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Metrics of constant positive curvature with conical
singularities, Hurwitz spaces, and det A

Victor Kalvin ¥ Alexey Kokotov!

Department of Mathematics and Statistics, Concordia University, 1455 de
Maisonneuve Blvd. West, Montreal, Quebec, H3G 1M8 Canada

Abstract. Let f : X — CP! be a meromorphic function of degree N with simple
poles and simple critical points on a compact Riemann surface X of genus g and let
m be the standard round metric of curvature 1 on the Riemann sphere CP!. Then
the pullback f*m of m under f is a metric of curvature 1 with conical singularities of
conical angles 47w at the critical points of f. We study the (-regularized determinant
of the Laplace operator on X corresponding to the metric f*m as a functional on the
moduli space of the pairs (X, f) (i.e. on the Hurwitz space Hy n(1,...,1)) and derive
an explicit formula for the functional.

1 Introduction

The determinants of Laplacians on Riemann surfaces often appear in the frameworks
of Geometric Analysis (in connection with Sarnak program [21I]) and quantum field
theory (in connection with various partition functions). An explicit computation of the
determinant of the Laplacian corresponding to the metric of constant negative curvature
([M], see also [7]) provides an example of a beautiful interplay between the spectral theory
and geometry of moduli spaces of Riemann surfaces. Due to Gauss-Bonnet Theorem
metrics of constant positive curvature on compact Riemann surfaces are necessarily
singular (unless the genus of the surface is equal to zero) and the same is true for
metrics of zero curvature (unless the genus is equal to one). The determinants of the
Laplacians in flat singular metrics are intensively studied (see, e. g., [11], [1], [13],
[16], [9]), the case of constant positive curvature attracted attention only recently (in
particular, in connection with quantum Hall effect). The only explicit computation of
the determinant in the case of constant positive curvature (except for the classical result
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for the smooth round metric on the sphere [27]) is done in the case of the sphere with
two antipodal conical singularities ([24], see also [25] for corrections and a relation of
this result to quantum physics). According to the result of Troyanov [22], there are only
two classes of genus zero surfaces with metrics of constant curvature 1 with two conical
points:

e Surfaces with two antipodal conical singularities (i.e. the distance between them
is m and they are conjugate points) of the same (arbitrary positive) conical angle.

e Surfaces with two conical points of the same angle 27k, k = 2,3,...; the corre-
sponding conical metric is the pullback f*m of the standard metric m of curvature
1 on CP! under a meromorphic function f : CP! — CP! with two critical points.

As we already mentioned, the determinant of the Laplacian on the surfaces of the
first class was found in [24] 25]. The motivation of this paper comes mainly from the
need to compute the determinant of the Laplacian A7™™ for the surfaces of the second
class. For this determinant we obtain the explicit formula

det/ AT'™ = Olz1 — 2|2 (1 + |21 |2) " 1(1 + |2of2) "1, (1.1)

which is the most elementary consequence of our main result. Here f : CP' — CP! is
a meromorphic function with two simple critical points and the corresponding critical
values z; and 2y, the constant C is independent of z; and zs, and det’ is the modified
(i.e. with zero mode excluded) ¢(-regularized determinant. The constant C' can be found
by using the result [24]: one has to consider a sphere with two antipodal singularities of
conical angle 47 and compare formula (L)) with the one given in [24]).

Our main result generalizes (L) to the case of compact Riemann surfaces X of
arbitrary genus and arbitrary meromorphic functions f : X — CP! (for simplicity
we consider only functions f with simple critical values, the modifications required to
consider the general case are insignificant and of no interest, and the result is essentially
the same).

Let Hy n(1,...,1) be the Hurwitz moduli space of pairs (X, f), where X is a compact
Riemann surface of genus ¢ and f is a meromorphic function on X of degree N and
M =2g—2+2N simple critical points. We assume that all the critical values are finite,
i.e. the poles of the function f are not the critical points and, therefore, are simple. The
part (1,...,1) (N times) of the symbol Hy n(1,...,1) shows the branching scheme over
the point at infinity of the base of the ramified covering f : X — CP!, the preimage
of oo € CP! consists of N distinct points. The space H, n(1,...,1) is known to be a

connected complex manifold of complex dimension M, the critical values z1,..., z) of
the function f can be taken as local coordinates.
Let 7 stand for the Bergman tau-function on the Hurwitz space H, n(1,...,1) (also

known as isomonodromic tau-function of the Hurwitz Frobenius manifold). Referring
the reader to [17], [14], [1§] for definition and properties of this object, we would like to
emphasize that the explicit expressions for 7 through holomorphic invariants of the Rie-
mann surface (prime form, theta functions, and etc.) and the divisor of the meromorphic
function f are known; see [I4] [I5] for genera g = 0,1 and [I7, [18] for g > 2.

The metric f*m on X is a conical metric of curvature 1 with conical singularities at
the critical points Py, ..., Py of the function f, the conical angle at any critical point
is 4.



In the present paper we first show that the operator zeta-function ((s) of the
Friedrichs extension of the Laplace operator A is regular at the point s = 0 and,
therefore, one can define the (modified, i.e. with zero mode excluded) (-regularized
determinant

det’ AT"™ .= exp{—'(0)}.

Then we prove the following explicit formula for this determinant:

M
det/A = C det SB|r|* [T (1 + |z*) /%, (1.2)
k=1

where the constant C' is independent of the point (X, f) of the space Hy n(1,...,1) and
B is the matrix of b-periods of the Riemann surface X (in the case ¢ = 0 the factor
det SB in (L2) should be omitted). In the simplest case one has g = 0, N = 2, and
7 = (21 — 22)"/%, then ([2) implies (LI
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2 Heat kernel asymptotic and det’ A

Let A stand for the Friedrichs extension of the Laplace-Beltrami operator on (X, f*m).
The asymptotic of Tre™?* as t — 0+ can be found by methods developed in [2, [3, 6].
We need some preliminaries before we can formulate the result.

