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CALCULATING THE MORDELL-WEIL RANK OF
ELLIPTIC THREEFOLDS AND THE COHOMOLOGY OF
SINGULAR HYPERSURFACES

KLAUS HULEK AND REMKE KLOOSTERMAN

ABSTRACT. In this paper we give a method for calculating the rank
of a general elliptic curve over the field of rational functions in two
variables. We reduce this problem to calculating the cohomology of a
singular hypersurface in a weighted projective 4-space. We then give
a method for calculating the cohomology of a certain class of singular
hypersurfaces, extending work of Dimca for the isolated singularity case.

1. INTRODUCTION

Throughout this paper we work over the field of complex numbers C. We
study families 7 : X — S of elliptic curves over rational surfaces, i.e., X is
a smooth threefold, S a smooth rational surface and = is a flat morphism
admitting a section og : § — X. Throughout this paper we will assume that
X is not birational to a product E x S’ with E an elliptic curve and S’ a
rational surface.

The two main invariants of 7 are its configuration of singular fibers and
the Mordell-Weil group MW () consisting of rational sections of w. Unlike
the configuration of singular fibers the Mordell-Weil group is a birational
invariant (in the sense of Section [2]).

The configuration of singular fibers is well-understood. The general fiber
of 7 is an elliptic curve over C(S), in particular we have an equation of the
form

(1) y* = 2° + Az + B, where A, B € C(S).

The singular fibers lie over the curve A given by the zero and pole divisor
of 4A% 4+ 27B2%. The fiber-type over a general point p of some irreducible
component of A can be easily calculated using Tate’s algorithm. The fiber-
type over a special point can be calculated using the work of Miranda [19].
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In this paper we concentrate on the Mordell-Weil group MW (). Using
the Shioda-Tate-Wazir formula [26, Theorem 4.2] one can relate the rank
of MW (7) to the Picard numbers p(S) and p(X) and the type of singular
fibers of 7 over a general point of each component of A. In general it turns
out to be rather hard to calculate p(X) directly. Even in the case of elliptic
surfaces it is a difficult problem to calculate p(X) for a given example, this
can only be done in very specific cases, see e.g. [15].

The main idea is the following: every elliptic threefold over a rational
surface (with a section) has a model as a hypersurface Y of degree 6n in the
weighted projective space P := P(2n,3n,1,1,1), for some n. The existence
of such a model (with minimal n) is a direct consequence of the existence of a
(global minimal) Weierstrass equation for an elliptic curve over the function
field C(S) of S. Whenever we refer to a minimal model in this paper we
mean the model given by a minimal Weierstrass equation, not to a minimal
model in the sense of Mori theory. In general, this threefold Y is singular.
In the first part of this paper we show

Theorem 1.1. Let w : X — S be an elliptic threefold X over a rational
surface S and let Y be a minimal model of X/S in P(2n,3n,1,1,1). Assume
that H4(Y7 Q) has a pure weight 4 Hodge structure. Then

rank MW (71) = rank(H**(H*(Y,C)) N H*(Y,Z)) — 1.

In particular, this theorem shows that a multiple of a Hodge class is
algebraic.

The advantage of this theorem is that we can relate the computation of
MW (7) to a computation for a hypersurface in weighted projective space.
The latter problem is indeed doable as we will show in the second part of
the paper.

The assumption that H*(Y, Q) has a pure weight 4 Hodge structure is
very weak. We do not know of examples such that H*(Y, Q) does not have
a pure weight 4 Hodge structure. Later on we will describe a large class of
elliptic threefolds for which we have a method to calculate H*(Y, Q). Each
member Y of this class has a pure weight 4 Hodge structure on H*(Y, Q).

For a complete proof we refer to Section [4l Here we only give a sketch of
the proof: from [19] we get a factorization of the birational map ¥V --+» X.
This factorization is sufficiently explicit to relate the difference p(X) — p(5)
to H*2(H*(Y,C)) N H*(Y,Z). The configuration of singular fibers of 7 is
relatively easy to compute. Applying the Shioda-Tate-Wazir formula then
yields the proof.

If X is chosen sufficiently general then Y is quasismooth and hence a
V-manifold. Using this one can show that h*(Y) = 1. Theorem [LI] then
implies rank MW (7) = 0. For this reason we shall focus in this paper on
non-quasismooth hypersurfaces.

A more explicit form of the above remark is the following (see Corollary

[4.4):
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Corollary 1.2. Let m : X — S be an elliptic threefold associated with a
hypersurface defined by

V¥ =234+ Pr+Q

with P € Clzo, 21, 22]lan and Q € Clzg, 21, 22)6n, such that

(1) the curve A : 4P3 +27Q% = 0 is reduced with only double points as
singularities and QQ vanishes at each of these double points or

(2) P is identically zero and Q@ = 0 defines a smooth curve of degree 6n
in P2.

Then rank MW (7) = 0.

Theorem [LT] implies the following two results: if we call § = h*(Y) — 1
the defect of Y then rank MW (7) < 4. (The notion of defect for singular
hypersurfaces is due to Clemens [3].) Moreover, one can show that MW (1) ®
Q is isomorphic to the group of Weil Divisors on Y modulo the Cartier
Divisors tensored with Q.

In the case of elliptic surfaces 1 : E — P! one has a theorem similar to
Theorem [Tl However, we are not aware of any statement concerning elliptic
surfaces similar to Corollary The reason for this is the following: let T’
be a surface in weighted projective space corresponding to . The degree of
T is divisible by 6. Set n = deg(7")/6. One can show that rank MW (¢)) =
rank(HYY(H*(T,C)) N H*(T,Z)) — 1 and h*>°(H*(T,C)) = n — 1. In this
case, using Noether-Lefschetz theory, one can obtain a series of statements
on the Mordell-Weil rank of a very general elliptic surface: e.g., one obtains
statements on the Mordell-Weil rank for a very general degree 6n elliptic
surface, and results on the dimension of the locus of elliptic surfaces with
fixed Mordell-Weil-rank [4], 16]. However, if n > 1 then h?°(E) > 0 and
hence it seems hard to calculate rank(H''(H?(E,C)) N H*(E,Z)) — 1 in
concrete examples. This is the key obstruction for proving results similar to
Corollary

To calculate the rank of MW (7) we need to calculate the group H*(Y, C)
together with its Hodge structure. If Y has only isolated singularities and all
singularities are semi-weighted homogeneous hypersurface singularities then
this can be done by applying a method of Dimca [§]. However, Y might have
non-isolated singularities. It turns out in our situation that at a general
point of a one-dimensional component of Y, we have a transversal ADE
surface singularity. We extend Dimca’s method to a class of hypersurfaces
with non-isolated singularities:

For the calculation of H*(Y,C) there is no reason to assume that the
hypersurface comes from an elliptic fibration, i.e., at this stage we work
in the following context: let P = P(wg, w;,ws, w3, ws) be a 4-dimensional
weighted projective space and set w = wg + wy + we + w3 + wy. We call
a degree d hypersurface Y C P admissible if Y is defined by a weighted
homogeneous polynomial f € C[zg,x1,x2, x3,x4], such that
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(1) Y intersects Pging transversally, i.e., if 3 is the locus where all the
partials of f vanish, then ¥ N Pgne = 0. (Y will still have singular-
ities along Pging, these arise from the construction of the weighted
projective space and are finite quotient singularities.)

(2) Y is smooth in codimension 1.

(3) In codimension 2 the threefold Y has only transversal ADE surface
singularities.

(4) In codimension 3 all singularities are contact equivalent to a weighted
homogeneous hypersurface singularity (cf. Remark [7.2]).

To formulate our theorem concerning the calculation of the cohomology
groups we have to introduce some notation: we define P as the set of all
points p € 3, such that (Y, p) is not a transversal ADFE surface singularity.
Now let f, € Clyo, y1,y2,ys] be such that (fp,0) is contact equivalent to
(Y,p), where f, is weighted homogeneous of degree d, and w), is the sum
of the weights. In particular, f, = 0 defines a surface in some weighted
projective 3-space.

Let R(f,) be the Jacobian ring of f,. If (Y,p) is an isolated singular-
ity we set R(f,) = R(f,). If (Y,p) is not an isolated singularity, then
IjZ( fp) is defined as follows: the equation f, = 0 determines a surface
S C P(vg, v1, v, v3), which has finitely many singularities (S, q1), - .., (S, g)-
Let M; be the Milnor-algebra of (5, ¢;) and set pu := 3, dim M; to be the to-
tal Milnor number. Let hq,...,h, be polynomials of degree 2d, — w,, such
that their image under the natural (surjective) map R(fp)2d—w — ©;M;
spans @;M; and set R(f,) = R(fp)/(h1,...,hy).

Using that f, = 0 is contact equivalent to (Y,0) one obtains a natural
map R(f)ra—w — R(fp)kd,—w, for k=1,2.

The following theorem is a combination of Proposition [7.7] and several
results from Section [§

Theorem 1.3. Let Y be an admissible hypersurface. Then
HY(Y,Q) = H>(Y,Q) =0 and
H(Y,Q) = Q,H*(Y,Q) = Q(-1), H*(Y, Q) = Q(-3).

The group H*(Y,Q) has a pure weight 4 Hodge structure, with vanishing
h40 and hO* and

W HY(Y,C)) = dimcoker(R(f)a—w — DpepR(fp)dy—w,)
WE2HAY,C)) = dimcoker(R(Naw — BpepRfy)o ).
Combining Theorems [Tl and [[3] we obtain the following (see also Sec-
tion [))

Theorem 1.4. Let m : X — S be an elliptic threefold, such that S is a
rational surface, and the associated threefold Y C P is admissible. Assume
that the map

R(f)a—w — @pepé(fp)dp—wp
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1s surjective. Then
rank MW (7) = dim coker(R(f)2d—w — @pepR(fp)de,wp).

Remark 1.5. The only non-zero Betti number that we have not determined
so far is h3(Y'). Usually, one is able to calculate e(Y) and one can use this
to determine h3(Y).

Remark 1.6. If Y is not admissible then our method fails. In this case
the first step would be to calculate the local cohomology HIZ)(Y, Q) of such
a singularity. To our knowledge there is no method which works for a large
class of such singularities.

This theorem can be used to classify elliptic threefolds with small numer-
ical invariants. In [17] we classify the possibilities for MW (7) if n = 1 and
the j-invariant of the fibers of 7 is constant.

Our method is similar to Dimca’s, but differs from recent methods such
as work by Cynk [5], Rams [22], Grooten-Steenbrink [13], and the classical
work of Clemens [3], Werner [28], Schoen [23] and van Geemen-Werner [11].

The differences between the methods of the papers quoted above and
ours are the following: in all cases the method is applied to a smaller class of
singularities, namely in the isolated singularity case Rams deals with isolated
Ag, Dy, By, singularities. In the non-isolated case, Grooten-Steenbrink deal
with transversal A, singularities and singularities of the type w? = zyz and
2w = x%y. The other papers deal with a subset of these singularities.

The restriction on the type of singularity (by Rams and by Grooten-
Steenbrink) implies that (R, )q— = 0 for all singularities. In particular,
H4(Y,Q) is a pure (2,2) Hodge structure. In most of these cases a map
¢ : HY(P \ Y,C) — V is constructed, where V is a certain vector space,
such that coker(y) = H*(Y,C). We use V = ©pep(Ry,)2d—w, Whereas in
the above mentioned articles vector spaces of higher dimension are used.
In the isolated singularity case we can explain this as follows: Rams takes
V = @pepHA(F,, C), where F), is the Milnor fiber of (Y,p). In this language
our choice of V' corresponds to @png4(Fp, C)o, the subspace fixed by the
monodromy. For an isolated Aj-singularity one has that h'(F,,C) = k,
whereas h'(F,,C)y = 0 or 1. Choosing a smaller dimensional space is of
computational advantage.

The organization of this paper is as follows. In Section 2] we recall some
standard facts on elliptic fibrations over rational varieties. In Section [3
we discuss some results of Miranda from [19] that allow us to describe the
rational map X --» Y. In Section Ml we give proofs of Theorem [L.1] and
Corollary [[L2l In Section [5] we recall some standard results on the coho-
mology of hypersurfaces Y in weighted projective space. In the case of non-
quasismooth hypersurfaces we use the Poincaré residue map to calculate the
cohomology of the smooth part of Y. In Sections [ [7 and [§ we relate the
cohomology of the smooth part of Y and some local cohomology with the
cohomology of Y. This enables us to prove Theorem [[3l In Section [ we
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summarize our method to calculate the Mordell-Weil group. The remaining
sections are devoted to applications of our method. In Section [I0 we dis-
cuss how one can obtain the results of Grooten and Steenbrink [13] by our
approach. In Section [I1] we calculate the Mordell-Weil rank of three elliptic
threefolds. In Section we calculate the Mordell-Weil rank of a class of
elliptic Calabi-Yau threefolds which were constructed by Hirzebruch. This
calculation allows us to compute all the Hodge numbers of these threefolds.

Part 1. Relation between the Mordell-Weil group and
cohomology of singular hypersurfaces

2. SET-UP

Definition 2.1. An elliptic threefold is a quadruple (X, S, m, 09), with X
a smooth projective threefold, S a smooth projective surface, 7 : X — S
a flat morphism, such that the generic fiber is a genus 1 curve and og is a
section of 7.

The Mordell-Weil group of m, denoted by MW (1), is the group of rational
sections o : S --» X with identity element oy.

Recall that a morphism 7 : X — S (with X a smooth projective three-
fold and S a smooth projective surface) is flat if and only if all fibers have
dimension one. Clearly MW(7) is a birational invariant, in the sense that
if m @ X; — S;, ¢ = 1,2 are elliptic threefolds such that there exist an bi-
rational isomorphism 1 : X --» X, mapping the general fiber of 7 to the
general fiber of 7o then ¥* : MW (my) — MW(7;) is well-defined and is an
isomorphism.

The following technical definition will be needed

Definition 2.2. Let 7 : X — S be an elliptic threefold. An effective divisor
D C X is called fibral if 7(D) C S is a curve.

We shall frequently make use of the following fundamental result:

Theorem 2.3 (Shioda-Tate-Wazir, [26, Theorem 4.2]). Let m : X — S be
an elliptic threefold then

p(X) = p(S)+ f+rank MW (7) + 1

where [ is the number of irreducible surfaces F in X such that w(F) is a
curve, and F Noo(S) = 0.

