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Abstract. We study the asymptotic behavior of the sequence of the
Nielsen numbers {N(f*)}, the essential periodic orbits of f and the
homotopy minimal periods of f using the Nielsen theory of maps f on
infra-solvmanifolds of type (R). We give a linear lower bound for the
number of essential periodic orbits of such a map, which sharpens well-
known results of Shub and Sullivan for periodic points and of Babenko
and Bogatyi for periodic orbits. We also verify that a constant multiple
of infinitely many prime numbers occur as homotopy minimal periods
of such a map.

Mathematics Subject Classification. Primary 37C25; Secondary 55M20.

Keywords. Infra-solvmanifold, Nielsen number, Nielsen zeta function,
periodic orbit.

1. Introduction

Let f: X — X be a map on a finite complex X. A point z € X is a fixed
point of f if f(z) = x; a periodic point of f with period n if f™(x) = x. The
smallest period of z is called the minimal period. We will use the following
notations:

Fix(f) = {z € X | f(z) = =},

Per(f) = the set of all minimal periods of f,

P, (f) = the set of all periodic points of f with minimal period n,
HPer(f) = (] {n € N | P.(g) # 0}

9~ f
= the set of all homotopy minimal periods of f.

Let p : X — X be the universal cover of X and f:X — X alift of
f,ie,pof = fop Two lifts f and f’ are called conjugate if there is a
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covering translation v : X — X such that f’ = yo f o y~!. The subset
p(Fix(f)) C Fix(f) is called the fized point class of f determined by the
lifting class [f]. A fixed point class is called essential if its index is nonzero.
The number of essential fixed point classes is called the Nielsen number of
f, denoted by N(f) [22].

The Nielsen number is always finite and is a homotopy invariant lower
bound for the number of fixed points of f. In the category of compact, con-
nected polyhedra the Nielsen number of a map is, apart from in certain
exceptional cases, equal to the least number of fixed points of maps with the
same homotopy type as f.

From the dynamical point of view, it is natural to consider the Nielsen
numbers N (f*) of all iterations of f simultaneously. For example, N. Ivanov
[17] introduced the notion of the asymptotic Nielsen number, measuring the
growth of the sequence N (f*) and found the basic relation between the topo-
logical entropy of f and the asymptotic Nielsen number. Later on, it was
suggested in [9-11,36] to arrange the Nielsen numbers N (f*) of all iterations
of f into the Nielsen zeta function

0 k
Ny(z) = exp (Z N(]f )zk> .

k=1

The Nielsen zeta function Ny (z) is a nonabelian analogue of the Lefschetz
zeta function

o0 k
Ly(2) = exp <Z L(g )Zk> :
k=1

dim X
L(fr) =Y (=1 e {f2 : Hy(X;Q) — Hi(X;Q)}
k=0
is the Lefschetz number of the iterate f™ of f.
Nice analytical properties of Ny (z) [11] indicate that the numbers N (f*)
are closely interconnected. The manifestation of this is Gauss congruences

dzlkju@) NG =0 mod k,

for any k > 0, where f is a map on an infra-solvmanifold of type (R) [12].
The fundamental invariants of f used in the study of periodic points are
the Lefschetz numbers L(f*), and their algebraic combinations, the Nielsen
numbers N (f¥) and the Nielsen—Jiang periodic numbers NP, (f) and N®,,(f).
The study of periodic points using the Lefschetz theory has been done
extensively by many authors in the literatures such as [2,8,19,22,35]. A nat-
ural question is to know how much information we can get about the set
of essential periodic points of f or about the set of (homotopy) minimal
periods of f from the study of the sequence {N(f*)} of the Nielsen num-
bers of iterations of f. Even though the Lefschetz numbers L(f*) and the
Nielsen numbers N (f*) are different from the nature and not equal for maps
f on infra-solvmanifolds of type (R), we can utilize the arguments employed

where
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mainly in [2] and [19, Chap. III] for the Lefschetz numbers of iterations and
thereby will study the asymptotic behavior of the sequence {N(f*)}, the
essential periodic orbits of f and the homotopy minimal periods of f by
using the Nielsen theory of maps f on infra-solvmanifolds of type (R). We
give a linear lower bound for the number of essential periodic orbits of such a
map (Theorem 5.3), which sharpens well-known results of Shub and Sullivan
for periodic points and of Babenko and Bogatyi for periodic orbits. We also
verify that a constant multiple of infinitely many prime numbers occur as
homotopy minimal periods of such a map (Theorem 6.1).

2. Nielsen numbers N (f*)

Let S be a connected and simply connected solvable Lie group. A discrete
subgroup I" of S is a lattice of S if T'\S is compact and, in this case, we say
that the quotient space T'\S is a special solvmanifold. Let TT C Aff(S) be a
torsion-free finite extension of the lattice I' = II N S of S. That is, II fits the
short exact sequence

1 S Aff(S) —— Aut(S) —— 1
I I I
1 r n —— mr ——1

Then, IT acts freely on S and the manifold IT\ S is called an infra-solvmanifold.
The finite group ® = II/T is the holonomy group of II or TI\S. It sits nat-
urally in Aut(S). Thus, every infra-solvmanifold IT\\S is finitely covered by
the special solvmanifold I'\ S. An infra-solvmanifold M = II\S is of type (R)
if S is of type (R) or completely solvable, i.e., if ad X : & — & has only real
eigenvalues for all X in the Lie algebra & of S.

Recall that a connected solvable Lie group S contains a sequence of
closed subgroups

1=N,C---CN,=8

such that N; is normal in N;y; and N;11/N; =2 R or N;yq/N; = St If the
groups Ny, -+, Ni are normal in S, the group S is called supersolvable. The
supersolvable Lie groups are the Lie groups of type (R).

Lemma 2.1 ([40, Lemma 4.1], [24, Proposition 2.1]). For a connected Lie
group S, the following are equivalent:

(1) S is supersolvable.
(2) All elements of Ad(S) have only positive eigenvalues.

(3) S is of type (R).

In this paper, we shall assume that f : M — M is a continuous map
on an infra-solvmanifold M = II\S of type (R) with holonomy group ®.
Then, f has an affine homotopy lift (d,D) : S — S, and so f*¥ has an
affine homotopy lift (d, D)* = (d’, D¥) where d' = dD(d)--- D*~1(d). By
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the averaging formulas for the Lefschetz and the Nielsen numbers L(f*) and
N(f*) [29, Theorem 4.2] and [13], we have

1

L(f*) = — ) det(I — A, DF), (AV)
1

N(f*) = 2z D [det(I = A.D)|.

Concerning the Nielsen numbers N (f*) of all iterates of f, we recall the
following results. These results about N(f*) are crucial in our discussion.

Theorem 2.2 ([12, Theorem 11.4]). Let f : M — M be a map on an infra-
solvmanifold M of type (R). Then

;‘M< ) N(f9 =0 mod k (DN)

for all k > 0.

Indeed, we have shown in [12, Theorem 11.4] that the left-hand side is
non-negative because it is equal to the number of isolated periodic points of
f with least period k. By [37, Lemma 2.1], the sequence {Ny(f)} is exactly
realizable.

Consider the sequences of algebraic multiplicities {Ax(f)} and Dold
multiplicities {I(f)} associated with the sequence {N(f*)}:

kﬂzi%p@)mm,um=%y@)mﬁ. )

Then, Ij.(f) = kAk(f) and all Ax(f) are integers by Theorem 2.2. From the
Moébius inversion formula, we immediately have

=3 d A, (22)

dlk

Theorem 2.3 ([7, Theorem 4.5]). Let f : M — M be a map on an infra-
solvmanifold M of type (R). Then, the Nielsen zeta function of f

oo k
Ny(z) =exp <Z N(];:f )zk>

k=1

is a rational function.
In fact, it is well known that

2) = [[det(z =z o) 70

k=0

where f.;, : Hy,(M;Q) — Hy(M;Q). Hence, Ly(z) is a rational function with
coefficients in Q. In [7, Theorem 4.5], it is shown that Ny (z) is either

Ny(2) = Ly((~1)"2) 0"
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or

(L (1)) TV
Ny(e) = ( L, ((—D)m2) )

where p is the number of real eigenvalues of D, which are > 1 and n is the
number of real eigenvalues of D, which are < —1. Here, f; is a lift of f to a
certain twofold covering of M which has the same affine homotopy lift (d, D)
as f. Consequently, Ny(z) is a rational function with coefficients in Q.

On the other hand, since N;(0) = 1 by definition, z = 0 is not a zero
nor a pole of the rational function Ny(z). Thus, we can write

_u() _TLO=82) Y7y - aay-n

with all \; distinct nonzero algebraic integers (see for example [3] or [2,
Theorem 2.1]) and p; nonzero integers. Taking log on both sides of the above
identity, we obtain

oo k» T
Z N(]f )zk = Z —pilog(1l — \;2)

k=1 =1
N (S ()\iz)k>

_ i 2 i1 PN ok
k=1 k
This induces
r(f)
N(f*) =Y piXi (N1)
i=1

Note that 7(f) is the number of zeros and poles of Nf(z). Since Ny(z) is a
homotopy invariant, so is r(f). This argument tells us that whenever we have
a rational expression of Ny (z), we can write down all N(f*) directly from
the expression. However, even though we can compute all N(f*) using the
averaging formula, it can be rather complicated to write down the rational
expression of Ny(z).