Introduce the local geodesic polar coordinates (r, ) on (X, f*m) with center at P,
where ¢ € [0,47) and r € [0,¢], € is smaller than the distance from Py to any other
conical singularity. In the coordinates (r,¢) the metric f*m takes the form

frm(r, o) = dr? + sin® rdp?.
Let h(r) = 2sinr and ¢ = ¢/2 € S!. Consider the selfadjoint operator
A(r) = —7‘2h_2(7‘)8i —7? (cot2 r+2)/4, rel0¢, (2.1)

in L?(S') with the domain H?(S'). This operator is related to A in the following way:
In a small neighbourhood of P. the Laplacian can be written as

A =h"V2 (=82 + r72A(r)) W2

acting in L?(hdr dip). The operator L = —9? +r~2A(r) falls into the class of operators
studied in [3] as A(r) satisfies the requirements [3, (A1)—(A6), page 373]. Then [3|
Thm 5.2 and Thm 7.1] imply that for any smooth cut-off function p supported sufficiently
close to the singularity P and such that o = 1 in a small vicinity of P one has

[ee] [e.e]
j—3
Trge_AtN E Ajt]T + E Bt~
J=0 J=0

a;+4 ai+4
T+ ) CjttTT logt ast— 0+, (22)
Jia; €72

where A;, B;, and C; are some coeflicients and {c;} is a sequence of complex numbers
with Ra; — —oo. Moreover, the coefficient before tlogt in the above asymptotic is



given by 1 Res((—1), where ¢ stands for the (-function of (A(0) + 1/4)1/2%; see [3, fla
7.24)]. Clearly, A(0) = —27292 —1/4 and the ¢-function of (A(0) + 1/4)1/2 is given by
(4

C(s) =2 (j/2)° = 2" "¢n(s),

Jj=1

where (g is the Riemann zeta function. Thus Res((—1) = 0 and the term with ¢®logt
in ([2.2) is absent.

For a cut-off function p supported outside of conical points Py, ..., Py the short time
asymptotic Tr(1—p)e 2t ~ 37 i>—2 a;t7/? can be obtained in the standard way from the

formulas for the parametrix BY (\) approximating (A — A\)~2 to the order N, see e.g. [6]
or [5, Problem 5.1]. Hence the short time asymptotic for e=2* is of the form (Z2)), where
the term t%logt is absent. As a consequence, the (-function

C(s) = — /Ooo B (Tr et 1)t

has no pole at zero and we can define the modified (i.e. with zero mode excluded)
determinant det’ A = exp{—('(0)}.

3 Asymptotic of solutions near conical singularities

In a vicinity of P, we introduce the distinguished local parameter x = \/z — z;, . Since

4]dz|?
. ol N 1
"= T P (3.1)

we have

16faf daf> (|t )
(14 |22 4 2]?)? 4)z|?

f'm(z,z) = 070z (3.2)
Here and elsewhere we denote the Laplace-Beltrami operators by A* reserving the nota-
tion A for their Friederichs extensions. The complex plane C endowed with the metric
f*m(z,z) has a “tangent cone” of angle 47w at = 0.

Lemma 1. Let u, F € L?(X) and A*u = F (in the sense of distributions). Then in a
small vicinity of x = 0 we have

u(z,Z) = a_13 ' + b2 +agln|x| + by + a1T + bz + R(x, T), (3.3)

where ay, and by, are some coefficients and the remainder R satisfies R(z,z) = O(|z|*~¢)
with any € > 0 as x — 0. Moreover, the equality can be differentiated and the remainder
satisfies 0, R(x, ) = O(|x|*~¢) and 9z R(z,z) = O(|z|'=¢) with any € > 0.

Proof. The proof consists of standard steps based on the Mellin transform and a priori
elliptic estimates, see e.g. [I9] Chapter 6] for details.

Let x € C°(X) be a cut-off function supported in the neighbourhood |z| < 2§ of Py
and such that x(|z|) =1 for |z| < J, where ¢ is small. Then A*u = F' implies

XF)(x, &) + [A*, x]u(z, )
(14 |22 + 2|?)?

— |2 720,05 (xu) (z,2) = 4( , (3.4)



where the right hand side (extended from its support to X by zero) is in L?(X). Indeed,
for any cut-off function o € C°(X \{P,..., Pr}) the standard result on smoothness of
solutions to elliptic problems gives ou € H'(X), where the Sobolev space H'(X) is the
domain of closed densely defined quadratic form of A* in L?(X). For a suitable o we
obtain [A*, x]Ju = [A*, x]ou € L?(X) and hence the right hand side of (B4 is in L?(X).