Using Lefschetz’ (1,1) theorem and Poincaré duality we can rephrase the
Shioda-Tate-Wazir formula as

rank MW (1) = rank H>*(X,C) N HY(X,Z) — f — p(S) — 1.
In general this is hard to compute. Theorem [l says that the analogous

formula also holds if we replace X by a minimal (singular) Weierstrass model.
In this case one has tools to compute the right hand side.
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We shall now describe in some detail how to associate to an elliptic three-
fold # : X — S a hypersurface in weighted projective 4-space. Here we
restrict ourselves to the case where S is a rational surface. In this case we
can find a hypersurface Y of degree 6n in P(2n,3n, 1,1, 1) which is birational
to X as follows: the morphism 7 establishes C(X) as a field extension of
C(S) = C(z1,22). The field C(X) is the function field of an elliptic curve
over C(z1, 22), i.e., C(X) = C(z,y, 21, 22) where

(2) y? =2+ fi(z1, 22)z + fal21, 22)
with f1, fo € C(z1, z2). Without loss of generality we may assume that (2I) is
a global minimal Weierstrass equation, i.e., f1, fo are polynomials and there
is no polynomial g € C[z1, 2] such that g* divides f; and ¢® divides fo.

To obtain a hypersurface in P(2n,3n,1,1,1) we need to find a weighted
homogeneous polynomial. Let n = [max{deg(f1)/4,deg(f2)/6}] and define
P and Q as the polynomials

P:zénfl(zl/zo,ZQ/zo), szgnfg(zl/ZQ,Zg/Zo).
Then
y? = 2% + P(20, 21, 22)x + Q(20, 21, 22)
defines a hypersurface Y of degree 6n in P := P(2n,3n,1,1,1). Let ¥ be
the locus where all the partial derivatives of the defining equation vanish.
Consider the projection 9 : P(2n,3n,~1, 1,1) --» P2 with center L = {2z =
z1 = zo = 0} and its restriction ¢ = 1|y to Y. Then there exists a diagram

X-->Y
I
lﬂ I
Y
S-- =P

Note that Y N L = {(1:1:0:0:0)}. If n =1 then Pgy, consists of
two points, none of which lie on Y. If n > 1 then an easy calculation in
local coordinates shows that Py, is precisely L, that > and L are disjoint
and that Y has an isolated singularity at (1 :1:0:0:0). For any n we
have that 1 is not defined at (1 :1:0:0:0). Let P be the blow-up of
P along L. Let X be the strict transform of ¥ in P. An easy calculation
in local coordinates shows that Xy — Y resolves the singularity of Y at
(1:1:0:0:0) and that the induced map 7o : Xg — Sp with Sy = P? is a
morphism. Moreover, all fibers of my are irreducible curves.

3. MIRANDA’S CONSTRUCTION

The threefolds X and X are birational and one might therefore ask for a
precise sequence of birational morphisms relating Xg and X. This question
might be too hard. A slightly weaker problem is solved by Miranda: starting
with my : Xg — So Miranda [19] produces a smooth elliptic threefold 7’ :
X' — S’ birational to 7. Actually, Miranda produces a series {m; : X; — S;}
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where {m;+1 : X;41 — Sit1} can be obtained from {m; : X; — S;} by
applying one of the following three types of birational transformations:

(1) S;i41 is the blow-up of S; in a point p of the discriminant curve of m,
i.e., with 7; ' (p) a singular curve. Then we define X; 1 as the fiber
product of X; with S;;1 over S;:

Xit1 = X; X5, Sip1 —= X;

| |

Si+1 = Blp S; ——— > S;.

This procedure is applied in the following two cases

(a) To simplify the geometry: let A; C S; be the (reduced) dis-
criminant curve of ;. After applying this procedure sufficiently
many times, we may assume that each irreducible component
of A; is smooth, and that A; has only ordinary double points
as singularities.

(b) Suppose X; has an isolated singularity in the fiber of p € S;.
Blowing up this singularity would yield a non-flat morphism.
Instead, if we apply this base change procedure we get a curve
of singular points in X; 1.

(2) Even when we start with a minimal local equation, we might obtain
a non-minimal equation, i.e., it might happen that X; has, in one of
its charts, a local equation of the form by y? = 23 + u* fiz + ub fs,
where f1, fa € Clzo,21] and u € Clz, z1] \ C is irreducible. In this
chart the elliptic fibration is given by (z,v, 20, 21) — (20, 21), which
can be interpreted as projection onto the plane x = y = 0. Note
that after applying the first operation sufficiently many times, we
can assume that * = y = u = 0 is a smooth irreducible curve. We
need to get rid of the factor u* and u% in the equation, which can be
done as follows:

(a) Blow up C; : x = y = u = 0, yielding a threefold X;;; with
local equation y? = ux® 4 u3 fix +u? fo in one of the charts. An
easy calculation shows that in the other two “new” charts we
have that X4 is smooth.

(b) Blow up Cj11 : x = y = u = 0, yielding a (non-normal) three-
fold X;,o with local equation y? = u?z3 + u? fiz + u?f; in one
of the charts.

(c¢) Blow up the surface R;y2 : u =y = 0, yielding a threefold X; 3
with local equation y? = 23 4+ fix + fo in one of the charts.

(d) If we patch all the local charts together, we see that the fiber
over a point in {u = 0} is a reducible curve, consisting of two
rational curves and one elliptic curve. Actually 7T;+13({u = 0})
consists of three irreducible components, two of them are ruled
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surfaces over C' : {u = 0}, the third is an elliptic surface. We
can contract the two ruled surfaces, obtaining X, 5.
An easy calculation in local coordinates shows that both X;,3 —
Xi+q and X414 — X5 are blow-ups with center a smooth curve
contained in the smooth locus.
The base surface remains unchanged, i.e., S; = S;11 = -+ = S;45.
The geometric construction is summarized in the following table:

Threefold Singular locus Important divisor

X C; (curve) Fy = '({u=0})
XZ'+1 == BlcZ (Xz) CZ'+1 (curve) EZ'+1/C == ].:)1 — bdle.
Xi+2 == BlCi+1(Xi+1) Ri+2 == E@'+2 (surface) E@'+2/C == ].:)1 — bdle.
Xit3 = Blg, ,(Xit2) 0 E;, 3 = elliptic surface

double cover of E; o
Xita = Cong,, (Xiy3)
Xits = Conp, (Xita)

When we contract E; 1, F; we mean that we contract the strict trans-
form of E;y1, F;.

(3) To resolve singularities: X;,; is obtained by blowing up a curve
C inside the singular locus of X; such that C,.q is smooth. Set
Sit1 = 5; and m; 41 to be the composition X; 11 — X; TS,

Note that by using the defining equation one can show that at a
general point of Cloq one has a transversal ADF surface singularity.

These three steps should be applied in the following order:

(1) Apply step 1, to obtain a fibration with nice properties: i.e., repeat
step 1 until A;,.q C S; has at most nodes as singularities and the
j-function j : S; --» P! is a morphism.

At this stage we obtain a Weierstrass fibration i.e., there exists a
line bundle £; on S; and sections A € HY(S;, E?A‘), B € H°(S;, L'?G)
such that X; = {Y2Z = X3+ AXZ?+ BZ3} cP(O@ L2 @ L;?).
We can consider A = 0 and B = 0 as curves inside S;. Repeat step 1
until the reduced curves underlying A = 0 and B = 0 have at most
ordinary double points as singularities.

(2) Apply step 2, until there is no curve C' C S; such that A vanishes
along C' with order at least 4, and B vanishes along C' with order at
least 6.

(3) Apply step 3, until X; has only isolated singularities or is smooth.
If X; is smooth then stop.

(4) Apply step 1 for each of the isolated singularities of X;. The outcome
of this is a threefold whose singular locus consist of finitely many
smooth irreducible curves which are all disjoint.

(5) If necessary apply step 2.

(6) Go to point (B)).
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From this description it is not at all clear why this procedure should
terminate. For this fact we refer to [19].

Remark 3.1. Miranda uses a slightly different order and he uses a fourth
type of modification, namely the contraction of P! x P! to a P'. We indicate
now why this does not influence the termination of this procedure.

The extra modification is applied if X; has an isolated A; singularity at
p € X;. We can then first blow up X; in p. The exceptional divisor F
is isomorphic to P! x P'. The morphism 7;;1 : X;41 — S;11 = S; has a
fiber with a two-dimensional component, contradicting flatness. This can be
resolved by contracting E to P!, a so-called “small resolution”. The problem
is that the space X; 2 obtained in this way is a priori only an algebraic space,
rather than an algebraic variety. To determine whether X; o is actually an
algebraic variety one needs to consider the global geometry of X;o.

To avoid this problem we choose a different procedure: namely we blow
up S; in 7;(p) and then base change. The threefold X;;; now has a curve C
of singularities. Then we blow up C and obtain a threefold X; 5. A direct
calculation in local coordinates shows that X; o is smooth in a neighbor-
hood of the exceptional divisor of X;,o — X;11. We give a sketch of this
calculation: in local coordinates (X;,p) is given by 3 +t3+3+13 = 0. If we
use the base change procedure, we obtain a curve C' C X;11 of singularities.
A straightforward calculation shows that at a general point of C' we have
a local equation of the form s? + s3 + sg = 0, i.e., we have a transversal
A; surface singularity, except for two points on C' where we have a local
equation of the form s? + s3 + 545§ = 0 (a so-called pinch point). Here C' is
given by the equation s; = so = s3 = 0.

Following the above algorithm, we now need to blow up C. A calculation
in local coordinates shows that the threefold X; s obtained in this way is
smooth in a neighborhood of the exceptional divisor.

In order to show that our procedure terminates, note that one could follow
Miranda’s algorithm until one has only isolated Ai-singularities left. It is
clear that the above procedure then resolves all the remaining singularities.

4. COMPARING MORDELL-WEIL RANKS

Starting with an elliptic threefold = : X — S we found a hypersurface
Y c P(2n,3n,1,1,1). Applying Miranda’s construction to Y gives us an
elliptic threefold ' : X’ — S’. We now want to express rank MW (7r) =
rank MW (7') in terms of invariants of Y. For this we use the following
result:

Theorem 4.1. Let V and V be complex varieties. Let ¢ : V — V be a
proper birational morphism. Let Z C V be a closed subvariety such that ¢
restricted to V \ 7=V (Z) is injective. Set E := w~1(Z). Then there is an
exact sequence of Mixed Hodge structures

= H'NE,Q) -~ H'(V,Q) —» H'(V,Q&H'(2,Q) - H'(E,Q) — ...
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Proof. See [21], Corollary 5.37]. O

Lemma 4.2. Let V be a threefold, C' C V' be a smooth curve contained in
the smooth locus of V.. Let V be the blow-up of V along C, let E be the
exceptional divisor and v : E — V' be the inclusion. Then

S HYN(V,Q) — HY(E,Q)
18 surjective.

Proof. Let ¢ : V1 — V be a resolution of singularities of V and let F; be
the exceptional divisor of ¢. Since C' is contained in the smooth locus we
have that ¢ ~!(C) is isomorphic to C. Let 1 : Vi — V4 be the blow-up of
Vi along ¢~ 1(C). Equivalently, Vi =V xy Vi.

The exceptional divisor of 1y is isomorphic to E and the exceptional
divisor of V; — V is isomorphic to the disjoint union of E and E;. Denote
Y= ‘/;ing-

From Theorem [A.1] we get the following exact sequence

= H(V1,Q) — H3(E,Q) — H'(V1,Q) — ...

Since Vi and E are smooth we have that H3(E, Q) has a pure weight 3
Hodge structure and H*(Vi, Q) has a pure weight 4 Hodge structure. Hence
the map H3(E,Q) — H*(V}) is the zero map and H*(V},Q) — H3(E, Q)
is surjective. Consider now the exact sequence of Theorem [£.1] for 1 o .

= HY(V1,Q) @ H(2,Q) — H(E1,Q) & H*(E,Q) — H'(V.Q) — ...
Since H3(V1,Q) — H®(E,Q) is surjective we obtain that H3(E,Q) —
H*(V,Q) is the zero map. .
Consider now the exact sequence of Theorem 1] for V — V:
= HA(V.Q) - HY(E,Q) —» HY(V,Q) — ...
Since H3(E, Q) — H*(V,Q) is the zero map we obtain that H3(V,Q) —
H3(E, Q) is surjective. O

Theorem 4.3. Let Y C P be a minimal Weierstrass fibration and let w :
X — S be an elliptic threefold, birational to' Y. Assume that H*(Y,Q) has
a pure weight 4 Hodge structure. Then

rank MW (7r) = rank (H*>?(H*(Y,C)) N H(Y,Z)) — 1
and H3(Y,Q) = H(X, Q).
Proof. Since both rank MW (7) and H®(X, Q) are birational invariants of
smooth fibred threefolds, it suffices to prove this statement for the elliptic

threefold ' : X’ — S’ obtained from Miranda’s procedure. Then by the
Shioda-Tate-Wazir formula and Lefschetz (1,1) one has

rank MW(mr) = p(X')—p(S)—f—1
= rank H*(X',Z) N HYY(X',C) — p(S") — f — 1
= rank HY(X',Z) N H**(X',C) — p(S") — f — 1
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where f is the number of independent fibral divisors, not intersecting the
image of the zero section.

Let m; : X; — S; be the associated sequence of modifications. Let f;
denote the number of independent fibral divisors of m;, not intersecting
the zero-section. We will show by induction that for each i we have that
H*(X;,Q) has a pure weight 4 Hodge structure and that

(3) rank (H**(H*(X;,C)) N HY(X;,2)) — p(S;) — fi — 1

is independent of i.

This suffices for the first statement: for the elliptic threefold in the final
step of Miranda’s construction we have that [3]) equals rank MW (7) by the
Shioda-Tate-Wazir formula.

Now consider (@) for i = 0. From Sy = P? we get po(Sp) = 1. Since all
fibers of my are irreducible, we get fy = 0. Finally, Theorem [Z.1] applied to
Xo — Y yields an exact sequence of Q-MHS

H*E,Q) — H'Y(Y,Q) —» H'(X,Q) —» HY(E,Q) — H°(X,Q).