We consider another generating function associated with the sequence

{N (")}
Si(z) = ilong(z).
dz
Then it is easy to see that

e’} [e’e] 7‘(f) T(f)
_ _ i\
Sp(:) = JON(MAT =S e =S 2y
k=1 k=1 i=1 i=1 v

which is a rational function with simple poles and integral residues, and 0
at infinity. The rational function Sy(z) can be written as Sy(z) = u(z)/v(z)
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where the polynomials u(z) and v(z) are of the form

u(z Zal , 71+szj

with a; and b; integers, see (3) = (5), Theorem 2.1 in [2] or [19, Lemma 3.1.31].
Let ©(z) be the conjugate polynomial of v(2), i.e., #(z) = z*v(1/2). Then, the
numbers {\;} are the roots of 9(z), and r(f) = t.

The following can be found in the proof of (3) = (5), Theorem 2.1 in
[2].

Lemma 2.4. If \; and \; are roots of the rational polynomial ¥(z) which
are algebraically conjugate (i.e., \; and \; are roots of the same irreducible
polynomial), then p; = p;.

Proof. Let ¥ = Q(A1,---,A+) C C be the field of the rational polynomial
9(z) and let o be an automorphism of 3 over Q, i.e., o is the identity on
Q. The group of all such automorphisms is called the Galois group of X.
Since the o()\;) are again the roots of 9(2), we have o();) = A\y(;). That is, o
induces a permutation o on {1,--- ,7}. Applying o to the sequence {N(f*)},
we obtain

o (N(f*) =0 (Z pM?) = piocN) =D piMy =D oA
=1 =1 =1 i=1

Since the N (f*) are integers, o(N(f*)) = N(f*) and consequently

Zm Zpg—u

As a matrix form, we can write

AL A2 A |1 AL A2 A | [po-1(n)
S N B DR VIR Ve
VYRR 1 I PV VSR [

Since the A; are distinct, the matrices in this equation are nonsingular (the
Vandermonde determinant). Thus, p; = p,-1(;) for all i = 1,...,7. On the
other hand, it is known that the Galois group acts transitively on the set of
algebraically conjugate roots. Since A; and A; are conjugate roots of 0(z), we
can choose o in the Galois group so that o()\;) = A\;. Hence, o(i) = j and so
pi = pj- O

Let 9(z) = [I)_, 0a(z) be the decomposition of the monic integral
polynomial ©(z) into irreducible polynomials 9,(z) of degree r,. Of course,
r=r(f) =34z 7a and

9(2) = 2"+ b12" F b2 4 4 b2+ by

_ H (z"‘” +b<1)¢zra—1 +b(2xzra—2+...+b7‘f‘ailz+b?a) = H ﬁa(Z)
a=1 _



Vol. 20 (2018) The Nielsen numbers of iterations of maps Page 7 of 31 62

If {)\ga)} are the roots of 7,(z), then the associated p’s are the same p,.
Consequently, we can rewrite (N1) as:

N =S (z >k>

i=1

> ot (0] - X (L),

pPa>0 i=1 Pa<0 =1

Consider the 7, X ro-integral square matrices

00---0 —b
10---0 —bT .

00---0 —bg
00---1 —b

The characteristic polynomial is det(z] — M,) = 0,(z) and therefore {)\EO‘)}
are the eigenvalues of M,. This implies that N(f*) = 3" _| p, tr M¥. Set

My =@ piMa, M= P paM
pPa>0 Pa<0
Then

N(f*) =tr MF — tr M* = tr (My @ (-M_))". (N2)

Remark that from Theorem 2.3 (the rationality of the zeta functions
on infra-solvmanifolds of type (R)), it was possible to derive the identities
(N2) above. Thus, we can reprove the Dold-Nielsen congruences (DN) of
Theorem 2.2 using the following fact ([42, Theorem 1]): The Gauss congruence
for the traces of powers of integer matrices

Zu( )tr (M%) =0 mod k
d|k

holds for all integer matrices M and all natural k. Recall also from [42] that
the following Euler congruence

tr (MP") = tr (Mprfl) mod p"

holds for all integer matrices M, all natural r, and all prime numbers p.
Furthermore, it is shown in [42, Theorem 9] that the above two assertions
are equivalent. Immediately we obtain the following Euler congruences for
the Nielsen numbers, which are equivalent to the Gauss congruences for the
Nielsen numbers in Theorem 2.2.

Theorem 2.5. Let f: M — M be a map on an infra-solvmanifold M of type
(R). Then

N(fpr) = N(fpwfl) mod p” (EN)

for all r > 0 and all prime numbers p.
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We remark also that the rationality of the Nielsen zeta function N (z)
on an infra-solvmanifold of type (R) is equivalent to the existence of a self-
map g of some topological space X such that N(f*) = L(g*) for all k > 1. In
addition, due to the Gauss congruences (DN) in Theorem 2.2 we can choose
X to be a compact polyhedron, see [2, Theorem 2.1 and Theorem(Dold)].
Thus, we can say that Nielsen theory on infra-solvmanifolds of type (R) is
simpler than we have expected and is reduced to Lefschetz theory but on
different spaces that are not necessarily closed nor aspherical manifolds.

We will show in Proposition 5.4 that if A(f) # 0 then N(f*) # 0
and hence f has an essential periodic point of period k. In the following, we
investigate some other necessary conditions under which N(f*) # 0. Recall
that

N(f*) = the number of essential fixed point classes of f*.

If F is a fixed point class of f*, then f*(F) = F and the length of F is the
smallest number p for which fP(F) = F, written p(F). We denote by (F)
the f-orbit of F, i.e., (F) = {F, f(F),..., fP~1(F)} where p = p(F). If F is
essential, so is every f(IF) and (F) is an essential periodic orbit of f with
length p(F) and p(F) | k. These are variations of Corollaries 2.3, 2.4 and 2.5
of [2].

Corollary 2.6. If r(f) # 0, then N(f*) # 0 for some 1 < i < r(f). In
particular, f has at least N(f?) essential periodic points of period i and an
essential periodic orbit with the length p | i,i < r(f).

Proof. Recall from (2.4) that

r(f) oS
pii _
S =3 LA S (e
i=1 ‘ k=1
Assume that N(f) = --- = N(f")) = 0. For simplicity, write the above

identity as Sy(z) = u(z)/v(z) = s(z) where v(z) is a polynomial of degree
r(f) and s(z) is the series of the right-hand side. Then, u(z) = v(z)s(z). A
simple calculation shows that the higher order derivative of v(z)s(z) up to
order r(f) —1 at 0 are all zero. Since u(z) is a polynomial of degree r(f) —1,
it shows that u(z) = 0, a contradiction. O

Recalling the identity N(f*) = E:ifl) piAE we define
r(f)

M(f) =max{ > pi— Y pj 0 (2.5)

pi=0 p;i<0

mlf) = mind 3 = Y o)

pi=0 p; <0
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Corollary 2.7. If p(f) = 0 and r(f) > 1, then r(f) > 2 and N(f*) # 0 for
some 1 <i < r(f). In particular, f has at least N (f?) essential periodic points
of period i and an essential periodic orbit with the length p | 1,71 <r(f) — 1.

Proof. The conditions p(f) = 0 and r(f) > 1 immediately imply that r(f) >
2. Since r(f) # 0 by the previous corollary there exists i € {1,--- ,r(f)} such
that N(f?) # 0. Assume N(f) =--- = N(f")=1) =0. So, N(f"/)) £ 0. As
in the proof of the above corollary, we consider u(z)/v(z) = s(z) where u(z)
is a polynomial of degree r(f) —1 > 1 and s(z) is a power series starting from
the nonzero term N(f7/))2"(f)=1 The derivative of order r(f) — 1 on both
sides of the identity u(z) = v(2)s(z) yields that N(f"/)) = 0, a contradiction.

0

Corollary 2.8. If r(f) > 0, then N(f%) # 0 for some 1 < i < M(f). In
particular, f has at least N(f?) essential periodic points of period i and an
essential periodic orbit with the length p | i,i < M(f).

