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We demonstrate that a recently proposed classical double copy procedure to construct the effective
action of two massive particles in dilaton-gravity from the analogous problem of two color charged
particles in Yang-Mills gauge theory fails at next-to-next-to-leading orders in the post-Minkowskian
(3PM) or post-Newtonian (2PN) expansions.

I. INTRODUCTION AND CONCLUSIONS

A spectacular success in fundamental physics has been
the detection of gravitational waves at the LIGO/Virgo
detectors since 2015 [1]. This detection and analysis
hinges crucially on waveform templates emerging from
high-precision theoretical predictions in general relativity
including higher order perturbative computations of the
two body effective potential in the post-Newtonian (PN),
i.e. weak gravitational field and slow motion, and post-
Minkowskian (PM), i.e. weak gravitational field, regimes.
These predictions build on established perturbative for-
malisms in general relativity [2–6] as well as on the ef-
fective field theory approach [7, 8] yielding a quantum
field theoretical diagrammatic expansion for the classi-
cal effective potential (for introductory reviews see [9–
11]). The present state of the art in the PN expansion
is the conservative effective potential at 4PN [12–18], at
5PN for the static part [19, 20] as well as 3PN [21] for
the gravitational radiation emitted from a quasi-circular
inspiral. In particular the effective-one-body waveform
model [22–25] relies on accurate theoretical predictions
for the potential of the binary.

In the past decade important progress in the study
of scattering amplitudes in gauge theories and grav-
ity occurred based on innovative perturbative on-shell
techniques and discovered mathematical structures that
greatly increased the ability to compute gravitational
scattering amplitudes at high perturbative orders. In
particular the efficient double copy construction based on
the Bern-Carrasco-Johansson (BCJ) color-kinematical
duality [26–28] yields the integrands of gravitational scat-
tering amplitudes from the simpler quantities in Yang-
Mills theories, allowing for high order results in (su-
per)gravity (see e.g. the recent [29, 30]). In view of these
innovations it is natural to ask to what extent these mod-
ern scattering amplitude techniques may be put to work
to the classical scattering problem in general relativity
and in turn to the perturbative construction of effective
potentials discussed above.

The question how the classical two-body gravitational
potential may be extracted from the quantum scatter-
ing amplitude of (say) massive scalars has a long history
[31–33]. Recent works have updated these results by em-

ploying the above mentioned modern unitarity methods
for amplitudes [34–38], also including higher curvature
terms [39], leading to the 2PM [40, 41] and the first 3PM
[42] results for the effective gravitational potential very
recently. A 2PM Hamiltonian matched to the classical
scattering angle [6] was obtained in [43, 44].

In parallel there are indications for the existence of a
classical double copy of gauge theory to gravity beyond
the realm of scattering amplitudes. In a series of works
[45–50] a selection of gravitational solutions were shown
to be double copies of Yang-Mills ones. Relevant for the
problem of classical gravitational radiation has been the
approach of Goldberger and Ridgway [51] generating per-
turbative solutions to the equations of motion for a bi-
nary pair of spinless massive particles in dilaton-gravity
via the double copy of binary color-charged point par-
ticle solutions in Yang-Mills theory [52–55]. Here color-
kinematic replacement rules were employed and refined in
[56], thereby pushing this perturbative double copy tech-
nique to the next-to-next-to-leading order in the coupling
constant expansion. In these works a certain challenge
lies in the clean identification of the kinematic numer-
ators and propagators in order to perform the double
copy in analogy to the procedure known from scatter-
ing amplitudes, where a factorization into color factors,
kinematic numerators and propagators is manifest. This
approach was lifted from the level of equations of mo-
tion to the effective action by Wormsbecher and two of
the present authors [57] recently. Here an adapted ver-
sion of the double-copy construction was presented, that
enabled a direct computation of the classical effective ac-
tion for two massive particles in dilaton-gravity from the
corresponding quantity for color charged particles cou-
pled to the Yang-Mills gauge field. It was shown that
this modified prescription to compute the gauge depen-
dent and off-shell effective potential yields the known re-
sult in dilaton-gravity [58] at 2PM level (at the integrand
level) as well as 1PN (explicitly) in a much simpler fash-
ion than the traditional approaches in general relativity.
This proof of principle thus led us to the hope that it
could provide a highly efficient tool to perform higher
order perturbative computations within gravity in a sys-
tematic fashion. This motivated the present work to push
this expansion to the next order, i.e. 3PM (at the inte-
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grand level) respectively 2PN (exactly).
Unfortunately, we have to report that the effective ac-

