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Zum Hochenergieverhalten der stark-Feld QED in einer intensiven
ebenen Welle:

Wir behandeln das Hoch-Energie Verhalten der QED in starken elektromagnetis-
chen Hintergrundfeldern in Form von ebenen Wellen, generiert durch einen Laser-
puls. Frithere Arbeiten in diesem Bereich deuteten darauf hin, dass unter diesen
Bedingungen die Kopplungskonstante der QED fiir hohe Energien mit der 2/3-
Potenz der Energie skaliert und nicht, wie typisch fiir normale Vakuum-QED,
logarithmisch mit der Energie. Diese Berechnungen gelten jedoch nur im Gren-
zwert flir geringe Laserfrequenzen und konstante Feldstdrken. Wir zeigen hier,
dass dieser Grenzwert jedoch nicht mit dem Grenzwert fiir hohe Energien kom-
mutiert und demnach die Skalierung mit der 2/3-Potenz nur im Grenzwert eines
konstanten und gekreuzten elektromagnetischen Feldes Giiltigkeit besitzt. Des
weiteren berechnen wir den asymptotischen Ausdruck fiir den Polarisations- und
Massen-Operator in einem starken Laserpuls im Grenzwert fiir hochenergetische
Photonen, bzw. Elektronen und erhalten, dass diese mit dem Logarithmus zum
Quadrat mit der Energie skalieren. Damit zeigen wir anschlieftend auch, dass
die Wahrscheinlichkeiten fiir nicht-lineare Breit-Wheeler Paarproduktion und fiir
nicht-lineare Compton-Streuung, dhnlich zur Vakuum-QED, logarithmisch mit
der Energie skalieren.

On the high-energy behaviour of strong-field QED in an intense plane
wave:

We study the high-energy behaviour of QED in a strong plane wave electromag-
netic background field generated by a laser pulse. Earlier calculations in this field
hinted that under this circumstances the coupling constant of QED may increase
with the 2/3-power of the energy scale for high energies and not logarithmic like in
normal vacuum QED. Nevertheless, this calculations were performed in the limit
of low laser frequencies or constant-crossed-fields. We show in this work that this
limit does not commute with the high-energy limit and thus the power-law scaling
just pertains to the constant-crossed field limit. Further we calculate the asymp-
totic expression of the polarization and mass operator in a strong laser pulse in
the limit of high energetic photons and electrons, respectively, and obtain that
they scale double logarithmic with the energy scale. Using this we show that also
the probability for non-linear Breit-Wheeler pair production and for non-linear
Compton scattering scales logarithmic with the energy like in vacuum QED.
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1 Introduction

Nowadays the best tested theory with the most precise calculations in physics is
quantum electrodynamics (QED) [Hanneke et al., 2008, Sturm et al., 2011]. This is
due to the smallness of the QED coupling constant oz = e*/hc at ordinary energies.
Here e < 0 is the electron charge, h the Planck-constant, ¢ the light velocity, and we
are working in units where 4mey = 1 with €y being the electric permittivity of vac-
uum. For energies of the order of the electron rest energy mc? = 0.511MeV, with m
being the electron mass, the fine structure constant is about o &~ 1/137. Since every
higher quantum loop correction scales with the small parameter «, we are allowed to
use perturbation theory and thus reduce the calculations for a given precision to a
finite number of Feynman diagrams. Nevertheless, these Feynman diagrams contain
divergences and have to be renormalised to give finite results, which leads to the
effective coupling constant increasing with higher energies and featuring a pole at
Aqep & mc? exp(3m/2a) ~ 10*"GeV, called Landau pole [Berestetskii et al., 1982,
Schwartz, 2014, Weigand, 2018|. Thus, strictly speaking, QED is only an effective
description of the electromagnetic sector for energies below the Landau pole rather
than a fundamental theory and it can not correctly describe the microscopic degrees
of freedom beyond this scale. But due to the large value of the Landau pole, this
plays practically no role. Further we already know that QED as group U(1) is con-
fined with the weak force into the electroweak theory in a group SU(2)xU(1) for
energies in the order of 10°GeV and thus much below the Landau pole [Schwartz,
2014]. The large value of the Landau pole is due to the fact that radiative correc-
tions increase logarithmic in vacuum QED [Berestetskii et al., 1982, Schwartz, 2014,
Weigand, 2018].

Since the results of QED calculations were in agreement with experiment with
high accuracy, one tries to test QED under other extreme parameter conditions to
give it the chance to fail. One way is e.g. by testing it in the presence of intense
electromagnetic background fields. Due to quantum fluctuations the QED vacuum
consists of the fluctuation of virtual electron-positron-pairs. Thus strong fields can
influence the vacuum by polarisation of the virtual pairs, which leads to effects
like birefringence or other non-linear effects in physical processes |[Di Piazza et al.,
2012]. If the field becomes so strong that an electron gains an energy compared
to its rest energy in a distance shorter than its Compton-wavelength, the vacuum
becomes unstable and the virtual electron-positron-pairs can become real particles.
This field strength is called critical field of QED and is given by E. = m2c®/hle| =
1.3 x 10V /cm [Ritus, 1985, Sauter, 1931, Heisenberg and Euler, 1936, Schwinger,
1951, Di Piazza et al., 2012].

Since this field strength is extremely large, it was not possible to reach it until



today in an experimental setup. One prospective tool to reach it in future could
be laser pulses. The critical field strength corresponds to a laser intensity of . =
E2. /Am = 4.6 x 102W /cm?, where we use here and in the following units in which
¢ = 1 = h. Recent lasers can reach peak intensities in the order of 10*W /cm?
[Yanovsky et al., 2008] and new laser facilities try to reach peak intensities in the
order of 10 — 10**W /cm? [Papadopoulos et al., 2016, Center for Relativistic Laser
Science , CoReLS, Extreme Light Infrastructure , ELI| in near future. Although this
is far away from the critical intensity, and thus from an unstable vacuum, for moving
particles it can be still enough since here the effective field strength in the rest frame
of the particle is important [Mitter, 1975, Ritus, 1985]. This is indicated by the
Lorentz and gauge invariant non-linearity parameter x for electrons/positrons and
ko for photons, respectively, which can be understood for the electrons/positrons
as being the ratio of the effective field strength in the Lorentz boosted rest frame
of the electron/positron over the critical field strength. In that manner with an
electron/positron or photon with an energy of 500MeV counter-propagating to the
laser pulse one could reach effectively the critical field strength, i.e. xo 2 1 or kg 2 1,
already with intensities around 10*3W /cm? |[Mitter, 1975, Ritus, 1985, Podszus and
Di Piazza, 2019]. Since electron beams with higher energies were already produced
one could imagine to principally enter a regime were xo > 1 [Bula et al., 1996,
Burke et al., 1997, Blackburn et al., 2018, Baumann et al., 2018, Yakimenko et al.,
2019].

So far, calculations to radiative corrections in strong field QED only exist for
leading order corrections or special background field configurations. This is due to
the fact that for certain field strengths interactions with the background field become
rather large and one can not directly use perturbation theory like in normal vacuum
QED. Thus, for physical processes one has to take infinitely many Feynman diagrams
with background field interactions into account. This problem can be circumvented
by working in the so-called Furry picture where all interactions with the background
field are already taken into account exactly by including them in the quantisation
of the electron-positron-field [Furry, 1951]. Nevertheless, the obtained equations in
this picture become quite complicated already for simple Feynman diagrams and
exact solutions can be obtained only in the case of certain limits.

One of these limits is the low-frequency or constant-crossed-field (CCF) limit.
A CCF is a constant and uniform electromagnetic field (Ey, By) in which the two
Lorentz invariants EZ — Bi and Ej - By vanish. The interesting point is that
calculations hinted that in the high energy regime, i.e. for xo > 1 or kg > 1,
of the CCF limit the effective coupling of QED scales as axg/ > or a/ﬁg/ s [Ritus,
1970, Narozhny, 1979, 1980, Morozov et al., 1981]. This behaviour is called "Ritus-
Narozhny conjecture’. Since in those limits the energy of the system enters the
expression only over xo or kg, this implies that in the CCF radiative corrections for
high-energies scale with the power of X(Q)/ ? or /{3/ ? and thus behave quiet different
to normal vacuum QED where radiative corrections increase logarithmic with the
energy scale.

Although this calculations are strictly only valid for the special case of CCF, they



become more relevant due to the so-called local-constant-field limit often used in
numerical simulations. It states that for low-frequency plane waves the background
field can assumed to be locally constant. The basic idea behind this is that in this
case the formation length of physical processes is much smaller than the typical
laser wavelength. In that way one can use for physical processes the probabilities
obtained in a CCF and average over the phase-dependent plane-wave profile [Ritus,
1985]. The question is, if this power-law scaling for high energies is just a special
feature of the CCF limit or if radiative corrections in general scale in a power-law
for strong field QED. This would imply that strong field QED behaves qualitatively
different than vacuum QED and the effective coupling constant would be in the
order of unity for kg ~ 103. Thus strong field QED would behave like a strongly
coupled theory for energies much below the Landau pole of vacuum QED, which
seems to be strange since it is derived from vacuum QED. Thus we ask in a first
point, if the high energy limit and the CCF limit commute.

In this work we will show that the low-frequency /CCF and the high-energy limit
do not commute and identify the parameter discriminating between both. Thus,
strictly speaking, the power-law scaling for high-energies is only valid in the CCF
case, and we show instead that in the high-energy limit of a general plane wave ra-
diative corrections increase logarithmic as in vacuum. This can be understood as the
formation length of radiative corrections become larger than the typical laser wave-
length in the high-energy limit. Further we will calculate the high-energy asymptotic
expressions of the polarisation and mass operator in a strong pulsed background
field, starting from their general expressions in a plane wave background field first
calculated in Ref. [Baier et al., 1976b, Becker and Mitter, 1975, Baier et al., 1976a.

The thesis is structured as the following. In the first section we show the consid-
ered set-up, explain in more detail QED in background fields and the Furry picture,
and introduce the notation. In Section (3) we will investigate the polarisation oper-
ator, demonstrating on it the non-commutativity of the CCF and high-energy limit,
and calculate its high-energy asymptotic. In Section (4) we pass to the mass opera-
tor and calculate its high-energy asymptotic. In both, Section (3) and Section (4),
the calculations for the high-energy asymptotic were performed for simplicity in a
special pulse shape for the background field. In Section (5) we will generalise these
results to arbitrary pulse shapes. The asymptotic expressions are compared with
numerical calculations to test their applicability in Section (6). The conclusions of
this thesis are in Section (7).



2 QED in a strong plane-wave
background field

Figure 2.1: The figure shows the set up of the considered system. Either a single electron
of momentum p; or a single photon of momentum ki collides head on with
a strong laser pulse with momentum ky. After the collision the electron has
momentum py or the photon has momentum ko, respectively.

We are dealing with the following situation showed in figure (2.1). In an idealized
case we have either a single incoming electron with four-momentum p{ or a single
incoming photon with four-momentum { which collides head on with a strong
linearly polarized electromagnetic plane wave laser pulse of four-momentum kY.
"‘Strong’ means in this case that the laser pulse contains so many photons that
we have to take them into account exactly in our calculations. The electrons or
photons can interact during the collision with some of the laser background photons
due to quantum fluctuations, such that the outgoing electron has four-momentum
ph or the outgoing photon has four-momentum k5. The leading order quantum
corrections of the electron or photon are given by the mass and polarisation operator,
respectively. Their interaction with background photons is shown by the Feynman
diagrams in figure (2.2) and (2.3). It can be imagined as one background photon
interacts with the electron propagator or states at different positions inside the
mass or polarisation operator. Of course we can also have higher interaction orders
with more than one background photon and with different combinations of their
positions. For the polarisation operator the interaction with only one background
photon is not possible due to the Furry theorem (C parity conservation) and thus
the first correction starts there directly with the interaction of two background
photons [Furry, 1937|. Since we deal with a strong background field, the number



of background photons interacting with the electron or photon should be much
smaller than the total number of background photons in a laser pulse, and we can
assume that the laser pulse stays unaffected by the interaction. The sum of all the
interacting Feynman diagrams describes the leading order quantum correction in a
background field and can be obtained by working in the Furry picture. There one
uses, instead of the normal electron propagators and states, the so called Volkov-
electron propagators and states, represented in figure (2.2) and (2.3) by double lines.
To simplify the calculations and for a better comparison with results calculated for
the CCF limit, we assume in our calculations that the four-momentum pj (k) of
the in-coming electron (photon) is identical with the four-momentum p} (k5) of the
out-going electron (photon), i.e. pi = ph = p* (k' = ki = k"), and that both are
on-shell, i.e. p2=p2=p?>=m? (k¥ = k3 =k*=0).