Proof. Assume that N(f*) =0 for all k = 1,--- , M(f). From (N2), we have
Jp =tr Mﬁ = tr M*. For simplicity, suppose

m(f) = sz‘ <- ij = M(f).
pi>0 p; <0

Then, the matrix M, has size m(f) and M_ has size M (f). We write the
eigenvalues of M, and M_, respectively, as:

K1y s Hm(f)s /lla e 7/1M(f)
Of course, {Mlv T 7/1'm(f)7ﬂ17 T aﬁM(f)} = {)‘17 T ,)\’I”} as a set. NOWa the
identities tr M¥ = tr M* yield the M(f) equations
MIICJ'_“.—’_an(f)+0+”'+0:ﬁ]f+“'+ﬂ§\/[(f)
where p1; = 0 when m(f) < j < M(f). By [4, p.72, Corollary], there exists a
permutation o on {1,---, M(f)} such that p; = fi,(;). If m(f) < M(f) then
0= prcsy = fou(p)) = Aj for some j, a contradiction. Hence, m(f) = M(f)
and the \;’s associated with p; > 0 and the A;’s associated with p; < 0 are the
same. This implies that the rational function Nf(z) has the same poles and

zeros of equal multiplicity and hence Ny (z) = 1, contradicting that »(f) > 0.
O

3. Radius of convergence of Ny (z)

From the Cauchy-Hadamard formula, we can see that the radii R of conver-
gence of the infinite series Ny(z) and Sy(z) are the same and given by

k—oo k k—o0
We will understand the radius R of convergence from the identity N (f*)

= E;Lfl) piAF. Recall that the A\; ' are the poles or the zeros of the rational
function Ny(z).

1 NFRY M
= lim sup ((f)) = limsup N (f*)'/*.



62 Page 10 of 31 A. Fel’shtyn, J. B. Lee JFPTA

Definition 3.1. We define

A(f) = max{|Af | i =1,---,r(f)}-

Ifr(f) =0, i.e, if N(f¥) =0 for all k£ > 0, then Ny(2) =1 and 1/R = 0. In
this case, we define customarily A(f) = 0. When 7(f) # 0, we define

n(f) = #{i [ M| = A(f)}-

We shall assume now that r(f) # 0 or A(f) > 0. First, we can observe
easily the following:

1. limsup z;/k = lim Sup(rkei9k>1/k = limsup rl/k 0y /k

2. limsup(\F)Y/¥ = |\| by taking z, = A\* in (1 )
3. When lim z;, = 0 in (1), limsup zi/ =0.

= lim sup ri/k.

4. lim(zg + p)'/* = lim z;/k when lim z; = oo. For, in this case 1 induces

1/k
2k

Assume |);| # A(f) for some j; then we have

N k )\i k - )\i 3
E\g)_zm </\> + pj, hmZpZ- ()\) = 0.

i#j J i#] J

It follows from the above observations that 1/R = limsup(}_,_; piAf)'/*.
Consequently, we may assume that N(f*) = > p; ¥ with all [A;] = A(f)
and then we have
1/k
1
R lim sup Z pj)\?
[Aj1=A()

Remark that if A\(f) < 1 then N(f*) = EI)\ |=A(f pj/\§ — 0 and so the

sequence of integers are eventually zero, i.e., N( fk) = 0 for all k£ sufficiently
large. This shows that 1/R = 0 and, furthermore, N¢(z) is the exponential
of a polynomial. Hence, the rational function Ny(z) has no poles and zeros.
This forces N¢(z) = 1; hence, A(f) = 0. If A(f) > 1, then N(f*) — oo and
by L’Hopital’s rule we obtain

k log (Y. pj Ak
lim sup log N(f") = lim sup M

1
m st 2 m st - =log\(f) = — =)

R

If A\(f) = 1, then N(f*) < Zj |pjl < oo is a bounded sequence and so it
has a convergent subsequence. If limsup N(f*) = 0, then N(f*) = 0 for
all k sufficiently large and so by the same reason as above, A(f) = 0, a
contradiction. Hence, limsup N (f*) is a finite nonzero integer and so 1/R =
1= (/).

Summing up, we have obtained that



Vol. 20 (2018) The Nielsen numbers of iterations of maps Page 11 of 31 62

Theorem 3.2. Let f be a map on an infra-solvmanifold of type (R). Let R
denote the radius of convergence of the Nielsen zeta function Ny(z) of f.
Then, A(f) =0 or A(f) > 1, and

1
— = A(f). 1
==A0) (R1)
In particular,

(1) A(f) =0, which occurs if and only if N¢(z) = 1;

(2) if \(f) =1, then N(f*) is a bounded sequence;

(3) M(f) > 1 if and only if N(f*) is an unbounded sequence.

Remark 3.3. In this paper, the number A(f) will play a similar role as the
“essential spectral radius” in [19] or the “reduced spectral radius” in [2].
Theorem 3.2 below shows that 1/A(f) is the “radius” of the Nielsen zeta
function Ny(z). Note also that A(f) is a homotopy invariant.

By Theorem 3.2, we see that the sequence N(f*) is either bounded or
exponentially unbounded.

Remark 3.4. Recall from (2.3) and (2.4) that

r(f)
PiN;
S =
7(2) 2T
r(f) I1 (1—Xz)~P
N¢(z2) = 1—\z) P = —2<0 i .
f( ) };[1( ) Hpi>0(1 _ )\iz)Pi

These show that all the 1/); are the poles of Sf(z), whereas the 1/\; with
corresponding p; > 0 are the poles of N¢(z). The radius of convergence of
a power series centered at a point a is equal to the distance from a to the
nearest point where the power series cannot be defined in a way that makes
it holomorphic. Hence, the radius of convergence of Sy(z) is 1/A(f) and the
radius of convergence of Ny(z) is 1/ max{|\;| | p; > 0}. In particular, we
have shown that

A(f) = max{|Ai] [ i =1, ,r(f)} = max{|\i| [ pi > 0}
Notice this identity in Example 3.7.

On the other hand, we can understand the radius R of convergence
using the averaging formula. Compare our result with [12, Theorem 7.10]. Let
{1, , pm t be the eigenvalues of D,, counted with multiplicities, where m
is the dimension of the manifold M. We denote by sp(A) the spectral radius
of the matrix A which is the largest modulus of an eigenvalue of A. From the
definition, we have

Sp(D*) :max{|:u’]| |j = 1’ 7m}7

Sp (/\ D*> = H|#j\>1 ‘:uj| when sp(D,)
1 when sp(D,) < 1.
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Note [det(I — D})| = [T}~ [1 — pf|. If some p; = 1, then det(I — DY) =0
for all k > 0 and hence limsup | det(I — D¥)|*/* = 0. Assume now all 1; # 1;
then, det(I — D¥) # 0 for all k > 0. Remark further from [12, Theorem 4.1]
that

log |1 —
log (hmsup|det([ D )|1/k) —hmsupZM

k—oo k—o00 = k
_ Z\ug|>1 log ;]  when sp(D,) > 1
0 when sp(D,) < 1.
Now we ascertain that if D, has no eigenvalue 1, then
1
— =limsup | det(I — D¥ 1k — bp( D ) R2
& = limsup| det(/ = D) A (R2)

From the averaging formula, we have N(f*) > |det(I — DF)|/#®. This
induces

1 det(I — DF)|\ /¥
= lim sup N (f*)/% > lim sup <|e(*)|)

= limsup | det(I — DF)[*/.
k—oo

Furthermore, for any A € ®, we obtain (see the proof of [12, Theorem 4.3])
|det(I — A,DF)| H (1+ [5]%)

and hence from the averaging formula

H1+IMJ %S IT 1wl

[pjl>1

This finishes the proof of our assertion.
Following from (R1) and (R2), we immediately have

Theorem 3.5. Let f be a map on an infra-solvmanifold of type (R) with an
affine homotopy lift (d, D). Let R denote the radius of convergence of the
Nielsen zeta function of f. If D, has no eigenvalue 1, then

= (AD.) =2

We recall that the asymptotic Nielsen number of f is defined to be

N°(f) = max{l,limsupN(fk)l/k}.

k—oo
We also recall that the most widely used measure for the complexity of a
dynamical system is the topological entropy h(f). A basic relation between
these two numbers is h(f) > log N°*°(f), which was found by Ivanov in [17].
There is a conjectural inequality h(f) > log(sp(f)) raised by Shub [25,26, 38].
This conjecture was proven for all maps on infra-solvmanifolds of type (R),
see [12,33,34]. Now, we are able to state about relations between N°(f),

A(f) and h(f).
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Corollary 3.6. Let f be a map on an infra-solvmanifold of type (R) with an
affine homotopy lift (d, D). If D, has no eigenvalue 1, then

N=() = Af),  h(f) = log A(f).

Proof. From [12, Theorem 4.3] and Theorem 3.5, we have that N°°(f)
sp(A D«) = A(f). Hence by Ivanov’s inequality, we obtain that h(f)
log N>°(f) = log A(f)-

The following example shows that the assumption in Theorem 3.5 and
its Corollary that 1 is not in the spectrum of D, is essential.

IEAVAR

Ezample 8.7. Let f: M — M be a map of type (r,¢,q) on the Klein bottle
M induced by an affine map (d, D) : R? — R2. Recall from [27, Theorem 2.3
and its proof that r is odd or ¢ = 0, and

* r 0
— , when 7 is odd;
12 0q
(d,D) =
* r 0 .
, when 7 is even and ¢ = 0,
* 200

SIS

(1 — k)| = {qk(rk—l) when r is odd and gr > 0
(=1)*g*(r* —1) when r is odd and gr <0
N(f*) = 1 when ¢ =r =0
1=k ={rk—1 when r» > 0 and ¢ =0

(=1)k(r* —1) when r < 0 and ¢ = 0.