We rewrite (ZI) in the polar coordinates (r,¢), where r = |z|> and ¢ = argz,
multiply both sides by 72, and then apply the Mellin transform f (s) = fooo r=Lf(r) dr,
assuming that all functions are extended from their supports to r € [0,00) and ¢ €

~

[0,27) by zero. As a result (2] takes the form —(4_1830 — s%)xu(s) = G(s). Due
to the inclusion u € L?(X) (resp. 772G € L?(X)) the function s — X(s) € L?(SY)
(resp. s +— G(s) € L*(SY)) is analytic in the half-plane Rs > 1 (resp. Rs > —1) and
square summable along any vertical line in the corresponding half-plane. In the strip
—1 < Rs < 1 the resolvent (47192 — 32)_1 : L2(S') — L?(S') has simple poles at
s = +1/2 and a double pole at s = 0. We have

1 1—etico - 1 I—eioo 1A
(xw)(r) = o — / rXu(s) ds = —— r (4702 — %) T G(s) ds,
1

2mi —€—100 2mi l—e—ic0

where € € (0,1/2). The elliptic a priori estimate with parameter
2 . )
>l |ezt{ (4702 - 5 Gls) i 22 |
=0

< C(IG ) LAEIP + (47102 — 57) 7' Gls): LASHIP).

(3.5)

where the last term can be neglected for sufficiently large values of |s|, justifies the
change of the contour of integration in the inverse Mellin transform from s =1 — € to
Rs = —1 + e. We use the Cauchy theorem and arrive at

(xu)(2,2) = a_17 ' + b1z~ +agln |z| + bo + a1Z + b1z + R(z, 7),

where
1 —14+et+ioco 1

R(z,z) = R(r,¢) = r° (4_182 — 32)_ @(s) ds.

2mi —1+e—ico

The boundedness of s — (47192 — 32)_1 on the line ®s = —1 + € and (B give

2
S+ lsPyezt{ ez - ) b 2| < clderEr,  (36)
(=0

where C' does not depend on s. The Parseval equality turns (B.6]) into the estimate

2r 26 2
/ / P2 (S0 10,) 2 R ) + [0 R(r. o)
0 0 /—0

+ |0,R(r, ©)|* + |R(r, @)\2) rdrdp < oco.
This together with Sobolev embedding theorem implies
lz| 72T R(x,z) = O(1), |z|"""*0,R(z,z) = O(1), |z|'T*0;R(z,z) = O(1).

The proof is complete. O



Let u € L?(X) and v € L?(X) be such that A*u € L?(X) and A*v € L?(X) (with
differentiation understood in the sense of distributions) and bounded everywhere except
possibly for P. Consider the form

qlu, v] := (A%u,v) — (u, A%v);

here and elsewhere (-,-) stands for the inner product in L?(X). By Lemma [0 we

have B3] and
(@, ) =c 17 P +d_jx  +egln x|+ dy + 1T + dyx + R(z, T). (3.7)

The Stokes theorem implies

qlu,v] = lim (A*uv — uA*v) dVol = 2i lim (Opu)v dz + u(0z0)dz.
=0+ X\ {z:]z|<e} €20+ J|z|=e

Now simple calculation in the right hand side allows to express q[u, v] in terms of coef-
ficients in (8.3]) and ([B.1) as follows:

q[u, U] = 47T(—CL_1CZ1 —b_1¢1 — b050/2 + CL()J()/2 +bic_1 + alli_l). (38)

Recall that A stands for the Friedrichs extension of the Laplace-Beltrami operator
A* on (X, f*m). As is known, for the domain 2 of A we have 2 C H'(X). The
embedding H'(X) < L?(X) is compact and the spectrum of A is discrete. Thanks to
lu(p)| < |lus HY(X)||, p € X, the functions in the domain 2 are bounded and thus for
any u € 2 the assertion of Lemma [ is valid with a_1 =b_1 = ag = 0.

Let x € C2°(X) be a cut-off function supported in the neighbourhood |z| < 26 of Py
and such that x(|]z|) =1 for |z| < §, where 0 is small. We denote the spectrum of A by
o(A) and introduce

Y() =xa™ = (A= NTHA = xa™l, A¢a(d),

where the function yz~! is extended from the support of y to X by zero. It is clear that

Y(\) € L3(X), Y(\) #0as xor~' ¢ 2, and (A* — A\)Y()\) = 0. By Lemma [ we have
Y(z,Z;\) =27+ c(\) + a(N)Z +b(N)z + O(|z]*7), = —0, €>0. (3.9)

In the remaining part of this section we prove some results that previously appeared
in the context of flat conical metrics [8|, [10].

Lemma 2. The function Y (\) and the coefficient b(\) in [B9) are analytic functions
of X in C\ o(A) and in a neighbourhood of zero. Besides, we have

d -
4wab(A) = (Y(N),Y(N). (3.10)

Proof. Since ker A = span{1}, in a neighbourhood of A = 0 the resolvent admits the
representation

(A = N1 = XN Vol(X) ™ + ROV (f = (f, Vol(X) ™),

where R()) is a holomorphic operator function with values in the space of bounded
operators in L?(X). Observe that

(A" = XNxa™" 1) =qxz™" 1] = Axe ™ 1) = =Axa™ ', 1);

6



therefore A+ Y'(\) € L?(X) is holomorphic in a neighbourhood of zero. Thanks to

1

b()\) = Eq

YN, xz ™ = o= (Y(N), (A" = Jxa™)
the coefficient b(\) is holomorphic together with Y ().
We obtain the equality ([BI0) as follows:
d

An—b()) = q[

Ly ] =afd -0 e - (a0 2A - Aya x|

—a[(A =NV YO)] = (A" =)A= N7V, TI)) = (Y, Y V).

One can also show that the coefficients ¢(\) and a(\) (
in a neighbourhood of zero. Moreover, 47 a(\) = (Y/()),Y
U

Lemma 3. Let {(I)j};?io be a complete set of real normalized eigenfunctions of A and let
\j be the corresponding eigenvalues, i.e. A®; = \;®;, ®; = ®;, and |P;; L*(X)| = 1.
Then for the coefficients a; and b; = a; in the asymptotic

®i(2,7) = ¢j +a;7 + bjz+O(|z]*¢), -0, €>0, (3.11)

we have
1672y —L = (v 12
6m 2230 oo — (YY), (3.12)

where the series is absolutely convergent.