Figure 2.2: The sum of the Feynman diagrams of the one-loop vacuum mass operator
and all its possible interactions with the background photons (indicated
by the crossed circle) is given by the one-loop mass operator in the
Furry picture. The double line indicates that the Volkov-states and -
propagators are used, containing all possible interactions of the fermion
line with the background field.

Figure 2.3: The sum of the Feynman diagrams of the one-loop vacuum polarisation
operator and all its possible interactions with the background photons
(indicated by the crossed circle) is given by the one-loop polarisation
operator in the Furry picture. The double line indicates that the Volkov-
propagator is used, containing all possible interactions of the fermion line
with the background field.
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2.1 QED and the Furry picture

2.1.1 Lagrangian and Dirac equation

The Lagrangian of QED is given by
1 D , _
Logp = _E}_’W}w - g((?ufl“) + Wiy, 0" — m]¥ — eV, AHT, (2.1)

with ¥ and A being the Dirac fermion field and the photon field, respectively
[Weigand, 2018, Berestetskii et al., 1982]. The gauge fixing parameter A\ ensures
that the Lorentz-gauge constraint d,A* = 0 is taken into account when the quanti-
sation of the photon field is performed (which leads to only two physical degrees of
freedom). The electromagnetic field tensor is given by F* = o*A” — 9" A* and ,
is the Dirac gamma matrix. From this Lagrangian we obtain for the fermion field
the Dirac equation

(i7,0" — ey A —m)¥ =0 (2.2)

and for the photon field (we are working in Feynman Gauge with A = 1 at the end)
[Weigand, 2018, Berestetskii et al., 1982]

OPA* — (1 — N)9"(0A) = dmeUyHU. (2.3)

2.1.2 Photon-field splitting

In the presence of a strong laser field the term —eW~, A*¥ in the Lagrangian be-
comes large and can not be treated perturbatively in the quantisation procedure.
Nevertheless we can quantise the spinor field in the presence of the strong back-
ground field by working in the so-called Furry picture [Mackenroth, 2014, Meuren,
2015, Berestetskii et al., 1982, Furry, 1951]|. For this we split the electromagnetic
potential into two components, i.e.

A = Af + AP L (2.4)
Here Aj is the electromagnetic potential of the external field. Since it is effectively
not effected by the interaction, it resembles the vacuum expectation value of A*. We
can treat it classically and do not have to quantise it. A% ; resembles the quantum
fluctuations around Aj (e.g. like incoming or outgoing photons or virtual photons
in loops) and has to be quantised [Mackenroth, 2014, Meuren, 2015, Berestetskii
et al., 1982|. In that way the fermion field can be quantised in the presence of the
background field such that the fermion states and propagators in the Furry picture
take all the interactions of the fermion with the background field exactly into ac-
count. This is done by solving the Dirac equation for the corresponding background
field Ay for the fermion states and propagators, which are called then Volkov-states
and Volkov-propagators, respectively. The interaction term in the Furry picture

thus depends only on the weak field A% , scaling with the small parameter o and
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can be taken perturbatively. Thus Feynman diagrams can be calculated like in vac-
uum QED just by taking the corresponding expressions of fermion Volkov-states and
Volkov-propagators in the Furry picture [Mackenroth, 2014, Meuren, 2015, Berestet-
skii et al., 1982].

2.2 Plane wave background field

The photons of the plane wave background field are on-shell (k2 = 0) and we as-
sume without loss of generality that they propagate along the direction n, with n
being a unit vector, i.e. m? = 1. Thus we can write the laser four-momentum as
kb = (wo, ko) = wo(1,m), where wy is the central laser angular frequency. Since
we deal with a plane wave, the electromagnetic potential Af(p) of the laser pulse
only depends on the phase ¢ = (kox) with z being the space-time four position
vector. Due to gauge invariance, we can always bring the electromagnetic poten-
tial to the form Af(¢) = (0, Ao(¢)). The Lorentz gauge condition d,Af(¢) = 0
reduces for plane waves to 0 = ko, Af(p) = —wonAy(p), such that the poten-
tial only depends on two physical parameters in form of transverse polarisation
directions |Berestetskii et al., 1982, Weigand, 2018]. Now we can introduce two
new unit vectors e and b which are perpendicular to each other and to n, i.e.
e2=1=0b%e-b=0, and n = e x b. With these unit vectors we define two
new four-vectors by e# = (0,e) and e} = (0,b) such that we can write the elec-
tromagnetic potential in the form Af(¢) = Agce(p)et + Aopthu(p)e). Here Ao
with j € {e, b} is the amplitude of the electromagnetic potential and ;(¢) being
the pulse shape. Since we deal in this work only with linear polarized background
fields, we can bring always, by a special choice of e and b, the potential into the
form Af(¢) = Ao(p)et. The pulse shape 1)(¢) can be arbitrary as long as it is
well-behaved and goes sufficiently fast to zero for ¢ — 4+o00. Thus notice that we
will consider here not the case of an infinite long monochromatic plane wave field.
The field tensor FJ"(p) is given by F}"(¢) = 0*Af(p) — 0" Al() = F{"Y'(p),
with F" = Ag(k{e? — kfe), where here and in the following the prime denotes the
derivative of the function with respect to its argument. Thus the amplitude Ay > 0
is proportional to the amplitude F}" of the plane wave field. Further we see that the
i-th component of the electric field is Ej = F{" = Aqwee! with ¢ € {1,2,3}, thus e
corresponds to the direction of the electric field, and the i-th component of the mag-
netic field is B = —%eiﬂFO’il = —%eiﬂAowonjeeJ = —%Aowo(n x e) = —%Aowobi,
with 4,7,0 € {1,2,3} and the Levi-civita symbol €', thus b corresponds to the
direction of the magnetic field.

2.3 Light cone coordinates

Since the pulse shape of the plane wave only depends on the phase ¢ = (koz) =
wo(t —m - ) with x* = (¢, x), it makes sense to change the coordinate system in a
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way that it just depends on one coordinate vector instead of two like in canonical
coordinates [Meuren, 2015|. For this we use the vectors m, e and b which were
already introduced in the previous section. As a basis for our light-cone coordinates
we choose the four-vectors

H=w(ln), H=o—(L-n), d=(0e), ¢=0b (25
0
They fulfil the conditions
kg =0= fﬂg, k’o/;(] = 1, k()e]' =0= ];‘06]', €i€j = _6ij7 (26)

with 4,5 € {e, b}, and we can construct the metric in light-cone coordinates by
g = kiky + Kbkl — ete? — eller. The contraction between two four-vectors z#
and y, can be written as z,y* = 27,y = .yt + 2y~ + 21y’ + xny'!, where
we label the components of the light-cone coordinates by +, —, I, and II. Let J be
the transformation matrix such that y* = J*,y” with ¢/ € {4, —, L II} and J ! its
inverse. From the metric and the contraction we obtain their components are given

by

+ 1 - 1 _ I _
J ‘u—k?o'u, J 'u—k?()'u, Jﬂ—ee“, J uw — €Ebu,

-1 LM -1 LK —1lp -1 _ iz
J u+—/€0, J uf—ko, J “If—e’cf, J MH——eb.

(2.7)
Thus we see that we can transform an arbitrary four-vector, e.g. x*, to components
of light-cone coordinates by contraction with the light-cone basis

v =xky=xy, T =aky=a_, 2'=ze.=—x;, 2" =2y =—21. (2.8)

Notice that in this way k; = 0, kg = 1, k{ = 0, and k! = 0 and that the phase
¢ = xky = x~, such that in light-cone coordinates the plane wave indeed depends

only on one coordinate vector component. We can write the contraction between
two arbitrary four-vectors x,, and y* in light-cone coordinates now also as

=ty +amyt — oty (2.9)

where we use the short notation oy = 2'y" + 2y, Since the determinant of J is

unity, the four-dimensional integral in light-cone coordinates becomes

/d4x = /dm+dx_dx1dacu. (2.10)
Further we use for d-functions the notation

0B () = 6(27)0%(xt) = 6(x7)d(xh) (2. (2.11)
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2.4 Light-cone related coordinate vectors

Due to the Ward-Takahashi identity the polarisation operator vanishes by contrac-
tion with the four-momentum of the incoming or outgoing photon [Meuren, 2015],
ie.

klNTMV(kl, kg) - O - T“V(kl, ]{]2)]{}21,. (212)

Thus it makes sense to express the polarisation operator in a basis related to the
four-momentum of the incoming/outgoing photon. At this point we will introduce
the two complete sets of four-vectors kY, @Y, AY ., AY, and k3, Q, A5 ., Ay, with

KGR — By (koky)

Q" — _ ki k3 — k5 (koks)
(koky) ’ '

(koks)

Q3 (2.13)

and
(kyey — ket )k; (koey — koey )k

(Kok;) (kok;)
with j € {1,2}. The four-vectors of each set are orthogonal to each other such that

Aje = Ay = (2.14)

]{Zij — O, ijj,e - 0 - ijj7b7 QjAj,e — 0 — QjAj,ln Aj,eAj,b - O (215)

Therefore to fulfill the Ward-Takahashi identity given in Eq. (2.12), the polarisation
operator can be constructed along the four-vectors @y, Af,, AT, and Q, Ay, A7,
If ki = k; =k~ and ki" = k3 = k- one can use the short notation A}, = Ay, = A#

B AR An
and ALb = A27b =A}.

2.5 Lorentz and gauge invariant parameters

There are three Lorentz and gauge invariant parameters describing the above pre-
sented set-up. The first parameter is the energy scale, 1y = (kop)/m? for electrons
and 0y = (kok)/m? = (k3 +k?)/2m? for photons, thus it is for on-shell photons equal
to twice the total energy square in the centre-of-momentum system of the photon
and the laser photon in units of m?. For photons it is also related to the Mandelstam
variable s by s = 2m?26,.

The second parameter is the intensity parameter & = |e|Ag/m = |e|Ey/muwy,
which is proportional to the amplitude of the electromagnetic potential Ej of the
laser pulse and thus also related to its intensity. Furthermore, &, corresponds to
the energy an electron at rest gains due to the Lorenz force in one laser cycle and
in units of m?. Thus it becomes relativistic after one laser cycle if & is in the
order of unity [Di Piazza et al., 2012]. Also the probability for the absorption of
n background photons scales as oc £2" for & < 1 [Mackenroth, 2014]. Thus the
formalism of vacuum perturbation theory becomes inapplicable for £, close to unity,
and one has to work in the already mentioned Furry picture if one wants to perform
analytical calculations in a perturbative way.
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The third parameter is the quantum non-linearity parameter, which is given by
the product of energy scale and intensity parameter and is named o = 10 =
VI (Fo,wp?)?|/(mEei) for electrons and ko = 6péo = +/|(Fouwk?)?|/(mEei) for
photons. This parameter is related to the effective field strength in units of the
critical field strength of QED in a physical process initiated by the electron or
photon. For an electron it reduces to be the ratio of the experienced electric field
in its rest frame over the critical field strength. Thus it is a sign for the non-linear
behaviour of a system [Mitter, 1975, Ritus, 1985].