tion generated by the proposed double-copy procedure of
[57] fails to agree with the desired dilaton-gravity result
at this next-to-next-to leading order. The dilaton-gravity
potential at 2PN we seeked to reproduce is available in
the literature [59] and we have also checked its static
contributions from a probe limit comparing to the Janis-
Newman-Winicour (JNW) naked singularity [60] as well
as through a direct Feynman diagramatic computation in
order to be certain of the discrepancy. It is important to
stress that this breakdown of the double-copy procedure
applies to a gauge variant and off-shell quantity - the ef-
fective action. This might be the root of the breakdown.
Similar problems should arise at higher orders for the
double copy construction of perturbative spacetimes go-
ing beyond the order considered in [47]. Note that there
as well a comparison to the JNW solution occurs, which
failed in our scenario. It is also conceivable that the dou-
ble copy for scattering amplitudes involving massive ex-
ternal particles breaks down at the considered order (the
leading order works fine [36]). If this is the case, then
problems would also appear for the classical double copy
at the next perturbative order for the emitted radiation
at the level of the equations of motion (i.e. the order be-
yond [56] which is equivalent to the the effective action
at NLO [57] plus an emitted gluon/graviton accounting
for an additional factor of the coupling constant). These
interesting questions are left for future work.

II. THE CLASSICAL DOUBLE COPY FOR THE
EFFECTIVE POTENTIAL AT LEADING

ORDERS IN PM

The double-copy of pure Yang-Mills theory is the mass-
less sector of bosonic string theory defined by the action

Sdg = − 2

κ2

∫
d4x
√
−g [R− 2∂µφ∂

µφ] , (1)

where κ = m−1
Pl =

√
32πG is the gravitational coupling

(with Newton’s constant G and Planck mass mPl), φ is a
real scalar field known as the dilaton. The theory in ques-
tion also contains an axion field which will be, however,
irrelevant for our considerations. The worldline action
of a point mass m moving along its worldline trajectory
xµ(τ) reads in the first order formalism (we employ the
conventions of [57])

Spm = −
∫
dτ
(
pµẋ

µ − λ(τ)
[
e−2φgµνpµpν −m2

])
, (2)

where λ is a Lagrange multiplier. The effective poten-
tial for two point masses m and m̃ may be computed
in a weak field (or post Minkowskian) expansion by per-
turbing the metric around a flat Minkowski background
gµν(x) = ηµν + κhµν(x) and perturbatively integrating
out the graviton field hµν and the dilaton φ in the path

FIG. 1: Relevant graphs at NLO for the YM effective action.

integral. This yields the effective action Seff,dg

e
i
~Seff,dg = e

i
~Spm,freeMdg

= c ·
∫
DhDφ e i~ (Sdg+Sgf+Spm+S̃pm) , (3)

using a suitable gauge fixing term Sgf. Here the normal-
ization constant c is chosen such thatMdg = 1 for κ→ 0.
Spm,free is the sum of the worldline actions for masses m
and m̃ of (2) for gµν = ηµν and φ = 0. At leading order
in κ it is easy to see that Mdg takes the form

τ1 τ̃1 = − iκ
2

~

∫
dτ̂11̃ (p1 · p̃1)2D11̃ , (4)

with the 4d scalar propagator Dij := D(xi−xj), abrevi-
ating xi = x(τi) and with �D(x−y) = −δ(x−y). More-
over we denote dτ̂ := λ(τ)dτ , as well as dτ̂11̃ := dτ̂1dτ̂1̃.