A simple calculation shows that

gr N(f*) Ni(2)  S¢(2) (A(f),sp(A D-))
r=1 0 1 0 (0, max{1,[q[})
rodd, gr > 0 (gr)* —q¢" 11—_qq:z T —qi]rz ~ 7 —qqz (gr,qr)

rodd, gr <0 (—gr)" — (—q)* lquq; 7 f;rz + 1 -fqz (—qr,—qr)
¢g=0,r=0 1 1112 1iz 1 (1,1)
¢=0r>0 rf-1 1j—rzz 1—T7"z_1+z (r,7)
¢=0,r<0 (=)~ (-1)* 11—:_:2 1 —:r‘z + 1 j—z (=r, =)

These observations show that when one of the eigenvalues is 1, the invari-
ants N¢(z), sp(/\ Dx«) and A(f) still strongly depend on the other eigenvalue.
Remark also in this example that the identity A(f) = max{|\;| | p; > 0}
holds.
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4. Asymptotic behavior of the sequence { IV (f*)}

In this section, we study the asymptotic behavior of the Nielsen numbers of
iterates of maps on infra-solvmanifolds of type (R).

We can write N (f*) = Z:ifl) piNE as N(f*) =T (f*) + Q(f*), where

Ty =T(f) =N D pe )|, (A)
A=A
Q=)= > pA
I\ <A

Since |A;| < A(f), it follows that

AP <A?f>>kﬂO

il <A(F)

Theorem 4.1. For a map [ of an infra-solvmanifold of type (R), one of the
following three possibilities holds:

(1) A(f) =0, which occurs if and only if N;(z) = 1.

(2) The sequence {N(f*)/A(f)¥} has the same limit points as a periodic
sequence {ZJ ajeg? where aj € Z,¢; € C and e? =1 for some integer
qg>0.

(3) The set of limit points of the sequence { N (f*)/\(f)*} contains an inter-
val.

Proof. For simplicity, we denote A(f) by Ag. Recall that Ao = 0 if and only if
all N(f*) =0 and otherwise, A\g > 1. Suppose that Ao > 1. We may assume
that

A\ = )\0621'71'917. . 7)‘n(f) _ )\Oeziﬂe”(f)
are all the \; of modulus Ay (see Definition 3.1 for n(f)). From (A), we

see that the sequence {N(f*)/AE} has the same asymptotic behavior as the
sequence

I ")
7]; — Z pj€2m'(k9j)
Y; <

We consider the continuous function 7") — [0, 00) defined by

n(f)
(&, énp) — | Z pje*mi|.

j=1
For any subset S of {1, -+ ,n(f)}, we have a sub-torus
T ={(&1, - uip) €T 16 =0, V) ¢ S

The restriction of the above continuous function to the sub-torus 71! is
continuous and has its maximum ms because 71! is compact.
Now we show that either
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(i) {Z;Lifl) pje2™ i} is periodic
or
(ii) there exists S C {1,--- ,n(f)} such that the sequence {Z;ifl) pje2mkoiy
is dense in [0, mg].
If dimz{01,--- ,0n(s), 1} = 1, then all 6; are rational p;/q;. Every A\;/Ao =
e?™% is a g;th root of unity, and thus all A;/\g = €?"% are roots of unity
j j

of degree ¢ = lem(q1, -+, gn(s)), and hence the sequence {E;ifl) ,oje%”(k‘gf)}
is periodic of period ¢. This proves (2).
Suppose dimz{01,--- ,0,(s), 1} = s > 1. Then, there exists the smallest

subset S = {j1, -+ ,js} C {1,--- ,n(f)} for which 6;,,---,6,,,1 are linearly
independent over the integers. This means that if Y7, £,0;, = { with ¢;,{ € Z
then ¢;, = ---={;, = =0. Then, it follows from [6, Theorem 6, p. 91] that
the sequence (k@ ,--- ,kf;.) is dense in T!SI. This proves (3) with [0, ms].
O

Example 4.2. (1) Let f be the identity on S*. Then, N(f*) = 0 for all k > 0
and so A(f) =0 and Ny(z) = 1.
(2) Consider the map f on T? induced by the matrix

0 1
D= [_1 _J |
The characteristic polynomial of D is t2 + ¢ + 1. The eigenvalues of D
are w = (—1 ++/3i)/2 and @. Hence

0 when k=3¢
L(f*) =det(I - D*)=(1 —w")(1 = &) =2 — (W* + %)=
(79 = det(I = DY) =(1 —wH)(1 =05 =2 = (@h )= "
So, N(f*) = L(f*) for all k > 0. Therefore, we have
B (I —w2)(1 —wz)
Consequently, we have that

A(f) = max{|w], o], 1} = 1,

{ L(f*)
ACf)F
(3) Let f be the map on T* induced by the matrix

0100
0010
0001
-1202

} ={2— (W +&")} is 3-periodic.

D:

The characteristic polynomial of D is t* — 2t3 — 2t + 1. This polynomial
has two complex roots w,w of modulus 1 and two real roots o, 3 with 0 <
a < 1 and 8 = 1/a. Note that this is an example showing that there are
algebraic integers w,w of modulus 1 which are not roots of unity. Indeed,

w:I_T‘/g+yi€Sl wherey2:§.
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Since
L(f¥) = det(I — DF) = (1 = aF)(1 = 5)(1 — wh)(1 — &P),
N(f*) = [det(I = D*)| = (1 — a")(1 = g")(1 - *)(1 - &)
= 24w+ 0% +20* — (aw)* — (a@)*

+28% — (ﬁw)k — (ﬁ&))k - 2(aﬁ)k + (aﬁw)k + (aﬁ@)k,

we have
Ny(2) = (1—2)%(1 — aw2)(1 — awz)(1 — Bwz)(1 — Bwz)(1 — aBz)?
! (1—w2)(1—w2)(1 —az2)?2(1 — B2)2(1 — afwz)(1 — afwz)’
B R T D
A(f) = max{1l,a, B, a8} = 3, NP 2 —wh — ",

This is an example of Case (3) with [0, 2] in Theorem 4.1.

In Theorem 3.5, we showed that if D, has no eigenvalue 1 then A(f) =
sp(A D.). In Example 3.7, we have seen that when D, has an eigenvalue 1,
there are maps f for which A\(f) # sp(A D) with A(f) = 0, and A(f) =
sp(A\ D.) with A(f) > 1. In fact, we prove in the following that the latter
case is always true.

Lemma 4.3. Let f be a map on an infra-solvmanifold of type (R) with an
affine homotopy lift (d, D). If A\(f) > 1, then A\(f) = sp(/\ D).

Proof. Since A(f) > 1, by Corollary 2.6, N(f*) # 0 for some k > 1 and
then by the averaging formula, there is B € ® such that det(/ — B,DF) # 0.
Choose 3 € II of the form 3 = (b, B). Then 3(d, D)* is another homotopy
lift of f*. We have observed above that there are numbers vy, - , v, such
that det(I — B.D¥) = [[\~,(1 — ;) and {(uF)*} = {v!{} for some £ > 0.
Since det(I — B.D¥) # 0, B, D has no eigenvalue 1. Hence by Theorem 3.5,
we have A(f*) = sp(A B.DF). Recall that N(f*) = 1Y% p Ak and A(f) =
max{|\;|}. Since A(f) > 1, it follows that A(f*¥) = A(f)*. Observe further
that sp(A B.DF) = I, 51 il = 1 51 |¥| = sp(/A Dx)*. Consequently,
we obtain the required identity A(f) = sp(/A D«). O

Example 4.4. Consider the 3-dimensional orientable flat manifold with fun-
damental group &, generated by {t1,ts, t3,a} where

1 0 0
ti=11ol . 1), ta=1{1|1.1], ts=11o|.1],
0 0 1

1M 0 0
a=(a,A)=1|10|,{0-1 0
0 0 0-1

Thus,

Gy = (ti,ta, tg, | [titj] = 1,0 = t1,atat =t atza™ =t31).
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Let ¢ : 83 — &9 be any homomorphism. Every element of & is of the form
oPty'ty. Thus, ¢ has the form

p(tz) = o™ t5t5%,  p(ts) = a™137°15°,  p(a) = aPt5't3.

The relations atoa™! = t;l and atsa™! = tg yield that po = p3 = 0,
(=1)»m; = —m; and (—1)Pn; = —n;. Hence, when p is even, we have m; =
n; = 0. Further, ¢(t;) = t}.
Now we shall determine an affine map (d, D) satisfying ¢(8)(d, D) =
(d,D)g for all 8 € B,.
CASE p = 24.
In this case, we have ¢(t2) = p(t3) = 1 and p(a) = aPtPh = tit7s
and, hence, we need to determine (d, D) satisfying
(d,D) = (d,D)(ez,I) = D(e2) = 0,
(d,D) = (d,D)(e3,I) = D(e3) =0
(ler +mea +nes, I)(d, D) = (d,D)(a, A)
= ley +meg +nes +d=d+ D(a), D= DA.
Hence, the second and the third columns of D must be 0 and so D=DAis
automatically satisfied and the first column of D is [ﬁ m n] That is,

* 20 00
(d,D)=| [*|,[2m 00
* 2n 00

The eigenvalues of D are 0 (multiple) and 2¢, and N(f*) = |(2¢)* — 1| and
L when ¢ = 0;

1—z
N¢(z) = 11_*252 when ¢ > 1;
11‘222 when ¢ < —1.