2.6 Volkov-state and Volkov-propagator

For intense strong background fields with &, close to unity electrons become strongly
coupled to the background photons such that normal perturbation theory becomes
inapplicable. Nevertheless, by quantising the electron in the Furry picture, one can
reobtain the perturbative formalism |Berestetskii et al., 1982, Mackenroth, 2014,
Meuren, 2015, Meuren et al., 2013]. To obtain the electron state in the Furry
picture we have to find an exact solution of the Dirac equation in the plane wave
background field, i.e. we have to find a solution for Weyyy () in

(17.0" — €7, Ay (¢) — 1) Vpury p(x) = 0. (2.16)

We choose as a boundary condition that the background field is first switched-on
for ¢ — —oo such that Ay — 0 and Upyyy () = ¥, for ¢ — —o0, where ¥, is the
solution of the free Dirac equation

Up
—_— 2.17
. (217

vy (z) = e
Here p* = (e, p), and the constant bispinor u, satisfies the condition (vy,p*—m)u, =
0 and is normalised as @,u, = 2m. With those boundary conditions we can solve
the Dirac equation in a plane wave. The solution, which is the Volkov state, is given
by

Up

Ve 1) = Bylr) 2 (2.18)
with the so-called Ritus matrix
By(z) = [1 . ewk%?w)] $iSp(@) (2.19)
and the phase
Sp(z) = —px — /_W do {epf;(])?(qb) - 62;1;]()@} : (2.20)

Note that the phase is equivalent to the classical action of an electron in a plane
wave field, although the Volkov states are an exact solution of the Dirac equation.
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The conjugate of the Volkov state is then given by

_ T
leFurry,p(x):\/;?Ep(x) (2.21)
P
with
- e AT ()N | —isy @)
Bylr) = |1+ =g B 0% (2.22)

and @,(y,p* —m) = 0. The Ritus matrices E,(z) and E,(x) are orthogonal and
form a complete set, i.e.

dip A
t/éaﬂwm@mozau—yx (2.23)
[ B @) @) = ()5 — o). (2.24)

The Volkov-propagator is the Green’s function of the Dirac equation in the plane
wave background field and thus defined as

(i7u0" — e, AL () — m) Grumy (2, y) = 6*(x — ). (2.25)

A solution of this equation, which is called then Volkov-propagator, is given by

d*p Pt +m o =
1Gruy (2, y) = lim ¢ E,(v)="———FE,(y). 2.26
s .) = limyi [ ) T (2.26)
Note that in general the expressions of the fermion field are spin dependent. Since
we deal with electrons of identical spin in the in- and out-state, we do not consider
spin related changes. To simplify the notation we therefore drop the spin indices
and only introduce the average spin (/2 for the mass operator. Nevertheless the

spin is taken into account in the expression of the mass operator taken from Baier
et al. [1976a).

2.7 Feynman rules in the Furry picture

The Volkov-state (Eq. (2.18)) and Volkov-propagator (Eq. (2.26)) for an electron
in the Furry picture are already given in the previous section. The state and the
propagator of the photon are not effected by the background field and thus are,
in the Furry picture, similar to vacuum QED [Berestetskii et al., 1982, Weigand,
2018, Meuren et al., 2013, Meuren, 2015]. With the polarisation four-vector &*

(e"ey, = —1), four-momentum k* = (w, k), and in Feynman gauge (A = 1) they are
given by
ek .
Al = \/E\/_z_w etk (2.27)
4 ) 4 Y
—iDy(x — y) = —ilim / (;lwl;e—m(m—y)kf—j_"ie. (2.28)
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Since interactions with the background field are already implemented in the Volkov-
states and Volkov-propagators, also the vertex in the Furry picture is equal to vac-
uum QED, because the only left over interactions are interactions of fermions with
photons of the A” , part of the electromagnetic potential. Thus we have to add for
every vertex an —iey* and have to integrate over the corresponding position four-
vector. Further we have to insert a —Tr[...] for every closed fermion loop.

In that way we can construct the polarisation and mass operator in figures (2.2)

and (2.3). We start with the polarisation operator P(ki,ke) which is given by
iP(le, kg) = T(kl, k‘g) = 8M€;T“V(k31, k?Q) with

TH (ky, ko) = 47r/d4x/d4y(—1)Tr [ (—ien*)iGrumy (T, Y)

X (_ievu)iGFurry(y7 x)e“@y} .

(2.29)

T (ky, ko) is divergent and has to be renormalised. For this we write it in the way
TH (ky, ko) = [T (kv ko) — T4 _o(ka, k)] + THY o (ka, ko), (2.30)

with T"_o(k1, k2) being the polarisation operator with Ay = 0, thus for normal
vacuum QED without a background field. In that way the first term in brackets
TH (ks ko) — T _o(ka, ko) = iP;" (ky, k) is already finite and contains all correc-
tions due to the background field. The second term has to be renormalised, but
the renormalisation is already known, since it is the polarisation operator of normal
vacuum QED, and it vanishes in our case, since we are dealing with identical and
on-shell photons [Baier et al., 1976b, Berestetskii et al., 1982].

The mass operator, presented in figure (2.2), for on-shell incoming and outgoing
electrons, having the same averaged spin (/2, is given by

_ZMC(pMPQ) :/d4x/d4y\IIFurry,p2(x)(_iefyu)iGFurry<x7y)

X (=) Dy (x — y)(—iey”) Vrurry py (¥)-

(2.31)

Again M (p1,p2) is divergent and has to be renormalised. We write it in the way

Mc(p1,p2) = [M¢(p1,p2) — M¢ ag=0(p1, p2)] + Mc,a0=0(p1, P2) (2.32)

with M¢ a,—0(p1,p2) being the mass operator for Ay = 0, so for normal vacuum
QED without a background field. In that way the first term in brackets M, (p1, p2) —
M¢ ag=0(p1,p2) = My (p1, p2) is already finite and contains all corrections due to the
background field. The second term has to be renormalised, but the renormalisation
is already known from normal vacuum QED and it vanishes in our case, since we are
dealing with identical and on-shell electrons and consider the mass operator being
on the mass shell [Baier et al., 1976a, Berestetskii et al., 1982].
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3

3.1 The One-Loop Polarization Operator in a

CCF Limit and High-Energy
Asymptotic of the One-Loop

Polarization Operator in a Plane Wave

Plane Wave

We are starting from the general expression of the one-loop polarization operator in
a plane wave, which was first calculated in [Baier et al., 1976b, Becker and Mitter,
1975]. For technical reasons we use here a symmetrical form calculated later in
[Meuren et al., 2013]:

+1 o d3 400
TH (K, ko) — THY (K1, ko) = —idm®ad ™) (ky — ko) / dv / — / dz~
-1 0 5 J-x

[CLAPAY + co A AY + 3 AP A + ey AYAY + esQHQY]e™®

with

18

o=t | €22+ )+ €% - (L4 B (@5 ),

cq =2m’ {@(ﬁfze + &%) +§3Xbb:| e’ — (§ G 2)) (%% —1),

_ 2 s
Cy = g(e 1),

e =exp{i[(kf — k)2 + pu(kiks) — 3m?)},

(3.1)



and

i 225(1 —v?), (3.8)
" =exp { — idm? Z & (J; — IE)}, (3.9)
L= / (ko) = lob) (3.10)
= [ (ko) = (o), (3.11)
Xij =L; — ¥i((koz) + plkok))|[L; — ;((koz) — u(kok))], (3.12)
7 =5 Wi((ho2) — u(kok)) — il (ho2) + u(kok)]” (3.13)

with i, j € {e, b}. For a linearly-polarized plane wave we can set without restriction
& =& and & = 0. Therefore ¢; and ¢, vanish and we can set 1) = 1), and 1, = 0.

Further the plane wave just depends on the phase kyz = kg 2~ = ¢, such that we
change the variable to the phase ¢, and we are dealing with on-shell incoming and
outgoing photons where the four-momentum &% (k? = 0) of the incoming photon

coincides with the four-momentum k4 of the outgoing photon, i.e. ki = ki = k*.
Thus terms proportional to (k1ks) = k* = 0 vanish. This allows us also to ignore
in the following the term c5, because the term Q{Q% turns out to be proportional
to ki'k¥ = k*k¥ for on-shell external photons. Thus it would not contribute to any
physical measurable, since they depend on the transition probability T = ¢, ;7"
and do to gauge invariance ¢,k* = 0 = e}k |Berestetskii et al., 1982|. Therefore we
end with

v 4 L
Tul,(k?l, kg)_TZO:O(kl’ k’g) = —147T204k—+5( ’L)(k’l — k’g)

+1 o 13 +oo ’ L (314)
/ dv/ T/ do [esAEAY + cy A A e ™
-1 0o 9 J-x

with
1 —idm2e2Q? 7’ —idm2£2Q?
c3 =2m? {—(1 — 02)&%2 + ggx] e M E (e Q% — 1) : (3.15)
1 9202 26292
o 2 2 —iSm=E5Q —i5m=E5Q
¢y =2m {—(1 — 02)502} e 0% — 3 (e 0% — 1> ) (3.16)
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@ [ i3 U Malkol) { / + X (- /\M(kok?))} e

-1

x=[3f " ax 9o — Mlkok)) — v + )

1

- (3.18)
. {5 [ x it = wlhak)) — vt - u(kok»} |
7=! [ (¢ — plkok)) — (g + u(kok))]” . (3.19)

2

Since k; = 0 = kg and thus (kok) = k{ k~, we can absorb 1/kg into the §~ function
by %5(/{;1’ — kg ) = 0((kok1) — (kokz)). We perform the substitution 7 = pu(kok) =
0

15(1 — v?)(kok), thus dr = ds3(1 — v?)(kok), and obtain
T (ky, ko) =THY o (k1 ko) = —idmad® (k1,1 — ko1 )0((kok1) — (koks))
/ dv/ / @ [esAEAY + caNjAYle -0 ok

with

: 4'm2

(3.21)
N < T w6 1) :
o =2 {( )5 Z(SO,T)} e v2> T $@%(9:7)
(3.22)
e < i T Qe 1)

and

+7 +7 2
Pen =y [aro-m - | [Tarve-n| L e

-7

X(er) = [ [ w7 - ot 0

e (3.24)
<lg [ vt - wio=)
Z(p,7) =5 (o —7) — (o + TP (3.25)

Here we additionally used for Q*(¢,7) and X (p,7) the substitution 7/ = A7. At
this point one should also notice, that the function Q?(p, 7) has the structure of a
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variance of ¥ () since one could interpret the integrals as E[)?] — E[¢)]* = Var[¢],
where E|...] denotes the expectation value. Thus the function Q?(y, ) is always non-
negative, i.e. Q*(¢,7) > 0. Further the functions Q?(p,7), X (¢, 7), and Z (¢, T) are
independent of v and all other terms only depend on (1—v?) or v?. Therefore we can
rewrite the integral of v by splitting the integral into the two regions v € [0, 1] and

€ [—1,0], substituting in the lower part from —1 to 0, v = —v" and setting after
this ' = v. In this way we obtain that the integral in v € [—1, 1] is equal to twice the
integral in v € [0, 1]. Next we can substitute u? = 1 —v?, dv = —jdu = —==du,

u(v =0) =1, and u(v = 1) = 0 and obtain
T'uy(kfl, k2)_TZOV:0(k17 ]{32) == —i87T2Oé(52(k1’J_ - kQ’J_)(S((/{ZOkl) — (k?ng))

+oo 00 dr 1 U AT (326)
d — du ——=[c3APAY + ¢, AJ'AYle  o0v?
/_Oo @/0 T/ /—1—u2[3 4bb]
with
1 2(pr
c3 =2m” [_zfgz(% 7) + §§X(90,7')} e 10wz Q% (im)
u
Coa (3.27)
i Oom (e—iggb EQ%er) 1>
47 ’
1 2
¢y =2m” {_2532(%7)} e gz 8@ (#7)
Y (3.28)

_iuPhym? <e—i9§;2 Qe 1)
47 '

Here we use the energy scale parameter 6y, which is given by 6y = (kok)/m?. We
perform now the substitution p = &, du = —1p™/%dp, p(u = 1) = 1, and p(u =
0) = oo and get

T (ky, ko) —=THY o (kr, k) = —idm a(sz(k:u — ko, )0 ((koky) — (kokQ))
/ dep / / pIE [ch“A” + M AYJe”

with
_idpTe2002( 0, -

- i@omQ (6—1'%58@2(%7) . 1) (330)

4pT ’

4p7- 2 T
ey =2m? [p€dZ(ip,7)] € 9P 531
3.31

_ifm? <e4%53@2<¢,7> _ 1) ‘
4pT

Using the relation P* = —i¢T" we rewrite the field dependent part of the polarisa-
tion operator as P§" (ky, ko) = —i [T (ky, ko) — Thr_o (K1, kg)} such that

P (ky, ko) = (2m)%6° (k11 — ka1 )0((Koka) — (kok2)) ) Pi(k) AY(E), (3.32)

l=e,b
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with

dr
P.( m / dgp/ / 3/2

4-rpl 2(p.1
><<2§c2)[X(90,T)+PZ(<PaT)] e (339
_iﬁ{eﬁ::u%a@%w EY),
41p

dr e 2(,r
By(k =——m/ dw/ / P <2§opZ(s&, r)e ()

- Casion_ - W),
P
(3.34)

We see that the expressions for the polarisation operator of both polarisation direc-
tions are identical, except that P,(k) additionally has a term containing the function
X(p,7) in the integrand. Thus it is enough to consider P.(k) in the following cal-
culations. The result for P,(k) can be obtained by subtracting the contribution of
the X (¢, 7) term from the result of P,(k).