The double copy counterpart to (2) in Yang-Mills the-
ory is a color charged point particle moving along its
worldline xµ(τ) with color charge ca(τ) = Ψ†(τ)T aΨ(τ)
where Ψ(τ) is a scalar worldline field. It couples to the
gauge field Aaµ(x) with strength g through the first order
action (for details see [57])

Spc = −
∫
dτ
(
pµẋ

µ − iψ†ψ̇

− λ
[
p2 + 2gpµA

µ
ac
a + g2Abµc

bAµac
a −m2

])
. (5)

Note that the gauge field couples at most quadratically
to the worldline, whereas the graviton has all order cou-
plings in (2). In complete analogy to the gravitational
case we define the effective potential for the color charge
Seff,YM by integrating out the gluon field in the path in-
tegral via

e
i
~Seff,YM = e

i
~Seff,freeMYM

= c′ ·
∫
DAe i~ (SYM+Sgf+Spc+S̃pc) . (6)

The leading order term in g for MYM takes the form

τ1 τ̃1 =
4ig2

~

∫
dτ̂11̃(c1 · c̃1) (p1 · p̃1) D11̃ . (7)

Comparing this with (3) the double-copy structure is ob-
vious: Replacing the color factor (c1 · c̃1) by the kinemat-
ical numerator (p1 · p̃1) in (7) along with the coupling
replacement 2g → iκ yields the leading order (LO) con-
tribution to the dilaton-gravity effective potential.
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In [57] it was shown that the double-copy prescrip-
tion extends to next-to-leading order (NLO), i.e (2g)4 →
(iκ)4. Here the relevant graph topologies on the Yang-
Mills side are collected in FIG. 1.

The double-copy procedure proposed in [57] amounts
to the following steps:

1. Transform the YM graphs to a trivalent structure:
For the double gluon couplings to the worldline this
amounts to the replacement

a µ
b ντ1 −→ δ(τ1 − τ2) ·

a µ
b ν

τ1

τ2

2ig2

~

∫
dτ̂1 c

a(τ1) cb(τ1) ηµν −→ (8)

2ig2

~

∫
dτ̂12

δ(τ1 − τ2)

λ(τ2)
ca(τ1) cb(τ2) ηµν .

In addition, one should seek a color-kinematic dual-
ity respecting representation of the bulk graphs dis-
solving the four-gluon vertex into three-gluon ones.
However, this only arises at the NNLO level and
will be discussed in the following.

2. Replace color factors by kinematics: Having es-
tablished the trivalent representation the resulting
form of MYM takes the general form

MNnLO
YM = (2g)2n

∑
I∈Γn

∫ ∏
iI

dτ̂iI

∫
d4lIx

CI NI
SI DI

,

where Γn represents the set of trivalent graphs at
the considered order in perturbation theory, CI the
occurring distinct color-factors, DI the associated
propagators and NI the numerators, while SI is
the symmetry factor of graph Γi. Importantly, we
keep the ~ dependence in all expressions, i.e. prop-
agators come with a factor of ~/i whereas vertices
carry a uniform factor of i/~. Once such a represen-
tation is established the double-copy is performed

by simply replacing CI → Ni, i.e.

MNnLO
dg = (iκ)2n

∑
I∈Γn

∫ ∏
iI

dτ̂iI

∫
d4lIx

NI NI
SI DI

,

which should be the exponentiated effective action
of dilaton-gravity.

3. Establish classical effective action: To find the clas-
sical effective potential one takes the logarithm of
Mdg and sends ~ to zero, i.e.

lim
~→0

~
i

ln

[ ∞∑
n=0

MNnLO
dg

]
= Seff,dg − Spm,free . (9)

In this classical limit ill defined terms arising from
squaring δ-functions in the NI (such as ~

i δ(0)) are
suppressed. It is expected that they cancel with
other quantum contributions.

4. Integrate or perform PN expansion: Finally, in or-
der to establish the post-Minkowskian (PM) poten-
tial one should perform the bulk and τi integrals.
For the post-Newtonian (PN) approximation one
first takes this limit and thereafter integrates.

The resulting effective action from (9) was shown to
agree with the result in the literature on scalar-tensor
theories [58] up to and including 1PN order. Moreover, it
was shown in [57] that the double-copy result also agrees
at the 2PM order at the level of integrands.

III. YANG-MILLS COMPUTATION AT NNLO

We now turn to the discussion of the NNLO compu-
tation via the double copy. To begin with consider the
group of the diagrams that, with the introduction of the
appropriate delta functions in the sense of (8), share the
color factor of the three ladder diagram, i.e. (c · c̃)3.