Since F = P? we get H3(E,Q) = 0 and H*(E,Q) = Q(—2). Also the map
H*(X,Q) — H*(E, Q) is non-zero, hence we get

0— HYY,Q) — H*(X0,Q) — Q(-2) — 0

In particular, H*(Xy, Q) has a pure weight 4 Hodge structure and

Q)
rank (H**(H"(Xo, C)) N H'(Xo,Z)) — p(So) — fo — 1

= rank (H 2’2(H4(X0, )N HY(Xo,Z)) — 2

= rank (H**(H*(Y,C)) N HY(Y,Z)) —

To prove that ([B]) is actually independent of i, we consider each of the
three types of modifications mentioned in Miranda’s construction separately.
In each case we apply Theorem [4.1] several times without mentioning it
explicitly:

(1) Consider the first type of modification, i.e. we blow up a point
p € A C S; and then base change. For the proper modification
Xi;+1 — X; we have that Z2 = C' C X; is a curve of arithmetic
genus 1, i.e., C is either a union of k rational curves, a cuspidal
rational curve or a nodal rational curve. In the last two cases we set
k = 1. Using the universal property of the fiber product we obtain
that the exceptional divisor £ C Xy is isomorphic to a product
C x PL. Using our induction hypothesis on H*(X;, Q) (i.e., that it
is of pure weight 4) and that H3(E, Q) has no classes of weight > 4
[21, Theorem 5.39], the exact sequence of Theorem A1 yields the
following exact sequence

0 — HY(X;,Q) — H*(Xi11,Q) — HY(E,Q) = Q(-2)".
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Each of the k irreducible components of C' x P! yields a class &; in
H*(X;11,Q). Le., we have

span{¢y,.... &} C HY(Xit1,Q) — HY(E, Q)

Clearly dim H*(E,Q) = k and the & map to a basis of H*(E, Q).
In particular, the §; are independent in H 4(Xi+1, Q) and the map
H*(X;11,Q) — H*(E, Q) is surjective. The conclusion is that

rank (H*?(H*(Xi41,C)) N HY(Xi41,Z)) =

= k + rank (H**(H*(X;,C)) N H*(X;,Z))

fix1 = fi+k—1and p(S;+1) = p(S;) + 1, and hence the quantity
@) is unchanged.

The second modification consists of two blow-ups of a curve, the
blow-up of a rational surface and two blow-down morphisms. We
consider first the blow-up of a curve in X;, and the blow-up of the
curve in X;y1. A reasoning very similar to the previous case yields
that H*(X;11,Q) and H*(X; 2,Q) have a pure weight 4 Hodge
structure, that classes of type (2,2) are added to H*(X;y1,Z) and
H4(Xi+2, Z) and that fi+2 = fi+1 +1= f;+2. Le., the quantity (BD
is unchanged.

Consider now the third step, the blow-up of a rational surface.
In this case both Z and E are irreducible surfaces and we have an
isomorphism H*(Z,Q) — H*(E,Q). Since H3(E,Q) has Hodge
weights at most 3 [21, Theorem 5.39] and H*(X;,2,Q) has a pure
weight 4 Hodge structure, Theorem [.I] implies that we have an
isomorphisms H*(X;,2,Q) — H*(Xi13,Q). Hence H*(X;,1,Q) is
of pure weight 4 and all entries in (3) remain unchanged.

The final two steps are the contraction of the two ruled surfaces.
Le., Xj43 — X414 and X;14 — X;45 are blow-ups of curves. In the
previous section it is argued that these curves are smooth and lie in
the smooth locus of X;4 and X 5.

Combining Lemma with the exact sequence of Theorem [4.1]
yields exact sequences

0 — HYXi44,Q) — H* (X33, Q) —» HY(E;11,Q) — ...
and
0— H4(Xi+57Q) — H4(Xi+47 Q) - H4(F1i7 Q) — ...

(notation as in the previous section.)

In particular, H*(X;14,Q) and H*(X;;5,Q) have pure weight
4 Hodge structures. As above, one can show that the class of
E;y1 (resp. F;) in H*(X;43,Q) (resp. H*(X;44,Q)) is mapped
to a nonzero element in H*(E; 1,Q) ( resp. H*(F;,Q)). Hence
these maps are surjective, i.e., H*(X; 5,Z) has rank 1 smaller than
H*(X;14,7), and the difference is a class of type (2,2). Similarly,
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H*(X;14,Z) has rank 1 smaller than H*(X;,3,Z), and the difference
is a class of type (2,2). Moreover, fiys = fiya+ 1= fit5+ 2, hence
the quantity (8] is unchanged.

(3) The third modification is to blow up a curve C inside Xj gn, such
that Cleq is smooth. The exceptional divisor of such a blow up
is not necessarily irreducible, say it has k irreducible components,
hence H*(E,Q) = Q(—2)*. Each component of E yields a class
§ in H*(X;11,Q) and the same argument as above shows that
H*(X;11,Q) has pure weight 4 and that the classes §; are indepen-
dent. Hence fi11 = f; + k and rank (H*?(H*(X;,C)) N H*(X;,Z))
increases by k. Since S;11 = S; we have proved that (3] remains
unchanged.

To prove that H>(Y, Q) = H?(X, Q), note that in all three cases the map
H*(X;,Q) — H*(E,Q) is surjective. Since h°(Z,Q) = h*(E,Q) = 0 it
follows from Theorem 1] that H°(X;, Q) = H?(X;,1, Q) for all 4. O

Corollary 4.4. Let w : X — S be an elliptic threefold associated with a
hypersurface

V=2>4+Pr+Qory’=2>+R
with P € Clzg, 21, 224n and Q € Clzg, 21, 22)6n, such that

(1) the curve A : 4P3 +27Q% = 0 is reduced, A has only double points
as singularities, and Q vanishes at each of these double points or
(2) P is identical zero and QQ = 0 defines a smooth curve of degree 6n
in P2.
Then rank MW (1) = 0.

Proof. Using Lefschetz hyperplane Theorem [9, Theorem B22] we obtain
that h2(Y) = 1. An easy calculation shows that our assumptions on P and
@ are equivalent to Y being quasismooth. Then [9, Corollary B19] states
that H'(Y, Q) satisfies Poincaré duality, hence

YY) =h*(Y) =1
and rank MW () = 0. O

Part 2. Cohomology of hypersurfaces in P
5. COHOMOLOGY OF HYPERSURFACES IN P: GENERAL RESULTS

In this section let Y be an irreducible and reduced hypersurface of degree
d in some weighted projective space P of dimension n + 1 defined by the
polynomial g. Let ¥ C P denote the locus where all the partials of g vanish.
We assume that > does not intersect Pgipg, i.e., Y intersects the singular
locus of P transversally. As usual we set dim () = —1.

For an arbitrary hypersurface Y the following form of Lefschetz’ hyper-
plane theorem holds:
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Proposition 5.1 ([9, Corollary B22]). We have the following isomorphisms
for the cohomology of Y :

(1) H(Y,Q) =2 H'(P,Q) fori<n—1.

(2) H(Y,Q) = H'(P,Q) forn+2+dim¥ < i < 2n.

In all our applications we have dim > < 1. Our main interest lies in the
case where ¥ # (), but we start by discussing what happens in the case
¥ =), i.e., we assume for the moment that Y is quasismooth.

We can calculate the cohomology for such Y as follows: from Propo-
sition B.11 it follows that H'(Y,Q) = H'(P,Q) for i # n,2n + 2. Since
dimY = n we have that H*"*2(Y,Q) = 0. Hence it remains to calculate
H"(Y,Q). The Poincaré residue map

H" NP\ Y,C)(1) — H"(Y,C)prim

is an isomorphism (see e.g. [27, Section 6.1.1].) The left hand side can
be calculated using ideas of Griffiths [12], extended to weighted projective
spaces by Steenbrink [24]:

Let U := P\ Y. Since U is affine we have that

H*(U,C) = H'(U,Qf)/dH (U, Q).
Note that
HO(U, Q) = UisoHY (P, Qp(iY)).
For w € HO(U,QF) define ordy (w) := min{i: w € H'(P,Q%(iY)}. Let P*
be the filtration defined by
P HY(U,QF) = {we HYU,QF): ordy(w) <k —s+41}.
Since d(P*HO(U, Q1)) ¢ P*HO(U,QF) this induces a filtration P* on
H*(U,C), called the polar filtration.

Theorem 5.2 (Griffiths-Steenbrink [24], Section 4]). The Hodge Filtration
F* on H""Y(U,C) coincides with the filtration P*.

If we drop the assumption that Y is quasismooth then we get the following
weaker

Theorem 5.3 (Deligne-Dimca [6]). For any hypersurface Y C P we have
P*H"U,C) > F*H*(U,C).

There exist examples for which both filtrations differ, see [9, Remark
6.1.33], [10].

Remark 5.4. Since H"™1(U,C) = FLH"1(U, C) it follows from the above
theorem that H"*1(U,C) = PLH"T1(U,C). This implies that every class
of H"*1(U, C) has pole order at most n + 1.

Our main interest lies in the case where £k = n+ 1 = dimU. In this
case we can make this more explicit. The de Rham complex with filtration
P* yields a spectral sequence EF?. Essentially, Griffiths and Steenbrink
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show that this spectral sequence degenerates at F; in the case that Y is
quasismooth. This yields an isomorphism

Grh, H"*H(U,C) = Grl, H" (U, C) =
H(P, Q" ((n +2 - p)Y)
HO(P, O ((n+1=p)Y)) +dHO(P,Qp((n+1 - p)Y))

Recall that g is a defining polynomial for Y. Let x; denote the coordinates
on P of weight w; and let w = > w;. Set

. dx dx dx; dx
Qo= | [z ) D (-Dwi—= A== A A=A p =
; T T x; Tni1

Then HO(P, Q"1 (kY)) is generated (as C-vector space) by

where deg(f) = kd—w. An easy calculation shows that wy € H(P, Q" (k—
DY) +dH°(P,Q"(kY)) if and only if f is in the ideal (gz,, - - - , gz, ) generated
by the partial derivatives of g. Let R(g) be the Jacobian ring

Clzo, ..., n41)/(Gaos - -+ » Gonsn)-
Combining this observation with Theorem yields:

Proposition 5.5. We have natural identifications between R(g)iq—w and
GripP? " "\ (U, C) = Grjp* = H" (U, C) = Grip' " H™(Y, C)prim-

We will now extend these results in certain cases to the non-quasismooth
situation: suppose that Y C P is a hypersurface in a weighted projective
space P of dimension n + 1 defined by a weighted homogeneous equation
g=0. Write Y* =Y \ ¥ and let P* = P \ X where, as before, ¥ is defined
by the vanishing of the partials of g. Note that, since we have assumed
that Y intersects Pging transversally, we have ¥ N Pgpe = 0. In particular,
U=P*\Y*"=P\Y.

In generalizing the approach described above we encounter the following
problems:

(1) The Poincaré residue map is not an isomorphism.

(2) We can still define the filtered de Rham complex and construct the
spectral sequence EF?. This sequence, however, does not degenerate
at E7 but at a higher step.

(3) The polar filtration and the Hodge filtration differ.

The following approach is similar to [§], where Dimca studied hypersur-
faces with isolated singularities. The exact sequence of the pair (Y, Y ™) reads
as

4) = HE(Y,Q) = HNY,Q) - HY(Y",Q) — Hy"'(Y,Q) — ...
This is a sequence of Mixed Hodge structures by [21, Proposition 5.47].
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From now we on assume that n = 2 and dim > <0 or n = 3 and dim > <
1. This will be the case in all our applications. By Proposition [5.1] the only
interesting cohomology groups are H'(Y, Q) for i = n,n + 1,n + 2. We will
study these groups by using (@]). In this section we focus on the calculation
of H/(Y*, Q). The calculation of H%(Y, Q) will then be done in the following
sections.

We start by relating the cohomology of Y* to the cohomology of U and X..
For this we need the notion of primitive cohomology. If V' C P is a quasi-
projective subvariety of codimension ¢, we define H*(V, Q)prim to be the
kernel of the natural map HY(V,Q) — HT2¢(P,Q)(c), given by repeated
cupping with the hyperplane class.

In the quasismooth case we can relate H*(Y*, C)prim to H'TH(U, C) by
using the Poincaré residue map. In the non-quasismooth case this is more
subtle.

Proposition 5.6. We have the following:
(1) Suppose n =2 and dim> = 0, then
H?(Y*, Q)prim = H?(U, Q)(1); H*(Y*, Q) = Q(-2)#>~!
and HX(Y*,Q) = 0.
(2) Suppose n =3 and dim ¥ = 0, then
H(Y*,Q) = HY(U,Q)(1); H'(Y*,Q) = Q(-2)
and HO(Y*,Q) = Q(~3)#71.
(3) Suppose n =3 and dim ¥ = 1, then
0— H'(U.Q)1) — H(Y",Q) — H*(Z,Q)yim(~3) — 0
s exact. Moreover
HY(Y",Q) = H'(3,Q)"(=3) and H*(Y", Q) = H"(3, Q)jyim(—3)-
Before proving Proposition we shall prove some auxiliary results.
Proposition 5.7. We have a Thom-type isomorphism

(5) T:HYY*, Q) — H2(P*,U,Q)(1).

Proof. The map T is induced by the Thom isomorphism on the (punctured)
affine cones over Y*, P* and U. For the precise construction we refer to [8]
Section 2]. O

Consider now the long exact sequence of MHS of the pair (P*,U):
(6)
L= HYP*U,Q) & HY(P*, Q) & HY(U,Q) — B (P",U,Q) — ...
Lemma 5.8. We have that
H*(P*,U,Q) = H"(P*,Q)
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for k> n+2 and that
HY(Y*,Q) = H*(P*,Q)(1)

for k> n.

Proof. Since U is affine we have H*(U, Q) = 0 for i > n + 2, hence the first
isomorphism follows from sequence (@). The second isomorphism follows

from the Thom isomorphism combined with the first isomorphism.

O

Using that P* is a V-manifold we can relate H*(P*) to the cohomology

of X:
Lemma 5.9. If dim X = 0 then

‘ 0 fori=2n+2
HP*Q) = { HOS,Q)ou(—n—1) fori=2n+1
H{(P,Q) fori<2n+1
as MHS and if dim ¥ =1 then
0 fori=2n+2
‘ HO(%, Q)rim(—n—1) fori=2n+1
H'P*Q)=¢ H'(Z,Q)(-n-1) fori=2n
H*(, Q)prim(—n—1) fori=2n-1
H'(P,Q) fori<on—1

as MHS.

Proof. We have the Gysin exact sequence

0— H(P*,Q) —» H(P,Q) — H’(%,Q) — H{(P*,Q) — ...

Note that P and X are compact. If dim > = 0 then it follows immediately

from the Gysin sequence that

0 1=20
Hé(P*,Q) = HO(E,Q)prim =1
Hi(P,Q) 1> 1.

If dim ¥ =1 it follows that

0 =20
HO(E7Q)prim 1=1
H(P*,Q)=¢ H'(Z,Q) i=2

HQ(E, Q)prim 1=3
H{(P,Q) i>3.

Since P is a V-manifold, the same holds for P* and we can apply Poincaré

duality to obtain the lemma.