It follows that A(f) = max{1,2|¢|} = sp(/ D.). Moreover, the sequence
IN(f¥)/A(f)F} is asymptotically the constant sequence {1}. In fact, if for
example £ > 1 then N(f*) = (1)1 +1-(20)*, A\(f) = 2¢ and T(f*) =
1-(20)% hence I'(f*)/A(f)* = 1. We then have Case (2) of Theorem 4.1.
CASE p=2(+1.

In this case, we have @(t2) = t5"2t52, ¢(t3) = t5°t5* and ¢(a) =
Pty = at{t5t} and, hence, we need to determine (d, D) satisfying

p(t2)(d, D) = (d, D)ta = D(e2) = maea + nges,

(p(tg)( ) (d D)ts = D(eg) msea + N3es,

p(a)(d, D) = (d, D)o
= a+ A(le; + meg +nes) + A(d) =d+ D(a), AD = DA.

These yield

* 20+1 0 0
(d, D) = - 5 0 mo M3
0 Nno N3

SIS
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Now, we consider some explicit examples of such D. First we take D to be
-1 00
D= 0 de
0—ed
Then, D has eigenvalues —1 and p = d + ei. Clearly, N(f*) = 0 for all even
integers k > 0. For odd k, D* and AD* are, respectively, of the form

-1 00 -1 0 0
DF = 0 zy| and AD*=| 0—2 —y
0—-yx 0 y—=x
Then
1
N(f*) = 5 {|det(I — DM)| + | det(I — AD¥)]}

:%{2((1—x)2+y2)+2((1+x)2+y2)} =2(1+ 2% +y?).

Here, 22 +y% = p*i* = |u|?*. Consequently, N(f*) = 2(1 + |u|?*) for odd k.
This yields that

o 2(2k—1)
Ny (2) = exp (Z 21 + |l >k>

2k — 1
k=1
= exp Z 2 ZQk—l +§: 2 (|/,L‘22’)2k_1
2k — 1 2k — 1
k=1 k=1
1+2 1+ |pf?z
= 1 1
eXp(°g1_z 1— |uf2z

(1+2)(1+ |uf2)
(1=2)(1 = |ul?2)

Moreover, A(f) = max{l,|u?} = sp(AD.). We can see also that the
sequence I'(f*)/A(f)F is (=1)* T+ 1if || # 1 and 2((—1)FFL + 1) if |u| = 1,
hence the sequence T'(f*)/A(f)¥ is 2-periodic. We thus have Case (2) of The-
orem 4.1.

Secondly, we take D to be

-100
D = Ode
Oe f

Let D have eigenvalues —1 and p; and pp. For odd k, D* and AD* are,
respectively, of the form

—-100 -1 0 0
DF = 0zy| and AD* = 0—z —y
Oy =z 0—y —2

Then

——

N(f*) = % {|det(I — D*)| + | det(I — AD¥)
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:%{2((1—:5)(1—,2)—3;2) +2((1+2)1+2) -9}
=2(1 +zz — y?).
Here, 2z — y* = pfpb. Hence, N(f*) = (14 (=1)*T1)(1 + pfp5). This yields

that
o~ 20+ (pap2)™ ) oy
Ny(2) = exp (Z (Lt o))

L2k—1 2k—1
= exp <k§1 o + E % MlNQZ) )
1 1
~ exp <1Og 2 4 o W)
1-— 1 — U1p2Z

_ (1420 + H1M2Z)

- (=2 = papz)”
Observe also that A(f) = max{1, |uipz|} = sp(/\ D«). Whether p; are real
or complex, we can see that the sequence N(f*)/A(f)* is asymptotically
periodic, and so we have Case (2) of Theorem 4.1.

It is important to know not only the rate of growth of the sequence
{N(f*)} but also the frequency with which the largest Nielsen number is
encountered. The following theorem shows that this sequence grows rela-
tively dense. The following are variations of Theorem 2.7, Proposition 2.8
and Corollary 2.9 of [2].

Theorem 4.5. Let [ : M — M be a map on an infra-solvmanifold of type (R).
If AX(f) > 1, then there exist v > 0 and a natural number N such that for any
m > N there is an £ € {0,1,--- ,n(f) —1} such that N(f™ ) /A (f)"H > ~.

Proof. As in the proof of Theorem 4.1, for any k > 0, we can write N(f*) =
[y + Q so that Ty /A(f)F = E;Lifl) ;€2 (k%) Consider the following n(f)
consecutive identities

n(f)
r ) .
) k-&];i_é _ Z (ijQ'Lﬂ'(kej)) 2im05) g ... n(f) — 1.
(1)~ &
Let W =W (01, ,0,(s)) be the Vandermonde operator on crh
1 1 e 1
62i7T01 €2i7T02 . 62i7r9n(f)
62”(201) e2irr(20g) eQiﬂ(Qen(f))

W01, 0nip) =
Q2in(n(f)=1)01 2in(n(H)~1)62 .. G2im(n(f)~1)0us)

and let 2y = |[W 1|1, Then, the vector p'= (p1e?™*0) ... p,  e2im(knn))

satisfies |Wp| > [[W=| 71|l = 29|17 > 2v+/n(f). Thus, there is at least
one of the coordinates of the vector Wy whose modulus is > 2v. That
is, there is an ¢ € {0,1,--- ,n(f) — 1} such that |[Dpie|/A(f)FH > 2.
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On the other hand, since Qx/A(f)¥ — 0, we can choose N so large that
m >N = |Qu|[/A(f)™ < 7.
In all, whenever m > N there is an £ € {0,1,--- ,n(f) — 1} such that

N O Pngel Q]
> — 2y — vy =1.
APy = Ay A(f)ym e A=Y=y
This finishes the proof. U
Corollary 4.6. If A\(f) > 1, then we have
: N(ff) L(f*) - Q(fF)
lim su = limsu >0, lim =0
b AR T A k=00 AP

Proposition 4.7. (2, Proposition 2.8]) Let f : M — M be a map on an infra-
solvmanifold of type (R) such that \(f) > 1. Then, for any e > 0, there exists
N such that if N(f™)/A(f)™ > € for m > N, then the Dold multiplicity
L. (f) satisfies

€ m
1)1 2 SAP)
Proof. From the definition of Dold multiplicity Ix(f), we have

1(f |\Zu( ) SERUEDS u(Z)N(fd>].

dlk d|k,d#k
Let C' be any number such that 2M (f) < C. Then, for any d > 0

Zw T <AM(NHA)T < OA”.

Thus, we have

() = N(fF) = C Y AP = N(fF) = Crk)A(f)F/?

dlk,d£k

N -0y ;;“Q/QAW

where 7(k) is the number of divisors of k. Since 7(k) < 2vk, see [19,
Ex 3.2.17], and since A(f) > 1, we have limj .o, 7(k)/A(f)*/? = 0, and
so there exists an integer N such that C7(k)/\(f)*/? < €/2 for all k > N.
Let m > N such that N(f™)/A(f)™ > e. The above inequality induces the
required inequality

NU™) o rm)
1= (3757 =) 200" >

A)™.

Theorem 4.5 and Proposition 4.7 imply immediately the following:

Corollary 4.8. Let f : M — M be a map on an infra-solvmanifold of type
(R) such that A\(f) > 1. Then, there exist v > 0 and a natural number N
such that if m > N then there exists £ with 0 < £ < n(f) — 1 such that
Loy dCOA)™ > 7/2. Tn particular T o(f) 0 and 50 Amyo(f) #0.
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5. Essential periodic orbits

In this section, we shall give an estimate from below the number of essential
periodic orbits of maps on infra-solvmanifolds of type (R).
First of all, we recall the following:

Theorem 5.1. ([39], see also [26]) If f : M — M is a C*-map on a smooth
compact manifold M and {L(f*)} is unbounded, then the set of periodic points

of f, U, Fix(f*), is infinite.

This theorem is not true for continuous maps. Consider the one-point
compactification of the map of the complex plane f(z) = 222/||z||. This is a
continuous degree two map of S? with only two periodic points. But L(f*) =
2k+1'

However, when M is an infra-solvmanifold of type (R), the theorem is
true for all continuous maps f on M. In fact, using the averaging formula
([29, Theorem 4.3], [13]), we obtain

1
L)) < g D Idet(T = A.DE)| = N(/).
Acd
If L(f*) is unbounded, then so is N(f*) and hence the number of essential
fixed point classes of all f* is infinite. In fact, the inequality |L(f)| < N(f)
for any map f on an infra-solvmanifold was proved in [41].