=
1

6

(
i

~

)3

(2g)6

∫
dτ̂1231̃2̃3̃(p1 · p̃1)(p2 · p̃2)(p3 · p̃3)(c1 · c̃1)(c2 · c̃2)(c3 · c̃3)D11̃D22̃D33̃ (10)

=
1

6

(
i

~

)3

(2g)6

∫
dτ̂1231̃2̃3̃

1

2

~
i

[δ(τ1 − τ2)

λ2
(p̃1 · p̃2)(p3 · p̃3) +

δ(τ2 − τ3)

λ3
(p̃2 · p̃3)(p1 · p̃1)

+
δ(τ3 − τ1)

λ1
(p̃1 · p̃3)(p2 · p̃2)

]
(c1 · c̃1)(c2 · c̃2)(c3 · c̃3)D11̃D22̃D33̃ (11)

=
1

6

(
i

~

)3

(2g)6

∫
dτ̂1231̃2̃3̃

1

6

(
~
i

)2 [δ(τ1 − τ2)

λ2
pµ3 + cyclic(1, 2, 3)

][δ(τ̃1 − τ̃2)

λ̃2

p̃ν3 + cyclic(1̃, 2̃, 3̃)
]
ηµν

× (c1 · c̃1)(c2 · c̃2)(c3 · c̃3)D11̃D22̃D33̃ (12)

Note that there is also a mirrored graph to (11) obtained by swapping tilded and non-tilded quantities. Also, we write
the integrands always in a completely symmetrized fashion with respect to permutations of the τi and τ̃i proper-time
variables. This prescription has an impact on the double copy and guarantees exponentiation as we shall see. The
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double copy of these diagrams will have a nontrivial contribution at 2PN.
The second group of diagrams shares one bulk vertex and has the common color factor (c · [c̃, c̃])(c · c̃) reading

=
1

2

(
i

~

)2

(2g)6

∫
dτ̂131̃2̃3̃

[
−1

2
V µνρ

11̃
p1µp̃1ν p̃2ρ

]
(p3 · p̃3)fabcc1ac̃1bc̃2c(c3 · c̃3)G11̃2̃D33̃ (13)

=
1

2

(
i

~

)2

(2g)6

∫
dτ̂131̃2̃3̃

~
i

[
−1

4

δ(τ̃2 − τ̃3)

λ̃3

V µνρ
11̃

p̃1ν + (1̃↔ 2̃)

]
p1µp3ρf

abcc1ac̃1bc̃2c(c3 · c̃3)G11̃2̃D33̃

(14)

=
1

2

(
i

~

)2

(2g)6

∫
dτ̂131̃2̃3̃

~
i

δ(τ1 − τ3)

λ3
fabcc1ac̃1bc̃2c(c3 · c̃3)

[
−1

4
V µνρ

11̃
p̃3µp̃1ν p̃2ρ

]
G11̃2̃D33̃ (15)

where V µνρ12 = ηµν (∂1 − ∂2)
ρ

+ηνρ (∂1 + 2∂2)
µ

+ηρµ (−2∂1 − ∂2)
ν

and G11̃2̃ =
∫
d4xD1xD1̃xD2̃x. It turns out that the

double-copy of these graphs is relevant to the 3PM, but does not contribute at the 2PN level. Here we only display
their 3PM integrals and suppressed the mirror diagrams obtained by swapping the tilded and untilded indices.

The third group of diagrams containing bulk vertices at order g2 being symmetric with respect to both worldlines
is characterized by the color structures [c, c]a [c̃, c̃]a and [c, c̃]a [c̃, c]a. One now has

=
1

4

i

~
(2g)6

∫
dτ̂121̃2̃ f

abef cdec1ac2bc̃1cc̃2d

[
1

4
V µνλ12 V ρσδ

1̃2̃
ηλδp1µp2ν p̃1ρp̃2σ

]
G12;1̃2̃ (16)

=
ξ

2

i

~
(2g)6

∫
dτ̂121̃2̃ f

acef bdec1ac2bc̃1cc̃2d

[
1

4
V µρλ

11̃
V νσδ

22̃
ηλδp1µp2ν p̃1ρp̃2σ

]
G11̃;22̃ (17)