We are now in a position to prove Proposition G.6l

O
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Proof of Proposition [5.6. Suppose that n = 2 and dim ¥ = 0. Then we have
H(Y*,Q) = H’(P*,U,Q)(1) = H(P*,Q)(1)
= HO(E, Q)prim(_2)* = Q(_2)#271-
The first isomorphism is the Thom-isomorphism (Proposition [(5.7)), the sec-

ond isomorphism comes from Lemmal[5.8| the third isomorphism comes from
Lemma B9 and the fourth isomorphism is immediate. Similarly, one has

HYY*, Q) = HSP*,U,Q)(1) = 0. To calculate H?(Y*, Q) consider the
long exact sequence (@) of the pair (P*,U):

.. — H3P*,Q) — H3(U,Q) — HYP*,U,Q) — H*(P*,Q) — ....

It follows from Lemma that H3(P*,Q) = H3*(P,Q) = 0. From the
same lemma it follows that H4(P*, Q) = H*(P, Q). Since U is affine and of
dimension 3, we have that H 4(U, Q) = 0. Finally, the Thom-isomorphism
yields H*(P*,U, Q) = H?(Y*,Q)(—1). Combining everything gives

0— H}U,Q) — H*(Y*,Q)(-1) — HYP,Q) =0
whence H3(U, Q)(1) = HQ(Y*, Q)prim-

In the case n = 3 we can proceed similarly: combining the Thom isomor-
phism with Lemmas (.8 and [£.9] yields the following isomorphisms:

H*(Y*,Q) = H'(P*,Q)(1) = H(Z, Q)i (—3)-

prim
If dim > = 0 then
HY(Y*,Q) = H°(P*,Q)(1) = H(P,Q)(1) = Q(-2)
and if dim> = 1 then
HY(Y*,Q) = H(P*,Q)(1) = H'(2,Q)*(-3).

The calculation of H3(Y*, Q) is slightly more complicated. We have an
exact sequence

HY(P*,Q) — H'(U,Q) — H*(P*,U,Q) — H’(P*,Q) — H"(U,Q) =0.
From Lemma 59 it follows that H°(P*, Q) = H*(X, Q)% (—3). From

prim
the same lemma it follows that H*(P*, Q) = H*(P, Q). Since H*(P,Q) —
H*(U, Q) is the zero-map, we obtain, after applying the Thom-isomorphism,
the following short exact sequence
0— HY(U,Q)(1) — H(Y*,Q) = H*(Z, Q)im(~3) = 0.
To finish the proof, note that if dim ¥ = 0 then H%(¥, Q)prim = Q7>! and
H%(%,Q)prim = 0. In particular, H*(U, Q)(1) & H3(Y*, Q) in this case. [

Remark 5.10. Later on we will show that the contribution of H*(%, Q) to
H*(Y*,Q) is irrelevant for the calculation of H*(Y, Q).
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Remark 5.11. To finish our analysis of H"(Y*, Q) we give a set of gener-
ators for H"*1(U, C). Recall that we have the pole order filtration on Qf;,
inducing a filtration on H*(U, C).

As explained above, the pole filtration on the de Rham complex yields a
spectral sequence. Remark [5.4] implies that PLH"*(U,C) = H""}(U, C).
From this it follows easily that

ent i Byt grt(U, C)

is surjective. An easy calculation (the same as in the quasismooth case)
shows that
+1pn+l—pp _ antl
S0 BT = @ R(9) dk—w-

The right hand side is finite dimensional and generates H"**(U, C). More-
over, the direct sum decomposition is the same as the direct sum decompo-
sition with respect to the graded pieces of the polar filtration.

A summary of our results is the following:

Proposition 5.12. Suppose n = 3. Let C be the cokernel of H*(U,Q) —
HL(Y,Q). Suppose C is a pure weight 4 Hodge structure, with trivial (4,0)
and (0,4)-part. Then the cokernel of
1 Ra—w(g) — HE(Y, C)
contains F3Cc. The cokernel of
o : Rag—uw(9) ® Ra—w(g) — FHy(Y,C)
contains F2Cq. Moreover, if 1 is surjective, then C has a pure (2,2)-Hodge
structure with
dim C = dim coker(Rgq_y,(9) — He(Y*,C)).
Proof. Since P*H*(U, C) consists of forms of pole order 0, we have that
P*H*(U,C) and H°(P,Qp) are isomorphic. Since this group vanishes we
have that P*H*(U,C) = 0. Since F?H*(U,C) c P*H*(U,C) (by Theo-
rem [5.3) it follows that
P3HY(U,C) = Grb HY(U,C) — Gry. HY(U, C)
is surjective. Since Ry_,(g) surjects onto P2 H*(U, C) we obtain that h3!(C)
equals the dimension of the cokernel of
Rqw(g) — Gri Hy (Y, C).
Similarly one obtains that h3!(C) + h?2(C) equals the dimension of the
cokernel
Ra-w(9) ® Rag—w(9) — F*H3 (Y, C).
Finally, if 11 is surjective then 0 = h*1(C) = h'3(C). Hence C is of pure
type (2,2) and
dim Cc = dim Gr% Cc = dim coker(Raq_y(g9) — Gr He (Y, C))
= dim coker(Ryq_(g) — He(Y, C)).
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O

Remark 5.13. The above proof could be slightly simplified if P®* = F'°.
However, there exist degree 5 surfaces in P* with one singularity, namely
an ordinary double point, such that F'* # P®. See [10].

6. COHOMOLOGY OF A SURFACE WITH ISOLATED ADE-SINGULARITIES

Let S C P be a surface in a 3-dimensional weighted projective space given
by an equation g = 0, such that the set 3, the locus where all partials of g
vanish, is finite and all singularities of S at points of 3 are of type Ax, D,
or E,. As usual we set S* = S\ . We want to calculate H?(S, Q)prim and
for this reason compare it to a quasismooth surface S of the same degree as

S.

Lemma 6.1. Let u be the total Milnor number of S. We have that H'(S, Q)
has a pure Hodge structure of weight i and

D,q _ hp’qfs) if (p.q) #(1,1)
RE) _{ hEH(S) = if (p,g) = (1,1).

Proof. We first remark that the statement follows from the Lefschetz Hy-
perplane Theorem [B.1] for all p + g # 2, 3.
Consider the long exact sequence of the pair (S, S*)

— HY(S5,Q) — H*(5,Q) — H*(5%,Q)
— H(S,Q) — HY(S,Q) — H*(S*,Q) — ...

from e.g. [, Example 1.9] it follows that H$(S,Q) = 0. For each p €
Y we have that (S,p) is given locally by a weighted homogeneous equa-
tion. In particular, we can find a small neighborhood X of p such that
X is a cone over a projective curve, and X* = X \ {p} is a C*-bundle
over this curve. It follows directly from the Leray-spectral sequence that
H3(X*,Q) = H'(C*,Q) ® H*(X,Q) = H*(X*,Q)(—1). From the long
exact sequence of the pair (X, X™*) and the fact that X is contractible it
follows that H(S,Q) = Hy(X,Q) = H*(X*,Q) = Q(-2).
Using Proposition the above exact sequence simplifies to

0— H*S,Q) — Q(—2)* 1 - Q(-2)*" - Q(-2) — 0.

In particular, H3(S,Q) = 0. The same argument with ¥ = () also shows
H3(5', Q) = 0. It remains to show that H2(S, Q) has a pure Hodge structure
and to determine the Hodge numbers of H2(S, Q).

Let S’ be a minimal resolution of the singularities of S that are contained
in 3. The exceptional locus E consist of a union of smooth rational curves.
Each connected component has an intersection matrix of type ADFE. We
want to apply Theorem 4.1l with Z = ¥ and exceptional locus E. Since the
singularities are rational we have h'(E, Q) = 0. In particular, H(S, Q) —
H?(S",Q). Since H?(S’,Q) has pure weight 2 Hodge structure the same
holds for H%(S, Q).
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Again using that S has rational singularities it follows that h20(S) =
h%0(S) and h%2(S) = h%2(S) (see e.g., [25, Introduction]). Since e(S) =
e(S) — p (e.g., by [9, Corollary 5.4.4]), the lemma follows. O

As argued in Section 5 we can express the Hodge numbers of S in terms
of the Jacobian ideal of §, where § is an equation for S. Let d = deg(g) and
w = S w;. Let R(§) be the Jacobian ring of §. Then h?0(S) = h02(S) =
dim R(§) g = dim R(§)34—p and h5(S) = dim R(§)2q—w-

We want to calculate H2(S, C) together with the Hodge filtration. From
Proposition it follows that H3(U,C)(1) = H%(S,C)prim. In [25] it is
proven that the Hodge and polar filtration coincide in this case.

Let g be an equation for S and let R(g) be Jacobian Ring of S. Then we
have surjections

R(g)d—w - H270(Sa C)’ R(g)3d—w - HO,Q(S’ C)

and
R(g)2d7w - HLl(S? C)prim
(cf. the results in Section [ in particular, Remark [(.17]).

In [25] this statement is made more precise. For each singularity (S, p)
let g, be a local equation and let R(gy,) be the Jacobian ring of g,. Note
that R(gp) is naturally isomorphic to the Milnor algebra of (S,p). Let m, :
R(g9) — R(gp) be the natural projection. Then

Theorem 6.2 (Steenbrink [25]). The Poincaré residue map induces the
following isomorphisms

H*Y(S,C) = Ra-u(9)

and

Hl’l(S, C)prim = {f € Rag—w(9): f € ker(m,) Vp € £}.

Proof. This is a reformulation of the main result of [25]. We show how this
statement can be obtained from the result in [25]. In the introduction of
[25] it is argued that H*°(S) = Ryq_,(g). In Section 5 of [25] it is moreover
shown that dim Roq_(g9) = dim Rog_(§)(= A" (S)prim). As argued in
Section [{] the map

R2d7w(g) - HLl(S)prim

is surjective. Using these two facts and h''(S) = hb1(S) — p we get that
the kernel of

Rai—uw(g) = H"(S, C)prim
has dimension u.

We will now construct a section to this map. Let j : S\ ¥ — S be the
inclusion. Let Qg = j*Q};\Z and let 7 be the cokernel of d : Q(S) — Q2(25).
Then 7 is a skyscraper sheaf supported at 3. At each p € ¥ we have that the
stalk 7, is isomorphic to the Tjurina algebra of (S, p), which is by definition
isomorphic to R(gp). Since S has only ADE singularities we have for each
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p € ¥ that the Milnor algebra and the Tjurina algebra of (S, p) coincide, in
particular, h°(S,7,) = p.
Consider the exact sequence (from [25 Corollary 17])

0 — H'(S,Q%)prim — Rog—w(g) — H(S,7) — H?(S,Q%) — 0.

As argued in [25] we have that H?(S, QL) ¢ H3(S,C) = 0.
Hence this exact sequence reduces to

0— Hl(& Qé‘)prim — Ragw(g) — @pEER(Qp) — 0.

In [25] it is then argued that H'(S, Q) = HY1(S,C). Hence the above map
provides the desired section. (The fact that H(S) — Rog_.,(g) — HY'(9)
is actually the identity follows from the construction of the first map in
[25].) O

Remark 6.3. Steenbrink’s point of view is different from the approach
taken by Dimca. In the previous section we constructed a surjection from
Raq_w(g) onto HY1(S, C), whereas Steenbrink constructs an injection from
HY1(S,C) to Rag_w(g), which is a section of the former map.

To unite the two approaches we can do the following. Let p be the total
Milnor number of S. Fix p polynomials hi,...,h, of degree 2d — w such
that their image spans @penR(gp). Set R(g) := R(g)/(h1,...,h,). Then
H>(Y,C) = Ry_y(g) and H'(Y,C) = Ryy_u(9).

Remark 6.4. Suppose p € ¥ has a non-trivial stabilizer group, i.e., p :=
(w0, 71,72, 73) is a lift of p to C* and the stabilizer subgroup G, C C* of p
is non-trivial.

Without loss of generality we can assume that p = (1,,0,0). Suppose
f(xg,x1, 2, x3) is a defining polynomial for S. Let g(x1,x9,x3) = f(1,21 +
a,z2,x3). If G, consists of one element then the Milnor algebra of (S, p)
equals C{z1,22,23}/(9z,, Gzss 9zs). However, if #G, > 1 then the Milnor
algebra of (S, p) equals

(C{xh T2, $3}/(gx1agx279x3))Gp .

7. CALCULATION OF Hg(Y,C), LOCAL INFORMATION

In this and the following section we assume that Y is an admissible hyper-
surface in a weighted projective space P(wy,...,ws) (cf. the Introduction)
given by f = 0. Let ¥ C P(wy,...,wy) be the locus where all partials of f
vanish.

Since Y is admissible we can find for every p € ¥ a weighted homogeneous
polynomial g, (with weights wy p, w2, w3, wa, and degree dy,) such that

(1) (Y,p) is contact equivalent to ({g, = 0},0) C (C*,0);
(2) the surface S := {g, = 0} C P(w1p,wsp, w3 p, wayp) has finitely
many AD E-singularities.
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Remark 7.1. The conditions on the singularities of Y are very mild. For
example in the case of elliptic threefolds we considered hypersurfaces of the
form y2 =23 4+ Px + Q, with (P, Q) € C[ZQ, 21, 22]471 X C[ZQ, 21, ZQ]Gn. For
fixed n the locus where the conditions on the singularities are not satisfied
has a large codimension. E.g., in the isolated singularity case the most
frequently occuring singularities such as ADFE threefold singularities are all
weighted homogeneous singularities.

Remark 7.2. Recall that two singularities ({f; = 0},0) and ({f2 = 0},0)
are contact equivalent if and only if

C{xl, e ,xn}/(fl) = C{xl, e ,xn}/(fg)

If f1 (and fy) are isolated singularities then f; and f2 are contact equivalent
if and only if their Milnor algebras are isomorphic. If we assume that f; is
weighted homogeneous then, by the Euler formula, we get f1+J(f1) = J(f1),
hence the Tjurina algebra and the Milnor algebra of f; are isomorphic.

It turns out that if f5 is isolated and contact equivalent to a weighted
homogeneous singularity f; then it is also right equivalent to fi, and hence
the Tjurina algebra of fs is isomorphic to the Tjurina algebra of f;. This
implies that in the isolated case we could reword our condition on (Y, p) by
saying that the Milnor number and the Tjurina number of (Y, p) coincide.
(Details of this reasoning can be found in [7, Theorem 7.42] and [14], Section
9.1].)

For non-isolated singularities we are not aware of such a simple reformu-
lation.

Remark 7.3. Note that the surface .S satisfies the hypothesis of the previous
section. We define S* = S\ 3, where ¥, is the locus where all the partials
of g, vanish. Let X C C* be the zero set of gp, i.e. the affine cone over the
surface S.

Lemma 7.4.
Hi(Y,Q) = Hy(X, Q).

Proof. This follows directly from the definition of contact equivalence. [

Let ¥’ be the singular locus of X and set X* = X \ {0}. In this section
we relate HJ (X, Q) to H*(S,Q).