3.2 Low-Frequency or Constant-Crossed-Field
Limit vs High-Energy Limit

We want to proof now if the low-frequency or CCF limit and the high energy limit
commute. For this we first perform the low-frequency/CCF limit of the polarisation
operator. To realize the limit of a low background laser frequency, so wy — 0 and
ko — 0, with a constant field strength in a Lorentz invariant way we have to send

= le|/m (Eg/wy) — oo and 6y = (kok)/m? — 0, such that the product of both
stays constant, i.e. kg = &by = /(Fo,uwk?)?/(mEei) = const. In this limit the
phase in the exponential functions in P. and P, in Egs. (3.33) and (3.34) becomes
large. Since the exponent is proportional to 1/6y oc m? and m? is assumed to have
a small negative imaginary part, i.e. m? = m? — 0, the whole integrand is damped
down exponentially for large exponents. Since the exponent is proportional to 7 the
integral in 7 get its main contribution for small values of 7. Thus we can expand
the functions X (o, 7), Z(p,7), and Q*(p, ) for 7 < 1. After the expansion we can
perform the integral in 7 and obtain for the expressions of the polarisation operator
in the CCF limit [Meuren et al., 2013, Ritus, 1972, Narozhny, 1969]

P.ccr(k) = — —m / dsﬁ/ 6252 4,0 ! 9 (I{?Z)) ) (3.35)

dp 4p+2 4p
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where ¢(z) = 27%/3df(z)/dz, and
f(z)= i/oo dt e 3 — 1]Gi(z) + iAi(2)]. (3.37)
0

Ai(z) and Gi(z) are the Airy and Scorer functions [Wolfram MathWorld| and k() =
Ko [/ (p)|. Here and in the following a primed function indicates the derivative with
respect to its argument. If we go then to the limit of high energies by sending o —
oo we obtain that both P, ccor (k) and Py ocr(k) scale as a [ dpr®3(ip) in the real and
imaginary part. Thus the high energy regime of the CCF limit shows a power-law
scaling with the energy which is also known as 'Ritus-Narozhny conjecture’ [Meuren
et al., 2013|. This behaviour is quite different to vacuum QED where radiative
corrections increase logarithmic. Since all the calculations are based on QED this
different behaviour seems to be strange and thus the question comes up if this power-
law scaling is a general behaviour of the high energy regime in strong field QED or
if it just pertains to the CCF limit. To see in a first instance if the Ritus-Narozhny
conjecture also holds for general strong field QED we start with the question if
the high-energy limit, which is done in the second step, commutes with the low-
frequency limit in the first step. To see if they did, we perform now the high-energy
limit in the sense that the energy of the incoming photon becomes large, thus sending
k — oo. We can reach this with the three lorentz and gauge invariant parameters
by sending now 6y = (kok)/m? — oo and kg = /(Fowk”)?/(mEqi) — 0o such
that & = ko/0p = |e|/m (Eo/wo) stays constant. In this situation the phase in the
exponential function in P, and P, in Egs. (3.33) and (3.34) becomes small since now
&2 /0o < 1. Thus the integral in 7 gets also contributions for large values of T and we
can not expand the functions X (p,7), Z(p, ), and Q*(¢, T) any more for small 7,
like we did it in the CCF limit. Thus the high energy and the low-frequency/CCF
limit do not commute. The parameter discriminating between both limits is exactly
ro = &2 /6o, which is much larger than unity in the low-frequency/CCF limit (ro > 1)
and much smaller unity in the high energy limit (rq < 1). This shows that the power-
law scaling only pertains to the high energy regime of the low-frequency/CCF limit
and thus radiative corrections in general strong field QED can show a different
scaling. In the following we want to investigate how the high energy regime of QED
scales in an intense plane wave laser pulse by calculating the high energy asymptotic
of the one-loop polarisation operator.

3.3 Calculation of the High-Energy Asymptotic

Now we calculate the high-energy asymptotic expression of the one-loop polarization
operator in a plane wave laser pulse. Thus we are working in the limit of 6y, — oo.
We start here again with the Eqgs. (3.33) and (3.34). As mentioned above it is enough
to consider P.(k), since the terms in P,(k) are included in P,.(k). All integrals in p

have the form p ,
0 0 e—tap
I, :/ i (3.38)
1 P p—1
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with n = —1,0,+1 and Im[a] < 0 (due to 6, oc m? — m? —i0). Here is either
a = ag(1) = 47/0y or a = ag(7) + as(p, 7), with ap(p,7) = FTEQ*(p, 7). Using the
substitution p/ = p — 1 we can write this integral as

L= [t (1 ) e, (3:39)
0

Those integrals are analytically solved by the confluent Hypergeometric function of
the second kind [Wolfram MathWorld| defined as

1 o0
Ub,c,2) = —/ dt (14 t)c b=t 3.40
o) =g [ +) (3.40)
where I'(b) is the gamma function, which is defined as ['(b) = [;° dt t"~'e~* [Wolfram
MathWorld]. Thus the integrals are given by

I_i(a) =e "7 U(% —1, ia), (3.41)
Iy(a) = e /7 U(% 0,m), (3.42)
Ii(a) = e"/7 U(% 1,ia), (3.43)

which is in agreement with the results obtained in Podszus and Di Piazza [2019]
Egs. (11)-(13). Thus we can write P.(k) in Eq. (3.33) as

(07

Py == get [ e [T {2 [x (0 1 n(an(r) + astirm)

+ Z(p, 7)1 (aolr) + ag(,7)| (3.44)

0

i [Fatantr) + o) = i) |

To perform the integral over ¢ we have to define the pulse-shape function (),
which is needed for the functions X (¢, 7), Z(p,7), and Q*(p, 7). We define it as
Y(p) = —sinh(p)/ cosh?(¢) [Mackenroth and Di Piazza, 2011], shown also in figure
(3.1). In Section (5) we will generalize the results also to arbitrary pulse-shape
functions. The function above describes a one-cycle, finite pulsed field and is chosen
as prototype, since it performs the oscillation and the damping at ¢ — +oo of
the field within a single function. Since fj;o dr’ ¢?(p — 7') is finite and the pulse
function goes sufficiently fast to zero such that lim, .o [ de ¥(@)0(p+7) =0,

2

one obtains that also 7Q*(p,T) = %f_f dr' (o —7') — &= [fj: dr’ (o —7)| s
finite for all values of 7 € [0, 00]. Because we are looking at the high-energy limit,
ie. Oy > 1 and & = const such that £2/6y < 1, we can expand the I,-functions
for as(p,7) < 1. In leading order we can approximate I[1(ao(7) + as(p,7)) =~
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Figure 3.1: Plot of the one-cycle, finite pulse-shape function ¥(¢) = — sinh(y)/ cosh?(¢).

Ii(ao(7)), lo(ao(T) + as(p, 7)) = Io(ao(7)) and -1 (ao(7) + as(p, 7)) — I-1(ao(7)) =
I' [(ao(T))as(p,7) = —ilp(ao())as(p, 7). On a first point this should be a good
approximation, since we get for every higher order a factor a;(¢,7) o & /6y in front
such that these terms should be suppressed by 1/6,. Nevertheless we have to proof
at the end if this is indeed the case. By only taking the first non-vanishing order
terms the polarisation operator is given by

P =28 "y [* L iar)xem)

L) Z(0,7) — S hla( Q) |

(3.45)

Notice that, since & only arises in as(p,7) o &2, the expression is proportional to
& and coincides with the leading order term of the expansion in the limit & — 0.
Since the only dependence on ¢ occurs now in the functions X (p, 1), Z(p,7), and
Q?*(p,7), we can perform the integrals over o, which are given by

> 1 3 + cosh(4r)
Ix(r) = | dp X(p,7) = = — 272225 3.46
x(7) /—oo e X(p:) 27 sinh®(27) (3.46)
o 2 tcoth(r)—1 ~7tanh(r)—1
Iz(m) = | dpZ =2 3.47
A7) /_oo e L) 3 * sinh?(7) cosh?(1) (3.47)
o 2 1 2 1
— 2 e
Tor(m) = /Oo dp @p,7) = 3 72 * 7 sinh(27)’ (3.48)
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and we obtain for the leading order contribution of the polarisation operator

am?€? [ d , 2i
P(k) = — 60/0 —76_2”/90{1{0 (H—OT)IZ(T)

T T
dit 1
+ VT W_1/21/2 (9—) |:IX(7-) - §IQ2(T)} }
0
Here we use that W_q/21/2 (%) = e 2/boy (%,0, %) and that K <%017T) =
Jre2m/0 ] <%7 1, %) with W, .(ia) being the Whittaker-W-function and K,(a)
being the modified Bessel function of second kind [Wolfram MathWorld|. Now we

have to perform the integration in 7. For a clearer computation we divide the
integral into the three parts

(3.49)

“dr ., dit
jX :\/%/ —6_2”/90\]\/,1/2’1/2 (-)Ix(T), (350)
0 T 90
< d , 21
7, :/ ?76—2”/90}{0 (%)IZ(T), (3.51)
0 0
dr ., d4it
fQQ = / —672”/90W_1/2’1/2 (—)IQQ (T) (352)
o T to

To calculate the asymptotic values of these integrals we divide the integral over
T € [0,00] into two regions by the parameter 7y, such that we have two integrals
with 7 € [0, 79] and 7 € [1p, 00]. Further we assume for 7y that it fulfills the relation
1 < 719 < 0y [Bender and Orszag, 1999]. Since we are working in the limit 6, — oo
it is always possible to find such a 7y. This assumption allows us now to expand in
both integral regions, 7 € [0,70] and 7 € [ry, o], for different parameters. In the
region 7 € [0, 7] it is always 7 < 79. If we divide the assumption by 6, we obtain
that 79/60p < 1 and thus also 7/0y < 1. In this way we can expand in the region
7 € [0, 7] for small values of 7/6y such that [Inc.|

—9ir 4T\ /0ol 2
(& 2 /QOW_1/271/2 (0—0) % ﬁ (353)

27 /0,
Ko 22} 72—y (1) (3.54)
% %

Here v = 0.577... is the Euler-Mascheroni constant [Wolfram MathWorld]. In the
region 7 € [1p,00] it is always 7 > 7y. Since the assumption already states that
To > 1, also 7 > 1, and we can expand in this region Zx (1), Z;(7), and Zg2(7) for
large 7, given by

and

Ix(r> 1)~ 0 (3.55)
2

Zy(r>>1) ~g (3.56)
2

Tp(r > 1) 5. (3.57)
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At this point the integrals of both regions can be calculated and we will do this
computation now for all three parts in Egs. (3.50) - (3.52). The simplest integral
to compute is S since Zx (1) vanishes for large 7 and thus we obtain

T0>1

0

Here we neglect at the end all terms suppressed by 1/7y since 79 > 1. For %
in Eq. (3.52) we divide the integral by 7y and use for both integrals the different
approximations explained above

o dr dT 447
I = — T = e 2T/0o\y _ .
Q \/—/ 2( 3/TO - 1/21/2(0()) (3.59)

Both integrals can be solved. By performing a partial integration we obtain for the
first integral

o dr 2
/0 —IQ2( ) = 5 11’1(7’0) + CQ2,1, (360)

where the constant Cg2 ; is defined as
Co21 = / dr In(7)T'g2(7) ~ 0.218.. . .. (3.61)
0
For the second integral we obtain, only keeping terms not suppressed by 1/6,,

dr o—2i7/00 dir\ 2 T
/TO - W_ 1/2, 1/2( 00 ) ~ ﬁ |:2+'Y+Z§ +1n(7’0) 111(90) . (362)

Putting both results together we get

3\/_ [In(0) =27 =iz - %(J@QJ. (3.63)
We see that both In(7g), appearing in the individual integrals, cancel each other such
that the result at the end does not depend on the point where we split the integral
into two. This should be of course the case, since we introduce the parameter 7
artificially and thus it should not appear in the final results. The last and most
complicated term in the polarisation operator is .. After dividing the integral in
47 in Eq. (3.51) by 719, we first expand in the region 7 € [0, 79] only the Bessel
function for small 7/6, and remain the exponential term unchanged,

AT 9 T / dr o270 T
_ e/ | N |z TIVK . .64
sim | T on(g)lme 5 Tl oo

Now we can rewrite the first integral by fOTO cee= fooo ce— f:]o ... and the second by

I =

f;? .= [ ... — ;7. and use again the expansions for Z and Ky, respectively,
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in the integrals depending on 75. We can combine then both and end with the three
integrals