Proof. The asymptotic (B.I1) for ®; € Z follows from Lemma [l Starting from the
eigenfunction expansion of Y'(\) we obtain

Y(\) = f:(Y()\), ;)0 = f: (Y, (A — ;) B, f: w@j‘
=0

J Jj=0 J=0

This together with (B8] and b; = a; gives

Y(A) =—4r > v L 525 (3.13)
j=0 "

As a consequence, the series in ([3.12) is absolutely convergent and

s P Loy
j:O |)\j — /\|2 1671'2 ’

Finally, we obtain (3.I2]) substituting the expression ([B.I3)) and its conjugate into the
inner product (Y/(\),Y (X)). O



3.1 Explicit calculation of 5(0) and b(—o0)

In this subsection we study the behaviour of the coefficient b(A) from (B3] as A — —oo
and obtain explicit formulas for b(—oo) = limy_, o b(\) and b(0). Let us emphasize

that the choice of the local parameter x in a vicinity of P, € X is a part of definition of
the coefficients a(X),b(\), and ¢(\) in (B9).

Lemma 4. As A\ — —oo for the coefficient b(\) in [B.9) we have
1 2k

O(|A]7).

Proof. Case 1. Consider the meromorphic function f : X = CP' — CP! given by z =
f(w) = w?; the critical values of f are z; = 0 and 2o = co. Clearly, w coincides with the
distinguished parameter z = \/z — z1, the metric f*m and the Laplace-Beltrami operator
A* are given by ([B.2)), where z; = z; = 0. Introduce the geodesic polar coordinates
(r,) on (CP', f*m) with center at co € CP! by setting ¢ = 2argw € [0,47) and
cot(r/2) = |w|?, r € [0,7]. In the coordinates (r, ) we have

A* = —9? — cotr D, — (sin 7’)_2830

and the function Y with asymptotic (89) can be found by separation of variables.
Namely, we seek for Y of the form

Y (r,0;\) = R(cosr)e™ /2, (3.14)

or (B14)) the equation (A* —\)Y = 0 reduces to the Legendre equation

1\ 1
A—[2) —

2) 1—t2
on the line segment [—1, 1], where ¢ = cosr and the solution R(t) should be bounded at

t = 1 and have the asymptotic R(cosr) = y/tan 7‘/2 +0(1) asr — 7 (i.e. asx — 0).

Observe that R(t) = —m Y 2( t), where Q,, is the associated Legendre function

(1 —t*)R"(t) — 2tR(t) + R(t) =0 (3.15)

QY% (cosr) = — ( T )1/2 sin((v +1/2)r)

2sinr

satisfying (BI5]) with A = v(v+1); see [20} p. 359, f-la 14.5.13]. This together with (B:14])

gives .
Ve = (G * o) (316)

Since w = z and

O 1 vtan(v )
=1- s
Cos VT ( /2)

we conclude that in the asymptotic ([B.9) of ([BI6]) we have b(\) = 0 (and also ¢(A) =0
and a(X\) = (1 + 2v) tan(vn)).

Case 2. Consider f : CP! — CP! given by z = f(w) = % the critical values
of f are z; and —1/z;. As in the first case, the metric f *m has two antipodal 47-conical
points (at w = 0 and w = oo). However the distinguished parameter x = \/z — 2 does

2|2 + O(|z|*) = 1+ 2v tan(vr)|z|* + o(|z]?) as z — 0,




not coincide with w if z; # 0. As a consequence, the corresponding function Y and the
coefficient b(\) in its asymptotic [39) can be different from those obtained in Case 1.

We notice that the isometry z — % of the base (CP!', m) of a ramified covering
f: X — CP! can be lifted to the corresponding isometry of (X, f*m) and the latter

z—z1

commutes with A*. Take the isometry z — Z2= of (CP',m) sending z; to 0 and let .J
be its lift to (CP', f*m). We transform Y from (BI6) by .J and renormalize

Y =(1+|zu)"Y?vou (3.17)

It is straightforward to check that Y has the asymptotic ([3.9) in the distinguished local
parameter x = /z — z1 and for the corresponding coefficient b(\) we have

1 Z1

RURETEET)

Case 3. Finally, consider the general case. Let X be a compact Riemann surface and
let f : X — CP! be a meromorphic function with simple poles and simple critical points
P, ..., Py.

Consider, for instance, the critical point P;. The function f has the same criti-
cal value z; as the function f from Case 2. Small vicinities U(P;) and U (ﬁl) of the
corresponding critical points P; € X and P; € X = CP! are isometric. In the local pa-
rameter z = /2 — 2z1_(which is the distinguished one for both X and X ) the differential
expressions A* and A* are the same.