Lemma 7.5. For i > 1 we have isomorphisms
Hy(X,Q) = H'™H(X", Q).

Moreover,
Hy(X,Q) =0
fori=0,1.
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Proof. Since X is the affine cone over S C P(w; p, ws p, w3 p, wap) it is con-
tractible and hence H*(X,Q) = 0 for i > 0. The long exact sequence of the
pair (X, X*) therefore yields an isomorphism

Hy(X,Q) = H'™H(X",Q)
for ¢ > 1. Clearly, the natural map

H(X,Q) — H(X*,Q)
is an isomorphism. Since H'(X, Q) = 0 the same sequence gives that both
HY(X,Q) and H}(X,Q) vanish. O

The cone X* is a C*-fibration over S. Recall from Section [6lthat H(S, Q)

vanishes unless ¢ = 0,2,4 and that H°(S,Q) = Q, H*(S) = Q(—2). The
Hodge structure on H?(S, Q) can be calculated by Theorem This en-
ables us to calculate the Hodge structure of HJ(X, Q).

Proposition 7.6. We have that

H?(S, Q)prim fori=3
i — HQ(Sa Q) rim(_l) fOTi:4
Ho(X, Q) = Q(—p3) fori==6

0 otherwise.

Proof. Consider the Ey part of the Leray spectral sequence for X* — §:
H'(C*, Q) H Q(-1) 0 H*(S,Q)(-1) 0 ‘ Q(—-3) ‘
Ho(C*, Q) Q 0 H*(5,Q) 0 Q(-2)

| H°(S,Q) | H'(S,.Q) | H?*(5,Q) |H(S,Q) |H(S.Q)]

The only possible non-zero differentials are the maps Q(—1) — H?(S, Q)

and H%(S,Q)(—~1) — Q(—2). We will show below that these maps are

actually injective, respectively surjective. Assuming this for the moment it
follows that the E3-terms equals

H'(C*) 0 0 H?(S, Q)prim(—1) 0 Q(-3)
HO(C) Q ‘ 0 ‘ H2(S, Q) prim ‘ 0 0
| HO(S) | H'(S) | H*(S) | H?(S) | HY(S) |

and the spectral sequence degenerates at E3. Hence H'(X* Q) =2 @jEé_j A
and thus

Q fori=0

0 fori=1

i( vk _ HQ(S, Q)prim for i =2
H(X5Q) = g, Q)prim(—1) fori=3
0 for:=14

Q(-3) for i = 5.

By Lemma [T.5 we have H}(X,Q) = H}(X*,Q) for i > 1 and thus we
obtain the proposition.

It remains to show that the differential Q(—1) — H?(S,Q) is injective
and that the differential H?(S,Q)(—1) — Q(—2) is surjective.
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Let X be the blow-up of X at 0. Then X is a C-fibration over S. Note
that S admits Poincaré duality (a consequence of Lemma [6.1]). Using that
Hi(C*,Z) = 0 for i # 1 it follows that the Leray-Spectral sequence (for
cohomology with compact support) associated with X — S degenerates at
E; and we get that H5"/(X,Q) = HY(S,Q)(—1). Similarly, we get that
Hi(X,Q) = Hi(S,Q).

Let E C X be the exceptional divisor. Then F = S and X \ E = X*.
Consider the following part of the Gysin exact sequence:

H'(B,Q) =0 — HXX",Q)— H:(X,Q) — H*(E,Q)

— H3}(X*.Q)— HX(X,Q)=0.
The map HE(X',Q) — H?(E,Q) is induced by a map from integral co-
homology. Let h € H?(E,Z) be the hyperplane class. From the Leray
spectral sequence it follows that H2(X,Z) = H(E,Z) ® H2(C,Z). Let
hy € H2(X,Z) be [E] times a generator of H>(C,Z). Let ¢ : E — X be
the inclusion. Then it is easy to see that ¢*(hy) = —h. Hence the map
/* is not constant and since h?(X,Q) = h*(S,Q) = 1 it follows that .* is
injective. From the Gysin exact sequence it follows that H2(X*, Q) = 0 and
that h3(X*) = h?(F) — 1. Assume for the moment that X* is smooth, i.e.,
E is quasismooth. Using Poincaré duality we get that h3(X*) = h?(E) — 1.
Since H3(X*, Q) equals

ker(H*(E,Q)(—1) — HY(X, Q)) = ker(H*(S5,Q)(-1) — Q(-2))

it follows that the differential H2(S, Q)(—1) — Q(—2) is surjective.
For the other differential we can proceed similarly:

HYE,Q) =0 — H;(X"Q)— H/(X,Q)— H'(E,Q)
— HJ(X*,Q)— H2(X,Q) =0.

The map Hf(X,Q) — H*(E,Q) is again induced by a map on integral
cohomology, and the class of h times a generator of H2(C,Z) is mapped to
a nonzero multiple of a generator of H*(E,Z). This implies that ht(X*) =
h4(X) — h*(E) = h*(E) — 1. Using Poincaré duality we get that the differ-
ential Q(—1) — H?(S, Q) is injective, provided that S is quasismooth.

If S is not quasismooth then we can find a family of quasismooth surfaces
S degenerating to S for A = 0. Now for A # 0, we have that the differential

Q(—1) — H*(5),Q)
is induced by a non-zero map HQ(X)\, Z) — H?(Ey,Z). Let hy be a family
of generators of H?(E), Z) and let k), be a family of generators of H*(X), Z).
Then h) is mapped to —hy. By taking the limit A — 0, we see that hj is
mapped to —hg, hence H?(Xo, Q) — H?(E, Q) is injective, and from this

it follows that Q(—1) — H?(S, Q) is injective. A similar argument shows
that also H2(S, Q) — Q(—2) is surjective. This finishes the proof. O

The following proposition will be useful for our purposes
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Proposition 7.7. Let Y, p,d, be as above. Let wy, = wi p+wa p+w3 p+wsp.
Then Hy (Y, Q) has a pure weight 4 Hodge structure without (0,4) and (4,0)-
component. We have

FPH,(Y,C) £ Ry, —u,(9p)

and
F?H)(Y,C)/F*H,(Y,C) = Rag,—u,(9p)

where R is obtained from R as explained in Remark [G3.

Proof. This is a combination of Lemma [[4] Proposition and Theo-
rem [6.2] O

Proposition 7.8. Let (Y, p) be a transversal ADFE surface singularity. Then
HS(Y7 Q) = Q(-3) and H,(Y) =0 for i # 6.

Proof. For simplicity we assume that (Y,p) is an Ag-singularity. Using
Lemma [74] it suffices to prove the statement for (Y, p) given by

1
2?2 + 23 4 25T = 0.

This equation defines a surface S C P(k+1,k+1,2,1) of degree 2k +2 with
an isolated Ay, singularity in (0:0:0:1).

From Lemma [4] and Proposition it follows that it suffices to prove
that H2(S,Q)prim = 0. We start by calculating h?(S) for a quasismooth
surface S of the same degree, e.g., § := r? 4+ 23 + x§+1 + ka+2 = (. This
can be done by calculating the dimension of several graded pieces of the
Jacobian ring of Y. The sum of the weights equals 2k + 5, hence we are
interested in h29(S) = dim R(§)_3 = 0, h%2(S) = R(§)ap+1 = 0 and

h1(S) = dim R(§)gk—1 = dimspan{[z4a]]: 2i 4+ j = 2k — 1} = k.

Hence hQ(S)prim = k. Since u(Y,p) = k, we get h?(S)prim = h2(§)prim —
w(Y,p) = 0. This finishes the Ay case.
For D,,, E, singularities one can proceed similarly. O

8. GLUEING LOCAL INFORMATION

Let P be a four dimensional weighted projective space and let Y C P be
a hypersurface, given by f = 0. Let X be the locus where all the partials of
f vanish. We assume the usual conditions, i.e., ¥ NPy = 0, dim X < 1 and
that at a general point of any one dimensional component of ¥ we have a
transversal ADE surface singularity. Finally, let P C X be the set of points
p € ¥ such that (Y, p) is not a transversal ADE surface singularity.

We want to use the previous section to relate H 4(Y, Q)prim to the cokernel
of HY(U,Q)(1) — egpepH;l(Y,Q). In this section all considerations are
topological. For this reason we work with Q coefficients and use H'(-) as
shorthand for H'(-, Q).
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For each point p € P, fix a small contractible neighborhood U, C ¥. Let
Y1 := X \ UpepU, be the complement of the U,. Note that 3; is a closed
Riemann surface with boundary embedded in P.

Lemma 8.1. We have that
Hy, (V) = H?(31)%(=3), H3,(Y) = H'(21)"(-3)

and

Hg, (V) = H°(21)"(-3).

Proof. Take a finite open covering U := {V;} of ¥; such that each V; is home-
omorphic to a disc with boundary S', in particular each Vj is contractible.
Let D; = V; be the closure in the complex topology. It is easy to show
that we can find such a covering with the property that each intersection
D;, ND;, N---N D, is empty or contractible.

We now proceed by induction. If #U = 1, then ¥; is contractible. Hence
H°(2;) = Q and all other cohomology groups of ¥; vanish. In this case
we have a deformation retract (Y,Y \ X1) to (Y',Y"\ {p}) where (Y’,p) is

~Y

a transversal ADFE surface singularity. From this it follows that Hg, (Y) =

H}(Y"). From Proposition [Z8 it follows that HS(Y’) = Q(—3) and all other
local cohomology groups vanish. Hence the statement is true in this case.

Assume now #U = k, let g = Ui<ij<r—1D;. We have two Mayer-Vietoris
sequences (one is dual to the usual Mayer-Vietoris sequence, the other is
Mayer-Vietoris for cohomology with support), namely

H¥ (D No)* ———— H¥(Dy)* ® H* (Xo)* HY(Z1)* —— H*" (D}, N 3o)*

- |- | |-

HE L (V)(3) ——> HE(V)(3) @ HES (V)(3) ——> HE (V)(3) —— B (5D (v)(3)

The first two vertical maps are isomorphisms by the induction hypothesis.
From the five-lemma it follows that dim H*(2) = dim HS *(Y'), which yields
the lemma. 0

Lemma 8.2. We have that
HS(Y) = HY(X)*(=3) and HL(Y) = H(X)*(-3).

Proof. Let D, = U,. Using that D, is contractible we have that HBP(Y) =

H/(Y). From Proposition it follows that H5(Y') = Q(—3) and also that
Hy(Y) = 0.

Let ¥5 = UU,. Since U, is contractible we have that H'(X2) = 0 and
HY (Y) = ®H,(Y) = 0. In a similar way we get HS (V) = Q(—3)#7 =
HO(S2)*(=3).

Along D := Y1 N 39, which is union of circles, we have transversal ADE

~

surface singularities. A reasoning as in Lemma B shows that H}(Y) =

HY(Y)* and HS,(Y) = HO(D)*.
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As in the previous lemma we can consider the two Mayer-Vietories se-
quences (the vertical arrows are isomorphisms by either the above discussion
or using Lemma [8.T])

HY(D)* ——= H'(S1)* @ H'(S)* ——= HY(8)* — -

| |- |

Hp(Y)(3) —= H3, (Y)(3) © H,

e HO(D)* ——— HO(S))" & HO(S) —— HO(5)" ——=0
- ——HY(Y)(3) —=HP (Y)(3)® HE (Y)(3) —= HE(Y)(3) —=0
An application of the five-lemma yields the proof. O

Lemma 8.3. Suppose dimY. = 1. Then H?(Y) =0 and H*(Y*) — H(Y)
s an isomorphism.

Proof. Consider the exact sequence of the pair (Y,Y™)
HYY) — HYY*)— HL(Y)— H(Y)
— H5(Y*) — H&Y) — H%(Y) — H5(Y*) =0.

Note that it follows from Proposition that H>(Y*) = HO(E);rim(—?)).
Using Lemma it follows that h°(Y*) = h%(Y) — hS(Y), hence the map
H5(Y*) — HS(Y) is injective.

From Proposition B8 it follows that H*(Y*) is isomorphic to H(X)*(-3).
From Lemma R2lit follows that HY(Y) is isomorphic to H!(X)*(—3). Hence
H*(Y*) and H3(Y) have the same dimension.

Note that the possible Hodge weights of H*(Y*) = H!(X)*(—3) are 5 and

6, where H*(Y) has Hodge weights at most 4 [2I, Theorem 5.39]. Hence
H*(Y) — H*(Y™*) is the zero-map, H*(Y*) 2 H2(Y) and H>(Y) =0. O

Theorem 8.4. We have that
H*(Y) prim = coker(H*(U)(1) — @pepH;}(Y)).

Proof. Suppose first that dim ¥ = 0. Then P = 3.
Consider the exact sequence

H3(Y*) — HL(Y) — HYY) — H*(Y™).

From Proposition it follows H*(Y*)prim = 0 and H3(Y*) = H4(U)(1),
hence we have an exact sequence

HYU)(1) — Hy(Y) = H(Y )prim — 0.

This proves the case dim > = 0.
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Suppose that dim ¥ = 1. Consider the diagram (where both the horizon-
tal and the vertical sequence are exact)

0 —=HY(U)(1) —= H*(V*) — H*(2)*(=3)prim — 0

Hy,(Y)

HA(Y)

0.

The horizontal sequence comes from Proposition [5.6], the vertical sequence
is part of the long exact sequence of the pair (Y,Y™*). From Lemma [B3] it
follows that H&(Y) — H*(Y) is surjective.

We start by constructing a map Ha(Y) — H?(2)*(—3): let Y be a res-
olution of all singularities contained in ¥ of Y. Let E be the exceptional
divisor. Then there is a natural map H*(X) — H?(E). Since Y is smooth
we have that HL(Y) = HS(E)*(—3). The resolution (Y, E) — (Y,X)
induces a natural map H&(Y) — Hi(Y). Composing the maps as follows

Hy(Y) — Hp(Y) = H*(E)*(=3) — H*(2)*(-3)

yields a map Ha(Y) — H2(X)*(=3). It is easy to check that the compo-
sition H3(Y*) — H&(Y) — H?(X)*(—3)prim is the same map as the map
H3(Y*) — H?*(X)*(—3) in the above diagram.
Let K be the kernel of the map H (Y ) prim — H2(E)I’;rim(—3). The above
diagram shows that
HY(Y ) prim = coker H3(Y*) — H&(Y) prim = coker HY(U)(1) — K.

The final equality is a consequence of the snake lemma.
Hence it remains to show that

K = @pepHy(Y).