*dr . T 2 [*dr .. T
7, = o —=2ir/0 | _ —1 - T __/ o —=2ir/0 | _ —1 -
Z /0 € [7 n(ze())} 7(7) 3, —e v —In 200
2 [7dT 50, 2T
— —e TOK, [ — ).
+ 3A T © 0 90

The second and the third integral can be solved numerically. For this we first have to
perform the substitution 7 = 2i7 /6, such that they do not depend on the parameter
0y any more. They are given by the constant term

(3.65)

0

Notice that this constant is independent of the pulse shape and thus its numerical
value stays unchanged for other pulse shape functions. In that way we can write

S, as
2 °° .
Py =20+ / A7 270, [_7 “ln (%)} T(7). (3.67)
0

o T
The remaining integral can be solved by dividing again the integral by 7, but now

with expanding the exponential term for small 7/6y by e=27/% ~ 1 in the region
7 € [0, 70]. We have

Sy :/ dr {—7 —1In (zl)] Zy(1)+ g/ d—Te_%T/eO {—7 —1In (zl)]
0 ) T 90 3 To T 00 (368)
+ gCK

The first integral can be solved by using that [*... = [*... — f;o ..., a partial
integration and the approximations for Zz(7). It is given by

©d , 1 1
/0 il [—7 —In (291)} Zy(1)~— 3 In?(7) + 50272

! ° ) (3.69)
s
+ {5 In(7y) — Cz,l} [—7 - 25 + ln(Go)} ,
where we define the two constant terms by
Cz1= / dr In(7)T z(7) ~ —0.781 ..., (3.70)
0
Czo= / dr In*(7)T'7(1) = 0.579.... (3.71)
0

Note that both constants depend on the pulse shape, such that their numerical
value is different for other pulse shape functions. For the second integral we use
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that 1/6y o m? = m? — 10 has a small negative imaginary part and only take terms
not suppressed by 1/6,

; / ge_m/eo [_7 o (2910)} - _;_67T2 * % o i~ (2 (3.72)
+ (In(ro) — In(60))(2y + im + In(m) — 1n(90))] .

Putting both results together we obtain for the leading order in 6,

1 2 1 5
Iy ==1n*(0) — (—7 st CZJ) In(6y) + = (72 + iy — —72 — 1112(2))

3 3 3 3 12
T 1 2
+ <’7+Z§) CZJ + 50272 + gCK

(3.73)

At this point we have calculated all terms of the polarisation operator in the first
non-vanishing order. As mentioned before we have to proof now, if higher order
contributions of the functions I,, which we neglect after Eq. (3.44), are indeed
suppressed by 1/6y. These higher order contributions are given by

. X dr o= & (4T d"y(a)
- [ Iy (T Tyn(7), 74
jX A T n=1 n! <‘90) da” a=471/6o * (T) (3 ! )

N ©dr K& (4m\" d'i(a)
S, = R NV Zyn(7), 3.75
z /0 T 21 n! (90) da™ |,_4 /g, za(7) (3.75)

3 i [ dr X (47)”‘1 d"I_y(a)
fz:—/ — ) X[ — Zo2 (7). 3.76
@ N ; n! 0o dam a=dr /00 @2n(7) ( )
Here we extract already the integral over ¢ into the functions Zx ,,(7), Zz,(7) and
Zo2.,(T) given by

Ixn(T) = / ) deX (¢, 7)Q* (¢, ), (3.77)
Lzn(T) = / ) deZ (0, 7)Q*" (9, 7), (3.78)
Lo2n(T) = / ) deQ*" (¢, 7). (3.79)

The functions Zx,,(7), Zz,(7) for n > 1 and Zg2,,(7) for n > 2 are only different
from zero for 7 &~ 1 and tend to zero both for 7 — 0 and for 7 — oo, which can be
easily ascertained numerically. Therefore, in the limit §y — oo we can expand the
remaining terms in Eqs. (3.74) - (3.76) for 7/0y < 1 or a < 1. For the exponential
terms e~ in the definition of the functions I_(a), Iy(a), and I;(a) it is therefore
enough to directly approximate them by their leading order, i.e. e ™ ~ 1, since
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higher order terms or derivatives on them just lead to terms sub-leading in 6,. Thus

the derivatives (ﬁl—nnlc(a) are given for small a approximately by the n-th derivative

of the Hypergeometric function [Inc.], i.e.

d" d" 1
- Jla) ~ /mT— nl/ (2,c,za) + O(a)

= (=i)"T (% + n) U G +n,c+n, ia) + O(a),

where ¢ € {—1,0, 1}. Since at the end a = ao(7), we can expand the hypergeometric
function U for small a < 1. It is given in leading order by [Inc.]

U (% +n,c+n, ia) P~ (ta)~ ™ <Mia + O(a2)>

(3.80)

F(Fl(/fjc"z " (3.81)
+ <—F(3/2 =) + (’)(a)) .

Now we can put the equations (3.81), (3.80) and (3.74) - (3.76) together and set
a = 47 /0y. At this point we see that the leading order of Iy and ﬂQz scales as 1/6,

Iy ~ Tdr N (_é?)n {zzé—TF(n —1)
" N 0 o (3.82)
+ (ZG_Z) (11— n)% + (9(90_2)} Ty (1),
- 1 X dr o= (=) [ AT
sz %—ﬂ_ ? T Z%P(n — 2)
\/_/0 =2 et { 1o (3.83)
+ <29—Z) (- n)% 1 O0(052) | Zoo (7).
Note that T(n—1)+T(1—n) "3' =2y and T(n—2)+T'(2—n) "3 =25 [Inc.]. Thus

both terms are sub-leading in 6y and do not contribute to the leading order result for
the polarization operator. Instead the term S is indeed not suppressed by 1/6, and
contributes to the leading order of the polarization operator. By putting (3.81) into
(3.80) and setting ¢ = 1 we see that in leading order =11 (a) ~ (—1)"(n — 1)!/a™
such that .#; can be written as |Inc.|

(e}

jz—jz(ﬁo)%/oodw/oo? 7)Y = [-6Q% e, 7)]"

n=1 (3.84)

/ dgo/ T)In [1+ Q% (¢, 7)] .

For this expression we can not solve both integrals analytically. Note that Q*(p, 7) >
0 as mentioned below Eq. (3.23). Thus with the results in Egs. (3.58), (3.63), (3.73),

3I'—‘
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and (3.84) the high-energy asymptotic of the polarization operator in leading order
of 6y is given by

__am’§ [ ~ 2, 5
P.(k) =— i In“(6y) — (2y +im + 2+ 3Cz1) In(6y) + v~ +imy — 57
9 ~ i 3
—In*(2) + 2+ 3.77(&) + (7 + z§> (Cz1+2)+ 50272 +2CK +3Cgq21|,
(3.85)
2am?€2
Py(k) =P.(k) — - So. (3.86)

We see that the polarisation operator scales double logarithmic with the energy
scale and thus shows a similar behaviour like in vacuum QED. Notice that the
double logarithm only appears in the real part of the polarisation operator, whereas
the imaginary part scales logarithmic. Further we see that the main contributions
to the polarisation operator come from linear interactions with the background field,
since the expression is proportional to &, except of the function jZ(ég). But in the
definition of this function in Eq. (3.84) we see that higher non-linear interaction
terms just contribute logarithmic to the asymptotic expression. At this point we can
also calculate the probability for non-linear Breit-Wheeler pair production. Due to
the optical theorem it is related to the imaginary part of the one-loop polarization
operator [Meuren, 2015, Berestetskii et al., 1982, Meuren et al., 2013, Reiss, 1962,
Nikishov and Ritus, 1964] and given by

1 P.(k) + Py(k) als
Im = —=
m290 2 3 00

3
PBW = [IH(QO) i 1— 50271 . (387>
This probability scales logarithmic with the energy scale, but is suppressed by 1/6,
such that it goes to zero for high energies. Therefore radiative corrections in a plane
wave laser pulse scale logarithmic like in vacuum QED and the power-law scaling
pertains to the high energy regime in the CCF limit.
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4 High-Energy Asymptotic of the
One-Loop Mass Operator in a Plane
Wave

In the previous section we saw on the example of the polarisation operator that the
CCF limit and the high energy limit do not commute. The argumentation works
similar for the mass operator, such that we do not present the non-commutativity
in this section. Rather we directly start with the computation of the high energy
asymptotic of the one-loop mass operator in an intense plane wave laser pulse. The
calculations for the mass operator follow the same structure as for the polarization
operator. We start with the general expression given in [Baier et al., 1976a|. Like
in the case of the polarisation operator we assume also here that the incoming and
outgoing electrons are identical p}' = ph = p* with an average spin ¢;/2 = (/2 =
¢/2 and on-shell (p? = m?). Also here the vacuum part of the mass operator vanishes
after renormalisation for on-shell particles [Berestetskii et al., 1982] and we can
express the field dependent part of the mass operator in a linear polarized plane wave
(& =0 and & = &) by My¢(p1,p2) = (2m)°6% (1,1 — P2,1)0((kop1) — (kop2)) Mc(p),
with M¢(p) = Z?=1 M, (p). The functions M;.(p) are given by

Z—m/ dw/ / du(1 + u) {e qu)[lﬁom )
(4.1)

. Tum?
— ¢ - },
d ‘rum2 A T
Mo (p :—mgo/ / T/ du2(ip, 7)™ Twop=m (@] (4.2)

M (p :—mgo/ / dT/ du
Myc(p :—mgo/ / dT/ du

*HY Tum? 22
Ms¢(p) Z' S#f = / / / duud (g, 7)e TRopt=w 8]
(4.5)

o, 7)e TR (8 @n] g 3)

o, 7)o T R EN] (4 g)

Here we already performed the substitution 7 = 2(kop)u(1l — u)s and neglect terms
proportional to & o as = 0 to obtain this expression from the expression (3.31) in
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[Baier et al., 1976a|. Further we use the functions

Alp,7) =9Y(p — 1) — Y(p), (4.6)

and define the spin four-vector by [Berestetskii et al., 1982]

S,J:(za-C?CJr (p-¢)p ) (4.10)

m m(e, +m)

and the field pseudo-tensor amplitude in wunits of the critical field by

J = (1/2) e Fyzp/ Feie- The energy scale parameter 7 is defined analogously
to 6y in the case of the polarization operator as 1y = (kop)/m?. Since we want

to calculate the high energy asymptotic of the mass operator, we will work in the
limit 7y — co. Further we notice that, as for the polarisation operator, the function
Q?(¢, 7) is related to the variance and is thus always non-negative, i.e. Q*(¢,7) > 0.
We perform now on the M, (p) the substitution v = 1 — u, with dv = —du, and
obtain

[e%¢) ood 1 2052 (i it 1o
M ¢(p) =%m/ dso/ {/ dv(2 —v) {eis T HEPEA] _ i

(4.11)
00 o] d 1 s 1-w ~
Maglp) =gem3 [ dp [T [ aonro e ISl 4y
—00 0 0
oo o g 1 1— 2
T —o0 0 T 0 v
a ) 00 o dT 1 11— _~2‘r 1—v [1-1-{(2)@2(80,7')]
My (p) :4—m§0 dy — dv S(p,T)e 2o v , (4.14)
T — o 0 T 0 v

(s fe" ) /°° /°° dr /1 i S 1460
Ms o (p) =i—22wJo” Pv) [ g T - v)A 2 v @
5¢(p) =i m L = A v(1 = v)A(p, 7)e "7
(4.15)
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Now we perform the substitution y = %, with dv = —?%dy, y(v = 0) = oo, and
y(v=1) =1, and get

00 o o 1 i B .
M ¢(p) Z;m/ dw/ —T/ = (2— _> {e 25 (=D [1H€5 Q% (07)]
TS o T Y (4.16)
_ e—iﬁ(yfl)}’

oe d T (y— 292 T
My ¢ (p :_mfo/ dgo/ T/ _ZQJAQ(SD,T)e 7y D+ )]7 (4.17)

M (p :—mfo/ ds@/ dT/ —12/( - ;) (4.18)

x R(p,7)e —igns (y=1) [1+63Q%(,7)]

Y

d 1= (y— 22 T
Myc(p m§0/ / T/ _ZQJ (y—1)S(¢p, 7)e” i (y=1) [14€63 Q% (o, )]7
(4.19)

Ms ¢(p) =i S“f*wpy / / dT/ dy (1__> (4.20)

x A, T)e 3 W DIHEQ ]