Let p be a smooth cut-off function on X such that p is supported inside U (Pl) p=1
in a vicinity of Pl, and p depends only on the distance to P1 We identify Py and Pl as
well as U(P1) and | U(P;) and then extend the functions pY and (A* — —A)pY = [A*, plY
from U(P;) = U(P}) to X by zero; here Y is the function (317) on X = CP!. Clearly,

[A*, p]Y € Ly(X) and therefore (A — X)L (A* — \)pY makes sense.
Now we represent the function Y on X corresponding to P; in the form

Y(A) = pY (A) + (A — X)) 7HA* = X)pY (N). (3.18)

Let b(\) be the coefficient from the asymptotic ([B9]) of Y. We have

47 <b(/\) - %ﬁ) =q [Y()\) - p?(/\)vW]
= (A" =NEF M) - Y ), Y (V) (3.19)

)
== (1A% AT (), o7 (V) + (A = )1 [A% )V (V)

where the right hand side goes to zero like O(|A|7*°) as A — —oo. Indeed, from
the explicit formulas (3.16) and ([3I7) one immediately sees that ||[[A*, p]Y; L2(X)|| =
O(|A\|7%°) and that [Y'(A)| = O(]A|~°°) uniformly on the support of [A*, p]Y as A — —oco
(i.e. as Qv — 400, where A = v(v + 1)). This together with (8I9]) completes the
proof. O

In order to find the value b(0) corresponding to a conical point Py we need to con-
struct a (unique up to addition of a constant) harmonic function Y bounded everywhere
on X except for the point Py, where Y (x,z;0) = % + O(1) in the distinguished local
parameter x = /z — z, (cf. (89)). Such a function was explicitly constructed in [8, [10]



using the canonical meromorphic bidifferential W (-, -) (also known as the Bergman
bidiffential or the Bergman kernel) on X. This leads to an explicit expression for the
coefficient b(0) in the asymptotic expansion ([B3.9) of Y, which was obtained as a part of
Proposition 6 in [I0]. To formulate the result we need some preliminaries.

Chose a marking for the Riemann surface X, i.e. a canonical basis a1,b1,...,a4,by
of Hi(X,Z). Let {vy,...,v,} be the basis of holomorphic differentials on X normalized

Via
/ Um = 5Zm7
g

where &gy, is the Kronecker delta. Introduce the matrix B = (By,) of b-periods of the
marked Riemann surface X with entries By, = sz Um. Let W (-, -) be the canonical
meromorphic bidifferential on X x X with properties

W(P.Q) = W(Q,P), /W(-,P)zo, /bW(-,P):2m'vm(P).

The bidifferential W has the only double pole along the diagonal P = @. In any
holomorphic local parameter z(P) one has the asymptotics
< 1
(z(P) — z(Q))
1
H(xz(P),2(Q)) = £S(2(P)) + O(z(P) — 2(Q)),

as Q — P, where Sg(+) is the Bergman projective connection.
Consider the Schiffer bidifferential

S(P,Q) =W(P,Q) — 7> (SB)hve(P)om(Q)-
m

W (x(P), 2(Q)) = - H<x<P>,x<Q>>) dx(P)dx(Q),  (3.20)

The Schiffer projective connection, Sg.p, is defined via the asymptotic expansion
< 1
(z(P) — 2(Q))

One has the equality

$(x(P),2(@) = s + §Ssen(a(P)) + O(a(P) - 2(Q)) ) ds(Phis(@)

Ssen(z) = Sp(x) — 67> (SB),ove()vm ().
m

In contrast to the canonical meromorphic differential and the Bergman projective con-
nection, the Schiffer bidifferential and the Schiffer projective connection are independent
of the marking of the Riemann surface X. Let us also emphasize that the value of a
projective connection at a point of a Riemann surface depends on the choice of the local
holomorphic parameter at this point. Now we are in position to formulate the needed
result from [10, Prop. 6].

Lemma 5. We have ]
b(0) = —Essm(x) [2=0,
where x is the distinguished local parameter x = \/z — z, near the point Pj.

Proof. We only notice that in [I0, Prop. 6] Y is denoted by fi (see [10] f-la (4.7)]) and
b(0) is denoted by S%% (0) (see [10, f-la (4.6)]). O
22
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4 Perturbation of conical singularities

Pick a regular point zp € C such that z1,. .., z)s are (end points but) not internal points
of the line segments [z9,2;], K = 1,..., M. Consider the union U = UM [, 2]. The
complement X \ f~1(U) of the preimage f~1(U) in X has N connected components (N
sheets of the covering) and f is a biholomorphic isometry from each of these components
equipped with metric f*m to CP!\ U equipped with the standard metric (3.I]). Thus the
Riemann manifold (X, f*m) is isometric to the one obtained by gluing N copies of the
Riemann sphere (CP!, m) along the cuts U in accordance with a certain gluing scheme.
By perturbation of the conical singularity at P, we mean a small shift of the end z;
of the cut [z9,2x] on those two copies of the Riemann sphere (CP!,m) that produce
4r-conical angle at P after gluing along [zg, zx].

Let o € C§°(R) be a cut-off function such that o(r) = 1 for < € and o(r) = 0 for
r > 2¢, where € is small. Consider the selfdiffeomorphism

Pu(2,2) = 2+ o(|z — 2w

of the Riemann sphere CP', where w € C and |w| is small. On two copies of the
Riemann sphere (on those two that produce the conical singularity at Py after gluing
along [zo, zx]) we shift zx to z; + w by applying ¢,,. We assume that the support of o
and the value |w| are so small that only [29, zx] and no other cuts are affected by ¢,,. In
this section we consider the perturbed manifold as N copies of the Riemann sphere CP*
glued along the (unperturbed) cuts U, however N — 2 copies are endowed with metric
m and 2 certain copies (mutually glued along [zg, z;]) are endowed with pullback ¢ m
of m by ¢y,.

Let (X, fim) stand for the perturbed manifold, where f,, : X — CP! is the mero-
morphic function with critical values z1, ..., zx—1, 2k +Ww, 2Zk+1, - - -, 2. By Ay, we denote
the Friedrichs extension of Laplace-Beltrami operator on (X, ffm) and consider A, as
a perturbation of Ag on (X, f*m).

