjusted accordingly by multiplying it with a factor, which takes into
account the symmetry of the final state.

Before we move to scatterring theory in a plane-wave field, let us to look at |Sy;
in the position-space representation. For simplicity, let us consider a second-order tree-
level process. An instructive case is electron-positron (Bhabha) scattering, with the two
leading-order diagrams shown in Fig. 2.2.

For the diagram in Fig. 2.2a, the matrix element is given by

n _ / Vd3ge Vd3g
fi (2m)3 (2m)3

| 2

T ) [ttt [ 8
2(q2) f1(q1) 142 (2m)*
X el(kl—ql—q2)x1+i(Pf_k1)x25(1) (QQa qi1, kl)a (2'22)

where S (1)(q2, q1) is a slowly varying function of the initial momenta ¢; and g2, the inter-
mediate momentum £k, also of the final momenta (we do not denote this dependence for
simplicity), and ij = pht + pit.

Let us evaluate the integral in x4, then also the integral in k). We obtain:

(1) _ /Vd g Vd3q
s (2m)? (2m)?

Upon squaring, one obtains:

5 fa(a2) fi(ar) / dizy e Prmn=aergW (g, gy, Pp). (2.23)

3 33 3
s = [P Y L g0 00 ) i ) (2.24)

(2m)% (2m)% (2m)% (2m)°
X / d4$3d4$1 ei(Pf*Q47q3){L'3*i(Pf —amq)n S(l) (q47 g3, Pf)S(l)*(QQv qi, Pf) (225)

One can notice that in order to obtain the integral as in Eq. (2.14) and transform the
result into Eq. (2.15), obtained in the momentum representation, we need to introduce z#

— —n _ o
(a) D2 Do (b) D2 Do
k1
k]
D1 P1 P1 V41

Fig. 2.2. The two leading-order diagrams for Bhabha scattering in vacuum.
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2.2 Cross section for electron-positron annihilation into one photon

as the average =¥ = (2§ + /') /2. Note, that we could have not evaluated the integral in
xly in the first place [see Eq. (2.22)]. Then the variable z* could have been defined as the
average over all four space-time coordinates, appearing upon the squaring of S (?.

For the second diagram (see Fig. 2.2b) we obtain for the matrix element modulus

squared:

3 3 3 3
|5(2 2= / 1{;%)41(726;)31(};@2 1(701 ;131 f2(q4) 5 (q2) f1(g3) f1 (1) 226)

Ay dYks )
/ d*zydtzgdizadia o )‘; ® )24 S (qa, 43, ka) S (g2, a1, k),

where
D = (py — ks — qa)xa + (D) + ks — q3)x3 — (py — ko — q2)z2 — (P + k2 — qu)w1. (2.27)

In order to obtain Eq. (2.15), we introduce z# as z# = (zff + zf + zb + 24') /4.

The interference terms can be elaborated in a similar way. The result is that the
differential probability (2.16) for Bhabha scattering can be viewed as the one, evaluated
at the space-time point, which is the average of the space-time points, occuring in the
corresponding modulus squared of the matrix element in the position representation. This
conclusion can be extended to other processes as well.

2.2 Cross section for electron-positron annihilation into one
photon

Now we turn to the case of electron-positron annihilation into one photon in a plane-
wave field. The definite-momentum states are normalized according to Eq. (2.1). In the
position space those states are the Volkov states:

e~ =S(@) K, (¢)uy

VOB (2.28)

(z[p) = Pp(x) =

A wave-packet is formed in the same way, as in the vacuum case [see Egs (2.3) and
(2.5)], and the distribution density in position space defined as:

VdS e—tqr—iS (@) B ipr—iS(9)
fola) = [ gyt 10— 5 = Fyla)e 7159, (229

where

3 exp[—i(q —p)x — i i
Fy(e) = /E’d)s (PP =) W8q<¢>+ S5p(0)] (2.30)

The modulus squared |F,(z)|* = | f,(z)|* is again the particle density.
The current density is given by (in the case of a sharply peaked wave packet)

279’5(@
pt

3*(x) ~ | fp() (2.31)
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2 Electron-positron annihilation into one photon

The matrix element for annihilation of an electron and positron, defined by wave
packets, peaked at p{ and ph, respectively, into a photon with four-momentum k* and
polarization defined by €, is given by

Sy — / V513q2 V&Sql
=) @n)3 (2n)3

folao) fi(aq) )20 (k — go — q1)

X /der exp {i%qu (er)} iM(é: 42, 91) , (2.32)
V2Va 2Vl 2Vk
where
(I)Q2111 (‘T+) =kTa" - q;$+ + S-Qz (¢) - Qf‘r+ - Slh ((;5)7 (233)
M(¢u q2, Q1) = _eﬁqz Kﬂngl (¢)uq1 6:;,7 (234)
with K*  (¢) given by Eq. (1.83). We define the reduced matrix element as
M(g2, 1) = /dl’+ €xp [iq)qzth ($+)} M(9, 92, q1). (2.35)

Note, that it is different by its structure in comparison with the one in vacuum, since only
the three momentum components are conserved in a plane-wave background. Also note,
that M (¢, g2, q1) is a slowly varying function of ¢§ and ¢}'.

We take the modulus squared of Sy;, transform the delta functions in the same way,
as in Eq. (2.13), and replace the momenta of the incoming particles with the central ones
for all slowly varying functions and the one of the delta functions. We obtain:

]S’f,-|2 = /d2dex_dx§rd$f(277)35('*"”(k —p2—p1)

1 ,— 1 ,— 1 ,— 1 ,—
X f2($ y L 733;)]85(:3 y L 7xii_)f1(m y L ,$3_)ff($ y L 7:@-)
eik7 (x;r _x;r)
*

x M(p2,p2,p1)M (¢1W2»P1)W~ (2.36)

Let us discuss the result (2.36). As we find out, in Eq. (2.36) the wave packet densities
are evaluated at different time points, therefore, in general, we can not define cross section
in a way, as one does for the vacuum case, but need to take the dynamics of the wave
packets into account.

Recalling the discussion of scattering in vacuum, one can introduce the following vari-
ables:

ot = (2 +27)/2, 0t =x2f —af. (2.37)

Then the product of the distribution densities for the electron is given by (for the positron
it is analogous)

fl(wl,m_,x;)ff(wl,:r_,xf) = fl(wL,$_,$+ + 5+/2)fik(wj_7x_7x+ - 5+/2)
= Fi(zt, 2z 2t + 61 )2)Ff (a2 2t — 67 /2)
X exp |—ipy 2 — Sy, (¢2) +ipy 2} +iSp, (91)] - (238)

On the one hand, we see that if it is possible to neglect 5t in the arguments of F}’s
(and also of F»’s), then the expression for the differential probability, analogous to the one
in vacuum, is recovered.
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2.2 Cross section for electron-positron annihilation into one photon

On the other hand, we are mainly interested in the highly nonlinear regime, i.e.,
the regime & > 1, with & being the classical intensity parameter (1.125) (for a linearly-
polarized laser pulse). In this regime, the integrals in the light-cone time are highly
oscillating and form in the region when the phase < 1, which would correspond to the
integration in 67 up to mdé™ ~ 1/¢ [Ritus, 1985], unless a cancellation of oscillating terms
happen in the phase. It should be pointed out, that in general also the magnitude of the
quantum nonlinearity parameter defines the convergence of the integral and the validity
of our approximation [Baier et al., 1989; Dinu et al., 2016]. We always assume that x <1
for all involved particles, such that the above statements remain true.

Moreover, we assume that the wave packets are sufficiently narrow, i.e., |Api| < |p;|
and |Ap] | < |p;|, where Ap;- and Ap; are widths of the wave packets in momentum
space. As a result, the contribution to the phases of Fi’s in Eq. (2.38) (and also Fy’s)
from the terms with 6 is < 1, when mdé* ~ 1/¢.

Therefore, anticipating that in a highly nonlinear regime the integral in §* forms in
the region |md™| < 1 and neglecting 1 in the arguments of Fi’s and Fy’s, we obtain the
probability per unit time unit volume:

M($+7p27p1) d3]€

S 2 2 ) 3 (-‘r—,J_) o _ 2.
i = )L (@) ) 0D =y =) TR S (23
where
M($+7p27p1) = /d5+ €xXp {iq)pzp1 (‘T;r) —iPp,yp, (ﬂr)}
X M (¢2,p2,p1)M* (1, p2,p1). (2.40)

Then the total cross section, averaged (summed) over the initial (final) polarization states,

is given by
1

o(z") = 3257 1(0) > Mt pa,p), (2.41)
polarization
where [compare Egs (2.8) and (2.31)]
1(9) = \/ [1pa (&) (9)]2 — mt. (2.42)

The quantity (2.41) can be viewed classically as the probability to annihilate into a pho-
ton in the point z# with the electron and positron fluxes, entering this point, normalized
to one particle. However, since we define the in- and out-states at infinitely distant past
and future, respectively, this interpretation should be taken with care. In our formulation,
a clear physical meaning has the total probability

W= [ dlal @)l (@) @), (243

where the flux factor J(¢) = I(¢)/(p3p7)-

The problem with the cross section (2.41) is that it contains the invariant (2.42) in
the denominator. Due to the dependence on the external field, I(¢) may become zero,
even if the initial particles are not at rest in the center-of-momentum frame (note that the
invariant I in vacuum is zero only in the case, when the initial particles are at rest in the
center-of-momentum frame). It does not affect observables, however [see Eq. (2.43)].
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2 Electron-positron annihilation into one photon

It is more convenient to normalize the probability (2.39) to the flux at z+ — —oo and
define the cross section as
_ 1
32kt

*) > Mt p2,p), (2.44)

polarization

oo(z

with the invariant I given by Eq. (2.17). In the following, we use the cross section (2.44).

It should be pointed out, that the definition (2.39) is different from the one in [Ritus,
1985] and the definition (2.44) is different from the one in [Ilderton et al., 2011]. In [Ritus,
1985; Ilderton et al., 2011], the differential probability is obtained as an average of the
integration over a large time interval. In our case, the integration in time is naturally
limited by the time interval of the overlap of the wave packets.

2.3 Evaluation of the trace

The preexponential factor in Eq. (2.40), averaged and summed over the polarization
states, is given by:

1 x

1 > M(¢2,pa, p1)M*($1,p2.p1) = € T-21(¢2, $1) (2.45)

polarization

(we denote momenta simply by numbers: p; — 1, —p2 — —2), where

T (62,61) = = Te{py KL, (02)p1 KY (1)} gy (2.46)
The density matrices are given by (the incoming particles are assumed to be unpolarized)

1 51
pL=gOpi+m), oy = (e —m) = —pa. (2.47)

During the evaluation of the trace, for clarity, we relabel the momentum of the positron
as po — —p9, such that

T-21(¢2, $1) = Ta1(d2, 1) = Tr{pa Kb, (¢2)p1 K12(P1) } Guuw- (2.48)

From the expansion (1.84) we conclude, that in the density matrices only the terms
with v~ give nonvanishing result, so, we obtain:

1 %
T2 (92, ¢1) = 4Tf{(7292 +m) [551(4152) + Vol'yi + T2“1(¢2)7172} -
x (s m) [Sta(01) + Vi + Thy(@1)7197] 2
1 %
= 2p2+p1+Tr{ [Séﬁ(@) + Va1 + T;l(d)Q)fylfyﬂ

< [Sta(60) + Vi + Tha(00777] g (2.49)

We obtain what has been noticed before: the initial trace is possible to reduce to a trace
in the transverse space only. The evaluation is trivial:

Tor(d2, 61) = 205 |51 (02)STa(01) + Vil Vi 915 — TH (92)Ta(01)| g (2:50)

48



2.4 Phase

Performing the contractions with g,,, we find that

Ta1(¢2, 61) = —— [p1 *ma(d2)ma(61) + p3 *m1 (o)1 (1)

Po D1
—p3 pi ma(d2)m1(d2) — p3 pi w1 (1) m2(d1)
—p3?m? — pI?m? + dp3 pTm?]. (2.51)

With the use of the four-momentum relations [see Eq. (1.122)]

5 (¢) + K =7 (¢) ~ 0,

kma(¢) ~ 0, kmi(p) ~0, ma(p)mi(d) ~ m2, (2.52)

(in the following, we will write simply an equal sign) the result can be rewritten as

1 [ pt +
Tor(d0. 1) = 2m® — (ﬁ; + Z}) A2 (g2, 61). (2.53)
where
A% (¢, ¢1) = [mp(d2) — mp(61)]* = *[A(¢p2) — A(¢)]?
=-—m? Y EWilda) — vi(dr))? (2.54)

i=1,2

does not depend on p*. Recovering the complete expression, we obtain:

2
T-21(¢2, ¢1) = 2m” — % ( + ) > i) — vi(¢1)]%, (2.55)
pi o ps) 5 1,2

which is the same form, as obtained for nonlinear Compton scattering, with the change
phy — —pl (see, e.g., [Hartin, 2016] or [Di Piazza et al., 2018]).

2.4 Phase
The phase in Eq. (2.40) is given by
D= (k™ —py —py )07 + S_2(¢2,61) — Si(¢2, 61). (2.56)
The field-dependent part can be written as [Meuren et al., 2013]
—2(P2,91) — S1(d2, ¢1) = S—21(¢2, ¢1)

/ a5 [epmpgy Y(B)  e(pi + p3 )p1upaF M (B)

m2pi py 2m3pf?pg?

, (2.57)

where the integrated field-tensors are given by Eq. (1.35). With the use of the conservation
laws for the asymptotic momenta

(p2 +p1)tHH) = k04, (2.58)
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2 Electron-positron annihilation into one photon

one obtains:

Etm25t
b =— [1+Zt +§zz +Zfz z_IE] (2'59)
2p2 p1
where
1 1 1 1
I = /dA i (¢+ 2m5+)\) , Ji= /d)\ 0 (¢+ 2m6+A) , (2.60)
—1 —1

¢ = ma™, and the parameter t; is defined by Eq. (1.127). The result (2.59) can be
conveniently derived in the canonical light-cone basis (1.29) with ¢ = ph + p{' (note that
in this basis t; = pi/m = —pb/m).

2.5 Final result

The cross section (2.44) is given by

ao(z™) = 8]k+ /d5Jr ' To1(¢2, 61), (2.61)

where T_91(¢2, ¢1) is given by Eq. (2.55) and ® by Eq. (2.59).
Since the phase @ is odd in 67 and the preexponential factor T_o1(¢2, ¢1) is even in 6T,
the result can be written as

2 o ,
oo(zt) = 8;?}@/01&L e T 91 (2, b1), (2.62)
0

with Re denoting the real part.

In general, the integral in §* has to be evaluated numerically. It can be expressed via
special functions, e.g., in the case of a constant-crossed field, which we consider below.

But first let us verify that in the high-intensity regime the integral in 6 indeed forms
in the region mé™ < 1. Consider a linearly-polarized pulse (£; = &, & = 0). Then for the
phase we have

k‘+ 25+
b= [1+ B+ (b +E0) + (1 - 1D)]. (2.63)
2p; py

The phase is negative for all §* (the relation J; — I? > 0 follows from the Cauchy-
Bunyakovsky-Schwarz inequality; it can be also verified directly). For 67 < 1 we have

2 2m25+2
Jl - ‘[1 ~ [w ((z))] 12 )

which shows that for x1,x2 < 1 [see Eq. (1.126)] the last term becomes of order one at
mét ~ 1/ < 1.