The integrals over y have the structure [, dy ze~™* with n € 1,2,3 and Im[a] < 0

(since 1/my o m? = m? — i0), which can be solved by the I'-function defined as
[Wolfram MathWorld]

['(0,ia) = / dy;e_’y“. (4.21)
1

Integrals with n > 1 can be solved by partial integration and the ones of interest
are given by

> 1 ) .
/ dy—e V" = e " —ial'(0,1a), (4.22)
1 Y

<1 1 : 1
/1 dyﬁeﬂy“ = 5(1 —ia)e " — éaQF(O,ia). (4.23)

Nevertheless we perform at last the substitution x = y — 1 on the functions M, ((p),
to simplify our notation, and we introduce, like for the polarization operator, the
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variables ao(7) = 7/2n0 and s (@, 7) = 7E2Q*(0, 7)/2m0. We end with

Mig(p) = oom / d / T {Ioa (o(r) + g9, 7)) — To (@(r))
+211 1 (ao(T) + ay( 90, 7)) — 201 (Go(7))},
Mo e(p) =-m83 / a / Iy (ao(r) + g (9,7) A%, ), (4.25)

My (p) = mes / /—fm )+ s (p.7) Rl 7). (4.26)

(4.24)

Mic(p) =2 / d / = o (0(r) +s(,7)) Sl ), (4.27)

My (p) =i S“f*wp”/ / T ha (@olr) + g0 ) Ao 7). (4.28)

Here we additionally introduce the function

> d(L’ z" —iax
Inale) = /0 A+ (lt+a)yd’ (4.29)

with n and d being non-negative integers. By a re-substitution and the equations
(4.21)-(4.23) one can express these functions in terms of gamma functions,

Ipo(a) =1 —iae™T(0,ia), (4.30)
Ioa(a) = %[1 —ja— a2 T(0, ia)], (4.31)
Lio(a) = =1+ (1 +ia)e™T(0,ia), (4.32)
L) = %[1 +ia+ ala — 20)¢°T(0, ia)], (4.33)

Iyi(a) = %[—3 —ida + (2 + 4ia — a*)e™T(0, ia)). (4.34)

To perform the integral over ¢ we define now, as in the case of the polarisation oper-
ator, the pulse-shape function ¥(¢) as ¥(¢) = — sinh(¢)/ cosh?() [Mackenroth and
Di Piazza, 2011], shown in figure (3.1). In Section (5) we will generalize also this re-
sults to arbitrary pulse-shape functions. Again, since fj;o dr’ ¢?(p—17') is finite and

the pulse function goes sufficiently fast to zero such that limT_HE(><> [ de p(e)v(p+

7) = 0, one obtains that also 7Q?(p,7) = [ dr’ ¢¥*(p — L[y dr’ (e — T’)}Q
is finite for all values of 7 € [0, o0]. Because we are looking at the high-energy
limit, i.e. 1y > 1 and & = const such that £2/6y < 1, we can expand the I, 4-
functions for as(¢,7) < 1. Thus in leading order we can approximate Iy o(ao(7) +
ar(p,7)) & loo(ao(r)), Lio(ao(r) + ag(e, 7)) = Ii(ao(7)), 1i1(ao(7) + as(p, 7)) =
111(a0(7)), 12,1(a0(7) + as (0, 7)) = Ir1(a0(T)), Lo (a0(T) +ap(e, 7)) = loa(ao(7)) =
Iy (ao(7))ar (@, 7), and Iy (ao(T)+ag (e, 7)) —11,1(a0 (7)) ~ 11 1 (do(7))ag(e, 7). Then
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the leading order terms of the mass operator are given by

d

M ¢(p) :%mfg/o dr—— o (@o(7)) + 2111 (a0(7))] Zga(7), (4.35)

d
Mag(p) =omss [l (@(r) Zao(7) (436)

d
Maglp) =goms3 [ Tl (ao(r) Tu(r) (4.37)

d
Miglp) = poms3 [ o ) Zelr), (4.38)

*,uu , d
Mep) =i CIER) [T o) Za(), (4.30)
where we already perform the integral over ¢ using the functions
o ~ 2 4 4 1
IQQ(T):/_ d(pQZ(QO, )_ g—ﬁ—F;m, (4.40)
T, 2(7')—/Ood A*( )—Z—l 8 [ T —COth(T)—i—I} (4.41)
AT ve W=y sinh(7) | sinh?(7) 2]’ '

Ip(T) = /C: dp R(p,7) = —g - % + sinE(T) [sinhz(r) + coth(7) + %} , (4.42)
[ 4 41— 7coth(r)

IS(T>_/_OOd(pS((va)—§+;W, (4.43)

Ia(T) = /_ de Ap,7) = 0. (4.44)

We see here that M;(p) vanishes, and thus we will not consider it in the next
calculation steps of the leading order terms. We have to solve now the integral over
7 for the terms M ((p) to My (p). We do this by introducing the variable 7, and
splitting the integral region into two, 7 € [0, 79] and 7 € [rg, 0], like we do it in the
calculations for the polarization operator, assuming again that 1 < 79 < 1y [Bender
and Orszag, 1999]. In this way we can expand functions in the region 7 € [0, 7]
for small values of 7/my and in the region 7 € |1y, 00| for large values of 7. For the

T 1
expansions of small 7/1y we use that I'[0, i7/(2n)] s —v —In(it/(2n0)) |Inc.].
7/mo<1

Starting with M, ¢(p) this means = [Io (7/2m0) + 2111 (7/210)] =~ 0, since the
leading term is proportional to 7/ 770, Cand Z, 2(7> 1)~ 2/3. Thus
My (p) ~ — g/md Dl por () 421, (= Cme2, (4.45)
—m T— — — || = —=—m :
LEWP) = 370 o dr *1\ 210 S 210 o Y

where we neglect terms proportional to 7p/n9 < 1 in the result. For M, ((p) we can

T/mo<k1

divide the integral into two and approximate Ipo (7/21m9) ~ 1and Za2(7> 1)~
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4/3, and obtain

M)~ ot { [ Tt + h Tho(5)} @0

To solve the first integral we have to rewrite it by [*... = [7... fTO ... and
perform a partial integration on the integral from 0 to oc. We obtain

™ dr 4
/ O T o(7) = 21n(r) = e, (4.47)
o T 3

where the constant term is given by

Cro = /0 " drn(r)Tha(r) ~ —0.637. ... (4.48)

For the second integral we directly find that the integral is given by the function

4 dr T 4 4 T o 4 1Ty
- —1oo — ——|e2ol 0, — ~ —— In{ — ) 4.49
[ Fiolay) =3 (o) =5 (em(zy))- 0

Combining both results we obtain

o I

; T 7/7?2,<<1 3 —1 T d
For Mj;.(p) we can approximate I <%) A n < 770) and Zg(1 >
1) = —2/3 and obtain the two integrals

o dr |3 T 2 [>*dr T
it =gt [ (3 (g )| 7 =5 ) e (55}
T0

To solve the first integral we again rewrite it by [/°...= [...— [>7..., perform

a partial integration on the integral from 0 to oo, and obtain

T )= (2o (g)) o g

1 1
+ 50372 + = 1112(7'0).

3
(4.52)
Here the constant terms are given by
Cr1 = / drIn(1)Zy(7) ~ —0.347 . . ., (4.53)
0
Cro = / dr In*(7)Ix(1) ~ 0.154. . .. (4.54)
0
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For the second integral we find that
> dr T gt T 3 T i it \ |~
— | I — ) —e['[0,— )| =||{=z+-— e[ |0, —
/7'0 T [ - (2770) ( 2770)} KQ 4770) ( 2770)}70
1
2

and that

©dr i iT 1 2 1
—eml [0, — ) &~ ={7*+ = +In? 21 In—
[ Fer (o)~ ot T wtvamim (4 (5))

+ iy — (2y +im) In(2n9) + ln2(2770)},

(4.56)

where we expand in both cases for 75/n9 < 1 and only keep terms not suppressed
by 1/m9 to obtain these results. Putting all together we get

« .
Ms;(p) =— —127Tm§§ [11&2(2770) — 3+ 2y+im —3Cgr1)In(2n9) + 1
3 2 3 5 (4.57)
+3y+77 + gim Hamy + - — 503,1(3 + 27 +im) — 50372] :

The calculation of My (p) is similar to the previous one of M; (p). Here we

7/mo<1 . .
ﬁ) X -1-y-In (Z—T> and Zg(7 > 1) =~ 4/3 and obtain

approximate I o ( 5

the two integrals
o T Jr T 4 < dr T
Myc(p) ~ —mé2d— | = |1 n(-—||Z 3 Tholg )¢
1c(p) 47ng0{ /0 . { +7+ n(%)] s(r)+3/m . 1,0(2770)}
(4.58)

We rewrite again the first integral by fOTO co= fooo c— f:;o ... and perform a partial
integration on the integral from 0 to oo, and get

— /OTO g [1 +v+1n (22—;0)} Is(7) = (1 +7+1In <2L770)) |:CS,1 - gln(fo)]

1 2
+ 50572 — g ln2(7'0),

(4.59)
where the constant terms are given by
Cg1 = / drIn(1)Zg(7) = 0.695. .., (4.60)
0
Cso = / drIn®*(7)Zg(T) ~ 1.02.... (4.61)
0
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For the second integral we find that

OOd iT iT ) &
[ ) o)) ()
o T 210 210 20/ |,

1Ty
~ —l—ln( >
! 210

where we expand for 79/19 < 1 and only keep terms not suppressed by 1/1. The in-
tegral over the I'-function was already calculated in Eq. (4.56). Putting all together
we obtain

(4.62)

a . 3
M (p) =g—m& {1112(2770) = <2 + 2y +im + 505,1> In(21o)
(4.63)

2

. . ™ 3 T 3
+2y 4+ 7% + i + iy + o T 30sa (1 +7+@§> + 105,2} :

At this point we have calculated all terms of the mass operator in the first non-
vanishing order. As for the polarisation operator we have to take now the higher
order contributions into account and proof if they give terms which are not sup-
pressed by 1/my. The higher order contributions come from terms of the Taylor
expansion for small as(p, 7)

I a(ao(m0) + ag(p, 7)) = Zl' i]n,d(a) dgc(go, ). (4.64)

Thus the higher order contributions are given by

| | (4.65)
o) =gons [~ () el T (4o
Mag(p) =gy [ : i—, (%) Ny T (167)
oMl =gt [T & (o) dghe|_ zal s
() =i ) [T i (o) et T, (469)
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where we extract already the integral over ¢ into the functions

Ly ,(1) = [ dp @) (4.70)
Zuos(r) = [ do 8.0, (471)
Znj(r) = | doRip. 11 017). (4.72)
Zur) = [ deSte. I 007), (4.73)
Za,0) = [ dp e n) @ (o) (471)

To see if the higher order terms are sub-leading in 7 it is enough to proof, if
higher derivatives scale as %Imd(a) x since every higher order term of the
Taylor expansion obtains already a term az(p, 7) o ;—OQQ(@, 7) < 1 for every order.
If we have a look on the functions I, 4 given by the equations (4.30) to (4.34) we see
that they contain five different kinds of terms: constant ones, terms proportional
to a, terms oc €“T'(0,4a), < ae”T'(0,ia), and o< a?e”T'(0,4a). Derivatives on the
constant or o< a terms can never scale as o 1/a’, as well as derivatives on a? or €.
Thus we have to consider only terms Where the derivative acts on I'(0, ia), since the

derivative of it is given by 2 T(O za) ~i Inc.|. Hence only derivatives on the

term o< €"*T'(0, ia) can scales as 4= “T(O Za) (—%)J (5—1)!40O(a*77). These terms
occur only in the functions [170( ) and I5;(a), which means that the higher order
contributions 6 M5 (p) and 6 My (p) can contribute to the leading order, whereas the
higher order contributions 6M ¢(p), 0Ma¢(p), and §Ms (p) are sub-leading in 7.
In the Taylor series of I1 o(ao(70) + af(w, 7)) and Is;(ao(m0) + as(p, 7)) we therefore
have to consider the higher order contributions given in leading order of 1y by [Inc.|

1
al’

1 o @ . i _ 1 1\ B
]Zlﬁe 510, ia) a:aomaic(so,f)—jzlﬁ<—m> (j — D@} (p,7)
o0 1 _ ]
=> = (-8@em) (475)
j=1

—1In [1 + Q% (¢, T)} .