Let X9 = Uﬁp and D = X1 N Xy. Note that D is a union of circles.
Consider the Mayer-Vietoris sequence
Hp(Y) — Hy,(Y)® Hy,(Y) -
— Hy(Y) — Hp(Y) — Hy (Y) @ HS, (V) — H(Y)
Note that H(Y) = H!(¥)*(-3) by Lemma Note also that that
HY. (Y) = H'(32)*(—3) by a reasoning similar to the one in the proof
of Lemma Bl Since H'(X3) = 0 it follows that H%Q =0.
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Since we have transversal ADFE singularities along D and Y; this sequence
becomes (after tensoring with Q(3))

0=H*D)* — H*3)" @ Hs,(Y)(3) -
— H{(Y)(3) — HY(D)* - HY(Z)) - HY(Z)" — ...
Since ¥ is a deformation retract of ¥ \ P we obtain the following exact
sequence: (dualized sequence of the pair (X, \ P))
0 HA(S1)" = H(S)" — @pepHA(S)" — H(S1)" — HI(S)"
This yields a diagram

00— H*(Z1)" @ Hy, (V) (3 — HL(Y)(3) —= HY(D)* ——= H'(%))"

| l | 5

0 H*(20)" H? ()" —— @pepHy(X)" —— H'(31)"

Here, the map HéQ(Y)(?)) — H?*(X)* is the unique map, making this
diagram commutative.

Using that g, = 0 is weighted homogeneous we get that (X, p) is locally a
set of m lines through p. In particular, U, \ {p} can be retracted to U, N 3.
Taking direct sums over all p € P this shows that H*(X2\P) = H(D). Since
for each p € P we have that U, is contractible we get a natural isomorphism

HSNE) 2 H' (S, \ P) 2 H(D).
Hence the above diagram simplifies to

0— H?(Z)* @ HéQ(Yf1—> HL(Y) —— coker o — 0

! )

0 H?(%)* —— H*(E) — coker pp —0

>~

(The main point here is that coker ¢ coker p9.) From this diagram
it follows that H%Q(Y) = ker(Hg(Y) — H2%(X)*) = ker(He(Y)prim —
HQ(E);rim)' o

Since the D), := U, are contractible, there exists a deformation retract
from Y \ X3 to Y \ P, hence Hy, (Y) = H3(Y'), which yields the proof. [

9. METHOD FOR CALCULATING MW ()

In this section we present a method to calculate the Mordell-Weil rank of
a general elliptic threefold.

We start by identifying the set ¥ and a finite subset P’ containing the set
P (cf. the previous section.)

Proposition 9.1. Suppose we have a threefold Y C P(2n,3n,1,1,1) defined
by the vanishing of g :== —y?>+ a3+ Pz +Q, where P and Q are homogeneous
polynomials in zg, z1, zo of degree 4n and 6n. Suppose Y is minimal.
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Let A be the curve defined by 4P3 + 27Q% = 0 and A, be the underlying
reduced curve. Let v : P(2n,3n,1,1,1) — P2 be the projection onto the
plane x = y = 0. Take P to be the set defined in Section[8 Then ¥(P) is
contained in A1 ging U Q1 U Qo where

Q1 :={q € Al smooth: ¢ s an isolated zero of P|a, }.

and
Qo = {q € Al,smooth:

P and A1 have a common component C
containing q,ordc(P) =2 and ordy(P) > 3. [~

Proof. If all the partials of g vanish at p then, in particular, dg/0x and
0g/0y vanish, hence p is a singular point of 1/1\;11/1(1)) and P(X) C Aj.
Moreover, if p € X, then p is the unique singular point of wl;l (¥(p)).

For a general point ¢ on a component C' of A one can find the transversal
type of the singularity along the corresponding component of > by Tate’s
algorithm. For more details we refer to [19]. We will use Tate’s algorithm
to identify the set of points where we do not have a transversal surface
singularity.

I-fiber. Suppose C' is a component of A of multiplicity v and P |¢# 0.
We show now that if p € P then ¢ := 9(p) is either in Ay gpng or P(q) =0
(i.e., g € Q1).

For each ¢ € C' we have that 1)=1(q) has precisely one singular point. Let
Y’ be the union of all these points. Let t = 0 be an equation for C' and let
s be a second local coordinate.

An easy calculation show that at a general point of C' the z-coordinate of
p equals —3Q(s,t)/2P(s,t). As long as P(s,t) # 0 we can move the point
x = —3Q(s,t)/2P(s,t),y = 0 to (0,0). This yields a new local equation of
Y, namely

8P3y? = 8P3z3 — 36 PQ%*x? + 2PAx — QA.
Since A(s,t) = t"h(s,t), we have that (Y, p) is equivalent to the singularity
y? =t ¥
unless h(t,s)P(t,s)Q(t,s) = 0. For degree reasons we can disregard "z,
hence we have a transversal A, _; singularity unless h(t, s)P(t, s)Q(t,s) = 0.
Since A = 4P3 + 27Q? we have that then h(t,s)P(t,s) = 0.

I¥-fiber, v > 0. Suppose C is a component of A with multiplicity 6 + v
and that ordg(P) = 2,ordc(Q) = 3. Let t = 0 be an equation for C' and
let s be a second local coordinate. Le., we can write P(s,t) = t?Pj(s,t) and
Q(s,t) = 3Q1(s,t). As above, we move the point (—3tQ1(s,t)/P(s,t),0) to
(0,0). Then we get a local equation of the form

8Py (t)3y? = 8Py (t)32® — 36t P (t)Q1(t)%x? + 2t° P (t) Ao (t)x — t3Q1 (1) As(t).

Where As(t,s) = A(t,s)/tS. Then Ay = 4P;(t,5)3 + 27Q1(t,5)% = th(t, s)
for some h. This local equation is equivalent to a transversal D4y ,-singula-
rity, unless P (t,s)Q1(t, s)h(t,s) = 0. A reason similar to the I, case shows
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that either p € Ay 4ng or Pi and @1 vanish at ¢, which implies that P = 2P,
vanish at least up to order 3 at ¢, i.e., ¢ € Qs.

Exceptional cases II,I11,IV, 15, IV* III* IT*.

Of these we do only the most difficult cases IT*, I1I*, the other cases
being very similar.

Case II*: from Tate’s algorithm it follows that we have a local equation
of the form

y* =2 +t*Pi(s, )z + Q1 (s, 1)
such that Q1(s,t) does not vanish at a general point of C. Hence A(s,t) =
t19(4t2 Py (s,t)3 + 27Q1(s,t)%). This is a transversal Fg singularity unless
Q1(t, s) vanishes, but then ¢ is a singular point of Aj.
Case IIT*: from Tate’s algorithm it follows that we have a local equation
of the form

y? =23 + 3P (s, t)x + t9Q1 (s, 1)
such that P;(s,t) does not vanish at a general point of C. Hence A(s,t) =
t9(4P; (s,t)3 + 27tQ1(s,t)?). This is a transversal E; singularity unless
Py (s,t) vanishes, but then ¢ is a singular point of A;. O

Lemma 9.2. Suppose q € P? is such that P(q) = 0 and q is an isolated
double point of A. Then P Ny~1(q) = 0.

Proof. Using that A = 4P3 + 27Q? and our assumptions on A and P we
obtain that Q = 0 is a smooth reduced curve in a neighborhood of ¢ and
that Q = 0 does not have a common component with P =0 or A =0 in a
neighborhood of p. L.e., we have a local equation of the form

y? =23+ Pz +s.

If ¥ and 1~ !(q) intersect, then the fiber needs to be singular at that point,
ie., (z,y,t,s) = (0,0,0,0), However, it is easy to see that Y is smooth at
this point, hence ¥ ~!(¢) N ¥ = 0. O

For a Weierstrass equation g := —y? + 23 + Pz + Q let Q := (A1 ging U
Q1 U Qy) \ Qs, where Q; and Qs are defined as in Proposition and

Q3 = {q € Aiging: P(g) =0 and ¢ is an isolated double point of A}.
Let

P = U w’;l(Q)sing cY.

qeQ

Note that P’ is a finite set and contains the set P of the previous section.

Procedure 9.3. Given an equation y*> = x® + Pz + Q with homogeneous
polynomials P € Clzo, 21, 22)an, @ € Clz0, 21, 22)6n such that there is no
u € Clz, 21, 22] \ C with u*|P and u%|Q.
(1) Set Y ={(z,y, 20, 21, 22) € P(2n,3n,1,1,1): y* = 2* + Pz + Q}.
(2) Determine the set P' C'Y defined above.
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(3) For each p € P’ check whether (Y,p) is contact equivalent to a
weighted homogeneous hypersurface singularity (Y',p').

If not, then stop, otherwise fix weights w1 p, w2 p, W3 p, Wap and
a weighted homogeneous polynomial g, € Cly1,y2,y3,y4] such that
(Y, p) is contact equivalent to ({g, = 0},0). Fiz also a map (Y,p) —
({gp =0},0). Let d, := deggp, wp ==Y wjp.

(4) For each p € P’ let R(gp) be the Jacobian ring of g,. If (Y,p) is
an isolated singularity then set R(g,) = R(gp). If (Y,p) is not an
isolated singularity then R is defined as in Remark [6.3.

(5) Calculate the dimension r1 of the cokernel of the natural map

Clz,y, 20, 21, 22)mn—3 — @pep R(Gp)2d,—w, -

(6) Calculate the dimension o of the cokernel of the natural map

Clz,y, 20, 21, 22]n-3 — ®pe7>/R(9p)dp—wp-

(7) If ro =0 then rank MW (7) = ry.
(8) If ro > 0 then rank MW (m) < ry.

Proof. As is shown above P’ is finite and contains P. For each p € P'\ P
we have that (Y,p) is smooth or a transversal ADFE surface singularity.
By [Z8 it follows that H;(Y,Q) = 0. Hence to calculate the cokernel of
HYU,Q)(1) — @qepr}(Y, Q), we can replace P by P'.
We proceed by calculating k3! (H*(Y, C)) and h*?(H*(Y, C)). Combining
Proposition [.7 with Theorem [B.4] yields that
(1) R3Y(HA(Y,C)) < ro and h22(H*(Y, C))prim < 71.
(2) If rg = 0 then > (H*(Y,C)) = h*(H*(Y,C)) = 0. Since H*(Y, Q)
has a pure weight 4 Hodge structure it follows that k'3 (H*(Y,C)) =
hO4(H*(Y,C)) = 0, hence H*(Y, C) is of pure type (2,2) and

rank H*(Y, C)prim N H*2(H*(Y))prim = 71.
Applying Theorem 3] finishes the proof. (]

Remark 9.4. An elliptic curve E over C(t1) is for trivial reasons also an
elliptic curve over C(t1,t2). We discuss what the outcome of our method is,
if we apply it to such Y. Note that Y is defined as the zero-set of

—y* +2° + P(20, 21)7 + Q(20, 21)

i.e., Y is a cone over an elliptic surface. Here we assume that n is such that
deg(P) = 4n and deg(Q) = 6n. The discriminant curve is a union of lines
through (0 : 0 : 1). From this it follows that ' = {(0:0:0:0:1)}. For
simplicity assume that the (0:0:0:0: 1) is an isolated singularity.
Forp=(0:0:0:0:1) we have a local equation

(7) — 0?2 +u® + P(s, tyu+ Q(s,t) = 0
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i.e., we have d, = 6n and w, = 5n+2. Our algorithm tells us that we should
calculate the dimension r; of the cokernel of

Clz,y, 20, 21, 22]tn—3 — R(gp)7n—2

and calculate the dimension rg of the cokernel of

C[$> Y, 20, 21, Z2]n73 - GBpe’P/R(gp)an

It is easy to see that both maps are the zero map. In particular, our method
tells us that

rank MW (7)) <7y = dim R(gp)7n—2 = hl’l(s)prim

where S is the elliptic surface defined by (7). Of course, we could obtain
this inequality directly, i.e., by applying the Shioda-Tate formula to S.

Part 3. Examples
10. EXAMPLE OF GROOTEN-STEENBRINK
Grooten and Steenbrink studied the family of threefolds
g = —W? 4+ A X2 + 241 X(X1 X3 — X3) 4+ Ag(X1 X3 — X3)> =0

where A; € C[X7, X2, X3];. This defines a degree 4 threefold Y in P =
P(1,1,1,1,2).

For general Ag, A1, Ao Grooten and Steenbrink proved that h*(Y) = 2 .
Here we will give a proof of this by our methods. We shall use the notation
of the previous sections.

Lemma 10.1. Let A; € C[ X1, X9, X3]; fori=0,1,2. Assume that AyAg—
A? defines a smooth conic intersecting the conic X1 X3 — Xg i four distinct
points. Then
(1) The locus ¥ is given by W = Xog = X1 X3 — X2 = 0.
(2) Ifp € X is such that As(p)Ag(p)— A3 (p) # 0 then (Y, p) is a transver-
sal Ai-singularity.
(3) If p € X is such that As(p)Ao(p) — A3(p) = 0 then (Y,p) is a pinch
point. There are precisely four such points.

Proof. An easy calculation shows that the partials of F' vanish if and only
if W =0,Xo=0,X;X3— X2 =0, yielding the first claim.

Note that the conic X7 X3—X2 = 0 is smooth. Hence we can parameterize
this conic by a local coordinate t. Let s be a second local coordinate in the
plane W = Xy = 0, such that s = 0 is a local equation for the conic
X1X3 — X3 = 0. Then we have a local equation for Y of the form

w? = AQI’% + 2A1x98 + Aosz.

If p is such that As(p)Ag — A2(p) # 0 then this defines a transversal Aj-
singularity. This gives the second claim.
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If p is such that As(p)Ag — A1(p)? = 0 then we change the coordinate ¢
such that ¢ = 0 is an equation for A2 Ag — A2. Then Y has a local equation
of the form w? = 23 + ts?, hence we have a pinch point.

The pinch points are precisely the point in the intersection of As(p)Ag —
Ai1(p)? = 0 with X, i.e., the intersection of two plane conics. Our assump-
tions on the A; yield that there are exactly four distinct intersection points,
i.e., there are four pinch pints. This finishes the proof. U

Proposition 10.2. Let A; € C[Xy, X2, X3]; for i = 0,1,2. Assume that
AgAg — A? defines a smooth conic intersecting the conic X1 X3 — X¢ in four
distinct points. Then h*(Y) = 2.

Proof. Lemma [I0.1] shows that the set P of Theorem [8.4] consists precisely
of the four pinch points pi, p2, p3, p4- A local equation for a pinch point p is
Gp ‘= X1T2 — x§x4 = 0. If we set wt(z;) = 2 and let all other variables have
weight 1, then we get a weighted homogeneous equation of degree 3. The
surface S defined by g, has an A;-singularity at ¢ : 1 = x2 = 23 = 0. This
implies that we can apply Theorem to calculate the cohomology of S:

H*Y(S,C) = R(gp)—2 = 0, H"'(8,C)pria = {f € R(gp)1: f(a) = 0}.