=
1− ξ

2

i

~
(2g)6

∫
dτ̂121̃2̃ f

adef bcec1ac2bc̃1cc̃2d

[
1

4
V µσλ

12̃
V νρδ

21̃
ηλδp1µp2ν p̃1ρp̃2σ

]
G12̃;21̃ (18)

=
1

4

i

~
(2g)6

∫
dτ̂121̃2̃

1

4

[
fabef cdec1ac2bc̃1cc̃2d [(p1 · p̃1)(p2 · p̃2)− (p1 · p̃2)(p2 · p̃1)] (∂1 + ∂2)2G12;1̃2̃

+ 2ρfacef bdec1ac2bc̃1cc̃2d [(p1 · p2)(p̃1 · p̃2)− (p1 · p̃2)(p2 · p̃1)] (∂1 + ∂̃1)2G11̃;22̃

+ 2(1− ρ)fadef bcec1ac2bc̃1cc̃2d [(p1 · p2)(p̃1 · p̃2)− (p1 · p̃1)(p2 · p̃2)] (∂1 + ∂̃2)2G12̃;21̃

]
, (19)

where we have introduced the two-loop function G12;1̃2̃ =
∫
d4x d4yD1xD2xDxyD1̃yD2̃y. Note that the diagrams (17)

and (18) are numerically identical under a relabeling of the worldline variables τ̃i. However, they will lead to different
double copies. This ambiguity is captured by introducing the parameter ξ. The same applies to the last two lines of
(19), whose ambiguity we parametrize with ρ. Of course, the right choice should be dictated by requiring the color-
kinematic algebra, i.e. kinematical Jacobi identity, to hold for the numerators – thereby possibly adding vanishing
terms to these expressions, reflecting generalized gauge transformations [27]. We will postpone this analysis to the
post-Newtonian limit in the next section.

The final group of bulk diagrams is non-symmetric in the two worldlines and carries the color structures [c, c]a[c, c̃]a

and mirrors [c, c̃]a[c̃, c̃]a. They also contribute to 2PN and read

=
1

6

i

~
(2g)6

∫
dτ̂1231̃

1

4

[
α1f

abef cdec1ac2bc3cc̃1dV
µνλ
12 V ρσδ

31̃
ηλδp1µp2νp3ρp̃1σG12;31̃

+ α2f
acef bdec1ac2bc3cc̃1dV

µρλ
13 V νσδ

21̃
ηλδp1µp2νp3ρp̃1σG13;21̃

+ (3− α1 − α2)fadef bcec1ac2bc3cc̃1dV
µσλ

11̃
V νρδ23 ηλδp1µp2νp3ρp̃1σG11̃;23

]
(20)

=
1

6

i

~
(2g)6

∫
dτ̂1231̃

1

4

[
β1f

abef cdec1ac2bc3cc̃1d [(p1 · p3)(p2 · p̃1)− (p1 · p̃1)(p2 · p3)] (∂1 + ∂2)2G12;31̃

+ β2f
acef bdec1ac2bc3cc̃1d [(p1 · p2)(p3 · p̃1)− (p1 · p̃1)(p2 · p3)] (∂1 + ∂3)2G13;21̃

+ (3− β1 − β2)fadef bcec1ac2bc3cc̃1d [(p1 · p2)(p3 · p̃1)− (p1 · p3)(p2 · p̃1)] (∂1 + ∂̃1)2G11̃;32

]
. (21)

Again, we use α1, α2, β1, β2 to parametrize the ambiguity of relabeling the worldline variables τi. Naturally, there
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is also the set of mirrired graphs swapping tilded and
untilded quantities.