(2.64)

2.6 Constant-crossed field case

We consider the case of a linear polarization, with 11 (¢) = ¢. Then the integral in §+
is evaluated to produce the result

4722m? [ xxa\ /3
oo(z™) = %; (%)

2/3
1+ <X2 + Xl) (X”“) ] Ai(p), (2.65)
X1 X2 »
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2.6 Constant-crossed field case

where Ai(p) is the Airy function [Olver et al., 2010], p is given by

B % 2/3 ) )
p= (ml) 142+ ()], (2.66)

the parameter ((¢) is given by [see Eq. (1.127)]

(@) = (t1 +&9)/¢. (2.67)

the quantities x; and xs are the quantum nonlinearity parameters for the electron and
positron, respectively [see Eq. (1.126)], and in order to distinguish the photon we denoted
its quantum nonlinearity parameter as s.

The obtained result is similar to the one for nonlinear Compton scattering [Ritus, 1985],
however, due to the presence of the parameters ((¢) and ¢y in the argument of the Airy
function, the cross section is exponentially suppressed, if those parameters 2 1, as was also
pointed out by Ritus (1985). Since the parameters ((¢) and to characterize the transverse
momentum of the colliding system, a nonnegligible probability for the annihilation is
obtained only if those momentum components are sufficiently small.
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3

High-energy vacuum birefringence
and dichroism

In this chapter, we study the vacuum polarization. For low-frequency (in comparison to
the electron mass m) electromagnetic fields F*” vacuum polarization effects are described
by the effective Euler-Heisenberg Lagrangian density, which was derived by Heisenberg and
Euler (1936), independently by Weisskopf (1936), and later obtained by Schwinger (1951)
with the use of the proper-time method (for more recent reviews of the Euler-Heisenberg
Lagrangian, see, e.g., [Berestetskii et al., 1982; Dittrich and Gies, 2000; Dunne, 2012)).
Below the QED critical field E., = m?/le] ~ 1.3 x 10'® V/m, low-frequency vacuum
polarization effects are suppressed and the density is given by

a
90T E2,

Lgn = —F + (AF2+17G%) + -, (3.1)
where F = F,,F'* /4 and G = (xF),, F" /4 are the electromagnetic field invariants,
(xF )M = el9TF,. /2 is the dual tensor.

The critical intensity I, = E2 ~ 4.6 x 10 W/cm? is well above even the envis-
aged I ~ 10%® W/cm? for future 10 PW-class optical lasers. Therefore, the leading-order
correction given in Eq. (3.1) is sufficient to describe low-frequency vacuum polarization
effects. Recently, various schemes have been considered to measure them: vacuum bire-
fringence with x-rays [Heinzl et al., 2006; Karbstein and Sundqvist, 2016; Schlenvoigt
et al., 2016; Shakeri et al., 2017], diffraction [Di Piazza et al., 2006; King et al., 2010],
four-wave mixing [Lundstrom et al., 2006; Tennant, 2016], Bragg scattering [Kryuchkyan
and Hatsagortsyan, 2011}, and other setups [Tommasini et al., 2008; Homma et al., 2011;
King and Keitel, 2012; Monden and Kodama, 2012; Hu and Huang, 2014; Mohammadi
et al., 2014; Fillion-Gourdeau et al., 2015; Gies et al., 2015; Karbstein and Shaisultanov,
2015; Zavattini et al., 2016], but all suggested experiments will remain challenging in the
foreseeable future.

Searches for optical vacuum polarization effects have also been proposed as a way to
discover low-energy physics beyond the Standard Model, e.g., axionlike or minicharged
particles and paraphotons [Gies et al., 2006; Abel et al., 2008; Tommasini et al., 2009;
Villalba-Chavez and Di Piazza, 2013; Villalba-Chévez et al., 2016] (see also [Jaeckel and
Ringwald, 2010] for a review and [Jaeckel and Spannowsky, 2016] for some recently updated
limits on low-energy new physics).

The combination of a high-intensity laser field and high-energy probe photon beam,
however, allows to reach the critical intensity in the center-of-momentum frame and, there-
fore, to explore vacuum polarization effects at their maximal value [Berestetskii et al.,
1982]. In this regime, i.e., in the regime y = 1, the Euler-Heisenberg approximation is no
longer applicable, as the probe photon field can not be treated as slowly varying anymore.
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3 High-energy vacuum birefringence and dichroism

Instead, the polarization operator in the background field must be employed (see Fig. 3.1).
In the regime x 2 1, the imaginary part of the polarization operator is not suppressed,
with comparison to the regime xy < 1, and as a manifestation of this, dichroic properties
of the vacuum become sizable.

We start by reviewing the polarization operator in a plane-wave field with the use of
the lightfront formalism. Employing the polarization operator in the locally constant field
approximation, we derive how the polarization of a generic photon beam changes, while
traversing through an intense laser pulse. Finally, we consider an experimental scheme to
measure high-energy vacuum birefringence and dichroism in an intense laser field.

3.1 Polarization operator in a plane-wave field

The first calculation of the polarization operator in a monochromatic plane-wave field
was published by Becker and Mitter (1975). The polarization operator in an arbitrary
plane-wave field was obtained by Baier et al. (1976) with the use of the so-called operator
technique, and later by Meuren et al. (2013) by the direct evaluation of the Feynman
diagram.

Here, we employ the front-form approach and present a simplified derivation of the
polarizaton operator in a plane-wave field of an arbitrary shape. Generally, we follow the
ideas presented by Meuren et al. (2013), however, due to the split of the vertices into
the three-point and seagull parts and the use of the light-cone expansion, the amount of
the calculations is significantly reduced, especially at the step of the evaluation of the
derivatives with respect to the “sources” (see [Meuren et al., 2013] for details), in fact,
there is no need to explicitly introduce the sources.

3.1.1 General structure

The leading-order diagram for the polarization operator is shown in Fig. 3.1. To
be precise, the diagram corresponds to kg, iP" (ka, k1)k1,, with P*(ko, k1) being the
polarization operator, which we are going to evaluate (this definition is consistent with
[Berestetskii et al., 1982], up to 4w, due to the fact that we use Heaviside units). The
radiative corrections to the polarization operator can be neglected for x < 1 [Ritus, 1985]
(see [Fedotov, 2017] for a review).

In the diagram, there are two electron propagators, each consisting of the noninstan-
taneous and instantaneous parts. They give rise to the three terms, which we correspond-
ingly denote as ‘nn’ for the term including the combination of the two noninstantaneous
propagators, ‘ni’ for the term including the combination of the noninstantaneous and the
instantaneous propagators, and ‘in’ for the term with the latter combination in the oppo-
site order [we use the first letter for the propagator with pf, and the second letter for the

b2
k‘l k2

D1

Fig. 3.1. The leading-order diagram for the polarization operator in a plane-wave field.
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3.1 Polarization operator in a plane-wave field

propagator with pi' (see Fig. 3.1)]. So, we have:
'P/WUCQ, k?l) = ’P#I’l/(kg, k‘l) + ’Pﬁbiy(kg, k‘l) + 'Pi/fly(kg, k‘l). (3.2)

Note that, according to our definition, the left index u of P*¥(kq, k1) is contracted with
the polarization four-vector of the outgoing photon, and the right index v is contracted
with the polarization four-vector of the incoming photon (see Fig. 3.1). In [Meuren et al.,
2013] and [Baier et al., 1976] the order is the opposite, therefore, the comparison of the
results needs to be made after the swap of the tensor indices.

The ‘nn’ contribution is given by

. dps d4
PhY (kg, k) = ie?(2m) 360 (ky — kl)/% (2:)14 /dxgdxir
ez'<1> 7;%1/
(p3 — m? +ie)(p} — m? +ie)’

(3.3)
X

where

® = (p; +ky —py)zy + (p1 — ki —p3)xf + Salda, 1) — Si(¢2, 1),  (3.4)
and
Th = Te{(vp2 +m) Ky (d2)(vp1 + m)Kis(é1) ) (3.5)

The trace is evaluated analogously to the evaluation of the trace for first-order pro-
cesses:

Th = 8pipi [Shi(62)Sta(61) + Vil Vs gij — T, (62) Ta(61)] - (3.6)

The ‘ni’ contribution is given by

44 eilky —ky )zt uv
HY — je? 3s5(+,1) _ D2 / + ni
PU k) = i (2m) 25 (b = ) [ e (3.7)
where
TH _ 1 T ~ K _ 27’; SHEGQY _ Y\ VIV B 3.8
ni T gF r{(vp2 +m) Kby (¢) } o 22T (9)V5 " (0)gij | - (3.8)
1 1

Finally, the ‘in’ contribution is the same, as the ‘ni’ contribution, but with the exchange
I I
Py < Py

uy v
7;n _7;1i

PL (ko k1) = P (ka, k1) (3.9)

, .
ph<pY ph <Y

Note, that formally we also need to swap the indices p and v for K} (¢) in T1” | however,
it is not necessary, since, as we see from Eq. (3.8), the tensor 7" (and therefore Tt") is
symmetric.

For the “+” and “1” momentum components the following conservation relations are
valid:

P = (p1 — ko)) = (py — ky)HY, (3.10)

We are interested in the evaluation of the field-dependent part of the polarization
operator, therefore, we subtract the vacuum part Pj” (ka, k1) and calculate the quantity

P (ka, k1) = PH (ka, k1) — PY" (ka, k). (3.11)
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3 High-energy vacuum birefringence and dichroism

3.1.2 Ward-Takahashi identity

For the polarization operator P*¥(kq, k1), the Ward-Takahashi identity, applied to each
of the two external photon legs, results in the following relations [Peskin and Schroeder,
1995]:

]ﬁgupuu(k‘g, k‘l) =0, P“V(/{JQ, kl)kly =0. (3.12)

It is instructive to check explicitly, how the four-momentum conservation relations,
discussed in Section 1.9, lead to Eq. (3.12). We prove the first identity in Eq. (3.12), the
second one can be proved in an analogous way. ‘

For ko, T we need to find the contractions of k5 with S4,(¢2), Vo', and T4 (¢2) [see
Eq. (3.6)]. We obtain:

k2Sa1(¢2) = #{ngﬂl(@) + pi koma(¢2) — kg [W2(¢2)7T1(¢2) - mz} }
1

P2 P (3.13)

koVi; = koTo1(¢o) = 0.

Using the momentum relations (for simplicity, we write an equal sign instead of ‘~’)

1 1
koma(p2) = 5(10% —p3—k3), komi(¢2) = —5(1?% —pi —k3),

1 (3.14)
ma(p2)m1(P2) = —§(k§ —p5 —ph),
we obtain that
ko T = (pT — m*) AT + (p3 — m*) AT, (3.15)
where
AT =4p3 STo(d1), ATy = —4py STo(on). (3.16)

The four-vectors ATY and ATY in Eq. (3.16) are to be combined with the ‘ni’ and ‘in’
parts, respectively. '

For ko, T we need to find the contractions of k4 with S5 and V5" (¢) [see Eq. (3.8)].
We have:

mky i i ks
keSy =%, kaV3(0) =k — —2-m5(9). (3.17)
P )

After combining ko, 7" and ATY we obtain, that

4 1% v 2 1%
ko T + AT = 47 () + — (m? — p3) g"". (3.18)

V%)
Performing the same calculations for the ‘in’ term, we obtain, that
k 7'/“/ ATZ/__4V _i 2_2 v+ 319
o T + ATy = —4n1(¢) p+m pi)g - (3.19)
1

The momenta p} and p} are the integration variables. After relabeling pb) — p/ in
the integral of the ‘ni’ contribution, we see that this contribution transforms into the ‘in’
contribution, but with the opposite sign. Therefore, the sum of both contributions is zero,
which concludes the proof.
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3.1 Polarization operator in a plane-wave field

3.1.3 Tensor expansion

Having the identities (3.12) in mind, we represent the tensor structure of the polar-
ization operator by expanding it in the two complete and orthogonal basis sets [Meuren
et al., 2013; Baier et al., 1976]

{KG, AL A5, Q5 {RY, AT AZ, Q1) (3.20)

where the four-vectors A! are from Eq. (1.29) and Q! = (k?n* — ¢"k!')/q™ (note that
Q? = —k?). We are free to choose any ¢* (under the condition g+ # 0). The four-vector
g" will be specified in a moment, but for now, let us proceed with the general case. In the
following, we utilize the canonical light-cone Lorentz basis (1.29).

Due to Eq. (3.12), essentially, we need to know the contractions of the polarization
operator only with A}, A5, and n*. Let us start with the ‘ni’ contribution. One can find
that

AjSe =0, AVE(®) =g, nS2=nVi(p)=0, (3.21)

and analogously for the products from the left side. We see, that the ‘ni’ part contains only
terms proportional to Aj'AY and ASAY, with the coefficients not depending on the external
field [see Eq. (3.7)], as a result, it does not contribute to PL”(ke, k1) [see Eq. (3.11)].
Absolutely analogous considerations are true also for the ‘in’ part. Therefore, only the
‘nn’ part needs to be evaluated.

For the calculation of the ‘nn’ term, we choose ¢# = k', which implies that ki =ky =
0 and pf = pQL. With this choice, we obtain that

5+ ) + )
AxSar(8) = TP nk(g),  nvg, = T2 2L

1 21 = ;
2p3 py 2pf py 5
Py — Dy : 322
AT (9) = — 22p+p+1 Mmu(@), nSau(¢) =1, Vi =nTa(¢) =0.
2 D1

The results for the contractions from the left side are obtained with the use of the symmetry
relations

Sty() = Shi(9), Vib =—V3l', Ti(e) = T4 (¢). (3.23)

Combining all the terms together, we obtain:

Ta = a'2MAS + 0P AGAY + DZAEAL + DPALAS + s Q4 QY

’ ) ! (324
+d" (1) QEAY + d*(61)QE A + d' (62) MY QY + d*(62) A5 QY
where
i 23 +p1)? : 2(p; — 1) i
a’ = %ﬁ(@)ﬂ(m) - %W{(@)”l(@)’
D2 P1 P2 P1
i 203 +p7)* i 2(p; — 1) j 2m?(py —pi)*
bid — %m(@)m(qx) + %w{(@)w{(%) + % (3.25)
P2 P1 Do P P2 P1
8ppT i A(ps +p7)
es = BB i) = WP )
1 Py — D1
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3 High-energy vacuum birefringence and dichroism

3.1.4 Evaluation of the integrals

This part of the derivation is basically the same, as in [Meuren et al., 2013], up to the
point of the evaluation of the integrals in the transverse momentum components. Let us
go through major steps.

We make a change of variables:

vt = (x5 +27)/2, 6T =2 —a7. (3.26)

Then we write the phase (3.4) as

+ +
®=py 6T —py 6t +ky <x+ + 52) — ki (x+ — 62)
Kot (3.27)

2p3 py

> (2mei s + m2e ;)
where
1 1
I, = %/d)\ ; (gf)—i— ;m5+/\) , Ji= %/d)\ V2 ((ZH— ;m(5+)\> . (3.28)
-1 -1
For the propagators [see Eq. (3.3)], the proper-time representation is employed:

1
(g — m?2 + i€)(p? — m? + ie

= _ /ds dt exp {i(2p;p5 —py?—m?+ ie)s}
) 0 (3.29)
X exp {i(prpl_ —pit-m?+ ie)t] .