To determine the latter group, note that 1 and x5 are in the Jacobian ideal
of g,, hence R(g,)1 = (T3,71) and

R(gp)l = H1,1(57 C)prim == C.%'_g

We would like to calculate H*(Y, Q). By Proposition[Z.7and Theorem 8.4l
we have that h3!(Y,C) is at most the dimension of the cokernel

R(g)—2 — @;l:lR(gpi)—Q

hence h*1(Y,C) = 0.
From the same results it follows that h%?(Y, C) equals the dimension of
the cokernel

P : R(9)2 - 6911>Z~€’IDR(91)¢)1-
An easy calculation shows that for f € R(g)2 we have

VYa(f) = (Fxo (1) fxo(P2), fx0(P3)s fxo(Pa))-

Since f is a a degree 2 polynomial it follows that fx, = agXo + a1 X1 +
as Xo + a3 X3 for some a; € C. All points of P lie in the subspace given by
W = Xy =0, ie., are of the form (0: a; : §; : 3 : 0). This means that the
image of 1 is of the form

span(aia; + azf; + azv;: i =1,2,3).

Hence the image of ¢35 has dimension at most 3. If the dimension of the image
were less than 3 then the above description shows that the four points in
‘P are collinear, contradicting the fact that they lie on an irreducible conic,
hence the image has dimension 3, and the cokernel is one dimensional. This
implies that H*(Y, Q) = Q(—2)?, and the defect of Y equals 1. O
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11. THREE EASY EXAMPLES

We give three examples of rational elliptic threefolds. The first and
third threefold have rank MW(7r) = 2 and the second threefold satisfies
rank MW (7) = 0.

Example 11.1. Consider y? = 2% + 2§ + 2225. The set % consists of

p=0:0:0:0:1 andg=(0:0:0:1:0). Local equations
for p and q are v? = u® + 1§ + s? and v? = w3 + 1§ + s3, both singulari-
ties are weighted homogeneous with weights (3,1,2,3) and (3,2,4,6) and
of degree 6 and 12 respectively. In particular w, = 9,w, = 15. Hence
R(9p)d,—w, = R(9)d,—w, = 0, and H*(Y, Q) has a pure (2,2) Hodge struc-
ture by Proposition [Z.7] with Theorem 8.4l
Note that o
R(9p)2d,—w, = R(gp)s = Ct} ® Ctiu

and N

R(gq)2dq7wq = R(gq)9 - C@ > Ct%32-

This implies that C|x,y, 20, 21, 224 — H;}(Y, C) is

f = (82 f(p), 620 f (p))
and Clz,y, 20, 21, 224 — H;l(Y, C) is the map

f — (5205z2f(Q)759:5z05z2f(Q))
Write f € Clz, vy, 20, 21, 22)4 as >y ajw’. Then it follows that

o (f) = ((6ago3o1, @10101), (6a00301, @10101)) -

Hence the image of 1 has dimension 2. From this it follows that the cokernel

is also 2-dimensional and rank MW (7) = 2.

2mi/3 2

Let w =¢ Note that the sections (z,y) = (28,2122) and (z,y) =
(w23, 2123) are independent in MW7), hence generate a finite index sub-
group of MW (7).

To determine the torsionpart of MW (), fix a general line ¢ C P2, Then
mp : m 1) — £ is a rational elliptic surface with 6 Io-fibers. From e.g.
[20] it follows that MW (m,) = Z&, in particular it has no torsion. Since
MW () — MW ((my) is injective it follows that MW (7) has also no torsion.

Example 11.2. Consider 4> = 2% + 22 + f, where f is the product of
six distinct lines, and no three lines pass through one point. The set P
is precisely the set of points (0 : 0 : « : § : ), where (o :  : ) is an
intersection point of two of these lines.

All singularities are of type Ay, with local equation :Ug + 22+ 22+ x% = 0.
From this it follows that R(f,)2d,—w, = CI.

Fix some coordinates (o : §; : ;) for p; € P. Then rank MW (7) equals

dim coker C[z, y, 20, 21, 22]4 — C®

where we map f to &f(0,0, a;, B, 7i)-
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Since dim Clz, y, 20, 21, 22]4 = 15, this cokernel is non-zero precisely when
there exists a degree 4 plane curve C' containing all the p;. Such a curve
does not exist since for each of the six lines L; we have #C N L; > 5,
hence C' O Lj. Since there are six distinct lines, this implies deg(C) > 6,
contradicting deg(C') = 4.

Hence the cokernel is trivial and rank MW(7) = 0. Using a reasoning
similar as in the previous example it follows that the torsion part of MW ()
is also trivial, hence MW (7) = 0.

Example 11.3. Consider the elliptic threefold Y
Y2+ 23 + 2222 (2 — 23).
The locus ¥ of Y is given by y = w = 2920 = 0, i.e., is 1-dimensional.

The discriminant curve is 2325 (20z2 — 27). The set P’ consists of three
points py =(0:0:1:0:0),p2=(0:0:0:1:0),p3=(0:0:0:0:1).
Note that X is one dimensional in this case.

At p1 and p3 we have a local equation of the form

v=ud 3% 4+ 83
Set weights for s,t,u,v as 2,1,2,3. Then this equation is weighted homoge-
neous of degree 6, and

R(9p)dy—w, = 0, R(9p)2d,—w, = span{t?, s2, rt2, 75}.
Along v = u = s = 0 we have a transversal As-singularity. The Milnor
algebra of an isolated As-singularity v? +u? 4 t? is generated by 1 and u. If
we homogenize these two monomials we get t* and ut?. Hence

R(gp)de_wp = R(gp)zdp_wp/(t_ét’ W) = Span{5_2? m}
For p = p; we have that, after homogenizing, s corresponds to zgz% and xs
corresponds to wzpz2. For p = p3 we get similarly that Ry, is generated by
2222 and Tzpz2.
At p = po we have a local equation of the form
02 = 4?4 1252
If we set weights for s,t,u,v as 2,2,1,3 we get a weighted homogeneous

equation of degree 12. Again R(gp)q,—w, = 0. We get that R(gy)2q,—w, is
four dimensional, and that

R(Qp)?dppr = 0.
This implies that 7o = 0 and 7 is the cokernel of

Clz,y, 20, 21, 22]la — R(gp,)a © R(gpy)a-

Since both summands have the same generators it turns out that the cok-
ernel has dimension 2. In particular, rank MW (7) is 2. The sections (z =
w'20z2,y = z02122) for i = 0,1 generate a finite-index subgroup of MW (7).

In order to determine the torsion subgroup of MW (7): fix a general line ¢
in P? and consider 7y : 771 (¢) — £. Then 7 1(¢) is a rational elliptic surface
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with 27V fibers and 211 fibers. Such an elliptic surface has tivial torsion
subgroup [20], hence MW (7) has no torsion.

12. AN APPLICATION

The following construction of Calabi-Yau threefolds is due to F. Hirze-
bruch and was communicated to us by N. Yui. Some of the details of the
construction were worked out in the Diplomarbeit [2] of N. Behrens.

Construction 12.1. Let S be a del Pezzo surface, i.e., the blow-up of P2
in m points p1, ... py, in general position (meaning no three points on a line,
and no six points on a conic), 0 < m < 8. By E; we denote the exceptional
divisors of the blow-down morphism ¢ : S — P2. Let L be the pullback to
S of a general line in P2.

We consider the anti-canonical line bundle £ = wg' = O(3L — Y ;) and
define the rank 3 bundle £ = O ® £L72 @ L3. Then P(€) is a P?-bundle
over S. We use Grothendieck’s definition of projective space, in particular
p*Op(g)(l) = & where p is the bundle projection. Fix sections

X:=(0,1,00 € H(L2®0a L") =H(Ope(1) ® L%,

Y = (0’05 1) € HO(‘C?)@‘C@O) :HO(OP(S)(1)®£3)5

Z = (1’050) € HO(O®E_2®E_3) :HO(OP(E)(l))
For general sections go, g3 in H%(L£*) and H°(LS) respectively, the equation
(8) Y2Z = 4X3 + o X 7% 4 g32°
defines a smooth hypersurface W in P(£). Note that W is in the linear

system defined by the anti-canonical line bundle wg(lg) = (p*L°) @ Op(e)(3).

The projection onto .S defines an elliptic fibration 7 : W — S with a section.
Lemma 12.2. The threefold W has trivial canonical bundle.
Proof. Since

wp(e) = P (ws ® det &) @ Opg)) (—3) = p*L7° ® Op(e)) (—3)

and Opg)(Wr) = p*L° @ Op ey (3) it follows from the adjunction formula
that

ww, = wp(e)(Wr)lw, = Ow;.

In [2] a detailed proof of the following result is given:

Theorem 12.3 ([2, Theorem 2.35]). Let r = rank MW (x). Then W has
the following Hodge numbers:

(1) WAO(W) = WO (W) = h2O(W) = hO2(W) =0,

(2) h3(W) =h> (W) =0,
(3) hO*(W) =h¥O (W) =1,
(4) W) =m+2+47,
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(5) hB2(W) = h2Y (W) = 272 — 29m + 7.
The topological Euler characteristic e(W) = —540 4+ 60m.

Remark 12.4. The fact that h0(W) = h29(W) = 0 and that wy, = Oy,
implies that W7 is a Calabi-Yau threefold. For Calabi-Yau threefolds finding
their mirror partner is of particular interest. The line bundle (p*L£%) ®
Op(£)(3) is not an ample line bundle. (This follows e.g., since m.(Op(g)(1) ®
L?) =ER LY =L2DO0s @ LL) Hence we are not in a position where
Batyrev’s mirror construction [I] can be applied directly. In order to find a
mirror family it is first of all necessary to compute the Hodge numbers of
W. This was the motivation behind [2].

To actually find the Hodge numbers we need to determine the rank of
MW (x). In [2] it is conjectured that r = 0 for all such W. We apply our
methods to prove this conjecture. We first calculate the Mordell-Weil rank
by computing h*(Y). In the second half of this section we illustrate our
methods by determining all Hodge numbers by going through the various
constructions, thus avoiding a direct reference to Theorem [12.31

We know that W is birational to a hypersurface Y of degree 6n in some
weighted projective space P(2n,3n,1,1,1). For n = 1,2 such a threefold is
a deformation of a rational variety. Since W is a Calabi-Yau hypersurface
we have n > 3.

Lemma 12.5. There exists a degree 18 hypersurface Y in P(6,9,1,1,1),
birational to W and such that Ysng consists of (1 : 1 :0:0 :0) and m
1solated semi-weighted homogeneous hypersurface singularities with Milnor
number 50. For each of these singularities we have that H}(Y, Q) = Q(—2)8.

Proof. We need to consider ¢», g3 as functions on P?, rather than elements
in H2(S, £). Since gL = O(3) ® Ly, ... p,» it follows that go € HO(O(12) ®
Z3 . p.) and gs € HO(O(18) @ Z8 ). Let P and Q be the associated
weighted homogeneous polynomials of degree 12 and 18 respectively. Then
9) =2+ Pr+Q

defines a degree 18 hypersurface Y in P(6,9,1,1,1) birational to W.

Let ¢ : P — P2 be the projection from {z) = z; = 25 = 0} to the plane
{# =y = 0}. Then ¢) = |y corresponds to the elliptic fibration on W.
Note that p is defined on Y\ {(1: 1:0:0:0)}. Since W is smooth all
singularities (besides (1:1:0:0:0)) lie in ¢ ~Y(p;) for i = 1,...m.

Equation (@) shows that ¢—1(p;) has equation Y2Z = X3 + P(p;) X Z? +
Q(p;)Z3. In particular, 1»~1(p;) is an irreducible and reduced cubic plane
curve and it has at most one singularity. Since Y is singular at ¢; = (0: 0 :
pi), the same holds for ¢)=1(p;), and there are no other singular points on
Y\{(1:1:0:0:0)}.

We proceed by calculating the Milnor number of (Y, ¢;). A local equation
for Y around ¢; is

v? = 4 + hy(t, s)u + hg(t, s) + h.o.t.
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An easy calculation, using that W is smooth, shows that the lowest degree
part
v? = 4u® + ha(t, s)u + he(t, s)

defines a quasismooth surface in P(2,3,1,1). In particular, (Y,q;) is a
semi-weighted homogeneous hypersurface singularity, i.e., we may ignore
the higher order terms.

To calculate the Milnor number of (Y, g;) we need to consider the Jacobian
ring R of the defining equation of the singularity. Using Lemma[I2.0] (proven
below) it follows that

> dim Rgt? = 1+ 2t + 4% + 6% + 8t* + 8° + 85 + 67 + 4t® + 2t7 4 ¢1°,

Hence p = dim R = 50.

To calculate the local cohomology it suffices to determine dim Ry_,, =
R_q and dim Ryy_,, = dim R5. The former space is 0, the latter space is
8-dimensional. Now apply Proposition and Theorem [6.2 (]

Lemma 12.6. Let f € Clxg,...,zyt1] be a weighted homogeneous polyno-
mial of degree d with weights wq, ..., wp11. Assume that each w; divides d
and that f = 0 has at most an isolated singularity at the origin. Let R be
the Jacobian ring of f. Then

td—wi -1

Proof. Since f = 0 has at most a singularity at the origin it follows that the
partials of f form a regular sequence in C|[zy,...,Z,+1]. This implies that R
is resolved by its Koszul complex. An easy calculation yields the proof. [J

For the rest of this section, let Y be the degree 6n hypersurface in
P(6,9,1,1,1) constructed in the proof above. In particular, Y N {z =
290=23=0}={(1:1:0:0:0)}. Let ¢; = (0:0: p;).

The form of the singularity (Y, ¢;) allows us to use Dimca’s results. For
this we first prove the following two lemmas.

Lemma 12.7. Let T C P(6,9,1,1,1) be a quasismooth hypersurface of
degree 18. Then h3(T) = 546 and the topological Euler characteristic e(T) =
—5H42.

Proof. Since the topology of quasismooth hypersurfaces is invariant under
deformation, it suffices to prove this statement for 17" given by
fr=y? +a3+ 288 4+ 28+ 238
Let R be the Jacobian ring of f. Using Griffiths-Steenbrink (see Section [H)
we know that
h3(T) = dim Ry + dim R + dim Rsg + dim Rsy.

An easy calculation shows that dim Ry = dim Rs4 = 1 and dim Rig =
dim R3g = 272. Hence h3(T) = 546. From Lefschetz’ hyperplane theo-
rem (Proposition (1)) it follows that A*(T) = 1 for i = 0,2,4,6 and all
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other Betti numbers vanish. From this the equality e(T") = 4 — 546 = —542
follows. 0

Lemma 12.8. The topological Euler characteristic e(Y) of Y equals —542+
50m.