IV. DOUBLE COPY PRESCRIPTION AT NNLO

In order to clearly spell out the double copy prescrip-
tion for NNLO that we applied we do this in greater
detail for the first group of diagrams with color structure
(c · c̃)3 from (10)–(12). The sum of these graphs takes
the form

M(c·c̃)3
YM = (22)

1

6

(
i

~

)3

(2g)6

∫
dτ̂1231̃2̃3̃ N(c·c̃)3 C(c·c̃)3 D11̃D22̃D33̃

with the color factor C(c·c̃)3 = (c1 · c̃1)(c2 · c̃2)(c3 · c̃3) and
the kinematic numerator

N(c·c̃)3 = (p1 · p̃1)(p2 · p̃2)(p3 · p̃3) (23)

+
1

2

~
i

[δ(τ1 − τ2)

λ2
(p̃1 · p̃2)(p3 · p̃3) + cyclic(1, 2, 3)

+
δ(τ̃1 − τ̃2)

λ̃2

(p1 · p2)(p3 · p̃3) + cyclic(1̃, 2̃, 3̃)
]

+
3

2

(
~
i

)2
δ(τ1 − τ2)

λ2

δ(τ̃3 − τ̃2)

λ̃2

(p2 · p̃1) (24)

The double copy is then performed by replacing C(c·c̃)3 →
N(c·c̃)3 and 2g → iκ in (22) thereby constructing the pu-

tative dilaton-gravity contribution M(c·c̃)3
dg from Yang-

Mills theory. The obtained expressions indeed exponen-
tiate:

M(c·c̃)3
dg = exp

[ i
~

(iκ)2

2

∫
dτ̂12̃(p1 · p̃2)2D12̃ +

i

~
(iκ)4

2

∫
dτ̂12̃3̃(p1 · p̃2)(p1 · p̃3)(p̃2 · p̃3)D12̃D13̃

+
i

~
(iκ)6

2

∫
dτ̂121̃2̃

1

2
[(p1 · p̃1)(p2 · p̃2)(p1 · p̃2)(p2 · p̃1) + (p1 · p̃1)(p2 · p̃2)(p1 · p2)(p̃1 · p̃2)]D11̃D22̃D21̃

+
i

~
(iκ)6

∫
dτ̂11̃2̃3̃

1

4
(p1 · p̃1)(p1 · p̃3)(p̃1 · p̃3)(p̃2 · p̃3)D11̃D12̃D13̃ + (mirrored) +O(~0)

] ∣∣∣
κ6
.

(25)

Note that the first and third term in the above is mirror
symmetric, hence the factor of 1

2 . Importantly also the

suppressed quantum terms at O(~0) exponentiate, which
is only true if one symmetrizes all the τi integrands in the
YM-representation. They contain ill defined expressions
proportional to δ(0). We hence consistently recover the
exponentiated LO and NLO order results of [57] at this
order in κ6. The contributions at NNLO to the effective
action from this sector are thus given by the last two
lines in (25). Performing the double copy of the other
groups of graphs, i.e. the symmetric bulk graphs stem-
ming from eqs. (16)–(19) as well as the non-symmetric
bulk graphs arising from eqs. (20)–(21) proceeds along
the same lines. Under the double copy one then produces
the NNLO topologies displayed in FIG. 2. They indeed
match the topologies present in gravity at the 2PN or-
der, see e.g. [61]. The total effective action at 3PM order
produced via the double copy would follow by perform-
ing the worldline and bulk integrals. We shall, however,
proceed to work out the 2PN expansion whose integrals
are more straightforward to obtain.

Finally, we remark that the double copy prescrip-
tion that we applied here, notably the rewriting of the
worldline-bulk vertices in trivalent ones using δ-functions,
also follows from a systematic treatment employing the
bi-fundamental scalar field theory as the seed to define
the kinematic numerators and denominators. This route
was advocated in [56] for the analogous radiation prob-
lem at the level of the equations of motion. This fact

essentially hinges on the simple observation that the
worldline only interacts linearly with the bulk fields in
bi-fundamental scalar field theory also in the first-order
worldline formalism.

V. PN EXPANSION AND KINEMATICAL
JACOBI IDENTITY

Details of performing the post-Newtonian (PN) expan-
sion were discussed in [57]. The expansion combines a
weak-field and slow-motion approximation for bound bi-

FIG. 2: Topologies generated by the double copy at NNLO.
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naries. The virial theorem in this setup states

v2
r

c2
∼ κ2(m+ m̃)

c232πr
, (26)

where r = |x − x̃| is the distance and vr the relative
velocity of the two particles, with the speed of light c
restored. Just as in [57] the post-Newtonian expansion
parameter is c−1 and the 2PN order amounts to the order
c−6. We note the scaling properties

(pµ) = (E,−p) ∼ (O(c0),O(c−1)),

κ ∼ O(c−1) , λ ∼ O(c0), ∂t ∼ O(c−1) . (27)

The post-Newtonian expansion of the propagator be-
comes local in time and is expanded as

D(x) =

∫
d4k

(2π)4

e−ikµx
µ

kµkµ + iε
(28)

= −
∫

d3k

(2π)3

eik·x

k2

[
1− ∂2

t

k2 +
∂4
t

k4 + . . .