We will not write the terms with ¢e in the following, but will keep them in mind.
With the use of the representation (3.29), one is able to evaluate the integrals in p;
and p; . We obtain two delta functions, which are transformed as

§(6T +2p35)8(6T — 2pft) = 6<5+ — 2k1+5t)5<p+ — ks ) (3.30)
2 ! 2(s +1) s+t Vos+t) ‘
Subsequently, the obtained delta functions are used for the evaluation of the integrals in
6T and pf.
As the next step, we introduce new variables 7 and v:
. 00 1 00
T=s+t, ve= L /dsdt%/dv/drz. (3.31)
s+t 2
0 -1 0
We obtain:
k+
ot = 2kfpu, pf = 2E (3.32)
T
® = (ky —kp)a™t + phoky — (P2 +m)7 — 7> (2m&pl L + m€2),  (3.33)

where j = (1 — v?)7/4. The ‘nn’ term (3.3) takes the form:

o

Pa (k) = =526 ey — ) [

d’pt- / Ji i
)2 /d:t:Jr/dv/dTeZ TH . (3.34)
S100
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3.1 Polarization operator in a plane-wave field

We notice that the the coefficients d(¢) in Eq. (3.24) are proportional to v [see
Eq. (3.25)], therefore, the integration in v yields zero for those coefficients, and we need
to consider the coefficients only in the first line of Eq. (3.24). For those coefficients we
change the order of the integrations and integrate in pi. The integrals are the Fresnel
integrals, or may be expressed as derivatives of the Fresnel integrals, in particular:

I(SL) = / (d2p)1l2 ot t2ptRY) _ U irR12
2 AT ’
d2 L ) '
= (25)12 phe TR — i), (3.35)
2,1 :
Ié“ = / ?27]:)12 (p})? o iT(P1?+2p1 RY) _ [_217 +(RY)? ISL)7

where R’ = mé&;I; [see Eq. (3.33)].
After the integration and subtraction of the vacuum part, the final result is given by

1 fe’e)
« dr .
P (ko k) = —— (2m)36 D) (kg — k /dsﬁ/dv — %o
F (k2 k1) = —o—(27) (k2 — k1) S (3.36)

X (D1AYAS + by AGAT + b3 AYAT + by AYAS + b5Q5QT)

where

o = (ky — ky)a™ + pkoky —Tm?, (3.37)
and
T .
by = 2m252§14* (X21 — U2X12) e,
L

T .
by = 2m>Eaéy — (X12 — 02X21) e

4p
o= [ ] ) (), g
= [ ] ) e (e
92 4
bs = —T'M (e”fj 1)

The quantities X;; and 5 in Eq. (3.38) are defined as

Xij = {Ii — i+ mkfrﬂ)} [Ij — (¢ - mka,u)} (3.39)

and

B=m*> &I - J). (3.40)

The obtained result is the same as known from the literature [Meuren et al., 2013;
Baier et al., 1976], apart from the form of the coefficients b3 and by in Eq. (3.38). These
coeflicients can be cast into the known form by an integration by parts in 7. For the
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3 High-energy vacuum birefringence and dichroism

second term in the square brackets in b3 and b4 we use the relation

[e.9] [e.9]

/ A7 ks —rm2) (¢ 1) = / A7 ko —7m?)

T T

' ’ (3.41)
X { ( L Mkzkl) (em _ 1) _ i Z&?(Xu + Zi)},

T™m?2 Tm?2

where 1 )
Zi=3 (s + mibkif 1) = i@ — mhkf )] (3.42)

Note that the boundary terms vanish: the one at 7 — oo due to the factor 1/7 and also
due to the exponential damping, that we have been keeping in mind [see Eq. (3.29)]; the
one at 7 — 0 due to 8 o< 72 in this limit.
So, we obtain:
B 1 koky i3 2| T (2 2 2 irB
by = by == (L4 22 (67— 1) 2 LM (&2 +82) + &xu |,

t koky

(3.43)
b4 — b4 = — <7_ + 9

LT, T LT,
) <ez F— 1) +2m” Llu (5%21 +§§Z2> +§§X22] e’
which is the same form, as was derived by Meuren et al. (2013).

3.1.5 Locally constant field approximation

The locally constant field approximation [valid in the regime ¢ > 1, x = (ki /m)¢ < 1]
for a linearly polarized plane-wave field [¢1(¢) = ¥ (), ¥2(¢) = 0] was obtained by Meuren
et al. (2013). Later, the polarization operator in this approximation will be used for the
derivation of the effective photon wave function. Despite having a different representation
of the polarization operator [Eq. (3.38)], one can proceed in exactly the same way, as was
done by Meuren et al. (2013), and obtain the same expression (up to the swap of the
indices v and v, as has been pointed out before). Therefore, here we do not discuss the
derivation. The final result is given by

+

PR (ka, k1) = —(2m)6 0 (ky — k1) /dx+ei(’“5*kf)x

X [pr(d, X)ATAT + p2(¢, X)AGAS +p3(6, )G, (3.44)

where

w

ST P N 1y,
el
1

(w+2)f'(u), (3.45)

p2(d, x) = [ [X(Qﬁ)r/g

3T w

-1
1

p3(¢7X) = ak;_kl /d'l) fl/lE)U)7
1

with w and u defined as

S
E

]2/3 (1 - Ml) : (3.46)

wm?

x(o)
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3.2 Effective photon wave function in a plane-wave field

and x(¢) = x|v'(¢)| being the local value of the quantum nonlinearity parameter. In
Eq. (3.44) the tensor G' = g" — (ki'k%)/ki1ks is introduced and in Eq. (3.45) the Ritus
functions [Ritus, 1985; Meuren et al., 2013] are employed:

flu) = i/dt o Hut+/3) wGi(u) + iTAi(u),
0 (3.47)

o0

fl(u) _ /d:e—iut (e—it3/3 _ 1) ’
0

where Gi(u) and Ai(u) are the Scorer and Airy functions, respectively [Olver et al., 2010].

3.2 Effective photon wave function in a plane-wave field

An external plane-wave field changes the photon dispersion relation via the radiative
corrections, induced by virtual particles (see Fig. 3.2). In the regime £ > 1, x < 1, the
effective photon wave function can be obtained in a closed form [Meuren et al., 2015].

We start with the Dyson equation [Berestetskii et al., 1982] for the photon external
line:

B (z) = / Q4220401 Doy, 22 P (02, 1) 1o (1), (3.48)

where ®}(z) is the effective photon wave function (the index k denotes the four-momentum
k*; we suppress the normalization factor 1/v2kTV in the following), Dy, (z,22) is the
photon propagator, and PH¥(x9,x1) is the polarization operator in the position space
representation, i.e.,

dike dtky .
% _ —tkoxo puv ko k zklxl. 3.49
P (23, 21) /(2@4 ai® P ) (3.49)
From Eq. (3.48) we obtain that
0,0 (w) = [ dly P )0y (a), (3.50)

In the regime £ > 1, x < 1, we use the locally constant field approximation for the
polarization operator [see Eq. (3.44)]. We seek the solution of Eq. (3.50) as
O () = (@)™, €(p) = > (9N, (3.51)
i=1,2
with initial condition ®}(z) — @,(60)“(:10) = Ore=tkz a5 2+ — o0, where eOF is the
initial polarization four-vector:

€D = 1 ke =9, Or= Z cgo)Ag. (3.52)
i=1,2

Fig. 3.2. Diagrammatic representation of the Dyson equation for the external photon line. We
neglect the radiative corrections to the polarization operator for x < 1.
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3 High-energy vacuum birefringence and dichroism

Solving Eq. (3.50), we obtain that [Meuren et al., 2015]

ci(¢) = ¢ exp [iri(9) — Xi(@)), (3.53)

where

ki(¢) = 2k:+ / drRe{pi(1,x)}, i(9) = 2k:+ / dr Im{p;(7,x)}, (3.54)

and the functions p;(7, x) are given by Eq. (3.45). We refer to k; = k;(¢ — 00) as phase
shifts and to A\; = \;(¢ — o00) as decay parameters:

ki = 2]<:+ / drRe{pi(1,x)}, N = gy / dr Im{p;(7,x)}. (3.55)

In the matrix form, the relation between the initial c( )

cients can be written as

and final ¢; = ¢;(¢ — o0) coeffi-

0)
Z T;,c, (3.56)

where

einl—)\l 0
T:< . eim—Az)' (3.57)

In order to extend the above result from a single photon to a photon beam (which is, in
general, not in a pure polarization state), we introduce the following density tensors, which
describe the initial (0(0#*) and the final (o*) polarization state of the beam [Berestetskii
et al., 1982; Blum, 2012; Meuren et al., 2016]

pOm — Zw OrO)w _ Z PDNENY, g = Z weeqes” = Z piNNY, (3.58)

where w, is the probability to find a photon with polarization four-vector 6((10)“ (e#) in the

initial (final) beam.
The initial p(©) and final p density matrices are related by

p=TpOTT, (3.59)

where the matrix 7' is given by Eq. (3.57).
Using the identity matrix and the Pauli matrices o = (01, 02, 03), which are given by
[Berestetskii et al., 1982]

0 1 0 — 1 0
01:<1 0), 02:<Z, é), ng(o 1), (3.60)

we expand the initial ( pg.))) and the final (p;;) polarization density matrices as [Berestetskii

et al., 1982; Blum, 2012; Meuren et al., 2016]

1 1

62



3.3 High-energy vacuum birefringence/dichroism experiment

foil (high Z) Si-detector

-
electron beam monochromator N
. -
~ beam ﬂ
- 1
§

SN — I

backscatterring strong laser field detection

Fig. 3.3. Experimental setup. Polarized highly energetic gamma photons (produced via Compton
backscattering) propagate through a strong laser field, which induces vacuum birefringence and
dichroism. Afterward, the gamma photons are converted into electron-positron pairs. From their
azimuthal distribution, the polarization state is deduced.

We note that Tr{p(®} = S(()O), Tr{p} = Sp, with Sy < S(()O), in general, as the photons can
decay in the strong background field.

The Stokes parameters S(0) = {S((]O),S(O)} ERE (S%O), 50)7 ?EO))] and S = {Sp, S}
[S = (S1, 52, S3)] are real numbers that completely characterize respectively the initial and
final polarization state of the beam [Blum, 2012; Born and Wolf, 1999]. Therefore, the fol-
lowing relations describe any possible vacuum birefringence and/or dichroism experiment

[see Egs. (3.57), (3.59), and (3.61)]
S0\ _ —(Ai+)g) [coshdA  sinhdA S(()O)
[ sinh 6\  cosh oA S?()O) ’
S1) _  —(Mit)g) [COSOk  —sindk S%O)
Sy) = ¢ sindk  cosdk Séo) '

Here, 0k = ko — K1 is related to vacuum birefringence and d\ = Ao — A; to vacuum
dichroism.

(3.62)

Note that S7 and Ss correspond to linear polarization as " = eHe* with e* =
cos A} + sin b implies Sp = 1, S = sin(2p), So = 0, and S5 = cos(2p); whereas
Sy corresponds to circular polarization as e# = (A} £ iA5)//2 implies Sy = 1, S1 = 0,
Sg = :El, and Sg = 0.

3.3 High-energy vacuum birefringence/dichroism experiment

Having deduced, how the polarization of a generic photon beam changes, while the
photons traverse an intense laser pulse, we are ready to study the feasibility of a detection
of that change in a near-future experiment.

For the discussion of the vacuum birefringence/dichroism experiment we do not employ
the lightfront formalism, but formulate dynamics in the instant form, with space-time four-
vector o = (20, ), time 2°, and space vector = (2!, 22 2%). The four-momentum is
pt = (pY, p) with p° being the energy and p being the three-momentum. The metric tensor
is g"” = diag(1,—-1,—1,—1).

We consider the setup, shown in Fig. 3.3. Polarized gamma photons are produced
via Compton backscattering off a highly energetic electron beam. The photons propagate
through an intense linearly polarized laser pulse, which induces vacuum birefringence and
dichroism. Afterward, the gamma photons are converted into electron-positron pairs.
From the azimuthal distribution of the pairs, the polarization state is deduced.
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3 High-energy vacuum birefringence and dichroism

We assume that the collision between the gamma beam and the laser pulse is head-
on, and direct the z-axis along the gamma beam propagation, i.e., k* = w(1,0,0,1)
and kb = wp(1,0,0,—1) for the gamma and laser photons, respectively. We direct the
z-axis along the laser polarization direction, which implies that A} = (0,1,0,0). We
choose A5 = (0,0, 1,0), such that the spatial components of A} and Ay and z-axis form a
right-handed coordinate system. Note that for a linear polarization the four-vector A} in
Eq. (1.29) is not defined, since there is no 4. We can form A} via the dual tensor (xF)*":

iy (+ )1

mk™ \/—7a%

(in general, the sign in front of A4 is arbitrary).

Five different sets of the parameters are evalauted. Three of them are based on the
parameters of three laser facilities, which are currently under construction (each of those
facilities is planned to have at least two high-power lasers with at least one of them being a
10-PW machine): the Apollon facility (F1, F2 lasers) [Papadopoulos et al., 2016], ELI-NP
(two 10 PW lasers) [Negoita et al., 2016; Turcu et al., 2016], and ELI-Beamlines (denoted
as ELI-BL; L3, L4 lasers) [Rus et al., 2013; Le Garrec et al., 2014; ELI-Beamlines]. For
each facility, we assume that a 10 PW laser is employed to polarize the vacuum and the
second laser is utilized to produce electron bunches via laser wakefield acceleration [Wang
et al., 2013; Leemans et al., 2014; Kim et al., 2017].

The fourth considered case is the proposed FACET-II facility at SLAC, which is
planned to deliver up to 10-GeV high-density electron beams [FACET-II]. In our setup,
FACET-II is combined with a 100-TW laser, which has also been proposed as a future
upgrade of the existing 10-TW laser [Fry, 2017].

Finally, we evaluate a possible experiment (denoted as LINAC-PW) at a conventional
electron accelerator, e.g., the European XFEL (electron energies up to 17.5 GeV) [Eu-
roXFEL], SACLA (electron energies up to 8.5 GeV) [Yabashi et al., 2015], or previously
mentioned FACET-II, combined with a high-repetition (10 Hz) 1 PW laser.

The parameters of the high-power lasers, employed for polarizing vacuum in the ex-
periment, are summarized in Table 3.1.

Let us assess the magnitude of the effects first. Take the rectangular pulse profile with
N periods:

AB = (3.63)

/i) sing if $ € [-Nm, N7,
vi(e) = { 0 otherwise. (3.64)

In the case (3.64) the integrals (3.55) are simplified to
N [ N [
k=t [arRelro0l, M= [arlpool. (o9
0 0

As we see from Eq. (3.65), the shift and decay parameters depend only on two quantities:
x and EN. The dependence of dx and d\ on these quantities, as well as the estimations
for the three 10-PW laser facilities, are shown in Fig. 3.4.