For the matrix representation of the pullback ¢ m of the metric m in (B.I) by ¢y,

we have
4

e EE el

[¢rm](2,2) = S (2,2))" 9y (2, 2),

where

o'z —zl) [ w(z —z) w(z—z)

@;U(Z, 2) = ld+ 2’2 - Zk’ 11)(5 — Ek) QI)(Z - Zk)

is the Jacobian matrix; i.e. the pullback is given by

$rm = %[dz dz][¢% m][dz dz]T.

Clearly, on CP! we have Ag = —Wa@@z. A straightforward calculation also
shows

20(]z — zl)(zw + 2w)  d(z—zl), .~ _ .,
A= o = (B g G (W ) ) ) A
2)2 |z — 2 |z — 2
+(1+4|1Z|) (2829TLZ_Zk’r')w(z—zk)az+2asz(z—zk)az> (4.1)
+O(jwf?),

11



where O(|w|?) stands for a second order operator with smooth coefficients supported on
supp ¢ (|z — 2x|) and uniformly bounded by C|w|?.

Notice that the domain & of A, does not depend on w. Consider Z as a Hilbert
space endowed with graph norm of Ajy. Let A be an eigenvalue of Ag of multiplicity m.
Let I' be a closed curve enclosing A but no other eigenvalues of Ag. Then

120 — &) B(L* D) < cll(Ao — &) B(LY) < C

uniformly in ¢ € T'. The resolvent (A,, —&)~! exists for all ¢ € T provided |w| is so small
that ||(Ay —Ag); B(Z; L?)|| < 1/C. Moreover, |[(Ay,—&) 7t —(Ag—&)"LB(L2, 2)|| — 0
as |w| — 0 uniformly in £ € T'. Therefore the total projection P, for the eigenvalues of
Ay, lying inside I" is given by

1

_ _ a1
e AT

The continuity of P, implies that dim P,L? = dim PyL? = m, i.e. the sum of multiplic-
ities of the eigenvalues of A,, lying inside I" is equal to m (provided |w| is small); these
eigenvalues are said to form the A-group [12].

Lemma 6. Consider the power sum symmetric polynomial p,(w) = 377 N} (w) of
degree n = 0,1,2,... for the A-group A,...,A\p. Asw — 0 we obtain

p(w) = mA" + X" Aw + Bw) 4+ O(|w?),
where X = X;(0), 7 =1,...,m, is the eigenvalue of Ay of multiplicity m. Moreover, the
coefficients A and B are given by

o7 N2 9 T &2 s
A—2261_1>H01+j§::1}1€ Zkl_e(aszj) dz, B 2@61_1>151+j§::17|€ Zk\_g(@ﬂg) dz, (4.2)

where integration runs around the conical point at z, through two spheres CP' glued
to each other along the cut [zo,zr] and ®q,...,P,, are (real) nmormalized eigenfunc-
tions of Ag corresponding to the eigenvalue \; i.e. ®; = ®;, ||®;;L*(X)|| = 1, and
span{®y,...,®,,} = R L*(X).

Proof. We have p,(w) = Tr(A? P,). Thus

Pn(w) —mA" = _% Trfi(f" —A)(Ay =€) d8

e
1 - -
:—%Tr% ; (Ao —&)7H(Ao — Ap)(Ag — &) 1]kd5-

Taking into account that d¢(A, — &)1 = (A, — &) 72 and

Tr e (Ao — Aw) (Do — &))" = kTr(Ay — &) [(Ag — Ay)(Ag —&)71]"

12



(here we applied the identity Tr AB = Tr BA) we obtain

pali) =" = =5 T (€ =00 3 (80— Ao =97

™

de
n— — 1 —17k
:—Trjgnf Yl — AL A0 - 97 g

I é A€ = A S0 LB - Ao - )] dg

2mi ra
n)\" Ly Aw)(Dg — €)1 kdf
Fslen- oo
= QLM Tr Fn(n — 1) Z_: m@o — Ay [(Ao — Ay)(Ag — 5)_1]kd£
nAT D) (Do — &)1 de
Fslen- oo

- gnx T (80 = Au)(B0 - 71 de + O(ful?)

here we integrated by parts two times and implemented (1)) to estimate the remainder.

Thus
Prn(w) —mA" = nA" ! Tr(A —Ag)Py + O(|w|2)

4.3
=n\"" 12 w— Dg)P )LQ(X)+O(|w|2). (43)

Thanks to (4.1]) we also obtain
((Aw —AQ)(I)j,(I)j)LQ(X) :Ajw—l—Bju’)—l—O(]w]z), (44)

where

_ 4 2002 =)z dz=2l) . . 2
A]_/[(H!z\?)?( 1+ 2|2 20z — 2| ( ’f)> AD;

L0zl \2] dzAndZ
2 |Z—Zk| (’Z zk)(82q>J) —9;
o 4 20(|z — 2k])2 (|Z_Zk|
5= [ s (e o A
o0z — zl) dz NdZ
2 |z — 2 (z = 2)(0:%;)° —2i

here thanks to ¢ the integrand is supported near z; and integration runs through two
spheres glued along the cut [zg, z]. Finally, the Stokes theorem implies

A; = 2i lim 7{ (8Z<I>-)2dz—)\]é A1+ |2*)2dz |,
H0+< pmzl=e jomzal=e

B: — —2 lim }[ (8:9,)? dz — )\]é D1+ 2*)2dz | .
J e—>0+< |z—2zp | =€ J |z—zp|=€ /

13
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Since ®;(p) < C for p € X, the last integrals in both formulas (X)) tend to zero as
¢ — 0+. The assertion follows from ([@3]), (£4), and ([@3]). O

Lemma 7. Consider the elementary symmetric polynomials

en(w) = > Ajy (W) Njy (w) -+ Aj, (W), n=1,...,m,

1< <o < <gn<m

for the A-group Ai,..., Apm. As w — 0 we have
en(w) = (Z‘) (A" A (Aw + Bw)) +O(jwl?)

with A and B given in (£2]).