Proof. Let T be a quasismooth hypersurface of the same degree of Y. From
e.g. [9, Corollary 5.4.4] it follows that

e(Y)=e(T) + p
where p is the total Milnor number of Y, i.e., the sum of the Milnor numbers

of the singularities of Y besides (1 :1:0:0 :0). From Lemma 2.5 and
Lemma [I2.7 it follows that e(Y) = —542 + 50m. O

Using the Lefschetz hyperplane theorem (Proposition [5.I]) we obtain that
oY) =h*(Y) =h6(Y) =1and R} (Y) = R®(Y) = 0.
Hence h?(Y) = 546 — 50m + h*(Y) — 1.

To calculate h*(Y') we use Dimca’s method. For this we need some results
on linear systems on P2.

Definition 12.9. Let Lg(k™) be the linear system of degree d curves hav-

ing a point of order k at p1,...,pm. The defect of Ly(k™) equals m@ —
codimgyzy, 21, 21), La(k™), i.e., the difference between the expected codimen-

sion and the actual codimension.

We are interested in L1g(6™) and L12(4™), in the case that the m points
are the p;.

Proposition 12.10. For k > 0 we have that the linear system Lsi (k™) has
no defect.

Proof. Note that Lz (k™) is isomorphic to H°(S,Os(3kH — kY. Ey,)). Set
D =3H — ) E; and let C be an irreducible smooth curve in |D|. (Such a
curve exists since the p; are in general position and m < 8.) Since C' is the
strict transform of a degree 3 curve in P2 we have that g(C) = 1.

Let £ = O(D)|c. Then deg(£) = D?> =9 —m > 0. Using g(C) = 1 we
find for ¢ > 0 that h°(L!) = ¢t(9 — m) and h'(L%") = 0.

Consider now the long exact sequence in cohomology associated to

0 — Og((t —1)D) — Og(tD) — L& — 0.

Since for + > 1 we have that h'(£®') = 0, we find that h'(Og(tD)) <
h'(Os((t — 1)D)). Note that for ¢+ = 1 we have that h'(Og((t — 1)D)) =
h%1(S) = 0. Combining this yields that h'(Og(tD)) = 0 for ¢t > 0. This

implies that
h?(Os(tD)) = h°(Os((t = 1)D)) + h*(L?') = h%(Os((t — 1)D)) + (9 —m)

whence

R(Os(tD)) = tt+1)(9 —m)

_ t(t+1)(9—m)

+ h%(0g) + 1.
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The expected dimension of Lg (k™) equals

Bk+DEk+2)  k(E+D _ kE+DO-m)
5 —-m 5 = 9 + 1.

This implies that Lg; (k™) has the expected dimension and thus Lz (k™)
has no defect. U

Proposition 12.11. We have that h*(Y) = 1, hence h3(Y) = 546 — 50m.

Proof. From Dimca’s work, (the dimension zero case of Sections [7 and [§]),
it follows that the primitive cohomology H*(Y, Q)prim is isomorphic to the
cokernel of

HY(P\Y,Q) — @, H, (Y,Q).
From Lemma we know that H;‘i(Y, Q) = Q(—-2)8.
A local equation of (Y, ¢;) (see the proof of Lemma [[2.5]) is

foi 1= —0% + 40> + hai(t,8)u + hei(t, s).

This equation is weighted homogeneous. Moreover, we know that this is an
equation of a quasismooth surface. Let R(f,,) denote the Jacobian ring of

Jai-
From Proposition [[.7] and Theorem B4l it follows that the cokernel of

HYP\Y,C) — @H; (Y,C) equals the cokernel of G2 HY (P \Y,C) —
EBH;Z_(Y, C). Using the natural maps

C[ZO, 21, 22]121' S5 C[ZQ, 21, 22]18 —» R(f)18 — GI‘%; H4(P \ Y, C)
it follows that it suffices to prove that
(10)  Clzo, 21, 22]127 ® Clz0, 21, 22]18 — ©H, (Y,C) = @;R(fy,)s

is surjective.

Define Ty 4 : Clzo, 21, 22]la — C™(m+1D/2 6 be the (m — 1)st part of the
Taylor expansion around (a1, ag,a3) for some fixed lift of ¢ € P2 to C3.
Then the map form () can be factored as
B(Tq;,4,120T4; 6,

G 2@luois) o (@10 @ 621 - @ R(f, ).
The first map is surjective by Proposition [ZI0 and the second map is
surjective since it is a projection. From this the lemma follows. O

Clz0, 21, 22]122®C|20, 21, 22)18

Applying Theorem (3] yields:
Corollary 12.12. We have rank MW (7) = 0.

Remark 12.13. Actually, MW (7) = 0: let £ C P? be a general line. Then
7p s m L(¢) — £ is an elliptic surface with 36 I; fibers. (This follows from the
fact that the discriminant curve is reduced.) Suppose MW (7y) has a torsion
section of order k, then one can factor the j-map over X;(k) — X(1) since
this map is ramified at co with ramifaction index k it turns out that m, has
a fiber of type I, of I}, for some m > 1. Since all fibers of my are of type
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I, it follows that MW (my) has trivial torsion part, hence MW (7) has trivial
torsion.

Remark 12.14. We can now determine all Hodge number of W by apply-
ing 23l In particular, K1 (W) = m + 2 and h2YH(W) = 272 — 29m.

We would like to illustrate the techniques used in the proof of Theo-
rem [4.3] by explicitly factorizing the rational map W --+» Y. This explicit
factorization yields also the Hodge numbers of W without using the results
of [2].

To study the behavior of the cohomology groups we factor W --+ Y as
a series of proper modifications and inverse proper modifications. For each
modification Z is the center of the modification and E is the exceptional
divisor.

(1) We start by blowing up (1 : 1 : 0 : 0 : 0). Denote the obtained
threefold by Wi. In this case Z = {pt}, and E = P? and W; is
smooth near F.

(2) Base change with S. We denote the resulting threefold by Ws. In
this case Z is the union of m cuspidal cubic curves C and E is the
disjoint union of m copies C x P!. Applying Theorem .1l we obtain
that h*(Ws) = h*(W1) +m and h?(Ws) = h?(W1) +m and all other
Betti number remain unchanged.

(3) The singular locus of Wy consists of m disjoint curves C; (topologi-
cally a P1), namely m copies of {c} x P! C C x P!, where C is the
cuspidal curve from the previous point and ¢ € C' is the cusp.

Let s = 0 be a local equation for one of the exceptional curves in
S. Then a local equation of Wy is of the form

yP=a%+ s4f1(s, t)r + s6f2(s, t).

Blowing up {z =y = s = 0} yields a P!-bundle over {s = 0}. Let
W3 be the blow-up of all m curves in the singular locus. Then Z is
the disjoint union of m copies of P! and F is the disjoint union of
m ruled surfaces. The ruling on each of the irreducible components
of E gives a class in H*(W3,Q), in total yielding m independent
classes in H*(W3,Q). Each irreducible component of E yields a
class in H?(W3,Q), hence in total we get m classes in H?(W3, Q).
Applying Theorem BTl we obtain that h*(W3) = h*(Ws) 4+ m and
h?(W3) = h?(W3) + m, all other Betti number are invariant.

(4) The singular locus of W3 consists of m disjoint curves (topologically
a P1), each of which lies in one of the exceptional divisors of the
previous step. Let s = 0 denote the image of such a curve in some
open set in S. Then a local equation of W3 is of the form

Y2 = s+ 8 fu(s,)x + 5 fals, b).

Blowing up {z = y = s = 0} yields a P!-bundle over {s = 0}. Let
Wy be the blow-up of all m curves in the singular locus. Then Z is
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the disjoint union of m copies of P! and E is the disjoint union of m
ruled surfaces. As above the ruling on each of the irreducible compo-
nents of E gives a class in H*(Wy, Q), in total yielding m indepen-
dent classes in H*(Wy, Q). Each irreducible component of E yields
a class H2(Wy, Q), hence in total we get m classes in H?(Wy, Q).
Applying Theorem BTl we obtain that h*(W,) = h*(W3) 4+ m and
h?(Wy) = h?(W3) + m, all other Betti number are invariant.
The singular locus of Wy consists of m disjoint surfaces (topologically
a ruled surface F' with base a rational curve in S). This locus is
precisely the exceptional divisor of Wy — Wj.

Let s = 0 denote the image of such a surface in some open set in
S. Then a local equation of Wy is of the form

Y2 = 0%+ S fils. ) + 2 fals. 1),

Blowing up {y = s = 0} yields a smooth threefold W5. In this
case Z consists of m copies of F', and E consists of m elliptic sur-
faces R;. A calculation in local coordinates shows that each R; is a
relatively minimal rational elliptic surfaces, hence the Betti numbers
of R equal 1,0,10,0,1 by [I8].

The Betti numbers of F' are 1,0,2,0,1. From these Betti numbers
and Theorem Bl it follows that h*(W,) = h*(Ws). Since h?(W,) =
h*(Wy) we obtain by Poincaré duality on the smooth threefold W
that h2(Wy) = h?(W5). The exact sequence from Theorem E.] reads

0— HYF,Q)™ — H*(S,Q)™ — H*(W4,Q) — H’(W5,Q) — 0,

whence h?(Wy)—h3(Ws) = 8m. The kernel of the map H3(W,, Q) —
H3(W5,Q) is an 8m-dimensional weight 2 sub-Hodge structure of
H3(W4) Q)

The threefold W5 is smooth, but the elliptic fibration w5 : W5 — S
is not minimal. Let E; be one of the (fixed) exceptional curves in
S. Then over each point p € E; we have a reducible fiber, consisting
of three components, namely two rational curves and one elliptic
curve. Actually 75 '(E;) is the union of three surfaces, two of which
are P1-bundles and one is a rational elliptic surface.

To obtain a minimal elliptic threefold we need to contract the
ruled surfaces over the E;. Recall that over E; we have two ruled
surfaces, namely the strict transform of 77! (F;) and the strict trans-
form of the exceptional divisor of Wy — Wj. In order to obtain a
smooth threefold we first need to contract the strict transform of the
first exceptional divisor first, denote the threefold obtained in this
way by Wg. Denote by W7 the threefold obtained by contracting the
second ruled surface.

Both contractions are the inverse of a proper modification, where
Z consists of m copies of P! and E consists of m ruled surfaces.
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Applying Theorem 3] yields that h?(W;) = h?>(W;_1) — m and
h4(WZ) = h4(WZ’_1) —m, for i = 6, 7.

A summary of the changes in cohomology is the following:

Y W, Wy, Wi Wy, Wy Wg W; W

KO 1 1

Kl 0 0

h? 1 +1 +m +m +m -m —-m m 4+ 2
h3 | 546 — 50m —8m 546 — 58m
ht 1 +1 +m +m “+m -m —m m + 2
h® 0 0

ho 1 1

We started with W C P(€) and we ended up with another smooth three-
fold Wr. It is by no means clear that it is again isomorphic to W. We
show now that W7 can indeed be embedded in P(€) and that W and W7
are actually isomorphic.

For this we have to consider the notion of a Weierstrass fibration. Given
an elliptic fibration 7 : X — S with a zero section oy : S — X, we can
define a hypersurface Y ¢ P(O @ N2 @ N 73), with N = W*N;OI/X and
So = 00(95), e.g., see [19] Section 1].

The main difference between Y and X is that all components of fibers
not intersecting the zero section are contracted. A threefold Y obtained by
this procedure is called a Weierstrass fibration. The line bundle A is called
the associated line bundle.

Lemma 12.15. The following holds for Weierstrass fibrations:
(1) Let 9y : Y1 — Sy be a Weierstrass fibration with line bundle N7, let
@ Sy — S1 be a morphism and let Yo = Y] xg, So — Sa be the
base changed Weierstrass-fibration with associated line bundle Ns.
Assume that Pic(S2) does not contain an element of order 2. Then
NQ = (,0*./\/1.
(2) Let 3 : Y3 — S3 be a non-minimal Weierstrass fibration with line
bundle N3. Assume that it has an equation of the form

y* =2 +ulfrz + a8 fo
where u = 0 defines a reduced divisor D. Assume that Pic(S3) does
not contain an element of order 2. Then the Weierstrass fibration
given by
y' =2+ fie + fo
has associated line bundle N3(—D).
Proof. (1) A Weierstrass fibration is a fibration of the form
vz = 2% + Axz® + B2®
with A € HO(N*), B € H°(N©). After base change we get an equation
y2z = 2% + Aosx2® + By2?®
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where Ay = f*A and By = f*B, hence the associated line bundle is N, 1®4 =
FNEY and NS = F*NPC, whence N2 = f*NP2. Since Pic(Ss) has no
elements of order 2, this implies that N5 = f*N7.

(2) Similarly, if we minimize

y2z = 23 + Asz2® + B32?
then we have for the new threefold that
y2z = 2% + Agx2® + By2?

satisfies Ay = As/u* and By = Bs/u®. Hence (N})® = (N3(—D))%", for
1 = 4,6, which yields the statement. O

Proposition 12.16. The threefold W7 can be embedded in P(E) and it is
isomorphic to W.

Proof. Of the threefolds W; we considered above, three are actually Weier-
strass fibrations, namely W1, Wy and W5.

Since P € H°(Op2(12)) and Q € H°(Op2(18)), we have that W; has
associated line bundle N} = Op2(3).

Using Lemma we get that Ny = Og(3H). In the minimalization
process Wy — W7 we minimalize over D = Ey + Es + -+ + E,,. Applying
the above lemma yields that N7 = Og(3H — " E;) = wg' = £. This implies
that Wy C P(€). Yielding the first claim.

To show that the procedures W — Y and Y +— Wy are each-other’s
inverse, we start by describing the former one. We start by taking go, g3 in
HO(L£*) and H°(L®). We consider these two sections as functions on S. In
order to consider them as function on P2 we multiply them with u* and w9,
where u = 0 is a defining equation for D, the union of all the exceptional
divisors. The functions u*gs and u*gs are pullbacks of functions from P2,
say ulgs = ¢*P and u®g3 = ¢*Q. Then Y is given by y? = 423 + Pz + Q.

The first part of the proof shows that Y — W is exactly the inverse. [J

From Lemma it follows that W7 has trivial canonical bundle. Hence
R3OWs) = WO(W7,Q3) = 1. By Serre duality we get H?(Wr, Oy,) =
HY(W7, Oy.)*. We already observed that h!'(W7) = 0, hence

H*(Wy, Ow,) =2 H (W7, Ow,)* = 0.

This finishes the determination of all Hodge numbers. To conclude we give
the complete Hodge diamond of W (and W7):

1
0 0
0 1 0
1 272 - 29m 272 — 29m 1
0 1 0
0 0

1
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