As we see from Fig. 3.4, vacuum dichroism is suppressed in the regime 0.1 < x < 1.
This can be also checked analytically, expanding the expressions in Eq. (3.65) with respect

to x < 1:
F1) o 0ENX (4 A\ o [EOENVX s/ (3
()= (). (1) T (3. o
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3.3 High-energy vacuum birefringence/dichroism experiment

Table 3.1. Parameters of the ultrahigh-intensity lasers which are considered in the numerical
calculations: pulse energy £, pulse duration At, peak focused intensity I, and pulse repetition rate
(PRR). From them we deduce &, x, the number of cycles N for the rectangular enveloper and
the pulse width A¢ used for the Gaussian envelope (the details are given in the main text). For
ELI-NP the laser wavelength Ao = 800 nm (the angular frequency wy = 1.55 €V), for other facilities
this value is not stated in the literature, we use the same value as for ELI-NP. For Apollon F1,
the envisioned intensity > 2 x 10?2 W/cm?, we use 1023 W/cm?. For FACET-II, focusing down
to 4 pm (radius) is assumed. For LINAC-PW, we assume to use a laser, similar to the L3 laser of
ELI-BL. Also note that ELI-NP hosts two lasers with the designated parameters.

EJ] Atlfs] I[W/ecm? PRR[Hz] ¢ X EN  A¢

Apollon F1 150 15 10%3 1/60 150 1.8 xw [GeV] 860 30
ELI-NP (x2) 250 25 10% 1/60 150 1.8 xw [GeV] 1400 50
ELI-BL L4 1500 150 1022 1/60 50 0.57 x w [GeV] 2700 300

FACET-II 4 35 2.3 x 1020 5 73 0.09xw[GeV] 95 70

LINAC-PW 30 30 102! 10 15 018 xw [GeV] 170 60

So, A\; and therefore pair production are exponentially suppressed for y < 1.

In the regime 0.1 < x < 1 a clean vacuum birefringence measurement is possible. As
can be seen in Fig. 3.4, for the three shown facilities this regime requires probe photons
with energies of ~ 100 MeV and allows to reach |dx| < 0.1.

In Fig. 3.4, we do not plot the results for FACET-II and LINAC-PW because of
their much smaller values for £N (see Table 3.1). Nevertheless, we include them into the
consideration of the vacuum birefringence experiment, since those setups allow for faster
accumulation of the statistics, due to higher repetition rate of their lasers (and also due to
the high-density electron beam in the case of FACET-II). As we will see, this compensates
for the relatively low intensity of the laser pulse.

As for the regime y 2 1, it can be accessible if probe photons with energies of ~ 1 GeV
are employed. The most promising setup for exploring this regime is ELI-NP, and we will
consider it for the vacuum birefringence/dichroism experiment. Notably, the quantity dx
decreases with the increase of the probe photon energy for y 2 2.5, which characterizes
the anomalous dispersion of the vacuum in this regime [Becker and Mitter, 1975; Baier

3000 1.3 3000 —r—rrrrrm—-rrrr 2.3
2500 1.0 2500 ELI-Beanllines| L4 2.0
. 5 o 1.5
2000 2000 L - :
N (&3 ~<
< < v 1.0
1500 0.5 1500 - ELI-NP _ j R
1000 |- Apollon F1\ = o 1000 |- Apollon Fi \ . 0.5
500 Lol \' s / 0.0 500 Lol v Ve 13000
1072 107t 10° 10t 1072 107! 109 10!
X X

Fig. 3.4. Plots of dx and 0\ as functions of x and {N for a rectangular pulse profile [see Eq. (3.64)].
For each facility gamma photons with energy w = 100 MeV (left point), w = 500 MeV (central
point) and w = 1 GeV (right point) are indicated.
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3 High-energy vacuum birefringence and dichroism

et al., 1976; Ritus, 1985; Heinzl and Ilderton, 2009; Dinu et al., 2014].

Below, first, we discuss each of the stages of the experiment in detail. Then we combine
everything together in order to obtain the results for the vacuum birefringence experiment
(we consider y = 0.25) for the five mentioned facilities. After that, we make similar
estimations for the experiment in the regime y = 2.5 for the case of ELI-NP.

For obtaining better estimates as those given in Fig. 3.4, in the following, we employ
a Gaussian pulse envelope

W (¢) = exp [ — (¢/A)?] sin §, (3.67)

where A¢ is related to the duration of the pulse At (FWHM of the intensity) via A¢ =
wr,At/v/21In 2. The values of A¢ are given in Table 3.1.
The pulse collides with
N,y - NeabsﬁAtbs (368)
Whs

gamma photons, where o} is the cross section of Compton scattering [Berestetskii et al.,
1982] and the index “bs” indicates the parameters characterizing the backscattering pro-
cess. To obtain a high degree of polarization, we consider only photons which are scattered
in the region 6 € (0,0pax < 1), where 6 denotes the polar angle (6 = 0 corresponds to
perfect backscattering) [Berestetskii et al., 1982; Ginzburg et al., 1984; Fukuda et al., 2003;
Weller et al., 2009; Muramatsu et al., 2014].

We employ Atps = At, wys = 1.55 eV, and I,s = 4.3 x 1016 W/cm? (considering linear
Compton scattering is sufficient as &,s = 0.1 for this laser).

It turns out, that a significant improvement in the experimental sensitivity can be
achieved by employing circularly polarized probe gamma photons (this point will be jus-
tified below), as was also considered for low-energy experimental schemes by Cantatore
et al. (1991) and Wistisen and Uggerhgj (2013). Circularly polarized gamma photons
from Compton backscattering have been generated, e.g., at KEK [Fukuda et al., 2003].
We assume the use of a right-handed circularly polarized laser for producing high-energy
photons for the experiment.

3.3.1 Compton backscattering

The four-vectors p* = (¢, p) and ki, = (wps, kps) [p* = (€/,p’) and k* = (w, k)] denote
the four-momenta of the initial [final] electron and photon, respectively. We assume a head-
on collision and direct the z-axis along the initial electron momentum p [p* = (¢,0,0,p,),
ki, = wps(1,0,0,—1)].

We consider an unpolarized incoming electron beam and sum over the polarization of
the outgoing electrons. The polarization state of the initial photon beam and the state
selected by the detector, which measures the final photon polarization, are described by
the density tensors g, and ¢/*”, respectively [Berestetskii et al., 1982]:

ohe = D> pipelel, oM =Y pielel, (3.69)
ij=1,2 ij=1,2
where
NH P
A== 2= (3.70)
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3.3 High-energy vacuum birefringence/dichroism experiment

¢
K2
with K# = kf' +k* and Q" = k*—k/'.. We introduce the Stokes vectors £” = (£b3, &bs, ¢bs)
and &' = (&],&}, &) via [compare with Eq. (3.61)]

PH = (g" — Yp+p)y, N'=e"P,Q,K,, (3.71)

1 1

PP = 50 +&0), = S+ ¢o), (3.72)
Using the above notation, the differential cross section for Compton scattering reads

[Berestetskii et al., 1982] (see also [Akhiezer and Berestetskii, 1969] and [Ginzburg et al.,

1984])

’2w2dQ

W, (3-73)

1
dog = —— |M;;
oc 16772‘ fi

where dQ2 = sin #dfdp is the solid angle for the scattered photon, i.e., k* = w(1, cos @ sin 0,
sin @ sin @, cos #). The modulus squared of the reduced matrix element is given by

[Mp[? = 167%r2m? [Fo + Fy (68° + &) + Ful™ei + Faall™ch + Faaelogh] . (3.74)
with
Fo=V -F, Fy=—(U?+20U), (3.75)
Fi=201+U), Fp=V(Q0+U), Fp=2-F;,
U=2/z-2/y, V=x/y+y/z, (3.76)
and 2pkns  2€wps 2pk  2ew
== 1+ 8), y:W:W(1+BCOSG)' (3.77)

The energy w of the final photon is determined via four-momentum conservation p* +
ki;, = p'" + k* and is given by

_ (1 + ﬁ)ewbs
v + wps — (€8 — wps) cos O’ (3.78)

where = |p|/e. Correspondingly, the highest energy is obtained for perfect backscattering
(0 =0):

1 2,2 42
Wiy = 2( + 6) €"Whs ~— € Whs (3‘79)
m2 +2(1+ Bewps  m? + dewps

(the last relation holds for ultrelativistic electrons). We assume that in the experiment the
monochromator selects photons scattered by angles ¢ € (0,27) and 6 € (0, Omax), Where
Omax < 1. The total cross section (averaged over the initial and summed over the final
photon polarization) for those photons is

2 emax

| averRysing, (3.80)
0

4r
Obs = —5

m

In order to consider polarization effects we first note that [see Eq. (3.70)]

el = (0,sinp, — cos p,0), ey = —[tan(6/2),cos ¢, sin @, — tan(6/2)]. (3.81)
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3 High-energy vacuum birefringence and dichroism

Therefore, the Stokes parameters £P and &/ [see Eq. (3.72)] implicitly depend on ¢. We
eliminate this dependence (to leading order in § < 1) by introducing another basis e’
(1 = 1,2) which is given by

o - F.‘ _ cosp sing
ei - j:zl:2 R’L] (90)6‘] 9 R(SO) <_ Sin SO cos SO) ’ (382)
such that
&0 = 0) = —A% = (0,0,—1,0), (6 =0) = —A¥ = (0,~1,0,0). (3.83)

We denote the Stokes parameters for the initial beam and the state selected by the detector
in the new basis by S}’S and S/, respectively. They are related to §£’S and & via

") Z Ry (5 &) Z pg) (2 =S =Sl (3.84)
fgs S}g)as ’ fé Sé ) 2 2 2

In order to determine the Stokes parameters SZ.(O) of the photon beam, which enters

the strong laser pulse, we set § = 0 in the basis é!' [i = 1,2; see Eq. (3.83)] as § < 1 for
all selected photons, and integrate the cross section [see Eq. (3.73)] over ¢. Finally, we
obtain that (see [Berestetskii et al., 1982])

Fy o)  Fi+ F33

Fi1+ F33 (0) b b
g0 _ I T F38gbs  g(0) _ Z22gbs  g0) _ ZL T 733 gbs, 3.85
Note that for § = 0 we obtain % =0 and % = —1.

0 0

3.3.2 Pair production in a Coulomb field

One of the main experimental challenges is to analyze the final polarization state of
the gamma photons. Here, we consider pair production in a screened Coulomb field of
charge Z|e| [Hunter et al., 2014; Bernard, 2013; Kelner et al., 1975; Olsen and Maximon,
1959].

The cross section of electron-positron photoproduction by a photon with energy w > m
colliding with an atom was derived by Olsen and Maximon (1959). After summing their
result {see Eq. (10.3) of [Olsen and Maximon, 1959]} over the spin states of the produced
electron and positron, we obtain for the cross section:

d
doyy = 52 [o0 + o1(2ae, | — 1)) (3.86)
where
Zzar2 w—m 1
op =2——==< / de / d¢ {(62 +€?)(3+2T) + 2ec'[1 + 4u2C2F}} (3.87)
W m m?/e2

and )

o1 =2 WO;’"B / de / d¢ 8ec'u2¢T (3.88)
m m2/62
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3.3 High-energy vacuum birefringence/dichroism experiment

Here, ¢ denotes the azimuth angle of the electron momentum in the transverse plane
(see Fig. 3.5), p denotes the electron momentum, € = y/m? + p? and ¢ = w — € are the
energy of the produced electron and positron, respectively; e, denotes the polarization
vector of the incoming photon; u is the component of p (scaled by m) perpendicular to
k, it is defined as w = [p — k(kp)]/m, where k = k/w. In the frame, that we consider
(k = |kle., |[k| = w), we have: v = {ug,uy} = |ul{cosp,sinp}, where & = u/|ul.
Furthermore, ¢ = 1/(1 + u?) and

'=1In(1/0)—2— f(Z2)+ F(§/Q), (3.89)
where § = mw/(2¢€),
> 1
f(2)= (ZW; T (Za)) (3.90)

The term F(d§/¢) takes the screening into account. We employ the Thomas-Fermi
model with Moliére parametrization [Olsen and Maximon, 1959; Moliére, 1947], i.e., the
screening term is given by

+B]

F(6 —= In(1+ B;) i -In(1+ Bj) + 5 91
F(6/¢) = Za n(1+ —i—zjz:laaj — (1+ ])+2 (3.91)
i#]
with B; = (8;¢/0)?, B; = (Z'/3/121)b; and

a1 = 0.1, ay =055, az=0.35,

! 2 ’ (3.92)
bi = 6.0, by=12  by=0.3.
We rewrite the cross section given in Eq. (3.86) as
dp & . .

dopp = 5 - ”21[005” + o1 (200 — 67)]el el (3.93)

Furthermore, we introduce the density matrix p and the Stokes vector S = {Sp, S} for the
incoming photons as

’ *]—> Z el ebpab, p= (SO+SO'), (3.94)
a,b=1,2

~

e
Zlel .~

~

2
a
\
T
S

Fig. 3.5. Scheme of electron-positron pair production by a gamma photon in a Coulomb field Z|e|.
The distribution in the momentum in the plane xy depends on the polarization of the photon.
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3 High-energy vacuum birefringence and dichroism

where e; and ej are spatial components of A} and A%, respectively. Combining Eqgs. (3.93)
and (3.94) we obtain for the pair production cross section:

dUpp = ¥ {0050 + 01 [51 Sin(2(p) + S3 COS(2¢)]}. (3.95)

27
An analogous expression was obtained by Kelner et al. (1975).

Note that the cross section given by Egs. (3.95), (3.87), and (3.88) neglects electron-
induced pair production and inelastic contributions. In the numerical calculations we
assume tungsten (Z = 74) as conversion material, therefore both effects are subdominant
(Z vs. Z? scaling) [Tsai, 1974]. Moreover, most of the pairs are produced near the forward
direction such that we can neglect the nuclear form factors [Tsai, 1974].

Also note that the cross section oy represents the unpolarized part [see Eq. (3.87)],
whereas o1 determines the significance of polarization effects [see Eq. (3.88)].

Now we are ready to discuss, which polarization of the probe photons provides advan-
tages for the experiment. The pair-production cross section in Eq. (3.95) is only sensitive
to linear polarization (57 and S3), therefore, from Eq. (3.62) we conclude that employing
linearly polarized probe photons results in the effect ~ (§x)? for |0x| < 1. Utilizing cir-
cularly polarized probe photons, however, results in the effect which depend on dx, rather
than (6k)? [see Eq. (3.62)]. Therefore, inverting the standard scheme by using circularly
instead of linearly polarized probe photons is highly beneficial in the regime |0x| < 0.1
(see also [Cantatore et al., 1991; Wistisen and Uggerhgj, 2013]).

3.3.3 Statistical analysis

If we take S(©) = {1,0,—1,0} for the incoming gamma photons, the outgoing ones have
nonzero parameters S; and S3, according to Eq. (3.62). The parameter S; is sensitive to
vacuum birefringence (dx), whereas S3 depends on vacuum dichroism (6A). In order to
disentangle both effects, we introduce the following asymmetries:

Ry — (Na/a + Nsxa) — (N3xja + Nogya)

(Nz/a + Nszja) + (Nagja + Nigja) (3.96)
Rp — (No + Nz) = (Nzy2 + Nz y2)

(No + Nz) + (Nﬂ/g + NgF/Q)’

where Npg, denotes the number of pairs detected in the azimuth angle range ¢ € (5y —
B, Bo + B) of the transverse plane, with 3 being specified below (see Fig. 3.6).