Proof. The proof by induction relies on Lemma [6] and the relation

en(w) = — D1 e (w)pj(w),
j=1
where eg(w) = 1. We omit details. O
Lemma 8. As w — 0 for the A-group \q, ..., A\, we have
- 1 m 2(Aw + Bw) )
= + + O(Jw|?)
; (E—Nw)? €E=27 (=)
with A and B given in (4.2]).
Proof. As is well known,
[T =Nw) =D em(=1)e;(w).
j=1 J=0

Notice that
Em: 1 oy 1 _8523751(”1—j)ém‘j‘l(—l)jej(w)
75 — .

L nw)y e am S €I 1iey(w)

We differentiate the right hand side and use Lemma [1 to derive asymptotics of
resulting numerator and denominator as w — 0. We obtain

1
Ze ) NP = 2l — NP1 (Aw + Bw) + O(wP)

S (€ =A% —2(m — 1)(€ — N)*"*(Aw + Bw) + O(|w]*)

This implies the assertion. U
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5 Variation of Indet’ A due to perturbation of conical sin-
gularities

Proposition 1. Let w € C correspond to perturbation of the conical singularity at P
by shifting zj to z + w (see Sec. [J] for details). Then

Oy Indet’ A o= w, g Indet! A y—o= W’

where b(\) is the coefficient in the asymptotic B9) of the special solution Y (\) €
L3(X) to (A* — N)Y(\) = 0 growing near Py as ™', where z is the distinguished
holomorphic parameter x = \/z — z.
Proof. First we recall that only A-groups but not single eigenvalues \; can be differenti-
ated with respect to w or w. Similarly, the series Tr(A —\)~2 = > 20N — A)~2 cannot
be differentiated term by term, however, thanks to Lemma[§ we can always differentiate
partial finite sums corresponding to the A-groups. Thus, if summation with respect to
J runs through m eigenvalues A\, = Apy1 = - -+ = A1y, forming Ag-group, by Lemma

we obtain ) 5 A
8 (zy: (A — )\)2) =0 T =

Let us rewrite the formula (£2]) for the coefficients A in terms of the local parameter x:

_ Zeli%lzjq{x_ﬁ (0.9;) (5.1)

By Lemma [ the asymptotic (B.II) of ®; can be differentiated, we have 0,®; = b; +
O(|x|*=¢) with any € > 0 as & — 0. This together with (5.1 implies A = 27> . b and

therefore 7
1
OW(Z EYEDYE 7) o= 4”2 EYESNE

Now we are ready to compute the partial derlvatlve of zeta function with respect to
w at w = 0. Let I'c be a contour running at a sufficiently small distance ¢ > 0 around
the cut (—oo, ], starting at —oo + i€, and ending at —oo — ie. We have

1
2mi(s — 1)

_ 21 o l—soo b?
ey KGRl B ve v

Thanks to Lemma [3l we can integrate by parts to obtain

awC(S; A — 6) erOZ /F ()\ - 5)1_58w TI'(A - )\)_2 fw:() d\
3

OuwC(s: A = &) Tw=o= —i/F A=87° m‘p"
¢ j=0

Now we use the equality (B.12) from Lemma [B] together with Lemma 2] and arrive at

1

16‘—2 ARGV

awC(S; A — f) fw:oz

5 o () — b(—o0)} A,
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where b(—o0) = limy_,_, b(A). Using Lemma [ and integrating by parts once again we
get ‘
—is s
0uC(5:8 —€) Tumo= 1o [ (A= €)™ {b(A) — b(=0)} dA.
7I 1’*5
Since A — b(A) is holomorphic in C\o(A) and in a neighbourhood of zero (see Lemmal[Z),
the Cauchy Theorem implies

1 _ b(—o0) — b(0
OuC'(058) Tomo= 7= | (A= ©)7"b(N) dA [e=o= b(=o0) = b(0)
T 1"5
Since det’ A = exp{—(’(0)}, this completes the proof. H

Now the explicit formulas for b(0) and b(—o0) (see Lemmas (] and [l in Sec. B.1])
together with Proposition [l imply the following Theorem.

Theorem 1. Let X be a compact Riemann surface of genus g > 0 and let f be a
meromorphic function on X of degree N with N simple poles and M = 2N + 2g — 2
simple critical points Py, ..., Pyr. Let z, = f(Py) be the critical values of f. Consider
the determinant det’A of the (Friedrichs) Laplacian A in the conical metric f*m with
constant curvature 1 on X as a function on the moduli space Hy n(1,...,1) of pairs
(X, f) with local coordinates z1, ..., zpn. Then this function satisfies the following system
of differential equations

0log det’ A 1 1z
g S, g R k=1, M, 5.2
oo 1305en (k) la=0 IT5 (5.2)
where xp(P) = /f(P)— f(Py) is the distinguished local parameter near the critical

point Py and Sgep, is the Schiffer projective connection on X.

The system (5.2)) admits explicit integration. In [I7] (see also [14, [18]) it was shown
that the function det3B |7|?, where 7 is the so called Bergman tau-function on the
Hurwitz space Hy n(1,...,1), satisfies

0log(detSB |7|?) 1
= —— c x.=0>5 kzl,,M,
021 1255 w(Tk) Tep=0

in genus 0 the factor det3B should be omitted. This together with Theorem [l immedi-
ately leads to the main result of the present paper.