Corollary 5.2. Let f be a map on an infra-solvmanifold of type (R). Suppose
{N(f*)} is unbounded. If every periodic point of f is isolated, then the set of
minimal periods of f is infinite.

Proof. By assumption, each Fix(f™) consists of isolated points, so Fix(f™)
and hence P, (f) are finite. If, in addition, f has finitely many minimal
periods then f must have finitely many periodic points. This implies that
{N(f*)} is bounded, a contradiction. O

Recall that any map f on an infra-solvmanifold of type (R) is homo-
topic to a map f induced by an affine map (d, D). By [12, Proposition 9.3],
every essential fixed point class of f consists of a single element 2 with index
sign det(I — df,). Hence, N(f) = N(f) is the number of essential fixed point
classes of f. It is a classical fact that a homotopy between f and f induces a
one-one correspondence between the fixed point classes of f and those of f,

which is index preserving. Consequently, we obtain

LU < N(F5) < #Fix(F5).
This induces the following conjectural inequality (see [38,39]) for infra-
solvmanifolds of type (R):

lim sup % log |L(f*)| < li]insup % log #Fix(f*).

k—o00

We denote by O(f, k) the set of all essential periodic orbits of f with
length < k. Thus

O(f,k) = {(F) | F is an essential fixed point class of f™ with m < k}.
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Theorem 5.3. Let f be a map on an infra-solvmanifold of type (R). Suppose
that the sequence N (f*) is unbounded. Then, there exists a natural number
Ny such that

k — No

Proof. As mentioned earlier, we may assume that every essential fixed point
class F of any f* consists of a single element F = {x}. Denote by Fix.(f*) the
set of essential fixed point (class) of f*. Thus, N(f*) = #Fix.(f*). Recalling
also that f acts on the set Fix.(f*) from the proof of [12, Theorem 11.4], we
have

O(f, k) = {{x) | = is a essential periodic point of f with length < k}.

Observe further that if x is an essential periodic point of f with minimal
period p, then = € Fix.(f?) if and only if p | g. The length of the orbit (z) of
x is p, and

Fix, fk U Fix.(f9),

dlk

Fixe(fd) n Fixe(fd/) — Fixe(fgcd(d,d’)).
Recalling that

1

m;”(?) kZu( ) #Fix (%),
we define A,,(f, (z)) for any x € |J, Fix.(f*) to be

An(f Zu( ) ) N Fix,(f¥)) .
k|lm

Then, we have

Am(f) = Z Ap(f, (x)).
meFi@(fm)
We begin with new notation. For a given integer ¥ > 0 and x €
U,, Fixe(f™), let
A(f k) ={m < k| An(f) # 0},
A(f, () = {m | Am(f, (x)) # 0}

Remark that if A,,(f) # 0 then there exists an essential periodic point x of
f with period m such that A,,(f, (z)) # 0. Consequently, we have

Atk Al (=)
(z)€O(f,k)

Since N(f*) is unbounded, we have that A\(f) > 1, see the observation
just above Theorem 3.2. By Corollary 4.8, there is Ny such that if n > Ny



Vol. 20 (2018) The Nielsen numbers of iterations of maps Page 23 of 31 62

then there is ¢ with n < i <mn +n(f) — 1 such that A;(f) # 0. This leads to
the estimate

k — Ny
#AS 2

Assume that z has minimal period p. Then, we have

An(rte = 3w (M) =2 3 (™).

pln|m pln|m

vk > Np.

Thus, if m is not a multiple of p then by definition A,,(f, (x)) = 0. It is clear
that A,(f, (z)) = p(1) =1, ie., p € A(f,(x)). Because p | n | rp < n=1'p
with 7/ | 7, we have

Ll ()l (T
s =1 5 ()= 15 ()
pln|rp r'|r
which is 0 when and only when r > 1. Consequently, A(f, (z)) = {p}.

In all, we obtain the required inequality

) S HAULR) < #O(SR).

We consider the set of periodic points of f with minimal period k
Pi(f) = Fix(f*) = (J Fix(f9).
dlk,d<k
It is clear that Fix(f) C Fix(f?), i.e., any fixed point class of f is naturally

contained in a unique fixed point class of f2. It is also known that Fix.(f) C
Fix.(f?). We define

EP(f) =Fix.(f*) — |J Fixe(f%,
d|k,d<k
the set of essential periodic points of f with minimal period k. Because
Fix.(f*) = [[EPa(f),
d|k
we have
N(f*) = #Fix.(f*) = Y #EPa(f).
dlk
Proposition 5.4. For every k > 0, we have
k d
#ER(N) = S (5 ) N = 1)
dlk
In particular, if I.(f) # 0 then N(f¥) #0.
Proof. We apply the Mobius inversion formula to the above identity and

then we obtain #EP,(f) = > 1t () N(f%), which is exactly I(f) by its
definition. O
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Definition 5.5. We consider the mod 2 reduction of the Nielsen number
N(f*) of f*, written N®)(fF). A positive integer k is a N®-period of f
if NO)(fF+i) = N@)(f) for all i > 1. We denote the minimal N®)-period of
f by a@(f).

Proposition 5.6 ([35, Proposition 1]). Let p be a prime number and let A be a
square matriz with entries in the field Fy,. Then, there exists k with (p, k) =1
such that

tr AR = tr A

for alli>1.

Recalling (N2): N(f*) = tr M} — tr M* = tr (M4 & (—M_))*, we can
see easily that the minimal N®)-period a(2)( /) always exists and must be an
odd number.

Now, we obtain a result which resembles [35, Theorem 2].

Theorem 5.7. Let [ be a map on an infra-solvmanifold of type (R). Let k > 0
be an odd number. Suppose that @ ()2 | k or p | k where p is a prime such
that p = 2° mod o ?(f) for some i > 0. Then

#{(x) [z € EP(f)} = #EP:(f)/k
15 even.
Proof. By Proposition 5.4, #EPy(f) = I(f). Hence, it is sufficient to show
that Iy (f) is even.

Let a = a?(f). Consider the case where o? | k. If d | k and pu(k/d) # 0,
then it follows that « | d. By the definition of o, N?)(f4) = N@)(f). This

induces that
() d (2)( po LA m
g,u< )N2f) Nz(f)g,u<d =0 mod 2.

dlk dlk

Assume p is a prime such that p | k¥ and p = 2° mod « for some i > 0.
Write k = p/r where (p,7) = 1. Then

=S (3) (S (Z) vy

e|pl

—Zu( ) (N + i) N(F))

= L(f7) = L(f77).
Since o is a N -period of f, it follows that the sequence {I.(f%)}; is a-
periodic in its mod 2 reduction, i.e., I.(f/*%) = I,.(f*) mod 2 for all j > 1.
Since p = 2! mod a, we have I,.(f*") = I,(f2") mod 2 for all s > 0. Recall
[5, Proposition 5]: For any square matrix B with entries in the field F,, and
for any j > 0, we have tr BP’ = tr B. Due to this result, we obtain

NOFY =tr (My & (—M_)? =tr (My & (~M_)) = NO(f) mod 2
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and it follows that I, (f2"") = I,(f) mod 2. Consequently, we have

()= L") - L7 =L L2 ") = L(f) = I.(f)=0 mod 2.
This finishes the proof. O

-1

6. Homotopy minimal periods

In this section, we study (homotopy) minimal periods of maps f on infra-
solvmanifolds of type (R). We want to determine HPer(f) only from the
knowledge of the sequence { N(f*)}. This approach was used in [1,14,23] for
maps on tori, in [18-21,31,32] for maps on nilmanifolds and some solvmani-
folds, and in [28,30] for expanding maps on infra-nilmanifolds.

Theorem 6.1. Let f be a map on an infra-solvmanifold of type (R) with
Af) > 1. If the sequence {N(f*)/\(f)*} is asymptotically periodic, then
there exist an integer m > 0 and an infinite sequence {p;} of primes such
that {mp;} C Per(f). Furthermore, {mp;} C HPer(f).

Proof. For simplicity, we denote N(f*) = T'(f*¥)/A(f)*. By Corollary 4.6,
A(f) > 1 implies that limsup N (f*)/A(f)* = limsup N(f*) > 0. We consider
the condition that the sequence {N(f*)} is periodic. By Theorem 4.1, we
can choose ¢ such that the sequence {N(f*)} is g-periodic and nonzero.
Consequently, there exists m with 1 < m < ¢ such that N(f™) # 0.

Let h = f™. Then, A\(h) = A(f™) = A(f)™ > 1. The periodicity
N(fmH+a) = N(f™) induces N(h'**4) = N(h) for all £ > 0. By Corollary 4.6
again, we can see that there exists v > 0 such that N (h!*%7) > y\(h)!1T% > 0
for all ¢ sufficiently large. Since A(f) > 1, we have A(h) > 1 and it
follows from Proposition 4.7 that the Dold multiplicity I;4¢(h) satisfies
[T110q(h)] > (7/2)A(R)1 T when £ is sufficiently large.