]
δ(t).

The diagrams with the color factor (c · c̃)3 have a con-
tribution to the double-copy effective action and are ex-
tracted from the last three terms in (25). We further

eliminate the Lagrange multipliers λi, λ̃i and worldline
energies Ei, Ẽi using their equations of motion. At 2PN,
we only need the leading-order terms, and we get

L
(c·c̃)3
eff =

32G3m2m̃2

r3
+

8G3m3m̃

r3
+

8G3mm̃3

r3
, (29)

where we have also replaced κ by
√

32πG.
Similarly, the symmetric bulk graphs from eqs. (16)–

(19) yield

(iκ)6

4

∫
dτ̂121̃2̃N

2
sG12;1̃2̃ +N2

t G11̃;22̃ +N2
uG12̃;21̃, (30)

where

Ns =
1

4
p1µp2ν p̃1ρp̃2σ

[
V µνλ12 V ρσδ

1̃2̃
ηλδ

+ (ηµρηνσ − ηµσηνρ) (∂1 + ∂2)
2
]
, (31)

Nt =
1

4
p1µp2ν p̃1ρp̃2σ

[
2ξV µρλ

11̃
V νσδ

22̃
ηλδ

+2ρ (ηµνηρσ − ηµσηνρ) (∂1 + ∂̃1)2
]
, (32)

Nu =
1

4
p1µp2ν p̃1ρp̃2σ

[
2(1− ξ)V µσλ

12̃
V νρδ

21̃
ηλδ

+2(1− ρ) (ηµνηρσ − ηµρηνσ) (∂1 + ∂̃2)2
]
. (33)

In the PN limit (31) reduces to Ns = 1
4E1E2Ẽ1Ẽ2(∂1 −

∂2) · (∂̃1− ∂̃2) +O(c−1) at leading order, i.e. the last two
terms in (31) do not contribute at this order. Similar
reductions apply to Nt and Nu, with an extra factor 2ξ
in Nt and 2(1−ξ) in Nu. The surviving terms may indeed

be made to obey the kinematical Jacobi identity at the
PN level through a suitable choice of the parameter ξ.
One has

Ns−Nt+Nu =
1

4
E1E2Ẽ1Ẽ2×

×
[
2(1− ξ)(∂1 − ∂̃2) · (∂2 − ∂̃1) (34)

− 2ξ(∂1 − ∂̃1) · (∂2 − ∂̃2) + (∂1 − ∂2) · (∂̃1 − ∂̃2)
]

+O(c−1) .

dropping subleading terms at O(c−1). Demanding the
vanishing of the above relations fixes ξ = 1

2 . The second
introduced parameter ρ for the symmetric bulk graphs
remains unfixed at the 2PN level. In fact one checks that
the higher order terms in c−1 pertaining to the PM level
cannot be made to vanish for any choice of ρ. Hence, it
appears necessary to add generalized gauge transforma-
tion like terms at the 3PM level, which would, however,
not affect the 2PN level considered here.

Hence, we take ξ = 1
2 and perform the resulting

two-loop integrals for the G12;34 functions in (30) using
TARCER [62] and FeynCalc [63, 64] to find the contri-
bution

Lsym
eff =

8G3m2m̃2

r3
. (35)

Turning to the non-symmetric bulk graphs of eqs. (20)–
(21) we have

(iκ)6

6

∫
dτ̂1231̃N

2
s′G12;31̃ +N2

t′G13;21̃ +N2
u′G11̃;23

+(mirrored) (36)

where

Ns′ =
1

4
p1µp2νp3ρp1̃σ

[
α1V

µνλ
12 V ρσδ

31̃
ηλδ

+β1 (ηµρηνσ − ηµσηνρ) (∂1 + ∂2)
2
]
, (37)