Y
37r/ 4 /2
& T B\ 0
57{74 N /4 37/2

Fig. 3.6. Regions of the transverse plane (gray), which are used to define the observables Rp (left)
and Rp (right) [see Eq. (3.96)].
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3.3 High-energy vacuum birefringence/dichroism experiment

Let us calculate the expectation values for Rg and Rp. The quantities introduced in
Eq. (3.96) are asymmetries of the type

_ Ni—Np

— AT B 3.97
Na+ Np (3.97)

where N4 and Np are experimentally measured numbers of events.

We describe the experiment in the following way: with probabilities p4 and pp a probe
photon decays inside the detector such that the produced pair contributes to N4 and Np,
respectively, and the probability pc = 1 — pa — pp accounts for all other possibilities
(the photon decays inside the strong laser pulse, passes through the detector, or the
produced pair is detected out of the range corresponding to N4 and Npg). Therefore, the
two random variables N4 and Np are distributed according to a multinomial distribution
[Riley et al., 2006; James, 2006]. Their expectation values are given by (N4) = paN, and
(NB) = pN,, respectively, where N, denotes the number of gamma photons generated
via Compton backscattering [see Eq. (3.68)]. The standard deviations are given by ANy =
\/Nypa(l —pa) and ANp = /Nypp(1 — pR), respectively.

Assuming that the number of events counted is large we approximate the expectation
value of the asymmetry defined in Eq. (3.97) by [Riley et al., 2006; James, 2006; Ku, 1966]

(Na) — (NB)
Ry =+—F——= 3.98
(B) (Na) + (Np) (3.98)
and the variance by [Riley et al., 2006; James, 2006; Ku, 1966]
OR 2 OR 2
AR)? = ( AN ) + < AN )
BB = 2N) + o 27
OR OR
2 Cov[N4, N 3.99
+2(5ivyy) (g ) CovasNel,— @99)
where 9R 5R
= i,j=A,B 3.100
and Cov[Na, Ng| = —pappN,. Using Egs. (3.98) and (3.99) we find that
PA — PB 2 1-— <R>2
Ry =248 (AR?=_——\“Y 3.101
R pA+DpB (AR) Ny (pa +pB) ( )

Assuming (R)? < 1 we conclude that the standard deviation of the asymmetry is given

by AR~ 1/1/N+(pa + pr). The number of required incoming gamma photons for the no
confidence level is now obtained from the condition (R) — (Rp) = nAR, where (Ry) = 0 is
the expectation value of the asymmetry if vacuum birefringence/dichroism is absent. We

conclude that

n2

(R)*(pa +pB)
The probabilities p4 and pp are given by py/p = n.los/p, where n, and [ are the
number density and the thickness of the conversion material, respectively, and

20 sin(203)
T

UA/B = fSOO‘() +
™

N, = (3.102)

51'0’1 (3.103)
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3 High-energy vacuum birefringence and dichroism

Table 3.2. Parameters for measuring vacuum birefringence at the considered facilities. Here, €
denotes the electron energy, Onax is the selected maximal scattering angle (chosen such that
|Faa/Fo| > 0.999), ops is the Compton scattering cross section [see Eq. (3.80)], w is the outgo-
ing probe photon energy [see Eq. (3.78)], 0¢ and o are pair production cross sections in tungsten
(Z = 74) for the obtained photon energies, the ratio o1/0¢ determines the sensitivity to polariza-
tion effects. For FACET-II, we take the maximal designed energy ¢ = 10 GeV for the electrons
(this corresponds to x = 0.165 for the generated photons). For the other facilities, we choose ¢
such that x = 0.25. The final photon energy w differs by less than 2% from the given value in the
range 0 < 0 < Opax.

€ [GeV]  Omax [rad]  ops[r?]  w [GeV] oolr?] o1[r?]  o1/o0o

€

Apollon/ELI-NP 2.5 3.0x107%  0.232 0.14 344 26.7  0.078

ELI-BL 4.5 1.6 x 1075 0.197 0.43 393 31.0  0.079
FACET-II 10 6.0x 107 0.113 1.9 420 32.3  0.077
LINAC-PW 8.4 7.6 x107¢  0.135 1.4 417 323 0.077

with S; = S1 and S; = S5 for Rg and Rp, respectively.
Then the expectation values of Rp and Rp [see Eq. (3.96)] are given by

sin(28) o1 S1 sin(28) o1 S3

(Fp) = 28 o0 So’ 28 o0 So

(Rp) =

(3.104)

And from Eq. (3.102) we define, how many gamma photons one would need in order
to detect respectively vacuum birefringence and dichroism at the no confidence level on
average:
NB _ n? ND n?

T BSo(R)?T 7 AnBSo(Rp)*’
where n = n,log denotes the photon to pair conversion efficiency. By minimizing N,]?
and N,]YD with respect to 3, we find the optimal angle 5 = Bopt ~ 0.58 ~ 33° for both
observables.

The thickness of a conversion foil should be < 1 milliradiation length (mRL), other-
wise multiple Coulomb scattering affects the measured angle [Kelner et al., 1975; Hunter
et al., 2014]. Supposing that several conversion foils alternating with silicon detectors are
cascaded [Tavani et al., 2003; Atwood et al., 2009; Peitzmann, 2013], we employ 1 = 1072
(i.e., an effective thickness of ~ 10 mRL).

(3.105)

Table 3.3. Duration 7 of the vacuum birefringence experiment. Sy and S1, (Rp), and Nf follow
from Eq. (3.62), Eq. (3.104) and Eq. (3.105), respectively (S(®) = {1,0,—1,0}; 50 confidence level,
i.e., n = 5). Note that the pair production probability in the strong laser field is much smaller
than the conversion efficiency in the detector [(1 — Sp) < n=1072].

1 —So Sl <RB> N,!? T

Apollon 1.9x107° 0.06 3.4x1072 3.0x10% 45 days

ELI-NP 31x107° 009 56x107% 1.1x10® 10 days

ELI-BL 6.3x107° 018 1.1x1072 2.6 x107 11 hours
FACET-II 62x1072 0.004 25x107% 5.4x10" 2days
LINAC-PW 38x10°% 0.01 68x10"* 7.4x10° 2days
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3.3 High-energy vacuum birefringence/dichroism experiment

3.3.4 Results

We assume that N, = 10® monoenergetic few-GeV electrons are used in one exper-
imental cycle for the generation of probe gamma photons via Compton backscattering.
FACET-II is expected to produce high-density electron bunches, for this facility we use
N. = 10°. The laser beam for Compton backscattering has SP* = S = 0, S = 1.

Therefore, S§0) = Séo) =0, Séo) ~ —1 for small 6 ,x. In order to obtain a highly polarized
beam we choose Opax such that |Faa/Fo| > 0.999 for all selected photons. For the consid-
ered facilities, the parameters and cross sections for Compton backscattering, as well as
the cross sections of the pair production are shown in Table 3.2.

The estimations for the vacuum birefringence experiment are shown in Table 3.3 (we
choose the 50 confidence level).

As we see from Table 3.3, the pair production inside the laser pulse is much smaller
than the conversion efficiency [(1 — Sp) < n = 1072], therefore it does not affect the
experimental results.

We conclude, that the vacuum birefringence experiment could be performed within a
few days, with the expected duration of the experiment for ELI-BL less than one day.

As the number of required gamma photons N,]Y3 scales as (Rp)~2 [see Eq. (3.105)], the
use of circularly polarized probe photons instead of linearly polarized ones reduces the
measurement time by a factor ~ 100 (dx ~ 0.1, see Fig. 3.4).

Finally, we consider the case x = 2.5, which is attainable at ELI-NP by utilizing
8.4 GeV electrons for backscattering. The parameters are the following: fpax = 7.6 x 1076,
Obs = 0.1351"2, w = 1.4 GeV. For the pair production, the ratio o1 /09 = 0.077.

In the regime y = 2.5 vacuum dichroism and anomalous dispersion come into play and
the Euler-Heisenberg approximation breaks down completely (see Fig. 3.4). Note that the
production of particles, heavier than electrons and positrons, and QCD corrections are
still suppressed [Bern et al., 2001].

For S© = {1,0,—1,0}, we obtain that S = {0.18,0.11, —0.12,0.09} at ELI-NP (see
Fig. 3.7). Correspondingly, (Rg) = 3.6 x 1072 and (Rp) = 3.0 x 102, implying a mea-
surement time of 3-4 days for reaching the 50 confidence level.

100 F

107

1072 L

1073 I | | | |

Fig. 3.7. Final Stokes parameters [see Eq. (3.62)] for gamma photons propagating through the
ELI-NP 10 PW laser pulse (S(® = {1,0,—1,0}). The strongest effect is obtained around y = 1
(note that pair production becomes sizable for x 2 1). As we consider the tunneling regime
1/¢ <« 1, cusplike structures — characteristic for multiphoton pair production [Villalba-Chavez
et al., 2016; Becker and Mitter, 1975] — are absent.
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4

Electron-positron annihilation into
two photons

Among the tree-level diagrams in an external laser field, trident process is the most
studied one [Hu et al., 2010; Ilderton, 2011; King and Ruhl, 2013; Dinu and Torgrimsson,
2018b; King and Fedotov, 2018; Mackenroth and Di Piazza, 2018]. This process was also
observed experimentally, at SLAC in late 90’s [Burke et al., 1997].

Recently, also double Compton scattering in a general plane-wave field was evaluated
by Dinu and Torgrimsson (2018a).

First results on two-particle scattering in a laser field were published by [Oleinik, 1967,
1968], who studied electron-electron and Compton scattering in a monochromatic plane-
wave field, with the focus on the resonant effects. Here, by resonance, we mean that an
intermediate particle goes on shell. The resonance manifests itself as a divergence due to
the pole structure of the propagator. Resonance behavior of two-particle scattering has
been studied in later works (see [Voroshilo et al., 2016] and references therein).

Compton scattering and electron-positron production by two photons in a circularly
polarized laser field were studied by Hartin (2006).

Though the resonances seem to be an interesting feature of the processes under con-
sideration, we expect our theory to be finite and it is important to understand how to
deal with the divergencies. In our approach, we use the proper-time representation for the
propagators, therefore, the resonances appear as the divergencies in the integral over the
proper-time variable. We will see below, however, that for large values of the variable, the
densities of the colliding wave packets have to be taken into account. Since the wave pack-
ets are assumed to have finite sizes, the integral is expected to converge. Another aspect
is that if an intermediate particle propagates over sufficiently long distances inside a laser
pulse, then the radiative corrections has to be taken into account (see, e.g., [Meuren and
Di Piazza, 2011] for the consideration of the corrections to the electron wave function).
Those corrections, in general, induce a decay of the intermediate particle, therefore, again,
we should obtain a final result.

In this chapter, we consider the cross section for electron-positron annihilation into
two photons in a plane-wave field of a general shape. The two leading order diagrams are
shown in Fig. 4.1. The diagram in Fig. 4.1a will be referred to as direct diagram, and the
diagram in Fig. 4.1b as exchange diagram.

First, we reconsider scattering formalism and find out, when it is possible to define a
cross section. Then we evaluate the part of the cross section, which comes upon squaring
each of the diagram, i.e., we do not evaluate the interference part. Finally, we analyze the
obtained result.
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4 Electron-positron annihilation into two photons

4.1 Cross section

We proceed in the same way as in Chapter 2, and obtain for the matrix element:

Vdiq, Vd?
fi :/7(127@ Fa(a2) f1(an) (2m)? 8 (ks + k1 — 2 — 1)

Gn)? (20
} iM(p2, 01,62, q1)

H 1
2V\/ay ¢ i w%jV7

(I>112¢I1 (I;’ J:—li_) = _iqu;_ + iS—Q2 (¢2) - qu_xii_ - ith ((;51) (4'2)
and M (¢, ¢1,q2,q1) is defined via

X /dx;dxf exp [z"I)qul (x5, 27) (4.1)

where

M(q2,q1) = /dx;dxf exp {‘I’qm (a:;,xf)} M (g2, 1,92, q1), (4.3)

with M (g2, q1) being the reduced matrix element. The complete expression for M (g2, q1)
is given below. For now, it is important to note that M (g2, ¢1,q2,¢1) is a slowly varying
function of ¢4 and ¢}’

Upon squaring Sy; and transforming the delta functions [see Eq. (2.13)], one obtains:

X fl(mj_vx77x§_)ff(mj_v xf,a:;)(ZTr)?’(S(JF’J‘)(kQ + k1 — D2 — pl)
« M(¢47¢37p2ap1)M*(¢17¢27p27p1) 1

. L5

(4.4)
As the next step, we make a change of variables (recall the discussion of the probability,
obtained from the matrix element written in position space, in Chapter 2):

o= (XF+XD)2 0t =Xf-XP, of—of—af, f—sf-uf, (45)

where X" = (2] +2])/2 and Xi = (23 +27)/2.
Let us look at the product of the distribution densities for the electron (for the positron
we proceed analogously). We have:

fl(wjnxiﬂx;)fik(azj_?xiﬂx;)
=F (ar:L,:c_,a:+ —6T/2 +5fr/2> FY ($l7$_7$+ —0"/2 - 5?/2) (4.6)

x exp [—ipy af — Sy, (63) + i 25 + Sy, (02)] -

(a) —D2 kg (b) —p2 k?l

D1 ky D1 ko

Fig. 4.1. The leading-order diagrams or electron-positron annihilation into two photons in a
plane-wave field: (a) the direct diagram, and (b) the exchange diagram.
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4.1 Cross section

If we could neglect 67 and §; in the arguments of F}’s, we would obtain the particle
density |Fi(z)|? = | f1(2)|?, as in the vacuum case.

In the regime & > 1, the reasoning for neglectinig §; is the same as in the case of the
annihilation into one photon.

As for 6T, if it is neglected in the arguments of F}’s and Fy’s, then the integration is
to be performed over the whole range in general. The parameter §* can be understood
as the (light-cone) time difference between the instants of the emissions of the two final
photons. In a plane-wave field, the intermediate fermion can go on shell, therefore, 67 can
be, in principle, infinitely large (it should be noted that for large values of §1 the radiative
corrections may become sizable, see, e.g., [Meuren and Di Piazza, 2011]).

Neglecting 6 implies that we need to restrict our consideration to the process, hap-
pening locally.

If we consider the local process only, we can formally define a cross section, analogously
to how it is done for scattering in vacuum. We obtain for the differential probability per
unit phase unit volume:

. M bl b
di = | fo ()2 f1(2) 2 (2m)36 D) (ke + k1 — po — p1) " f’i P1) Hdl‘kl, (4.7)

where
M(x+vp27p1> :/d(s—‘rd(s;ddf—
x exp |~ipy (a1 — 2f) +iS_py (61, 64) — ipy (2 — 2F) — 1Sy, (63, 02)]

x M (¢4, ¢3,p2,p1) M (1, d2,p2,p1)- (4.8)

Then the total cross section, averaged (summed) over the initial (final) polarization
states, is given by

1
161(¢)

Z M(xT pa,p1).  (4.9)

polarization

o(zt) = [[ s (2m)36 ) (ks + k1 — p2 — p1)

Due to the delta function, we perform the integrals over the momentum components
of photon 2, and obtain:

/ dchr d?ki 1

1
2w232k+k+1(¢)1 > M@ pa,m), (4.10)

polarization

with k§+’l) = (p2 +p1 — k1) Y. In Eq. (4.10) the result is divided by 2, in order to
account for the double counting of the final states of the two identical particles.