Theorem 2. The explicit formula

M
det/A = C'det SBIr|* [T (1 + |z[*) "/ (5.3)
k=1

is valid for the determinant of the Friedrichs extension A of the Laplacian on (X, f*m).

Remark 1. We recall that under the linear fractional transformations z +— Zjig, ad —

be = 1, the function 72 transforms as

M
2 2 H(czk + d)_l/z;
k=1

16



see [18, Lemma 1]. Notice that under the SU(2) transformation z — %=¢ |d|*+|c|* =1,
the factor F' = H,iwzl(l + 262) "4 in B3) transforms as

cz+d’

M
Fis F I leze +d>.
k=1

Thus we see that the right hand side in (B3) is SU(2)-invariant as it should be due to
SU(2)-invariance of det’A.

References

[1]

2]

E. Aurell, P. Salomonson, On functional determinants of Laplacians in polygons
and simplicial complexes. Comm. Math. Phys. 165 (1994), no. 2, 233-259.

J. Briining and R. Seeley Regular singular asymptotics, Adv. Math. 58, 133-148
(1985)

J. Briining and R. Seeley The resolvent expansion for second order regular singular
operators, JFA 73, 369-429 (1987)

D’Hoker E., Phong D. H., On Determinants of Laplacians on Riemann Surfaces,
Commun. Math. Phys. 104, 537-545 (1986)

M. Shubin, Pseudodifferential operators and spectral theory, Springer, 2001

R. Seeley, The resolvent of an elliptic boundary problem, Amer. J. Math. 1969,
V. 91, 889-920.

Fay J., Kernel functions, analytic torsion and moduli spaces, Memoirs of AMS,
vol. 92 (1992)

L. Hillairet, A. Kokotov, Krein formula and S-matrix for Euclidean surfaces with
conical singularities, Journal of Geometric Analysis, Vol. 23 (2013), N3, 1498-1529

L. Hillairet, V. Kalvin, A. Kokotov, Spectral Determinants on Mandelstam Dia-
grams, Communications in Mathematical Physics Volume 343 (2016), Issue 2, pp
563600

L. Hillairet, V. Kalvin, and A. Kokotov, Moduli spaces of meromorphic functions
and determinant of Laplacian, larXiv:1410.3106! [math.SP]

Hala Halim Khuri, Determinants of Laplacians on the moduli space of Riemannian
surfaces, ProQuest LLC, Ann Arbor, MI, 1990. Thesis (Ph.D.)Stanford University

T. Kato, Perturbation theory for linear operators, Springer, Berlin-Heidelberg-
New York, 1966.

Kokotov A., Korotkin D., Tau-functions on spaces of abelian differentials and
higher genus generalizations of Ray-SInger formula. J. Differential Geom., 82
(2009), n.1, 35-100

Kokotov A., Korotkin D., Tau-functions on Hurwitz spaces, Math. Phys. Anal.
Geom. 7 (2004), n. 1, 47-96

17


http://arxiv.org/abs/1410.3106

[15]

22]

23]

[24]

Kokotov A., Strachan Ian A. B., On the isomonodromic tau-function for the Hur-
witz spaces of branhed coverings of genus zero and one, Math. Res. Lett. 12 (2005),
n. 5-6, 857-875

Kokotov A., Polyhedral surfaces and determinant of Laplacian. Proc. Amr. Math.
Soc., 141 (2013), n. 2., 725-735

Kokotov A., Korotkin D., Isomonodromic tau-function of Hurwitz Frobenius man-
ifolds and its appplications, Int. Math. Res. Not. (N18746) (2006) 1-34

Kokotov A., Korotkin D., Zograf P., [somonodtromic tau function on the space of
admissible covers, Advances in Mathematics, 227:1 586-600 (2011)

V. A. Kozlov, V. G. Maz’ya, and J. Rossmann, Elliptic boundary value problems
in domains with point singularities, Mathematical Surveys and Monographs, vol.
52, AMS, 1997.

F. Olver, D. Lozier, R. Boisvert, Ch. Clark, NIST handbook of mathematical
functions, Cambridge University Press, 2010

P. Sarnak, Extremal geometries, Contemporary Mathematics, vol. 201 (1997), p.
1-9

M. Troyanov, Metrics of constant curvature on a sphere with two conical singu-
larities, Lecture Notes in Mathematics, v. 1410, pp 296-306

A. N. Tyurin, On periods of quadratic differentials, Russ. Math. Surv., 1978, 33
(6), 169221

M. Spreafico and S. Zerbini, Spectral analysis and zeta determinant
on the deformed spheres, Commun. Math. Phys. 273 (2007) 677-704,
arXiv:math-ph /0610046

S. Klevtsov, Lowest Landau level on a cone and =zeta determinants,
arXiv:1609.08587

Q. Cheng, W. Wang, Y. Wu, B. Xu, Conformal metrics with constant curvature
one and finite conical singularities on compact Riemann surfaces, larXiv:1302.6457
[math.DG]|

W. Weisberger, Normalization of the path integral measure and the coupling con-
stants for the bosonic strings, Nuclear Phys. B 284 (1987), 171-200

18


http://arxiv.org/abs/math-ph/0610046
http://arxiv.org/abs/1609.08587
http://arxiv.org/abs/1302.6457

	1 Introduction
	2 Heat kernel asymptotic and det'
	3 Asymptotic of solutions near conical singularities
	3.1 Explicit calculation of b(0) and b(-)

	4 Perturbation of conical singularities 
	5 Variation of lndet' due to perturbation of conical singularities