According to Dirichlet prime number theorem, since (1, g) = 1, there are
infinitely many primes p of the form 1+ ¢¢q. Consider all primes p; satisfying
|1y, (h)] > (v/2)A(R)Pi. Remark that for any prime number p,

L(h) = Y"1 (%) N(h") = p(p)N(h) + ()N () = N (k") = N(h)
dlp
= #Fix.(hP) — #Fix,(h) = # (Fix.(h?) — Fix,(h))

where the last identity follows from that fact that Fix.(h) C Fix.(h?). Since
p is a prime, the set Fix.(h?) — Fix.(h) consists of essential periodic points
of h with minimal period p.

Because |Ip, (k)| > 0, each p; is the minimal period of some essential
periodic point of hA. Thus, mp; is a period of f. This means that m;p; is the
minimal period of f for some m; with m; | m. Choose a subsequence {m;, }
of the sequence {m;} bounded by m which is constant, say mg. Consequently,
the infinite sequence {mgp;, } consists of minimal periods of f, or {mgp;} C
Per(f).

These arguments also work for all maps homotopic to f. Hence
{mop;} C HPer(f), which completes the proof.
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We next consider the condition that the sequence {N(f*)} contains
an interval. This means by Theorem 4.1 that the set of limit points of the
sequence {N(f*)/A(f)¥} contains an interval. O

The following example shows that the condition A(f) > 1 in Theo-
rem 6.1 is essential. This condition is equivalent to the unboundedness of the
sequence {N(f¥)} by Theorem 3.2.

Example 6.2. Consider the map f on 72 induced by the matrix

p-[ 1]

We have observed in Example 4.2 that

{N(f*)} = {2 — (W* +@")} is bounded where w = (—1 + v/37)/2,
A(f) = max{lwl], [@], 1} =1,
{N(fM)} = {2 — (W + &%)} is 3-periodic.

Observe also that since f2 = id we have Per(f) C {1,2,3}. In fact, we can
see that Per(f) = {1,3}.

In the proof of Theorem 6.1, we have shown the following, which proves
that the algebraic period is a homotopy minimal period when it is a prime
number.

Corollary 6.3. Let f be a map on an infra-solvmanifold of type (R). For any
prime p, if Ap(f) # 0 then p € HPer(f).

Corollary 6.4. Let f be a map on an infra-solvmanifold of type (R) with
A(f) > 1. If the sequence {N(f*)} is eventually monotone increasing, then
there exists N such that the set HPer(f) contains all primes larger than N.

Proof. Since A(f) > 1, by Theorem 4.5 there exist v > 0 and N such that
if k> N then there exists £ = ¢(k) < r(f) such that N(f*=¢)/A(f)k=* > ~.
Then for all sufficiently large k, the monotonicity induces

NG NG NGy o
AHOE = XHOE T ADEEHE T AHE T AT
Applying Proposition 4.7 with € = v/A(f)"f), we see that I;(f) # 0 and

so Ar(f) # 0 for all k sufficiently large. Now our assertion follows from
Corollary 6.3. O

We next recall the following:

Definition 6.5. A map f: M — M is essentially reducible if any fixed point
class of f¥ being contained in an essential fixed point class of f*" is essential,
for any positive integers k and n. The space M is essentially reducible if every
map on M is essentially reducible.
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Lemma 6.6 ([1, Proposition 2.2]). Let f : M — M be an essentially reducible
map. If
> NUH <N,

Tr:prime

then any map which is homotopic to f has a periodic point with minimal
period m, i.e., m € HPer(f).

Lemma 6.7. Every infra-solvmanifold of type (R) is essentially reducible.

Proof. Let f: M — M be a map on an infra-solvmanifold M = II\ S of type
(R). Then, II fits a short exact sequence

1—I —II—&—1

where I' = II N S and the holonomy group ® of II naturally sits in Aut(S5).
By [29, Lemma 2.1], we know that IT has a fully invariant subgroup A of
finite index and A C T. Therefore, A C T' C S and M = A\S is a special
solvmanifold which covers M. Since A is a fully invariant subgroup of II, it
follows that any map f : M — M has a lifting f : M — M, and M is a

regular covering of M. By [15, Corollary 4.5], f is essentially reducible and
then by [30, Proposition 2.4], f is essentially reducible. O

We can not only extend but also strengthen Corollary 6.4 as follows:

Proposition 6.8. Let f be a map on an infra-solvmanifold of type (R). Suppose
that the sequence {N(f*)} is strictly monotone increasing. Then:
(1) All primes belong to HPer(f).
(2) There exists N such that if p is a prime > N then {p" | n € N} C
HPer(f).

Proof. Observe that for any prime p
N(f?) = Y N(f*)=N(") = N(f) = L(f).
£:prime
The strict monotonicity implies A,(f) = pI,(f) > 0 and, hence, p € HPer(f)
by Corollary 6.3. This proves (1).
The strict monotonicity of {N(f*)} implies that A(f) > 1. Under this

assumption, we have shown in the proof of Corollary 6.4 that there exists N
such that k > N = I(f) > 0. Let p be a prime > N and n € N. Then

N = 30 NUH) =D 1) = NG = e (£) > 0
=0

pT”:prime
By Lemma 6.6, we have p™ € HPer(f), which proves (2). O

For the set of algebraic periods A(f) = {m € N| A,,,(f) # 0}, its lower
density DA(f) was introduced in [19, Remark 3.1.60]:
DA(f) = liminf - A O LKD),

k—o0 k
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We can consider as well the lower densities of Per(f) and HPer(f), see also
[16]:

o #Pa(f) N[LE)
DP(f) = liminf 3 )

k— o0
DH(f) = liminf FHPT O LA

k—o0 k

Since Iy, (f) = #EP;(f) by Proposition 5.4, it follows that A(f) C HPer(f) C
Per(f). Hence, we have DA(f) < DH(f) < DP(f).

By Corollary 4.8, when A(f) > 1, we have a natural number N such
that if m > N then there is £ with 0 < £ < n(f) such that A,,1¢(f) # 0.
This shows that DA(f) > 1/n(f).

On the other hand, by Theorem 4.1, we can obtain the following: If
A(f) = 0 then N(f*¥) = 0 and Ax(f) = 0 for all k, which shows that
DA(f) = 0. Consider first Case (2), i.e., the sequence {N(f*)/\(f)*} is
asymptotically a periodic and nonzero sequence {Zjlg) pje%“("’ef)} of some
period ¢. Now from the identity (2.2), it follows that DA(f) > 1/q. Finally
consider Case (3). Then, the sequence {N(f*)/A(f)*} asymptotically has a
subsequence {} ;s p;e? ™9} where S = {j1,- - ,js} and {6;,, -+ ,0;,,1}
is linearly independent over the integers. Therefore by [6, Theorem 6, p. 91],
the sequence (kf;,,--- ,k6;.) is uniformly distributed in 7!S!. From the iden-
tity (2.2), it follows that DA(f) =1 (see [19, Remark 3.1.60]).

Theorem 6.1 studies the homotopy minimal periods for maps of Case
(2) in Theorem 4.1. Now we can state immediately the following result for
maps of Case (3) in Theorem 4.1.

Corollary 6.9. Let f be a map on an infra-solvmanifold of type (R). Suppose
that the sequence {N(f*)/N(f)*} asymptotically contains an interval. Then,
DA(f) = DH(f) = DP(f) = 1.

Corollary 6.10. Let f be a map on an infra-solvmanifold of type (R). Suppose
that the sequence {N(f*)} is unbounded and eventually monotone increasing.
Then, HPer(f) is cofinite and DA(f) = DH(f) = DP(f) = 1.

Proof. Under the same assumption, we have shown in the proof of Corol-
lary 6.4 that there exists N such that if & > N then I;(f) > 0. This means
EP;(f) is nonempty by Proposition 5.4 and hence k& € HPer(f). O

Now we can prove the main result of [30].

Corollary 6.11 ([28, Theorem 4.6], [30, Theorem 3.2]). Let f be an expanding
map on an infra-nilmanifold. Then, HPer(f) is cofinite.

Proof Since f is expanding, we have that A(f) = sp(A\ D.) > 1. For any
k > 0, we can write as before N(f*) = T'(f¥) + Q(f*) so that Q(f*) — 0
and T'(f*) — oo as k — oco. This implies that N(f*) is eventually monotone
increasing. The assertion follows from Corollary 6.10. U



Vol. 20 (2018) The Nielsen numbers of iterations of maps Page 29 of 31 62

Acknowledgements

The first named author is funded by the Narodowe Centrum Nauki of Poland
(NCN) (Grant No. 2016/23/G/ST1/04280). The second named author is
supported by Basic Science Research Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of Education (NRF-
2016R1D1A1B01006971). The first-named author is indebted to the Max-
Planck-Institute for Mathematics (Bonn) for the support and hospitality and
the possibility of the present research during his visit there. The authors
would like to thank the referee for thorough reading, pointing out some typos
and valuable comments on the original version.

Open Access. This article is distributed under the terms of the Creative Com-
mons Attribution 4.0 International License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any
medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes
were made.