Analogously to how it was done in Chapter 2, we define the cross section, normalized
to the flux at 27 — —o0:

p2++p1+dk+ A%kt 11
o0(") / 27 /(27?)2 2k kT4 (@",p2,p1) (4.11)
0 polarization
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4 Electron-positron annihilation into two photons

4.2 Reduced matrix element

The reduced matrix element is given by

I (k2, —k1)
2p§f

+ (72 ¢ M), (4.12)

* *
u162H€1V

_ dps YP3 +m
) 3w
M(p2,p1) = —€702 [/ o F—23(k2)p§ —m2 + iEFgl(kl) +

where the lower indices indicate momentum variables (or collectively momentum and po-
larization variables), the lower index ‘-2’ means that the momentum p4 should be taken
with a minus sign, and (y2 <> 1) denotes the exchange term (the photon quantum num-
bers are swapped, see Fig. 4.1b). The vertex functions are given by Egs. (1.82) and
(1.87).

The matrix element (4.12) contains 4 distinct terms. Taking the modulus squared
yields 16 terms. However, only 8 of them are different after we sum over the states of
the final photons. 4 of them, arising from squaring the direct diagram (see Fig. 4.1a), are
considered below. We call these terms direct-direct terms.

Summing over the final photon polarizations results in the replacement

e’V — —g", i=1,2 (4.13)

17

(we discard the terms with k! and k¥ due to the Ward identity).
Averaging over the polarization states of the initial particles results in the replace-
ments [Berestetskii et al., 1982]

ujul — p1, V2V — pgi) = —p_9, (4.14)

and taking the trace over the bispinor part of |M(p2,p1)|*. The quantities p; and ,0(_)
denote the electron and positron density matrices, respectively. In the case of the initial
particles being unpolarized (which we assume below), we have:

(=) _

1 1
pr=5(prtm), py=—po=—(1p2+m) (4.15)

Below, we deal with functions, that depend on four light-cone time variables. For
clarity of the calculations, we simplify our notation in the following way: functions f(¢,)
of one light-cone time variable will be written as f(a), functions f(¢q4, ¢p) of two light-cone
time variables will be written as f(ab), etc.

Upon squaring the noninstantaneous part of the direct diagram [we call this term
noninstantaneous-noninstantaneous direct-direct (‘nndd’) term], summing and averaging
over the polarization states, we obtain:

1 dp, dpz
;Y gt [T / drfdetded dat

i

polarization

7— nndd
2

- Fdd
x exp [i0%(4321) T p———_

(4.16)

where the phase ®44(4321) is given by
©44(4321) = (ky —p3 ) (i —af) + (k7 —p7) (2] —23)
—py (af —af) —ps (a3 —af) + @F(4321)  (4.17)
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4.2 Reduced matrix element

with the field-dependent part <I>dFd(4321) given by
D(4321) = —S4(43) — S3(21) — S_»(14) — S1(32). (4.18)
The field-dependent part of the phase (4.18) can be written as [Meuren et al., 2013]
d94(4321) = S_a3(41) + S31(32), (4.19)

where

m2p3py 2m3p32pg?

¢4
St = / dp [epgup%pu(ﬁ ) (ps +ps )pSuPQVfQ”V(ﬁ)] :
b1

(4.20)

m2p3 py 2m3p32p?

531(32) = 7 a8 [epl”pg’”f“”w) (v} — Psf)pmpsufz“”(ﬁ)] .
¢2

The quantity 7 "4 (as well as the T-preexponential factors for the other terms below)
is the trace of the bispinor part, which we consider in detail in the next section.

For the product of the instantaneous and noninstantaneous parts [we call this term
instantaneous-noninstantaneous direct-direct (‘indd’) term| we have

! S M = et / dpy. / daf daf do} exp 109 (3321)] 7 (4.21)
4 polarization 27 3 2 ! p% —m? — Z'G’ ’

and, respectively, the product in the opposite order [we call this term noninstantaneous-
instantaneous direct-direct (‘nidd’) term] is given by

1 . dp: nidd
" MR = 64/%/dxidx;{dxf exp [z@dd(4311)} 5 T

. (4.22
pi —m? +ie (422)

polarization

Finally, the product of the two instantaneous part [we call this term instantaneous-
instantaneous direct-direct (‘iidd’) term] is given by

1 o .

LY M= / dzj da] exp [i0%(3311)| 71, (4.23)

polarization

The conservation relations for the asymptotic momenta are

p:(%+7L) (+1) _

Py = (p1 — k)T = (kg — o)1), (4.24)

With the use of the canonical light-cone basis (1.29) and the momentum conservation
laws we obtain that the phase is given by [note that, since ®$4(4321) does not depend
on the ‘> momentum components, the full four-momentum conservation laws for the
asymptotic momenta can be employed within this part of the phase]

m & i i m§?k+
U (4321) = —— Y [— = (pF kb — phki ) 1;(14) — —L2 J;(14)
P3 i=1,2 Do 2]92
&i i i mfz‘szr
+=r (P k] — i) 1(32) — — - J5(32) | (4.25)
P 2p1
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4 Electron-positron annihilation into two photons

where

o] o)
1(06) = [456:8), H(o.¢) = [ d5uE(6). (4.26)
ol ol

Note that the result (4.25) does not depend on the choice of the vector ¢#. If we choose
¢" = ph + pY, then
Py +pi =ky +ki =0 (4.27)

and

d(4321) = +Z§Zk:z (14) + 1;(32)]

+Zt2@l 2 1;(14) + k11(32

.
N j Zgl [p2 14) + ]’%Ji(w)l (4.28)

where we defined t; = pt /m = —ph/m [see Eq. (1.127)].
In terms of the variables (4.5) the field-dependent part ®¢4(4321) can be written as

m .
Oy (4321) — D¢ = —Tr Zﬁzki {5;-721' + 5?—’14

ki m? ki ki
Zt & [ 2 53 Iy + %ﬁlli + ﬁzgg [P;é;}zi pl 5+le] . (4.29)
where
1 1
Ij; = / dA ¥ <ij+ + ;méj)\) L Jji= / dAy? (ij + ;mdj)\> . (4.30)
—1 —1

The form (4.29) is the same for all four direct-direct terms. However, for the ‘nndd’ term

all four variables in Eq. (4.5) are independent, only three are independent for the ‘indd’

term (due to zf = x3) and for the ‘nidd’ term (due to x3 = z7), and only two are

independent for the ‘iidd’ term (due to zj = 23 and z3 = z7).

We proceed by evaluating the traces for the direct-direct terms.
4.3 Evaluation of the traces for the direct-direct terms

The traces depend on four fermion momenta: initial p} and p4, and intermediate pf
and p/. It is convenient to relabel the momenta in the following way:

e A e N R T R S Uy (4.31)
Then the conservation relations (4.24) change into
L L
P§+ ) = p§,+ )= (p2 — k1)) = (ky + pa) 0. (4.32)

In the final expressions, the initial labeling of the momenta will be restored.
As we will see below, the results are conveniently expressed via the following quantites:

AL =AB(32), Z4=25(32), A4=AL(4), 20 =Zi(14),  (4.33)
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4.3 Evaluation of the traces for the direct-direct terms

where

Ab(6,¢) = Th(9) — 7 (&), Z0(0,0) = |mb(0) + mh(e))] /2 (4.34)

Note that AZ(¢, ¢') is a purely field-dependent function as it vanishes in the absence of the
external field, and Z(¢, ¢') = p# in this limit. Note also that A} (¢, ¢") = 0 identically.

It is also beneficial to combine the scalar and the tensor terms of K% (¢) in the three-
point dressed vertex function [see Eq. (1.84)] as

1 | o
Shy(¢) + T2u1(¢)7172 ~ 9 [551@5)9@‘ + T2#1(¢)fij] vy = §U2ulz'j(¢)7wj' (4.35)

Then K% (¢) is given by
1 o
Ky (¢) = §U;1ij(¢)727] + V21 Vi . (4.36)
The advantage of using the U-function is that the results of contractions with it are more

compact, than for S and T alone.
Also note the following relations:

1. UU commutativity:
Ui (D)7 Y™ UL s (877 = UL ()Y Y Ui (0)7' 4™ (4.37)

2. UV product:
1 . .
§U43im(¢)7 TVl e = Y UL (0) Vail. (4.38)

3. VU product:
1 17
Visyis U5L1ks(¢)7 v = VisUS (97", (4.39)

4.3.1 Trace for the ‘nndd’ term
The quantity 744 in Eq. (4.16) is given by [after the relabeling (4.31)]

T1321) = ~Te{ pu K)o+ m)K(3)
<ol (2) (7 + m)KY(1) {9000 (4.40)

where the K-functions are given by Eq. (4.36).
As before, the trace is reduced to the one in the transverse space. We obtain:

Tiss14(4321) = —2pf pipd pi

1 P i.m 1 i n
XTY{ |:2U43im(4)’77 +Vix %} [2U§‘2jn(3)7j’y +V2 ’YJ]

1 1
X {2U51ks(2) + Vy ’Yk] [2U14lt(1)’Yl’Yt + sz} }gng\u' (4.41)
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4 Electron-positron annihilation into two photons

The evaluation of the trace is simplified, if we make the contractions with g,,, and g,
first. Since there are four linearly independent matrices in the transverse space, a general
contraction may be written in the form

1 } . 1 N
[QUiéim(cb)va + Vi:?%} [QUQ“MS@')W’“VS + Vol " Vit | Gens

= Su321(0, &) + Viso1 (6, 8")vi + Tuzan (6, ¢ )v'7%. (4.42)
Then the trace (4.41) is readily calculated and we obtain:

Ti51%(4321) = —8p p3 p3pf
X [53221(32)51443(14) + Vi1 (32) Vi 145 (14) i — T3221(32)T1443(14)} : (4.43)

The evaluation of the coefficients in Eq. (4.43) is straightforward, but requires some
work. Useful identities are put into Appendix B.1.

After performing the contractions, we obtain the following form for the coefficients in
Eq. (4.43) (note that p5 = pi):

1 1
S39221(32) = P —i(péﬂ + pi_Q)Ag — 2k{ p3 k122 + 2p3 pim?|
2272 P
1 1
51443(14.) = o F2 12 —i(pIQ +p1~_2)AZ — 21{?;_]?1_]{?224 + 2pj{pi"m2 y
2p4 P
Vi901(32) = 92,2 ka;AZQ,
P2 P (4 44)
V1];143(14) = —%k;pIAi, ‘
2p4 “pq
2pF — ki
T3921(32) = %eupa[zkﬁ%%ﬁ
2p2 P
T1443(14) = —%emwkgnﬂlﬁ-
2p; “py
And finally, the products are given by
1
53221(32)S1443(14) = —5—5—3
dp{2pdPplt
71 +2 +2A2—2k++kZ 2++ 2
X 2(172 +p17)A3 1 Do K142 + 2py pym
1
X {—Q(pi2 + i A A2 = 2kF pi ke Zy + 2pfpim?|
27474, + +
- ; m°ky ki pip
Vi1 (32) Viyy3(14) gij = T2 A Aoy,
Dy P2 Py (4.45)
(2p3 — k) (2p1 +k3)
T3921(32)T1443(14) = —
4p12p;2pf4

x [A2A4 (kd ki ZoZs+ plpfhoks — K pf ki Za — ki pfhaZs)
+ k3 p3 k1A DN Zy + K pl koo Zo Ay

— k‘;]{?f—AQZ4Z2A4 — pi_p;k‘lAzlk‘gAg .
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4.3 Evaluation of the traces for the direct-direct terms

4.3.2 Trace for the ‘indd’ term

The quantity 799 is given by [again, we employ the relabeling (4.31)]

K35\(3)

Ti5s(321) = —Tr {m+
2p3

:02K51(2)(7ﬁ1 =+ m)Kfél(l)} Gsev G p

(4.46)

where K75\(3) is given by Eq. (1.89), and K%;(2) and K%,(1) by Eq. (4.36). One obtains

that

in 1 )\ 1 S k
7232d1d(321) = —2PIP;T1"{ [Sz/\ - VQJ (3)%} {2[]51195(2)7]67 + ‘/21#%}
1 v It lv 4 i
X §U141t(1)7W + Vig [54 +Vy (3)%} o Iru

(we employed the fact, that p; = pi).
With the use of the identities in Appendix B.2, we obtain for the trace:

in 1 j %
723519(321) = —2PIP§LTT{ [5212 - ‘/321(32)%'] {5414 + V441(31)%} }

—~2p{pf | S212S414 — Vi (32)Vi (31)g35] .

where . . . .
Spp = 0L Z K1) g ey FHy)
212 — T ) 414 — + + )
Py Py Py P
, 1 . . A
Vio1(32) = S —i(p;r + )AL + k7 —p;ki] ,
P2 Pq
4 1 . . 4
Vin(l) = ———= —5(291 +pN)A) + k3 Z] — pi ks
Py P

And the result is given by

. 9 1
T 021) = =25 o — K101 +4)+ 05 )0+
Y4\
1 1
- 5’?3(1?3 + 1) A2 Zy — 5’6‘?(191 + p1 ) Z2 Ay
1 1
+ 5191(1?? + p k2l + §pz+(p2f + pi k1A

+ k;_ki‘rZQZzl — k;p;quz; — kTpIkQZQ —i—pi_p;kgkl] .

4.3.3 Trace for the ‘nidd’ term

The quantity 7 ™99 is given by

. ~ KM (1
Tt aon) = <1 i m + o B g,
1
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4 Electron-positron annihilation into two photons

The result is the same as for the ‘indd’ term, but with the replacements A} — —Af,
Al — =AY

2 1
Tisi(431) = = m?(pf = kD)l + k) + (03 +p1) (0] +p]) 20
1

1 1
+ 5]{:;(]9; +pf)A2Z4 + §kf(pjf +pT)ZzA4

1 1
- 5191(1?? + p k2 Ay — §pz+(p2f +p k1A

+ k;kf_ZZZzl — k;p;]ﬁZzl - kTpIkQZQ +pzp;k2k1] . (4.52)

4.3.4 Trace for the ‘iidd’ term
The quantity 7 144 is given by

K5'(3) Ki(1)
Tudd = _T 42 24 ) 4.53
4321 (31) = 'y P4 2p§f P2 2pf GrevIp ( )
The evaluation of the trace is straightforward and leads to
i 2pi vy
7:1351{1( ) - - p4+22 . (454)
1

4.4 Rearrangement of the traces

In principle, Eqgs. (4.43), (4.45), (4.50), (4.52), and (4.54) are the final result of the
trace evaluation for the direct-direct terms. They are written in a compact and manifestly
Lorentz-invariant form, which is suitable for the use also in the instant-form formulation
(one needs to take into account the fact, that p™ = kop/m). It is convenient, however, to
rewrite the result. As one can notice, the traces are infrared divergent in the intermediate
momentum p; [e.g., it is obvious for (4.54)], and therefore require a regularization. Instead
of regularizing the traces, we will use momentum relations (see Section 1.9) in order to
rearrange the traces in such a way that the infrared divergences cancel each other. Another
aim is to exclude the dependence of the preexponential factor on the transverse momentum
component ki, such that the integration in this component [see Eq. (4.11)] can be done
straightforwardly. As we will see, both goals can be achieved at the same time.