We rewrite the leading order corrections of Mz (p) and M, (p) as 0Msz.(p) =
ﬁmeJR(&)) and 0M, (p) = m{oﬂg(&)) where

/ do [“TRe ML+ §F @I (@70
— [ / 7S<¢,r>1n[1+53©2<w,7>], (4.77)
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which depend just on the parameter £, and on the pulse shape. Thus the asymptotic
expression of the mass operator M.(p) = ijl M; (p)+0Ms¢(p)+dMy(p) is, using
the results of Eqs. (4.45), (4.50), (4.57), and (4.63), given by

Mc(p)

o :
:Emgg{ In*(2ng) + [3 — 2y — i — 3(Cr1 + Cs1)] In(2m0)

3
+ 5[(27 + 'm-)(CR,l + CSJ) + 30371 + 20571 — 20A2 —+ CR72 + 0572] (478)

2
+3[Ir(&0) + I5(&)] — T — 3y +~% — gm + iy + %} .
We see that the mass operator scales, like the polarisation operator in the previ-
ous section, double logarithmic with the energy scale and thus behaves similar to
vacuum QED. Again the double logarithm only appears in the real part, whereas
the imaginary part of the mass operator scales logarithmic. Further also here the
main contributions to the mass operator come from linear interactions with the
background field, since the expression is proportional to &2, except of the functions
Ir(&) and Fg(&), which indicate a logarithmic contribution of higher non-linear
interaction terms to the asymptotic expression. At this point we can also compute
the probability for non-linear Compton-scattering, which is by the optical theorem
related to the imaginary part of the one-loop mass operator [Mackenroth and Di Pi-
azza, 2011, Ivanov et al., 2004, Boca and Florescu, 2009, Harvey et al., 2009, Meuren,
2015]. Its high energy asymptotic is thus given by
2
Po— - TmMy(p) = 2%

3 3
= In(2 - — - = . 4.
- 6 10 n(2no) + 5 7 Q(CR,l + Cs1) (4.79)

This probability scales, like the probability for non-linear Breit-Wheeler pair pro-
duction in the previous section, logarithmic with the energy, but is suppressed by
1/no, such that it goes to zero for high energies. Again this logarithmic scaling
is in agreement with the scaling of radiative corrections in vacuum QED and thus
the power law scaling pertains to the high energy regime of the CCF limit. The
parameter discriminating between both limits is so = £2/n, which is much larger
than unity for the low-frequency /CCF limit (so > 1) and much smaller than unity
for the high-energy limit (s < 1).
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5 Generalization of the results to
arbitrary, finite pulse shapes

In this section we will generalize the asymptotic expressions, found in the previous
sections, to arbitrary pulse shapes 1)(¢). But to be able to perform the calculations
in this generalized manner, the pulse has to be finite. More precise this means for
us, that the integrals

Wy = /Z dp P* (), (5.1)
Wy = /Z dp (), (5.2)
Wy = / o; dp " () (5.3)
have to be finite and that the pulse goes sufficiently fast to zero such that
i [ devtehte+ ) = (5.4

The first and the last assumption were already stressed in the series expansion of
the polarization and mass operator below Eq. (3.44) and Eq. (4.34), respectively.

5.1 Polarization operator

We will generalize here the results for the polarization operator. For the polarization
operator we introduce in Section (3) the pulse shape below Eq. (3.44), where we will
start at this point, staying with the same notation. Since W), is finite and the pulse
goes fast enough to zero such that Eq. (5.4) holds, also here the quantity 7Q*(y, 7)
is finite. We can expand in the limit 6y — oo the Eq. (3.44) for as(¢,7) < 1 and
obtain in leading order Eq. (3.49), but now with the general expressions of Zx(7),
Z(1), and Zg2(7) given in Eqs. (3.46) - (3.48). At this point we can show that the
functions Zx (1), Z(7), and Zg2(7) tend to zero quadratically for small 7. We do
this by starting, e.g., with inserting the expression of X (¢, 7) in Eq. (3.24) in the
general expression of Zy (1) given by

2 = [ o3 [ duvto—m—vio-)]

o0

x B/lldy@b(so—w)—@b(sﬁf)]-
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For 7 < 1 we can Taylor expand the pulse shape function up to quadratic terms as

Y(p + ) i~ Y(p) + 2 (p) + %Qw”(go), with 2 being —7y or £7. After performing
the integrals in dy, multiplying out the brackets, and only keeping terms up to the
order of 72, one ends up with

T

Ty(r) B — Wy (5.6)
Proceeding analogously for Z;(7) and Zg2(7), one obtains

7K1

Iy(1) = 2Wyt?, (5.7)
r<t 1
IQZ (7’) §1 §W¢/T2. (58)

All three functions tend to zero quadratically. This is important since we used in
the calculations of some integrals in Section (3) that Z(7)In*(7) — 0 for 7 — 0.
Similarly we can perform the limit 7 — oo for the functions Zx(7), Zz(7), and
Z2(7). Here we have to use substitutions of the kind ¢’ = ¢ — 7y and Eq. (5.4).
By using this we obtain that

lim Zx (1) = 0, (5.9)
T—r00
lim Iz(T) = W¢, (510)
T—00
lim Zgz(7) = W (5.11)

With the limits of 7 < 1 and 7 — o0 it is already possible to perform the integration
over 7 in the expressions of the functions Zx, .#7, and F2 in Egs. (3.50) - (3.52)
by following the same line like in Section (3), but of course taking now the general
expressions for Zx(7), Zz(7), and Zg2(7). Starting with #x we obtain

Iy~ 2/ T, (5.12)
0

T

since again Zy (1) vanishes for large 7 such that we can directly expand everything
for small 7/6y. For Zg. and £, we have to divide again the integration region into
two parts, 7 € [0, 9] and 7 € [, 00| with 1 < 79 < 6y, and use different expansions
for the both regions. Proceeding along the same steps as in Section (3), we obtain
for them

_2W¢ LT 2
j@2 —7 |:1H<90) —2— Y — ZE] — ﬁCQQ’l’ (513)
_Ww 2 N . 2 2 . o 2 2 o 2
Iz =— |In“(6y) 2y +im + —Cz1 | In(6p) + 7 + imy 7 —In"(2)
2 Wi 12

i 1
+ (’7 + Z§> CZJ + ECZ,Q + WwCK,
(5.14)
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where C is given by Eq. (3.66) and Cgz2 1, Cz1, and Cyz are given by the general
definitions in the Eqgs. (3.61), (3.70), and (3.71), respectively. Note that Cg2 1, Cz1,
and C7z 2 depend on the pulse shape such that their numerical value will be different
for different pulse shape functions. Instead Ck is independent of the pulse shape
such that its numerical value is fixed. Now we have to proof if the higher order
terms in Eqgs. (3.74) - (3.76) give contributions to the leading order. At this point
we just have to convince our self that also for an arbitrary, finite pulse the functions
Ixn(T), Zz,(7) for n > 1 and Zg2,(7) for n > 2, defined in Eqs.(3.77) to (3.79),
tend to zero both for 7 — 0 and for 7 — co. Obviously they tend to zero for 7 — 0,
since the functions X (p,7), Z(¢, ), and Q*(¢, 7) tend to zero for 7 — 0. For large
7 we can use the fact that the pulse is finite and tends to zero for +£00. Nevertheless
the pulse has a finite width ¢, which could be much larger than unity, i.e. ¢ > 1.
Thus the integral get its mayor contribution for 7 < ¢ and the approximations in
Section (3) are just valid for 6 > ¢, which we assume in the following. In this case
we can expand the remaining functions in Eqs. (3.74) - (3.76) for 7/6y < 1. The
further calculation is exactly the same as in Section (3), since it does not depend on
the pulse shape. Thus the only higher order contribution is given by jZ(&]) given
in Eq. (3.84). Summing up all terms we obtain for the high-energy asymptotics of
the one-loop polarization operator in an arbitrary, finite plane wave pulse

221y, 2
Pe(k) —— %ﬁszﬁ {1n2(90) — (2*7 +im+ 24+ WOZJ) 111(490)

P
2~ 2 5 9 2 T
&) £ iy — ot () + 442 (y+22 +CK) (5.15)
2 T 1
+m {(’Y + Z§> Cz1+ 502,2 +Cg21 + fx} } ,
am?&
Py(k) =P.(k) + Iy (5.16)

T
Again, we can compute the probability for non-linear Breit-Wheeler pair production
by using the optical theorem. For an arbitrary, finite pulse it is given by

_a Wy 1
2 Wy

BW {hl(eo) i 1— OZ,1‘| . (517)
The results of P.(k), P,(k), and Ppy in an arbitrary pulse shape are, except of the
numerical value of some constants, exactly the same as for the pulse shape used in
Section (3). Thus all conclusions also hold here. The only additional assumption is

that 6y has to be much larger as the width of the Laser pulse.

5.2 Mass operator

We will generalize now the results for the mass operator. Therefore we start in
Section (4) below Eq. (4.34), where the pulse shape is introduced the first time in
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the calculations. We use the same notation as in Section (4). Again, do to Egs.
(5.1) and (5.4) the quantity 7Q?(p,7) is finite. Thus in the limit 7y — co we can
expand the Eqgs. (4.24) - (4.28) for as(¢,7) < 1, and obtain in leading order the
Egs. (4.35) - (4.39), but now with the general expressions for Zs2(7), Za2(7), Zr(7),
Zs(1), and Za(7) given in Eqgs. (4.40) - (4.44). Again Za(7) = 0, since with the
substitution ¢’ = ¢ — 7 one obtains that [*° dew(p —7) = [7_d¢'i(¢’). For
the other terms we can show, like in the previous subsection, that they tend to
zero at least quadratically for small 7. We do this by a Taylor expansion of the
pulse shape function up to third order in 7, such that for 7 < 1 we approximate
(e —71) & Y(p) — T (p) + §¢"(¢) - %S@Z)’”(go). After performing the integrals,
multiplying all terms out, using partial integrations in the integration over ¢ to
express all pulse shape depending terms by W,,, Wy or W, using the fact that the
pulse shape and its derivatives go to zero for ¢ — oo, and keeping only the leading
terms in 7, we obtain

re1 1

Ton(7) & SWor, (5.18)

Tax(r) 'S Wyr?, (5.19)
11

Tn(r) 'S — s Wyt (5.20)
et 1

Ts(r) 'S Wt (5.21)

Similarly we can perform the limit 7 — oo. Using substitutions of the kind ¢’ = p—x
with  being 7 or 7" and using Eq. (5.4) we get

Tim Tau(7) = W, (5.22)
TILIIOlOIA2(7') = 2Wy, (5.23)
Jim Zufr) = Wi, (52
lim Ts(7) = 2W, (5.25)

Since all functions tend to zero at least quadratically for 7 — 0 and are constant
for 7 — 0o, we can perform the integral over 7 in M ¢(p) to My(p) given by Egs.
(4.35) - (4.38). We do this by introducing again the parameter 75, with 1 < 79 < 19,
and splitting the integral region into two, 7 € [0, 79| and 7 € [r9, 00|, and using the
approximation 7/ny < 1 and 7 > 1, respectively. Following the same line as
in Section (4), but now of course with the general expression and limits for the
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functions Zp. (1), Zaz2(7), Zr(7), and Zs(7) we obtain

3o
Myc(p) = = -m&Wy, (5.26)

™

M2 (p) Z%m&? {Ww [ln(%o) — - '5] - %CAQ} : (5.27)

o ) 2
Ms(p) = — 8—ﬂm§§Ww [1112(2770) — (3 + 2y +im — mcm) In(2n0) + 1 + 3y

2
+’)/2 + giﬂ' + i?T’}/ + WZ — WLwCRJ(B + 2”}/ + iﬂ') — WLwCRQ} ,
(5.28)
My (p) :%mfgl/l@ [11&2(2770) — (2 + 2y +im + WLCS’I) In(2n9) + 2
, v (5.29)
+~% +im 4 imy + 7T_+LCSI <1+7+iz> + LCSQ} .
1w, 2) " aw,

Here Caz, Cr1, Cra, Cs1, and Cgo are given by the general expressions in Egs.
(4.48), (4.53), (4.54), (4.60), and (4.61), respectively. Since they depend on the pulse
shape, their numerical value will be different for different pulse shape functions.

At this point we have to proof if higher order terms of the expansion are sup-
pressed by 1/n, like we do it in Section (4). Since there the argumentation does not
depend on the pulse shape, the results are also valid for general pulse shapes and
thus the only relevant higher order contributions are JM; (p) = ﬁmﬁ%j}g(&]) and
My (p) = ﬁmﬁgjs(ﬁo) with Zr(&) and Zg(&) given in Eqs. (4.76) and (4.77),
respectively.