References

[1] Alseda, L., Baldwin, S., Llibre, J., Swanson, R., Szlenk, W.: Minimal sets of
periods for torus maps via Nielsen numbers. Pac. J. Math. 169, 1-32 (1995)

[2] Babenko, I.K., Bogatyi, S.A.: The behavior of the index of periodic points under
iterations of a mapping, Izv. Akad. Nauk SSSR Ser. Mat. 55: 3-31 (Russian);
translation in Math. USSR-Izv. 38(1992), 1-26 (1991)

[3] Bowen, R., Lanford, O.E., III: Zeta functions of restrictions of the shift transfor-
mation, 1970 Global Analysis (Proc. Sympos. Pure Math., Vol. XIV, Berkeley,
Calif., 1968) pp. 43-49, American Mathematical Society, Providence, R.I

[4] Bourbaki, N.: Algebra II. Chapters 4-7. Translated from the 1981 French edi-

tion by P.M. Cohn and J. Howie, Reprint of the: English edition [Springer,

Berlin], Elements of Mathematics (Berlin), p. 2003. Springer, Berlin (1990)

Browder, F.E.: The Lefschetz fixed point theorem and asymptotic fixed point

theorems. Partial differential equations and related topics (Program, Tulane

Univ., New Orleans, La., 1974), pp. 9622, Lecture Notes in Math., Vol. 446,

Springer, Berlin (1975)

Chandrasekharan, K.: Introduction to analytic number theory. Die

Grundlehren der mathematischen Wissenschaften, Band 148, Springer, New

York (1968)

[7] Dekimpe, K., Dugardein, G.-J.: Nielsen zeta functions for maps on infra-
nilmanifolds are rational. J. Fixed Point Theory Appl. 17, 355-370 (2015)

[8] Dold, A.: Fixed point indices of iterated maps. Invent. Math. 74, 419-435 (1983)

[9] Fel'shtyn, A.L.: New zeta function in dynamic. In 10th International Confer-
ence on Nonlinear Oscillations, Varna, Abstracts of Papers, B (1984)

5

6

[10] Fel’shtyn, A.L.: New zeta functions for dynamical systems and Nielsen fixed
point theory. Lecture Notes in Mathematics 1346, Springer, New York, pp.
33-55 (1988)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

62 Page 30 of 31 A. Fel’shtyn, J. B. Lee JFPTA

[11] Fel’shtyn, A.: Dynamical zeta functions. Nielsen theory and Reidemeister tor-
sion. Memoirs of the AMS, 699, American Mathematical Society, Providence,
RI (2000)

[12] Fel’'shtyn, A., Lee, J.B.: The Nielsen and Reidemeister numbers of maps on
infra-solvmanifolds of type (R). Topol. Appl. 181, 62-103 (2015)

[13] Ha, K.Y., Lee, J.B.: Averaging formula for Nielsen numbers of maps on infra-
solvmanifolds of type (R)-corrigendum. Nagoya Math. J. 221, 207-212 (2016)

[14] Halpern, B.: Periodic points on tori. Pac. J. Math. 83, 117-133 (1979)

[15] Heath, P., Keppelmann, E.: Fibre techniques in Nielsen periodic point theory
on nil and solvmanifolds. I. Topol. Appl. 76, 217-247 (1997)

[16] Hoffman, J.W., Liang, Z., Sakai, Y., Zhao, X.: Homotopy minimal period self-
maps on flat manifolds. Adv. Math. 248, 324-334 (2013)

[17] Ivanov, N.V.: Entropy and the Nielsen numbers. Dokl. Akad. Nauk SSSR
265(2), 284-287 (1982) (in Russian); English transl.: Soviet Math. Dokl., 26,
63-66 (1982)

[18] Jezierski, J., Kedra, J., Marzantowicz, W.: Homotopy minimal periods for solv-
manifolds maps. Topol. Appl. 144, 29-49 (2004)

[19] Jezierski, J., Marzantowicz, W.: Homotopy Methods in Topological Fixed and
Periodic Points Theory. Topological Fixed Point Theory and its Applications,
vol. 3. Springer, Dordrecht (2006)

[20] Jezierski, J., Marzantowicz, W.: Homotopy minimal periods for nilmanifolds
maps. Math. Z. 239, 381-414 (2002)

[21] Jezierski, J., Marzantowicz, W.: Homotopy minimal periods for maps of three
dimensional nilmanifolds. Pac. J. Math. 209, 85-101 (2003)

[22] Jiang, B.: Lectures on Nielsen fixed point theory. Contemporary Mathematics,
14, American Mathematical Society, Providence, RI (1983)

[23] Jiang, B., Llibre, J.: Minimal sets of periods for torus maps. Discret. Contin.
Dyn. Syst. 4, 301-320 (1998)

[24] Jo, J.H., Lee, J.B.: Nielsen fixed point theory on infra-solvmanifolds of Sol.
Topol. Methods Nonlinear Anal. 49(1), 325-350 (2017)

[25] Katok, A.B.: The entropy conjecture (Russian). Smooth dynamical systems
(Russian), pp. 181-203. Izdat. “Mir”, Moscow (1977)

[26] Katok, A., Hasselblatt, B.: Introduction to the Modern Theory of Dynamical
Systems. Encyclopedia of Mathematics and its Applications, vol. 54. Cam-
bridge University Press, Cambridge (1995)

[27] Kim, H.J., Lee, J.B., Yoo, W.S.: Computation of the Nielsen type numbers for
maps on the Klein bottle. J. Korean Math. Soc. 45, 1483-1503 (2008)

[28] Lee, J.B., Lee, K.B.: Lefschetz numbers for continuous maps, and periods for
expanding maps on infra-nilmanifolds. J. Geom. Phys. 56, 2011-2023 (2006)

[29] Lee, J.B., Lee, K.B.: Averaging formula for Nielsen numbers of maps on infra-
solvmanifolds of type (R). Nagoya Math. J. 196, 117-134 (2009)

[30] Lee, J.B., Zhao, X.: Homotopy minimal periods for expanding maps on infra-
nilmanifolds. J. Math. Soc. Jpn. 59, 179-184 (2007)

[31] Lee, J.B., Zhao, X.: Nielsen type numbers and homotopy minimal periods for
maps on the 3-nilmanifolds. Sci. Chin. Ser. A 51, 351-360 (2008)

[32] Lee, J.B., Zhao, X.: Nielsen type numbers and homotopy minimal periods for
maps on the 3-solvmanifolds. Algebr. Geom. Topol. 8, 563-580 (2008)



Vol. 20 (2018) The Nielsen numbers of iterations of maps Page 31 of 31 62

[33] Marzantowicz, W., Przytycki, F.: Entropy conjecture for continuous maps of
nilmanifolds. Israel J. Math. 165, 349-379 (2008)

[34] Marzantowicz, W., Przytycki, F.: Estimates of the topological entropy from
below for continuous self-maps on some compact manifolds. Discret. Contin.
Dyn. Syst. 21, 501-512 (2008)

[35] Matsuoka, T.: The number of periodic points of smooth maps. Ergodic. Theory
Dyn. Syst. 9, 153-163 (1989)

[36] Pilyugina, V.B., Fel’shtyn, A.L.: The Nielsen zeta function, Funktsional. Anal.
i Prilozhen., 19, 61-67 (1985) (in Russian); English transl.: Funct. Anal. Appl.
19, 300-305 (1985)

[37] Puri, Y., Ward, T.: Arithmetic and growth of periodic orbits, J. Int. Seq. 4,
Article 01.2.1, 18 pp (2001)

[38] Shub, M.: Dynamical systems, filtrations and entropy. Bull. Am. Math. Soc.
80, 27-41 (1974)

[39] Shub, M., Sullivan, D.: A remark on the Lefschetz fixed point formula for
differentiable maps. Topology 13, 189-191 (1974)

[40] Wilking, B.: Rigidity of group actions on solvable Lie groups. Math. Ann. 317,
195-237 (2000)

[41] Wong, P.: Reidemeister number, Hirsch rank, coincidences on polycyclic groups
and solvmanifolds. J. Reinde Angew. Math. 524, 185-204 (2000)

[42] Zarelua, A.V.: On congruences for the traces of powers of some matrices. Tr.
Mat. Inst. Steklova, 263, 85-105 (2008). Geometriya, Topologiya i Matematich-
eskaya Fizika. I (in Russian); translation. Proc. Steklov Inst. Math. 263, 78-98
(2008)

Alexander Fel’shtyn

Instytut Matematyki

Uniwersytet Szczecinski

Ul. Wielkopolska 15

70-451 Szczecin

Poland

e-mail: fels@wmf.univ.szczecin.pl

Jong Bum Lee

Department of Mathematics
Sogang University

Seoul 04107

South Korea

e-mail: jlee@sogang.ac.kr



	The Nielsen numbers of iterations of maps on infra-solvmanifolds of type (R) and periodic orbits
	Abstract
	1. Introduction
	2. Nielsen numbers N(fk)
	3. Radius of convergence of Nf(z)
	4. Asymptotic behavior of the sequence {N(fk)}
	5. Essential periodic orbits
	6. Homotopy minimal periods
	Acknowledgements
	References