The following energy-momentum conservation relations are valid for the ‘nndd’ term
[wee are still working with the relabeled momenta, see Eq. (4.31)]

my(4) + Ky — wh(4) ~
( )+ku_772(3>
)~

4.55
() — k] )
m (1) — Ky — i (1) ~
For the other terms the conservation relations are obtained from Eq. (4.55), with 2} = z3

(for the ‘indd’ term), or x3 = x{ (for the ‘nidd’ term), or both zj = 23 and x5 = z7

(for the ‘iidd’ term).
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4.4  Rearrangement of the traces

4.4.1 The ‘nndd’ term

We use the relations (1.122) in order to extract terms proportional to (p3 — m?) and
(p? — m?) and later include them into the corresponding instantaneous terms. For the
S3991(32)S1443(14) product we use the relations

1 1 1 1
k1Zy ~ —1(19% —m?) — —(pf —m?), keZy~ Z(Pg —m?) + =(pt —m?). (4.56)

Then we obtain:

53221 (32)S1443(14)
1 1
m —5(15’2 + pTQ)Ag + 2p;pfm2 {_2(172_2 + piFQ)AzZL + 2p2’pfm2
4 Do
p3 —m?) + (pf —m? 1 4.57
+(3 +)2 +§ 14 ) kKipg |—5 01" +p%) AL+ 2ppfm® — kS pl ke Z4 (4.57)
8ps “ps “Pq 2

— ki
2104 B

1
_*(P;2+p1 )A3 +2p2p1m — kips klzz} }

For the ‘nndd’ term we consider only the first line of the righthand side of Eq. (4.57).
Note that the term is the product of two expressions with each of them being in fact the
same, as for electron-positron annihilation into one photon [see Eq. (2.53)].

As the next step, we notice that the final expression for the ‘nndd’ term does not
depend on the ‘~" momentum components (they cancel each other). Therefore, we replace
all the scalar four-products with the scalar products in the transverse space: ab — —atb™".

In order to simplify the result even further, we use the canonical light-cone Lorentz
basis with ¢* = p} + pb [see Eq. (4.27)], which implies that pj + py = ky + ki =
We use Eq. (4.56) in order to eliminate the dependence on ki2. It can be shown that

- 1 2 12 19
Then one obtains:

b= 1 (5B (8- ) + ()] - Bkt i+ Hot 2

_ k;2 (m2+ZJ_2+1AJ_2> . kiFQ <m2+ZJ_2+1AJ_2)
2]32—2 4 4 4 2p;_2 2 4 2 .

(4.59)

In order to eliminate the terms, depending on kf‘ in the first power, we employ the
following relations:

1 _ 1
kaAy ~ k1Ag ~ 5(2?% —m?) — =(p5 —m?), A, = EZ‘#AL (4.60)
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4 Electron-positron annihilation into two photons

Then we obtain (the contributions to the instantaneous terms are excluded):

1 1
S3221(32)S1443(14) = — 557 5(10;2 +p1) Ay + 2p5 pfm®
4pi P2 P

1
x {2(101 2+ piP) Ay +2pf pfﬂ*] :
2ttt
; - m°ky kI Dips 1AL
V301 (32) V{143 (14) g5 = 1 A Ay AT,
2

(2py —kD)Cpf +k3) [ 1 al
T3901(32)T443(14) = — Ay Ay
dp{2p3iplt (4.61)
+2+ +2+
1 k 1
ki 2t + S0 (w27 far) < B (i 2y 4A2“>]
Py
k k+2
2 p2 ZiATAyZE - LA Zi AL ZE A
p4 p2

—kSkT AL ZTZy A — kjku%A%ZiAi}.

The contributions, which are to be included into the corresponding instantaneous
terms:

AT = ATgo + ATpry 4+ ATpre, ATV = ATge — ATpry + ATrre,  (4.62)

where
2 | kf ki
oo =~ KL (o2 p?) ap - B (4 p1)
o 4 4psy
1
+ kl pl m — k;_pl m — *kQ k+kQZ4 + 2k;kfk1Z2],
2
ATrry = —@(210; — k) (2p5 + k)

" (4.63)

X 1k:llAj — lka; — ﬁszj — EZ;A;
4 4 dpf dp3
ki ki
ZoAsZE - L ZEAL,

22?4 2py

ki Ok
i ( — ) AzlAj].

p4 PQ

Note that AT and AT differ by the change A — —Aj7, Ay — —Ajy, which, in
essense, is the same change that we need to make in order to convert 749 into 7™idd,
and vice versa.

2
ATrrp = —F(%E —kD)2pf +k3)| —
1
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4.4  Rearrangement of the traces

4.4.2 The ‘indd’ term

As with the ‘nndd’ term, we notice, that the result (4.50) does not depend on the ‘-’
momentum components. Therefore, we can replace all the four-scalar products with the
corresponding scalar products over the transverse components.

The obtained expression should be combined with the contributions (4.63) from the
‘nndd’ term [see Eqgs. (4.62) and (4.63)]. We use the momentum relations (1.122), which
imply that

1 ki
koZy = 5(19% —m?) — 271Z2LA2 leAQLa
) 5 (4.64)
kiZs = —2(p2 —m?) + 22 ZLaLl ¢ LplaL
142 2(171 m)+2p14 4+21 1
On the other hand, the products k9 Z4 and k1 Zs can be written as
kLQ
ko Zy = p4k k27 + kiZE
2
pjku . (4.65)
k1Zy = k+ l~::+Z2 —kiZy,

which allows us to eliminate the terms, quadratic in sz

Comblmng the terms T 254(321) and A7 one obtains (note, that all the terms,
linear in ki, cancel each other):

o 1
713511(1(321) +2+{ {2}04 Py (P ( kﬂfﬂ k:;erf - k:prj[ﬂ m?
P1 P P
2
kipy Zy + kifpi Z; + p1 T3 +pi)A7 + p1 Tof +p)AT
) , (4.66)
SH 7+ p1)AT = 36 (0 + 1A
+ 4291 p4 P2 (AiQ + A2L2> } + (P% - m2)ATﬁdda
where
" 1
AT = — (k3 k™ — k3 ps + ki pf) (4.67)

Y4

is a contribution to the ‘iidd’ term.
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4 Electron-positron annihilation into two photons

4.4.3 The ‘nidd’ term

We can use the results, obtained for the ‘indd’ term. One finds that

; 1
Tisi(431) = ——5—— { 2pLp5 (0} = K ki) — k22 — K 2p L2 m?
P1 Py P
2
— |\k3psZy +kipfZ

1 1 1 1
- 5101+(102+ +p)Ay — §pf(pi + i) A

(4.68)

1 1 2
SHT 7+ p1)AT = 36 (6 + 1A

+4p?plps (AiQ + A2L2> } + (pf —m?) AT,
where 7194 is given by Eq. (4.67).

4.4.4 The ‘iidd’ term

Upon adding the contributions from the ‘nidd” and ‘indd’ terms [see Eq. (4.67)] to the
expression (4.54), we come to a very simple result:

Tdd(31) 4 2A7Hdd — 9, (4.69)

4.4.5 The final result for the traces

Let us restore the initial labeling of the momenta and collect together all the expres-
sions, that we have obtained. We have:

2m
7—nndd — 7—nndd (470)
Do D pg
~ 1
7—11ndd = — 2( + p+2)AJ_2 + 2pii-pé|—m2 2( _|_p+2)AJ_2 2p;-p§-m2
mb ms 1==

o \ptetzlgl. k3 pi m? + 212 4 A ko 2+ZL2+}AL2
2 B1 41 4 T + m 1 1
2p, 2p 4

k+2 k‘+2
n p1 ZL2AL ALZLQ + pz ZLALZLAL2
pg pl
— ki kAT ZE,Z1 AL, k;kufAszQALQ}; (4.71)
pindd _, "M’ inaa (4.72)
pspips? '
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4.5 Evaluation of the integrals for the direct-direct terms

. 1
T dd = mﬁ{ [ 2]92 P \P ( k+k+) kSFQPTQ - k1+2p2+2} m®

1 1
— k3P 21 — kaJZfer*psT(prrp?T)Af b5 (P —203)AL

1
PhI (05 =A%+ k2 (Wi + 3 Hat| - 1p°pipt (A5 + A7) }% (4.73)
idd _, dd ~ad Aindd |
T p2 pl p3 7—111 gad — gin |A1i—>—A1L,Af2—>_A£27 (474)
T o 2 (4.75)

Here, p3 is defined by Eq. (4.24).
The check of the finiteness of the obtained expressions will be done in Section 4.7, after
the evaluation of the integrals.
4.5 Evaluation of the integrals for the direct-direct terms
4.5.1 Integrals for the ‘nndd’ term

For the propagator denominators in Eq. (4.16) we use the proper-time representation:

1

o
I ! —i / dt e~ PE-m* =it (4 76)
p3 —m? + e

oy =
pg—mQ—ze

o0
. i(p2—m?4ie)s
= —z/ds e'Pi )3,

We do not write the terms with ie in the following, but keep them in mind.
With the help of the representation (4.76) we evaluate the integrals in p; and p; [see
Egs. (4.16) and (4.17)]:

dp4 dp3

LTS olapits - (af — )] ol2pft + (o — o), (477)

In place of s and ¢ in Eq. (4.76) we introduce variables 7 and v:

o) 1 0o

—t

T=st+t, v= o /dsdt%/dv/drz. (4.78)
s+t J 2

In terms of the new variables the delta functions in Eq. (4.77) can be written as
0[2pfs — (f —a)0[2pgt + (23 — )] = 6(0" —p{7)6(65 + 6] +2pfvr).  (4.79)
Due to the change (4.5) we obtain the following integrals in the light-cone time variables:
/dxjdx?dx;de — /dx+d5+d5fd5§“. (4.80)
We use the delta functions in Eq. (4.79) to do the integrals in 6+ and 45, so

§T=p3r, 6f =2pivr — 6. (4.81)
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4 Electron-positron annihilation into two photons

After all the steps the phase (4.17) is given by [see also Eq. (4.29)]

12
(pdd(4321) _>(pdd k <p2 54— pl 5+> kl pl (5++5+)
Py

k2 k+
ky Kk
+ M ( 255 + 15;) %, (4.82)
2p3 p2 by
In place of 6 we define variable p as
2,4 ot +
MNP s+ TP + 3k
p= 9y + /d5 /dp, (4.83)
k3 p3 :Jir 2(py +pf )
such that s o
psk p3k
6 = B L (1+u)p, 6 = 22(1—u)p, 4.84
1 2m2p1+( u)p, 03 2m2p;( u)p (4.84)

where the parameter u is given by

2 k k-i- k-i- k+
SR
14 p2 P D2 V251

The dependence on p is only via 5f and 5; , and the dependence on v is only via wu.
We notice that, upon changing the sign of p and the simultaneous change v — —wv, the
parameter u does not change, but both 6f' and (55r change their signs. It can be also seen
that the phase in Eq. (4.82) is odd with respect to the simultaneous swap of the signs of
87 and 05 . As for the preexponential factor in Eqs. (4.70) and (4.71), it is even in p.
Then the integral in p can be written as

/dp — 2Re/dp, (4.86)
0

with Re denoting the real part of the expression to the right.

We rescale 7: )

LCSUNINSS (4.87)
p
so that u does not depend on p [see Eq. (4.85)]:
ky ki kY ki
4ot + ( + )] / (i — i) : (4.88)
p2 p1 Po Py

Then the reduced matrix element modulus squared for the ‘nndd’ term [see Eq. (4.16)]
is given by

1 ek kT
1 > MM = = Re/dx /dv/dp/dTTp

6
polarization m p2 + pl

X exp (z'cpdd) 7omdd (4 89)
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4.5 Evaluation of the integrals for the direct-direct terms

where

p(1+13 4 13)

dd _ P 12 1pl
P _2—m2(kl +2kTR) + 1

k2 k2
2 o 1-u)+ 2L 01+ u)]
p3> P

) k+2 k+2
+ 5 b | 251 —u)ly + =5 (14 u)h;

2 i Do Py
+2

P .o | k32 k
+ Z Zfz [ 2+*2 (1 - U)JQZ‘ + %(1 + U)Jh] s (4.90)
i Do Y4
with
Po P

i 1 ks 2
R' = 2mtur — §mfi —+(1 —u)ly; + —+(1 +u)lq;| . (4.91)

4.5.2 Integrals for the ‘indd’ and ‘nidd’ term

Among the variables (4.5), we choose T, 6%, and 5f as the independent ones, then
/dxé"dx;dxf — /dx+d5+d5f, (4.92)

and
55 =201 — 4. (4.93)

For the propagator in Eq. (4.21) we use the proper-time representation as in Eq. (4.76),
therefore:

dpy e i—eh) T i(py 2 +mP+ie) § (ot _ ot +
o p2—m2—ie:Z dte''Ps d(xy — ] +2pgt)
3
0

[e.e]
: 1
— / dt o/ WSO 5 (5t i), (4.94)
0

Again, we suppress the terms with e in the following.
After the evaluation of the integral in 5 with the use of the delta function in Eq. (4.94),
we come to the following relations

ot =pit, 6F =2pit—o7, 4.95
3 2 3 1

which are similar to the ones in Eq. (4.81), apart from the absense of the parameter v.
The parameter p is introduced according to Eq. (4.83), and the parameter 7 is defined
as [compare with Eq. (4.87)]
m2t
T=—. (4.96)
ol

We split the integral in p into two:

00 0
/dp = /dp+ / dp, (4.97)
0 —00

and make the change p — —p in the second integral. It turns out that after this the phase
in the first integral is the same as for the ‘nndd’ term, but with v = —1, and the phase in
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4 Electron-positron annihilation into two photons

the second integral is also the same as for the ‘nndd’ term, but with v = 1, and an overall
minus sign. We denote them as ®4 and —®$, respectively.
Finally, we obtain for the ‘indd’ term:

1 : kS kT
1 Z Midpmd — Zf /dx /dp/drp
polarization 2m p + pl
X [exp (z@iﬁ) ded‘p + exp (—iCI)(lid> ded|_p} , (4.98)
where 7144 ip the first term is evaluated at p and in the second term at —p.

For the ‘nidd’ term [see Eq. (4.22)] the steps are analogous, and they lead to the
following result:

1 Z MPppid — ieky ki /dac /dp/drp
4 polarization 2m4 p + pl

X [exp (i@?d) ’ded‘p + exp (—z@i‘%) Tnidd|_p} . (4.99)

4.5.3 Integrals for the ‘iidd’ term

The ‘iidd’ term [see Eq. (4.23)] contains only two integrals over the light-cone time.
We employ the change given by Eq. (4.5), which in this case is reduced to

o7 = (zf +27)/2, 6T =af —a]. (4.100)
Then the ‘iidd’ term is written as
1 L . 3
1 S MM = et / dztdst exp [z'q)“dﬂ T lidd, (4.101)
polarization
where
(I)iidd — le2(p§r +p;r)5+ _ m?(pér +p;r)5+ + (I)iidd (4102)
2k;kf 2p§p{r F
with
ii m2(p+ + p+)
piidd — _#(ﬁ 3 {(ti FEL)E+ (T — If)} , (4.103)
2 D1 i
1 1 1 1
I = / dA v (mx+ - 2m6+)\>, J; = / dA Y7 (mar:+ + 2m6+A) : (4.104)
—1 -1

4.6 Direct-direct contribution to the cross section

Each of the four direct-direct terms contributes to the cross section (4.11). We combine
the contributions from the ‘nidd’ and ‘indd’ terms together, such that the total direct-
direct contribution to the cross section is written as the sum of three terms:

O_(()id( +) — U(r)lndd(x+) _’_0_([)in]dd(x+) +U%)idd(aj+), (4.105)

where agn}dd(ﬁ) = oidd(g) 4 gpidd(gH).
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4.6 Direct-direct contribution to the cross section

4.6.1 The ‘nndd’ term

The intergrals in ki [see Eqs. (4.10) and (4.90)] are the Fresnel integrals and are
evaluated analytically:

m

2 12
=" exp l—z";i2 ] . (4.106)

d®ky- . p 12 1lpl
/ (27‘(‘)2 exp |:Z2Tn2(k31 + 2k1 R )
where R* is given by Eq. (4.91).