Summing all terms up we obtain for the high-energy asymptotics of the one-loop
mass operator M.(p) = Z?Zl M;(p) + 0Ms¢(p) + 0Myc(p) in an arbitrary, finite
plane wave pulse

o . 2
Mg(p) :8—7Tm§§W¢{ 11’12(2770) -+ |i3 — 2")/ — 1T — Ww(CRJ + CS,l):| 1n(2170)

2 7 ; 3. 72
T [Tr(&) + Is(&0)] — T =37 +7% — i Himy+ o
¥

1 .
—|—W[(2’y +i7)(Cr1 + Cs1) + 3Cr1 +2Cs1 — 2Cpr2 + Cpa + CS,Z]} :
P
(5.30)
At this point we can again compute the probability for non-linear Compton-scattering,

which is, due to the optical theorem, related to the imaginary part of the mass op-
erator. For an arbitrary, finite plane wave pulse it is given by

a W, 3 1
—50 ¥ 1n(2170) + 5 -y = M(CRJ —+ 05'71):| . (531)

P =
4 o
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Also here all conclusions of Section (4) hold for these results, too, since they are
identical except of the numerical value of some constants.
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6 Numerical proof of the results

We want to test now our asymptotic expressions by numerical calculations. We
use for the numerical calculations the exact expressions for the polarization or mass
operator, but exand them to leading order in the limit £, — 0. In that way we can
neglect higher non-linear interaction terms and the expressions in the limit { — 0
goes coincide with the leading order expressions in the high energy limit. We will
first show the results for the pulse shape t(y) = —sinh(y)/cosh?®(¢) used in the
first two sections and afterwards we take the pulse shape () = sin”® (5%) sin(y)
for ¢ € [0,2N~| and zero otherwise. Here N denotes the number of cycles and we
will use for the calculations N = 5 and N = 10 to see the influence of the cycle
number.

For the pulse shape function )(¢) = —sinh(y)/cosh?(¢) in the case of the polar-
ization operator the analytical asymptotic expression is given by Eqgs. (3.85) and
(3.86) just without the term .#;(&) and with the numerical values of the constant
terms given in Egs. (3.61), (3.66), (3.70), and (3.71). The numerical calculations are
performed using the exact expression of the polarization operator in Egs. (3.33) and
(3.34), but in the limit £ — 0 such that the expression coincides with the leading
term of the high energy expansion, which is e.g. for P,(k) given in Eq. (3.45). The
results for the real and imaginary part of P.(k) and P,(k) are shown in figure 6.1.

We see in figure 6.1 that the asymptotic results nicely approach to the exact ones
for large values of 6, and this in all cases, for the real and imaginary part and for
P.(k) and Py(k). Further we see that, as expected from the asymptotic results, the
imaginary part of P,(k) and P,(k) go co-inside and the real parts differ for large 6y
by a constant term of 2/3.

We do now the same proof with the one-loop mass operator and the pulse shape
Y(p) = —sinh(p)/cosh?(p). The analytical asymptotic expression is given by Eq.
(4.78) just without the terms #r(&) and Zs(&) and with the numerical values
of the constant terms given in Eqs. (4.48), (4.53), (4.54), (4.60), and (4.61). The
numerical calculations are performed using the exact expression of the mass operator
in Eqgs. (4.24) - (4.27), but in the limit § — 0 such that the expression coincides
with the leading term of the high energy expansion given in Eqs. (4.35) - (4.38).
The results are shown in figure 6.2.

We see in figure 6.2 that the asymptotic results nicely approach to the exact ones
for large values of 7 in both cases, for the real and the imaginary part of M¢(p).

Now we take a different pulse shape function, more precise the pulse shape 1(p) =

sin® (55 ) sin(i) for ¢ € [0,2N7] and zero otherwise. Here N denotes the number of
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Figure 6.1: On the left plot we see the real part and on the right plot the imaginary
part of P.(k) and Py(k) in units of —am?¢3/m. We use as a pulse shape
Y(p) = —sinh(p)/ cosh?(¢p) like in Section (3). In black and blue the exact
numeric results of Egs. (3.33) and (3.34) are shown and in green and red the
asymptotic results of Egs. (3.85) and (3.86). Since the asymptotic expressions
for the imaginary part of P.(k) and Py(k) are the same, they are represented
as a green red line in the right plot. For both, the exact and the asymptotic
results, we assume that the parameter &y is sufficiently small such that they
can be approximated to be proportional to fg

cycles. We will use for the calculations N =5 and N = 10 cycles to see the influence
of the cycle number on the high energy behaviour of the polarization operator.
Since the analytic result just depends over W, and some constant terms on the
pulse shape the polarization and mass operator are influenced similarly by different
cycle numbers and we therefore only consider here the polarization operator. The
analytical result is given by Egs. (5.15) and (5.16). Here we have to calculate now
for N =5 and N = 10 cycles the constant terms Cg24, Cz1, Cz2, Wy, and Fx
from the general expressions in Egs. (3.61), (3.70), (3.71), (5.1), and (5.12). They
are given for N =5 by [Inc.]

Cora = 1.392..., (6.1)
Cyi~ —T.442. . ., (6.2)
Clro = 4.641.. ., (6.3)

1
W¢ = gﬂ', (64)
Iy~ —5.890.. ., (6.5)
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Figure 6.2: On the left plot we see the real part and on the right plot the imagi-
nary part of M¢(p) in units of amé&3/m. We use as a pulse shape 1(p) =
— sinh(p)/ cosh?(y) like in Section (4). In black the exact numeric result of
Egs. (4.1) - (4.4) is shown and in green the asymptotic result of Eq. (4.78).
For both, the exact and the asymptotic results, we assume that the parameter
&o is sufficiently small such that they can be approximated to be proportional
to £2.

and for N = 10 by

Coey ~ 2.725 ..., (6.6)
CZ,I ~ —14.94 ... s (67)
Cpam~9.312.. ., (6.8)

15
W¢ = Zﬂ-7 (69)
Ty~ —11.78.... (6.10)

Ck does not depend on the pulse shape and its numerical value is given in Eq.
(3.66). For the numerical calculations we use the exact expression of the polarization
operator in Egs. (3.33) and (3.34), and expand them to leading order in the limit
&o — 0 such that their expression coincides with the leading term of the high energy
expansion, which is e.g. for P.(k) given in Eq. (3.45). Here the functions Zx(7),
Z;(1), and Zg2(7) have to be calculated analytically for the special pulse shape of
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course. We obtain that they are given by [Inc.]

om 8T
IX(T) = 160872 {901 + 9(—25 + 327’2) Cos <€)
12
+576(—1 + 272) cos(27) + 4(—25 + 7277) cos (TT) (6.11)
12
—24r {15 sin (%T) +48sin(27) + 10sin (?T)} } :
) 8 12
Iy(7) = T {—6 + cos (g) + 4 cos(271) + cos (?T)} : (6.12)
om 9 8T
Zo2(T) 16082 —901 + 17287* + 225 cos =

6.13
127 ( )

+576 cos(27) + 100 cos (T)]

for N =5 and by

o 91
Ix(7) = == < 29702 + 121(—50 + 8172 —
x(7) 7840872{ +121(=50 + 817 )COS(5)
11
+19602(—1 + 27%) cos(27) + 81(—50 + 12172) cos (?T)
9 11
—1987 {55 sin (g) +198sin(27) + 45 sin (TT)} } ,
(6.14)
5 9 11
Zy(7) = —37 [—6 + cos (%) + 4 cos(27) + cos <?T)] , (6.15)
om 9 97
To2(1) = 392042 —14851 + 294037° + 3025 cos =
(6.16)

117
+9801 cos(27) + 2025 cos (?)]

for N = 10. Using this we can compute the remaining integral in 7 numerically.
The results are shown for the real part of P.(k) and Py(k) in figure 6.3 and for the
imaginary part in figure 6.4.

We see in figure 6.3 that the asymptotic results for the real part of P.(k) in the
left plot and P,(k) in the right plot nicely approach to the exact ones for large values
of 6y in both cases, for N =5 and N = 10 cycles. Further we see that in both plots
the results for N = 10 are approximately twice as large as the results for N = 5,
which is due to the fact that Wy, scales with the number of cycles. Again the real
part of P.(k) and P,(k) differ for large 6y by a constant term depending on the value
of fX .

In figure 6.4 we see the imaginary part of P.(k) in the left plot and P,(k) in the
right plot. The asymptotic results for both, P.(k) and P,(k), nicely approach to

51



Re(_ﬂh) Re(-ﬂ“—)

gl an g3

150 - 150 -

50 - 50 -

S R SR P S B S
0 50 100 150 200 0 50 100 150 200

L g PR B!

— sin2 exact n=5 sin2 asymptotic n=5 — sin? exact n=10 — sin? asymptotic n=10

Figure 6.3: Shown are the real parts, on the left plot for P.(k) and on the right plot
for Py(k), both in units of —am?¢?/m. We use as a pulse shape ¥(p) =
sin?(p/2N) sin(p) for ¢ € [0,2N7] and zero otherwise. In black and blue the
exact numeric result and in green and red the asymptotic result is shown for
N =5 and N = 10, respectively. The exact results were calculated from Eqgs.
(3.33) and (3.34) and the asymptotic results are from the Egs. (5.15) and
(5.16) for the left and the right plot, respectively. For both, the exact and the
asymptotic results, we assume that the parameter &y is sufficiently small such
that they can be approximated to be proportional to &2.

the exact ones for large values of 6, for both cycle numbers, N = 5 and N = 10.
Further we see that in both plots the results for N = 10 are twice as large as the
results for N = 5, which is due to the fact that Wy, scales with the number of cycles.
Again the imaginary parts of P.(k) and P,(k) are identical for the corresponding
cycle numbers.

Thus we see that, considering only linear interaction terms with the background
field (§ < 1), our analytical expressions for the high energy asymptotic indeed
represent the true behaviour for large energy scales 6, or 7.
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Figure 6.4: Shown are the imaginary parts, on the left plot for P.(k) and on the right
plot for P,(k), both in units of —am?&3/m. We use as a pulse shape 9(p) =
sin?(¢/2N) sin(p) for ¢ € [0,2N7] and zero otherwise. In black and blue the
exact numeric result and in green and red the asymptotic result is shown for
N =5 and N = 10, respectively. The exact results were calculated from Eqgs.
(3.33) and (3.34) and the asymptotic results are from the Egs. (5.15) and
(5.16) for the left and the right plot, respectively. For both, the exact and the
asymptotic results, we assume that the parameter & is sufficiently small such
that they can be approximated to be proportional to &3.
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7 Conclusion

We considered the polarization and mass operator in a plane wave laser pulse with
identical and on-shell incoming and outgoing photons and electrons, respectively.
We showed that the low frequency or CCF limit, with £, — oo and either 8, — 0
and ko finite or ny — 0 and Yy, finite, and the high-energy limit, with &, finite and
either 8y — oo and Ky — o0 or 179 — oo and Yo — 00, of these operators does
not commute. This is due to the parameter ro = &3 /6y or so = £2/n0, respectively,
which are much greater than unity for the low-frequency or CCF limit and much
smaller than unity for the high-energy limit. Thus the high-energy behaviour in
the low frequency or CCF limit, which scales with the (2/3)-power of the energy,
pertains only to this limit and represents not the high energy behaviour of general
strong field QED. We calculated then also the high-energy asymptotics of the po-
larization and mass operator. Both show a double logarithmic increase with the
energy scale. The main contributions come from linear interaction terms, since the
expression is proportional to 2. Terms from higher non-linear interactions with the
background field arise in the #-functions and lead just to logarithmic contributions
to the leading order terms in 6, or 7. Further we calculated, by using the optical
theorem, from the asymptotic expressions of the polarisation and mass operator the
probabilities for non-linear Breit-Wheeler pairproduction and non-linear Compton
scattering. Both scale logarithmic with the energy scale, but are suppressed by
1/6y or 1/ng, respectively. This behaviour is quite similar to vacuum QED, where
radiative corrections increase logarithmic with the energy scale. We want to point
out that the interesting power-law behaviour of the high energy regime in a CCF
can nevertheless be tested experimentally. For this one just has to make sure, that
the parameter ry = £2/60y or sp = &2 /no is much greater than unity. This can for
example be reached by using low frequencies and high field strength amplitudes for
the background field laser.
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