Nt′ and Nu′ have similar expressions that can be read
off from (20) and (21). The above argument for the kine-
matical Jacobi identity of the symmetric bulk graphs also
applies to the non-symmetric graphs. This fixes α1,2 = 1
and leaves β1,2 arbitrary. In the leading PN limit of (36)
again the terms arising from the quartic vertex cancel
leaving us with

Lnon-sym
eff = −4G3m3m̃

3r3
− 4G3mm̃3

3r3
, (38)

after performing the integrals. Together with the dia-
grams up to 2PM, already given in [57] but now expanded
to 2PN, we may assemble the double-copy prediction for
the effective action. We further solve the equations of
motion for λi, λ̃i and Ei, Ẽi order by order to rewrite the
action in terms of the worldline coordinates and their
derivatives. The resulting expression for the effective ac-
tion may now be compared to the known result due to
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Mirshekari and Will [59], suitably adjusting their para-
menters. For a comparison it is, however, important to
realize that the effective action itself is gauge variant and
subject to possible field redefinitions. Applying field re-

definitions and adding total derivatives, in order to match
the velocity-dependent terms up to 2PN with the result
of [59] we finally find the central result of this work

Leff =−m− m̃+
1

2
mv2 +

1

2
m̃ṽ2 +

2Gmm̃

r
+

1

8
mv4 +

1

8
m̃ṽ4 − 2G2mm̃(m+ m̃)

r2

+
Gmm̃

r

[
v2 + ṽ2 − 3v · ṽ− (n · v)(n · ṽ)

]
+

1

16
mv6 +

1

16
m̃ṽ6

+
Gmm̃

r

(
1

2
(v · ṽ)

2
+

3

4
ṽ4 +

7

4
v2ṽ2 +

3

4
v4 − 2v2 (v · ṽ)− 2ṽ2 (v · ṽ)

−3

4
v2 (n · ṽ)

2 − 3

4
ṽ2(n · v)2 +

3

4
(n · v)2 (n · ṽ)

2
+ (v · ṽ) (n · v) (n · ṽ)

)
+Gmm̃

(
3

4
ṽ2a · n− 1

4
(a · n) (n · ṽ)

2− 3

2
(a · ṽ) (n · ṽ)− 3

4
v2ã · n+

1

4
(ã · n) (n · v)2+

3

2
(n · v) (ã · v)

)
+
G2mm̃

r2

(
5m(n · v)2 +m (n · ṽ)

2 − 4m (n · v) (n · ṽ) + 3mv · ṽ− 2mv2

+5m̃ (n · ṽ)
2

+ m̃(n · v)2 − 4m̃ (n · v) (n · ṽ) + 3m̃v · ṽ− 2m̃ṽ2
)

+G3

(
14m3m̃

3r3
+

26m2m̃2

r3
+

14mm̃3

3r3

)
.

(39)

Indeed, the 2PN static terms are seen to differ from the
result LMW

eff of Mirshekari and Will [59] by ∆Leff := Leff−
LMW

eff
1

∆Leff =
2G3m3m̃

r3
+

4G3m2m̃2

r3
+

2G3mm̃3

r3
. (40)

This disagreement cannot be removed by either field
redefinition or adding total derivatives. It is conceivable
that an adjustment of the gauge fixing condition in the
original Yang-Mills theory (at higher orders in g), which
would modify the double copy result, could remedy this
disagreement. The important point here is that the effec-
tive action is a gauge variant quanity. However, such a
remedy would question the usefulness of the double-copy
procedure.

We have also performed an independent check of the
validity of the effective potential of [59] by performing
a probe limit. Here one takes m � m̃ and compares
to the potential experienced by a test particle of mass

m in the JNW solution of dilaton-gravity [60] which is
the relevant black hole solution in this setup as shown
in [47]. We found agreement with the static terms lin-
ear in m of [59] and disagreement with our double copy
results in (39). On top we also performed a full pertur-
bative computation in dilaton-gravity at 2PN order of
the static terms again reproducing [59]. In summary, the
breakdown of the double copy procedure for the effective
potential is therefore on firm grounds.
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