Rearranging the terms, we obtain the following expression for the phase (4.90) after
the integration:

2mp

ky? k2
pdd _ P [2(1+u)+1(1_u)

4 |ps? i’
ki ket 2
2 (i + &ilai) — == (i + fz‘fu)]
Ps Py

—l—n;p(l—UQ)Z[

m k+2 k+2
+ Tp 3¢ lpig(l t+u) (Jos — 13;) + plﬁu —u) (i Ifi)] : (4.107)
i 2 1

And the contribution to the cross section is given by

viert 2,6
nndd /, .+ + Tem
05" “(z7) =Im / dk (— )
" S\ AIdpl e (ns + i)
1 oo 0o
X /dv dp/dT Tpexp {i@dd] 7 nndd (4.108)
-1 0 0

where Im denotes the imaginary part and 7 ™94 is given by Eq. (4.71).

4.6.2 The ‘indd’ and ‘nidd’ terms

As can be seen from Egs. (4.98) and (4.99), we need to sum four terms. We notice
that upon changing p — —p the quantities Z{' and Z*, do not change, but A} and A*,
change their sign, therefore:

Tindd|_ :Tnidd|7 Tnidd|_ :Tindd" (4.109>
p p P P

The integration in k'f‘ is performed in the same way as for the ‘nndd’ term [see
Eq. (4.106)], and we obtain:

py+p7

2 6 [e.e] o0
[in]dd, + + et
g, (") =Re / dky (— )/dp/dr
/ Alpspip*(vf +v0)) ) )

X [eXp (z@i‘%) %indd|p + exp (iCI)(lid> 7~'nidd|p} , (4.110)

where 7244 and 7044 are given by Eqs. (4.73) and (4.74), respectively.

93



4 Electron-positron annihilation into two photons

4.6.3 The ‘idd’

For the ‘iidd’ term, the integral in kf can be exchanged with the integral in p, after
we shift the integration in p off the real axis [Dinu, 2013], then one obtains the following
result:

i
pg +p1 OOd
Uioidd($+) — / dki‘r /l sin cI)iidd — sin q)%)idd) + 7|, (4111)
2[ p2 +p1 P
0 0
where
U = o4+ pN (4 + &) +PZ'51 i 1), (4.112)
i
i = p+ p N [t + &i(8)]* (4.113)
i

4.7 Discussion of the result

The steps, that we have performed in order to obtain the cross section, are inspired
by the analogous calculations for electron-positron annihilation into one photon and the
polarization operator in a plane-wave field, that we have done in Chapters 2 and 3. The
result, of course, bears some similarities with the ones, obtained before [compare, e.g., the
phases (2.59), (4.107), and (4.112)], though is more complicated.

Let us check that the result is finite as [p3| — 0. For the 11dd’ contribution this
statement is obvious since the contribution does not depend on pj [see Eqgs. (4.111),
(4.112), and (4.113)].

Let us consider the other contributions. From Eq. (4.24) it follows that k" — p{ and
ky — pg as [pJ| — 0, therefore, 55 — —d] [see Eq. (4.84)]. Also note that 6T — 0 as
Ip3| — 0 [see Egs. (4.81) and (4.95)}. It is easy to find the asymptotics in the case of
vanishing p and 7. One obtains that

Zix 7, ~pl —edl(g), AlxA',~0, (4.114)
where ¢ = ma™ [see Eq. (4.5)].
Then, to leading order in pj, we obtain for the ‘nndd’ term [see Eq. (4.71)]:
N Aptptpt2
Jondd  ZP2PiPs (4.115)
m
For the ‘indd’ term, the leading order is given by [see Eq. (4.73)]

)2 +2

Findd o, 2sPiPs”  (P3 +pi

— — (m? + Z{?), (4.116)

and the same expression is obtained for the ‘nidd’ term. Note that the asymptotics are
the same for the vacuum case, with the replacement Zi — p"l. In the case of general p
and 7, the expressions are less trivial, but the scaling p3 2 for the leading terms does
not change. Also note that the phases remain finite as |p3 | — 0. Therefore, we conclude,
that the direct-direct contribution to the cross section is finite in the limit [p3 | — 0.
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4.7 Discussion of the result

Another question is the finiteness of the result with respect to the integration in 7
and p. The integrals in 7 and p are related to the initial integrals in the light-cone
time variables (4.5) [see Eqgs. (4.83), (4.81), and (4.95)], therefore, we require that they
converge in a sufficiently small region, such that we can neglect the change of the wave-
packet distribution densities. As might be expected, this is not satisfied, in particular
with respect to the integral in 7, even in the constant-crossed field limit. The integral in
7 does not converge for the ‘nndd’ term [see Eq. (4.108)] as v — 0.

One of the solutions to this problem is the use of the full expression (4.4). Another
solution is to single out the two-step contribution, i.e., the part which corresponds to the
combination of the two diagrams (nonlinear Compton scattering and annihilation into
one photon), summed over the states of the intermediate fermion. A naive assumption,
which needs to be verified, is that the ‘nndd’ term is in fact the two-step contribution.
An investigation of a proper way of excluding the two-step contribution is a subject for a
future work.
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Summary and outlook

The front-form formulation of quantum field theory has several advantages with respect
to the instant-form one, and it allows to tackle some problems which seem to be very
complicated in the instant-form approach. For QED in an intense plane-wave background,
the front-form approach appears to be the most natural way of formulating the theory.

With the lightfront formulation, the coordinate system accounts for the conservation
laws in a plane-wave field. Moreover, the lightfront treatment of the bispinor part allows
for a significant simplification of the structure of the interaction vertices. In fact, we
have seen that the theory becomes somewhat similar to vacuum QED, the change is
the replacement of vacuum four-momenta with their dressed counterparts. Results for
probabilities of scattering processes can be conveniently expressed via scalar products of
photon and dressed fermion momenta, analogous to the Mandelstam variables in vacuum
QED. The developed techniques allow to see QED in a plane-wave field from a different
perspective, and could be very useful for studing higher-order processes.

Vacuum polarization effects have been a subject of many theoretical and experimental
endeavors. With upcoming laser technologies, it seems possible to finally detect vacuum
birefringence and also, though with greater challenges, study vacuum dichroism. We have
discussed the physical background and evaluated the main stages of a high-energy vacuum
birefringence/dichroism experiment, based on Compton scattering for the generation of
probe gamma photons and pair production in a screened Coulomb field for the detection
of the probe photon polarization change after the propagation through an intense laser
pulse. Our estimations have shown that for high-power laser systems, the verification of
the QED prediction at the 5o significance level is possible on a timescale of a few days. As
we have seen, an improvement of about two orders of magnitude for the required statistics
in the vacuum birefringence experiment is achieved, if circularly polarized gamma photons
are used to probe the vacuum. Two variations of the setup have been considered, one em-
ploys two high-power lasers and relies on laser-wakefield acceleration for the production
of a high-energy electron beam, the other employs a conventional electron accelerator and
a high-power laser. We have assessed different sets of the parameters and both afore-
mentioned options turn out to be viable for the vacuum birefringence experiment. Of
course, a more detailed numerical evaluation, taking into account effects like focusing of
the high-power laser pulse and possible noise, would be necessary if a high-energy vacuum
birefringence/dichroism experiment were to be performed. Such experiment would allow
to test QED in the nonperturbative regime and possibly improve our understanding of the
foundations of the model, that we use for the electromagnetic interaction.

Two-particle scattering processes inside a laser field are qualitatively different from
the ones in vacuum. First of all, the former are in fact three-body collision processes,
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in comparison with the latter being two body ones. In the lightfront formulation, the
field tensor for a laser field, approximated as a plane wave, is a function only of the time
variable. Therefore, a relative advance or delayed arrival of the laser pulse at the two-
particle collision point can be included simply as the corresponding shift in the argument.
A more complex feature of collisions inside a laser field is the fact that particles become
unstable. Photons decay via nonlinear Breit-Wheeler process and electrons “decay” via
nonlinear Compton scattering. If the laser pulse is sufficiently long, then in general, a
possible decay should be taken into account, also for the intermediate particles. One more
peculiarity is the fact that an intermediate particle in, e.g., a tree-level process can become
real. Therefore, a tree-level matrix element in a laser field includes two contributions: a
two-step process with the intermediate particle being real and a one-step process with
the intermediate particle being virtual. The former contribution, in principle, should be
possible to reconstruct as the sum of the corresponding lower-order diagrams, the latter
needs to be evaluated directly.

Finally, as we have seen, in general, the evolution of colliding wave packets can not
be factorized out in expressions for probabilities, in contrast to the vacuum case. This
feature is related to the conservation of only three asymptotic momentum components in a
plane-wave field and seems to be the most troublesome one, since it forbids the definition
of a cross section in a way, analogous to the one for quantum field theory in vacuum.
For first-order processes, however, we have managed to construct a cross section for the
case of the highly nonlinear regime (£ > 1). For second-order processes, the idea, which
is expected to be checked in a subsequent work, is that a cross section is also possible
to define for one-step contributions in highly nonlinear regime, but one needs to exclude
explicitly the two-step contribution for a considered process. It is important to note that
in the present work the cross section has been introduced in a physically transparent way,
it reduces to the usual vacuum one in the absence of the field, and therefore, the definition
allows for a consistent separation of the vacuum and external-field parts. Moreover, the
defined cross section for one-step processes is, in principle, suitable for the inclusion into
laser-plasma interaction simulation tools, e.g., particle-in-cell routines. Hopefully, in the
future, the current work will be finished to produce a complete picture of two-particle
scattering in a laser field.

We have considered two examples of scattering in a plane-wave field: electron-positron
annihilation into one and two photons, respectively. For the annihilation into one photon,
the final photon four-momentum is completely defined by the initial electron and positron
four-momenta. Consequently, a nonnegligible probability is obtained for a very limited set
of the initial four-momenta. This fact renders the annihilation into one photon insignificant
for laser-plasma interactions. For the annihilation into two photons, on the contrary, the
phase space of the final states is much larger and this process, despite being a second-order
one, may become sizable at a sufficiently high plasma density. In this work, an important
step of the analytical evalution of the direct-direct contribution to the annihilation into
two photons has been made. In the future, it is planned to complete the calculation and
to assess the significance of this process for laser-plasma interactions.
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Appendices

A Derivation of the lightfront Hamiltonian

Here we show some details of the derivation of the lightfront Hamiltonian, presented
in Section 1.4. We start with Eq. (1.52), which we reproduce here:

TT= =U[ytidy — (vid —m)|¥ — F170, A, + iﬁwﬁw — J(A, + A,). (A1)
Let us consider the gauge-field part first:
Ha = [ @atde (= 00, Ag + 3 FuE™)
= [@tar |- SO A — (@A) AN 1 LA - A (A2)
After writing A~ as A~ = A~ +a~, performing a couple of integration by parts and using

the constraint relation, one obtains:

He = %/anﬁde’ [(0- A7) + %(alAQ — O Ay)t—J" (ial_)fﬁ}' (A.3)
The fermionic part is given by
Hp = /d2x1‘dx*@[’y+i8+ — (7i0 — m)|¥
- / Aatde T — v~ i0 + [7* (i — eAy, — eAy) +m]} V. (A.4)

Again, with the use of some integration by parts and the constraint relation, it can be
shown that

/dledx_@[—vk(zﬁk — Ay — eAy) +m|} U = 2/d2dex_@'y—i8_\II, (A.5)
therefore
Hp = / A2ztda~ Uy i0_ 0
= / d*ztda™ (PyTi0_1p + Xy Ti0-x + ey PAy). (A.6)

Finally, after combining the gauge-field, fermionic and interacting parts together, we
obtain the final expression (1.53) for the lightfront Hamiltonian.
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B Contraction identities for the dressed vertices
B.1 Three-point dressed vertex contraction identities
General relations for all momenta being different are given by:
1. UU contraction:
Ui (27 Uy (175 0. = [SB()S51) — TH@)TH ()] 9
+[S3(2) 131 (1) + Ti5(2) 951 (1)] g7,

(B.1)

where
1
"2l pipipl
x [pipi ms(2)ma(1) + pf pi ma(2)mi (1)
— pi py m2(1)mi (1) — p3 pi 7a(2)73(2)

[935(2) 55, (1) = Ti5(2) T3, (1)] goap

+pipm? + ppim?, (B.2)
1
[SH@TE ) + TE@S5 (D] gw == 7€
43 21 43 21 »p QPngp;pf iJ
x [pipi m5(2)m(1) - pipsmi(2)m](1)

+ pi P mh(1)wl (1) + pEpi 74(2)m (2)].

2. V'V contraction:

2
m +

ViVl Ve = —————— (01 — p3) (3 — p7). (B.3)
2 " oty ot s

3. UV contraction:

1 . ) k
§U43z‘m(2)717m‘/21“7k9w

m
= ————— |(p§ — )P 75(2) — pipg (05 — p})| e (BA)
2pip§pz~+p1+[ 2o Lo }
4. VU contraction:
Vig IU“ 1)y y*
43 Vi 21ks( )’Y Y G
L — [(0f = PP mi (1) = pip} () — pB)| e (B5)
2p4 p3 s Py

Then:

1 . 1 N
§szsim(2)717m + Vi %} [QUglks(l)’Yk’Ys + Vol W | o

= Su321(21) + Vi1 (21)%; + Tuzar (21)7'~2,

(B.6)
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where

54321(21) = [543(2)5 1( ) - Tf’,@)T;l(l)] Goep, + V3 'YzVQIi#’Yk:g%u

1
= ———— [p{ P ma(2)ma(1) + i P ma(2)mi (1)
2p{ p3P3 D]

—PIP§W2(1)71(1) — p3 pi ma(2)ms3(2)
+ pipym? + pg pim? 4 pfpsm? + pgprm?

—pgpzm —p4p1 mﬂ,

. 1 . 1
Vizo1(21)yi = {QUfgm@)vaVzl“w + Vi¥ %§U£‘1ks(1)'ykvs Goep B.7)

L [F — PP @) + 0f - ppE A ()

" 2p{pipin]
— pipf (s — i) — 3w (W — 23)|
Tuzn (21)7'9* = [S5(2)T5 (1) + T15(2)551 (1)) gy
- —W (e m(T(1) + PP (2)mh(2)
+ Py P (2w (1) — pips wi(2)m] (1)] 412

B.2 Mixed three-point and seagull dressed vertex contraction
identities

General relations for all momenta being different are given by:

m
S35 (Dgae = —»
P3
S3 V21 Iy = S5 (1 )9 =0,

i 1 . ) )
QS = s {pi [pEml(0) +pim(1)] — 20 P T(2)}
VIAN2)Vat ga = (p —p)g’,

5 2L A 2292}71r ? ( )

iA 1 B.8
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Appendices

Then:
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